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ABSTRACT

This paper concerns preference elicitation and learning of decision models in the context of mul-
ticriteria decision making. We propose an approach to learn a representation of preferences by a
non-additive multiattribute utility function, namely a Choquet or bi-Choquet integral. This prefer-
ence model is parameterized by one-dimensional utility functions measuring the attractiveness of
consequences w.r.t various point of views and one or two set functions (capacities) used to weight the
coalitions and control the intensity of interactions among criteria, on the positive and possibly the
negative sides of the utility scale. Our aim is to show how we can successively learn marginal utilities
from properly chosen preference examples and then learn where the interactions matter in the overall
model. We first present a preference elicitation method to learn spline representations of marginal
utilities on every component of the model. Then we propose a sparse learning approach based on
adaptive L;-regularization for determining a compact Mobius representation fitted to the observed
preferences. We present numerical tests to compare different regularization methods. We also show
the advantages of our approach compared to basic methods that do not seek sparsity or that force
sparsity a priori by requiring k-additivity.

1 Introduction

Evaluation and decision making is often a matter of finding the most appropriate tradeoff between multiple and possibly
conflicting criteria [[L]. In the field of multicriteria decision making, various evaluation and aggregation models have
been proposed to evaluate and compare the alternatives of a decision problem [2]. These models generally use and
combine objective and subjective information: on the one hand alternatives are described by consequence vectors
representing their outcomes with respect to multiple points of views under consideration in the analysis of preferences.
On the other hand, in order to go beyond straightforward preferences induced by Pareto dominance, more subjective
preference parameters are used to model the value system of the Decision Maker (DM), e.g., the relative importance
of criteria and their possible interactions in the evaluation process. Thus, a body of increasingly complex decision
models is studied in decision theory to encompass an ever more sophisticated set of decision behaviors. This effort
motivated by descriptive objectives comes at the cost of an additional complexity, both at the level of preference learning
(fitting the parameters of the preference model to the DM value system to explain or predict her preferences) and
at the recommendation level (finding an optimal alternative becomes computationally more difficult). In this paper,
we address the first challenge and propose a methodology dedicated to the identification of utilities and capacities in
decision models involving Choquet integrals.

The Choquet integral is a well known aggregation function used in multicriteria decision making to assign an overall
score to any evaluation vector attached to an alternative [3]]. It performs a kind of sophisticated weighted average where
weights are defined for every subset of components. The Choquet integral is also used in machine learning to replace
the linear function of variables which is commonly used in standard regression methods [4, [5]. For example, logistic
regression was extended to Choquistic regression [6]. It is also used for learning to rank with the Choquet integral [7]
where the data is provided with the labels which are preference degrees from an ordered categorical scale. Choquet



integrals are also used to aggregate one-dimensional utility functions in order to define a non-additive multiattribute
utility function. This preference model which is at the core of our paper will be referred to as the CIU model (Choquet
Integral of Utilities) in the sequel.

The CIU model is based on two types of preference parameters: utility functions defining the attractiveness of
consequences on every relevant criteria and a set function named capacity, monotonic with respect to set inclusion,
assigning a weight to every subset of criteria. The Choquet integral was initially introduced in the framework of
decision under uncertainty [8]]; it has been generalized to be applied in multicriteria analysis [3,9]. In this paper, we
also consider the bipolar Choquet integral of utilities (bi-CIU) which is an extension of CIU using two capacities that
cooperate in weighting criteria or subset of criteria; one applies to the positive part of the evaluation vector whereas the
other applies to the negative part [[10]. This extension inspired by Kanheman and Tversky’s cumulative prospect theory
(CPT) [[L1] allows the representation of decision behaviors that may vary depending on whether positive or negative
consequences come into play. CPT was initially introduced in the context of decision making under risk and assumes
that capacities are defined as monotone transforms of probability measures. The bi-CIU model under consideration here
is more general than CPT by allowing any kind of (monotonic) capacity to weigh the subsets of criteria [10]. It can
be used in multicriteria optimization when criteria scales and preferences are bipolar [[12]. The bi-CIU model can be
further generalized using bi-capacities in Choquet integrals [10] but this latter generalization is not considered here for
the sake of simplicity.

Our focus on CIU and bi-CIU models is motivated by several reasons: first CIU is acknowledged as one of the most
general monotone compromise aggregators since it includes various simpler decision models as special cases (e.g.,
additive utilities, weighted sums, OWA and WOWA aggregators [13}[14]). Therefore CIU includes a rich family of
aggregation functions which provides a natural setting to study how model complexity can be fitted to the preference
system we want to describe or implement. Moreover the use of possibly non-additive capacities in CIU may require
the definition of 2" weighting parameters in the worst case where n is the number of criteria under consideration
(one weight per subsets of criteria). The multiplicity of these parameters obviously induces a significant gain of
expressiveness. However, it also comes with an increase of model complexity and obviously raises the question of the
parsimonious learning of the parameters defining the capacity. Then, considering bi-CIU is even more general and more
powerful than CIU from a descriptive viewpoint. The bipolar version of the model being based on two capacities, it
requires 2"+ weighting parameters, beside utility functions, which raises even more crucially the need of methods
to learn sparse representations of capacities. It might indeed prevent over-fitting of preference data and lead to more
compact and more explainable decision models.

The definition of the CIU model requires learning the utilities and the capacity from preference information. For
the determination of the utilities, the standard approaches proposed in the literature on multicriteria decision making
rely on direct queries on attribute values and/or preference intensities using, e.g., the Macbeth method [15]]. Another
utility elicitation method based on the comparison of risky prospects has been proposed for the Choquet Expected
Utility (CEU) model for decision-making under risk [16}[17]. Recently, the principle of the elicitation method has been
exploited for the learning of the CEU utility function in the context of decision-making under uncertainty [18]]. We will
further extend this approach to cope with the multi-criteria decision-making framework.

For the identification of capacities in CIU in multicrieria decision-making, standard methods either use a least square
regression from examples of tuples labelled with their overall utility, or an ordinal regression method based on preference
examples (pairwise comparisons) [19, 9], assuming the utilities have been elicitated beforehand. Other methods have
been proposed to simultaneously learn utility and capacity [20, 21} 22]. More recently, an incremental elicitation
method proceeding by successive reductions of the set of admissible capacities using well chosen preference queries
was proposed in [23]. Also, an incremental Bayesian approach used to iteratively revise a probability density on the
space of admissible capacities was proposed in [24]. In order to simplify the problem, all these contributions focus on
simple instances of CIU where interactions are only allowed between pairs of criteria. Using this simplification, some
direct methods simultaneously learn utilities and the capacity [20} 21]], using for instance neuronal modules [22].

The question of learning where the most significant interactions take place in the general model and how a sparse
representation of the capacity can be derived from preference examples is not directly addressed. For this reason, we
want to study the potential of sparse learning to determine compact representations of capacities from preference data
within the CIU or bi-CIU model. This problem is challenging due to the interplay of utilities and capacities in the
computation of CIU values, making the learning of these two types of parameters interdependent. Another challenge
comes from the fact that utilities and capacities are not directly observable and must be derived from preference
statements (comparison of alternatives or possibly value judgments). In this paper, we propose an approach to learn
utility functions and capacities in two successive steps: by properly selecting a first set of preference queries we learn a
spline representation of the utility function for every criterion; then we learn a sparse representation of the capacities
from a database of preference examples.



The paper is organized as follows: Section 2 introduces the CIU and bi-CIU models and some related concepts. In
Section 3 we present an elicitation approach to learn marginal utility functions defined for each criterion. In Section
4 we propose an approach to learn sparse representation of the capacities in CIU and bi-CIU model. In Section 5,
we present numerical tests to compare the performances of our preference learning approach compared to baseline
methods.

2 Background on CIU and bi-CIU

We adopt the standard setting and notations for multiattribute or multicriteria decision making. Let N = {1,...,n} be
the set of criteria to be considered in a decision problem. Let X = X; X ... x X, be the n-dimensional evaluation
space where X; is a bounded set of consequences. As usual in multicriteria problem, the elements of X; are assumed
to be weakly ordered by a preference relation denoted ;. For any i € N, for any pair (z;,y;) € X;, x; >; y; (resp.
x; 7Z; y;) means that x; is a better consequence than y; (resp. better or equivalent). Within every set X; we distinguish
three reference elements denoted —1,, 0; and 1; representing the bottom level, the neutral level and the top level
consequences respectively [9]]. These levels must be obtained in close cooperation with the DM. The alternatives to be

compared are seen as elements of X. Thus, every alternative 2 € X is described by its consequence vector (x1, ..., )
where z; € X; is the consequence of z w.r.t. ¢, fori = 1,...,n. In this setting we consider n utility functions u;
defined on X; and strictly increasing with preference >, for i = 1,...,n, such that u;(—1;) = —1, u;(0;) = 0 and

u;(1;) = 1. Utilities are used to quantify the attractiveness of consequences on a common scale [-1, 1]. Consequences
above the neutral level receive a positive utility whereas consequences below the neutral level receive a negative utility.

2.1 CIU and bi-CIU models

We recall here the definition of models CIU and bi-CIU that use a Choquet integral to aggregate the utilities defined
above. Let v denote a capacity defined on 2%, i.e., a set function such that v(f)) = 0, v(N) = 1 and v(A4) < v(B)
for all A,B C N such that A C B. The CIU model combines utilities u;,% = 1,...,n and the capacity v to

define the value of any consequence vector x = (z1,...,x,) by the discrete Choquet integral of the utility vector
u(z) = (u1(21),. .., un(zy)). Formally, the CIU model reads as follows:
fil(@) = Colu(@) = > [v(X) = v(X i) Jue () (1)
i=1
=3 [u (@) = wi-n(@a-1)]0(X@) 2
i=1

where (.) is any permutation of N such that ug(z@)) < u@i1)(®a41)) and Xy = {57 € N : uyy(zy)) >
U(4) (I’(l))},l € N with u(o)(x(o)) = 0and X(7L+1) = 0.

Example 1. If N = {1,2,3} and uz(z2) < ui(x1) < us(xs) then Cy(u(x1,z2,23)) = uo(z2)v({1,2,3}) +

[ui(z1) — uz(w2)]v({1,3}) + [us(w3) — ui(21)]v({3}) by Equation[2} Similarly, if us(xs) < us(z2) < uyi(w1) then
Co(u(1, 22, 23)) = us(ws)v({1,2,3}) + [ua(w2) — us(ws)v({1,2}) + [u1(z1) — ua(z2)Jo({1}).

Then the preferences induced by CIU are obviously defined as follows: for any solutions x,y € X, x is at least as
good as y (denoted = - y) if and only if f*(x) > f¥(y). Similarly, x is indifferent to y (denoted = ~ y) if and only
if f¥(z) = f¥(y). Let us recall that monotonicity of v w.r.t. set inclusion and the monotonicity of u; w.r.t. >-; are
assumed to make sure that f'(z) > f¥(y) when x; 7; y; for all i € N (monotonicity of preference w.r.t. weak Pareto
dominance).

Now, we consider the bi-CIU model that relies on the same utility functions than CIU but uses two capacities:

v() = Co(u(z)™) + Cu(—u(z)”) ©)
where u(z)T (resp. u(z)7) is the utility vector u(z) (resp. —u(z)) in which negative components are replaced by
0. It is well known that C,,(z2) = —Cy(—2) for any utility vector z where @ is the dual capacity of w defined by

w(A) =1—w(N\ A) forall A C N. Therefore f,, () = Cy(u(x)*) — Cg(u(x)™). This latter formulation makes
more explicit the balance between positive and negative arguments like in cumulative prospect theory. Moreover, if
v=w, fi',(x) = Cy(u(x)") + Cyp(—u(x)~) = Cy(u(x)) and therefore the bi-CIU model boils down to CIU.
Example 1 (continued) If uz(z2) < 0 < ui(w1) < ug(ws) then we have f) (71,22, 73) = Cy(u1(w1),0,uz(x3)) +
Cu(0,uz(2),0). Equivalently f',,(x1,22,73) also reads as follows: C\(u1(z1),0,u3(x3)) — Cy(0, —uz(x2),0).



2.2 Mbdbius inverse and sparsity

An alternative representation of capacities and the Choquet integral relies on the Mobius inverse of the capacity. The
Mabius inverse of v is another set function m,, defined on N by: m, (A) = 3" 5 4 (=1)"\Bly(B) forall A C N. The
coefficients m, (A) are called Mobius masses, they completely characterize v. We indeed have v(A) = 3" 5 4 My (B).
The values of m, can be positive or negative but add up to 1 since > 5y M, (B) = v(N) = 1. Itis interesting to note
that CIU can be directly expressed from the Mobius inverse by [25]:

V(@)=Y mu(B) min{u;(z:)} ©)

BCN

This formulation suggests that C,, (u(z)) might admit a compact representation when the Mobius inverse is sparse (i.e.,
when the vector of Mobius masses includes many zeros or small values that will not significantly impact the calculation).
A frequent option used to obtain capacities having a sparse representation is to require that Mobius masses vanish for
all subsets of criteria larger than a given £ < n. In this case, the resulting capacity is said to be k-additive [26]]. For
instance, when the capacity is 1-additive then all Mobius masses are null except for some singletons (at least one) where
they are positive due to monotonicity. In this case, Equation 4] shows that CIU boils down to a simple additive utility
function.

Considering only 2-additive capacities is a standard option to allow pairwise interactions while keeping a sparse model.
One may also wish to relax 2-additivity for k-additivity (2 < k£ < n) with the aim of finding a better tradeoff between
sparsity and expressivity. However reasoning about sparsity in terms of k-additivity is a drastic reduction that may
significantly impact our ability to fit preference data with relevant CIU models. It may indeed happen that very sparse
but still n-additive capacities are necessary to describe preference data, as shown hereafter:

Example 2. Let us consider a DM adopting an egalitarist attitude in the aggregation (focusing on the worse conse-
quence) refined by an utilitarist criterion (using the sum of utilities) to break ties. Such a decision attitude can be obvi-
ously represented by the e-min model fc(x) = (1 — 31" | &) minen wi(z;) + Y iy €iu;(x;) where e = (e1,. .., €,)
is a vector of positive quantities chosen arbitrarily small. Clearly function f is an instance of CIU (see Equation{)
obtained for a capacity v whose Mobius inverse m,, is everywhere 0 excepted on singletons and on N (m,,({i}) = ¢;
foralli € N and my(N) =1— 3", €;). We remark that due to the monotonicity w.r.t. set inclusion, function v
is non-null on every subset since Mobius masses are positive and non-null on singletons. Despite the fact that v is
never null, it admits a very sparse representation in terms of Mobius masses where only n + 1 out of 2" coefficients are
non-null.

In the above Example, we remark that the most important Mobius mass is put on N, which shows that preferences
induced by f. could not be properly described by any k-additive capacity with £ < n despite the fact that it can be
closely approximated by the min model involving a single non-null Mobius mass (attached to /NV). This shows that
new approaches are needed to find sparse representations of capacities that best fit observed preferences, regardless of
k-additivity. In this paper we propose a general approach to seek sparse Mobius representations of capacities and use it
to learn simple instances of the CIU or bi-CIU model that best fit the preference data. This problem will be addressed in
Section[d] We first present the learning of utility functions w;.

3 Utility Elicitation

In order to elicit utility functions we use indifference statements between carefully selected alternatives to obtain useful
constraints (on difference of utilities) restricting the set of admissible utility functions u; independently of the capacity.
More precisely our approach consists in adapting the tradeoff method [16} [17]] initially introduced in the context of
cumulative prospect theory to the case of multicriteria evaluation to learn utility functions u;,¢ = 1, ..., n within CIU
or bi-CIU.

Let ¢ be any element of V. The elicitation process to derive constraints on u,; involves tradeoffs between ¢ and
another element 5 of N that can be freely chosen. Starting from a solution = and considering a given modification
of component x; (sufficient to break indifference), the tradeoff query consists in asking which variation of ; would
exactly compensate the variation of z; and restore the indifference. The existence of answers exactly achieving the
indifference requires a certain richness of attribute X; (solvability assumption). This assumption is formalized by the
restricted solvability axiom well known in mathematical psychology [27]. For any two vectors x,y in X, let (z;,y_;)
denote the vector derived from y by substituting the ith component by x;. Then restricted solvability can be stated as
follows:



Definition 1 (Restricted solvability). A preference relation -, on X satisfies restricted solvability with respect to the
ith component if for any x € X, a;,b; € X;, t_; € X_; with (a;,t_;) = x 7 (bi,t—;), there exists y; such that
x ~ (y;,t—;). When this holds for all i € N, the binary relation is said to satisfy restricted solvability.

Restricted solvability is not always satisfied, especially in the case of discrete attributes, as shown in the following
example.

Example 3. Let X1 = {0,1} and X5 = {0, %, 1} and define - on X1 x Xo by (x1,22) 7 (y1,y2) iff v1+22 > y1+yo.

We have (1,0) - (0, 3) 7= (0,0) but there is no z1 € X1 such that (z1,0) ~ (0, ). Here restricted solvability does
not hold w.r.t. the first component.

We present below the elicitation of utilities in the two cases (with and without restricted solvability). First, we consider
the case where solvability holds and we derive equality constraints on u;; then we consider the case where it does not
hold and we derive inequality constraints on u,;.

3.1 Utility elicitation with restricted solvability

Let us present the elicitation process to derive constraints on u; successively below and above the neutral level 0;. In
this part we assume that restricted solvability holds.

Utility elicitation below the neutral level For any attribute j € N, letr;, R; € X;, x; € X; suchthat 0; 3; r; <;
Rj, (i.e., 0 S ’LL]'(’I"]') < 'LLj(Rj)), xX; jz 07, (i.e., ’LLZ(LCZ) S 0) and (Oi,Rj,O,ij) i (.’Ei,’l"ﬁO,ij) t (_1i7Rja07ij)’

where («;, 5;,0_;;) is a vector of neutral consequences everywhere excepted on components ¢ and j where values are
a; and B;. We consider the following query:

Q;;(x;) : What s the consequence y; such that (z;,7,0—;;) ~ (yi, ;,0-5)?

If we consider an instance of the restricted solvability axiom (Definition E]) obtained for a; = 0;, b; = —1;,t_; =
(R;,0_;;) and x = (x;,7;,0_,;) one can see that an answer y; € X; to question ij(mz) is guaranteed to exist by the
restricted solvability assumption.

We couple the observed indifference with a second one associated to the answer z; to Qi_j (h;) for some h; element of
Xi\A{ai}: (hi, Ry, 0-35) ~ (2i,75,0-45)
Assuming (—1;,0_;) < 0, i.e., w(N \ {i}) < 1, these indifferences imply that w;(z;) — w;(y;) = u;(h;) — u;(2;) as
shown in Proposition[I]in the Appendix (Section[8.I.T). Then, when h; is chosen equal to y;, we obtain the following
simplified equation:

wi () — wi(yi) = wi(ys) — ui(2s) 5

Figure 1| (left) represents the two indifference statements in the plan X; x X, used to obtain Equation E}

Utility elicitation above the neutral level The process is symmetric to the one used to elicit utilities below the neutral
level. Let rj, R; € X and ; € X, such that r; <; R; Z; 05 (ie., u;(rj) < u;(R;) <0), 2; Zi 0; (e., ui(z;) > 0)
and (1;,7;,0_;;) = (z;, Rj,0_;;) 2 (0;,7;,0_;;), we consider the following query:

+

+;(zi): What is the consequence y; such that (z;, Rj, 0—_;;) ~ (yi,7j,0-:5)?

Here also, the existence of y; is due to restricted solvability. Similarly to the elicitation under the neutral level, we
couple this observed indifference with a second one associated to the answer z; to a question ij (h;) for any h; element

of X; \ {z;}: (hi, Rj,0_;;) ~ (z;,7j,0_;;). Assuming (1;,0_;) > 0, i.e., v({i}) > 0, these indifferences imply that
wi(y;) — wi(x;) = wi(2;) — u;(h;) as shown in Propositionin the Appendix (Section|8.1.1). Then, when h; is chosen
equal to y;, we obtain the following simplified equation:

wi(yi) — wi(wi) = wi(zi) — wi(ys) (6)
Figure (1| (right) represents the two indifference statements in the plan X; x X}, used to obtain Equation @

3.2 Utility elicitation without restricted solvability

In this section we consider the case where restricted solvability w.r.t component ¢ does not hold, i.e., when exact
answers to queries ij or Q;; do not necessarily exist. In particular, we consider the case of discrete attributes (the most
common case where restricted solvability fails to hold). The elements of X; are denoted z; ;, and indexed according to
their relative values: x; j, Z; ©; x+1, for any k.



— indifference curve X Xito.

Figure 1: Indifferences statements yielding to Eq. (5) (left) and Eq. (6) (right).

Utility elicitation below the neutral level Let r;, R; € X; and x; € X, such that 0; 3; 7; <; Ry, ie,
0 <wu;(rj) <u;(R;)and z; Z; 0;ie., u;(z;) < 0. We consider the two following queries:

- What is the lowest k such that (x;,7;,0_;;) = (zi x+1, Rj,0_;;)? Then we set yj' = k1 and y; =z p.
Similarly, for any h; element of X;\{x;} chosen such that h; 3 0;, we ask:

- What is the highest & such that (h;,7;,0_;;) 7= (z; , R;,0_;;)? Then we set z;” = x; 1, and z;r = T kt1-
Assuming (—1;,0_;) < 0,i.e., w(N \ {i}) < 1, we obtain (see Proposition[3]in Appendix Section|8.1.2):
wilhy) —ui(z7) > wilzi) —wily)
wi(hy) —ui(z) < wilzi) —wily;)
When h; is chosen equal to y;~ we obtain the following simplified inequations:
wiy ) —wilz) 2 wilzi) —wi(y;) @)
wi(y) —wi(z) < wilas) —wi(yy) (3)

Then we overcome the solvability issue by deriving two inequality constraints on the utility function u;, instead of a
unique equality constraint.

Utility elicitation above the neutral level Letr;, R; € X; and x; € X; suchthatr; <; R; 35 0;,1.e., u;(r;) <
uj(R;) < 0and z; 7Z; 0, 1.e., u;(x;) > 0. Consider the two following queries:

- What is the highest & such that (x;, R;,0_;;) 5 (i x,7;,0_;;)? Then we set y; = z;  and y;" = ; 4 1.
Similarly, for any h; element of X;\{x;} chosen such that h; =~ 0;, we ask the following question:
- What is the lowest k such that (h;, R;,0_;;) = (@i k+1,7j,0_i;)? Then we set ;" = x; 1 and 2" = z; j+1.
Assuming (1;,0_;) > 0, i.e., v({i}) > 0, we obtain (see Proposition d]in Appendix Subsection[3.1.2):
wilhi) —wi(zf) < wilws) —wily;)
wilhi) —ui(z;) > wi(ey) — ui(y;)
By choosing h; equal to y;~, we obtain the following simplified inequations:

wi(y; ) —wi(z) < wile) —ui(y;) )
wily; ) —wi(z) > wilw) —wi(y)) (10)

In the next section, we use constraints of type (SHI0) on the utility function w; to derive the utility curve using spline
regression.

3.3 Learning the utility curves

Let us present the learning of utility curves u; under the restricted solvability assumption, for the sake of simplicity. It
is based on preference information represented by linear equations over utility values, obtained as explained in Section



3.1. The learning procedure can be adapted to the other case (when retricted solvability does not hold) and will not be
presented in details. It is basically sufficient to replace linear equalities constraining the admissible utilities by the linear
inequalities obtained in Section 3.2.

In the original elicitation method [[17], Q:; queries are involved in a recursive procedure known as standard sequence
aiming to construct a sequence of points on the utility curve (z;, u;(z¢))i_, such that z; € X;. The sequence is

obtained as follows: zp = 0; and z;4; is the answer to query Q;;(zt) By construction this sequence is such
that z; <; 241 and this improving sequence stops at step ¢ when consequence 1; is reached. Then we have
wi(ze41) — ui(2e) = ui(ze) — ui(ze—1) by Equation@ yielding the following recursive definition:

ui(ze41) = 2ui(2e) — ui(2e-1) (11)
This completely determines the sequence since u;(zp) = 0 and u;(z,) = 1. We indeed have wu;(2;) = t/q for
t=1,...,q. A symmetric sequence can be implemented to construct points on the utility curve below the neutral level

using Q~ queries. However, such a method is known to be extremely sensitive to errors in the responses [28]]. For this
reason, we propose to perform a regression using short standard sequences.

Regression based on short standard sequences. Since the error naturally increases with the length of the standard
sequence, we propose an alternative approach that relies on multiple minimal length (¢ = 2) standard sequences of
type (zo, 21, 22). Multiplicity is obtained by varying the initial location z, the reference dimension j and the mesh
(rj, R;). Note that if zy is below the neutral level we use decreasing sequences generated by )~ queries. Putting all
together, we obtain a set of p triplets (2§, 24, 25)”_, each associtated with a linear constraint on u; given by Equation @
Then we define w; as a I-spline function that best fits the resulting set of equalities.

Spline functions are piecewise polynomial functions of class C* widely used for data interpolation or approximation
due to their ability to smoothly approximate complex shapes. Moreover they allow for a compact representation of
utilities. Indeed, a spline function can be expressed as a linear combination of basis functions and is thus characterized
by the coefficients of the combination. Since utility functions are supposed to be increasing, we will use a basis ([, l)zL:1
of monotonically increasing spline functions, known as I-spline functions [29] weighted by positive coefficients (adding
up to 1 so as to have u;(1;) = 1). We use here cubic I-splines (k = 3) because they have matching first and second
derivatives while preserving a local influence of every components. Note that we use a translation of the basis functions
from [0; 1] to [—1; 1]. Formally, u; is defined by parameters o; = (c; 1, . .., ;1) € [0,1]% such that:

VJ?Z‘ S [—11', 1i] s ul(xt) = 22111:1 Oéi,lll(l‘) -1 (12)

Using Equation [I2] the problem of finding the utility that best fits the equalities can be formalized as a linear program
with relaxed constraints:

min ) "_, (ef +¢,)

S i (20(28) — I(z4) — i(#4)) + € —€e; =0, t=1...p (13)
25 (1) —1=1 (14)
2 L(—1),; —1=—1 (15)
25 L(0)ag; —1=0 (16)

€ >0,¢ >0,a;; >0.

Constraint [I3] achieves the approximation of Equation [TT] for every triplet ¢. Also, Constraint [T4H{T6] respectively
represent the conditions u;(—1;) = —1,u;(—0;) = 0 and u;(1;) = 1. A similar linear program can be considered in
the case of non restricted solvability where preference statements replace indifference statements. It is sufficient to
substitute linear inequalities used to approximate indifference judgements by linear inequality used to approximate
preference judgements.

4 Learning sparse representations of capacities

Once utility functions u;,7 € N are known, the second-stage is to learn a sparse representation of capacity v. Given a
set of preference statements { (¢, ") € X2 : 2* = y*, £ € P}, a set of indifference statements {(z*,y*) € X? : 2 ~
y’, ¢ € I'} and utility functions u;,i € N, we want to find a capacity v having as many zero Mobius masses as possible
and such that f* well describes the observed preferences.

L -regularization [30}[31] is a well studied approach to control the model’s complexity. Several options have been
proposed to obtain sparse solutions for the non-additive integrals via the L, penalty term. For example, the sparsity



inducing penalty was applied to the capacity [32, 33]]. The L; penalty was also applied to capacities represented by
interaction indices in [34]. Here, we also explore the L; penalty term to obtain a sparse solution, however, we focus
on learning sparse Mobius representations. This choice is motivated by the fact that capacities are known to be less
compact than their Mobius inverse (due to monotonicity); the same statement holds for interaction indices provided that
Mobius masses are positive [[18]].

More precisely, our goal here is to fit preference examples with a simple model (i.e., with as few interactions as possible)
but also to show the descriptive advantage of the Choquet integral compared to the standard linear aggregation model.
The baseline model is therefore the weighted sum including all singletons as components (some possibly with a null
coefficient). Then, when working with the Choquet integral, the aim of avoiding unnecessary interactions in the model
naturally leads to include only the M&bius masses of subsets larger than 1 in the regularization term. This makes it
possible to explore the tradeoff between simplicity and empirical error of the learned model, by progressively increasing
the weight of the regularization term until it vanishes, yielding a linear model.

The L, regularization over the interaction factors might be impacted by the structural dependence that exists between
the quantities of type min;e p{u;(z;)} involved in CIU (Equation[4). In particular, the statistical dependence can
harm the ability to properly select the interaction factors. We thus propose to use a standard approach to correct this
issue that consists in using a weighted L; regularization ) ;- y Ag|m,(B)| where the weights Ap are adapted to
preference data (see Section[4.2)). Note that another weighting system based on the cardinality of factors has been used
in Choquistic regression problems to favor the selection of small size factors [6]. However, this choice may prevent
to recover preference systems where large coalitions are essential. For instance, this is the case of the e-min model
introduced in Example @ and also of the so-called Hurwicz model [35]] based on a convex combination of min and max
factors taken on the grand coalition V.

For the sake of clarity, we first present the unweighted version of the L1 -regularized problem (Subsection #.T). A more
sophisticated version using a weighting system is presented in Subsection f.2]

4.1 Unweighted L,-regularization on the Mobius inverse

The unweighted version of the regression problem reads as follows:

(Pymin Y | £ (@) = frO + D (A = fEN ™+ A Y Ime(B)

tel tep BCN,|B|>1
S peapeimu(B) =0, VACNVie A (17
> pcymu(B) =1 (18)

where )\ is a nonnegative hyper-parameter that controls the level of regularization. The objective function aims at
minimizing the magnitude of violation of indifference and preference examples. Constraints[T7]and [T8]respectively
ensure the monotonicity of the capacity w.r.t. set inclusion and its normalization. The monotonicity constraints,
expressed in terms of Mobius masses, guarantee that for any criteria coalition A C N, removing a criterion ¢ cannot
increase the capacity value. In the optimization problem given above, the L;-penalty allows sparse representations of
capacities to be obtained by shrinking Mbius masses m., (B) towards zero (the intensity of the shrinkage depending on
the level of regularization). Then, a selection of the criteria coalitions that actually play in the model is performed. As a
consequence, it is of prime importance to assess the quality of such a selection. In the following, we give theoretical
insights justifying the need for a more sophisticated L -regularization to perform a qualitative criteria coalition selection.

Issue due to interdependent components. In order to make explicit a possible issue with L;-regularization, let
us consider a special case of Problem P wherein the database of learning examples is only made of indifference
statements with specific pairs of examples (¢, 4*), £ € I, chosen in such a way that 4 has a constant utility vector (i.e.,
u;(y?) = 0% for all i € N for some #° € R). In such a case we have f%(y’) = 6° whatever the capacity v. Therefore
the indifference ¢ ~ y* translates into the constraint f(z*) = 6°. Hence, Problem P boils down to approximate
values 6¢ by Choquet values f(z),¢ € I. We obtain the following regression problem:

minZ|f:f(x£) — 0+ A Z [my(B)

lel BCN,|B|>1

s.¢.[7T8)
This optimization problem is an instance of constrained least absolute deviation linear regression with L1 -regularization.
Indeed, Equation 4| presents f;' as a linear aggregator 6 = Z?Zl B;j¢; within a specific feature space of size p. The
features ¢; are defined as the utility minima taken over every possible criteria coalition and the attached coefficients 3;
are the Mobius masses.
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Often referred to as LAD-LASSO [36,[37], L;-regularized least absolute deviation linear regression has been extensively
studied in the statistical learning literature and, in particular, its propertles concermng variable selection are now well

understood. More precisely, consider a linear model 6° = Y-"_| B5¢% + ¢, £ = 1,...,t, where € = (¢",...,€")
is a vector of i.i.d. centered random variables and where 6° and ¢t = (%, ..., (;5‘“]) E = 1,...,t, are respectively
observations of the response 6 and the p-dimensional predictor ¢ = (¢4, ... ,(bp) Suppose that the ground truth

coefficient vector 8* is sparse in the sense that it contains non-null components, and that it can be split in two parts
Ay, Ay with Ay = {j|B; # 0} and Ay = {j|B; = 0}. Let ® = (¢*))_, denote the ¢ x p design matrix and assume

that 33, = ¥ where ¥; = 1 @@T is the empirical correlation matrix and ¥ is a positive definite matrix. Then it is

known that under mild assumptlons LAD-LASSO is able to select exactly the set of ground truth non-null coefficients
Aj only if a condition on X; known as the “Irrepresentable Condition™ holds [37]. The condition reads as follows:

12 (s tsign(By,)| < 1 (19)

where ©21 = (54)ica, jedss 21t = (Zt)ijea,» 1 = (1,...,1) and the inequality holds element-wise. Moreover,
Ba, = (Bjea,) and for any vector 3, sign(/3) refers to its sign vector, i.e., sign(8); = 1if §; > 0, sign(8); = —1if
B; < 0 and sign(B),; = 0 otherwise. More formally, Conditionis necessary for guaranteeing that the probability of
the existence of a A value for which LAD-LASSO correctly affects signs to coefficients goes towards 1 as the number
of observations approaches infinity (general sign consistency), see [37] Theorem 4. A similar result [38], is also
available for least square L1-penalized linear regression (a.k.a. LASSO [30} 31]).

In the case of CIU, the feature space is endowed with a very specific correlation structure. Indeed, features are indexed
over subsets B C N and for any pair of criteria coalition By, By C N such that By N By # 0, ¢, = min;ep, {ui(z;)}
and ¢p, = min;ep,{u;(x;)} are obviously statistically correlated due to the overlapping of the coalitions. Intuitively,
the correlation is all the more important that the cardinal of the intersection is close to the cardinal of the union.
This is well illustrated in Figure El that compares the ratio R = |By N Ba|/|B1 U Bsy| for any By, Bo C N (right
handside) and the empirical correlation between min;e g, {u;(x;)} and min;e g, {u;(x;)} (left handside) when utilities
u;(x;),4 = 1,...,n are independent random variables distributed according to a uniform distribution within [0, 1].
The number of criteria n is taken equal to 8 and for any i € N, i.i.d. utility samples (u;(x;)*)i_; of size t = 500
are simulated to compute the empirical correlations. The similarity of the patterns in both graphs suggests that the
correlation scheme is indeed well described by ratio R introduced above.

In Example[d] we show that this correlation structure undermines the respect of Condition[I9] and thus the ability of
LAD-LASSO to recover a sparse ground truth model.
Example 4. Consider the e-min CIU model (see Example[2)) forn = 3 (N = {1,2,3}):
3
0 = exuy(x1) + eaua(x2) + ezus(xz) + (1 — ; €i) I}él]{}{uz(%)}
Then Ay = {{1},{2},{3},{1,2,3}}, 4 = {{1,2},{1,3},{2,3}} and sign(ﬂjh) = 1. Suppose that the utilities
u;(x;),1 =1, 2,3 are independent random variables distributed according to a uniform distribution within [0,1]. Let



pszQ be the correlation between ¢, and ¢p, for any By, Bo C N such that |B1| = by, |Ba| = ba, |B1 N Ba| = bya,
ie., pbhb2 = Cov(dg,, ¢B,)/\/Var(¢p, ) Var(dg, ). Then, the correlation matrices >* and $2 are given by:

1 0 0 pi
0 1 0 1 3 p%,2 p%,2 O p%,3
vl _ P1 )3 n2l _ 1 0 1 2
= 0 0 1 p ) =1 P12 P12 P23
1 1 1 13 0 P?I 2 P?I 2 P% 3
P13 P13 Piz 1 ’ ’ ’

Then if 1 — 3(/)?[’3)2 #0, Conditionboils down to (see Propositon in Appendix Section .'

|2P%,2(1 - P%,B) + Pg,:s(l - 3P%,3)| <|1- 3(P},3)2| (20)
Using analytical formulas Sor Cov(¢p,, ¢B,) provided in Proposition E] of Appendix Section we have p}_yz =

3 1 3 . . ..
2—@, p%? :dﬁ, p§73 f Therefore, COndll‘l(Jl’llY equivalent to t[f < £, which is false, and thus Condition
Z§ 1§ violated.

The violation of Condition [I9)in Example [4] suggests some weaknesses in terms of criteria coalition selection for the
unweighted L, -regularization. In order to circumvent the criteria coalition selection problem, we investigate the benefit
of an adaptive L1-penalty, i.e., a weighted L;-penalty with data-dependent weights.

4.2 Learning Mobius masses with adaptive L-penalty

The adaptive L;-penalty is of the form ) ;A B|B;| where the weights A are data-dependent and adapted to each
coefficient 3;, implying a two-stage algorithm where the first step is the weights computation. It has been introduced to
correct LASSO and LAD-LASSO and guarantee better variable selection properties [39} 40l 41} 42| 43]]. In particular,
when the weights are the absolute values of the reciprocals of the Lo-penalized solution it is shown [39] that the adaptive
LASSO selects the ground truth coefficients with a probability that tends to 1 when the number of observation goes
toward the infinity (variable selection consistency). We thus propose to use this two-stage penalty in the learning of
capacities. It yields the following approximation problem:

Problem P’
min Y | fi (") = f O+ D () = £ ) > Aglmu(B)|
terl tepP BgN,|B|>1
s.t. [T7[18§]

where Ag = \/(|ri, (B)| + €) for all B C N (e > 0 being introduced to avoid zero division) and 1, is the optimal
solution of the following initialization problem:

Problem P}
min Y | fi(x) = fr O+ D (Fi@t) = £ + Aellma |3
Lel LeP
s.t. [[7[1§]

Note that solving P}, requires the setting of an additional hyperparameter A2. This can be done using cross-validation. Ob-
serving that £ () = Y~ v m, (B) minge p{u; (")} by Equationl] we have f2(af)— f2(y") = ¥ ey mu(B)AL
with AS = minge p{us(xf)} — minge g {us(yf)}. Then we solve Problem P’ using linear programming by introducing
auxiliary variables to linearize the objective function as follows:

min» (ef +¢,)+Y e+ > Aplap+bp)

tel tepP BCN,|B|>1

Ypenlap —bp)AL +ef —¢; =0, Lel (21)
Ypenlas —bp)AL +6>0, LeP (22)
S e g an —bp =0, YAC N,Vi€ A 23)
Y pcnas —bp =1 (24)

+ —
€p,€p aeéaaB;bB ZO
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Equations 2T and 22] are flexible constraints used to approximate indifference and preference examples. The quantities
|, (B)| are linearized using a standard reformulation of absolute values based on the fact that |x| is the solution of
minimizing a + b subject to z = a — band a, b > 0. A similar linearization is used for terms | f(z*) — f*(y*)| and
(f&(*) — f2(y*))~ using variables ¢, , ¢, and ;. Constraints [23|and 24| respectively impose the monotonicity and the
normalization of the capacity. The weights Ap are computed by solving P/, with quadratic programming.

In order to derive a similar optimization problem for the learning of the bi-CIU model, let us reformulate f},, from the
Mobius inverses of capacities v and w. We obtain:

Yol = ) mo(B) minfu;(z;) 7} + Y mu(B) min{—u;(z;)" }

BCN BCN

= > muB) minfuse) ) = Y ma(B) max{ui() ) ©3)

BCN BCN !

Using Equation 23] we formulate the problem of learning sparse representations of the capacities v and w in bi-CIU as
follows:

minZ(eZF—&-eZ)—l-qu—&- Z (Aglap +bp) + Ag(cp +dB))
tel tep BCN,|B|>1
ZBQN(CLB - bB)AZB - ZBQN(CB - dB)VZB + f?_ —€ =0, el
> pcnlas — bp) A — > pcn(cB — dp)Vs +€ >0, L€ P
ZBQA,BBi(aB - bB) >0, VACN,Vie A
ZBQA,BBi(CB — dB) >0, VA C N,Vi € A
ZBQN(CLB —bp)=1
EBQN(CB —dp)=1
6Z762a€€7a37bBacB;dB > 0

Where AS = minge p{ui(zf) T} — mingep{u(yf) T} and V4 = maxyep{us(2f) "} — maxie p{ui(yf)~}. The
weights (A\%,\'3) are computed beforehand with a quadratic program similar to P} but using a double Lo-penalization
Az([lmo 3 + [Ima[3).

Another possible variant of standard L-regularization in the context of correlated variables is the Elastic Net [44]. This
penalty is defined as a convex combination of L; and Lo penalty : A||m, |1 + A2||m,||3. However, this method tends to
jointly select correlated features with uniformed coefficients values (grouping effect) as observed in [44]. This property
is not desirable in our context. For instance, in the e-min model, the importance of m,,(N) in the ground truth model
may thwart the elimination of sets having a large intersection with N. This is confirmed by our tests. In Section[5.3.3]
we will show that adaptive L;-penalty significantly outperforms the Elastic Net penalty.

S Experiments

In this section we show the results of numerical experiments on synthetic and real-world preference data and we
illustrate the advantage of our approach over some baseline methods.

5.1 Synthetic data

We generate the synthetic data as follows. First, random sparse Choquet models f; or f,',, are created through the
generation of n I-spline utility function u; and one or two (depending on the choice for CIU or bi-CIU) capacities
admitting a sparse Mobius representation. Sparse Mobius masses are first generated without requiring for monotonicity,
then m,, or (m,,, m,, ) are taken as the Mobius representations of the closest (in the sense of the L; norm) monotonic
capacities (obtained by linear programming).

Then, for n given utility functions u; and capacities v, w, we simulate Q-queries and their answers for the utility
learning. Answers to Q-queries are provided with some random uniform noise € € [—€,,4z, €maz|. For the capacity
learning, we construct sets of preferences {(z*,y%) € X2 : ¢ > y*,¢ € P} and of indifference statements {(z*, ) €
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Figure 3: Learned utility function with our method (left: red dotted line) and with standard sequences (right: green and
blue points) along with the ground truth (black plain line).

X2 2t ~ yt ¢ € I} compatible with f“ or v+ FOr this, pairs (2%, y*) are drawn uniformly within X 2. In order to
introduce noise, each example is associated with a preference statement 2* = * if (f*(z*) +o%) — (f4(y*) +0y) > o
and 2 ~ y* if |(f(z") + of) — (fi(y") + ol)| < o (for CIU), where 0%, 0 are noise values uniformly taken within

an interval [—o, o]. This process is used to generate training sets of size | P| 4 |I| which we vary in our experiments, and
test sets of size | P| + |I| = 1000. The preference and indifference examples are in equal proportions. In the following,

the generalizing performance (test error) of any learned model f is evaluated as the average absolute violation of
preferences on a test set: ﬁ Ser(FWH) = f(a%) 4 + ﬁ Sl fWh) = f(@h)].

For all regularization methods, the hyper-parameter ) is chosen by cross-validation with the one-standard-error rule. It
consists in cutting the training set in folds (here the number of folds is set to 3) and training the model as many times as
the number of folds, each time reserving a different fold for evaluating the model (validation fold). Then, A is selected
as the highest value yielding a mean error on the validation folds lower than the minimum mean error over all A plus the
standard error associated to this minimum. A grid-search is performed over the second hyper-parameter Ao whenever it
is needed (adaptive L;-penalty and elastic net penalty).

5.2 Learning utilities

We conduct numerical tests on the utility learning. First, we generate a sparse model f;', and learn the utility function
u; for some 4 € N with standard sequences and then with our method. Answers to Q-queries are simulated with a level
of noise €,,4, = 0.05. Figure [3|displays the estimated utility functions for both methods along with the ground truth ;.
On the left, the estimation provided by our method perfectly matches the ground truth while on the right the estimation
of the standard sequence clearly suffers from noise distortion. We conducted the same experiment on 10 random sparse
models, and obtained an average mean absolute error (MAE) of 0.084 + 0.052 for the standard sequence method and
0.022 £ 0.008 for our approach. The MAE is the mean absolute difference between the ground truth and the estimated
values on a fixed subdivision.

On Figure [d] we represent the accuracy of both methods in terms of MAE as a function of the number of questions
asked. The MAE are averaged on 10 simulations of random sparse models. FigureE] shows the case €,,,, = 0.05 on
the left and €,,,,, = 0.1 on the right. The test confirms that long standard sequences constructed recursively (grey) lead
to very poor results. Also, the difference between both graphs shows the impact of the increase of noise intensity on the
estimation quality for both method. However, one can see that regardless the level of noise, our approach converges to a
null MAE. It appears to be a more robust approach.

5.3 Learning Mobius representations of capacities

We first illustrate the process of learning a sparse Mobius representation of the capacity in the specific case of Example
Then, with other toy examples, we illustrate the benefit of adaptive L;-regularization in terms of criteria coalition
selection. Then we proceed to simulations to demonstrate the benefits of our approach in the general case of sparse
synthetic data and real-world preference data.

12



0.25 4

0.20

0.15

0.10

0.05

Average ground truth distance

0.00

Figure 4: MAE w.r.t. the number of questions for our method (pink dotted lines) and standard sequences (black plain

10 15 20

25

Number of questions (log10)

01

Average ground truth distance

0.0

0.7
06
05
04
03

024

"""" i g0 =T

1

0 15 20 25 30

Number of questions (log10)

lines) over 10 simulations for €,,,4,, = 0.05 (left) and €,,4, = 0.1 (right).

v
10 X Min. error % 175
I Min. error + std &
© 0.8 . £ 150
-~ * A 2
x O 125
5 0.6 =
£ 2 100
w <
=
7 0.4 S 15
= S
5 2 s0
o 0.2 [}
e}
= £ 25
T s _ S =1
0.0 Z g
-15 -1.0 -05 0.0 05 1.0 15 -15 -10 -05 0.0 05 1.0 15
A (log10) A (logl0)

Figure 5: Selection of the hyperparameter A with cross validation: mean test error on the 3 tests folds (left) and Ly-norm
of the learned models according A (right).

5.3.1 Learning the c-min example (Example [2)

We generate preference data according to the e-min model of Example [2] instantiated with n = 8 and €
(0.03,0.03,0.05,0.05,0.02,0.02,0.05,0.05). More precisely, we generate a training set of size |P| + |I| = 250
and introduce noise using o = 0.03. We compare our method based on adaptive L;-regularization to some baselines,
such as the standard L, -regularization, the unpenalized regression and the use of 2-additivity constraints for an alterna-
tive control of model complexity. In Figure[5] we illustrate the one-standard-error-rule used to select the optimal value
A* of the regularization hyper-parameter A (here A2 = 0.05). On the left of Figure [S|we show the average generalizing
performance (mean test error) obtained through cross-validation for different values of A, and \* is highlighted. One
can observe (Figure[5on the right) that the number of non-null coefficients decreases as X increases, and A* corresponds
to the optimal tradeoff between compactness and generalizing performance. On Figure [l we show the learned Mdbius
masses for the adaptive L;-penalty with \* (top left), the L;-penalty also with optimal regularization parameter A
(top right), the unpenalized regression (bottom left) and the use of 2-additivity constraints (bottom right). For each
method, the learned model is superposed to the ground truth model. It is clear that the regression without any penalty
term fails to recover the e-min model; it does not find any compact representation either. It achieves, however, a
reasonable generalizing performance on the test set (test error of 0.066). The 2-additive model, while being compact, is
far from the ground truth and does not capture interactions involving a large number of attributes, leading to a poor
generalizing performance (test error of 0.535). Our approach combines both advantages of the baselines: compactness
and optimal generalizing performance (test error of 0.039). In fact, one can see that the ground truth model is exactly
recovered. This is not the case with the standard L-penalty that includes other coefficients than the non-null ground
truth coefficients in the estimated model. This directly illustrates the impact of the violation of Condition[I9]for the
e-min model, as demonstrated in Exampled]for n = 3.

5.3.2 Benefit of the adaptive L,-penalty : illustrative example

In this section, we provide a second illustration of the benefit of adaptive L;-regularization compared to standard L -
regularization. To this end, we consider a model (n = 6) including 5 interaction terms attached to overlapping groups
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of criteria. The model is given by the following Mbius masses vector: m,,({i}) = < forany i € N, m,(B) = 1=

for any B e {{laQ}a {17273}7 {1527375a6}v {1a3a4a5?6}? {1727374a5a6}} and mU(B)
e =0.2.

We generate a training set of size |P| 4 |I| = 120 and observe the effect of the increase of the hyper-parameter \
for both standard and adaptive L;-penalization. In Figure[7]and Figure [§] we represent the regularization paths i.e.,
the evolution of the learned Mobius masses w.r.t A, for both methods (for the adaptive penalty we take Ay = 1).
The non-null coefficients of the hidden model are highlighted with blue star markers while the null coefficients are
displayed with black plain lines. At first glance, the standard L, -penalization does not succeed to efficiently distinguish
ground truth non-null coefficients from null coefficients while the adaptive penalization provides a clear distinction
for A =~ 107925, Note that for high values of \, the Mbius masses of singletons remain non-null for both methods.
This is quite normal since they are not included in the penalization term (the aim of regularization being only to avoid
unecessary non-linearities in the model). In order to further evaluate and compare the quality of criteria coalition
selection in both methods we compute the false discovery rate (FDR), i.e., the proportion of selected coefficients that
are not actually in the ground truth model. We also compute the false exclusion rate (FER) which is the proportion
of not selected coefficients that are actually in the ground truth model. Figure[9]shows the results for standard (left)
and adaptive (right) L;-regularization according to A. Contrarily to standard L;-regularization, adaptive L;-penalty
reaches 0% of false discovery rate (FDR) and 0% of false exclusion rate (FER) for A € [10~13% 10~ !1]. Thus adaptive

= 0 everywhere else, with
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Figure 8: Regularization path for adaptive L;-penalty (A2 = 1).
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Figure 9: False discovery rate (FDR) and false exclusion rate (FER) for standard (left) and adaptive (right) L;-
regularization w.r.t. A.

L+-penalty exactly recovers the set of non-null ground truth coefficients. Standard L, regularization appears to be less
effective, the reduction of the false discovery rate comes at the expense of its false exclusion rate.

Stability study. In the previous tests, we assessed the ability of adaptive L;-regularization to efficiently recover a
ground truth model. Now, with another illustrative example, we study the stability of the learned models w.r.t the
variability of the training preference data. We use a 5-dimensional CIU model with sparse Mobius transform and
generate training sets of preference examples of size |P| + |I| = 100 with an increasing level of noise ¢. In Figure
[10] are presented in boxplots the learned Mobius masses with adaptive L;-regularization obtained for 10 random
generations of preference data. From top to bottom are represented the results for increasing values of noise level
o € {0,0.03,0.05,0.1}. The ground truth model is highlighted with grey bars. For o = 0 (top), the exact ground truth
model is always recovered over the 10 simulations. Then, increasing the level of noise induces some variability in the
learned models. However, for ¢ = 0.03 (second from top), very few coefficients that are not in the ground truth model
are included in the learned model and the ground truth coefficients are recovered with a nearly constant amplitude.
Finally, when the level of noise is high, i.e., ¢ = 0.1 (bottom), spurious coefficients such as the grand coalition are
included in the learned model and the M6bius masses values are highly variable.

5.3.3 Comparative performance on arbitrary sparse models

We observed that CIU used with a 2-additive capacity can fail to properly approximate preference data when the
underlying preferences contains higher-order interactions. Also, a more sophisticated L; regularization is sometimes
needed to proceed to a good model selection. In this section, we provide broader tests on synthetic preference data
and extend our comparisons to the use of k-additive models for £k = 1,...,n — 1, and for an optimal £* (chosen by
cross-validation). Also, we compare the adaptive L;-penalty to different penalizations such as the standard L-penalty
and the elastic net. We finally compare the results of our method to the unpenalized regression method.
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Figure 10: Ground truth model (grey bar) and boxplots of the learned Mobius masses over 10 simulations for an
increasing noise amplitude o € {0,0.03,0.05,0.1} from top to bottom.

Test error Lo-norm |/ —m*|2  FDR FER
ADA-L1 0.074+0.02 16.1 +8.6 0.05+0.06 0.7440.09 0.01+0.01
L1 0.07 £0.01 25.1+10.9 0.07 £0.10 0.82 £+ 0.06 0.01+£0.01

E-Net 0.07 £0.02 27.3+9.9 0.08 £0.12 0.83 = 0.07 0.01+£0.01
NoReg. 0.09+0.03 206.7 £27.1 1.57+£2.48 0.97 £ 0.02 0.00 £ 0.01
2-ADD  0.37£0.18 21.9+2.7 0.61 £0.49 0.95+0.05 0.02+0.01
4-ADD  0.13£0.05 1482 +48  0.45+0.46 0.98 +£0.02 0.02 +£0.01
k*-ADD  0.09 £ 0.03 147.0 £54.4 0.23+£0.24 0.97 +£0.03 0.02 £0.02

Table 1: Evaluation of ADA-L1 and the baseline methods with sparse CIU hidden models.

First, we generate 20 hidden arbitrary sparse CIU models (with 10 non-null coefficients in average) for n = 8. We
also generate associated training preference datasets of size |P| + |I| = 250 (with o = 0.03) and test sets of size
|P| + |I| = 1000. The generalizing performance (test error) of our approach (ADA-L1) on test sets is averaged and
displayed in Table[T]along with the average sparsity of the learned models (Lo norm). The quality of the ground truth
model retrieval is further assessed with the average gap to the ground truth model (||77 — m*||3) and the false discovery
rate (FDR) and false exclusion rate (FER). We also present the results for the baseline methods: the standard L -penalty
(L1), the Elastic Net penalty (E-Net), the unpenalized regression (No reg.) and methods that use k-additivity constraints
for k = 2,4 and k*.

Our approach (ADA-L1) clearly outperforms all the methods in terms of compactness, distance to the ground truth
model and false discovery rate. Concerning generalizing performance, ADA-L1 outperforms the methods based on
k-additive models, especially for k = 2 which performs very poorly. The other regularization methods (E-Net and L.1)
maintain competitive generalizing performance but incorporate non-null ground truth coefficients in the model as the
higher falser discovery rate and Lg-norm suggest it. Note that, while having a generalizing performance close to the
optimum, the unpenalized regression (No Reg.) provides a dense model and thus is unable to recover an underlying
sparse model. As a consequence this method yields a null false exclusion rate. On Figure |l 1| we show the evaluations
obtained for each method using both the generalizing performance (test error) and the number of non-null Mobius
masses (Lg-norm). Each curve represents various possible tradeoffs between the test error and the Ly-norm obtained
for different values of the regularization hyperparameter A (for ADA-L1, L1, E-Net) or for different values of k (for
k-ADD). For the methods ADA-L1 and E-Net, A\, has been priorely set to its best value. We observe that our approach
with adaptive L;-penalty provides significantly better compromises than all the other methods. Moreover, k-additive
models perform very poorly, providing models with high Ly-norm and high test error.

Finally, we conducted the same experiment with sparse bi-CIU hidden models and results are presented in Table 2| The
results for the learning of both capacities m,, and m,, are averaged producing a unique result. Here again ADA-L1
produces significantly better results than the other methods in terms of generalizing performance, compactness and
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Figure 11: Tradeoff between test error and Lg-norm depending on A (for ADA-L1, L1 and E-Net) and k (for k-ADD).

Test error Lo-norm |7 — m*||3 FDR FER
ADA-L1 0.06 +0.01 16.44+12.9 2.06 + 0.82 0.73 +0.11 0.02 £ 0.01
L1 0.07 £0.02 25.8+15.8 2.07+0.81 0.84 +£0.06 0.02 + 0.01

E-Net 0.07£0.01 35.8+16.7 1.15 4+ 0.86 0.85+0.04 0.02 4 0.01
NoReg. 0.09+£0.02 217.1+36.3 58.74+117.65 0.98+0.02 0.02 4 0.01
2-ADD 0.30 £0.16 20.6 £3.8 2.55£0.78 0.95+0.06 0.02 4+ 0.01
4-ADD 0.124+0.05 2439+ 72.1 6.94 + 5.97 0.98+0.02 0.02 4 0.02
E*-ADD  0.09 £0.04 215.8+£141.5 13.03 +14.62 0.94£0.07 0.02 +0.01

Table 2: Evaluation of ADA-L1 and the baseline methods with sparse bi-CIU hidden models.

false discovery rate. Concerning distance to the ground truth, the elastic net penalty provides slightly better results.
Remark that all methods perform equally in terms of false exclusion rate.

5.3.4 Real data

In this subsection, we test our method for learning sparse Mobius capacity representations on real preference datasets.
For this, we use standard monotonic multicriteria decision-making datasets containing overall evaluations of alternatives
described by continuous or discrete criteria. Using these datasets, we make the assumption that the learning examples
are directly expressed in terms of utilities.

We use the dataset Employee Selection (ESL) from the Weka repository E], the datasets CPUE] and Car MPCﬂ MPG)
from the UCI repository and the Movehub city rankingﬂCITY) dataset. Below, we briefly describe the four datasets:

* ESL: psychologists evaluations on n = 4 criteria of some candidates (488) and overall suitability to a position.

* CITY: overall evaluations of quality of life in some cities (216) and n = 5 associated descriptors, e.g., purchase
power, quality and access to health care.

* CPU: relative performance of some CPUs (209) and n = 6 associated technical characteristics, e.g., machine
cycle time in nanoseconds, cache memory in kilobytes.

» MPG: city-cycle fuel consumption in miles per gallon of some cars (398) and n = 7 associated technical
characteristics, e.g., weight, acceleration, model year.

These datasets of overall evaluations are turned into datasets of preference and indifference statements by randomly
drawing pairs of alternatives (without replacing them) and comparing their global scores. The criteria associated with

a decreasing monotonicity are multiplied by —1 and the utility values are made commensurate by means of linear
normalization.

"https://www.openml.org
Zhttps://archive.ics.uci.edu/dataset/29/computer+hardware
3https://archive.ics.uci.edu/dataset/9/auto+mpg
*https://www.kaggle.com/datasets/blitzr/movehub-city-rankings
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ESL CITY CPU MPG

ADA-L1 5.42 4 2.38 6.14+382 6.11 +1.83 7.69 £ 2.48
L1 5.73 £2.81 6.69 £4.29 7.81+3.45 7.58 + 2.8
E-Net 5.93 £2.93 6.99£5.67 17.44+13.16 23.44+12.51
No Reg. 12.71£1.60 23.26 £4.77  42.04£9.15 55.83 £14.69
2-ADD 7.80+£1.19 9.09+1.61 9.73+1.84 8.21 +£1.58
4-ADD 12.71 £1.60 22.58+4.42 36.73£7.47 36.54£12.29
k*-ADD 5.77+2.77 5.97 £ 3.52 12.06£9.94 12.79£12.12

Table 3: Average Ly-norm for ADA-L1 and for the baselines on real datasets.

ESL CITY CPU MPG

0.22+0.04 0.05£0.03 0.12+0.05 0.15+0.07
Table 4: Average test error for ADA-L1 on real datasets.

We compare ADA-L1 and the baseline methods in terms of test error (average magnitude of preference violation on
the test sets) and number of non-null coefficients of the learned models (Lg-norm). The results are averaged over 100
simulations for each dataset. For each simulation, the models are trained on 80% of the dataset and tested over the 20%
left with a random split. In Table[3|are presented the average Ly-norm of the learned models for the different methods.
The results leading to the smaller Ly-norms are highlighted in bold and the second-best results are underlined. ADA-L1
provides very sparse models with significantly lower Lg-norms than the one obtained with the baseline methods. This
model compacity is obtained at no cost in terms of generalizing performance since ADA-L1 provides test errors similar
to the baseline methods. We indeed performed pairwise t-tests to test the significance of the difference in test error
between all the methods and we obtained p-values of magnitude 0.5. The test error numerical values obtained for
ADA-L1 are provided in Table 4] This suggests that ADA-L1 is able to identify the few criteria coalitions that really
matter in the preference value system underlying each dataset.

6 Conclusion

We have introduced a new approach to learn both utilities and capacities in CIU and bi-CIU models in the context
of multicriteria decision making. We first proposed a variant of the tradeoff method to learn one-dimensional utility
functions which appears to be more robust than usual elicitation methods based on standard sequences. Then we
presented a method to learn compact representations of capacities in terms of Mobius masses using adaptive L-
regularization. It determines where are the Mobius masses that really matter to define the capacity. This reveals those
interacting subsets of criteria that must be kept in the general Choquet model to fit the observed preferences. One
important advantage of this approach is that interacting subsets of any size can be included in the model. No prior
restriction on the size of interaction factors is made, they are derived from the database of preference examples.

An important aspect concerns the complexity of the learning task. The linear reformulation of problem P’ introduced in
Section 4 includes 2" + 2|I| + | P| variables and >, _, k(}) + |I| + | P| 4 1 constraints. Therefore the problem to
be solved grows exponentially with the number of criteria. It remains tractable up to a dozen of criteria which covers
most of practical caseﬂ In order to improve scalability of the method, several options could be investigated but this
goes beyond the scope of this paper. First, a hierarchical structure over criteria can be used which may drastically
reduce the number of criteria to be aggregated at every level and therefore the size of the learning problem. This idea
was implemented in [22] to learn 2-additive capacities and could be extended to learn general capacities [45]. Another
option would be to use the dual formulation of the optimization problem P’ as in kernel-based machine learning
methods. Some recent attempts in this direction are proposed in [46].

Beside scalability, several natural extensions of this work could be considered. First, the construction of compact
representations of CIU is based on EquationE]that combines Mobius masses and terms of type min;e g{u; }. Alternatives
representations exist for CIU and bi-CIU, combining Mobius masses and factors of type max;cg{u;}. They could
lead to compact representations as well. This suggests extending our approach and combining min and max factors to
produce even more compact representations of capacities. Another extension could be to adapt our approach to other
decision models allowing interacting criteria. For example, the multilinear utility model [47]] admits a representation in

Scriteria represent the evaluations dimensions and must not be confused with attributes describing the alternatives that may be
more numerous. It is generally the case that several attributes contribute to the definition of one criterion
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terms of Mobius masses similar to Equation (4 where min factors are substituted by products [ [, ; u;. Clearly, the
learning approach we have proposed here for the capacity identification also applies to this model with very minor
modifications. Finally, interactions terms occurring in the model may be more general than min, max or product of
criterion values, and could also be learned from preference data. This would be helpful to learn GAI models that are,
by definition, decomposable as the sum of utility factors defined on a collection of non-necessarily disjoint subsets of
attributes [48], 149, [50]. It is likely that the approach proposed here to learn the active interacting coalitions may also be
applied to the determination of the relevant factors in a GAI model.
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8 Appendix

8.1 Utility elicitation

In this appendix we explain how equations on utilities (Equations [5H6] and Equations [JHI0) are derived from preference
and indifference statements. The explanation is directly given for the bi-CIU model but can be adapted to the particular
case of the CIU model by taking w = v.

8.1.1 Utility elicitation with solvability

Utility elicitation below the neutral level with solvability assumption
Proposition 1. Let x;, h; € X; such that x; Z; 0; and h; 3; 0; and r;, Rj € X such that 0; 3; r; <; R;. Suppose
that (z;,7;,0_;;) ~ (y;, Rj,0_;;) and (h;,7;,0_;;) ~ (2;, Rj,0_;;). Assuming (—1;,0_;) < 0, we have:

wi(yi) — wi@s) = ui(2:) — ui(y:)

Proof. From (x;,75,0_;5) ~ (yi, Rj,0_;;) we have: f', (zi,75,0_55) = f',(yi, Rj,0_;5). Also, since r; <; R;
we have y; <; z;. Moreover, since x; 3; 0; and 0; 3, 7; <; R;, we have uz(yl) <ui(x;) <0 <wuj(ry) <uj (R])
and therefore fj)fw(a:i, 75,0_5;) = uj(r;)v({j}) + wi(x:) (1 — (N \ {i})).

Similarly, we have: fy', (yi, R;,0-i;) = u;(Rj)v({j}) + ui(y:)(1 — w(N \ {i})). Hence we have: (u;(z;) —
ui(y:))(1 = w(N\{i})) = (u;(R;) —u;(r;))o({7}).

Moreover, using the second indifference (h;, r;,0_;;) ~ (z;, Rj, 0_;;), we obtain (u; (h;) —u;(z;)) (1 —w(N\{i})) =
EUJ(RJ) uj(ry))o({7}). Then (uq(w;) — uqi(y:))(1 — w(N\{i})) = (ui(hs) —ui(2:))(1 = w(N\ {i})). Assuming

i,0_;) < 0,ie., w(N\ {i}) < 1 we obtain:
wi(z;) — wi(yi) = wi(hi) — ui(2;)

Utility elicitation above the neutral level with solvability assumption

Proposition 2. Let x;, h; € X; suchthatx; 75 0;and h; 75 0;andrj, R; € X and x; € X; suchthatry <; R; 35 0;.

Suppose that (z;, R;,0_;;) ~ (y;,75,0_;;) and (h;, Rj,0_;;) ~ (z;,75,0_;;). Assuming (1;,0_;) > 0, we have:
wi(@i) — ui(yi) = ui(hi) — ui(zi)

Proof. From (Qii, Rj7 O,ij) ~ (yi,Tj,O,ij), we have: fff’w(l‘i, Rj, 072‘]‘) = f:f’w(yi,?“p Ofij)' Since T; <j Rj we
have z; <; y;. Moreover, since x; 2Z; 0; and r; <; R; 3; 05, we have u;(r;) < u;(R;) <0 < wu,(x;) < ui(y;) and
therefore f}' (i, Rj, 0—ij) = wi(xi)v({i}) (R (A w(N\ {3)):

Similarly £, (47,74, 05) = i (g )o({i}) + w5(r)(1 — w(N \ {7})). Hence we have: (u:(ys) — ui(w:))o({i}) =
(uj (Rj) = u;(r;)) (1 — w(N\ {j}))-

Moreover, using the second indifference (h;, R;j,0_;;) ~ (z;,r;,0_;;), we obtain (u;(z) — w;i(hs))v({i}) =
(uj(Rj) —u;(ry))(1—w(N\{j})). Then (u;(y;) —ui(w:))v({i}) = (wi(zi) —ui(hi))v({i}). Assuming (1;,0_;) > 0,

i.e., v({i}) > 0 we obtain:
wi(yi) — wiz:) = wi(2:) — ui(hi)

O
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8.1.2 Utility elicitation without solvability

Utility elicitation below the neutral level without solvability assumption

Proposition 3. Assume that the elements of X; are denoted x; ) and indexed according to their relative values:
Tik i Tikt1, for any k. Let x;, h; € X; such that x; 3; 0; and h; = Zi 0, and vy, R; € X such that 0; 3;
rj <j Rj. Let k be the lower integer such that (x;,7;,0_;;) 2 (x; k41, R;j,0_;;) and k' the highest integer such that
(hi,7,0_45) 7= (zi, Rj,0_;;). Assuming (—1;,0_;) < 0, we have:

wi(hi) —ui(z) > i) — uiy;)

3

+ _ - _ - _ + _
where y;” = X k41, Y; = Tik 2; = Tigr and z; = T pr41.

Proof. By construction y; necessarily verifies the following strict preference: (x;,7;,0_,;) = (y; , R;,0_;;). Hence,
with (z;,7;,0_;;) 2 (y;7, R;j,0_;;), we obtain the following inequations: (u;(z;) — w;(y;))(1 — w(N \ {i})) <
(us(R;) — wi(r;))v({s}) and (us(x:) — ui(y; ) (L = w(N\{i})) > (us(R;) — wi(r;))o({s})-
Similarly, z;" verify (h;,7;,0_;;) < (27, R;,0_;;). Hence, with (h;,7;,0_;;) = (2;, R;,0_;;) we obtain the
following inequations: (u;(hi) —ui(z; ) (1—w(N\{i})) = (ui(R;)—ui(r;))v({j}) and (s (he) - ui (7)) (1—w(N\
{i})) < (wi(R;) — ui(r;))v({;j}). Hence we have (u;(z;) —u;i(y)(1 —w(N\ {i})) < (ui(Ry) — e i)v({7}) <
(ui(hi) = ui(z;7)) (1 = w(N\ {j})).
Moreover, (u;(h) — ui(zF)(1 — w(N \ {i}) < (wi(R) — ui(r)o({7}) < (us(w) — us(y7)(1 = w(N \ {i}).
Assuming (—1;,0_;) < 0, i.e., w(N \ {i}) < 1, we obtain:

wi(hi) —wi(27) > wi(as) —wi(y;)

wi(hi) —ui(zf) < wilws) —wiy;)

Utility elicitation above the neutral level without solvability assumption

Proposition 4. Assume that the elements of X; are denoted 2,1 and indexed according to their relative values:
Tik i Tik+1, for any k. Let x;,h; € X; such that x; 7Z; 0; and hy 7Z; 0, and rj, R; € X such that rj <;
R; = 0;. Let k be the higher integer such that (x;, R;,0_;;) 7 (z;k,7j,0—;;) and k' the lower integer such that
(hi, Rj,0_4;) = (i k+1,75,0_45). Assuming (1;,0_;) > 0, we have:

wi(hy) —ui(z") < wias) —uily;)

+ _ - _ - — + _
where y." = T; j41, Y; = Tik 2; = Tigr and 2] = X; jr 1.

Proof. By construction y;r necessarily verifies the following strict preference: (z;, R;,0_;;) < (yz+ ,7;,0_;;). Hence,
with (x;, R;,0_,;) == (y; ,7j,0—;;), we obtain the following inequations: (u;(x;) — u;(y; ))v({i}) > (ui(rj) —
ui(R)) (1 —w(N\ {j})) and (us(w:) — wi(y")w({i}) < (uilrj) —ui(R;)) (1 — w(N\ {7})).
Similarly z; verify (hi, R;,0_;;) = (2; ,7;,0_;;). Hence, with (h;, R;,0_;;) 3 (2],7;,0_;;), we obtain the
following inequations: (w;(h;) —u;(2;7))v({i}) < (ui(r;) —ui(R;))(1—w(N\{5})) and (uw;(h;) —u; (2 ))v({i}) >
(ui(rj) —ui(R;))(1—w(N\{j})). Hence we have (u;(h;) —ui(z"))o({i}) < (ui(R;) —ui(r;)) (1 —w(N\{j})) <
(ui(ws) — wily; ))v({i}). Moreover, (u;(x;) — ui(y"))v({i}) < (ui(R;) — ui(r;)) (1 —w(N\ {5})) < (ui(hs) —
u;(2;))v({i}). Assuming (1;,0_;) = 0, ie., v({i}) > 0, we obtain:
uilhy) —wi(z") < wile) —wily;)
wi(hi) —ui(z;) >

20



8.2 Covariance computations
Proposition 5. Let p{ 5, pi 5,3 3 € [—1,1] such that 1 —3(p1 3)* # 0, and let ©** and $2* be the following matrices:

1 0 0 pi
11 0 1 0 Pii 21 pig p% 2 (1) p§73
Y= 1 , XU = P12 0 P12 P23

0 0 I p13 1 1 2
' 0
P}L,3 P}L,3 P}L,3 1 Pz Piz P23
Ifsign(B,) = (1,1,1,1)7, then the following inequality:
|x2t(xth)~t sign(84,)] <1
where the inequality holds component-wise, is equivalent to:

1201 5(1 = p1.3) + p3.5(1 = 3pl5)| < [1—3(pls)°

Proof. ¥ can be rewritten as a block-matrix as follows:

u_ (M My i — POy _ (1 1 1 —
»H = My, M, with My = 8 (1) (1) Moo= (pls pls pls), Ms=(1)

The Schur complement of $** is § = Mz — M7 M 'Ms =1 — 3(p} 5)? # 0 and therefore $** is a positive definite
matrix the inverse of which reads as follows:

(211)-1 = <M11 + MilleTsijszl —Mllj\/{QTSl>
—S~IMy M S
1-2(p13)?  (pis)? (p13)°> —pis
B 1 (pls)®  1-2(pt3)>  (pis)®  —pls
S 1=3(plg)? | (pi)? (pha)® 1=2(pts)? —pis
—P%,zz —P%,?, —P%,3 1

Then we finally obtain:

201 5(1— pt ) + phs(1—3pt5) (1
21 11\—1 _: % _ 1,2 1,3 2,3 1,3
S22 (M) T sign(By,) = REETPYINE 1

1
Therefore, all components of the vector 2! (X11) ! sign(37 ) have absolute values strictly lower than 1 if and only if
1201 5(1 — p13) 4+ P5.3(1 = 3p13) < 1 —3(pi3)°l.

O
In the following, we use the convention that for any subset S C N, fIs f(z1,...,2n) dzg denotes the multiple integral
of the function f w.r.t. the arguments z;,¢ € S on the hypercube Zg = [0, 1]*. Moreover, for any subset S C N, its
cardinal |S| is denoted by s. Finally, we use the fact that if (Z1, ..., Z,,) are n independent random variables, each

following a uniform distribution over [0, 1]™, then for any subset S C N, the random variable ®5 = min;cg Z; follows
a Beta distribution with parameters (1, s). Consequently, for any k& € N, we have (see, for instance, [51, Chapter 2]):
kls!
E[®}] = in{z}" dos = —— 26
(5] /:,S%l{z} Tkt (20
Lemma 6. Letn < 3 and By, By C N such that By N Bs = () and Bs # (). For any vector (zj)j632 taking values in
[0, 1], the following equality holds:

biAg,  bi(br — 1)TAY
i i} d =Ap, — 2 = 27
/IB1 Z_egl;élBl{zz} 2B, By 5 + 5 (27)

with by = |B1|, Ap, = minep, {2} and x* = max{0, z} for any x € R.
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Proof. Firstly, for any u € [0, 1] and any k € N, we have:
1 u 1
/ min{z, u}* dx :/ min{z, u}* dz +/ min{z, u}* dx
0 0 u

u 1 uk-‘,—l k
= / a* dx +/ uk dr = + (1 —wuf =uf — ——uf*! (28)
0 “ k+1
Remark that for By = 0, the left-hand term of Equatlonmboﬂs down to A g, which is equal to the right-hand term
for by = 0. Suppose now that By # ). Since n < 3, Bo # 0 and B; N By = (), By is necessarily a singleton or a
pair, then we have: b; € {1,2}. Then let (71, ..., 7, ) be any ordering of the elements of B;. Using Equation [28| with
U = MiNe(B,UB,)\{m 1%}, T = 2r, and k = 1, we have:

1
/ min_ {z;} dzp, = / (/ min{zr,, min  {z}} dzm) dzp,\{m}
z Ioi\(my 70

By 1€B2UB, 1€BaUB 1 \{m1}

/\QB B ™
:/ (AwuBan ) =2 e (29)
Ipi\(m}

Then ifby =1, wehave By \ {m1} = 0 and (B; U By) \ {m1} = Ba. Therefore, Equatlonndlrectly yields Equation
7} Finally, if b; = 2, we have By \ {m} = {2} and (By U By) \ {m1} = By U {m2}. Then, using Equation 28| for
u=minep, {2}, ¢ = 2z, and k € {1, 2}, we obtain:

1 min-GB u{ {2}2 bl/\2 bl(bl - 1)+/\3
7 d = ( 1 i ‘ 2 7T2} ¢ ) d o — A - Bz Ba
/IB 1Eg121LrJIB {Z} “B: A iEBI?LlJI{lWQ}{z} 2 #ma Bz 2 + 6

O

Proposition 7. Let (Z1,...,Z,) be independent random variables distributed according to a uniform distribution
over [0, 1]™ with n < 3. Then, for any S1, S2 C N such that |S1| = s1, |Sa| = s2 and |S1 N S2| = $19, the covariance
between g, = min;ecg,{Z;} and ®s, = min;eg, {Z;} is given by:

0 l:fS12:0,

. 30
22:1 gk(512)7k:(51a S2, S12) - m otherwise, (30)

COV(<I>S1 s (I)SQ) = {

with gi(s12) = (2235, 71 = 1 72(s1,82,512) = —5((s1 = s12)" + (52 — 512) ") and y3(s1, 82, 512) = §((s1 —
512) T (52 — s12)7) + £ ((s1 — s12) T (51 — 812 — 1) + (52 — s12) T (52 — $512 — 1) ™).

Proof. Let S1,S2 C N\ (. If S; NSy = 0, since random variables (71, . .., Z,) are independent, so are g, and Dg,,
yielding Cov(®g,, Pg,) = 0. If S; N Sy # 0, we have:

E[®g &g, | = min{z mln z;i b dz min{z min{z;} dz )dz
[ S1 52] ASIUS 1631{ l} { Z} S1USy; = / 1652 2} o sims, iESl{ l} S1\(S1NS2) Sa

Then, using Lemma@sequentially for B; = S, \ (Sl N SQ), 5> =51 NSyand By = S, \ (51 N Sz), By =51 NSy,
we obtain:

(51— s12)"Ag s
(I)Sl CDSQ / / mln{zl}( NsinSs — 9 L
Tsynsy I Tsy\(5,nsy) €52
(s1—s12) (51 —s12 — )FTAL g, d d
6 255\ (S1NSa) 251NSy
2 3
_ / e s (51— 512) " A% s, N (51— s12)T (51 — 812 — 1)+/\smsz)
1 2
Zs,nsy 2 6

(s2 — s12) " Ad s, N (s2 = s12) (52 = 512 = )FAY o,

2 6 ) dzsins

( ASlmSQ -

where Ag,ns, = min;es,ns,{zi} for any vector (z;);cs,ns, valued in [0,1]. This expression can be simplified
remarking that since n < 3 and S; N Ss # (), we have that the cross products (so — s12)7 (52 — 812 — 1)T(s1 —

22



812)+(81 — S12 — 1)+, (82 — 812)+ S9 —S12 — 1)+(81 — S12)+ and (81 — 812)+(81 — S12 — 1)+(82 — 812)+ HCCCSS&I’ﬂy
equal zero. Finally, using Equation [26|for S = S; NSy and k € {2, 3,4}, we obtain that:

E[dg, ®s,] = ga(s12) — 93(812)1((81 —s12) T + (52 — 512) ) + 94(812)(1((81 — 512) T (82 — 512)™)

2 4
1
+5((s1=512) (51 = s12 = )T + (52 = 512) (52 = 512 = 1)) 31
with gi(s12) = (Skl!:fk!)!. Finally, Equation [26|yields E[®g, |E[®s,] = m, an we obtain Equation O
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