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3

aUniversité de Lorraine, Arts et Métiers Paris Tech, CNRS, LEM3, Metz F-57000, France4

Abstract5

The non-linear quasi-static buckling of thin-walled beams with arbitrary cross-sections is studied6

by developing coupling strategies between the composing plates (web, flanges). The element adopted7

for modeling the plates is a 7-parameter shell element using the Enhanced Assumed Strain concept8

(Bütcher et al. (1994)). Different nodal shell directors exist at the interface between plates for thin-9

walled beams with arbitrary cross-sections, requiring appropriate strategies. The coupling between10

plates first considers Lagrange multipliers at the interface, following the mortar method on the surface11

between the plates. Second a simplified pre-processing method is proposed by modifying the shell12

directors of the nodes close to the interface. In the case of the quasi-static buckling of thin-walled13

beams with L-shaped and I-shaped cross-sections, the two coupling strategies are thoroughly assessed14

by using three different solution procedures: Newton-Raphson, Newton-Riks and Asymptotic Numerical15

Method (ANM). The pre-processing method is simple and turns out to be robust and efficient.16

Keywords: Quasi-static non-linear buckling, Thin-walled structures, 7-parameter shell elements,17

Coupling mortar method, Shell directors, Asymptotic Numerical Method18

1. Introduction19

Thin-walled beams with arbitrary cross-sections, widely used in mechanical and civil engineering20

structures, are prone to experience local and global buckling phenomena. In Asgarian et al. (2013),21

Soltani et al. (2014), Soltani and Mohri (2016), the geometrically instabilities have been studied using22

finite element beam model and Asymptotic Numerical Method procedure (ANM). The ANM procedure23

is based on the decomposition of the displacement and path parameter as high order Taylor series and24

turned out to be a very competitive algorithm, able to efficiently predict the equilibrium path (Azrar25

et al. (1993), Cochelin et al. (1994a,b), Cochelin (1994), Cochelin et al. (2007)). The main advantages26

in comparison to Riks algorithm rely on the exponential convergence, the possibility to directly chain27

each loading ANM step from the previous one, without the need of correction stages as required by28

classical Newton-Riks algorithm. In addition, the ANM solving procedure only considers a constant29

tangent matrix for each order of the Taylor series and provides a natural continuation procedure by30

comparing the smallest term of the series with the biggest one. It leads to a posteriori adaptive step31

size for the ANM algorithm, providing a crucial advantage in comparison to classical Newton-Riks al-32

gorithm based on a priori step size. Numerous non-linear buckling analyses in the literature have shown33
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that the number of loading steps is reduced as well as the computation time (Zahrouni et al. (1999),34

Najah et al. (1998), Jamal et al. (2002), Baguet and Cochelin (2003), Boutyour et al. (2004, 2006),35

Ventura et al. (2020, 2023)).36

37

The ANM procedure has been extensively adopted for the analysis of the non-linear buckling of shell38

structures using the efficient 7-parameter shell element proposed by Bütcher et al. (1994), developed in39

the total Lagrangian framework. It is considered as a ’step into the third dimension’ by adding an extra40

strain to the 6-parameter shell formulation, which takes into account the three mid-plane displacements,41

two rotations and the thickness stretch (Ramm and Wall (2004)). Indeed, the discrepancy between42

stress and strain variations across the shell thickness was dealt by adding an extra unknown, following43

the so-called Enhanced Assumed Strain (EAS) concept (Simo and Rifai (1990)). The main interest44

is to employ any linear and non-linear three-dimensional material laws without ad-hoc condensation45

technique, to deal with large strains without Poisson thickness locking phenomena (Bischoff and Ramm46

(1997, 2000)). It is shown that 7-parameter shell element is successful in reproducing buckling phe-47

nomena when the thickness of the shell structure goes to zero, meaning that the 7-parameter element is48

asymptotically correct, contrarily to the 6-parameter shell which displays strong deviation in comparison49

to the reference full three-dimensional continuum solution (Roehl and Ramm (1996)).50

For the 7-parameter shell element, each node belonging to the mid-plane surface is associated with51

a nodal shell director. Nodal shell directors are easily obtained for plate and conical shape structures52

for which the shell director is known at every point of the mid-plane of the shell. It is not anymore53

the case for thin-walled beams with arbitrary cross-sections. In this situation, the plates, modeled with54

7-parameter shell elements, have to be coupled together by adopting appropriate strategies. Rotation-55

free Kirchhoff-Love thin-shells, modeled using Isogeometric patches for the different plates composing56

the beams, are coupled by Herrema et al. (2019), Proserpio et al. (2021), using a penalty formulation57

to prescribe the displacement continuity and rotational continuity. The main drawback of the penalty58

method is to be problem-dependent because the penalty parameters should be carefully selected as high59

enough to ensure the continuity while avoiding excessive ill-conditioning. Mortar methods, requiring to60

solve a saddle point problem for the Lagrange multipliers, have also been proposed for the purpose of61

patch coupling (Dornisch et al. (2015), Brivadis et al. (2015)).62

63

With the aim of simulating non-linear buckling problems of thin-walled beams with arbitrary cross-64

sections, the paper explores two strategies to take into account interfaces between plates. The first65

one is the mortar method, requiring the introduction of Lagrange multipliers computed on the surface66

defined at the interface between the plates. The method is very general and can be applied to conform-67

ing and non-conforming meshes at the interface. Nonetheless, a simplified method is also proposed,68

without introducing Lagrange multipliers, in order to keep the size of the original discretized problem.69

It is based on a simple pre-processing procedure in which the shell directors at the corner and middle70
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nodes of the adjacent 7-parameter shell elements, are determined as a function of the shell directors of71

the plates involved into the interface. The two coupling approaches are set up to study the non-linear72

quasi-static buckling phenomena of thin-walled beam structures with arbitrary cross-sections, using73

different solution strategies in order to thoroughly assess their efficiency and accuracy. It includes the74

classical Newton-Raphson, Newton-Riks and ANM strategies developed in the same MATLAB environ-75

ment (MATLAB (2022)) for a fair comparison.76

77

The paper is organized as follows. The shell kinematics along with EAS concept are briefly re-78

minded in Section 2 before presenting the proposed coupling approaches, including the mortar method79

and the pre-processing method for dealing with arbitrary cross-sections of thin-walled beams. Solution80

procedures are briefly described in Section 3: two algorithms for Newton-Raphson with EAS are pre-81

sented, as well as Riks algorithm and ANM procedure. In Section 4, two classical benchmarks for shell82

structures are first considered: the buckling of thin-walled beams with rectangular cross-section and the83

buckling of cylindrical shells. Then, the buckling behavior of L-shaped and I-shaped thin-walled beams84

is studied using the three solution strategies. Shell results are compared to reference results provided85

by three-dimensional computations with 20-node hexahedral elements. The accuracy and efficiency of86

both coupling approaches are evaluated in terms of mesh sensitivity for the different solution strategies.87

The pre-processing procedure with adjustment of shell directors at the interface between the web and88

flanges of the thin-walled beams turns out to be easy to set up, robust and accurate for reproducing89

the global and local non-linear buckling phenomena experienced by thin-walled beams.90

2. Connection between 7-parameter shell elements with arbitrary angle at the interface for91

thin-walled beams92

2.1. Shell kinematics of the 7-parameter shell element93

The formulation of the 7-parameter shell element proposed by Bütcher et al. (1994) is widely94

adopted for buckling studies with large strains and rotations (Ramm and Wall (2004), Baguet and95

Cochelin (2003), Zahrouni et al. (1999)). In comparison to the classical 5-parameter shell, based on96

the Mindlin-Reissner kinematics assumption allowing for transverse shear deformations, the thickness97

change has been added as well as the Enhanced Assumed Strain (EAS), leading to the 7-parameter98

shell element. The key points of the 7-parameter shell element are reminded in the following.99

The eight noded finite shell element is based on the Mindlin-Reissner kinematics assumption expressed100

in convective curvilinear coordinates. The shell kinematics is illustrated in Figure 1: A material point101

in the initial configuration x and in the deformed configuration x̄ can be described by assuming a linear102

variation of the displacement in the thickness direction as follows:103

x
(
θ

1, θ2
)

= r
(
θ

1, θ2
)

+ θ3a3
(
θ

1, θ2
)

x̄
(
θ

1, θ2
)

= r̄
(
θ

1, θ2
)

+ θ3ā3
(
θ

1, θ2
) (1)
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Figure 1: Shell geometry and kinematics

where r and r̄ are the projections of the material point in the initial and deformed configurations on104

the shell mid-surface, a3 and ā3 denote the shell directors at the projected point and
(
θ

1, θ2, θ3
)

are105

the convective curvilinear coordinates (with θi ∈ [–1, 1] ∀i ∈ [1, 2, 3]). The displacement field is then106

defined as the difference between a material point in the deformed and undeformed configuration:107

u = x̄ – x = v
(
θ

1, θ2
)

+ θ3w
(
θ

1, θ2
)

(2)

where v is the displacement at the mid-plane surface and w is the difference vector of the shell directors108

between the undeformed and deformed configurations.109

For the description of the shell geometry and deformation, the covariant and contravariant bases110

vectors gi and gi are introduced:111

gi = ∂x
∂θi

= r,i + θ3a3,i = ai + θ3a3,i ∀i ∈ [1, 2] , g3 = ∂x
∂θ3

= a3

gi = ∂θi

∂x , gi · gj = δij ∀i, j ∈ [1, 2, 3]
(3)

With the base vectors in Eqs.(3), the material deformation gradient is given by:112

F = ∂x̄
∂x = ∂x̄

∂θ
· ∂θ

∂x = ḡi ⊗ gi (4)

From the displacement assumption, the Green Lagrange strain tensor is derived as:113

E = 1
2
[
FTF – I

]
= 1

2
[
ḡi · ḡj – gi · gj

]
gi ⊗ gj = Eij gi ⊗ gj (5)

Using Eqs.(3), the Green Lagrange strain tensor can be written in a form that contains constant, linear,114
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and quadratic terms in the thickness coordinate θ3, denoted by α, β and γ, as follows:115

E = 1
2
[
āi · āj – ai · aj

]
gi ⊗ gj + 1

2
[
āi · ā3,j + āj · ā3,i – ai · a3,j – aj · a3,i

]
θ

3gi ⊗ gj...

... + 1
2
[
ā3,i · ā3,j – a3,i · a3,j

] (
θ

3
)2

gi ⊗ gj =
[
αij + βijθ3 + γij

(
θ

3
)2
]

gi ⊗ gj

= Eij gi ⊗ gj with a3,3 = ā3,3 = 0 and β33 = 0

(6)

The Green-Lagrange strain tensor can also be written in terms of displacement in the contravariant116

base of the initial configuration as follows (Bischoff and Ramm (2000)):117

E = 1
2

(
∂u
∂θi

· gj + ∂u
∂θj

· gi + ∂u
∂θi

· ∂u
∂θj

)
gi ⊗ gj = [El

ij(u) + Enl
ij (u, u)] gi ⊗ gj (7)

where El(u) and Enl(u, u) denote the linear and non-linear parts of the strain tensor E.118

Bütcher et al. (1994) showed that, if β33 is set to zero, a relative error will occur for the problems119

dominated mainly by bending. This undesired stiffening effect is called Poisson thickness locking and120

does nos vanish with the mesh refinement (Bischoff and Ramm (1997)). To alleviate this issue, Bütcher121

et al. (1994) proposed to improve the previous shell kinematics with an extra parameter, corresponding122

to an additional strain variable across the shell thickness. Thus the starting point of the enhanced123

assumed strain (EAS) is the introduction of a linearly varying strain in the thickness direction:124

E∗
33 = α33 + θ3β̃33

E∗(u, Ẽ) = E(u) + Ẽ = El(u) + Enl(u, u) + Ẽ

Ẽ = θ3β̃33g3 ⊗ g3 with β̃33 = β̃33(θ1, θ2)

(8)

Herein, Ẽ denotes the EAS incompatible field and E∗(u, Ẽ) denotes the strain field with EAS field. By125

construction, the chosen Ẽ satisfies the orthogonality condition:126 ∫
Ω

S(u, Ẽ)T : Ẽ dΩ = 0 (9)

The 2nd Piola-Kirchhoff stress tensor, denoted by S(u, Ẽ), is derived as:127

S(u, Ẽ) = D : E∗(u, Ẽ) = D :
(

El(u) + Enl(u, u) + Ẽ
)

(10)

where D is constitutive tensor. The strain energy is then written as:128

Wint(u, Ẽ) =
∫
Ω

1
2
[
E(u) + Ẽ)

]T : S(u, Ẽ)dΩ (11)

2.2. Finite Element discretization129

Along the lines of Bütcher et al. (1994), the space approximation of the displacement and the130

geometry is given below:131

x =
n∑

k=1
Nkrk + θ3Nkak

3

u =
n∑

k=1
Nkvk + θ3Nkwk

3

(12)
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where the shape function depending on (θ1, θ2) is denoted by Nk, the nodal values by superscript k,132

and the number of nodes of the element by n = 8. Here, it is pointed out that the shell directors ak
3 is133

considered at each node k of the finite element mesh. In the case of two adjacent finite elements with an134

arbitrary angle at their interface, two different shell directors exist at the common nodes. For instance135

in the case of thin-walled beams with I-shaped cross-section, the common nodes between the flange136

and the web belong to three finite elements and different shell vectors can be defined at the interface.137

After presenting the finite element discretization of the 7-parameter shell element proposed by Bütcher138

et al. (1994), we focus on the strategies for dealing with arbitrary cross-section of thin-walled beams.139

By gathering the nodal displacements of the mid-plane surface, denoted by v, and the difference140

vector between the shell directors, denoted by w, into the kinematic vector denoted by q, the space141

discretisation of the displacement field u and its variation δu are given by:142

u = [N]q, δu = [N]δq (13)

where [N] is the shape function matrix given in Appendix A. Then, the linear and non-linear parts of143

the Green-Lagrange strain in Eq.(7) can be defined as:144

Êl = [R][G]q = [Bl]q, Ênl = 1
2[A(q)][G]q = 1

2[Bnl(q)]q (14)

where Ê denotes the Voigt notation of the Green-Lagrange strain tensor, [R], [G] and [A(q)] are,145

respectively, the matrix composing the covariant base, the matrix of the gradients of the shape functions146

and the matrix of the displacement gradients, whose expressions are given in Appendix A. The variation147

of the linear part and the non-linear part of the strain tensors are expressed as follows:148

δÊl = [Bl]δq

δÊnl = 1
2[A(δq)][G]q + 1

2[A(q)][G]δq = [A(q)][G]δq = [Bnl(q)]δq

δÊ =
(

[Bl] + [Bnl(q)]
)
δq = [B̄(q)]δq

(15)

Concerning the EAS field, the additional component β̃33 does not require the continuity between149

adjacent finite elements. Thus, a simple bilinear space discretisation is assumed (Bütcher et al. (1994)):150

β̃33 = α1 + α2ξ+ α3η+ α4ηξ (16)

where ξ and η are the standard element coordinates. The additional unknown parameters α1, α2, α3151

and α4 related to the EAS can be eliminated on the element level, thus the size of the original set of152

equations, related to the unknowns q, is kept unchanged. The EAS strain tensor is then written in the153

matrix form as follows:154

ˆ̃E = [Bα]α (17)

where expression of [Bα] is given in Appendix A. As a result, the 2nd Piola-Kirchhoff stress tensor is155

given by:156

Ŝ = [D]
(

[Bl]q + 1
2[Bnl(q)]q + [Bα]α

)
(18)

6



where [D] is the matrix of elasticity.157

158

2.3. Connection between two 7-parameter shell meshes159

The problem of connecting two 7-parameter shell meshes arises when there is a discontinuity in the160

curvature at the interface of two meshes. Indeed, at the interface between the two meshes, the shell161

director is not unique anymore and it requires a numerical strategy for the coupling. The coupling162

problem is illustrated in Figure 2, representing two beams with L-shaped and T-shaped cross-sections.163

Contrarily to the case where the shell director can be determined without any ambiguity, such as for164

cylinders and spheres, here two shell directors exist at the edge between the adjacent plates. One way to165

avoid ambiguity is to consider cylindrical transition shell elements to link the two plates as proposed in166

(Baguet (2011)): The author added two cylindrical fitting shell elements to ensure the continuity of the167

shell director of the L-beam, so as a unique shell director can be defined at each node. Nonetheless, this168

method, requiring the addition of transition shell elements, does not respect the geometry and cannot169

be applied to more general cross-section profile such as a T-shaped cross-section. It is one of our main170

objective to use 7-parameter shell elements for arbitrary cross-sections of thin-walled beams. Thus, in171

the following, we propose two ways for coupling plates. The first one is based on the introduction of172

Lagrange multipliers according to the lines of the mortar approach (Bernardi et al. (1990, 1994), Brun173

et al. (2021), Chau et al. (2023)). The second strategy is a simplified strategy in which a unique shell174

director is assigned to each node close to the interface.175

Figure 2: Discontinuity of the nodal shell directors for L-shaped and T-shaped cross-section thin-walled beams

2.3.1. Mortar approach176

The mortar approach is based on a dual approach enabling us to take into account any kinematic177

relationships between the degrees of freedom by adding an interface virtual work in the principle of178

virtual works. Let us start by writing the governing equations without the interface contribution. In the179

case of conservative loads, the total energy of the system Π, also called the functional of the problem,180

7



Figure 3: Mortar coupling surfaces (in red) for L-shaped and T-shaped cross-section thin-walled beams

is written as:181

Π(u, Ẽ) = Wint(u, Ẽ) – Wext(u) = Wint(u, Ẽ) – λPe(u)

with: Pe(u) =
∫
Ω

ρb · udΩ+
∫
Γ

t · udΓ
(19)

where ρb are the body force and t the surface force acting on Γ. Wint is the strain energy given182

in Eq.(11). The applied body and surface forces are assumed to be proportional to a scalar loading183

parameter λ.184

From the above equation, the variational form of the functional in Eq.(19) permits us to write the185

principle of virtual work as follows:186

δWint(u, Ẽ) = δWext

with: δWint(u, Ẽ) =
∫
Ω

δE(u)T : D :
[
E(u) + Ẽ

]
dΩ

and δWext = λPe(δu)

(20)

The above equation is completed with the variational form of the orthogonality condition:187 ∫
Ω

S(u, Ẽ)T : δẼ = 0 (21)

Eqs.(10),(20), and (21) are the governing equations of the quasi-static geometrically non-linear problem.188

189

In the case of the connection between plates, we denote the plate A as the slave part and the plate B190

as the master part, connected between each other with the interface denoted S, as illustrated in Figure191

3 in the cases of the L-shaped and T-shaped cross-sections. It can be seen that the coupling interface192

corresponds to a rectangular surface whose transverse size is equal to the thickness of the slave plate193

A. The coupling strategy is based on the introduction of an interface virtual work in the principle of194

virtual work as follows:195

δWint(u, Ẽ) = δWext + δWinterface(λ)

with: δWinterface(λ) =
∫

S
λ(δuA – δuB)dS

(22)
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with λ corresponding to the Lagrange multiplier field on the coupling surface S. The virtual displace-196

ments associated with plates A and B are approximated in space on the surface S as:197

δuA = [NA]δqA

δuB = [NB]δqB

(23)

where the displacement variations δqA and δqB relate to the nodes of the slave and master side,198

respectively. According to the standard mortar method, the Lagrange multiplier field is approximated199

with the same shape functions as the displacements related to the slave side (plate A):200

λ = [NA]Λ (24)

where Λ gathers the Lagrange multipliers related to the nodes of the slave side. Taking into account201

the space discretisation of both displacements and Lagrange multipliers, the interface virtual work can202

be discretized in space as:203

δWinterface(λ) = δqT
A[LA]TΛ+ δqT

B[LB]TΛ (25)

where [LA] and [LB] are the mortar matrices, obtained by integrating the products of shape functions204

on the coupling surface S as:205

[LA] =
∫

S
[NA]T[NA]dS

[LB] =
∫

S
[NA]T[NB]dS

(26)

Using the two mortar operators, the kinematic relationship at the coupling surface S, corresponding206

to the displacement continuity, writes as:207

[LA]qA + [LB]qB = 0 (27)

2.3.2. Pre-processing procedure for the shell directors at the interface208

The second approach proposed for coupling plates is based on the choice of a unique shell director209

at the nodes belonging to the common edge, depending on the shell directors of the two plates. The210

idea is illustrated in Figure 2 for L-shaped and T-shaped cross-section beams with two plates A and B211

of different thicknesses, with shell directors denoted by aA
3 and aB

3 , respectively. At the corner node,212

the unique shell director is determined as the sum of the shell directors of the plates A and B as:213

a3,corner = aA
3 + aB

3 (28)

The shell directors are also modified at the middle nodes of the adjacent 8-node elements at both sides214

A and B of the corner as follows:215

aA
3,middle = 1

2(a3,corner + aA
3 )

aB
3,middle = 1

2(a3,corner + aB
3 )

(29)
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In Figure 4, shell directors are plotted at the nodes belonging to the adjacent 8-node elements,216

on both sides of the corner node, as well as the shell director field derived from the quadratic shape217

functions. In the case of T-shaped cross-section, the same strategy can be applied as shown in Figure218

4.219

(a) L-shaped cross-section (b) T-profile cross-section

Figure 4: Spatial discretization of the shell directors a3 for two adjacent 8-node shell elements: (a) L-shaped cross-section;

(b) T-profile cross-section

It has to be noted that this simplified strategy for connecting two 8-node 7-parameter shell meshes220

requires a simple pre-processing procedure in order to prescribe the shell directors at the corner and221

middle nodes of the adjacent finite elements. In comparison to the dual method previously proposed,222

a small deterioration of the obtained numerical results could be expected because the dual strategy223

only requires the introduction of the Lagrange multipliers without changing the shell directors of the224

adjacent elements. In addition, for both coupling strategies, smaller elements at the interface should be225

considered in comparison to the remaining of the mesh. The effect of the shell director assumption will226

be studied in detail in the numerical application for complex buckling problems of L-shaped and I-shaped227

cross-section thin-walled beams, by considering different meshes with or without smaller elements at the228

interface between the plates. Results using shell elements will be compared to reference results provided229

by a full 3D refined approach using hexahedral elements with quadratic shape functions. Finally, it is230

worth noting that the simplified approach does not require the introduction of additional quantities,231

which permits us to conserve the size of the original discretized problem.232

3. Solving procedures for quasi-static geometrically non-linear problems modeled with 7-233

parameter shell elements234

In order to thoroughly assess the previous coupling approaches for predicting quasi-static buckling of235

thin-walled beams, this section presents three different solution procedures: Newton-Raphson iterative236

procedure, Riks arc-length method and Asymptotic Numerical Method (ANM). First, the classical237

Newton-Raphson iterative procedure is reminded in the case of 7-parameter shell element (Bischoff238
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and Ramm (1997)) in order to derive an improved version of this classical procedure able to deal more239

efficiently with EAS field. Then Riks arc-length method is presented. Finally, ANM strategy is briefly240

presented by reporting the details in Appendix B. In comparison to Riks method, ANM is much more241

flexible because the size of the loading step automatically adjusts to the physics, that is the step only242

becomes very small at the neighboring of the bifurcation points. In the numerical application section,243

the reference results are provided by a fine mesh composed of 20-node hexahedral elements using ANM244

procedure. Algorithms are given for the three solution strategies and are implemented in the same245

environment (MATLAB (2022)) in order to compare their efficiency for predicting the equilibrium path246

and bifurcation points.247

3.1. Newton-Raphson iterative procedure248

From the finite element discretization presented in Section (2.2), the governing equations in Eqs.249

(10),(20) and (21) can be written as:250 

R = f int(q,α) – λP =
Ne∧

n=1

[∫
Ωe

[B̄(q)]TŜ dΩ
]

– λP = 0

Re
α =

∫
Ωe

[Bα]TŜ dΩ = 0

Ŝ = [D]
(

[Bl] + 1
2 [Bnl(q)]q + [Bα]α

) (30)

where R and Re
α denote, respectively, the global residual vector of the equilibrium equation of the system251

and the elementary residual vector of the orthogonality condition, Ŝ is the second Piola-Kirchhoff stress252

tensor,
∧Ne

n=1 is the assembling operator, Ne is the number of finite elements, and fext is the global253

external force vector.254

The system in Eq.(30) describes the non-linear problem with the nodal displacements of the mid-255

plane surface and the difference vectors of shell directors, gathered in q, the additional EAS α quantities256

and the load parameter λ. The system can be solved by prescribing λ and using the iterative Newton-257

Raphson method which requires the linearization of the first two equations in the system. Considering258

that the solution at kth iteration q(k) and α(k) are known, the solution at (k + 1)th iteration can be259

found from:260

R(k+1) = R(k) + ∂f int
∂q δq + ∂f int

∂α
δα = R(k) +

Ne∧
n=1

(
[Kuu]δqe + [Kαu]Tδαe

)
= 0

Re(k+1)
α = Re(k)

α + ∂Re
α

∂q δq
e + ∂Re

α

∂α
δα

e = Re(k)
α + [Kαu]δqe + [Kαα]δαe = 0

q(k+1) = q(k) + δq, α
e(k+1) = αe(k) + δαe

(31)

From the second equation in Eq.(31), the relation between δαe and δqe is given by:261

δα
e = –[Kαα]–1

(
Re(k)
α + [Kαu]δqe

)
(32)

Substituting the above relation into Eq.(31), we obtain:262

[KT]δq = –R(k) +
Ne∧

n=1

(
[Kαu]T[Kαα]–1Re(k)

α

)
(33)
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where [KT] is the tangent stiffness matrix whose expression is given below:263

[KT] =
Ne∧

n=1

(
[Kuu] – [Kαu]T[Kαα]–1[Kαu]

)
(34)

The elementary matrices intervening in the tangent stiffness matrix are:264

[Kuu] =
∫
Ωe

[B̄(q(k))]T[D][B̄(q(k))] dΩe +
∫
Ωe

[G]T[M][G] dΩe

[Kαu] =
∫
Ωe

[Bα]T[D][B̄(q(k))] dΩe

[Kαα] =
∫
Ωe

[Bα]T[D][Bα] dΩe

(35)

where the expressions of the above matrices can be found in Appendix A. The algorithm to find the265

solution (q0 +Δq,α0 +Δα, λ0 +Δλ) from (q0,α0, λ0) is summarized in Algorithm 1.266

Algorithm 1 Newton-Raphson procedure with EAS
Require: q0,α0, λ0,Δλ

Set (q(0),α(0)) = (q0,α0)
Evaluate [KT] = [KT(q(0))] and f int = f int(q(0),α(0))
Evaluate residual vector R(0) = R(q(0),α(0), λ0 +Δλ)
Evaluate residual vector R(0)

α = Rα(q(0),α(0)) and the term
∧Ne

n=1

(
[Kαu]T[Kαα]–1Re(k)

α

)
Set k = 0
while k ≤ Nmax do ▷ Nmax is user-defined maximum iteration

Evaluate δq from Eq.(33) and q(k+1) = q(k) + δq
Evaluate δαe from Eq.(32) and αe(k+1) = αe(k) + δαe

Evaluate [KT] = [KT(q(k+1))] and f int = f int(q(k+1),α(k+1))
Evaluate global residual vector R(k+1) = R(q(k+1),α(k+1), λ0 +Δλ)
Evaluate local residual vectors R(k+1)

α = Rα(q(k+1),α(k+1) and
∧Ne

n=1

(
[Kαu]T[Kαα]–1Re(k+1)

α

)
Evaluate ε = max{∥ R(k+1) ∥, ∥ R(k+1)

α ∥}

if ε ≤ εNR then ▷ εNR is user-defined tolerance
Δq = q(k+1) – q0 and Δα = α(k+1) – α0

break
else

k = k + 1
end if

end while

3.2. Improved Newton-Raphson iterative procedure for EAS267

Another procedure can be applied in which the increment δαe is not needed. In order to do that, the268

relation between αe and qe is exactly ensured from the orthogonality condition in Eq.(30) as follows:269

α
e(k+1) = –[Kαα]–1

∫ e

Ω

[Bα]T[D]
(

[Bl] + 1
2 [Bnl(qe(k+1))]

)
qe(k+1) dΩ (36)
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This relation permits us first to determine f int from only the displacement q and secondly to prescribe270

directly the orthogonality condition in Eq.(30). Therefore, the linearization problem becomes:271

[KT]δq = –R(k), q(k+1) = q(k) + δq

α
e(k+1) = –[Kαα]–1

∫ e

Ω

[Bα]T[D]
(

[Bl] + 1
2 [Bnl(qe(k+1))]

)
qe(k+1) dΩ

R(k+1)(q(k+1),α(k+1)) = R(k+1)(q(k+1))

(37)

The above system allows solving the non-linear problem of the 7-parameter shell element by lineariz-272

ing only the global residual vector of the equilibrium equation without linearizing the residual of the273

orthogonality condition.274

The algorithm to find the solution (q0 +Δq, λ0 +Δλ) from (q0, λ0) is given in Algorithm 2. It can275

be seen that Algorithm 2 is simplified in comparison to Algorithm 1. In addition, the main advantage is276

that we do not need anymore to save the EAS quantities at every integration point, for every Newton-277

Raphson iteration step, reducing the memory requirement during the computation. Finally, it will be278

shown in the following that the number of iterations is slightly decreased thanks to this improved279

Newton-Raphson algorithm for the 7-parameter shell elements.280

Algorithm 2 Improved Newton-Raphson procedure with EAS
Require: q0, λ0,Δλ

Set (q(0),α(0)) = (q0,α0)
Evaluate [KT] = [KT(q(0))] and f int = f int(q(0),α(0))
Evaluate residual vector R(0) = R(q(0),α(0), λ0 +Δλ)
Set k = 0
while k ≤ Nmax do ▷ Nmax is user-defined maximum iteration

Evaluate δq = –[KT]–1R(k) and q(k+1) = q(k) + δq
Evaluate αe(k+1) from Eq.(36)
Evaluate [KT] = [KT(q(k+1))] and f int = f int(q(k+1),α(k+1))
Evaluate residual vector ε = R(k+1) = R(q(k+1),α(k+1), λ0 +Δλ)
if ε ≤ εNR then ▷ εNR is user-defined tolerance
Δq = q(k+1) – q0

break
else

k = k + 1
end if

end while

3.3. Riks arc-length method281

The Newton-Raphson method presented in the previous section can be applied to solve any non-282

linear problem. However, a disadvantage of the Newton-Raphson method is that the equilibrium path283
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exhibiting more than one critical point cannot be completely found. In such cases, the snap-through284

and snap-back phenomena are observed while using the load-control or displacement-control Newton-285

Raphson procedure by prescribing an increasing value of the λ parameter. To overcome this problem,286

Riks proposed the arc-length method in which λ is considered as a variable of the problem by adding287

an arc-length condition to the original problem (ABAQUS (2014)). Thus, the problem becomes:288 
R(q,α, λ) = f int(q,α) – λP = f int(q0 +Δq,α0 +Δα) – (λ0 +Δλ)P = 0

Re
α =

∫
Ω

[Bα]T[D]
(

[Bl] + 1
2 [Bnl(qe)]qe + [Bα]αe

)
dΩ = 0

s2 = ⟨q – q0, q – q0⟩ + (λ – λ0)2 = ⟨Δq,Δq⟩ +Δλ2

(38)

where arc-length s is a user parameter, Δq and Δλ are the increments from the initial solutions (q0, λ0)289

to the target solution (q, λ). By directly taking into account the orthogonality condition as previously290

presented, we can linearize the system along the displacement and the arc-length parameter, without291

considering the linearization of the EAS parameter α as follows:292



R(k+1) = R(k) + [KT(q(k))]δq – δλP

α
e(k+1) = –[Kαα]–1

∫
Ωe

[Bα]T[D]
(

[Bl] + 1
2 [Bnl(qe(k+1))]

)
qe(k+1) dΩ

⟨Δq(k) + δq,Δq(k) + δq⟩ + (Δλ(k) + δλ)2 – s2 = 0

Δq(k+1) = Δq(k) + δq, and Δλ
(k+1) = Δλ(k) + δλ

(39)

Here, various techniques can be employed to solve the above system. We adopt below the technique293

described in ABAQUS (2014) in which the arc-length condition is imposed on the prediction part of294

the solution and the correction part is sought in the perpendicular direction of the prediction solution.295

The algorithm is given in Algorithm 3.296

It can be observed that the prediction part δλ = ± s√
⟨δqF, δqF⟩ + 1

gives two different solutions δλ:297

one solution leads to the desired forward progress on the equilibrium path while the other leads to a298

previous converged solution. Here, the criterion enabling us to choose the forward loading progress, is299

given below:300

δλ⟨δq̂,Δu0⟩ + δλΔλ0 > 0 (40)

where Δq0 and Δλ0 are the increments of the previous converged solution.301

3.4. Asymptotic-numerical Method302

3.4.1. Perturbation technique303

The governing equations of a quasi-static non-linear problem for a 7-parameter shell structure in304

Eqs. (8), (10), (20) and (21) can be rewritten in terms of displacement u, second Piola-Kirchhoff stress305
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Algorithm 3 Newton-Riks procedure
Require: q0, λ0 and arc-length s

Set (q(0),α(0)) = (q0,α0) and evaluate [KT] = [KT(q(0))] and f int = f int(q(0),α(0))
Set k = 1
while k ≤ Nmax do

if k = 1 then ▷ Prediction part
Evaluate δqF = [KT(q0)]–1P, δλ = ± s√

⟨δqF, δqF⟩ + 1
and δq = δλ δqF

else ▷ Correction part
Evaluate δqR = [KT(q(k)]–1R(k) and δqF = [KT(q(k))]–1P

Evaluate δλ = –⟨δqR,Δq(1)⟩
⟨δqF,Δq(1)⟩ +Δλ(1) and δq = δqR + δλ δqF

end if

Evaluate q(k+1) = q(k) + δq(k+1) and λ(k+1) = λ(k) + δλ(k+1)

Evaluate αe(k+1) from Eq.(36)
Evaluate [KT] = [KT(q(k+1))] and f int = f int(q(k+1),α(k+1))
Evaluate residual vector ε = R(k+1) = R(q(k+1),α(k+1), λ(k+1))
if ε ≤ εNR then

Δq = q(k+1) – q0 and Δλ = λ(k+1) – λ0
break

else

k = k + 1
end if

end while
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S and additional enhanced strain Ẽ as follows:306 

∫
Ω

[El(δu) + 2Enl(u, δu)]T : S dΩ = λPe(δu)

S(u, Ẽ) = D :
(

El(u) + Enl(u, u) + Ẽ
)

∫
Ω

δẼT : S(u, Ẽ) dΩ = 0

(41)

The system in Eq.(41) includes the equilibrium, the constitutive equation, and the orthogonality307

condition for the additional strain. In order to apply the perturbation technique, a mixed variable V is308

introduced as below:309

V =


u

S

Ẽ

 (42)

Using the mixed vector above, the system in Eq.(41) can be rewritten as:310

L(V) + Q(V, V) = λF (43)

where L(.) and Q(., .) are respectively the linear and quadratic operators, and F is a known vector.311

Their expressions are given in Appendix B.312

Assuming there exists an initial solution (V0, λ0) to Eq.(43), the solution (V, λ) can be expanded,313

in the neighborhood of the initial solution, in terms of a path parameter ”a” as follows:314

V(a) = V0 +
∞∑

p=1
apVp = V0 + aV1 + a2V2 + ...

λ(a) = λ0 +
∞∑

p=1
ap
λp = λ0 + aλ1 + a2

λ2 + ...

a = ⟨u – u0, u1⟩ + (λ – λ0)λ1

(44)

where we have defined the mixed variable at order ”p”, denoted by Vp by (up, Sp, Ẽp)T, gathering the315

displacement, the second Piola-Kirchhoff stress and the additional strain at order ”p”. A good choice316

for the path parameter ”a” is the linearized arc-length parameter which corresponds to the projection317

of the increment of the solution in the tangent direction u1, λ1. Substituting the above expansion to318

Eq.(43), we obtain:319

∞∑
p=1

apL(Vp) + 2
∞∑

p=1
apQ(V0, Vp) + Q(

∞∑
p=1

apVp,
∞∑

p=1
apVp) =

∞∑
p=1

ap
λpF

and a =
∞∑

p=1
⟨up, u1⟩ +

∞∑
p=1
λpλ1

(45)

Equating the above system in terms of the power of ”a”, the following sequence of linear problems is320

obtained:321

Order p = 1:322

L(V1) + 2Q(V0, V1) = λ1F ⟨u1, u1⟩ + λ1λ1 = 1 (46)
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Order p ≥ 2:323

L(Vp) + 2Q(V0, Vp) = λpF –
p–1∑
r=1

Q(Vr, Vp–r) ⟨up, u1⟩ + λpλ1 = 0 (47)

Details of the above expressions for the successive linear problems related to the order ”p” are given in324

Appendix B as well as the finite element discretization of the set of linear equations to be solved for325

each ANM step. The key elements of the computational algorithm are summarized in Algorithm 4.326

3.4.2. Validity domain327

Since the solution V from ANM is a power series, it is required to determine the domain inside328

which the truncated series is sufficiently accurate. Given a precision ε, the series of displacement can329

be considered as sufficiently accurate when the last term of the series is very small with respect to the330

first term of the series as follows:331

ap∥up∥
∥
∑p

r=1 arup∥
≈

ap∥up∥
a ∥u1∥

≤ ε ⇒ a ≤ amax =
(
ε
∥u1∥
∥up∥

) 1
p – 1 (48)

3.4.3. Forward progress of equilibrium path332

Similarly to the Riks method, in Eq.(46), there are two solutions of λ1 and we need to choose the333

one which guarantees the forward progress in the equilibrium path. It can be guaranteed by the criterion334

below (Zahrouni et al. (1999)):335

⟨∂u0
∂a , u1⟩ > 0 (49)

4. Numerical examples336

4.1. Lateral buckling of a cantilever beam337

This example considers the lateral buckling of a cantilever beam described in Figure 5. The beam,338

with a length equal to 100m, is clamped at its left end and loaded at its right end by a vertical load339

FZ, perturbed by a slight lateral load FX = 0.01 FZ. The cross-section of the beam is rectangular with340

a height of 10m and a width of 1m. Young’s modulus E of is equal to 100GPa and Poisson’s ratio341

ν is equal to 0.3. The beam is discretized by 2 × 10 8-node quadrilateral 7-parameter shell elements342

with 2 × 2 × 2 Gauss integration points. The objective of this example is to compare the performance343

of the improved EAS Newton-Raphson (improved NR) procedure with the classical Newton-Raphson344

(NR) procedure.345

The convergence criterion εNR is based on the relative error of the residual vector:346

εNR = ∥ R ∥
∥ f int ∥

≤ 10–3 (50)

where R denotes the residual vector and f int denotes the vector of internal force. The load increment347

Δλ = 0.02 is fixed. In the classical NR procedure, the residual vector includes both the equilibrium348

residual and the EAS residual coming from the orthogonality condition, whereas the improved NR349
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Algorithm 4 ANM procedure
Require: q0, λ0

Set (q(0),α(0)) = (q0,α0) and evaluate [KT] = [KT(q(0))] and f int = f int(q(0),α(0))
Set k = 1
while k ≤ Nmax do

if k = 1 then

Evaluate q̂1 = [KT(q0)]–1F, λ1 = ± 1√
⟨q̂1, q̂1⟩ + 1

and q1 = λ1 q̂1

Evaluate Ŝ1 = [D][B̃(q0)]q1

else

Evaluate Snl
p = [D]

p–1∑
r=1

1
2 [Bnl(qr)]qp–r and Rα,p = –

p–1∑
r=1

∫
Ω

[Bα]TSnl
p dΩ

Evaluate Fnl
p = –

p–1∑
r=1

∫
Ω

[Bnl(qr)]TSp–r dΩ –
∫
Ω

[B̄(q0)]TSnl
p dΩ

Evaluate qnl
p = [KT(q0)]–1

Ne∧
n=1

(Fnl
p – [Kαu]T[Kαα]–1Rα,p)

Evaluate qp = λp
λ1

q1 + qnl
p and αp = [Kαα]–1(Rα,p – [Kαu]qp)

Evaluate Sp = [D]{[B̄(q0)]qp + [Bα]αp} + Snl
p

end if

end while

Evaluate amax =
(
ε
∥q1∥
∥qp∥

) 1
p – 1

, Δq =
Nmax∑
p=1

ap
maxqp and Δλ =

Nmax∑
p=1

ap
maxλp
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Figure 5: FE model of the cantilever beam in its undeformed configuration along with its final configuration after buckling

procedure only requires to check the equilibrium residual.350

The lateral and vertical displacements of the loaded node obtained from the two computations are351

plotted in Figure 6 as a function of the load factor. It can be seen that both equilibrium paths exactly352

match. To assess the performance of the two NR procedures, the relative errors and the numbers of353

NR iterations required for each load increment are presented in Figure 7. It can be noted first that,354

when the number of iterations is the same in both procedures, the relative error of the improved NR is355

less than the classical one. Second, the number of iterations is slightly reduced for the improved NR356

procedure. It is worth noting that, in addition to provide a better accuracy and to reduce the number357

of iterations, the improved procedure has a strong advantage with respect to the classical procedure in358

terms of data memory management because it does not need anymore to conserve the EAS parameters359

α at every Gauss point. In the following numerical examples, we adopt the improved NR procedure.360
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Figure 6: Lateral and vertical displacements of the loaded node versus the load factor λ: Newton-Raphson (NR) procedure

and improved Newton-Raphson (Improved NR) procedure

19



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Load factor 

10-10

10-9

10-8

10-7

10-6

10-5

10-4

10-3
R

e
la

ti
v

e
 e

r
r
o

r

NR

improved NR

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Load factor 

0

2

4

6

8

10

12

14

16

18

N
u

m
b

e
r
 o

f 
it

e
r
a

ti
o

n
s

NR

improved NR

Figure 7: Relative errors and number of iterations versus the load factor λ: Newton-Raphson (NR) procedure and improved

Newton-Raphson (Improved NR) procedure

4.2. Snap-through of a cylindrical shell361

The classical test of cylindrical shell buckling is studied in this section to illustrate the performance362

of different methods in solving the non-linear problem with the presence of snap-through phenomena.363

The geometric and material parameters are chosen from Kuhl and Ramm (1999), as presented in Figure364

8. The shell has a thickness of t = 0.1m, a total length of L = 5m, a radius of curvature of R = 5m,365

and a total angle of curvature of θ = π/3. The elastic material is characterized by Lamé coefficients366

λ = μ = 8.1010 N/m2. Only one quarter of the structure is modeled by considering the symmetry367

conditions as shown in Figure 8. The structure is discretized by 4 × 4 8-node quadrilateral 7-parameter368

shell elements with 2 × 2 × 2 Gauss integration points. The computations using Riks method with369

different arc-length parameters are compared with the ANM procedure. In addition, a computation370

using the Newton-Raphson method is added to highlight the ability of path-following procedures (Riks371

and ANM) to predict the complex equilibrium path. Thus, four computations are carried out:372

• Newton-Raphson method - Load control - Δλ = 0.02 - εNR = 10–6
373

• Riks method - εNR = 10–6 - with value of arc-length s = 0.05374

• ANM - Order p = 10 - εANM = 10–7
375

• Reference results: ANM - Order p = 10 with 20-node hexahedral elements - εANM = 10–7
376

In this test, for the computations using the Newton-Raphson (NR) method and Riks method, the377

convergence criterion εNR is again based on the relative error of the global residual vector, taken here as378

equal to 10–6. For the NR computations, the increment Δλ = 0.02 is fixed. For the Riks computation,379

the optimized value of the arc-length parameter s equal to 0.05 is adopted to obtain a forward and380

complete equilibrium path. For the ANM computations, the order of the series for the solution is fixed381

at p = 10, and the precision for evaluating the validity domain is εANM = 10–7.382

The vertical displacements of points M and B, located on the cylindrical shell, as displayed in Figure383

8, are plotted in Figure 9, exhibiting a rather complex equilibrium path during the buckling stage.384
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Figure 8: Model of cylindrical shell under vertical load

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Displacement (m)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

L
o
a
d
 f
a
c
to

r 

Reference

ANM p = 10

Riks s = 0.05

Newton-Raphson

(a) Point M

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Displacement (m)

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

L
o
a
d
 f
a
c
to

r 

Reference

ANM p = 10

Riks s = 0.05

Newton-Raphson

(b) Point B

Figure 9: Vertical displacements at point M (a) and point B (b) obtained by different methods: the ANM, the Riks

method, and Newton-Raphson method. The reference is obtained from the computation with 3D model (20-node

hexahedral element) using ANM.

(a) uM = 0.4m (b) uM = 0.7m (c) uM = 0.6m

(d) uM = 0.8m (e) uM = 0.9m (f) uM = 1.5m

Figure 10: Different deformed configurations of the structure while load factor λ = 1.0

The snap-through phenomenon predicted by the Newton-Raphson computation is very consistent with385

the static solution based on load control given in Kuhl and Ramm (1999): the triggering point is386
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Figure 11: Relative residual error (a) and number of iterations (b) during the different computations: Riks method with

s = 0.05, ANM with p = 10 and Newton-Raphson.
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Figure 12: Vertical displacement at point M (a) and the variation of the load increment (b) during the computations

using the Riks method with different fixed arc-length conditions (s = 0.5, 0.1, 0.05)

Riks method ANM
s = 0.50 s = 0.10 s = 0.05 p = 20 p = 10 p = 5

Completion 0.25 0.35 1.00 1.00 1.00 1.00
N. of steps 28 334 1818 211 425 2504
N. of KT 133 1039 4919 211 425 2504
Normalized CPU – – 0.40 1.00 0.55 0.98

Table 1: Equilibrium path completion, number of continuation steps, number of evaluations of tangent operator and

normalized computational time from different computations: Riks method (with s = 0.50, 0.10, 0.05) and ANM (with

p = 20, 10, 5)

characterized by a displacement of point M equal to 0.43m and a load factor of 0.6, as well as a final387

displacement at the end of the snap-through equal to 1.5m. In the following, shell results are compared388

to the reference results provided by a 3D computation with hexahedral elements and ANM procedure.389
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As expected, it is observed that the solution obtained from the NR method presents a snap-through390

phenomenon and thus cannot predict such a complex buckling equilibrium path. Nonetheless, before391

and after the buckling stage, numerical results from the NR procedure match Riks and ANM procedures.392

The solutions obtained from the Riks method with the arc-length s = 0.05 and the ANM method closely393

match along the whole equilibrium path. Figure 10 displays different deformed configurations of the394

structure for the load factor λ = 1.0 in which very various deformed configurations can be seen up395

to the final configuration at displacement of point M equal to 1.5m on the ascending branch of the396

equilibrium path. In Figure 11, the relative errors of the residual vector and the number of iterations for397

all the considered computations, are plotted as a function of the normalized continuation path (from398

0 to 1 to cover the whole equilibrium path). It can be observed that with a fixed load increment399

Δλ = 0.02, the NR procedure needs about 2 or 3 iterations to converge for each step. It is shown400

that, at the vicinity of the critical point, NR computation requires more iterations, up to 30 iterations.401

In comparison, it can be observed that the Riks method requires fewer iterations, varying from 2 or 3402

iterations along the whole equilibrium path. Nonetheless, the prediction of the equilibrium path with403

the Riks method required a very low arc-length parameter s, equal to 0.05. The number of iterations of404

the ANM method is always the same, equal to 10 corresponding to the fixed order of the Taylor series405

to represent the displacements and loads.406

The sensitivity of the results obtained with the Riks method as a function of the arc-length parameter407

is studied. The equilibrium path is again displayed in Figure 12a with fixed values of the arc-length408

parameter, equal to 0.05, 0.1, and 0.5. The smallest value achieves to predict the whole forward409

equilibrium path but not the two larger values for which backward paths are predicted. The failure of410

the Riks method is also displayed more clearly in Figure 12b in which the size of the load increment411

is plotted as a function of the completion of the equilibrium path (from 0 to 1 to cover the whole412

equilibrium path). It is shown that the Riks method fails at about 25% of the equilibrium path for413

s = 0.5 and at about 35% of the equilibrium path for s = 0.1. When adopted s = 0.05, the complete414

equilibrium path is predicted by the Riks method but it can be seen that the size of the load increment415

for the Riks method is lower than the size of the load increment allowed by the ANM method. The416

number of continuation steps, number of evaluations of the tangent operator [KT] as well as the417

computational time of the Riks and ANM computations are summarized in Table 1. Two additional418

ANM computations with p = 20 and p = 5 are added to investigate the influence of the order of the419

truncated Taylor series. First, it has to be noted that all the ANM computations, with p = 5, 10, 20,420

achieve to predict the complete equilibrium path. In terms of computation time, the optimized order421

is p = 10. Indeed, considering lower value increases the number of ANM steps and increasing the422

order reduces the number of ANM steps but with more numerical effort for computing each ANM423

step. Comparing to the Riks method, the computation times related to the ANM procedure are higher.424

This is due to the reduced size of the discrete problem under investigation. Indeed, it is important to425

note that Riks method with s = 0.05 requires a number of buildings and factorizations of the tangent426
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operator ten times higher than ANM method with p = 10 which could have an important impact on427

the computation time as highlighted in the following discrete problems. Owing to the complexity of428

the predicted load-displacement curves for this buckling problem, the relevance of the 7-parameter shell429

element has to be highlighted as well as the effectiveness of the adopted solving procedures. In the430

following tests, the use of the 7-parameter shell element is investigated for thin-walled beams thanks431

to the proposed coupling approaches.432

4.3. Buckling of steel cantilever L-shaped cross-section thin-walled beam433

The buckling of the steel cantilever L-shaped cross-section beam is studied in this subsection. The434

geometry of the beam is presented in Figure 13. The beam is clamped at one end (x = 0) and loaded435

at another end (x = 1.0m) by a vertical load FZ = 100kN, perturbed by a lateral load FY = 0.1FZ.436

The L-shaped cross-section of the beam is characterized by: total height h = 200mm, flange’s width437

b = 200mm, and flange’s thickness tf = 5mm. The steel material has Young’s modulus E of 210GPa438

and Poisson’s ratio ν of 0.24. In this test, the buckling of the structure is investigated by plotting the439

vertical displacements at the two points A, at the corner between the flanges, and B, at the end of the440

flange, as displayed in Figure 13 in which a refined mesh composed of 3D 20-node hexahedral elements441

is considered to provide the reference results.442

(a) Reference model ( 20-node hexahedral element) (b) Cross-section of the beam

Figure 13: Description of the cantilever L-shaped cross-section beam with recording points A and B ; (a) reference model

with 20-node hexahedral elements ; (b) cross-section of the beam

The structure is discretized in space by the 8-node 7-parameter shell elements (7-p shell) with443

2 × 2 × 2 integration points. The coupling between flanges is dealt with the two methods presented444

in Section 2.3: first, the dual method (DUAL) using improved-NR procedure and second the simplified445

method with the pre-processing procedure (PRE) to modify the shell directors at the nodes close to the446

corner.447

To evaluate the mesh sensitivity for the two coupling strategies, three meshes as displayed in Figure448

(14): a fine mesh with the smaller interface elements (Mesh 1), a coarse mesh with smaller interface449

elements (Mesh 2), and the fine mesh with the same element size (Mesh 3). Figure 15 displays the450
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(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 14: Three meshes composed of 7p-shell elements: a fine mesh with smaller interface elements (Mesh 1), a coarse

mesh with smaller interface elements (Mesh 2) and a fine mesh with the same finite element size (Mesh 3)
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(a) Displacement at point A : DUAL method
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(b) Displacement at point A : PRE method

Figure 15: Displacements at point A obtained for the three meshes using: (a) dual coupling strategy ; (b) the pre-

processing strategy. Reference results are obtained with hexahedral elements and ANM procedure.

vertical displacements at point A obtained for the two coupling strategies (DUAL and PRE), with451

different meshes, compared to the reference results. It can be seen that the DUAL method achieves452

to predict in a satisfactory way the equilibrium path for the three meshes, whereas bigger discrepancies453

are highlighted for the PRE method for Mesh 3, that is without smaller elements at the interface.454

It is concluded that, when finer elements are set up at the interface between plates, both coupling455

strategies are able to predict the equilibrium path. Finally, in Figure 16, it is verified that the deformed456

configurations at the load factor λ = 0.65, from the reference 3D model and the shell model with Mesh457
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(a) Reference (20-node hexahedral model) - ANM (b) Mesh 1 - pre-processing coupling strategy - ANM

Figure 16: Deformed configurations of the L-shaped beam at critical points (λ = 0.65), along with the isovalues of

displacement in mm, obtained from two models: reference model and the shell model of Mesh 1 using pre-processing

coupling strategy.
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(a) Displacement at point A
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(b) Displacement at point B

Figure 17: Vertical displacement at point A (a) and at point B (b) obtained from the reference model and Mesh 2: the

model using pre-processing coupling strategy is computed by the ANM (PRE-ANM) and the Riks method (PRE-Riks),

and the model using the dual coupling strategy is computed by the Newton-Raphson method (DUAL-NR).

1, are very consistent between each other.458

Then the Mesh 2 is adopted so as to compare the performance of the Riks method and ANM.459

Figure 17 displays the vertical displacement of points A and B obtained for Mesh 2 using the pre-460

processing coupling strategy with Riks and ANM solution procedures. It can be seen that both methods461

give consistent results with small discrepancies for the vertical displacement of point B. The residual462

errors of the computations are well controlled as seen in Figure 18. Table 2 compares the number of463

continuation steps, the number of evaluations of the tangent operator, and the computational time of464

the ANM and Riks computations. It can be seen that the Riks computation needs 1060 continuation465

steps to complete the equilibrium path, corresponding to 2985 evaluations of the tangent operator,466

whereas ANM with p = 10 only needs 47 continuation steps, corresponding to 47 evaluations of the467
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Figure 18: Relative error from the reference model and the models of Mesh 2: the model using pre-processing coupling

strategy is computed by the ANM (PRE-ANM) and the Riks method (PRE-Riks), and the model using the dual coupling

strategy is computed by the Newton-Raphson method (DUAL-NR).
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Figure 19: Evolution of the smallest eigenvalue ω2 obtained from the reference model and models with Mesh 2 using

pre-processing coupling strategy (PRE) computed using the ANM and Riks method.

tangent operator. Thus, in terms of computational time, ANM is here ten times more efficient than468

Riks method, contrarily to the previous case corresponding to a very small size discrete problem.469

Following the lines of Boutyour et al. (2006), critical points on the equilibrium path can be deter-470

mined by studying the eigenvalues of the system M–1 Ktan, where M is the mass matrix and Ktan is471

the tangent stiffness matrix given in Eq.(34). The evolution of the smallest eigenvalue ω2 is plotted as472

a function of the load factor in Figure 19: the instability is detected when the eigenvalue ω2 becomes473

negative. It can be observed that result from both computations (PRE with Riks and ANM) are very474

close to the reference results, giving critical loads at about λ = 0.65.475

ANM p = 10 Riks s = 0.05

N. of steps 47 1060
N. of KT 47 2985
Normalized CPU 0.09 1.00

Table 2: Number of continuation steps, number of evaluations of tangent operator and normalized computational time

from the models of Mesh 2 (4000 degrees of freedom) using the ANM and the Riks method.

27



4.4. Buckling of steel cantilever I-shaped cross-section thin-walled beam476

The global and local buckling of the steel cantilever I-shaped cross-section thin-walled beam is477

studied in this subsection. The geometry of the beam is presented in Figure 20. The beam is clamped478

at one end (x = 0) and loaded at another end (x = 1.5m) by a vertical load FZ = –400kN, perturbed479

by a lateral load FY = 0.1FZ. The I-shaped cross-section of the beam is characterized by: total height480

h = 200mm, flange’s width b = 200mm, flange’s and web’s thickness tf = tw = 5mm. The steel481

material has Young’s modulus E of 210GPa and Poisson’s ratio ν of 0.24. To follow the global buckling482

of the structure and local buckling of the bottom flange, the vertical displacement at the two points A483

located at the free end of the beam, and B located on the lower flange are considered, as displayed in484

Figure 20. Here, the refined mesh with 20-node hexahedral elements is considered for calculating the485

reference results.486

(a) Reference model (20-node hexahedral element) (b) Cross-section of the beam

Figure 20: Description of the cantilever I-shaped cross-section beam with the recording points A and B ; (a) reference

model discretized with 20-node hexahedral elements ; (b) cross-section of the beam.

The structure is discretized in space by the 8-node 7-parameter shell elements (7-p shell) with487

2 × 2 × 2 integration points. As previously done, three meshes displayed in Figure (21) are considered:488

a fine mesh with smaller interface elements (Mesh 1), a coarse mesh with smaller interface elements489

(Mesh 2) and the fine mesh with the same element size (Mesh 3).490

Figure 22 displays the vertical displacement at point A obtained for the three meshes using the dual491

coupling strategy (DUAL) and the pre-processing procedure (PRE). It can be seen that the result from492

the pre-processing approach is less accurate with Mesh 3, that is when the same finite element size is493

adopted in the mesh. Indeed, the behaviour seems slightly stiffer in comparison to Meshes 1 and 2. It494

confirms that smaller interface elements are suitable for accurately predicting the equilibrium path. For495

the fine and coarse meshes with the presence of smaller interface elements between plates (Meshes 1496

and 2), accurate results in comparison to the reference results are achieved.497
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(a) Mesh 1 (b) Mesh 2

(c) Mesh 3

Figure 21: Three meshes with 7p-shell elements: a fine mesh with smaller interface elements (Mesh 1), a coarse mesh

with smaller interface elements (Mesh 2), and a fine mesh with the same finite element size (Mesh 3)
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(a) Displacement at point A : DUAL method
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(b) Displacement at point A : PRE method

Figure 22: Vertical displacements at point A obtained for the three meshes using (a) the dual coupling strategy with

Newton-Raphson method (DUAL) and (b) the pre-processing strategy (PRE) with ANM compared to the reference results

with ANM.

In the following, Mesh 2 is adopted. To illustrate the global buckling of the thin-walled beam, the498

vertical displacement at point A is plotted in Figure 23, along with a zoom on the critical points. All499

the computations are in a good agreement. In Figure 24, the eigenvalues are plotted. It can be seen500

that sightly different values of the loading parameter at the critical points are obtained: 0.83, 0.84 and501

0.855 for the ANM computation with 7-p shells, the 3D reference computation and Riks computation502

with 7-p shells, respectively.503
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Figure 23: Vertical displacement at point A (a) and zoom on the critical points (b) obtained from different computations:

reference model with ANM (HEX20), 7-p shell model using ANM (PRE-ANM), 7-p shell model using Riks method (PRE-

Riks), 7-p shell model using mortar coupling and Newton-Raphson method (DUAL-NR).
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(b) Evolution of smallest eigenvalue (zoom on critical points)

Figure 24: Evolution of the smallest eigenvalue ω2 (a) and zoom on the critical points (b) obtained with Mesh 2 using

the pre-processing coupling strategy computed by the ANM and Riks method. The reference results are obtained from

the 3D model computed by ANM.

The vertical displacement at point B, is plotted in Figure 25, so as to assess the sensitivity of the504

local buckling of the bottom flange. The first stage corresponding to the negative vertical displacement505

up to λ = 0.60 (in the direction of the vertical load), is well predicted by all the computations. Thus it506

can be concluded that both the dual coupling method and pre-processing method of the shell directors507

achieve to reproduce the equilibrium path before λ = 0.60. After this point, all the computations predict508

the change of the direction in vertical displacement, which becomes positive up to the critical points.509

Equilibrium paths at the critical stage, at about λ = 0.82, underlines the sensitivity of the local buckling510

of the bottom flange depending on the models (hexaedral or shells) as well as the solving procedure. In511

Figure 26, the relative residual error is plotted so as to verify the accuracy of the solution procedures,512

with an error less than the target criterion for convergence εNR = 10–3. Finally, the deformed meshes513

are visualised in Figure 27 in the vicinity of the critical points for reference and 7-parameter shell models,514
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(a) Displacement at point B
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Figure 25: Vertical displacement at point B (a) and zoom on the critical points (b) obtained with Mesh 2 using the

pre-processing coupling strategy computed by the ANM and Riks method. The reference results obtained from the 3D

model computed by the ANM.
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Figure 26: Residual error with Mesh 2 using the pre-processing coupling strategy computed by the ANM and the Riks

method. The reference results obtained from the 3D model computed by the ANM.

exhibiting buckling waves at the bottom flange.515

Table 3 compares the number of continuation steps, the number of evaluations of the tangent516

operator, and the computational time of the ANM and Riks procedures. It can be seen that the Riks517

computation needs 377 continuation steps to complete the equilibrium path, corresponding to 768518

evaluations of the tangent operator, whereas ANM with p = 10 only needs 36 continuation steps,519

corresponding to 36 evaluations of the tangent operator. As a consequence, in terms of computation520

time, the ANM computation is here nine times faster than the Riks method.521

5. Conclusion522

Non-linear quasi-static buckling of thin-walled structures with arbitrary cross-sections has been anal-523

ysed using efficient 7-parameter shell elements, endowed with the Enhanced Assumed strain concept524

enabling us to employ a three-dimensional law without any condensation technique. For this purpose,525

the mortar method has been set up, by considering the coupling on the two-dimensional interface526

31



(a) Reference (20-node hexahedral element) (b) Mesh 2 - pre-processing coupling strategy

Figure 27: Bottom views (free condition on the left end of the beam and clamped condition on the right end) of the

deformed configurations at the critical points obtained from different computations: reference model (a) at λ = 0.84,

and the 7p- shell model (Mesh 2) with pre-processing coupling strategy at λ = 0.86.

ANM p = 10 Riks s = 0.05

N. of steps 36 377
N. of KT 36 768
Normalized CPU 0.13 1.00

Table 3: Number of continuation steps, number of evaluations of the tangent operator, and normalized computational

time from the models of Mesh 1 (10300 degrees of freedom) using the ANM and the Riks method.

between the plates. In addition, a simple pre-processing procedure has been explored, by simply pre-527

scribing simple rules for the determination of the shell directors at the nodes close to the interface.528

The accuracy and robustness of the two coupling approaches have been investigated by considering529

different meshes and three different solution strategies including Newton-Raphson, Newton-Riks and530

Asymptotic Numerical methods (ANM). Both coupling strategies achieve to predict the equilibrium531

path for L-shaped and I-shaped cross-section thin-walled beams in comparison to the reference results532

provided by three-dimensional analyses with 20-node hexahedral elements. ANM procedure with the533

pre-processing approach of the nodal shell directors beams turns out to be very efficient in terms of534

accuracy and robustness. Work is in progress to extend the ANM approach for thin-walled beams with535

arbitrary cross-sections and shell structures with stiffeners to the dynamic case, by comparing the ANM536

approach to classical transient strategies such as implicit and explicit time integration, as well as hybrid537

explicit/implicit multi time step approach.538
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Appendix A. Matrices for the finite element discretization of the 7-parameter shell element539

[N] =


Nk 0 0 θ

3Nk 0 0
0 Nk 0 0 θ

3Nk 0
0 0 Nk 0 0 θ

3Nk

· · · k = 1, 8

 (A.1)

540

[G] =



Nk
,1 0 0 θ

3Nk
,1 0 0

0 Nk
,1 0 0 θ

3Nk
,1 0

0 0 Nk
,1 0 0 θ

3Nk
,1

Nk
,2 0 0 θ

3Nk
,2 0 0

0 Nk
,2 0 0 θ

3Nk
,2 0

0 0 Nk
,2 0 0 θ

3Nk
,2

0 0 0 Nk 0 0
0 0 0 0 Nk 0
0 0 0 0 0 Nk

· · · k = 1, 8



(A.2)

[R] =



gx
1 gy

1 gz
1 0 0 0 0 0 0

0 0 0 gx
2 gy

2 gz
2 0 0 0

0 0 0 0 0 0 gx
3 gy

3 gz
3

gx
2 gy

2 gz
2 gx

1 gy
1 gz

1 0 0 0
0 0 0 gx

3 gy
3 gz

3 gx
2 gy

2 gz
2

gx
3 gy

3 gz
3 0 0 0 gx

1 gy
1 gz

1


(A.3)

[A(q)] =



sx
1 sy

1 sz
1 0 0 0 0 0 0

0 0 0 sx
2 sy

2 sz
2 0 0 0

0 0 0 0 0 0 sx
3 sy

3 sz
3

sx
2 sy

2 sz
2 sx

1 sy
1 sz

1 0 0 0
0 0 0 sx

3 sy
3 sz

3 sx
2 sy

2 sz
2

sx
3 sy

3 sz
3 0 0 0 sx

1 sy
1 sz

1


where ŝ = [G]q (A.4)

[Bα] =



0 0 0 0
0 0 0 0
θ

3
θ

3
ξ θ

3
η θ

3
ξη

0 0 0 0
0 0 0 0
0 0 0 0


(A.5)
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[M(S)] =



S11 0 0 S12 0 0 S13 0 0
0 S11 0 0 S12 0 0 S13 0

0 0 S11 0 0 S12 0 0 S13

S12 0 0 S22 0 0 S23 0 0
0 S12 0 0 S22 0 0 S23 0

0 0 S12 0 0 S22 0 0 S23

S13 0 0 S23 0 0 S33 0 0
0 S13 0 0 S23 0 0 S33 0

0 0 S13 0 0 S23 0 0 S33



(A.6)

Appendix B. Further details about Asymptotic Numerical Method541

The expressions of L(.) and Q(., .) and F are given below:542

L(V) =



∫
Ω

El(δu)T : S dΩ

S – D :
(

El(u) + Ẽ
)

∫
Ω

δẼ : S(u, Ẽ) : dΩ

, F =


Pe(δu)

0

0

Q(V, V) =



∫
Ω

2Enl(u, δu)T : S dΩ

–D : Enl(u, u)

0

(B.1)

By replacing in the above equation the mixed variable at order ”p” Vp by (up, Sp, Ẽp)T, that is the543

displacement, the second Piola-Kirchhoff stress and the additional strain at order ”p”, we obtain for544

order p ≥ 2:545

·
∫
Ω

[El(δu) + 2Enl(u0, δu)]T : Sp dΩ+
∫
Ω

+2Enl(up, δu)T : S0 dΩ = ...

λpPe(δu) –
p–1∑
r=1

∫
Ω

2Enl(ur, δu)T : Sp–r dΩ

· Sp = D :
(

El(up) + 2Enl(u0, up) + Ẽp
)

+
p–1∑
r=1

D : Enl(ur, up–r)

·
∫
Ω

δẼT : Sp = 0

(B.2)

34



From the system above, by substituting Sp from the second equation into the first and the third546

equations, we obtain the system of equations below:547

·
∫
Ω

[El(δu) + 2Enl(u0, δu)]T : D : [El(up) + 2Enl(u0, up) + Ẽp] dΩ – ...

∫
Ω

2Enl(up, δu)]T : S0 dΩ = λpPe(δu) –
p–1∑
r=1

∫
Ω

2Enl(ur, δu)T : Sp–r dΩ

–
p–1∑
r=1

∫
Ω

[El(δu) + 2Enl(u0, δu)]T : D : Enl(ur, up–r) dΩ

·
∫
Ω

δẼT : D : [El(up) + 2Enl(u0, up) + Ẽp] dΩ = –
p–1∑
r=1

∫
Ω

δẼT : D : Enl(ur, up–r) dΩ

(B.3)

The discretization by FEM is done as presented in the section devoted to the classical Newton-Raphson548

method. The second Piola-Kirchhoff stress at order ”p” can be written as:549

Sp = [D]{[B̄(q0)]qp + [Bα]αp} + Snl
p

Snl
p = [D]

p–1∑
r=1

1
2 [Bnl(qr)]qp–r

(B.4)

The orthogonality condition can be written in matrix form as follows:550

∫
Ω

[Bα]T[D]([B̄(q0)]qp + [Bα]αp) dΩ = –
p–1∑
r=1

∫
Ω

[Bα]TSnl
p dΩ = Rα,p

⇒ αp = [Kαα]–1(Rα,p – [Kαu]qp)

(B.5)

The equilibrium equation becomes (Zahrouni et al. (1999)):551

[KT(q0)]qp + [Kαu]Tαp = λpP + Fnl
p

Fnl
p = –

p–1∑
r=1

∫
Ω

[Bnl(qr)]TSp–r dΩ –
∫
Ω

[B̄(q0)]TSnl
p dΩ

⇒ [KT(q0)]qp = λpP +
Ne∧

n=1
(Fnl

p – [Kαu]T[Kαα]–1Rα,p)

(B.6)

552
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