N

N
N

HAL

open science

Deep-water limit of the intermediate long wave equation in L*
Andreia Chapouto, Guopeng Li, Tadahiro Oh, Didier Pilod

» To cite this version:

Andreia Chapouto, Guopeng Li, Tadahiro Oh, Didier Pilod. Deep-water limit of the intermediate long wave
equation in L2, Mathematical Research Letters, 2025, 31 (6), pp-1655-1692. (10.4310/mrl.250210231602). <hal-

04991510)

HAL Id: hal-04991510
https://hal.science/hal-04991510v1

Submitted on 22 May 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.science/hal-04991510v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

arXiv:2311.07997v2 [math.AP] 14 Jul 2024

DEEP-WATER LIMIT OF THE INTERMEDIATE LONG WAVE
EQUATION IN 72

ANDREIA CHAPOUTO, GUOPENG LI, TADAHIRO OH, AND DIDIER PILOD

ABSTRACT. We study the well-posedness issue of the intermediate long wave equation (ILW)
on both the real line and the circle. By applying the gauge transform for the Benjamin-Ono
equation (BO) and adapting the L? well-posedness argument for BO by Molinet and the
fourth author (2012), we prove global well-posedness of ILW in L? on both the real line
and the circle. In the periodic setting, this provides the first low regularity well-posedness
of ILW. We then establish convergence of the ILW dynamics to the BO dynamics in the
deep-water limit at the L?-level.
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1. INTRODUCTION
In this paper, we study the intermediate long wave equation (ILW):

{atu — G50%u = 9, (u2)

(t,z) € R x M, (1.1)
uli=0 = uo,

where M = R or T = R/(27Z). The equation (LI]), introduced in [27, B6], models the
internal wave propagation of the interface in a stratified fluid of finite depth 6 > 0, and the
unknown u : R x M — R denotes the amplitude of the internal wave at the interface. See
also Remark 1.1 in [39]. The operator Gs in (LI is defined by

Gs=Ts— 6 'o, 1, (1.2)
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where 75 is given by
T5J(€) = —icoth(39)[(&), &€ M. (13)

Here, M denotes the Pontryagin dual of M, i.e. M=Rif M = R, and M=Zif M= T,
and coth denotes the usual hyperbolic cotangent function:
T —x 2x

coth(z) = S0 =7 1 z € R\ {0} (1.4)
with the convention coth(z) — % = 0 for x = 0. Note that 75 is the inverse of the so-
called Tilbert transform (with an extra — sign), appearing in the study of water waves
of finite depth [6l, 20, 2]. In particular, 7s is related to the Dirichlet-to-Neumann map in
a two-dimensional finite depth two-layer fluid, and in the deep-water limit (6 — o0), it
converges to the Hilbert transform H (with the Fourier multiplier —isgn(§)), corresponding
to the Dirichlet-to-Neumann map in infinite depth, which indicates possible convergence of
ILW (1) to the Benjamin-Ono equation (BO):

Oy — HO*u = 0, (u?). (1.5)

Indeed, ILW (L) is an important physical model, providing a natural connection between

the deep-water regime (= the Benjamin-Ono regime) and the shallow-water regime (= the
KdV regime). As such, it has been studied extensively from both the applied and theoretical
points of view. See, for example, a recent book [33, Chapter 3] by Klein and Saut for
an overview of the subject and the references therein. See also a survey [51]. While the
ILW equation has attracted increasingly more attention in recent years (see, for example,
[47, 31 [48], 37, B8, 39, 22], 12]), these two references indicate that the rigorous mathematical
study of ILW is still widely open, especially as compared to BO and KdV. In particular, one
of the fundamental, but challenging questions is the convergence properties of ILW in the
deep-water limit (6 — oo) and in the shallow-water limit (§ — 0). See [37, B8] 39 12] for
recent progress on convergence problems from both the deterministic and statistical points
of view.

Our main goal in this paper is to present a unified argument for proving L? global well-
posedness of ILW (ILT]) on both the real line and the circle and then to establish convergence
of the ILW dynamics to the BO dynamics in the deep-water limit at the L2-level. Before
stating our main result, let us recall a few conservation laws for ILW ([I1)):

mean: / udz, mass: M(u):/ u?dz,
M M (1.6)

1 1
Hamiltonian: Eg(u) = 5/ uGsOpudr + §/ uddz.
M M

In particular, ILW (I.I)) is a Hamiltonian PDE. Furthermore, it is known to be completely
integrable. We, however, do not make use of the completely integrable structure in this paper.
We now state our first result.

Theorem 1.1. Let M =R or T and 0 < § < oo. Then, given any s > 0, ILW (1) is
globally well-posed in H*(M). Moreover, when M =T, by restricting to the subspace Hj(T)
consisting of mean-zero functions, the solution map for (1)) is locally Lipschitz continuous
from H§(T) to C(R; H§(T)), where the latter is endowed with the compact-open topology (in
time).
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In [46], it was shown that both BO and ILW are quasilinear in the sense that the solution
map is not smooth; see also [35]. This in particular implies that we can not use a contraction
argument for constructing solutions, making the well-posedness question rather challenging.
Nonetheless, the well-posedness issue of the BO equation (L5]), corresponding to the infinite
depth case (0 = 00), has been studied extensively on both the real line and the circle; see
1261 (50 [34], 521 241 [42], 10}, 43, 44, [47) 23], 17, 32]. On the other hand, there are only a handful
of known well-posedness results for ILW ([IL1)); see [1], 47, [45], 22]. In [47], Molinet and Vento
proved local well-posedness of (LIl in H %(M), M = R or T, via the improved energy
method, which immediately extended to global well-posedness thanks to the conservation
laws in (L6). In the real line case, Molinet, Vento, and the fourth author [45] refined the
improved energy method in [47] (with the short-time Strichartz estimates as in [34], 28, [40]
and a generalized Coifman-Meyer theorem) and proved local well-posedness of (L)) in H*(R)
for s > %. In a recent work [22], Ifrim and Saut studied (II]) on the real line and proved its
global well-posedness in L?(R) (along with long-time behavior of small solutions), based on
an adaptation of the argument developed for the BO equation (L5l by Ifrim and Tataru [23]
which combines the BO gauge transform and the (quasilinear) norm form method. We point
out that the argument in [22] relies on dispersive estimates and thus is not applicable to the
periodic setting.

Our main strategy is to view (L)) as a perturbation@ of (LH) as in [22] and apply the
BO gauge transform, originally introduced by Tao [52]. We then adapt the argument in [44],
where Molinet and the fourth author introduced a simplified and unified approach to the L2
well-posedness of the BO equation (L)) on both the circle and real line, to the current ILW
problem. See Sections Bl and @ for details.

Next, we state our second result on convergence in the deep-water limit.

Theorem 1.2. Let M =R or T and s > 0. Given ug € H¥(M), let u be the global solution
to the BO equation (D)) with uli—o = uo constructed in [44]. Let {uos}ti<s<co C H*(M)
such that ug s converges to ug in H*(M) as 6 — oo, and let us be the global solution to (L)
with usli=o = wuos constructed in Theorem [L1. Then, as 6 — oo, us converges to u in
C(R; H*(M)), endowed with the compact-open topology (in time).

Theorem follows from a minor adaptation of the proof of Theorem [Tl See Section [l

In [37], the second author proved the deep-water convergence on both the real line and
the circle for s > % In view of the known results [47) [37], we restrict our attention to the
range 0 < s < % in the remaining part of the paper. Furthermore, we present the proofs
of Theorems [I.1] and only in the periodic case, which is closely related to the study of
invariant measures; see Remark [[L5l The required modification for the real line case is minor
and straightforward in view of the presentation of the current paper and [44], where the latter
treated the real line case. In the periodic setting, in order to avoid the problem at the zeroth
frequency, it is crucial to work with mean-zero functions. In view of the conservation of the

spatial mean, we perform a change of unknowns via the following Galilean transform [14]
(with p(ug) = 5= [p uo(z)dz):
u(t, ) = Lyp(u)(t,2) = ult, x — 2u(uo)t) — p(uo) (1.7)

Lafter applying the Galilean transform (&) to remove the term § '8, " in (LZ). See @B2).
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to reduce the problem to the mean-zero case in proving Theorem [[LIl Lastly, for simplicity
of the presentation, we restrict our attention to positive times in the remaining part of the

paper.

Remark 1.3. (i) The local Lipschitz continuity the solution map for (ILI) on T claimed in
Theorem [[.Tlindeed holds on any hyperplane of H*(T) of functions with a fixed mean. In [43]
Theorem 1.2], Molinet proved that the solution map to (ILHl) on H{(T) is in fact real-analytic
for s > 0 (and fails to be smooth for s < 0). While we expect the same results to hold for
ILW (1)), we do not pursue this issue in this paper.

(ii) Proceeding as in [44], we can prove unconditional uniqueness of ILW (1)) in H*(R) for
T <s<iand H%(T) (For s > 3, it was shown in [47] on both the real line and the circle.)
Since the required modification is straightforward, we omit details.

Remark 1.4. Given 0 > 0, consider the following scaling transformation [I]:
v(t,x) = %u(%t,m), (1.8)
which transforms (1)) to the following scaled ILW equation:

Oy — §g5a§v = 0, (v?). (1.9)

Then, under suitable assumptions, the scaled ILW (L9) is known to converge to the KdV
equation in the shallow-water limit (§ — 0) [II 37, [39]:

v + v = 0, (v?).

It would be of interest to study the shallow-water convergence of ILW (L)) at the L%level. As
mentioned above, our argument for proving Theorem [L]relies on the Galilean transform (3.1])
to remove 619, 1 in (L2) (which is crucial in the shallow-water limit) which is not amenable
to the shallow-water limit since the spatial translation by =1t diverges as 6 — 0.

We point out that the scaling transformation (L8] is consistent with the physical setting.
The ILW equation (II]) describes the motion of the fluid interface in a stratified fluid of
depth 6 > 0, where u denotes the amplitude of the internal wave at the interface. As § — 0,
the entire fluid depth tends to 0 and, in particular, the amplitude of the internal wave at the
interface is O(0), which also tends to 0. Hence, if we want to observe any meaningful limiting
behavior, we need to magnify the fluid motion by a factor ~ %, which is exactly what the

scaling transformation (L8] does.

Remark 1.5. The ILW equation (I.I)) and the BO equation (L) are known to be completely
integrable. In particular, they possess infinite sequences of conservation laws E& k (u) and
Ego. %(u) at regularities &, k € NU {0}. In [39, 2], the first three authors (with Zheng)
constructed the (formally invariant) measures p 5.k (with a density of the form exp(—FE 5,k (u))
associated with these conservation laws for the periodic ILW on T, k € N, and proved their
convergence to the corresponding measures for the periodic BO, constructed by Tzvetkov and
Visciglia [54], in the deep-water limitE Moreover, when k > 3, they established invariance of
these measures Ps under the ILW dynamics (for each fixed 0 < § < 0o) and convergence of

2In [39 [12], convergence in the shallow-water limit was also studied, but we restrict our discussion to the
deep-water limit here.
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the associated invariant ILW dynamics to the corresponding invariant BO dynamics [55], 56]
in the deep-water limit.
k k
It is known that p;  is supported on H2"°(T)\ H2(T) for any € > 0. In particular, when
2

k = 2, the measure ps 1 is supported slightly outside H 3 (T), where Theorem [[.Tlnow provides
globally well-defined dynamics. Therefore, the k = 2 case is now within reach. In a forthcom-
ing work, we will treat the £ = 2 case: invariance of the measure ps; under the ILW dynamics
(for each fixed 0 < § < 00) and deep-water convergence of the invariant ps;-dynamics to the
corresponding invariant BO dynamics due to Deng, Tzvetkov, and Visciglia [15].

Remark 1.6. In a recent preprint [I1], with J. Forlano, we further exploited the idea of
viewing ILW (I.I]) as a perturbation of BO (L5]) and established a global-in-time a priori
bound on the H*-norm of a solution to (L1 for —% < s < 0. More precisely, by making use
of the complete integrability of the BO equation, we showed that, given —% < s < 0, there
exists an (explicit) non-decreasing function Cs : Ry x Ry — R, such that

lu@)llzs < Cs(It], lluoll )

for any smooth solution u to (ILI) on M = R or T and any ¢ € R. In the same work,
we also proved ill-posedness of (1)) in H*(M) for s < —%, thus establishing sharpness (of
the regularity range) of the aforementioned a priori bound (modulo the endpoint s = —%)
Despite the lack of scaling invariance, these results allow us to identify s = —% as a “critical”
regularity for ILW; see Remark below for a discussion on the scaling property of ILW.

We also mention a recent work [4I], where the authors studied long time behavior of
solutions to ILW (LI on the real line, in the same spirit as the work [16] on long time
decaying properties of solutions to the BO equation (L3]).

2. NOTATIONS, FUNCTION SPACES, AND PRELIMINARY ESTIMATES

By A < B, we mean A < CB for some constant C > 0. We use A ~ B to mean A < B
and B < A. We write A < B, if there is some small ¢ > 0, such that A < ¢B.
Let s € Rand 1 < p < co. We define the L?-based Sobolev space H*(T) by the norm:

-~

[fllers = 1{n)*F (n)llez,
where (x) = (1 + ]az\2)%, and we set H3(T) = {f € H*(T) : F(0) = 0} as the subspace

consisting of mean-zero functions. We also define the LP-based Sobolev space W#P(T) by the
norm:

fllwse = (DY Fllze = |77 ()" F@) ||

where D = —id, (with the Fourier multiplier n) and F~! denotes the inverse Fourier trans-
form. When p = 2, we have H*(T) = W*2(T). In dealing with space-time function spaces,
we use short-hand notations such as LY. H? for LP([0,T]; H(T)).

Let n : R — [0, 1] be a smooth bump function supported on [—%, %] and 7 =1on [— %, %]
For £ € R, we set (&) = n(|¢]) and

0;i(&) = n(E) — (L)
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for j € N. Then, for j € Z>o := NU {0}, we define the Littlewood-Paley projector Q; as the
Fourier multiplier operator with a symbol ¢;. Note that we have

> wi©) =
7=0

for each £ € R. Thus, we have the following Littlewood-Paley decomposition:

F=>Q;f.
j=0

Define the projectors P, and P_ by setting

~

P,.f= f_l(l{nzl}f(n)) and P_f= f_l(l{ng—l}f(”))-
We also define Py;, Pyr, P, and Pro by setting
Pyi=> Qj, Pu=>» Q; Pp=Id-Py, and Pyo=1Id— Py, (2.1)
— =
and set P4 p; = P4+ Py;, etc.

Next, we recall the X *’-spaces introduced by Bourgain [7, 8] and their variants defined by
the following norms:

b
[ull s = [[{n)* (7 = [n[n)"u(r, n)lle L2,

b~
[ull 7o = [[{(n)*(7 = [n[n)"u(r, n)llez L1,

el 5o = (Z HQM!zsb)z

[ullyse = llullxso + llull 01

See [7, [8, B0, 13] for basic properties. Note that we have Z%b c 750 For T > 0, we define
the space X**(T') to be the restriction of the X*’-space onto the time interval [0, T] via the
norm:

[wllxsbery == inf {||v|| x50 2 vl = u}. (2.2)
We also define the restriction spaces Z $5(T) and Y*°(T) in an analogous manner. Note that
Y*b(T) is complete. Recall the following embedding:

Y*2(T) c Z2°9(T) c C([0,T]; H(T)). (2.3)
Let S(t) denote the linear propagator for the BO equation (L5 defined by
SWF(n) = """ fn).
Then, we have the following linear estimates; see [7), 30, 53, [44].

Lemma 2.1. Let s € R. Then, we have
In@S@flly 01 S 1 llers,

Hn(t) /Ot St —tYF()dt

S F

54
YS’? e

Next, we recall the periodic L*-Strichartz estimate due to Bourgain [7]; see also [42] (6)].
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Lemma 2.2. The following estimate holds:

el < il og S Nl -

For 0 < § < o0, define Qg by
Qs = (Ts — H)0q (2.4)

with the understanding that Q. = 0 (corresponding to the BO equation (LIl)), where 75 is
as in ([L3)). The operator Qs naturally appears in viewing ILW as a perturbation of the BO
equation; see ([B.2]) and (B.6]) below. The next lemma establishes a smoothing property of the
operator Qs; see also Lemma 2.2 in [22].

Lemma 2.3. Let s > 0. Then, we have

1Qsfllzs < 67HA+ 7)1 fl 2. (2.5)

In particular, we have

1Qs fll s S II.fIl2
uniformly in § > 1.

Proof. With a slight abuse of notation, let @;(n) denotes the multiplier for the operator Qy:
@;(n) = n( coth(dn) — sgn(n)). (2.6)

From (L4]), we have

2

coth(dn) —sgn(n) = sgn(n) - e2lon] _ 1

(2.7)
for n # 0. Then, by noting that 2571 < Cy(e?* — 1) for any z > 0, it follows from (2.6))
and (2.7) that

sup (n)*|Qs(n)| <0711 +467%),
nezZ\{0}

from which (2.5]) follows. O

We now recall the following fractional Leibniz rule in the periodic setting; see [5]. See also
[25, Lemma 9.A.2] and [I8 Lemma 3.4].

Lemma 2.4. Let s > 0 and 1 < pj,q;,7 < oo, j = 1,2, such that % = p%_ + q%-' Then, we
have

15 (fllorery S N2 flloer(myllgllza ery + 1 ez oy | Tl Lo 1y, (2.8)
where J% = (0,)° denotes the Bessel potential of order —s.

Note that the estimate (2.8]) holds for % < r <1 as well (with additional assumptions such
as s > 1 —1 or s € 2N); see [5).

We conclude this section by recalling the basic property of the translation operator 7
defined by

Th(uw)(t,x) = 7(h,u)(t, z) := u(t,z + ht). (2.9)
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Lemma 2.5. Let T > 0 and s > 0. Then, 7 defined in [29]) is continuous from R X
C([0,T]; H*(T)) into C([0,T]; H*(T)), but is not uniformly continuous in every neighborhood
of the origin (0,0). For fized h € R, 73, is an isometry on C([0,T]; H*(T)) (in particular,
Lipschitz continuous).

See [21], Propositions 3.2.1 and 3.2.2] for the first two claims. The second claim is clear
from ||7pu(t) — mo(t)||as = ||u(t) — v(t)||gs for any t € R.

3. GAUGE TRANSFORM AND NONLINEAR ESTIMATES

In this section, by viewing ILW (1) as a perturbation of BO (L), we first apply the
gauge transform for BO to ILW. We then follow the argument in [44] and establish a priori
estimates.

3.1. Gauge transform. By applying the Galilean transform
v(t,x) = To-1(u)(t, ) = u(t,z + 6 t), (3.1)
where 751 = 7(671, - ) is as in (Z9), we can rewrite (I.I)) as the following renormalized ILW:
O — T50%v = 0, (v?) (3.2)

with v|i=¢ = ug, where Ty is as in (L3)).
Following the recent work [22], our main strategy is to view (3.2]) as a perturbation of the
BO equation (L) as follows:

O — HO?*v = Qs0,v + 0,(v?), (3.3)

where Qs is as in (2.4]), and apply the gauge transform for the BO equation (LI (see (B.10)
below) to (83]). Lemma 23] shows that Qs has a smoothing property of any order, which
allows us to indeed view the first term on the right-hand side of (B3] as a perturbation in a
suitable sense.

In a seminal work [52], Tao introduced a gauge transform, analogous to the Hopf-Cole
transform for the heat equation, in studying low regularity well-posedness of BO (LT). Let
us now recall the BO gauge transform in the periodic setting [43, [44] and apply it to (B3)).
Let F = F[v] be the mean-zero primitive of v defined by

F = Fv] = 9;'"P_v, (3.4)

where 9, ! denotes the Fourier multiplier operator with symbol 1 {n?ﬁo}'(in)_l and Pq denotes
the projection onto the non-zero Fourier modes. In particular, for a mean-zero function v,
we have

v =Pyyv=0,F. (3.5)

By noting 9;'0, = Py, it is easy to see that, if v is a solution to (B.3]), then F' = F[v]
satisfies the following equation:

OF — HO?F = Qsv + v — Py(v?), (3.6)

where Po = Id — P denotes the projection onto the zeroth Fourier coefficient.
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Remark 3.1. For j = 1,2, let v; be a function C ([0, T]; L?(T)) such that 9;(¢,0) = 0 for any
t € [0,7]. Then, by letting F; be the mean-zero primitive of v; defined by F; = 9;'P_4vj,
it follows from Bernstein’s inequality that

[1£1(0) — F2(0)||zee < [[v1(0) — v2(0) || 2 (3.7)
and
[1FL = Falloge, S llor — vallzgerz- (3.8)

These bounds allow us to prove local Lipschitz continuity of the solution map to ([B.2]) in
H§(T). We point out that the bounds (8.7) and (B.8]) do not hold on the real line due to
the low-frequency issue. In order to overcome this difficulty in the real line case, an extra
assumption on the low-frequency part of initial data was imposed in Section 4 of [44], namely,

PL()Ul (0) = PLoUQ(O), (39)

See [44, Lemma 4.1], where the bounds (87) and (3.8) are established in the real line case
under the extra assumption (39]).

We now introduce the gauge transform (for the periodic BO equation)E
W =P, pi(e'). (3.10)
By noting
[d=Pyp+Po+P_n  and  Pyp(P_if-P_g) =0,
a direction computation with BI0), (3.6, and B35 yields
OW — HIPW = ;W + id>W
= iP 1i (e (OF +i02F — (0,F)?))
= 2P, 1i(WP_0,v) — 2P 1i(P1e" P_0,v)
+iPy pi (e Qsv) — iPo(vH)W.

(3.11)

Finally, we define w = w(v) by setting
w =0, W = 0, P 1 (") = iP, (e v). (3.12)
By differentiating (3.I1]), we then obtain
dw — HPPw = —20,P 4 1i(WP_0,v) — 20, P4 1i(Proe P_0,0)
+ 0, P4 pi (e Q5v) — iPo(v)w (3.13)
=: Ns(w,v).
As compared to [44] (3-4)] (modulo constants), we have two extra terms on the right-hand side

of (BI3]). The third term appears from the difference between the ILW and BO equations,
whereas the fourth term appears due to the current periodic setting.

3In the current periodic setting, it is possible to define a gauge transform with P instead of Py p; (as in
g gaug +,

[42] [43]) and carry out the analysis presented in this paper. We, however, keep the definition of the gauge

transform (BI0) with P4 p; so that it is easier to compare the discussion in this paper with the presentation

in [44].
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Let us conclude this discussion by expressing v in terms of the gauged function w = w(v).
From (B.5) and [BI2) with we can write v as
v=0,F =e . g F = —je .9l
= —ie w4+ e P () — ie_iFawP_,hieiF.
By applying P, n1, we then obtain

P v = —iPy pi(e”"w) + Py (Pypie™"  Pio(e’v))

' , 3.14
— Z'P+,H1(P+,HI€_ZF ) ascP—,hieZF)a ( )

where we have used P+7HI((Id —Piw)f- Plog) = P+7HI((Id —Piunf- P_,hif) = 0.

3.2. Product estimates. We first recall the following product estimate; see [42, Lemma 3.2].

Lemma 3.2. Let s,s51,59 > 0 and 1 < q,q1,q2 < 0o such that s1 > s, 1 + s = s1 + s9, and

1_ 1,1
TR Then, we have

[1D°Py (fP-0zg)|Le S D fllLa [ D* g oo

Next, we recall the following lemma on the multiplication with e**" in Sobolev spaces; see

[44, Lemma 2.7]. See also [42, Lemma 3.1].

Lemma 3.3. Let 2 < g < oo and 0 < s < % For j = 1,2, let F} denote the mean-zero

primitive of a mean-zero real-valued function f; on T such that 0,F; = f;. Then, we have

172 i g)llza S (L +11£llz2) 1759 o

and
HJS((e:I:iFl . e:l:in)g)HLq

< (11 = fallze + 155 — 52 o (111 fillz2) ) 1]l o

In [44, Lemma 2.7], Lemma B3] was proven for 0 < s < % but their proof easily extends

to the range 0 < s < % In [44] the last line on p.372], the condition s = % — qll was used

to control ||g||rar by ||J°g||Le, which yielded the restriction s < %. We can, however, use

Sobolev’s inequality with s > % — q%; see [3]. In repeating the proof of [44] Lemma 2.7], the

restriction s < 1 appears in the bound ||DS+%PhieiiFjHLz < ||0peT i || 2 in [44] p. 373].

3.3. Nonlinear estimates. We now state nonlinear estimates which allow us to establish a
priori bounds on a solution v to (3:2]) and the associated gauged function w in ([BI2). The
following results follow from slight modifications of the corresponding results for the § = oo
case; see Propositions 3.2 and 3.4 in [44]. The first lemma controls a solution v to (3:2]) in
terms of the gauged function w defined in (3:12]).

Lemma 3.4. Let 0 < s <1 and 0 < k <1. Then, there exists 0 > 0 such that

el ey € T2+ 6 llellugers + ol s 170l s (3.15)
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for any 0 < § < o0, 0 < T < 1, and any smooth solution v to [B2) on the time interval
[0,T]. Moreover if 0 < s < L we have

s < -
ol s S Bz + (4 Wl i)l o
+(1+ ||U||L;°Lg)||U||L;°Lg||v||L%°H;; + T5_1||U||L;°Lg
for (p,q) = (00,2) or (4,4), where w = w(v) is as in (BI12).
Proof. Proceeding as in the proof of Proposition 3.2 in [44], we have
”TJHXSf&,N 5 Hat'U - Hag'U”L%H;fl + TQH'U”L%OH,SC (317)

for any 0 < k < 1, where v(t) = n(t)v(t) is an extension of v from [0,7] to R. By substitut-
ing (33]) to the first term on the right-hand side of (8.I7) and applying Lemma 23] and the
fractional Leibniz rule (Lemma [2.4]), we have

00— HOZl 3 o S Q5012 + ol 7*0lluy

PR . (3.18)
ST707 |ollegerg + ollpa, (170l -

Hence, (3.15)) follows from (3.17) and (3.I8)).

Note that the identity (B.I4]) does not involve the depth parameter § (or an equation)
and is the same as (3-6) in [44] (modulo constants). Thus, provided that (i) (p,q) = (o0, 2)
and 0 < s < % or (ii) (p,q) = (4,4) and 0 < s < i, we can proceed as in the proof of
Proposition 3.2 in [44]. Note, however, that in [44], the low-frequency contribution was
estimated by studying the Duhamel formulation of the BO equation; see [44] (3-17) and
(3-18)]. In our case, we instead need to study the Duhamel formulation of (3.3]), where the

additional contribution as compared to [44] is estimated via Lemma [2.3] as

t
JS/ S(t —t"PLoQsOv(t)dt’
0

STO M|vllpge 2 (3.19)
L

This yields the second estimate (BI6]) except for the case (p,q) = (4,4) and 1 < s < 3.

It remains to consider the case (p,q) = (4,4) and 1 < s < 1. In view of (BI4), we write
v =P, v+ P,v (recall that v is real-valued) and

P+U = P+,LOU - Z‘]-:)—l—,HI(e_iFU)) + P+7H[ (P+7hi€_iF . P]O(eiF'U))
— iPL (P e - 0,P_ pie')
=: Ay + Ay + Az + Ay

Note that the estimates (3-18) (see also ([B.19) above) and (3-14) in [44] on A; and As,

respectively, also hold for i <s< % As for As, by applying Lemmas [3.3] and 2.2, we have

19 Al = 1Py mnle™ )l < (1 ol ) 1wl s

(3.20)
S (U lollzra) el o,
extending [44], (3-13)] to 1 < s < 1.
Next, we treat A4. In view of the frequency localizations, we have
o o
Ag=—i > Y 155 QPH(Q;Pre - Qo P e, (3.21)

Jj1=3 j2=1
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In the following, we work for fixed time ¢t. For simplicity of notations, we suppress t-
dependence. By the Littlewood-Paley theorem and Minkowski’s integral inequality, we have

17 Al s ~ H < > IQI PPy e 0, P yie'”) |2>
=3

%
. (3.22)

oo ‘ | | 2
< < 322 0I | QP (P e - 9,P_ eT) HQL%)
Jj=3

We separately estimate the contributions to ([B.22)) by considering the following two cases:
271 ~ 27 and 271 ~ 272 > 27 where j; and jp are as in (B.21)).

e Case 1: 2/t ~ 27,
In this case, we have |j; — j| < 2. Then, proceeding as in [44] (3-15)] with Lemma [3.2]
Sobolev’s inequality, and (3.3]), we have

[NIES

2 o0
_1y; 1 » ,
B22) < Z ( 220~ ||Q), 41 DIPL(Q;, P e ZF'amP—,hiEZF)H%;%)

k=—2 “j1=3

. 3

,S < Z 22(3—%)]'1 ‘|D%Qj1P+€_iF||%8> ||D%P—,hieiF||L§
j1=3
i ) (3.23)
e8] N . 2 .

< (Z 22(5‘4)”\\lei?xPJre_’FH%g) 10 P nie " |2
J1=3
- Y

< (Z 22(3‘1”1\|Q11P+(€_ZF”)||i%> otz

Jj1=3

By Lemma 33 (recall that 1 < s < 1), we have

D=

< 3 92 HlePJr(e_iFU)H%g)

1=3 (3.24)

S He_"FvHHifi S+ ”U”Lg)HUHH;f{

Hence, from (3:22)), (3:23]), and (3.24]), we conclude that the contribution from this case (after
taking the L1-norm) is bounded by the right-hand side of (B.16]).
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e Case 2: 2/ ~ 272 > 97,
In this case, we have |j; — jo| < 2 and j < j; — 3. Proceeding as in ([B.23]), we have

a3 3 (o
k=—2j1=3  j=3
1

1 . . 2
X |DiPm(Qs Pye™ - Q) 140 P_ pie’”) H%g)

2 00
_1ys 5 i 5 ;
<SS 2 DEQ Pre T s Qs DIP_wie s (3.25)
k=—27j1=3

2 00
1y . .
S0 27 Qy, 00 P e 121 Qy 41D P i€ I 12

k=—2j1=3
> 1y . 3
S (X 2P ol ) olls
Jj1=3

where we used Cauchy-Schwarz’s inequality (in j;) in the last step. Hence, from (3.:22]), (3:25]),
and (3.24), we conclude that the contribution from this case (after taking the Li-norm) is
bounded by the right-hand side of (3.16]).

Putting everything together, we conclude (3.16]) when (p,q) = (4,4) and % <s< % O
The following proposition allows us to estimate the gauged function w in terms of v.

Proposition 3.5. Let 0 < s < % Then, there exists 6 > 0 such that

oy - Ns(w, 0)l. -

0
Sy + (T0Nellzgrz + lollog,, + I0lx-1oemy) 0l oy (3.26)

0 0 c— — 2
+ Tl e pallwll g oy + T8 A+ 07 (L4 0l e r2) vl ge s

(T)

for any 0 < § < o0, 0 < T < 1, and any smooth solution v to ([B.2) the time interval on
[0,T], where w = w(v) is as in BI2) and Ns(w,v) is as in BI3).

Note that the last term on the right-hand side of (3:26) contains a linear term §—'(1 +
S~Hv| L Hz- In order to implement a bootstrap argument, we need additional smallness.
This is the primary reason that we keep a small power of T for this term. The factor 7% on
the other terms are used in (£.4]). See Section [l

We now present the proof of Proposition

Proof of Proposition [3.3. By arguing as in [44, Proposition 3.5 and Lemma 3.7], we can bound
the contribution from the first two terms on the right-hand side of ([B.I3)) by the right-hand

side of (3.26]).
Let us first treat the fourth term on the right-hand side of (3:I3]). By (2.3]), we have

0 0
110 (®) - PolP)wlzn S TNl s ol S T Mol e lollyy oy (3:27)

s
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We now turn our attention to the third term in (B3.I3]). Proceeding as in [44], (3-47)] with
0, F = v and Lemma [3.3], we have
P P
o,71(2) - 0P ni(e” Qsv)ll, -y S 10:P 4 nile™ Qsv)|| 1o
< ||P+,hi(eZFUQ6U)HL1T+'€H§ + ||P+,hi(€ZFQéawU)HL%ﬁNH; (3.28)
STO(1+ ol zgerz) (Il0Qsvll s + 1 Qsdhvll e )
for any x > 0. From the fractional Leibniz rule (Lemma 2.4]), Sobolev’s embedding, and
Lemma 23] we have
l0Qsvllzgery S llvlloge mg | QovliLge, + [0l gz | Qavll ooz
S vl g s | Qsvll ey + vl ge 22 Qovll poo a1 (3.29)
S6ta+ 5_1)HU”L§9H;”UHL§9L§-
By Lemma 2.3 we also have
1Q50xvl|eoms S 6 (1 + 67 1)[|vll Loe s (3.30)
Hence, from [B28)), (3:29)), and (3:30)), we obtain
i 0 c— — 2
1201 (8)- 0:P s Qso)l, .y ST U4 5 (14 folluera) Nollrs: (33D
Therefore, from ([B.27) and (3.31), we conclude (3.20). O

Remark 3.6. In the proof of Proposition [3.5] we handled the first two terms on the right-
hand side of (BI3])) by simply invoking the bilinear estimates in [44] Proposition 3.5 and
Lemma 3.7]. We point out that these bilinear estimates (which hold on both the real line
and the circle) are the key ingredients for the simplification and unification of the L? well-
posedness argument for the BO equation (L5)) presented in [44].

Remark 3.7. We point out that the map T' — ||1jo7 ’NJ(TU’U)HY&?% is continuous for

smooth w and v. Indeed, given h > 0, it follows from the triangle inequality that

1Ljo,74n) - No(w,v)ll o3 = Loy - No(w,v)ll . -3
S g - No(w, o)l -y
SN rgn - No(w, v)l x50 = [Ns(w, v) | L2 (7,741 1)

— 0,

as h — 0. A similar computation holds for h < 0, tending to 0. See [4, Lemma A.8], [9,
Lemma 4.4], and [49, Remark 3.3] for the continuity property (in T') of the X**-norm and
its variants under the multiplication by 1jg 77. See also [29, Lemma 6.3] and [19, Lemma 8.1]
for similar statements in the context of the more complicated short-time Fourier restriction
norm method.

4. WELL-POSEDNESS OF ILW 1IN L2

In this section, we present the proof of Theorem [[.11 With Lemma [3.4] and Proposition
in hand, it essentially follows from the discussion in Section 4 of [44], and thus we keep
our presentation brief. Our main goal is to prove local well-posedness of the renormalized
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ILW @B.2) in L?(T). Once we establish local well-posedness, global well-posedness follows
from the L?-conservation.

Fix0<d<ooand 0 <s < % We only discuss the case where initial data has sufficiently
small L?-norm. More precisely, in the remaining part of this section, we assume that all the
initial data in the following discussion have the L?-norm less than some sufficiently small
g0 = eo(min(d, 1)) > 0 (to be chosen later). See Remark [£.2] for the general case.

4.1. A priori estimates for smooth solutions. Let us first derive a priori estimates for
smooth solutions to ([3.2). Let v be a smooth global solution to ([B:2]) and w = w(v) be the
gauged function defined in ([BI2). Given T > 0, set

N3 (v) = max (vl g s, [0l g ysots 0O s 1 1y - NoCw, o)l .y ) (41)
where Ns(w,v) is as in (BI3)). We first note that from the Duhamel formulation of (B.I3)
with (2.2) (for Ys’%(T)), Lemma [2.1] and (1)), we have

lwllys g gy S N0 Ol + 10,y - Nos(w, v)lly,. -y < NE(v). (4.2)

Thanks to the smoothness of v (and w), we see that N7 (v) is continuous in T'; see Remark [3.7]
Moreover, from the definition, N7 (v) is non-decreasing in 7. From (BI2]) and Lemma B.3]
we have

lwO)las S (L + [0(0)][z2) [0(0)] s (4.3)
See also [44] (3-49)]. Hence, from (LI and (£3), we have
Jim NEW) S (14 o(0)]2) [0(0) - (1.4

In ([&4), the control on [|1 7y - Ns(w, V)l 3 follows from (3.26) and (3.15). On the other
hand, from Lemma B.4] and Proposition B.5 - Wlth ([#2) and ([4.3)), we havd]

Np(v) < Cr(1+ [[0(0)]lz2) [v(0) | -
+ Co(14671)2ND(v) (1 + Np(v)) Nj(v) (4.5)

+C3TO5 7 (1 + 671N (v)
for any 0 < T < 1. We point out that there are linear terms on the right-hand sides
of (BI6) and (3:20]): ||w||ys’%(T), T5_1||v||L%oL%, and T9571(1 + 0 1) |[vllLge mrg, where the last
two terms are bounded by the last term on the right-hand side of (£1]). As for the linear
term HwHys’ b OB the right-hand side of (3I6l), we can use (£.2) and ([B.20) to replace it by

T9571(1+ 6~ Y[[vll Lz mrs (along with the other terms on the right-hand side of ([3:26])), which
is in turn bounded by the last term on the right-hand side of (4.3]).

By choosing sufficiently small T}, = T} (min(6, 1)) > 0 such that C3T¢6 (14 671) < 1, we
then have

Np(v) < 2C1(1+ [[v(0)]2) [lv(0) | e

(4.6)
+2C5(1+ 612N (v )(1—|—NT( ))N%(v)

4Note that the constants in ([@5) depend on s. We, however, use (@) only at two regularities (s and 0)
and thus we can simply take the worse constants in (£5]).
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for any 0 < T' < T,. By a standard continuity argument, we have
N2(v) <e (4.7)
for any 0 < T < T, provided that ||[v(0)||;2 = € < g¢ for some sufficiently small g =
go(min(d, 1)). Then, by applying a continuity argument with (&0l and (7)), we obtain
N7 () S [[o(0)]| (4.8)
for any 0 < T < Ti.
Remark 4.1. From (45, we can choose T, = Ti(min(d,1)) 2 1 and small gy =

go(min(d,1)) > &1 > 0, uniformly in § > 1. The same comment applies to the discussion
below.

4.2. Difference estimates. Let v;, j = 1,2, be smooth global solutions to ([8:2]) with
[0 (0)][L2 < & < €0 = g0(min(é, 1)), (4.9)
and let F; be the mean-zero primitive of v; as defined in (3:4]). Then, as in (3.10) and B.12),
define the associated gauged functions W; and wj, j = 1,2, by setting
Wj = P+7hi(€iFj) and wy; = aij.
Then, from the discussion in the previous subsection (see (£7)) and (48] with ([@.2])), we have

max [|wl]| oy . S Np(v;) S e < eo,

j=12 (T)

(4.10)

maxc [l .y 0 S Ni(v5) S max v (0)]sr- =: M

(1) §=1,2
for any 0 < T' < T, = T, (min(4,1)), j = 1,2.

Let v = v; —vg, W = Wy — Wy, and w = wy — wy. By the mean value theorem with (B.7))
and ([B.8), we have

e O — 2200 o < | F1(0) — F(0) | 1 S 1[5(0)]] 2,

e (4.11)

— P <Py = Bolleg, S [0l s r2-
Then, from ([B12), Lemma B3] and [@I1]) with (£.9), we have
[@(0)[|#rs S (1 + o1 (0)]|2) [[5(0) |
+ (1)1 2 + 17O = 2O oo (14 01 (0)]112) ) oo ()l s (412)
S 00) s + [lv2(0) || = [[0(0) ] 2 -
We now estimate w. From (3.I3]), we have
O — HO*w
= —20,P, i(W1P_0,0) — 20, P4 1i(WP_8,05)
— 20, P 1i(Proe™"P_0,0) — 20, P 1i (Pro(e"" — e2)P_0,09)
+i0, Py ni(€" Q50) 4 10, Py i (€ — €72) Q503
— iPo(v})w — iPy(v? — v3)ws
=: B+ -+ Bg.

(4.13)
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Note that the first four terms on the right-hand side are already treated in Section 4 of [44],
which, in view of (LI0) and (@II), are bounded by the first two terms on the right-hand
side of (Z.20) below ] By a slight modification of (B.27) with (£10), we have

< 2 i
B2+ Bl g oy S B3 210
+ ([lv1ll ez + ||U2||L%°Lg)||5||L%°Lg||w2||ys,%(T) (4.14)
< 2\|lw o
S OO 1 PN
for any 0 < T < T,. Proceeding as in the proof of Proposition with (£I0), given an

absolute small constant ¢y > 0 (to be chosen later), by possibly making T, = Ti(min(,1)) > 0
smaller, we can show that there exists 6 > 0 such that

0 c— _
1Bslly .3 oy < CT70 ML (L [lollpger2)
X ((1 + o1l ge £2) 101l 2o 15 + ||01||L;°H;||5||L;°Lg) (4.15)
< co (Il s + ot lage s 19 e 2 )
for any 0 < T < Ti.

Let us now estimate Bg. By Cauchy-Schwarz’s inequality, Sobolev’s inequality, and
Minkowski’s integral inequality (see [44], (3-47)]), we have

||BG||YS,7%(T) S| 0eP i (e — ein)QW?)HLlTMH;
< P i (Bale™ — ) Q) p1se
+ [P (€ = €2)Q50,1) | LhR s -,
<P (€7 (01 — v2) Qs0n) HLlTﬂHi
+ [Py (¢ — e "2)u2 Q5u2) HLlTﬂH;

+ [Py (€7 — €72)Q50,v2) HL1T+~H§
for any xk > 0. By applying Lemma [3:3] and proceeding as in (3:29) with (£I0), we have
[P (e (1~ 020 2502)
S0 A+ (U + lonlngee) (ool gra ol ms + el ms Bl eznz)  (47)

SO 1+ ) (2lugens + lealluge s Nl 2 ).

®In fact, there is is another term EHEHXS’% . controlling the second term on the right-hand side of (£I3);

see [44] Proposition 3.5]. In ([@20), this term is already hidden on the left-hand side, which explains the reason
for the factor 2 in front of the last term in (€20).
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By Lemma B3, (41I1)), and (3.:29) with (£I0), we have

[Py i (e — €"2)vg Q505 HL?“‘H;

S (Wlogers + 16 = o, (14 lollers) JleoQsallzn: 1o
SO+ (1 + lorllzse £2) 100l oo 2 o2l nge ars oo oo 22
Sed 1+ 67N vzl g s 0] oo L2
Similarly, by Lemma B.3], (£11]), and Lemma 23] with (£I0]), we have
[Py ni (€7 = €72)Q50,v5) HLlTﬂH;
S (Ilzgenz + €™ = @ lluge, (1 + ol gez) ) Qovall e i (4.19)
SO+ 67 |vall Lge rs 9] Lo 2

Therefore, from the Duhamel formulation of ([AI3]), Lemma 21 (£I4]), (£15), @I6]),
@EI17), (£18), and [@I9) together with [44], the math display after (4-4)], (@1I1]), and (£I0),

we obtain
1@l 4 gy < CITO) 9
+ O+ ol oy o) (Bl 2 + Wollsg,, + 1olx-sacr)
+ C€||w2||ys,%(T)||5||L%°Lg (4.20)
+05 1+ (E\WI!L;?H; + llvalloge H'ﬁHL;OLg>
o+ 260 (Il ms + o lgers 9l 2 )

for any 0 < T' < T, where ¢ is as in (4.15]).
From (3.3]), we have

O — HO2T = Q50,0 + 0 ((v1 + v2)7). (4.21)
Then, by a slight modification of the proof of [BI5) in Lemma B4 with (@I0]), we have
Il x-1107) £ TP+ 6~ [Vl pgerz + €llvlls, (4.22)
for any 0 < T < Ti.

In the following, we estimate the LL.W; %norm of v = P10 + P4v. From (B3I4) with
ey = —i0ett", we have

P,v =P, 10V + Py uiv
= P+7L05 — iP+7HI(€_iF1 a) — iP+7HI((6_iF1 — e_iFQ)wg)

— Py (Pypie ™ - 9, Pyo (e — €2))

— P (Pypi(e™™ — e72) . 9, Pp,e'?) (4.23)
— Py 1 (Py e - 0,P_ (et — e'2))
— Py (P (e — E_ZFQ) - O, P_ pie't?)

= B+ + B
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As pointed out in the proof of Lemma B.4], (423]) agrees with the corresponding expression
in [44, p.385] (modulo constants). In particular, when (i) (p,q) = (00,2) and 0 < s < £ or
(ii) (p,q) = (4,4) and 0 < s < 1 the LLW;"norm of & = P+ P, is already estimated in
[44], (4-8)], except for the additional term in the low-frequency contribution which is estimated

as in (B.19):

Hence, we only need to consider the case (p,q) = (4,4) and % <s< %

In the following, we work with 7' € (0, 7] such that (4I0]) holds. By applying P 10 to
the Duhamel formulation of (A.21]) and proceeding as in [44], (3-17) and (3-18)] with (@.I0)
and (4.24]), given an absolute small constant ¢; > 0 (to be chosen later), we have

t
Js/ St — )P4 LoQs0,v(t)dt!
0

ST Y| oo p2- (4.24)
ALY e

17 Erll s < 10(0)llz2 + C (e + T +07)) [0llpgers

~ ~ (4.25)
< v(0)llz2 + (Ce + )|Vl se L2,

where the second step holds by possibly making T, = T (min(d, 1)) > 0 smaller. Proceeding

as in (B.20) with (4.10), we have
1 Bally, S (1 ol i) g gy S 10 (1.26)
By Lemma 3.3, (£11)), Lemma 2.2 with (£I0), we have

I J°Esllrs, S <||5||L39Lg + e — e e (1 ||v1||L%oL%)) 175wl s,

< ol g W3- 20
Y*2(T) T~
Proceeding as in [44], (3-14)] with ([@I1]) and (£I0]), we have
17° Ball g, < lorllzgeralleor — e va]l pge 2
S llvillzserz <||5||L39Lg + et — eiFQHL%‘ijWHL%’Lg) (4.28)
S 5||5||L;°Lg-
Similarly, proceeding as in |44, (3-14)] with (3.4)), (411]), and ([@.I0), we have
17 Bsllg S 10 ai(e™™ — )z 5012
< <|!5\\L%0Lg + e — e_in”L%fz”U?HLg?L%)HU2”L£}°L§ (4.29)

S 5”5HL%°L§-
Next, we treat Fg and E7. Proceeding as in (4.29]), we have

18P pi(e™ — )| 1o 2 S 110l ze 12 (4.30)
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By Lemma B3 (recall that 1 < s < 1) with (@I1]) and (&I0), we have

—iF _ =iy —iF1 —iFy _ —iFy
[e™" o1 — e 0| ot < [le™"0]] ot + II(e € )szIL%H;ﬁ
S (U + vllpger2) 0 o3
e (4.31)
~ —iF —iF.
(Il 2 + e~ — ez (1+ ||v1||L%0L;>)||vz||L%OH;i

S ollzge gz + llvallnge g 10| Lo r2 -
Thus, proceeding as in (3.22))-(3.25) with ([£30), (£3T1), and (£I0]), we obtain
S S
172 Bl + (177 Bl s
S (L villzeoz2) lvillzge ms 9] Lo 12 (432)
+ (190l ms + ool oo g9l nse 2 ) o 5oz
S llvillege [0l nse 2 + ellvll g g + ellvalloge mg 0] oo 2

Therefore, putting (4.23)), (£25]), (£.26]), (£.27), [E28), [@29), and ([@32) together with [44],
(4-8)] and (4.I1]), we obtain

170l 2 ra S [0(0)]I 2 + (Ilwzllys,%

+ellvllzg mg + [0

oy Nl s+ elloall e + 1) 1ol ge 12

Y5 (T)
for 0 < s < %, (p,q) = (00,2) or (4,4), and any 0 < T < T, where ¢; is as in ([£25]).
By collecting (4.12)), (£20), (4.22), and (33]) for s = 0 with (£I0]), we first obtain
ollegerz + 119l + l@llyoy 7 + Plx-13(r) S 10(0)]] 22 (4.34)

for any 0 < T' < T, provided that we choose (i) 9 = o(min(d, 1)) > 0 in (£I0) sufficiently
small such that

gd t1+0 ) <1 (4.35)

and (ii) ¢o > 0 in ([@I5) and (£20) and ¢; > 0 in ([@25]) sufficiently small, which can be
guaranteed by choosing T, = Ty (min(d, 1)) > 0 sufficiently small. Finally, from (£12]), (20,

[#22]), and ([4.33]) with (£.34]), we conclude that, with M as in (£10]),
170l e g + 100, | + 10l a g oy + Pl () < COD[B(0)]] 115 (4.36)

for any 0 < T' < T, provided that g, cg > 0 are sufficiently small as above.

4.3. Well-posedness. Once we have (£30]), local well-posedness of the renormalized ILW
(B2) (and hence of the original ILW equation (I.I])) follows from a standard argument. Given
0 <s <2 let up € H§(T) with 2||ugl|z2 < o = o(min(é, 1)) and consider the sequence
{uok}ken of smooth mean-zero initial data wgj = II<pug, where II<y is the frequency pro-
jector onto the (spatial) frequencies {n € Z : |n| < k}. Let vy be the smooth global solution
to B2) with vg|i=0 = wox. Then, it follows from (36) that vj converges to a limit v in
C([0,T.]; H*(T)) N L4([0, T,]; W*4(T)) and that the associated gauged function wy, = wy,(v)
(defined as in ([B.12))) converges to a limit w in YS’%(T*), where T, = Ty (min(d,1)) > 0 is as
in the previous subsections. It is easy to verify that the limit v satisfies the equation (3.2])
with v|;=9 = up and that the limits v and w satisfy ([B.12). In the current periodic setting,
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uniqueness of solutions and local Lipschitz continuity of the solution map for the renormal-
ized ILW (32) follow from (A36]). Furthermore, by noting that the local existence time
T, = Ty (min(d,1)) > 0 depends only on § > 0 (as long as we choose ¢ (= the upper bound
on the L?-norm of initial data) sufficiently small such that (35]) is satisfied), we conclude
global well-posedness of ([3.2)) from the conservation of the L?-norm. Finally, by undoing the
Galilean transform (B.1), we obtain global well-posedness of the original ILW equation (LTI).
This concludes the proof of Theorem [I.11

Remark 4.2. In this section, we proved local and global well-posedness of the renormalized
ILW B2) (and then of ILW (II))) with the small L?mnorm assumption. In the general
case, we apply a scaling argument and reduce the situation to the small L?-norm case as in
[13, 42, 43, 44]. Given A\ > 1, let Sy be the H ~3_invariant scaling operator defined by

Sa(u)(t,x) = X u(A 72, ). (4.37)

Recall that the BO equation (LI on R in invariant under the action of Sy. While the
renormalized ILW (B.:2)) on R does not enjoy any scaling symmetry, a direct computation
shows that if v is a solution to (3.2]) on R with the depth parameter §, then vy = S\(v) is a
solution to (3.2]) on R with the depth parameter \o:

Ayux — Tas02vy = 9, (v3). (4.38)

Namely, the family of the renormalized ILW equations with depth parameters 0 < § < oo
remains invariant under the action of Sx. In the periodic setting, if v satisfies (3:2]) on T
then vy, = S)(v) satisfies (£38]) on the dilated torus Ty = R/(27A\Z). With ug = v(0), the
scaled initial data for v satisfying (£38) is given by ug x(z) = Alug(A~1z). Noting that

1
lwollzz(ryy = A2 |luoll 2 (),

we can choose A > 1 such that [lug | z2(r,) < €0 = go(min(d, 1)). We point out that we can
choose go(min(d, 1)) independently of A > 1 (since Ad > §). As pointed out in [44, Section
7], all the estimates hold true on Ty with constants independent of A > 1. Here, the most
important (and well-known) point is that the periodic L*-Strichartz estimate (Lemma 2.2))
holds true on T) with a constant independent of A > 1. With this observation, we can repeat
the argument presented in this section and prove global well-posedness of ([A38]) in H*(T))
with the small L?-norm assumption. Then, by undoing the scaling, we conclude global well-
posedness of ([3.2) (and hence of (LI)) in H*(T) without the small L?-norm assumption.

Remark 4.3. The bound (4I1]), coming from (3.7) and (B.8]), played a crucial role in the
argument on T presented above, yielding local Lipschitz continuity of the solution map in
the periodic case. As pointed out in Remark B.I] however, (B.7) and (8.8) (and hence (4.11]))
do not hold in the real line case. This is the primary reason for the failure of local uniform
continuity of the solution map for ILW on R constructed in Theorem [Tl Nonetheless, under
the extra assumption (3.9)), one can still prove (B7) and (B8]) on R (but the argument uses
the equation; see [44] Lemma 4.1] in the case of the BO equation), giving local Lipschitz
continuity of the solution map restricted to the class (9] (say, for fixed v1(0)) consisting of
elements with the identical low-frequency parts. See Section 4 in [44] for a further discussion.
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5. DEEP-WATER LIMIT OF ILW IN L2

In this section, by slightly modifying the argument in Section [ we present the proof of
Theorem As in the previous sections, we only consider the periodic case. Moreover, we
only consider the case with sufficiently small L?-norms.

e Part 1: In this part, we consider the mean-zero case. Namely, given 0 < s < %, fix a mean-
zero function ug € H{(T) and let {ups}ti<s<co be a net in Hi(T) (of mean-zero functions)
such that u s converges to ug in H*(T) as § — oo.

We first establish convergence of solutions to the renormalized ILW (B.2]) to the associated
solution to the BO equation (LI]). Let u be the global solution to the BO equation (LX)
with u|i=9 = ug constructed in [44], and let vs, 1 < § < oo, be the global solution to (3.2
with vs]—0 = ugs constructed in Theorem [Tl Recalling that Q. = 0, the renormalized
ILW (B.2) formally reduces to the BO equation (L5 when 6 = co. In view of this, we set
Uso = U and ug o = up. For each 1 < ¢ < oo, let Fs be the mean-zero primitive of vs as
defined in (3.4]), and let W5 and ws be the associated gauged functions as in (3.10]) and [B.12)).

Let N7 be as in (@I). Then, the a priori bound (6) holds uniformly in 1 < § < oo
(including 0 = 00):

Ni(vs) S (1+ lluosllzz)lluo sl + Np(vs) (1 + Np(vs)) N7 (vs) (5.1)
for any 0 < T < T, where T, > 0 is now independent of 1 < ¢ < co. By assuming that
|w0,00 |22 = [Juol|L2 < € for sufficiently small € > 0, it follows from the convergence of ug 5 to

U0,00 in H*(T) that there exists dy = do(e) > 1 such that [Jugs| 2 < € for any 6 > 6p. Then,
from (B.1]), we have

N7 (vs) Se  and  Ng,(vs) S lluosllas <M (5.2)
for some M > 0, unifgl:mly in dg <94 < oo.
Let U5 = v§5 — Voo, W5 = Ws — W, and ws = ws — Weo. The difference wg satisfies
Ops — HO* W
= —20,P 4 1i(WsP_0,05) — 20, P4 1i(WsP_0,050)

— 20, Py 1i(P1oe" P _0,75) — 20, P ps (Plo(eiFé _ eiFw)P_ﬁxvoo) (5.3)

+ i@mP+,hi(eiF6 Qsvs) + 0

— iPo(v3)ws — iPo(vE — v )wee.
Compare this with (£13]), where the difference appears only in the fifth term and the sixth
term (which is 0 in (B.3])). In estimating the fifth term on the right-hand side of (5.3), we
instead use (3.31]). Hence, from the discussion in Subsection [£.2] leading to (£20]) with (5.2]),
we have

sl a4 7, < Clws Ol

+ Cle+ sl oy ) (Bl 12 + ITsls, |, + [Bslx1ar)  (5.4)

+ Celluwnollyy o [Tl 12 + TEMS ™,

1
Y2
uniformly in §p < § < oo. From (L) and (B.3]), we have

D05 — HOZ0s = Q50,05 + O ((vs + Voo ) Vs ). (5.5)
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Then, by a slight modification of the proof of (8.15) in Lemma [3.4] with (5.2)), we have

05l x 11z S M0sllge 2 +ellvslics,  + 5_1”U6HL3§L3 56
S Wallis 1z + ellioley, +207L >0
uniformly in §y < d < oco.

Lastly, note that (5.5]) is different from (4£.21]) only on the first term on the right-hand side
of (&) (under the identification of v; and ve with vs and v, respectively). Namely, the
bound ([@.33) holds except for ¢i1[[v]|feerz in [@.33), coming from (£.24) and @.25). In this
case, we instead apply [B.19) with (5.2]) to estimate the contribution from the first term on
the right-hand side of (B.5]). This yields

17°0s ]l 2, 22 S 0s(0)[l2 + <HwooH ,+ llvsllogs m + EHUooHL%;H;) 105l n5¢ 12

1
Y2 (T,

+ellvs e mg + II%IIYS,%(T*) +e67!

for 0 < s < % and (p,q) = (00,2) or (4,4), uniformly in dy < § < oo, where the last term
represents the contribution from the first term on the right-hand side of (5.5]).

Therefore, putting (5.4)), (5.6), and (5.7) together with ([AI2)) (for ws(0) and v5(0)) and
proceeding as in Subsection (first for s = 0 as in (£34]) and then for s as in ([£30)), we
obtain

1799l 22 + 1792y, + 11

Ys,%(T*) + ||:{}/6||X71’1(T*)

< C(M)||T5(0) || = + C(M)6 7,

uniformly in §y < & < oo, provided that T, > 0 sufficiently small. (Recall that T, > 0
is independent of 1 < § < c0.) Here, the last term on the right-hand side of (58) comes
from the last term in (5.6). Since the right-hand side of (5.8]) tends to 0 as 0 — oo, we
conclude that, as 6 — oo, the solution vs to [B.2)) converges to the solution u = v to (IH) in
C([0,T.]; H5(T)) N L4([0, T, ]; W54(T)). Given any T > 1, we can iterate this local-in-time
convergence argument and conclude convergence on the entire interval [0, 7).

Next, we transfer this convergence back to the original ILW equation (II). Let ug be
the global solution to (LIl with us;—0 = uos. Then, from B.II), we have us = 7_s-1v5 =
7(—=071,vs). Letting u be the global solution to the BO equation (LB) with ul;—g = ug as
above, it follows from the triangle inequality that

(5.8)

Hu - u5”C'TOH§ < Hu - T(_(S_lvu)HCTOHS + ”T(_(S_lvu) - u5HCTOH§ (5 9)
< Hu - T(_(S_lvu)HCTOHS + ”u - U5HCTOH§’
By noting that u = 7(0,u), it follows from Lemma that the first term on the right-hand
side of (5.9) tends to 0 as 6 — oo, while the second term tends to 0 as § — oo in view of the
discussion above. This proves convergence of us to u in C([0,Tp]; H*(T)) for any T > 0.

e Part 2: In this step, we consider the general case without the mean-zero assumption.
Given ug € H*(T), let {ugs}i<s<oo be a net in H*(T) such that ugs converges to ug in
H*(T) as 6 — oco. Note that the spatial mean p(ugs) of ugs converges to the spatial mean
w(ug) of ug as & — oo.

Let u be the global solution to the BO equation (LE]) with u|i=g = ug constructed in [44],
and let us, 1 < 6 < oo, be the global solution to (L)) with usli—o = ugs constructed in
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Theorem [LI Then, by setting 4 = I'y,(u) and us = 'y, (us), where I' is the Galilean
transform defined in (7)), we see that w (and g, respectively) is the global solution to (LH])
with the mean-zero initial data u|;—9 = up = up — u(ug) (and to (LI) with the mean-zero
initial data usli—o = wos = uos — p(uos), respectively). Hence, from Part 1, we see that,
given any Ty > 0, ug converges to u in C([0,Tp]; H*(T)) as § — oc.

With 7, as in (2.9]), we have

u=7(2u(uo), u) + plug)  and  wus = 7(2u(uos), Us) + p(uos).
Therefore, in view of the convergence of p(ugs) and us to p(ug) and @, respectively, we

conclude from the joint continuity of 7 (Lemma(2.5]) that us converges to v in C'([0, Tp]; H*(T))
as § — 0o. This concludes the proof of Theorem
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