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A proximal variable smoothing for solving
composite inclusion problems

Abdellatif Moudafi 1

Abstract

We propose a proximal variable smoothing algorithm for inclusion problem
with a sum involving monotone composite operators. The proposed algorithm is
designed as a forward-backward splitting algorithm with two steps: (i) a forward
step with the gradient of a smoothed surrogate operator, designed with the Yosida
approximate; (ii) the backward step with a resolvent operator of the remaining
operator. For the proposed algorithm, we present a convergence analysis and
develop three particular interesting cases, namely minimization, saddle point
and equilibrium problems. Some concluding remarks are also provided.

AMS Subject Classification. Primary, 49J53, 65K10; Secondary, 49M37, 90C25.
Keywords and Phrases. Composite inclusion, Yosida approximate, Moreau envelope, vari-
ational composition, forward-backward algorithm, minimization, saddle point, equilibria.

1 Introduction

To begin with, let us recall the following concepts which are of common use in the context
of convex and nonlinear analysis, see for example Rockafellar and Wets [21]. Throughout,
G is a real Hilbert space, ⟨·, ·⟩ denotes the associated scalar product and ∥ · ∥ stands for
the corresponding norm. An operator with domain dom(A) and range ran(A) is said to be
monotone if

⟨u− v, x− y⟩ ≥ 0,whenever u ∈ A(x), v ∈ A(y).

It is said to be maximal monotone if, in addition, its graph,

gphA := {(x, y) ∈ G × G : y ∈ A(x)},

is not properly contained in the graph of any other monotone operator. It is well-known that
for each x ∈ G and µ > 0 there is a unique z ∈ G such that x ∈ (I + µA)z. The single-valued
operator JA

µ := (I + µA)−1 is called the resolvent of A of parameter µ. It is a nonexpansive
mapping which is everywhere defined and is related to its Yosida approximate, namely

Aµ(x) :=
x− JA

µ (x)

µ
by the relation Aµ(x) ∈ (JA

µ (x)).
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The latter is Lipschitz continuous with constant 1
µ .

Recall also that the inverse A−1 of A is the operator defined by x ∈ A−1(y) if, and only if,
y ∈ A(x).
Finally, let T : H → G be a bounded linear operator with adjoint T ∗, A : G → G a maximal
monotone operator, H being another Hilbert space. It is easily checked that the composite
operator T ∗AT is monotone. This kind of operator appears, for example, in partial differential
equations in divergence form. Without further conditions, however, it may fail to be maximal
monotone, see for sufficient conditions [19].
Recall also that the idea of graphical convergence is to identify the operators with their graphs
and to consider the Painlevé-Kuratowski convergence on them, see for example [1]. We will
denote by g − lim inf

µ→0
Cµ the mapping whose graph is the set of points (x, y) such that for

every sequence µk → 0 there exists a sequence (xk, yk) → (x, y) with yk ∈ Cµk
(xk). Similarly

g− lim sup
µ→0

Cµ = 0 the mapping whose graph is the set of points (x, y) such that there exist a

sequence (µk) → 0 and (xk, yk) → (x, y) with yk ∈ Cµk
(xk). If

g − lim inf
µ→0

Cµ = g − lim sup
µto0

Cµ,

one says that the family (Cµ) graph-converges to the common limit which is denoted by
g − limµ→0 Cµ.

Now, let us state the following key facts:

Fact 1: ([18]-Lemma 2.2.2) Let (ak), (bk) and (ck) be three sequences of nonnegative numbers

satisfying ak+1 ≤ (1 + bk)ak + ck. If

+∞∑
k=0

ak < +∞ and

+∞∑
k=0

bk < +∞, then (ak) is convergent.

Fact 2: [3, 16] Let Sk, S, Tk, T be maximal monotone operators such that g − lim
k→+∞

Sk = S

and g − lim
k→+∞

Tk = T . If 0 ∈ int(domS − domT ), then g− lim
k→+∞

(Sk + Tk) = S + T .

The idea of replacing T ∗AT by T ∗AµT and taking the limit as µ → 0, has been already
used in the proof of [21]-Theorem 12.43, where a sufficient constraint qualification condition
was found in order to assure that the family T ∗AµT graph-converges to T ∗AT (which in this
case guarantees the maximality of T ∗AT ). We’ve used it to present in [15] an algorithmic
approach for the following split composite monotone problem of finding x̄ satisfying

0 ∈ T ∗AT (x̄) +B(x̄).

This approach was very recently taken up in optimization to design prox-gradient methods
that generated subsequences converging to a stationary point in the sense of zero of a general
subdifferential [9, 8].

In [15], we proposed a smoothing forward-backward method by replacing T ∗AT by Cµ :=
T ∗AµT . Observe that since Aµ is a monotone continuous mapping, the same is then true of
Cµ = T ∗AµT ; which guarantees the maximality. If one now takes the limit of Cµ = T ∗AµT
as µ → 0; in the sense of graphical convergence, it turns out that one obtains a mapping that
is more likely to be maximal monotone than the pointwise composition T ∗AT : This limit
mapping

C := (T ∗AT )v = g − lim inf
µ→0

T ∗AµT, (1.0)
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is the so-called variational composition of A and T , and we have that

(T ∗AT )v = g − lim
µ→0

T ∗AµT,

whenever (T ∗AT )v is maximal monotone which is the interesting case.

Fact 3: [17]-Corollary 3.1. The variational composition (T ∗AT )v coincides with T ∗AT when
the latter is maximal monotone.

Motivated by the recent paper of Kume and Yamada [8], we are interested in the following
problem of finding x∗ ∈ H such that

0 ∈ (T ∗AT )v(x
∗) +B(x∗), (1.1)

where A and B are two maximal monotone operators on two given Euclidean spaces, i.e.,
finite dimensional real Hilbert spaces H,G, respectively with (T ∗AT )v maximal monotone.

Observe that for a continuous linear operator T and a proper lower semicontinuous convex
function f with dom(f ◦ T ) ̸= ∅, see [17], we have

(T ∗∂fT )v = ∂(f ◦ T ). (1.2)

Hence, when A = ∂f and B = ∂g, problem (1.1) reduces to the problem studied in [8], namely
the problem of finding x∗ ∈ H such that

0 ∈ ∂(f ◦ T )(x∗) + ∂g(x∗), (1.3)

where f and g are two proper lower semicontinuous convex functions.

A class of saddle point problems can be also written in our general model. More precisely,
by considering A = ∂1K × ∂2(−K) and B = ∂1K × ∂2(−K), problem (1.1) reduces to the
problem of finding (x∗, y∗) ∈ H such that

(0, 0) ∈ ∂(K ◦ T )(x∗, y∗) + ∂L(x∗, y∗), (1.4)

where K and L are two proper closed convex-concave functions defined on two Hilbert spaces
H = H1 ×H2 and G = G1 × G2, respectively and ∂L = (∂1L,−∂2(−L).

A class of equilibrium problems can be included in our model as well. This can be reached via
the associated monotone operators together with their related resolvent and Yosida mappings.

To solve Problem (1.1), we propose a forward-backward splitting-type algorithm designed with
the Yosida approximate Aµ of A. More precisely, the proposed algorithm consists of two steps:
(i) the forward step with the gradient of a smoothed substitute operator T ∗Aµk

T of T ∗AT
and (ii) the backward step with JB

γk
with a stepsize γk > 0. We present also an asymptotic

convergence analysis of the proposed algorithm in Theorem 2.1. A particular attention is then
given to the minimization, saddle point and equilibrium problems. Some concluding remarks
are also stated, in particular the fact that the proposed convergence analysis may relies on a
smooth approximation of a measure MC,B

γ as that considered in [9] and [8].
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2 Proximal variable smoothing

In order to solve problem (1.1), we propose the following proximal variable smoothing al-
gorithm which generates, form an arbitrary point x0, a sequence (xk)k∈IN by the following
rule

xk+1 = JB
γk

(
xk − γkCk(xk)

)
, (2.1)

where γk > 0 for all k and Ck = T ∗Aµk
T .

Theorem 2.1 Assume that problem (1.1) is consistent, i.e., its solution set Γ is nonempty.
Choose arbitrarily x0 and let (γk) square summable verifying γk ≤ µk

∥T∥2 with limk→ µk = 0.

Suppose that (xk)k∈IN is generated by algorithm (2.1) and such that lim inf
k→+∞

xk − xk+1

γk
= 0.

Then, the sequence (xk)k∈IN converges to point x∗ ∈ Γ.

Proof: Indeed, we successively have

∥xk+1 − x∗∥2 = ∥JB
γk
(xk − γkT

∗Aµk
Txk)− JB

γk
(x∗ − γkT

∗ATx∗∥2

≤ ∥xk − x∗∥2 − 2γk⟨T ∗Aµk
Txk − T ∗ATx∗, xk − x∗⟩+ γ2

k∥T ∗Aµk
Txk − T ∗ATx∗∥2

= ∥xk − x∗∥2 − 2γk⟨Aµk
Txk −ATx∗, Txk − Tx∗⟩+ γ2

k∥T ∗Aµk
Txk − T ∗ATx∗∥2

≤ ∥xk − x∗∥2 − 2γk⟨Aµk
Txk −ATx∗, JB

γk
Txk − Tx∗⟩

−2γk ⟨Aµk
Txk −ATx∗, Txk − JB

γk
Tx∗⟩+ γ2

k∥A∥2∥Aµk
Txk −ATx∗∥2

≤ ∥xk − x∗∥2 − 2γkµk⟨Aµk
Txk −ATx∗, Aγk

Txk⟩+ γ2
k∥A∥2∥Aµk

Txk −ATx∗∥2

= ∥xk − x∗∥2 + γ2
k∥A∥2(−2⟨Aµk

Txk −ATx∗, AT
γk
xk⟩+ ∥Aµk

Txk −ATx∗∥2)
≤ ∥xk − x∗∥2 + γ2

k∥A∥2∥Tx∗∥2,

where A(Tx∗) stands for any element in the set A(Tx∗). By Fact 1, we have that

lim
k→+∞

∥xk − x∗∥2 < +∞.

The latter ensures that the sequence is bounded and thus the existence of a subsequence
converging to a cluster point x̄.
Now note that

(T ∗Aµkν
T ) graph-converges to (T ∗AT )v,

by (1.0) and
(T ∗Aµkν

T +B) graph-converges to (T ∗AT )v +B,

thanks to Fact 2. Note also that algorithm (2.1) can be rewritten, for a subsequence, as

xkν
− xkν+1

γkν

+ T ∗Aµkν
T (xkν+1)− T ∗Aµkν

T (xkν
) ∈ (T ∗Aµkν

T +B)(xkν+1). (2.2)

By passing to the limit in the last inclusion, since lim
ν→+∞

xkν
− xkν+1

γkν

= 0 (even if a new

subsequence has to be extracted) and taking into account the fact that

∥T ∗Aµkν
Txkν+1 − T ∗Aµkν

Txkν
∥ ≤ ∥A∥2

µkν

∥xkν+1 − xkν
∥ ≤ ∥xkν+1 − xkν

∥
γkν

,
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we finally obtain
0 ∈ (T ∗AT )v(x̄) +B(x̄).

Hence any cluster point x̄ of (xk)k∈IN belongs to Γ and the uniqueness of the cluster point is
now classical and derives from the celebrate Opial’s Lemma. This completes the proof. 2

Corollary 2.2 When T ∗AT is maximal monotone, we recover a result proposed in [15].

3 Minimization problems

When A = ∂f and B = ∂g, problem (1.1) reduces to the problem studied in [8], namely the
problem of finding x∗ ∈ H such that

0 ∈ ∂(f ◦ T )(x∗) + ∂g(x∗), (3.1)

where f and g are two proper lower semicontinuous convex functions defined on two Hilbert
spaces H and G, respectively.
It is well known (see for example [21]) that fµ is a convex C1-function with (∂f)µ = ∇fµ,
replacing f by its Moreau envelope fµ and using subdifferential calculus rules, we obtain

find x∗ ∈ H such that 0 ∈ ∂(fµ ◦ T + g)(x∗),

which is nothing else than the optimality condition of the following minimization problem

min(fµ ◦ T + g), (3.2)

where fµ(x) = minu∈G{h(u) + 1
2µ∥u − x∥2} stands for the Moreau envelope of the function

f of parameter µ and ∂g(x) = {u ∈ H : g(y) ≥ g(x) + ⟨u, y − x⟩,∀y ∈ H} means the convex
subdifferential of g at x.
Remembering that J∂g

γ (y) = proxγg := argminu∈G{h(u) + 1
2µ∥u − x∥2}, in this setting al-

gorithm (2.1) reduces to that of generating a sequence (xk)k∈IN by the following proximal
variable smoothing rule

xk+1 = proxγkg

(
I − γkT

∗∇fµk
T
)
(xk). (3.3)

A direct application of Theorem 2.1 leads to the following convergence result.

Proposition 3.1 Assume that Problem (3.1) is consistent. Choose arbitrarily x0 and let
(γk) square summable verifying γk ≤ µk

∥T∥2 with limk→+∞ µk = 0. Suppose that (xk)k∈IN is

generated by the prox-gradient algorithm (3.2) and such that lim inf
k→+∞

MCk,B
γk

(xk) = 0. Then,

the sequence (xk)k∈IN converges to point x∗ that solves Problem (3.1).

4 Saddle point problems

When A = ∂1K × ∂2(−K) and B = ∂1K × ∂2(−K), problem (1.1) reduces to a saddle point
problem, namely the problem of finding (x∗, y∗) ∈ H such that

(0, 0) ∈ ∂(K ◦ T )(x∗, y∗) + ∂L(x∗, y∗), (4.1)
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where K and L are two proper closed convex-concave functions defined on two Hilbert spaces
H = H1 ×H2 and G = G1 × G2, respectively and ∂K = (∂1K,−∂2(−K)). It was proved (see
for example [2]) that the Moreau-Yosida approximate Kµ,µ of K of parameter µ is a proper
closed convex-concave C1-function with Aµ = (∇1Kµ,µ ×∇2(−Kµ,µ)). Remember that

Kµ,µ(x, y) = inf
u

sup
v

(
K(u, v) +

1

2µ
∥u− x∥2 −+

1

2µ
∥v − y∥2

)
.

Now, replacing K by its Moreau-Yosida envelope Kµ,µ in (4.1) and using subdifferential
calculus rules, see [11]-Theorem 4, we get

find (x∗, y∗) ∈ H such that (0, 0) ∈ ∂(Kµ,µ ◦ T + L)(x∗, y∗),

with is nothing else than the optimality condition of the following saddle point problem

min
x

max
y

(Kµ,µ ◦ T + L)(x, y), (4.2)

in other termes: find (x∗
µ, y

∗
µ) ∈ H such that ∀(x, y) ∈ H, we have

Kµ,µT (x
∗
µ, y) + L(x∗

µ, y) ≤ Kµ,µT (x
∗
µ, y

∗
µ) + L(x∗

µ, y
∗
µ) ≤ Kµ,µT (x, y

∗
µ) + L(x, y∗µ). (4.3)

Taking in to account the fact that

JA
γ (x, y) = proxγA(x, y) = argmin

u
max

v

(
K(u, v) +

1

2µ
∥u− x∥2 −+

1

2µ
∥v − y∥2

)
,

algorithm (2.1) reduces to that of generating a sequence (xk, yk)k by the following rule

(xk+1, yk+1) = proxγkL

(
I − γkT

∗(∇1Kµk,µk
×∇2(−Kµk,µk

))T
)
(xk, yk). (4.4)

Theorem 2.1 leads to the convergence result below.

Proposition 4.1 Assume that problem (4.1) is consistent. Choose arbitrarily (x0, y0) and
let (γk) square summable verifying γk ≤ µk

∥T∥2 with lim
k→+∞

µk = 0. Suppose that (xk, yk)k∈IN

is generated by the prox-gradient algorithm (4.4) and such that lim inf
k→+∞

MCk,B
γk

(xk) = 0. Then,

(xk, yk)k∈IN converges to point (x∗, y∗) that solves Problem (4.1).

5 Equilibrium problems

When A = AF and B = AG, problem (1.1) reduces to the equilibrium problem of finding
x∗ ∈ C ⊂ H such that

0 ∈ AF◦T (x∗) +AG(x∗), (5.1)

where F , G are two bifunctions defined on D×D, C×C with C and D two nonempty closed
convex sets of two Hilbert spaces H and G, respectively. F ◦ T being the composition of F
by T with respect to the first variable and F , G verifying the usual conditions for a given
bifunction L:
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(A1) L(x, x) = 0 for all x, y ∈ C;
(A2) L is monotone L(x, y) + L(y, x) ≤ 0 for all x, y ∈ C;
(A3) lim supt↓0 L(tz + (1− t)x, y) ≤ F (x, y) for any x, y, z ∈ C;
(A4) for each x ∈ C, y 7→ L(x, y) is convex and lower-semicontinuous.
Recall also that

AL(x) = {v ∈ C;L(x, y) ≥ ⟨v, y − x⟩ ∀y ∈ C} if x ∈ C,AF (x) = ∅ if x /∈ C,

is the associated maximal monotone operator. Its related resolvent mapping, JL
µ , appeared

first in [6] which properties as well as those of its approximate Yosida, AF
µ :=

I−JL
µ

µ were given

first in [12, 14]. Furthermore, we can easily check that we have the following nice formula

AF
µ = AFµ ,

where Fµ stands for the Moreau envelope of F with respect to the first variable.

By replacing F by its Moreau envelope Fµ and using subdifferential calculus rules, we obtain

find x∗ ∈ C such that 0 ∈ AFµ◦T+G(x∗),

which is nothing else than the optimality condition of the following equilibrium problem

Fµ(T (x
∗), y) +G(x∗, y) ≥ 0 ∀y ∈ C, (5.2)

where Fµ(x, y) = inf
u∈D

{F (u, y) +
1

2µ
∥u− x∥2} stands for the Moreau envelope of the function

F of parameter µ with respect to the first variable.

In this setting algorithm (2.1) reduces to that of generating a sequence (xk)k∈IN by the
following proximal variable smoothing rule

xk+1 = JG
γk

(
I − γkT

∗AFµkT
)
(xk) = JG

γk

(
I − γkT

∗AF
µk
T
)
(xk). (5.3)

Remembering that JG
γ (x) is characterized by

G(JG
γ (x), y) + γ−1⟨JG

γ (x)− x, y − JG
γ (x)⟩ ≥ 0,

setting zk = xk − γkT
∗AF

µk
T (xk) together with (5.3) lead to xk+1 is the unique solution of

G(xk+1, y) + γ−1
k ⟨xk+1 − zk, y − xk+1⟩ ≥ 0 ∀y ∈ C.

A direct application of Theorem 2.1 leads to the following convergence result.

Proposition 5.1 Assume that Problem (5.1) is consistent. Choose arbitrarily x0 ∈ C and
let (γk) square summable verifying γk ≤ µk

∥T∥2 with limk→+∞ µk = 0. Suppose that (xk)k∈IN

is generated by the prox-gradient algorithm (5.3) and such that lim inf
k→+∞

MCk,B
γk

(xk) = 0. Then,

the sequence (xk)k∈IN converges to point x∗ that solves Problem (5.1).
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6 Concluding remarks

In what follows, we provide some comments and potential extensions.

• A connection between the variational composition and the variational sum of two max-
imal monotone operators A and B, namely g − lim inf

λ,µ→0;λµ ̸=0
Aλ +Bµ was highlighted in

[17]. More precisely, in H×H, by setting

Tx = (x, x) and A(x1, x2) = A(x1)×B(x2),

we obtain
(T ∗AT )v = g − lim inf

µ→0
Aµ +Bµ = A+v B,

whenever the latter is maximal monotone (which is the interesting case).

We can thus handle the example given in [10]. Indeed, let us consider in IR3 the problem
of finding the closest point to the origin in the intersection of a two-dimensional subspace
L and a cylinder C lying on that subspace, namely

min
x∈L∩C

1

2
∥x∥2. (6.1)

If we want to achieve a decomposition of the constraints, we can split them in the
following way: find x∗ verifying

0 ∈ A(x∗) +B(x∗),

where A = I + ∂iL and B = ∂iC . Then, we get that dom(A + B) = L ∩ C. In our
setting, with B = 0, Tx = (x, x) and A(x1, x2) = A(x1) × B(x2), algorithm (2.1)
reduces to the following parallel projection scheme

xk+1 =
(
1− 2γ

µk

)
xk +

γ

µk
ProjL

( xk

1 + µk

)
+

γ

µk
ProjC(xk). (6.2)

Thanks to our convergence result, the generated sequence converges to a solution of
(5.1), as was the case in [10] by means of the alternating projection algorithm

xk+1 = ProjC

(
ProjL

( xk

1 + µ

))
, (6.3)

and by making µ tend towards 0.

In [17]-Section 6, an example was given of a problem for which the constraint qualifi-
cation fails, but where the variational composition can be computed.

• The result can be extended to η-hypomonotone operators A with µ ∈ (0, η−1). Indeed,
its Yosida approximate of index µ is Lipschitz continuous with constant max( 1µ ,

η
1−µη )

and when A = ∂f , the function f is weakly convex which is the case in [7, 9, 8].

• The convergence results still hold true in infinite Hilbert spaces by replacing the con-
vergence by weak convergence.
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• In order to measure at a given x̄ with γ > 0 an achievement level of (1.1), we may
consider

MC,B
γ (x̄) = inf{γ−1∥x̄− JB

γ (x̄− γv)∥, v ∈ C(x̄)}, (6.4)

with C := (T ∗AT )v, this measure was employed in [9] and [8] for finding a stationary
point in optimization setting.

MC,B
γ works as a stationarity measure at x̄ for Problem (1.1) because

∀γ > 0 0 ∈ (T ∗AT )v(x̄) +B(x̄) ⇔ MC,B
γ (x̄) = 0. (6.5)

Thus, finding a solution x∗ ∈ Γ is equivalent to finding x∗ such that MC,B
γ (x∗) = 0.

From a viewpoint of approximating a solution x∗ with an iterative update of estimates
(xk)k∈IN of x∗, a measure is desired to have a lower semicontinuous property which is
the case of MC,B

γ defined in (5.4). The latter can be approximated with a smoothed
substitute operator T ∗AµT of T ∗AT .
Observe that for arbitrarily given x̄ and (xk)k∈IN such that lim

n→+∞
xk = x̄, we have

∀γ > 0 lim inf
k→+∞

MC,B
γ (xk) ≥ MC,B

γ (x̄).

Furthermore, Let µk such that limk→+∞ µk = 0 and Ck := T ∗Aµk
T . Then,

∀γ > 0 lim inf
n→+∞

MCk,B
γ (xk) ≥ MC,B

γ (x̄),

because the graph convergence of the sequence (Ck)k to C is equivalent to the pointwise
convergence of the corresponding resolvent operators, see [1].

Finally, if lim inf
k→+∞

MCk,B
γ (xk) = 0 with γ > 0, then x̄ solves problem (1.1). Hence finding

a solution x∗ of Problem (1.1) is reduced to finding a convergent sequence (xk)k∈IN such
that

lim inf
k→+∞

MCk,B
γ (xk) = 0.

An open question: Can we remove the assumption lim inf
k→+∞

MCk,B
γk

(xk) = 0 in Theorem

2.1 at least in the convex-concave case, namely in Proposition 4.1 and even in Theorem
2.1, since this is the case in optimization setting, see [8]. It was also shown that a

subsequence can be chosen such that lim inf
ν→+∞

Mfkν ,g
γ (xkν ) = 0 and that every cluster

point x̄ is a stationary point of the minimization problem min (f ◦ T + g).
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