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Abstract

This paper bridges two distinct traditions — philosophy of mathematics and proof
theory — to provide a formal framework for explanatory proofs in mathematics.
By focusing on explanatory proofs that reveal the grounds of mathematical theo-
rems, we formalize their structure using a novel “axioms-as-rules” approach. Our
method ensures the transformation of axioms into inference rules while preserv-
ing key logical properties such as soundness, completeness, and cut-admissibility.
Two classical examples, the Quadrangle Theorem and Pythagoras’ Theorem, are
revisited to show how explanatory steps can be systematically isolated and for-
malized. This framework not only offers novel proof-theoretic insights but also
enhances our understanding of mathematical explanations by bridging informal
intuition with rigorous formalism.

Keywords: Mathematical explanations, Proof theory, Axioms-as-rules, Explanatory
proofs, Logical frameworks

1 Introduction

This paper is based on and brings together two distinct traditions: one from the
philosophy of mathematics, centered on the concept of mathematical explanation,
and the other from the proof-theoretical framework, focused on transforming axioms

*Statements and Declarations: there is no financial or non-financial interest to declare
which is directly or indirectly related to this work submitted for publication.



into rules. After briefly presenting both traditions, we will clarify how they can be
effectively combined and explore the results that emerge from this combination.

Mathematical explanations. When proving a theorem, mathematicians often
rely on defined objects, a mathematical theory, and previously established lemmas.
The argumentation is conducted inside the framework of the mathematical theory,
through logical reasoning, organizing the proof into a tree structure where such objects
and lemmas are employed at specific points. Since Aristotle, two types of proofs have
been distinguished, depending on their purpose: those that merely demonstrate the
truth of a theorem, and those that go further by explaining why the theorem is true.
There are however several ways a proof can explain, e.g., by drawing a diagram or by
relying on an analogy. In this paper we will focus on those proofs which explain by
providing the (objective) reasons or the grounds why the theorem is true (e.g., see [1]).
This latter type of proofs, that we will refer to as explanatory proofs or mathematical
explanations, has long intrigued philosophers, from Leibniz and Bolzano to Frege (e.g.
see [2] and [3]). In recent decades, the topic has regained attention in contemporary
philosophical literature. In particular, philosophers of mathematics have grappled with
a central question: what makes them explanatory? Among the several proposals put
forward, a recent approach stands out due to its rigorous analysis (see [4-6]). The
central idea is to transition from informal proofs of mathematical theorems to a formal
presentation that involves proof trees, with a decomposition of their elements into
assumptions, conclusions, and rules. Then the aim is to show that those mathematical
proofs that are regarded as having an explanatory power, they all enjoy the same
formal presentation where they display an increase of conceptual complexity from the
assumptions to the conclusion. In order to find such formalization though, three major
constraints need to be respected:

a. the grounds (or reasons why a theorem is true) need to be captured by undischarged
assumptions;

b. the generalizations, that typically occur in explanations, link the grounds to their
theorems and can be put in an axiomatic form, need to be formalized as rules.

c. the rules that are used in the proof-tree formalizing the explanatory steps of the
explanatory proofs meet the desiderata elaborated in [6]. In particular, they are
rules that work deep inside formulas and can be seen as introduction rules.

While (a) implies that proof-trees should necessarily be open, where the leaves are
the grounds, and (c¢) involves that we will be working with a novel more powerful type
of rules, (b) suggests that a systematic transformation of generalizations into rules
can help on pushing this research plan forward.

One of the aims of this paper is to meet the suggestion contained in (b) and thus to
present a significant advancements of the ideas expressed in [4]. This will be achieved
by relying on a well-established tradition in proof theory, known as azioms-as-rules,
which will be presented next.

Axioms as rules. The systematic addition of theories to a base (classical or intuition-
istic) logic can be traced back to the work of Gerhard Gentzen [7]. When attempting



to prove the consistency of arithmetic without relying on complete induction in first-
order logic, Gentzen proposed an approach where arithmetic axioms were assumed
as hypotheses, with the goal of demonstrating that no contradiction (i.e., falsehood)
could be derived from these axioms using only the logical rules of the classical sequent
calculus. While innovative, this approach proved highly inefficient because the space
required for proofs grows exponentially with the number of axioms. Additionally, it
diverged from Gentzen’s own proof-theoretical methods by relying on an axiomatic
strategy.

This led to several attempts to incorporate inference rules encoding axioms into
existing proof systems for (first-order) classical and intuitionistic logics. The main idea
is to reflect non-logical axioms (e.g., of the form P — @) with non-logical rules of
inference, e.g.,

rQ=A I'= AP
F,P:sA(P%Q)L FéA,Q(P%Q)R

However bright the insight may be, the question of how to systematically transform
axioms such as P — @ into the corresponding non-logical inference rules remain. More-
over, it needs to be settled what kind of properties the theory so obtained preserves
with respect to the original sequent calculus.

A remarkable step in the direction was the careful investigation of geometric
azioms. Geometric axioms are first-order formulas that can be converted into (nat-
ural deduction/sequent) inference rules having “a certain simple form in which only
atomic formulas play a critical part”, as described by Simpson [8]. Other major works
in this direction include: Ciabattoni et al. [9], who developed a systematic procedure
for transforming a class of (Hilbert) axioms (called N3) into equivalent structural infer-
ence rules; Negri et al. (e.g., see [10]), who proposed methods for transforming axioms
into inference rules, without affecting the admissibility of the structural rules; and
Vigand [11] who presented a detailed study of extensions of modal systems with Horn
relational theories — a sub-class of geometric theories. Finally in [12], Miller and al.
showed how polarities and focusing entails a general approach that encompasses most
of the works cited above, providing a final solution for the axioms-as-rules problem
for the N> class of axioms over classical and intuitionistic logic.

Putting the two traditions together. In the philosophy of mathematics, a recent
approach, which attempts to solve the captivating challenge of characterizing the
explanatory power of certain proofs, involves as key ingredient the formalization of the
generalizations, which typically occur in explanations, into inference rules. This aspect
aligns naturally with the proof-theoretical tradition of transforming axioms into rules
while preserving important logical properties of the theories so obtained. Motivated
by [12],* this paper introduces a systematic way of incorporating a class of non-logical
generalizations, which correspond to what are called azioms in the proof-theoretical
tradition, into proof systems, producing classical theories 74. We will show that these
theories T4 preserve critical logical features such as soundness, completeness, and cut-
admissibility. Moreover, we demonstrate that 7 4-theories allow introduction rules that

1Unfortunately, the work based on focusing and polarities is not scalable to the general case of
transforming generalization into rules. Nevertheless, it served as a source of inspiration for the present work.



operate deeply within formulas, effectively modeling mathematical explanations in a
way that reveals their explanatory power.

It is important to underline that the value of these results articulate on three
different levels:

Technical Advancement. We introduce a novel method for handling a particular class
of axioms in classical logic. As far as we know, this issue has not been addressed in
the literature before.

Theoretical Extension. Our results expand the logical framework developed in [6] at
the mathematical level. We indeed show the admissibility of mathematical introduction
rules, which work deeply within formulas, and naturally possess explanatory force.

Conceptual Integration. By uniting two previously separate traditions, this work pro-
vides a systematic formal framework for mathematical explanations, offering a unified
structure for understanding their features.

The paper is organized as follows. Section 2 will serve to introduce the topic of
mathematical explanations, the model provided in [5], together with two examples
of mathematical explanations that will follow us through the paper and will serve to
better illustrate the topic. In Section 3, we will focus on the axioms employed in the
mathematical explanations presented in Section 2, outlining their logical structure,
and showing a method for transforming these axioms into rules while preserving crit-
ical properties such as soundness, completeness, and cut-admissibility. Section 4 will
be used to introduce the idea of explanatory rules as developed in [6], and to show
how to get mathematical explanatory rules. In Section 5 we will use the elements
so far introduced to properly formalize the two examples of mathematical explana-
tions introduced in Section 2 and show that they are indeed explanatory according to
our method, Section 6 will serve to draw some general conclusions and depict some
directions of future work.

2 Mathematical explanations

Mathematical explanations are proofs that seem to explain the theorem they prove.
Typically, the distinction between proofs that explain and proofs that merely show
the theorem to be true comes from the mathematical practice itself where work-
ing mathematicians struggle to find new proofs for theorems that have already been
demonstrated; often they claim to do so to satisfy the exigence of showing why the
theorem is true. Hence in order to get a better grip on the topic, here we propose two
different theorems and related proofs, which have been judged explanatory by mathe-
maticians, and are by now standardly accepted as such in the contemporary literature.
The first proof is a case study coming from Bernard Bolzano, a great if underesti-
mated philosopher and mathematician, who can be seen as one of the pioneers in the
study of mathematical explanations.? Amongst the numerous examples that can be

2E.g., see [13].
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Fig. 1: A quadrangle divided into two triangles

found in his monumental Theory of Science (see [14]), one which is at the same time
simple and illustrative for our purposes, concerns a property of quadrangles, and for
this reason we call it the Quadrangle Theorem.

Quadrangle Theorem. The sum of the angles of any quadrangle is equal to 360°.

Explanatory proof. Consider the quadrangle ABCD. By the theorem which says that
any quadrangle can be divided into two triangles that have a common side, we can
consider ABCD as the sum of the two triangles ABD and BCD.? But the sum of the
angles of ABD is 180°, as it is the case for the sum of the angles of the triangle BC'D.
Hence the sum of the angles of the quadrangle ABC' D is 180°+180°, namely 360°.

According to Bolzano’s analysis, this proof is explanatory, in that it shows that the
reason why the sum of the internal angles of quadrangles is 360° is the fact that the
sum of the internal angles of triangles is 180°. In other terms, a property of triangles
stands as the ground or the reason why another property, concerning quadrangles,
holds; hence the proof which relies on a property of triangles to prove a property of
quadrangles can be considered explanatory.

Our second example concerns the famous Pythagoras’ Theorem. In the literature on
mathematical explanation, there is a proof that is based on the similarity of triangles
that is often considered as a legitimate explanation of Pythagoras’ Theorem.

Pythagoras’ Theorem. For any right triangle ABC with the right angle on A, the
square BC? on the hypotenuse BC' equals the sum of the squares AB? and AC? on
the other sides AB and AC' of the triangle.

Explanatory proof. Consider any right triangle ABC with the right angle on A and let
AH be its height with respect to the hypotenuse BC, as shown in Figure 2. First, we
notice that the triangle AHC contained in ABC' is similar to ABC' itself since they
both have a right angle and they both share the angle on C.* The similarity between

3See Figure 1.

4Since by fixing two angles of a triangle, we also fix the third, the equality of the two right angles of the
two triangles and of their angle on C' implies that the angle on B of ABC and the angle on A of AHC' are
equal, which, by the definition of similarity, implies that the two triangles are similar.
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Fig. 2: A right triangle with height AH

the triangles ABC and AHC implies the following equality of ratios:

Ac _cH
BC ~— AC

which can in its turn be expressed in the following way: AC? = CH - BC.

Symmetrically, the triangle ABH contained in ABC' is similar to ABC' itself since
they both have a right angle and they both share the angle on B. The similarity
between the triangles ABC and ABH implies the equality of ratios

AB _ BH
BC  AB

which can in its turn be expressed in the following way: AB? = BH - BC. Since we
have established that AC? = CH-BC and AB? = BH - BC, we can put them together
obtaining AC? + AB? = CH - BC + BH - BC, which is equivalent to AC? + AB? =
(CH+ BH)(BC). This, in turn, precisely gives us the conclusion AC? + AB? = BC?,
since by construction CH + BH = BC.

The first mathematician who argued that this proof is explanatory is Bouligand
[15]. Accordingly, whilst other proofs of Pythagoras’ theorem might convince us of the
truth of the theorem but are not explanatory, the one we presented above explains
why the theorem is true. Both Bouligand and Steiner [16] claim that the explanatory
character of the proof is due to its more general nature: indeed, the proof relies on a
general property of similar figures to prove that the theorem is true. In other words,
the explanatory proof explains a property of right-angled triangles by means of another
property, that of similar figures: actually the latter stands as the reason why the former
is true.

We have thus presented two proofs that mathematicians and philosophers stan-
dardly consider as explanatory. The issue is to identify those elements of such proofs
which are the sign of their explanatory power. Following a recent account proposed
in [4], in order to check whether a proof is explanatory one needs to check whether
there exists a formalization - in terms of tree-structure - of the proof which displays an
increase of complexity from the undischarged assumptions to the conclusion. Although
original and so far succesful, the account proposed in [4] encounters the following
limitations: (i) the formalization only concerns the tree-structure of the proof, but
does not involve any introduction of a formal language and formal theory where the
proof is developed; (ii) the primary tool employed is a natural deduction calculus,



which makes it more challenging to prove general results, such as cut-admissibility;
(iii) finally, the method for checking the increase of conceptual complexity, although
revealing, is tedious and long. Here we improve on each of these aspects. Hence, given
a mathematical explanatory proof, we will first identify the non-logical generalizations
on which the proof relies and formalizes them in a formal language. We will show that
there exists a method to transform these non-logical generalizations into rules so that
if these rules are added to the classical sequent calculus, one obtains a mathemati-
cal theory which is sound and complete with respect to the axiomatic correspondent,
and has cut-admissibility. Moreover, in line with more recent research developed in [6]
where it has been shown that in the classical sequent calculus one can isolate a class
of admissible rules that can be considered as explanatory and whose main character-
istics consists in being introduction rules and working deep inside formulas, we will
show that in these new mathematical theories, analogous mathematical rules can be
shown to be admissible. We will use these new mathematical rules to formalize our
examples of explanatory proofs, thus being able to precisely isolate each explanatory
step of the proofs.

3 On axioms and rules’ admissibility

We will work with first-order language which is standardly defined in the following
way.

Definition 1. The formulas of first-order classical logic are built from atomic pred-
icates along with — (negation), A and V (conjunction and disjunction), and ¥, 3
(universal and existential quantification). The connectives — (implication), T and L
(true and false) are defined as usual. Finally, we will use the symbols o and ©® as
follows: o € {A,V} and © € {V,3}.

We will consider sequent systems based on sequents of the form I' = A, with I, A
sets of formulas. We will work with the classical sequent calculus for first order logic
G3c, introduced in Figure 3.

Definition 2. Let H(Z) be a formula and G(T) be an atomic predicate. A conditional
axiom s a formula of the form

VI.H(Z) — (F(Z) + G(X))

where the free variables in F' are in T. H is called the condition and G, highlighted in
bold, is the atomic definition of the axiom.

We will generally omit variables and the outer quantifiers conditional axioms to
simplify the notation. Observe that, although H — (F + G) is logically equivalent to
H — (G + F), in this work it is important to highlight the atomic predicate that will
be used in non-logical inference rules. For this reason, we will consider H — (F < G)
and H — (G <> F) as different conditional axioms. Note also that every axiom of the



form F < G is equivalent to a conditional axiom of the form
T—=(F+ Q)

where the free variables of F' form a subset of the free variables of G. Hence conditional
axioms generalize the concept of definition clauses [17-19]. Finally, the condition can
also be viewed as a guard, functioning as a scheduler that controls the activation of a
definition, similar to guarded Horn clauses [20].

Similarly to the work on definition clauses, not all conditional axioms are admis-
sible. Restrictions may need to be imposed to ensure properties such as consistency,
termination, or well-definedness of the system. These limitations reflect the need for
careful design and validation of conditional axioms to maintain the correctness of the
underlying framework.

Definition 3. Let T4 be a set of conditional axioms of the form V. H(T) — (F(T) <
G(X)).
1. T4 is a conditional mathematical theory if
a. if H—= (F+ G) €Ty, then H — (T + G) ¢ Ty for any T # F;
b. if H— (F < G) € Ta, then G — (P < T) ¢ Tu;
2. Consider the following rules

T, H(D),GE), F{) = A T, HE) = A, GE), F(7)
TH{),GH=A T H(D) = A, G(D)

R2

where t is a list of terms of the same arity as T. We define G3¢(T4) to be the
extension of G3c (Figure 3) with the non-logical inference rules R1, R2 regarding
each conditional mathematical theory in T4.5

The rules R1, R2 are the natural extension of the rules for definition clauses for
intuitionistic logic presented in [17-19] both in the presence of conditionals and in
the classical setting. Observe the obvious symmetry between R1 and R2, which is
analogous to the symmetry between the right-introduction and left-introduction rules
for logical operators. Hence, whilst the rule R1 can be seen as the rule which eliminates
the predicate G, the rule R2 introduces it and its introduction increases the complexity
of the proof that contains its application. The rules R1 and R2 determine, proof-
theoretically, the meaning of the predicate G under the condition H.

Regarding the restrictions 1, note that la implies that, in mathematical theories,
atomic predicates are uniquely determined, excluding non-deterministic definitions;
and 1b forbids that defined atoms can act as conditionals since this introduces non-
deterministic conditionals. Both forms of non-determinism break cut-admissibility, as
discussed in Remark 2.

It is well known that, in order to obtain cut-admissibility of sequent systems with
definitions, it is necessary to have stratified theories (see Remark 1). To that end
we follow [17, 19, 21] and assume that each predicate symbol P in the language is

5Here we decided to explicitly copy the formula G from the conclusion to premises for didactic purposes
only. Remember that all rules have implicit contraction.



INTRODUCTION RULES

A, B T'= A I I'=sAA T'=AB
ANBT =AM T=AANB
AT=A BT=A I'=sAAB
AvBr=a VL r=aavp 'E
'=AA AT = A
—Ar=a L T=a-4a I
[t/z]B,T = A I'= A, y/z]|B
Ve BT = A 7 T=AveB "B
[y/x]B,T = A I'= A, [t/z]B
3BT = A T= A, 3B
IDENTITY RULE ..
AT = A, A Mt

Fig. 3: The classical sequent calculus G3c. Here, A and B are arbitrary formulas.
Contexts are sets, hence implicit contraction is assumed in all the rules. In the VR, 3L
the eigenvariable y does not occur free in any formula of the conclusion. The rules for
implication were made explicit for clarity.

associated with it a natural number IvI(P), the level of the predicate. We then extend
the notion of level to formulas and derivations as follows.

Definition 4. Given a formula F, its level IVI(F) is defined as follows:
1. NI(P(t)) = WI(P)
2. MI(=F)=N(F)+1
3. MI(FAG)=NI(FVG)=max{IVI(F),VI(G)}
4. WI(Vx.F) = I(3x.F) = VI(F).

A conditional mathematical theory T4 is stratified if there exists an assignment of level
definitions to atomic predicates such that, for all H — (F < G) € T4, MI(F) < WI(G).

We note that this definition slightly differs from those in [17-19]. Specifically, in the
intuitionistic setting, the level ordering does not need to be strict: for defined atoms,
it is sufficient to have IVI(F') < IvI(G). As will be clarified in the proof of Theorem 3,
this does not hold in the classical setting.

Example 1. Let G1,Gy be different 4-ary predicates and H, F be 3-ary predicates.
Consider T4 be composed of the following axioms

Vayzw. H(xyw) A H(yzw) — F(zyw) A F(yzw) < Gq(zyzw)

Veyzw. H(xyw) A H(yzw) < Ga(zyzw)



Then T4 is stratified since we can define, e.g.,
IVI(H) = II(F) =0 and VI(Gy) = IWI(G2) =1

All theories considered in this text will be determined by the terms in Defini-
tions 2, 3 and 4. In particular, 74 will always refer to a conditional mathematical
stratified theory.

In the following, we will present standard definitions and structural lemmas
adapted to G3c¢(T4), starting with the definitions of derivation and height of
derivations, and admissibility and invertibility of rules.

Definition 5. A derivation in G3c¢(T4) is a finite rooted tree with nodes labeled by
sequents, azioms at the top nodes, and where each node is connected with the (immedi-
ate) successor nodes (if any) according to its inference rules. A sequent S is derivable
in G3c(Ta) iff there is a derivation of S in G3c(TA).

Definition 6. The height of a derivation 7, denoted by ht(r), is the greatest number
of successive applications of rules in it, where an axiom have height 0.

Definition 7. An inference rule

Sy - S
S

s called:

i. admissible in G3c¢(TA) if S is derivable in G3c(Ta) whenever Si,...,Si are
derivable in G3c(T,).
ii. invertible in G3c(T4) if the rules

are admissible in G3c¢(T4).

The following lemmas have been mechanized in the L-framework tool [22].
The L-Framework uses rewrite-based reasoning for proving crucial properties of
sequent systems such as admissibility of structural rules, invertibility of rules and
cut-elimination.

Lemma 1. The weakening rules

I'=A I'=A

T A=A VL ToA 4 WE

are height-preserving admissible in G3c(T4).

10



It is worth noting that the invertibility of classical rules is generally lost when
conditional rules are introduced. However, as shown in the next lemma, by treating
contexts as sets of formulas invertibility is restored.

Lemma 2. All the logical rules in G3c¢(T4) are height-preserving invertible.

Proof. The only interesting cases are the ones involving the rules R1, R2 and their
interaction with the logical rules. We will illustrate the invertibility of the logical rules
for the cases R1,AL,3L. The other are similar or simpler. In the following, assume
that H(t),G(t) € T.
e Case R1. Let  be a proof of I' = A. We want to show that I, F(f) = A is also
provable with the same height. But this is trivial from Lemma 1. The same for
rule R2 (considering H(t) € ', G(¥) € A).
e Case AL. Assume that H = H; A Hy € T and consider the derivation
7r
IF(t) = A
= A

By IH, there is a proof 7’ of ', Hy, Ha, F(t) = A with ht(w) = ht(n’). Thus

7.r/

F5H17H27F(Z) = A
F,Hl,HQ = A

Recall that H € T', which allows the application of R1. When working with
multisets, the application of logical rules on the conditional introduces some
complicated extra steps and conditions, avoided with the use of sets.

e Case 3L. Let H = 3z.H'(z) € I' and consider the derivation

o
I'F(it)= A
r=A

Let y be a variable not in I', A. In particular, observe that y cannot be in ¢{. By
IH, there is a proof «’ of ', H'[y/x], F(t) = A with ht(7) = ht(n’). Hence
71-/
T, H'y/a), F(H) = A
I H'ly/x],= A

O

Theorem 3. G3c¢(T4) is sound and complete w.r.t. the first order logic augmented
with the conditional axioms in T4. Moreover, the following cut rule

'=AA ATl'=A
r=A

cut

11



is admissible in G3c(T4).

Proof. We present below the proofs of soundness (Sound.), completeness (Comp.) and
cut admissibility (Cut.).
Sound. First of all, let 7 be a proof of the sequent I' = A in G3¢(T4). We will show
that AT — \/ A is valid in FOL + T4.
If the last rule applied in 7 is in G3c, then the result follows from soundness
of G3c w.r.t. FOL. The case where 7 has one of the the shapes

! '
I H.GF=A I H=AG,F
THG=A ™ T H=SAG

follows from the following facts:
— the validity of AT A H implies the validity of H;
— the validity of H implies that F' <+ G holds;
— if F' <> G holds then
x* DAHAF isvalid if ' A H A G is valid,
* VAV F is valid iff \/ AV G is valid;

Comp. Every theorem of the logic FOL + T4 is provable in G3¢(74). In fact, all
axioms of first-order logic are provable in G3¢(74). The axioms of the form H —
(F +» G) are provable in G3¢(T4), as shown below.

m init m Init
ArF=>ac ™ "HmHa=sF
H=F—>G - R H=G—=F :g AR
=H— (F+G) ’

Finally, modus ponens can be simulated by the rule cut, which is admissible by
the next result.

Cut. We will only illustrate the admissibility of the cut rule for the case where the
rules R1, R2 are involved, all the others are standard. The proof is by induction
on the tuple (n,m, k) where n is the level of the cut formula, m is the number of
occurrences of logical connectives in the cut formula A (denoted by |A|) and k is
the cut-height of the derivation.

In the following, assume that H — (F < G) € T4.
1. Consider the derivation

m
I H= AG,F -
—_— — R2 2
I'NH=AG INH,G= A ;
I'H=A cu

and let’s consider the possible cases for the last rule in my. If G, H are not
principal, a rule over I'; A is applied, in which case the cut rule moves up the
proof.

12



In the case that either G or H is principal, there are three possibilities

(since G is atomic):

i. H is principal in w3 w.r.t. a logical rule;

ii. H is principal in 79 w.r.t. a non-logical rule, it is a condition of an axiom
in T4 with atomic definition different from G;

iii. H is principal in w9 w.r.t. a non-logical rule, it is a condition of an
axiom in T4 with atomic definition G. Observe that, by condition la
in Definition 3, G is uniquely defined, that is, the non-logical rule is
determined by H — (F < G);

Note also that 1b, which basically says that conditions cannot be defined

atoms, rules out the following possibilities:

iv. H is principal in w9 w.r.t. a non-logical rule and H is an atomic
definition;

v. (G is principal in m and it is the condition of an axiom in T4.

Please refer to Remarks 1 and 2 for a discussion about stratification, non-

determinism and cut-elimination.

We will describe next the reduction steps related to the cases above.
i. Suppose that e.g., H = H; A Ho

,n_/

2
F,H,Hl,HQ,G = A
AR
I'NH,G= A
This can be reduced to
Ty
F7H7H1;H2:>A3G3F 7T/2w

T H H.H = A.G 2 T.HH, H,G= A
F,H,Hl,HgiA
I'NH=A

cut

where 7 is the weakened version of 7. Since ht(74%) = ht(7}) < ht(m2),
the result follows by induction.
ii. Suppose that H — (T <> S) € T4 and S € A. Hence

71'/

2
I'H,G=A,T
I'NH,G= A
and the cut permutes up
Y
I'NH=AGTF 7h
TH=AGT 2 I HG=AT
LH= AT cut
I'NH=A
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iii. 7o has necessarily the shape

e
I'H,G,F=A
I'N'HG=A
This reduces to
o~ FT.H=A,F I}nzl1t F7H,F:>A,F'};; ﬂé
IH=AFG GT,H=AF IHF=AG G.T,H,F= A
T.H=AF cut T.HF—= A cut
I'H= A cut

Hence the result follows by the IH since the cuts either strictly reduces
n or k. In fact, IVI(F') < IvI(G) and the proofs ending with the init rule
have height 1, the original cut has height ht(m) + ht(m2) + 1 and
— ht(m1) + 1 < ht(m1) + ht(me) + 1;
— ht(7m}) + 1 = ht(m2) < ht(m) + ht(ms) + 1.
2. Consider the derivation

2
- HT,G,F=A
! —r=A—x Rl
I'NG=AH HITI G=A
r.G=A cut

Since H cannot be neither a condition nor a defined atom in m;, the only
non-trivial possible case is that H is principal in m; with a logical rule.
As an example, suppose that H = Hy V Hy and consider the derivation

™
F7G$A,H,H1,H2
ING=AH
This can be reduced to
3
) H,H,,I',G,F = A, H
I.G=AH HyH HT.G=>AHH,  HT.G=AHH HHT.G=AH Ifl
T,G = A, H, H, cu H,.T,G = A, H, cu
I.G= A H cut .
IG=A cut
where 73 is
s wy
H,H,,T,G,F = A, H, H,Hy,, H,,I,G,F = A
Hl,F7G:>A7H27H H,H17F7G:>A7H2 Ifl H27H1,F,G:>A,H H,Hz,HhF,G:}A "
H.T,G = A, H, cu Hy H,.T.G=>A cu
H,T,G= A cu

14



Observe that all cuts either strictly reduces m or k, since |Hy|, |Hz| < |H|,
the proofs with double bar have height 1, the original cut has height ht(m1)+
ht(ms) + 1 and
— ht(w}) + 1 = ht(m1) < ht(m1) + ht(me) + 1;
— ht(mg) + 1 < ht(my) + ht(me) + 1.
O

We will now briefly examine how non-stratification and non-determinism in
conditional axioms can compromise cut-elimination.

Remark 1 (Non-stratification breaks cut-admissiblity). It is well known that cut-
elimination does not hold for theories in general [17]. In fact, let G be any atomic
predicate and consider T4 consisting of the following conditional axiom

T— (-G + Q)
with the corresponding rules
IG,-G=A ' A G, -G 5
T G=a 1M T=AG

The following is a derivation in G3c(T4) plus the cut rule, where the cut instance
cannot be eliminated

a=a init a=sa init

=G, -G f c.-Gc=1 L
=G R G= L1
cut
)

The key issue here is that no definition of level for G can render T4 stratified.

Remark 2 (Non-determinism breaks cut-admissiblity). Observe that mathematical
theories are very strict w.r.t. the use of conditionals and defined atoms. In particular,
atomic predicates cannot be multi-defined and conditions cannot be defined. Allowing
this kind of non-determinism can occur in losing cut-admissibility.

Indeed, suppose that {H — (F < G),H — (T + G)} C T4. Hence the following
is a valid derivation with no cut-free correspondent.

HT=FGT"™ FGHT=F M
AT=FrG 2 Gcar=>F I
HT=F cut

This justifies, proof-theoretically, the condition 1a in Definition 3.
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Regarding condition 1b, suppose that {H — (F <> G),G — (F <+ T),H — (F +
H)} C T4 and consider the derivation

FHHT.GF™ FHH>T,F ™

FHH=T.G " GrRHH =T
FHH =T
HH =T

cut
R1

There is no cut-free derivation of the end-sequent.

4 Explanatory rules

Our mail goal is to formalize mathematical proofs so to investigate their explanatory
power. Any mathematical proof involves a logical and a mathematical level. In [6] the
explanatory power of a proof at the logical level has been thoroughly investigated:
in particular, explanatory rules, that are rules such that not only is the conclusion
inferable from the premisses, but also the premisses represent the reasons why the
conclusion is true, have been introduced. Any application of these rules at the logical
level is the countersign of an explanatory step in the proof.

Amongst the several characteristics of these rules, the one that it is of interest
for us here is that these rules may work with the main connective of a formula -
as standard inferential rules do - but also with connectives that lie deep inside the
formulas themselves.

To capture both possibilities, the notions of contert and formula in a context are
introduced. Informally, a context represents the portion of a formula not being directly
analyzed and is denoted by C[-]. For instance, consider the first-order formula

Jr.(S(x) ANT(x)) V Vay.(P(x) = Q(x) A R(y)).

If we focus on Q(z) A R(y) while setting aside the rest, this is represented as C[],
where C[-] corresponds to the context 3z (S(z) AT (z)) VVay(—=P(x)V []). Focusing on
Q(z) A R(y) in this context is then written as C[Q(z) A R(y)]. As clarified in [6], when
working in an explanatory framework, negation needs to be handled with particular
care (although this will not be visible in the examples considered in the next sections
as in none of them negations occur). This is also true for the notion of contexts, which
are thus introduced in the following way.

Definition 8. The set of contexts is inductively defined in the following way:

- [] is a context;

- if C[] is a context, then ——C[-], Do C[], C[] o D, ®zC[-] are contexts;
2n

- if C[] is a context and C[-] # 5...3[.], where n > 0, then ~C[-] is a context.
A hole in a context can be replaced by any formula A: C[A] represents the formula

that is obtained from C]-] by replacing the hole by A. Once formulas are considered

16



in contexts, they will naturally have an occurrence polarity which is either positive or
negative, defined as standard (see e.g., [23]).

Definition 9. We define the set of contexts with positive P and negative polarities N
simultaneously by the following inductive definition.

(i) []eP
if C[]T € P, O[]~ € N, and A is any formula, then:

(i) =C[]7, ANC[]T, C[[]" NA, AV C[|T, C[[|" VA, VeC[-]*, FzC[]t € P;
(iii) =C[]", ANC[]7, C[]” NA, AV C[]~, C[[|” VA, VeC[|~, 3zC[]” € N.

We say that a formula A is positive (resp. negative) in a context C[A] if C[] € P
(resp. C[-] € N).

Definition 10. If C[-] is a context, then the scope of a context, SC(C), and the
inverse scope SC"™(C), are defined inductively in the following way:
- if C[]= [], then SC(C) = SC"™(C) = 0;
- if C[]= ==D[.], then SC(C) = SC(D) and SC"(C) = SC*"™(D);
- if C[]= D'oD|] or D[.]JoD', then SC(C) = SC(D) and SC™*(C) = SC™"*(D);
[]=
[1=
[1=

- if C[]= VaDl[.], then SC(C) = Vx.(SC(D)) and SC"*(C) = 3x.(SC™(D));
- if C[']= 3xD].], then SC(C) = Ix.(SC(D)) and SC™*(C ) Vz.(SC™Y(D));
- if C[']= —D]], then SC(C) = SC" (D) and SC™*(C) = SC(D).

Note that scopes of contexts are defined in such a way that an existential that
occurs in a context with a negative polarity is transformed into an universal in a
context with a positive polarity, whilst an universal in a context with a negative
polarity is transformed into an existential in a context with a positive polarity. For
instance, consider a context C[-] = Vz—3y-[.], then SC(C)= VzVy. On the other hand,
consider a context C[-] = Jx—Vy-[], then SC(C)= JzTy.

Given a formula in a context C[F], we can restrict the scope of context SC(C) to
the scope of context relative to the formula F, SCr(C), depending on the variables
that the quantifiers in SC(C) bound in F'.

Definition 11. Let F be a formula of L, then the free variables of F, FV(F), are
standardly defined as those variables occurring in F' which are not bound by any quan-
tifier. We define the restricted free variables of a formula F' that is of the form G oG’
as the set FVT(F), in the following way:

- if F is of the form G o G’, then FVT(F) = FV(G)NFV(G’).

Definition 12. Let C[F] be a formula in a context, and let FV T (F) = x1, ..., z,. The
scope of a context C[-] relative to the formula F, SCr(C), is the result of removing
from SC(C) any quantifier that is not of the form ®x1, ..., Ox,.
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Amongst the explanatory propositional rules introduced in [6], the one that will
be useful in the next Section is the following®

I'= A,C[F] T= A C[G
I = A, C[FoG]

o1

In order to be applied the rule obeys the following restrictions. If o = A and
SCroc(C) # 0, then the rule oy can be applied if, only if, C[] € P and SCr(C) =
Vry,..Vo, or C[] € N and SCp(C) = Jz1,...3z,. If o = A and SCroc(C) = 0,
then the rule oy can always be applied. If o = V and SCpog(C) # 0, then the rule
o1 can be applied if, only if, C[-] € N and SCp(C) = Vz1,..Vz,, or C[] € P and
SCr(C) = 3x1,..3x,. If o = V and SCpog(C) = 0, then the rule oy can always be
applied. The double line indicates that the rule o; is not simply an inferential rule,
but it can also be seen as explaining its conclusion. In other words, not only in o
the conclusion follows from the premisses, but also the premisses can be seen as the
reasons why the conclusion is true.”

In [6] it is proved that the rule oy is admissible in G3c. Here we will obtain an
analogous result for mathematical rules. Indeed we will first introduce rules that stand
as the explanatory counterpart of the rules R1 and R2 in that they only operate on
the right side of the sequent - they are indeed introduction rules - and they work deep
inside formulas. Secondly we will show that they are admissible in all theories G3¢(74)
which contain the rules R1 and R2. Thirdly we will use them to formalize mathematical
explanations: each of their application in the formalization of a mathematical proof
correspond to an explanatory step.

Theorem 4. Let C[] be a context, G a predicate, M, N sets of formulas and F, H be
first-order formulas such that H — (F' <> G) € T4. Then the following rules, where
C[] € P, are admissible in G3c{T4):

'=ACIN\MANHANF —\/N] I'=ACIN\MANH—\/ NVF]

T ACAMAEAG VN ¢ TS ACAMAH S VYNvG %

where A M (\/ N) stands for the conjunction (disjunction) of formulas in M (N ).
When H = T, then the following rule is admissible
I'= A,C[F]

T= A g ™

for C[] € P or C[-] e N.

Proof. We examine the case of the rule R2¢; the rule Rlc and Rc can be treated
analogously. We consider the premise of the rule, namely the sequent I' = A C[A M A

SWe do not present the other rules as they would need other technical details to be properly introduced.

"In [6], conditions for some formulas to count as the reasons why another formula is true are set. Moreover,
it is proved that the premisses of the rule o; meets these conditions, see Theorems 5.7 and 5.14 in [6].
Analogous conditions apply in the mathematical case and are satisfied by the rules Rle, R2c¢ and Rec.
However, for the sake of clarity and brevity, we will not dwell on the proof.
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H — \/ NV F]. We apply on the context C[-] as many rules R as necessary to unfold
the context itself and reach the formula AM A H — \/ N V F. Once arrived to
AMANH — \/ NV F, we apply the inverse of the appropriate logical rules to get H
on the left side of the sequent, and F' on the right side of the sequent, both separated
from other formulas. We then apply the rule R2 to F, obtaining the predicate G. We
then apply the standard logic rules to get the desired conclusion. O

5 Formalizing mathematical proofs and displaying
their explanatory power

We now have all the elements to formalize the proofs of the theorems introduced in

Section 2 and show whether they are explanatory according to our perspective. We

start by analyzing the proof of the Quadrangle’s theorem and then move to that of
Pythagoras’ theorem.

Example 2 (Formalization of the proof of the Quadrangles’ theorem). This is an
instance of Example 1. First of all we isolate the conditional axioms that occur in the
proof. Adopting the following notation

e Tr(xyz) for xyz is a triangle,

e Tr(zyzw) for xyzw is a quadrangle,

e St180(zyz) for the sum of the internal angles of the triangle xyz is 180°,

® Sq360(xyzw) for the sum of the internal angles of the quadrangle xyzw is 360°.

the conditional axioms of the theory T4 are

(i) Voyzw.Tr(zyz) A Tr(yzw) — St180(zyz) A St180(yzw) < Sq360(zyzw),
(i) Yoyzw.Tr(zyz) A Tr(yzw) < Qu(zyzw).

Ta is stratified since we can define
IVI(Tr) = IvI(St180) = 0 and IVI(Qu) = IvI(S¢360) = 1
According to Definition 3, we can form the following two pairs of rules:

Tr(zyz) A Tr(yzw), St180(xyz) A St180(yzw), I = A
Tr(zyz) A Tr(yzw), Sq360(zyzw), I = A

R'L

Tr(zyz) A Tr(yzw), T = A, St180(xyz) A St180(yzw)
Tr(zyz) AN Tr(yzw), T = A, Sq360(zyzw)

i

which correspond to the conditional axiom (i), and

Tr(zyz) NTr(yzw), I = A I'= A Tr(zyz) NTr(yzw)
Qu(zyzw), T = A ek I'= A Qu(zyzw) e

which correspond to the conditional axziom (ii).
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By adding these rules to the classical sequent calculus we obtain the calculus G3c(T)
which, by Theorem 3, is sound and cut-free complete to the theory T4. Moreover,
according to Lemma 4, the following explanatory rules:

I'= A, CIANM ATr(zyz) ANTr(yzw) A St180(xzyz) A St180(yzw) — \/ N]
I'= A CIANM ATr(zyz) A Tr(yzw) A Sq360(zyzw) — \/ N|

Rile

I'= A, CIANM ATr(zyz) ANTr(yzw) — \/ N V St180(xyz) A St180(yzw))
I'= A CIANM ATr(zyz) ANTr(yzw) — | N V S¢360(xyzw)]

where C[-] € P, are admissible. The same with the explanatory rule

Ri2¢

I'= A, C[Tr(xyz) A Tr(yzw)]
I'= A, ClQu(zyzw)]

Ric

where C[-] € P or C[-] € N. We will use these rules plus the explanatory logical rule
o1 to formalize the proof of the Quadrangles’ theorem in the following way.

Veyzw(Tr(zyz) A Tr(yzw) — St180(zyz)) Va,y,z,w(Tr(zyz) A Tr(yzw) — St180(yzw))
Veyzw(Tr(zyz) A Tr(yzw) — St180(zyz) A St180(yzw))
Vaeyzw(Tr(zyz) A Tr(yzw) — Sq360(zyzw)
Veyzw(Qu(zyzw) — S¢360(zyzw))

o1

Ri2c

Riic

We have thus found a formalization that is faithful to the informal proof and is
composed of explanatory steps: in each step the complexity’s increase - as in each step
we use an introduction rules that introduce in the proof a new concept. At each step
we can see the premisses as providing the reason(s) why their conclusion is true. Thus,
within our account, not only can we confirm that the intuitively explanatory proof is
indeed explanatory as it contains applications of explanatory rules, but we can also
identify any of its single explanatory step.

Example 3 (Formalization of the proof of the Pythagoras’ theorem). First, we isolate
the conditional axioms present in the proof. Adopting the following notation:
o Tr(zyz): xyz is a triangle,
® R(x): xz is a right angle,
® Ob(zyz ~ zyw//xzw): the triangles xyw and xzw are obtained from the triangle
xyz by drawing the height xw,
® Sim(zyz,xyw): zyz and zyw are similar triangles,
o Sm(zywz), represented by xy*> = (yw)(yz): the measure of wy squared corre-
sponds to the multiplication of yw and yz,

o Ss(zyz), represented by xy® + x2? = yz2: the measure of yz squared corresponds
to the sum of xy squared and rz squared.

the axioms of the theory T4 are:
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(i) Voyzw(Tr(zyz) A Tr(zyw) A Tr(zzw) A Ob(zyz ~ zyw//zzw) — (Sim(zyz, zyw) A
Sim(zyz, xzw) < R(x)),

(ii) Vzyzw(Tr(zyz) A Tr(zyw) A Tr(zzw) A Ob(zyz ~ zyw//zzw) A Sim(zyz, zyw) A
Sim(zyz, zzw) = (zy? = (yw)(yz) A x2? = (w2)(yz) < xy? + x22 = yz?)).

Ta is stratified since we can define
IVI(Tr) = WI(Ob) = IvI(Sym) = IvI(Sm) = 0 and IVI(R) = IvI(Ss) =1
According to Definition 3, we can form the following two pairs of rules (where by
H we denote Tr(xzyz) A Tr(zyw) A Tr(zzw) A Ob(ayz ~ zyw//zzw))

H, Sim(zyz,zyw) A Sim(zyz,zzw), I’ = A
H,R(z), T = A

R'L

H,T = A, Sim(zyz, zyw) A Sim(zyz, xzw)
H,T' = A, R(z)

R'R

which correspond to the conditional aziom (i), and,

H A Sim(zyz, zyw) A Sim(zyz, vzw), zy? = (yw)(yz) A xz? = (w2)(yz),[ = A
R

iLL
H A Sim(xyz, zyw) A Sim(zyz, xzw), vy? + 222 = y22, T = A

H A Sim(zyz, zyw) A Sim(xyz, zzw), T = A, 2y* = (yw)(yz) A 222 = (wz)(yz)

R'R
H A Sim(xyz, zyw) A Sim(zyz, zzw), T = A, xy? + 222 = y22
which correspond to the conditional aziom (ii).

By adding these rules to the classical sequent calculus we obtain the calculus G3¢(T4)
which, by Theorem 3, is sound and cut-free complete to the theory Ta. Moreover,
according to Lemma 4, the following explanatory rules:

I'= A CIANM A X A Sim(zyz, xwy) A Sim(xyz, zzw) — \/ N|
= ACINMAXAR(z)—\/N]

Rile

= ACINMAX =\ NV Sim(zyz, zwy) A Sim(zyz, xzw))
F'=ACIANAMANX —\NVR(z)]

R*2¢

where C[-] € P, are admissible in G3¢(T4). The explanatory rules

I'= A,CIAM A H A Sim(zyz, zyw) A Sim(zyz, zzw) A zy? = (yw)(yz) A z2° = (zw)(yz) = V N]

R'1
I'= A,C[AM A H A Sim(zyz, zyw) A Sim(zyz, xzw) A zy? + 222 = yz2 = \/ N] ¢
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I'= A, CIAM A H A Sim(zyz, zyw) A Sim(zyz, zzw) — \/ NV 2y? = (yw)(yz) A 222 = (wz)(y2)]

R*2
= A,CI[AM A H A Sim(zyz, zyw) A Sim(zyz, zzw) — \/ NV xy? + 222 = y2?] ¢

where C[-] € P, are also admissible. We will use these rules plus the explanatory logical
rule o1 to formalize the proof of the Pythagoras’ theorem in the following way.

Vaywz(Tr(zyz) A Sim(zyz, zyw) A Sim(zyz, zzw) AY — zy? = (yw)(yz)) Veywz(Tr(zyz) A Sim(zyz, cyw) A Sim(zyz, zzw) AY — 2y? = (yw)(yz))
o

Vaywz(Tr(zyz) A Sim(ayz, cyw) A Sim(zyz, z2w) AY — oy® = (yw)(y2) A 22> = (wz)(y2)) '

Veywz(Tr(zyz) A Sim(zyz, zyw) A Sim(zyz, zzw) A Y — zy® + 22?2 = yz?)

Riic
Veywz(Tr(zyz) A R(x) AY — zy? + x2? = yz?)

where Y denotes the formula Tr(xyw) A Tr(zwz) A Ob(zyz ~ zyw//xzw).8

We have thus found a formalization that is faithful to the informal proof and is
composed of explanatory steps: in each step the complexity’s increase - as in each
step we use an explanatory rule that introduces in the proof a new concept. At each
step we can see the premisses as providing the reason(s) why their conclusion is true.
Thus, within our account, not only can we confirm that intuitively explanatory proof
is indeed explanatory as it involves applications of explanatory rules, but we can also
identify any single explanatory step of the proof.

This reasoning behind these examples has been implemented in the Profound-
Intuitionistic tool, aka Profint, accessible at https://chaudhuri.info/research/profint/.
Profint is an interactive theorem prover for first-order intuitionistic logic that is
designed around expressive direct manipulation based interactions. Although our set-
ting is classical, constructive reasoning was enough for the examples in this work. The
basic idea is to use deep-reasoning in order to automatize the derivation steps, where
different appearances of the atomic predicates are matched in the formula structure,
simulating the deep application of rules.

The code for following part of the proof explanation in Example 2

Veyzw(Tr(zyz) A Tr(yzw) — Sq360(xyzw)

Veyzw(Qu(zyzw) — Sq360(zyzw)) fee

is shown below.

Typing:

i : \type.

tr @ i -> 1 ->1i -> \o.

qu : i -> i -> i -> i -> \o.

sq360 : i -> i -> i -> i -> \o.

Program:

8Note that the formula Yzywz(Tr(zyz) A R(x) — zy? +x2% = yz?), which represents a proper formaliza-
tiog of Pgthagogas’ theorem, can be proved to be equivalent to the formula Veywz(Tr(zyz) A R(z) NY —
zy® + x2® = yz°).
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(\A [z, y, 2z, wl] qu x vy 2z w \to (tr x y z \and tr y z w)) \to
(\A [x, y, z, wl (tr x y z \and tr y z w \to sg360 x y z w) \to
qu x y z w \to sq360 x y z w)

6 Conclusion

This paper shows the viability and utility of combining the philosophy of mathematical
explanations with advanced proof-theoretical techniques. By adopting the “axioms-
as-rules” paradigm, we established a systematic method to transform generalizations
into inference rules, enabling the formalization of explanatory proofs. Our approach
preserves essential logical properties and offers a robust framework for analyzing
explanatory power in proofs.

Through the formalization of classic examples, we showcased how this method
clarifies the structure and conceptual complexity of mathematical explanations. This
work not only connects two previously disparate traditions but also paves the way for
future research into the formal and conceptual aspects of mathematical reasoning and
explanations.
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