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Inspired by the motility of small intestine, we investigate the flow generated by a
propagating pendular-wave along the walls of a symmetric 2D channel lined with elongated
villi-like microstructures. The rigid villi follow simple harmonic axial motion, but with a
phase lag to their neighbours, resulting in travelling intervillous contractions. We use lattice
Boltzmann simulations to resolve the flow around the villi and the luminal channel space,
sampling small to moderate Womersley numbers.

We analyse an emergent ‘mixing’ boundary layer in the lumen, separating two distinct
flow regions. A mixing region is formed above the villi, characterised by semi-vortical flow
patterns, which travel along with the wave. In the channel centre, unidirectional axial flow
emerges, flowing opposite to the imposed wave direction, even in the Stokes flow regime.
This behaviour contrasts with canonical wave driven peristaltic flow (Jaffrin & Shapiro 1971).
The fluid trapped in the intervillous gaps is forced to take a non-reciprocal path due to the
travelling pendular-wave, which breaks time-symmetry in the Stokes regime.

We propose an effective velocity boundary condition, incorporating perturbations due to
the presence of the villi. In the inertial regime, the boundary layer shrinks due to dynamic
flow confinement arising from increased oscillatory flow inertia. We identify the Stokes to
inertial transition, and find phenomenological scaling laws for the boundary layer decay
and axial and radial fluid fluxes. Our results not only advance the understanding of transport
within the gut but also suggest a novel way for microfluidic flow control in confined channels.

1. Introduction

Inspired from motility of smooth muscle tubular structures, such as the gastro-intestinal tract
or the ureter, the peristaltic pump stands as one of the most well established bioinspired fluidic
system, enabling the efficient pumping of viscous fluids while preventing contamination from
downstream to upstream (Esser et al. 2019). The basic mechanism of peristaltic pumping
takes advantage of viscous dissipation within the propagating zone of contraction, generating
a pressure gradient and subsequently a net flow rate in the direction of the wave. Seminal
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theoretical work by Jaffrin and Shapiro (Shapiro et al. 1969; Jaftrin & Shapiro 1971), rooted
in thin-film flow approximation, has sparked significant interest in extending this concept
across various flow regimes, for both biological (Sinnott et al. 2017; Amedzrovi Agbesi &
Chevalier 2022; Takagi & Balmforth 2011) and engineering applications (Laser & Santiago
2004; Pandey et al. 2023).

Beyond peristalsis, biology continues to inspire the development of fluidic systems,
particularly in microfluidics. A striking example is the emergence of artificial cilia-based
devices that replicate the action of active biological ciliated cells, which measure just a few
tens of micrometers (den Toonder et al. 2008; Tabata et al. 2002; Khaderi ez al. 2011; Shields
et al. 2010). These cilia, which line the mucosa of the respiratory system, reproductive tract,
and cerebral ventricles (Satir & Christensen 2007; Marshall & Kintner 2008; Shah et al.
2009), play a crucial role in clearing viscoelastic mucus (Button et al. 2012; Loiseau et al.
2020; Choudhury et al. 2023). Effective transport in a preferred direction arises from the
complex motion of cilia carpets. At the scale of an individual cilium, the beat is inherently
non-reciprocal, effectively breaking the time reversibility of low Reynolds number flows.
At a larger scales, hydrodynamic interactions promote the emergence of metachronal waves
travelling across densely packed cilia carpets (Brennen & Winet 1977; Dauptain et al. 2008;
Elgeti & Gompper 2013), causing directional fluid pumping. Beyond their role in biological
transport, cilia-inspired microfluidic technologies also offer the ability to spatially manipulate
flow into distinct regions (Shields ef al. 2010): within the cilia carpet, vortical flow dominates,
enhancing mixing, while above the cilia, long-range unidirectional transport is facilitated by
the apparent shear stress generated at the cilia tips.

While cilia-driven transport exemplifies how biological microstructures regulate fluid
dynamics at small scales, another striking example of bio-inspiration is found in the small
intestines. The inner wall of the small intestine is lined with finger-like or leaf-like (or ridge-
like) structures known as villi (figure 1(A)), measuring approximately 500 um in height.
Although their role in passively increasing absorption through surface area augmentation is
often overstated (Strocchi & Levitt 1993), in-depth ex vivo investigations reveal that these
microstructures likely play an active mechanical role in enhancing mixing near the intestinal
wall (Westergaard et al. 1986; Mailman et al. 1990; Levitt et al. 1992).

At first glance, one might assume that densely packed intestinal villi function in a manner
similar to carpets of ciliated cells in promoting fluid transport. However, from a physiological
perspective, their structures are fundamentally different. A cilium is a single cellular extension
whose beating pattern is actively controlled by motor proteins, whereas a villus is an elongated
multicellular structure composed of an epithelial layer surrounding a network of lymphatic
and vascular vessels (Hosoyamada & Sakai 2005). Unlike cilia, which exhibit significant
bending flexibility, villi are nearly rigid under physiological flow conditions and do not
possess the same degree of freedom for bending motions (Lim et al. 2014). Instead, their
movement is driven by the contractions of the circular and longitudinal smooth muscles
of the intestinal wall (Lentle ef al. 2013). Numerical simulations have identified two main
physical mechanisms by which villi enhance mixing. First, fluid inertia influences the flow
field generated by the oscillatory motion of the villi, as the associated Reynolds number
(Re) is of the order of unity. The periodic forcing induced by these oscillations generates
steady streaming flow (SSF) patterns, leading to the formation of a localized micro-mixing
layer near the villus tips (Wang & Brasseur 2017; Puthumana Melepattu & de Loubens
2022). This phenomenon arises from time-irreversible convective terms in the Navier-Stokes
equations (Riley 2001; Boluriaan & Morris 2003; Wu 2018; Nama 2024; Marmottant 2024),
further distinguishing villi-driven mixing from cilia-driven transport. Second, the relative
movement between adjacent villi induces periodic variations in the volume of the intervillous
gaps. This dynamic expansion and contraction acts as a micro-pumping mechanism, driving



3

fluid radially in and out, and thereby enhancing radial mixing near the mucosal wall (Lim
et al. 2015; Lentle et al. 2013; Wang & Brasseur 2017; Zhang et al. 2020), as illustrated in
figure 1(B).

Assuming that villi passively follow the dynamics of mucosal deformations induced by
contractions of longitudinal and circular smooth muscle, a variety of contractile motility
patterns can be expected (Macagno & Christensen 1980). In this study, we focus on pendular-
wave activity, which corresponds to the propagation of longitudinal contractions along the
length of the small intestine (Melville et al. 1975; Lammers 2005; Lentle et al. 2012).
To model this motility, we consider villi as rigid microstructures undergoing harmonic
oscillations. The underlying wave propagation of the longitudinal muscle layer is manifested
by an array of villi oscillating with a constant phase lag A¢ between neighbouring villi. The
oscillation angular frequency w and number of villi per period (N = 27/A¢) in this array
therefore defines the wavelength L, as well as the wave speed c. This framework resembles
the metachronal waves observed in ciliary systems (Ding et al. 2014; Hall & Clarke 2020).
However, unlike cilia-driven flows where viscosity dominates, inertial effects associated
with pendular-wave villi contractions are expected to significantly influence the flow-field
(de Loubens et al. 2013).

For instance, in the rat duodenum filled with ingested water (kinematic viscosity v =

7 x 1077 m?/s at body temperature), the Womersley number, defined as Wo = W/+/v/w,
reaches approximately 0.5 for typical pendular oscillations of ~ 40 cycles per minute (Lentle
et al. 2012). Here W ~ 200 um represents the characteristic villus width. In flows driven by
oscillatory boundaries, fluid inertia introduces an additional hydrodynamic length scale, the

Stokes layer thickness ds; = 4/v/w (Schlichting 1960). This length scale directly influences
both the location and strength of the steady streaming flow (SSF), an effect that has important
implications for microfluidic mixing (Costalonga et al. 2015; Fishman et al. 2022). Although
SSF is typically associated with inertial effects, it can also arise in Stokes flow conditions
when additional degrees of freedom, such as boundary deformability, are present (Marmottant
2024; Cui et al. 2024). Cilia-driven flows, for example, may be interpreted as a form of SSF
in the Stokes regime, although this classification is not commonly adopted in literature (Riley
2001; Hall & Clarke 2020).

In this study, we demonstrate that Stokes flow reversibility can also be broken by the phase-
lagged motion of an array of villi. This mechanism drives irreversible steady streaming
flow through the channel, opposite to the direction of the villi-wall pendular-wave. The
instantaneous flow field exhibits a boundary layer, the height of which is determined by
the nature of the decay of oscillatory flow generated by the villi-wall. Furthermore, we
show that as oscillatory inertia increases, the Stokes layer thickness decreases, imposing a
dynamic confinement on both the instantaneous flow and the SSF. By mapping the boundary
layer height from the Stokes to inertial regime, we identify the critical transition between
the two flow regimes. We also derive phenomenological scaling laws to describe the rich
flow dynamics observed. We postulate an effective velocity boundary condition for the flow
generated just above the villi tips. This model is the first to take into account the perturbations
induced by the discrete nature of the villi-patterned wall. We demonstrate the application of
this model for long-wavelength travelling contractions in the rat duodenum, the parameters
for which are obtained from physiological live-gut motility data.

The remainder of the paper is organized as follows; we define the problem and carry out
non-dimensionalization in section 2, and explain the numerical lattice Boltzmann method in
section 3. We briefly look at the flow due to non-propagating villi oscillations in section 4,
and discuss flow arising from propagating pendular-wave along the villi-wall in section 5.
The mixing boundary layer is quantified and analysed in section 6. We then discuss micro-
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Figure 1: (A) Image of leaf-like villi in the duodenal section of the small intestine of rat. (B) The 2D
simulation domain consists of N oscillating villi with periodic boundaries in the +z direction, a wall at
r = 0, and an axis of symmetry at the channel center » = R. Each villus oscillates around its mean position
(orange outline) with an amplitude a and a phase lag A¢ relative to its neighbour. The mean positions
of adjacent villi are separated by a constant pitch distance P. The instantaneous positions (filled green)
of the villi show that when one section of the villi-wall contracts, the adjacent section relaxes, thereby
pumping and drawing fluid in and out of the intervillous spaces. (C) Illustration of the imposed travelling
wave and time-periodic motion of the villi-wall, shown for seven z-axially periodic villi. The filled (green)
villi, illustrate the temporal evolution of the boundary at different time fractions ¢/7, going from opaque to
transparent. (D) The same seven villi boundary system now seen from the top (z, ¢ axes) demonstrating the
contractions and expansions of the inter-villus gaps. Both the smallest contraction (filled red rectangle) and
the largest expansion (hatched purple rectangle) are seen to travel from right to left (along the —z direction)
with time 7.

mixing and transport, with an emphasis on radial fluid pumping in section 7. We present
the rat duodenal flow patterns under physiological conditions in section 8, and present the
concluding summary in section 9.

2. Problem statement and non-dimensionalization
2.1. Problem statement

We consider a symmetric 2D channel with diameter 2R. The channel wall (which we refer to
as the villi-wall) is patterned with moving leaf-like or ridge-like villi structures of uniform
height H and width W, as shown in figure 1. The villi are modelled as rigid structures, and
the fluid flow is solved in the intervillous gaps and the channel lumen (Lim er al. 2014).
The spatial coordinates along the axial and radial dimensions of the channel are given by
x = (z,r), respectively. Along r, the channel is bounded by a moving wall at » = 0, detailed
with N periodic villi, and a symmetry boundary at » = R. The domain is periodic along +z.
For the purposes of analysis the domain is parted into two zones; the region patterned with
villi where 0 < r < H is termed the villi zone, and the channel space where H < r < R,
is termed the lumen zone. The villi harmonically oscillate along z, in time period T, around
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their mean axial positions as shown in figure 1(C). The mean villi positions (orange outlines
in figure 1) are equispaced by distance P along z, therefore giving a periodic channel length
of L, =NP.

Each individual villus, indexed i = 1,2 ... N, is put into axial translation by propagating
contractions of the longitudinal smooth muscle cells of the small intestine (Lentle et al.
2012). Consequently, the i™ villi velocity is modelled as,

U;(t) = wasin (wt + (i — 1)A®) 2, 2.1
and the i villi axial position is,
Xi(1) = X; —acos (wt + (i — 1)Ad) 2, (2.2)

where, w = 2nf is the circular frequency, f = 1/T is the oscillation frequency, a is the
oscillation amplitude, 7 is the time, A is the velocity phase lag between adjacent villi, X; is
the mean axial villi position and Z is the unit vector along the axial direction.

Since we model a discrete number periodic villi, we can access only discrete values for the
phase lag A¢ = 2x/N. When N = 1, A¢ = 2r, meaning all villi are moving in-phase. This is
equivalent to the case where N becomes large (N — o0), and A¢ — 0, a situation recently
studied in 3D by Puthumana Melepattu & de Loubens (2022). When N = 2, A¢ = &, and
adjacent villi move with velocities exactly out-of-phase. In the intermediate situation, i.e.
0 < A¢ < 7 (or 3 < N < 00), a propagating wave of intervillous contraction is generated
along the villi-wall. We term this as the pendular-wave activity. This wave travels in the —2
direction at a speed of ¢ = L, /T = 2nfP/A¢. Figure 1(D) demonstrates how contractions
and relaxations along the intervillous spaces (see marked rectangular regions) travel from
right to left along z with increasing ¢, for a domain with N = 7 periodic villi. The bottom
walls of the intervillous gaps are given instantaneous velocities that vary linearly between
those assumed by their bounding villi.

For forming the channel geometry, we take inspiration from the physiology of the rat
duodenum (Lentle et al. 2012; Hosoyamada & Sakai 2005; Casselbrant & Helander 2022).
Table 1 provides typical values for the gut dimensions and motility in the rat duodenum.
From these, we set the geometric ratios R/H = 5.6, H/W = 2.5, and P/W = 1.6, which are
held constant for all simulations. Here, the oscillatory amplitude is estimated from the rat
duodenal strain rate measurement of 26 + 8%s~ ! during pendular-wave activity (Lentle ef al.
2012). The fluid is assumed Newtonian, with dynamic viscosity ¢ and mass density p. The
flow induced by the villi motion is modelled by the incompressible Navier-Stokes equations
given by,

V-u=0, (2.3)

ou

P ot

where p is the pressure and u the fluid velocity vector field.

+pu-Vu =-Vp+uVu, (2.4)

2.2. Non-dimensionalization

One observes that there are multiple length and time scales in the problem. In addition to
multiple length scales in table 1, we can identify time scales for four physical processes. These
are: the villi oscillation timescale 1 = 1/w, the fluid advective timescale t*?” = W/(wa),
the viscous timescale t* = W?p/u, and time scale imposed by the boundary travelling wave
1€ =W/c = WA¢/(wP). In the above we have chosen the villi width W as the length scale of
the problem, in line with the literature (Puthumana Melepattu & de Loubens 2022; Tatsuno
1973; Kotas et al. 2007).

Furthermore, oscillatory boundaries, such as the villi-wall in our case, introduce a



Radius of the small intestine R ~2.8 mm
Width of the villi w ~200 pym
Length of the villi H ~500 pum
Pitch p ~320 pm
Displacement amplitude a 23 -51 um
Frequency f 0.54-0.62 Hz
Velocity amplitude Up = wa 78 — 197 pum/s
Fluid density P ~994 kg/m3
Fluid viscosity U 0.7 mPa.s
Stokes layer Ost = Vu/wp 424 —454 ym
Womersley number Wo =W/6s, 0.44-047

Table 1: Typical values characterizing villi geometry and motility for the duodenum of the rat, from
Casselbrant & Helander (2022); Lentle et al. (2012); de Loubens et al. (2013); Hosoyamada & Sakai
(2005).

characteristic length scale for viscous dissipation normal to the wall, termed as the Stokes
layer, whose length is given by ds; = +/tt/(wp) (Schlichting 1960). A priori, it is unclear
which length and time scales would dominate the problem at hand. We make the choice
for non-dimensionalization as: & = u/(wa), p = pW/(uwa), ¥ = x/W and = tw for
the typical velocity, pressure, length and time, respectively, to obtain the non-dimensional
momentum equation as,

0 L e 1 .. | R

73 +a-Vi = dW02Vp + dW02V . (2.5)
Two non-dimensional numbers emerge in the (2.5), namely the Womersley number Wo =
W/ds: (Loudon & Tordesillas 1998) and the reduced oscillation amplitude @ = a/W. The
villi motility in (2.1) can now be similarly re-written in the dimensionless form as,

U;(7) =sin (7 + (i — 1)A¢) 2. (2.6)

Three parameters then govern the problem, namely the boundary imposed phase lag Ag,
the Womersley number Wo = W /s, and the reduced amplitude d@ = a/W, in addition to the
constant geometric ratios listed earlier.

We carry out simulations in the limit of small amplitude oscillations, at @ = 0.1 and 0.2.
The physiological Womersley number in the rat duodenum filled with body temperature
(36.5°C) water (table 1) works out to be Wo =~ 0.46, and the Stokes layer to be ds; ~ 440 pum.
In this study we vary the parameter A¢ from O to n in discrete steps, and the Wo over three
orders of magnitude, going beyond the physiological regime. When Wo? < 1, along with
a < 1, we see that the equation (2.5) reduces to the steady Stokes equation. We therefore
expect a Stokes flow regime when Wo < 1, with the flow governed solely by the travelling
wave parameter A¢ introduced through the boundary condition. However, when Wo > 1 we
expect an inertial flow regime, with all terms in (2.5) playing a role.

v =
1

N

3. Numerical methods

We solve the incompressible Navier-Stokes equations using the lattice Boltzmann method
(LBM) in 2D using the D2Q9 lattice, which discretizes coordinate space in two directions
and the velocity space in nine directions (He & Luo 1997b; Zhang 2011). We use the two-
relaxation-time (TRT) scheme, which significantly reduces the relaxation-time dependent
error in the LBM (Ginzburg et al. 2008), in order to accurately capture second order flow
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phenomena. In the TRT-LBM, “distribution function” (or “population”) g is updated at every
lattice node according to the following,

EoLS 1 1 — _
g (1", x) = gi(t,x) + T—+(gf‘“(t,x) - g/ (t,x)) + T—_(gfq (t,%) - g; (t,x)) (3.1
gi(t+At,x + Ax) = g/ (", x) (3.2)
where, x is the position coordinate, ¢ the time, and the indexi = 0, 1, . . ., 8 indicates discrete

lattice velocity directions. For the i direction, x + Ax = x + e;At, where e; is the lattice
velocity vector (Kriiger et al. 2017). v+ and 7~ are the two relaxation times associated with
symmetric (*) and anti-symmetric (7) parts of the populations which are defined as,

eq , eq eq _ eq
+_ 8&it8& & & eq+_gi +ng eq—_gi —&; 33
gi_ B ’gi_T’gi _T’gl‘ _T’ ()
where the direction i is defined such that e; = —e;.
We use the He & Luo (1997a) incompressible equilibrium, which is given below,
u-e; (w-e)> u-u
g1 (x,t) =wip +wipo | —5— l (3.4)

cs 262¥ 2(:% '

where wyg = 4/9,wi_4 = 1/9 and ws_g = 1/36 are the lattice direction weights, and
p = po+0p is the fluid density, taken as the sum of constant and variable parts. For the D2Q9
lattice discretization, ¢y = Ax/(ArV3) is is the so called “lattice sound speed”. In simulation
(or lattice) unites, we take the nodal distance Ax = 1, the time step Af = 1 and pg = 1. Using
the incompressible equilibrium rather than the more popular compressible equilibrium is
important to accurately capture the time-integrated steady streaming flow.

The macroscopic variables in the solution are recovered through,

p= Zi:gi and u = PLOZ €igi, (3.5)

p =c2pand po = c2po, (3.6)

where p gives the fluid pressure, and py is the datum pressure. Through Chapman-Enskog
analysis, the kinematic viscosity is related to the relaxation time as v = c?(‘r’r — At/2)
(Ginzburg et al. 2008).

The LBM algorithm follows two simple steps; first, “collision” where (3.1) is evaluated at
some intermediate time ¢* > t, followed by the “streaming” equation (3.2), where the post-
collision populations advance to their neighbouring nodes at the end of 7 + Az. This completes
one time step At at the end of which the macroscopic variables u# and p are computed from
(3.5) and (3.6). These are then used to compute equilibrium distribution f¢? from (3.4) for
the next time step.

3.1. Moving boundary condition

The complex boundary in this study demands a higher-order LB scheme for treating moving
boundaries in order to obtain an accurate solution for the instantaneous and steady streaming
flows around the villi and in the lumen. It is equally important to adopt a robust “fresh” node
treatment alongside the scheme, in order to ensure a stable solution, and prevent degradation
of accuracy. Fresh nodes are those lattice nodes that transition from inside the villi into the
fluid zone as the villi boundary moves, and where p and u need to be guessed. We therefore
use a second-order accurate interpolated bounce-back scheme (IBB), alongside an iterative
procedure to re-fill values for fresh fluid nodes (Ginzburg et al. 2008; Chen et al. 2014).



The IBB scheme is adapted from the family of linear interpolation (LI) schemes that are
computationally local at a lattice node (Ginzburg et al. 2023). If the boundary node on the
fluid side is at x , and the villi wall lies at xy = xf + ge;, where q is the fractional distance
to the wall along direction i, the unknown population along 7 to be streamed from the wall to
node at x  is computed as,

gi(xp,t+ A1) = a1g; (xp, ") + axg: (xp,1") + Ai + Wi, (3.7
A = a3 (IFng(xF,t+Af) +(1 - IFF)gi(xF,f)) , (3.8)
i 1)+ t+ At
W, = aovcv—zpouW( ) "ZW( ) e, (3.9)
\)

where a(_3 are interpolation coefficients and uy is the wall velocity. We set I©F = 1 when

Xrr = Xp —e;At is a fluid node, whereas IF'F = 0 when x g f is a solid node (i.e. lies within
the villi).
The interpolation weights are set according to the following,

3 4 1 1
ag = 3 (1+2q)’ ai :ao(i +q) -1,a,=1- zao, az=1-(a;+a). (3.10)
Note that in (3.10), the prefactor for ag is set to (3/5) for reasons of simulation stability
and to minimising velocity oscillations due to fresh node transitions (though this prefactor
value can be varied between [0, 1]). For all reported simulations (except for those presented
section 8) we take 20 lattice nodes for the width W of each villi and 32 lattice nodes for the
pitch P.

3.1.1. Fresh node treatment

The process of re-filling all g; values at the nodes that are uncovered into the fluid side (as
the villi move) is called as fresh node treatment. This is a major source of error as well as
of numerical velocity oscillations in our computations, and therefore needs to be handled
in a robust manner (Chen et al. 2014; Ginzburg 2025). We adopt the local iteration refill
(LIR) procedure, with slight modifications, which is highly effective at countering these
shortcomings (Tao et al. 2016). In the LIR we first identify groups of connected fresh nodes
(at least one fresh node neighbour along e;), and carry out the following procedure:
(i) Execute local collision step for all link-wise fluid neighbour nodes identified for a

fresh node group using (3.1).

(i) Fresh nodes are partially re-filled by streaming-in post-collision populations from
their neighbour nodes using (3.2) as g

(iii) Fill-in the remaining unknown populations g using interpolated bounce-back from
(3.7).

(iv) Compute temporary populations moments (p*, u*) from (3.5).

(v) Then compute g¢?-*(p*, u™*) at the fresh nodes from (3.4).

(vi) Carry out local collision step for all fresh nodes using (3.1).
Steps (ii)—(vi) are repeated for 5 inner-iterations, which has been shown to give sufficiently
converged values of (p*,u*) (Marson et al. 2021). During the inner-iterations, we update
p,u and populations g4, g only at the fresh nodes (and not at their link-wise neighbours).

3.2. Numerical convergence

We start computations with the fluid in the channel at rest, and with advancing simulation
time, obtain continuous evolution of the instantaneous and time-integrated steady streaming
flow (SSF). At the end of every oscillation period T, we compute the developing SSF u*%-*
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by numerically integrating the LBM solution over all time steps of the last competed time
period. At the end of a time period, say when ¢ = T”, this can be written as,

Ap TUAY
uSS,.(x)|T/ :? Zu(x,T,_T+iAt). (3‘11)

This developing SSF velocity field is then compared with the developing SSF field computed
at the end of the previous time period, say when 7"/ = T* — T, using the L2 norm as,

Epa= \/ e @ @)l = w0 ()l)?
Te @52 (x)|7)?
When E;, falls below 1%, we consider that the SSF has converged, and the simulation is set
for termination after running for one additional time period of t = T’ + T'. In this converged

time period, the instantaneous velocity field, u(x, ), and the SSF, u**(x), are saved for the
given simulation parameters.

(3.12)

4. Non-propagating oscillations

As stated in section 2, we carry out simulations by varying the non-dimensional parameters
namely the phase lag A¢, and the Womersley number Wo, for two values of reduced oscillation
amplitude @ = 0.1 and 0.2, while the remaining geometric ratios are held constant. Change
in A¢ = 27t/ N results in an associated change in the periodic axial domain length L, = NP,
and a change in Wo can be viewed as a change in the oscillation frequency of the villi. In this
section we briefly tackle the limiting cases A¢ = 0 and n, which result in non-propagating
contractions. The flow velocity contours and streamlines presented in the remainder of the
paper are shown for @ = 0.2, and are rescaled by the characteristic villi oscillation velocity
Uy = wa, unless otherwise stated.

4.1. Instantaneous flow

When A¢ = 0 = 27 or A¢ = x, there is no propagating wave of intervillous contractions along
the villi-wall. The figure 2 shows instantaneous flow-fields for A¢ = 0, at three time instances,
for (A) Wo = 0.5 and (B) Wo = 2.82. This is the 2D equivalent of the synchronised oscillations
of an infinite array of villi recently studied by Puthumana Melepattu & de Loubens (2022).
Here the flow (both in the villi and lumen zones) simply follows the villi-wall oscillations. At
increased Wo, the velocity field becomes localized near the villi, indicating dynamic radial
confinement of the flow due to increased oscillatory inertia in the fluid and a decreasing
Stokes layer ds;. Here, due to increased inertia the flow in the lumen zone above the villi
tips begins to lag from that of the oscillating villi. The opposing axial flow in lumen relative
to that within the villi zone leads to momentary re-circulatory flow patterns just above the
villi tips, as seen in the second and third panels of figure 2(B). When A¢ = n, neighbouring
villi oscillate exactly out of phase, as shown for three time instances in figure 3, generating
counter-rotating vortical flow in the domain, for both (A) small Wo = 0.16 and (B) larger
Wo = 2.82. With increased Wo, these vortical flow structures become localized near the villi
tips (similarly to the case A¢ = 0) due to radial confinement by the Stokes layer.

4.2. Steady streaming flow
We compute the steady streaming flow-field (SSF) #** as the time-integrated mean flow, using
(3.11). These are plotted in figure 4, for the non-propagating phase lags (row-wise) (A) A¢ = 0
and (B) A¢ = n. For a given A¢, we show panels for three increasing Wo = 0.16, 1.58 and 5.0
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Figure 2: Instantaneous flow-field for the A¢ = 0 (synchronous villi oscillations) and @ = 0.2, with no inter-
villus contractions, for two different Womersley numbers (row-wise), (A) Wo = 0.5 and (B) Wo = 2.82, for
three time-fractions (column-wise) in one period 7.
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Figure 3: Instantaneous flow-field for the case A¢ = m and & = 0.2, resulting in maximum intervillous
contraction and expansion, for two different Womersley numbers (row-wise), (A) Wo = 0.5 and (B) Wo =
2.82, for three time-fractions (column-wise) in one period 7.
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Figure 4: Steady streaming flow-fields (u**) for @ = 0.2, for the cases with (A) A¢ = 0 and (B) A¢ = 7. The
panels along the columns are at increasing Wo = 0.16, 1.58 and 5.0. The colour field maps the magnitude
of non-dimensional steady streaming velocity (|u*S|/Uy).

(column-wise). The SSF is characterised by counter-rotating vortices just above the villi tips.
The strength of these vortices is seen to be at least an order of magnitude smaller than villi
characteristic velocity Uy, except at the highest Wo = 5.0. For the synchronised oscillation
case A¢ = 0, an outer region of weak unidirectional steady flow develops in the lumen with
increasing Wo, in agreement with the Rayleigh streaming theory (Puthumana Melepattu &
de Loubens 2022; Tatsuno 1973). A decreasing ds; also causes a localization of the flow in
this outer streaming region nearer the villi zone with increasing Wo. No such outer streaming
region develops for A¢ = m, though the extent of the vortical flow reaches further into
the lumen with increasing Wo. The key point here is that for non-propagating contractions,
A¢ = 0 and 7, irreversible SSF manifests as an inertial phenomenon, and the #**(x) ~ 0 in
the Stokes flow regime when Wo < 1.

5. Propagating pendular-wave

In this section we deal with the flow dynamics generated by the propagating contractions
(and relaxations) of the intervillous spaces along —Z, as illustrated in figure 1(D). These
involve cases simulated when 0 < A¢ < m, for increasing Wo, with @ = 0.1 and 0.2.
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Figure 5: Snapshots of the instantaneous flow field for @ = 0.2 and Wo = 0.16, at two time-fractions
(column-wise) in one period T, for (A) A¢ = n/2 and (B) A¢ = n/4. The dashed (magenta) line marks the
approximate separation between the mixing layer and the advecting layer. Note the absence of the advected
layer in (B). See supplementary movies 1 and 2.

5.1. Instantaneous flow

We show two typical examples of the instantaneous flow-fields for low Wo = 0.16 in figure 5
and for moderate Wo = 2.82 in figure 6. Each individual figure, shows the two time instances
(column-wise) of the flow-field, for two separate A¢ values (row-wise). We assert that for
Wo = 0.16, the flow physics falls well within the Stokes flow regime, while that for Wo = 2.82
is in the inertial regime.

From the two figures, we can immediately identify some striking common features of
the flow-field structure. We notice the emergence of a boundary layer at distance above the
villi tips (approximately marked by dashed magenta line), that separates the flow into two
distinct regions. The velocity field between the villi (grey) and this boundary is characterised
by asymmetric counter-rotating vortical flows of unequal strength. These vortical flows
originate in the contracting intervillous gaps, and terminate in those that are expanding.
We call this region the mixing layer and the associated boundary thickness as the mixing
boundary layer (MBL) height, £. Above the MBL height, until the radial symmetry boundary
at r = R we observe near-uniform unidirectional flow moving along +Z. We term this region
as the advecting layer.

Curiously, the vortical structures in the mixing layer are seen to propagate along —Z, carried
by the imposed propagating pendular-wave along the wall, while the flow in the advecting
layer goes opposite, along +Z. For the case A¢ = m/4 and Wo = 0.16 (figure 5(B)), we see
that the mixing layer extends all the way up to » = R, and the advecting layer disappears.
In general, the height of the MBL increases with decreasing A¢, until it reaches the channel
center-line. Additionally, for a given value of A¢, the MBL height shrinks with an increase
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Figure 6: Snapshots of the instantaneous flow-field for @ = 0.2 and Wo = 2.82, at two time-fractions
(column-wise) in one period T, for (A) A¢ = n/2 and (B) A¢ = n/4. The dashed (magenta) line marks the
approximate separation between the mixing layer and the advecting layer. Note that the mixing layer height
increases with decreasing A¢. And for a given A¢, it is seen to decrease with increasing Wo (compare with
Figure 5). See supplementary movies 3 and 4.
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Figure 7: Evolution of the radial velocity component u, /Uy, for A¢ = n/2 and @ = 0.2, measured at height
r/H = 2. 1t is plotted for increasing time-fractions 0 < #/T < 1 (opaque to transparent) over the axial
domain z/L, for (A) Wo = 0.50 and (B) Wo = 2.82. We see travelling velocity wave kinematics, moving
from right to left (—z direction) in both panels.

in Wo, as can be observed when comparing figures 6 with 5. The decrease of £ with Wo is
shown in supplementary movie 5. For example, in the aforementioned case (at A¢ = 7/4)
we see that the MBL shifts from the center-line for Wo = 0.16 to approximately halfway
between the center-line and villi tips for Wo = 2.82. This decrease in MBL is a consequence
of the decreasing ds; with increasing Wo, which dynamically confines the flow towards the
oscillating villi-wall boundary (Schlichting 1960), as will be discussed later in section 6.
The observed flow dynamics exhibits an intriguing phenomenon; an advecting layer that
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axially pumps fluid (along +2) counter to the imposed wall-propagating wave, supported by
an underlying mixing layer which travels along with the imposed wave (along —Z). Notably,
this behaviour persists even in the Stokes flow regime (Wo < 1, figure 5), demonstrating
symmetry-breaking by the propagating wave. The effect of propagating wave along the villi-
wall is felt throughout the lumen zone, irrespective of the MBL. Figure 7 shows the measured
radial velocity u, at r = 2H in the lumen, for (A) Wo = 0.5 and (B) Wo = 2.82, at different
time-fractions ¢/7T. Right-to-left travelling wave kinematics is clearly seen in these plots,
with a decrease in wave amplitude with increased Wo. A similar behaviour, but with a non-
zero positive mean, is also seen for the axial velocity component u, (not shown here). This
behaviour of the instantaneous velocity is seen both in the mixing and the advecting layer,
and the wave amplitude is seen to monotonically decreases with increasing radial distance r.

5.2. Steady streaming flow

The axial fluid pumping effect is not limited to within the advecting layer, but occurs
throughout the lumen including in the mixing layer. This is demonstrated by the figure 8
with (row-wise) subplots (A), (B) and (C) showing the time-integrated SSF computed for
increasing Wo = 0.16, 1.58 and 5.0, respectively. For each Wo we show five panels for
decreasing values of A¢ (column-wise). The flow is shown over two neighbour villi (at
their axial mean positions) in each simulated system, where the color-field plots the axial
component (u$*) of the SSF velocity. We see that the SSF flow is axially periodic about the
intervillous distance (P), around a single villus, in all the panels. The dashed line in the plots
shows the approximate height of the MBL seen in the instantaneous flow-field for each case.

For Wo = 0.16 and 1.58, flow in the lumen is highly uniform in the +r direction, except
in and around villi zone. Nearer the villi, flow becomes serpentine (along +2), descending
down through the intervillous spaces and curving above the villi tops. We see a small SSF
vortex just above the intervillous space, as this serpentine flow meets the uniform flow above.
With an increase in Wo = 5.0, the flow is no longer radially uniform in the lumen and its
strength gets greatly confined nearer the villi tips, with near zero net flow near the channel
center-line. This effect is again a consequence of the increased oscillatory inertia, and the
emergence of a flow confining Stokes layer thickness ds;. Also, the irreversible SSF flow
through the lumen remains a function of A¢, at all Wo.

We note that the irreversible flow patterns seen in panels of figure 8 cannot be directly
correlated with the emergence of mixing layer boundary discussed in section 5.1. In the
Stokes flow regime (Wo = 0.16), the SSF flow maintains equal strength in both the mixing
and advecting layers for a given (A¢, @). In the inertial flow regime (Wo = 5.0), the strength
of the SSF decreases radially. This radial decrease in SSF is not dependent on the location
of mixing to advecting layer transition. That is to say, the change in the MBL height £ with
A¢ for any Wo, does not appear to leave any signature on the radial variation of the SSF
magnitude (as evidenced by the dashed lines in figure 8).

5.3. Stokes flow regime

The existence of irreversible fluid motion in the Stokes flow regime (Wo < 1) under simple
harmonic oscillations of arigid boundary presents a fundamental departure from the expected
reversible behaviour of viscosity-dominated flows. Counter-intuitive to momentum transport
via travelling waves, and contrasting with the canonical peristaltic flow theory (Jaffrin &
Shapiro 1971), the direction of irreversible pumping here is opposite to that of the imposed
wall propagating wave. This phenomenon merits separate discussion in the present section.

At first glance, the irreversible axial flow pumping by the villi-wall studied here is
reminiscent of that generated by a propagating waves along dense oscillating ciliary arrays
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Figure 8: Steady streaming flow-field (#**) streamlines for @ = 0.2, plotted around a pair of adjacent villi
for three increasing Womersley numbers, (A) Wo = 0.16, (B) Wo = 1.58, and (C) Wo = 5.0 (row-wise).
For each Wo, panels for five decreasing A¢ values (column-wise) are shown. The colour-map plots the axial
component of the steady streaming flow (SSF), u3°. Note that the SSF pattern shows axial periodicity over
the intervillous distance P, for all cases. The dashed (orange) lines in each panel show the approximate
mixing layer height ¢ seen in the respective instantaneous flow-fields.
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Figure 9: Plots for the (A) Axial oscillatory, 05°"”, and (B) axial steady-streaming, Q3°'", fluxes measured
within the villi zone (0 < r/H < 1), plotted against the phase lag A¢, for increasing Wo. Filled markers
(coloured) represent cases for @ = 0.2 and empty markers (black) for @ = 0.1. Appropriate rescaling causes
a reasonable data collapse onto master curves in both plots. In (A), the dashed (blue) curve is obtained from
least-squares fitting of the data, with the fit parameters A = 0.024 and B = 0.287. In (B), the solid (green)
curve is derived from geometric considerations in section A.1. Both the curves are functions solely of A¢,
demonstrating an axial flux dependence in the villi zone arising purely from geometric motion due to the
pendular-wave.

(Ishikawa 2024; Khaderi et al. 2011; Ding et al. 2014; Hall & Clarke 2020). Specifically,
those undergoing antiplectic metachronal waves, where the direction of wave propagation
is opposite that of fluid pumping by the cilia array. Shields et al. (2010) and Ding et al.
(2014) also find that the propagating motility of the cilia arrays divides the flow into a mixing
layer, which remains limited to below the cilia tips, and a fluid pumping layer above the
cilia. However, the individual cilia are deformable and trace non-reciprocal effective and
recovery strokes in their oscillation, which breaks the time-symmetry of the Stokes equation
and generates irreversible flow or motion. This is clearly not true for the villi, which are rigid
(de Loubens et al. 2014) and trace reversible harmonic oscillations.

The non-reciprocal motion of the villi-wall is therefore more subtle. Here, we shall
elucidate the cause of the symmetry breaking in Stokes flow, which comes from the travelling
contractile wave along its axis, leading to irreversible SSF. In this paper we shall treat all
simulated cases at Wo = 0.16 as within the Stokes flow regime. The flow solutions at
Wo = 0.16 show negligible difference from those at Wo = 0.28. In order to verify that
these simulations indeed fall within the Stokes regime, we carry out additional simulations
with the villi-wall boundary (and its instantaneous velocity condition) held stationary, at
given selected time-steps. The converged flow from these simulations is compared with the
instantaneous flow solution at Wo = 0.16, at matching time-steps, and shows negligible
differences in the velocity field.

We recall the Scallop Theorem articulated by Purcell (1977), that the back and forth
reciprocal motion of the shell of a single-hinged scallop will never generate net irreversible
motion or flow, in the Stokes flow regime. However, this reciprocity could be circumvented
by introducing an additional degree of freedom to the motion, such as allowing the scallop
to periodically rotate about its hinge alongside the opening and closing of its shell. This
combined motion will enable the scallop to swim in the Stokes flow regime (Lauga 2011).
Using this idea, Najafi (2004) proposed a simple three sphere 1D swimmer, where the
gaps connecting the spheres undergo cyclic non-reciprocal contraction-relaxations, while the
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Figure 11: Radial velocity u, /Uy measured at the villi tips, r/H =~ 1, from simulations at Wo = 0.16 and
a = 0.1, for (A) A¢ = n/2 and (B) A¢ = n/4 (dot-dashed, blue) compared with corresponding effective
velocity model ¢ from equation 5.4 (solid, red), for four increasing time-fractions.

spheres trace reciprocal motion. Revisiting the figure 1(D), it is clear that the same non-
reciprocal sequence is carried out by any two adjacent intervillous gaps (and their bounding
villi), as by those in the three sphere simple swimmer (Najafi 2004; Najafi & Golestanian
2005). The villi-wall system in the present study can be viewed as an array of such non-
reciprocally contracting (and relaxing) gaps, where the additional degree of freedom is
enabled by the phase lag A¢. Referring to figure 1(D), the phase-lagged motion simply
means that any downstream (along +z) intervillous gap always reaches its minimum (or
maximum) size ahead of its upstream neighbour, and this action is never reversed, resulting
in non-reciprocal motion.

The non-reciprocal motion of adjacent intervillous gaps transfers fluid from an upstream
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(along —z) gap to its downstream neighbour. The villi-wall boundary system therefore
irreversibly pumps fluid, in the axial direction through the villi zone (0 < r < H). From the
simulations, we can measure the irreversible axial flux within the villi zone using numerical
integration as,

1 H L.
07" = / / ul® (z,r)dzdr (5.1)
L:Jo Jo
and the oscillatory flux as,
1 H pL, pi+T
QoY = L ‘/0 '/0 /t luz(t,z,r) —uy’(z,r)|dtdzdr. (5.2)

oS,V

Figure 9 shows the measured (A) oscillatory axial (Q7"") and (B) steady streaming axial
(Q%*") fluxes within the villi zone, for various Wo (not limited to the Stokes regime). The
oscillatory flux in 9(A) shows a reasonable collapse of the form ~ cos (A¢), when rescaled
by the reference flux UpH. Here, we see that the data for @ = 0.1 shows functional collapse
at a slightly different level than that for and @ = 0.2. We fit the equation A cos(A¢) + B for
all the data in the plot, as a definitive geometric dependence for the oscillatory flux Q%°"”
arising from the imposed motion of the villi-wall has yet to be identified. The least-square
fitting coefficients are found to be A = 0.024 and B = 0.287 used to plot the dashed (blue)

curve shown in figure 9(A).

For the irreversible SSF flux in figure 9(B), we see a remarkable data collapse when
the flux is rescaled by aUgH. Here, the data begins to show deviations due to increasing
inertial effects only for high Wo = 5.0 for @ = 0.1. Taking into account solely the geometric
time-averaged motion of the fluid trapped in intervillous gaps, we obtain the scaling for
07 ~ (a)aZH sin (A¢)) /(2P). The details for the scaling are provided in appendix A.1.
This scaling equation gives an excellent description of the collapsed data, as shown by the
solid (green) curve in figure 9(B).

The measured data for both Q2*/**” shows minimal dependence on Wo, indicating that

the flow in the villi zone remains well-approximated by the Stokes regime, even at higher
Wo. This behaviour arises from the significant geometric confinement of the flow within the
intervillous gaps, characterized by a small (P — W)/H. As we shall see in section 7, this is
not the case in the lumen zone.

5.3.1. Effective velocity boundary condition

In order to enable an analytical solution or simulation of the flow in the lumen, without
explicitly accounting for the villi, we explore an effective velocity boundary condition (at
the villi tips) for the lumen zone. Towards this end, we carry out a Fourier decomposition of
the instantaneous velocity signal measured at u(t,r ~ H) for Wo = 0.16, just above the villi
tips. From the analysis, we find that first order modes of the velocity appear at length scales
of the axial domain L,, and multiple second order modes appear at length scales of the villi
P. We therefore propose the following component-wise non-dimensional effective velocity
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Figure 12: Coefficients for effective velocity boundary condition in (5.3) and (5.4), as functions of A¢, in
the Stokes limit (Wo = 0.16). Empty and filled markers are for @ = 0.1 and 0.2, respectively. ¢ and dg are
obtained as averages of numerical integration over z and ¢ of the axial and radial velocities above villi tips
(r = 1.02H). The remaining coefficients are obtained by averaging the least-square fits of the model to the
velocity measured above villi tips from the simulations at different times-steps. The standard deviations for
the fits are smaller than the size of the markers, and hence not shown. Heuristic rescaling of the coefficient
values is carried out to obtain reasonable fitting estimates in the physiologically relevant limit A¢ — O.

boundary model, #°, for the system,

ai(t,r = H) = co+cysin (27r (% + Liz) - A7¢)

— ¢z 8in (27T%)COS (27r (%+Liz) - %) (5.3)
8(t,r ~ H) = do — d cos(27r(%+LiZ) _ %)

—ds cos (271'%) cos (27r (% + Liz) - %) , (5.4)

where cg_, and dy-,, are model fitting coeflicients that will depend on A¢ and 4, as well
on the geometric ratios of the domain. The functional forms of (5.3) and (5.4) are plotted in
figures 10 and 11, respectively, and show an excellent match with the velocity components
measured from simulations.

The coeflicients ¢y and dy are obtained by taking the time and spatial average of the
respective velocity signals from the simulations, for different A¢ and d. The remaining fit
coefficients (c1 2 and d; ) are obtained by least-squares fitting of the model equations to the
velocity signal, for all time values, and subsequently taking their mean. These fit coefficients
are shown in figure 12 as functions of A¢ for Wo = 0.16. The fit coefficients show complex
dependence on A¢ and a in the Stokes flow regime. As the dependence on A¢ and & is not
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explicitly clear, we perform a heuristic scaling of the parameters to achieve a reasonable
approximation in the limit A¢p — 0. The limiting values are marked (in red) on the y-axis in
all panels in figure 12. The coefficients obtained are, ¢y = 0.284 sin(A¢), c; = 1.12-0.5A4,
c2=0.83a" 4 tan 1 (Ap/2),dy = 0,d; = 3.23tan" ' (A¢/2) and d, = 1.84a~"/*sin(A¢/2).
We see that ¢ is non-zero, which is necessary for generating irreversible axial flow in the
Stokes regime, similar to the effective velocity model for antiplectic ciliary waves (Bottier
et al. 2017; Choudhury et al. 2023). Note that the magnitude of the ¢ coefficient is measured
~ 90% of W/(2P), the non-dimensional prefactor for velocity in the villi zone (see (A 8)).
For the radial component, dy = 0 since the fluid is radially confined by walls and no net
radial flow can occur.

We compare the modelled effective boundary velocity components (i¢ ,.) with the simu-
lated instantaneous axial and radial velocities (i, ,-) at the villi tips (r = 1.02H), in figures 10
and 11, respectively. The comparison is made for four time-steps, for A¢ = n/2 and 7 /4,
for @ = 0.1, using coefficient values identified from figure 12. The axial and radial velocity
signals measured at » * H, which carry complicated perturbations at the scale of the villi,
are described well by our simplified effective boundary velocity model. We also note that
the model fit improves significantly for the smaller value of A¢ = /4. We remark here that
the model in (5.3) and (5.4) implicitly assumes that A¢ = 27x/N can only decrease via an
increase in the periodic domain size L, (i.e. an increase in the number of equispaced periodic
villi N). The model will require modifications in the scenario where an increasing number
of villi are packed within the same periodic distance L, by decreasing the intervillous space
(P — W), and thus decreasing A¢.

The effective velocity model in (5.3) and (5.4) indicates a phase-lock between axial and
radial velocity oscillations at the scale of L,. This phase-lock is responsible for the unequal
clockwise and counter-clockwise vortical flows within the mixing layer, as seen in figures 5
and 6. We confirm this by carrying out independent simulations with a planar (villi free)
bottom boundary, where the axial and radial velocities are modelled only using the second
terms in (5.3) and (5.4) (terms associated with ¢ and d;). Furthermore, one can transform
(5.3) and (5.4) in the reference frame of the propagating wave, by substituting z8 = z + ct.
Under such transformation we immediately see that the perturbations occurring at the villi
scale (terms associated with ¢, and d,) will travel in the +z direction, at the wave speed
c¢. Our proposed model therefore captures the essential physics of villi scale non-reciprocal
motion responsible for irreversible flow in the +z direction in the Stokes regime.

To summarize, the effective boundary velocity model consists of three terms for each
component. The first of these is a constant term responsible for irreversible flow, while the
remaining two are propagating harmonic terms. The constant term is set to a non-zero value
for the effective axial boundary velocity @ generating a net axial steady streaming flow
in the channel while that for the radial i effective boundary velocity is set to zero. For
both components, the first of the harmonic terms imposes travelling contractions-relaxations
at the longer wavelength of the periodic domain L. The second harmonic term adds villi
scale perturbations, caused by the discrete nature of the villi-wall, to the long-wavelength
boundary velocity wave.

6. Mixing boundary layer and fluid inertia

The classical Stokes second problem of an oscillating flat plate, bounding a semi-infinite
fluid above it, predicts that a viscous boundary layer would manifest normal to the plate,
named as the Stokes layer, scaling as §s; ~ +/1t/(wp) (Schlichting 1960). In the Stokes flow
regime, the fluid velocity simply follows that of the flat plate, and ds; — oo (Wo — 0).
Stokes layer length scale 6s; decreases with faster oscillations (decreasing oscillatory to
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Figure 13: Plot of the mixing layer height ¢ against the Womersley number Wo = W/dg;, for various A¢, for
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greater we reach the fluid inertia dominant regime (shaded grey region). Note the plateauing of the curves
when Wo < 1, and their rapid decrease with increasing Wo, when Wo > 1, indicating a flow regime
transition. The measured mixing layer heights ¢ from (A) and (B), collapses as a double-power law when
appropriately rescaled, as plotted in (C), delineating the two regimes. Note that in (C) we have not show
the data-points for A¢ = 0 and 7. In (C), large x-axis shows the viscosity dominant regime, while at small
x-axis shows the inertial regime. Contrast the scaling for ¢ in the inertial regime (o 6;42) with that for the
theoretical boundary layer (ec dg;) for an oscillating flat plate (Schlichting 1960). Transition between the
two regimes appears to be smooth, and we visually identify (0.83,6.66) as the critical transition point in (C).
From this critical point, we obtain the functional transition curve: £¢ = 6.66e~4W /Wo, which is plotted as
dash-dotted (grey) lines in (A) and (B). These lines indicate the viscous to inertial regime transition, for all
A¢ and a.

viscous time scale), and serves as a proxy for an inertial length scale, mapping the oscillatory
fluid inertia with Wo = W /ds,. In our simulations we observe an emergent boundary layer
in the instantaneous flow-field, called the mixing boundary layer (MBL), showing dissimilar
dynamics to the classical Stokes layer. Curiously, the MBL height ¢ remains finite even in
the Stokes flow regime (see figure 5), while the Stokes layer in this limit is large 0s; > R. As
discussed in section 5.1, the MBL is characterised by vortical flows, depends on A¢ and is
further affected by the dynamic confinement of the Stokes layer.
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6.1. Mixing boundary layer height

The MBL height ¢ separates the vortical flow region from a unidirectional flow region
(advecting layer) above it. In our simulations, the axial velocity in the advecting layer is
always positive, i.e. u; > 0. We use this fact to characterize the height of MBL, by first
decomposing the instantaneous axial velocity according to its direction as,

_ u,, if u, <0 _
u (r,z,t) = {O,Z othezrwise, and  ul(r,z,t) =u; —u; (6.1)
and then computing the time and axial average of the negative velocity u as,
1 L, t+T
W=7 [ wanas 62)
LzT 0 t

which depends only on the radial distance r. We now identify the MBL height ¢ as the
shortest radial distance measured from the villi base at which the (u$*~).(r := £) = 0. With
this definition we obtain the MBL height £, measured from the villi base, within which the
instantaneous velocity field is characterized by significant negative axial flow u (z,7,1),and
above which the u (z,r, ) is negligible.

We measure ¢ for all simulated cases, and its non-dimensional value is plotted against
increasing Wo in figure 13 for various A¢, for (A) @ = 0.2 and (B) a = 0.1. We first look
at the non-propagating case with A¢ = 0 (star marker) and A¢ = & (circle marker). For
synchronised oscillations of the villi, A¢p = 0, £ remains constant at the maximum radial
distance of r = R for small Wo, and then sharply decreases with a slope ~ ds; at increased
Wo. This linear decrease of ¢ with increased Wo, mimics the dynamics due to an oscillating
flat plate, except at Wo = 5.0, where structure of the villi-wall boundary causes deviations.
Here, the mixing boundary layer is controlled by the Stokes layer, and the effect of the
villi-wall can be approximated by that of an oscillating flat plate positioned at an offset to
the villi-wall base. Puthumana Melepattu & de Loubens (2022) have shown that the mixing
layer for synchronous oscillations is entirely an inertial phenomenon and can be controlled by
changing the intervillous confinement. On the other hand, when A¢ = &, we have neighbour
villi that oscillate exactly out of phase and generate a mixing layer. This mixing layer decays
till the channel center-line » = R, and there is no advecting layer generated.

A distinct class of behaviour is seen in the MBL (¢) plots for propagating contractions,
0 < A¢ < m. Here, ¢ plateaus to a constant value at low Wo, and is a function solely of
A¢ and d, consistent with (2.5). The plateau value of ¢ decreases as A¢ increases from 7/5
to 27/3. At high Wo in the inertial regime, ¢ decreases with a slope ~ /Js;, contrasting
with the linear scaling seen for A¢ = 0. The slower relative decay of the MBL compared to
ds; indicates additional radial fluid pumping mechanisms due to intervillous contractions at
play. Comparing figures 13(A) and (B), we also see that decreasing @ causes an increase in
the relative levels of the measured MBL height. At smaller A¢, e.g. for A¢p = n/5 (square
marker), the Stokes to inertial transition of £ occurs at a smaller Wo, compared to e.g.
A¢ = 7 /2 (triangle marker). The critical transition Wo is smaller for larger plateau values of
¢ (i.e. smaller A¢ values). Here, for A¢ < 7/4, the increasing mixing layer height is truncated
by the radial confinement of the geometry. For these cases, the mixing layer extends across
the entirety of the lumen at Wo < 1, and the advecting layer disappears.

The plots also appear to show an apparent increase of ¢ at high Wo = 5.0, for certain cases,
namely for (@ = 0.2, A¢ = n/5) (see supplementary movie 6), and for (@ = 0.1, A¢ = n/5)
and (@ = 0.1, A¢ = n/4) (see supplementary movie 7). Upon further investigation we find
that the flow structure in these cases is unlike that observed in the rest of the simulations. Here,
vortical flow pattern emanating from the villi is altered, with the smaller counter-clockwise
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Figure 14: Snapshots of the purely oscillatory velocity field, visualized by subtracting a constant velocity
U ?L, 0) from the instantaneous velocity u, shown for two time-fractions ¢/T = 0.45 and 0.75, for the case

Ap =m/2, Wo=0.16and ad = 0.2. U?L, computed from (6.3), is a measure of the irreversible axial flow
velocity in the advecting layer. The dashed (magenta) separation line between the mixing and advecting
layers is reproduced from figure 5(A) for reference.

vortical flow assuming a distinct hourglass-like shape, while the larger clockwise vortical
flow reaching the channel center. Despite the high oscillatory inertia at Wo = 5.0, we have
a mixing layer height that reaches the channel center. Here, the steady streaming flow gets
significantly weakened (see figure 8, panel: A¢ = 7/5, Wo = 5.0) and the oscillatory flow
dominates throughout the luminal space. This changed flow structure indicates the existence
of another inertial flow transition beyond Wo > 5, which would also depends on A¢ and 4.
Here the computed averaged MBL height (£) is inconsistent due to the change in the flow
structure for these cases. In this paper we limit ourselves to Wo < 5.0, and a well defined ¢,
and therefore exclude these three points from further analysis in the present section.

The mixing layer height data shows a phenomenological collapse onto a double power-law
master curve, as shown in figure 13(C). Since the data for non-propagating cases (A¢ = 0
and ) exhibits a different class of behaviour, it does not collapse onto the master curve,
and is therefore not shown. The x variable for the collapse is 65, A¢>/3/H and the y variable
is £/(e~%5s;). For large values of the x variable, the flow is dominated by viscous effects,
leading to the power law relation y o 1/x (blue line), and thus £ o« A¢~2/3¢~%. Here the
mixing layer height ¢ is unaffected by oscillatory fluid inertia and therefore independent of
ds:. On the other hand, as the x variable decreases, the flow transitions into the oscillatory
inertial regime, with the power law relation y oc x~!/2 (red line). The mixing layer height now
depends on Wo and scales as £ « 6;£2A¢‘]/ 3¢=4. The double power law collapse therefore
shows a regime transition from the Stokes regime (large x) into the inertial regime (small x),
with a relatively smooth transition in between. At smallest values of x variable, we see that
the data collapse starts to fray, suggesting that this flow structure will not sustain at highly
elevated oscillatory inertia. We visually identify the critical transition point between the two
regimes as (x ~ 0.83, y =~ 6.66). This allows us to deduce a critical transition line in terms
of A¢ as: £€ = 5.5¢"“HA¢ /3. And similarly in terms of Wo as: £ = 6.66e %W /Wo. This
second critical transition line is overlaid over the unscaled £/H data in figures 13(A) and (B)
(grey, dash-dotted line), highlighting the onset of the oscillatory fluid inertia in the system.
The inertial regime is shown by the grey shaded region in all plots in the figure 13.

We now look into the physical mechanism that leads to the appearance of distinct mixing
and advecting layers in certain simulated cases, while not in others. Towards this end, we
subtract the characteristic flow velocity UAL of the advecting layer from the entire flow-field.
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Figure 15: Axially averaged ((-);) z-components of two important velocity measures, (A) the oscillatory
axial velocity (u$*), (dashed lines) and (B) the steady streaming axial velocity (u3*) (solid lines), plotted on
the x-axis. These measures are computed as functions of radial distance »/H (on y-axis), from equations (6.4)
and (6.5) for various A¢ and plotted (column-wise) for three increasing Womersley numbers Wo = 0.16, 1.58
and 5.01. The plots demonstrate that the oscillatory flow decays exponentially in r, while the steady flow
(which is mostly uniform for low Wo) does not.

Figure 14 shows this shifted velocity field for A¢ = 7/2 and Wo = 0.16, with the height of
the MBL reproduced (dashed magenta line) from figure 5(A). Here, the axial component of
the characteristic velocity is computed as,

AL 1 Le R
st = — drdz, 6.3
: HLZ/O /5H””Z (©3)

making sure that we integrate well above the MBL height, and the radial component is set to
UAL = 0. The shifted velocity field in figure 14 comprises entirely of counter-rotating semi
vortical flow structures that now extend till the central symmetry boundary. This structure is
similar to the one seen when the mixing layer extends till the center line (e.g. figure 5(B)). This
pattern is produced irrespective of A¢ in the Stokes flow regime (Wo = 0.16), demonstrating
that the total flow-field is simply a sum of the irreversible steady streaming and oscillatory
components.

The distinct mixing and advecting layers seen in the simulations manifest due to the
competition between the strength of the oscillatory flow, which generates the counter-rotating
vortical structures, and the irreversible steady flow shown in figure 4, along the radial
direction. In order to understand the MBL height £ behaviour, we map the radial dependence
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of the irreversible and vortical flows as,

1 [k
=g [ na: oy

Z

s 1 L, t+T o
W) (r) = >TL. /o /t lu(t,2,r) —ul’(z,7)|dtdz, (6.5)
where, (u3%), and (u?*), are the axially averaged steady streaming and oscillatory axial
velocities. Figure 15 compares the strength of these two velocity measures, for three
increasing values of Wo (column-wise panels) and all Ag. In figure 15(A), the oscillatory
velocity (u?*), shows an exponential decay with increasing r/H, for various A¢. This decay
becomes more pronounced as Wo increases. In contrast, as seen in figure 15(B), the steady
streaming (u;*), remains nearly constant, starting from the villi tips to the centre of the
lumen at lower Wo, while becoming increasingly bulged just above the villi tips at higher
Wo.

In summary, for a given small @, the non-reciprocal motion of the villi-wall generates
irreversible or steady streaming axial flow. This flow is nearly uniform, and depends only on
A¢ when viscosity dominates over oscillatory inertia. The propagating contraction-expansion
kinematics of the villi-wall also generate axially oscillating flow, seen in the form of counter-
rotating vortical structures. The strength of this oscillatory flow decays exponentially along
the radial direction, with a decay rate dependent on A¢. The height of the MBL is now
determined by a competition between these two effects. Within the mixing layer the oscillatory
axial flow predominates, while in the advecting layer its strength falls below that of the
steady streaming axial flow. Hence, in viscosity dominated cases, ¢ depends only on Ag.
As oscillatory inertia increases, a decreasing Stokes layer dg, enforces a dynamic radial
confinement on both the steady and oscillatory flows, causing a depletion of the irreversible
flux near the channel center, as well as a faster radial decay of the oscillatory axial flux. This
in turn causes the MBL height to decrease non-trivially in the inertial regime, as a function
of both Wo and A¢, unlike that for a simple oscillating flat plate.

7. Micro-mixing and transport

We put forth the idea of an artificial villi-wall driven flow pumping and micro-mixing, using
propagating contractions, similar to the adaptation of artificial ciliary arrays for microfluidic
mixing and transport applications (den Toonder et al. 2008; Shields et al. 2010; Gu et al.
2020). Unlike the artificial villi arrays, the protruding villi-like structures can be rigid, which
could prove advantageous in confined microfluidic geometries or for processing highly
viscous fluids. The contraction-expansion wave along the villi-wall simultaneously generates
axial as well as radial fluxes. While axial pumping can be split into an oscillatory and a
steady streaming part, there cannot be any irreversible pumping along the radial direction
because of the confining channel walls. In this section, we aim to understand how these flow
patterns can be modulated by adjusting the two control parameters, (A¢, Wo).

7.1. Luminal axial flux

Axial fluid transport can be quantified by oscillatory and steady streaming axial fluxes.
Similar to the calculation of the axial fluxes in the villi zone (in (5.1) and (5.2)), we compute
steady streaming flux in the lumen zone (H < r < R) as,

03! = Lrere w3y’ (z,r)dzdr (7.1)
‘ L. Ju Jo © ‘
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Figure 16: Plots for (A) oscillatory axial (Qgs’l) and (B) steady-streaming axial (Q;s’l) fluxes measured

within the lumen zone (H < r < R), plotted against the phase lag A¢, for increasing Wo. Filled markers
(coloured) are for @ = 0.2 and empty markers (black) for @ = 0.1. Unlike the fluxes in the villi zone, rescaled

data does not follow simple scaling. Note that in (B) Q;S’l, shows non-monotonicity with increasing Wo,

with the maximum irreversible steady flux occurring when Wo ~ 2.82.

and the corresponding oscillatory flux as,

y 1 R L, pi+T -
0ol = L. /H /0 /t lu(t,2,r) —uy’ (z,r)|dtdzdr. (7.2)

Figures 16(A) and (B) show the axial oscillatory and steady streaming fluxes in the lumen,
os,l

respectively. For A¢ = 0, the axial oscillatory flux (Q;”" in figure 16(A)) shows large
variation due to fluid inertia. For A¢ = 0, Q‘Z’S’l decreases with increasing Wo, from a
maximum value of ~ UpH at Wo = 0.16 in the Stokes regime, to near zero at Wo = 5.0.
This behaviour is a direct consequence of the increasing oscillatory inertia that progressively
limits the axial flux nearer the villi tips. For A¢ > 0, the non-dimensional axial oscillatory
flux is clustered within a narrow range, 0.2-0.4. The flux shows gradual and monotonic
decrease with increasing A¢, for a given Wo. Moreover, the Wo at which the largest flux is
observed now depends on the parameter (A¢, @). Here, unlike for the case of the villi zone
in figure 9(A), the data does not collapse onto a simple trigonometric curve.

The irreversible steady streaming luminal flux is shown as a function of A¢ in figure 16(B).
In the viscous-dominated flow regime at low Wo < 1, the steady-state axial flux data,

pd A collapses onto the functional form ~ sin (A¢), analogous to the behavior observed
in the villi zone (figure 9(B)). Extrapolating the geometric scaling seen in the villi zone
to the lumen zone as, W(R — H)(sin (A¢))/(2PH), we see this (dotted red curve) scaling
is slightly larger than the data-points for Wo < 0.28. This is consistent with the effective
velocity boundary constant coefficient ¢y ~ 0.9W/(2P), measured in section 5.3.1. Thus,
in the Stokes flow regime, we can approximate the total steady streaming axial flux in
the channel as Q3° = Q;"" + 05! ~ (WRsin (A¢)) /(2PH). However with an increase
in oscillatory inertia, the flux data no longer shows a functional collapse. Similar to its
oscillatory counterpart, the flux here shows a non-monotonic behaviour with increasing Wo,
stemming from fluid inertia. Note that Q3% at Wo = 5.0 is lower that that at Wo = 2.82, for
all A¢. Though increasing Wo increases the axial velocity of the fluid in the lumen, it also
decreases the radial height to carry this fluid flux due to dynamic radial confinement of the
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Figure 17: The oscillatory radial flux Q2% per intervillous gap evaluated from (7.4) is plotted (on x-axis)
against radial distance r/H (on y-axis) for @ = 0.2 and three different A¢p = n, n/3 and n/5. For each
Ag, curves for four increasing Womersley numbers Wo = 0.16 (solid), 0.28 (dotted), 0.5 (dashed) and 5.0
(dash-dotted) are shown. Note that radial flux curves at low Wo (for Wo = 0.16 and 0.28) coincide exactly.
Minor deviations from these coincident curves are seen with the onset of oscillatory fluid inertia, when
Wo = 0.5, and large deviations are seen at increased oscillatory inertia for Wo = 5.0.
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Figure 18: Plots for (A) the peak value of radial oscillatory flux (Qj ), and (B) the steady-streaming
(075 ™) fluxes, plotted against the phase lag A¢, for increasing Wo. Filled markers (coloured) are for
a = 0.2 and the empty markers (black) for @ = 0.1. In both plots, the peak flux data-points collapse solely
as functions of A¢ (for 0 < A¢ < m), when rescaled appropriately. The scaling functions are shown with
dashed (green) and solid (red) lines in (A) and (B), respectively.

flow near the villi tips (see figure 4). The flux therefore reaches a maximum at Wo ~ 2.8 and
falls beyond Wo > 2.82.
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7.2. Radial pumping

The radial pumping of fluid in the channel cannot lead to an irreversible radial flow due to
the confining symmetric top and bottom channel walls. Instead, all of the radially pumped
fluid, due to intervillous contractions/expansions recirculates, forming counter-rotating semi-
vortical flow structures, as seen in figures 5 and 6. These flow patterns are crucial for
enhancing micro-mixing within the channel, especially in regions nearer the villi. In the
physiological context of the intestine, this would enhance subsequent absorption of gut
contents by the intestinal walls (Lentle & de Loubens 2015).

Radial pumping is quantified using radial oscillatory and steady streaming fluxes. Due
to radial flow confinement, mass conservation will ensure that a simple integration of the
velocity field along the z-axis yields zero net flux. We therefore define the steady streaming
radial flux per intervillous gap as,

AR 1 LZ SSs
=5 /0 s (2. ) ldz. (1.3)

Since the radial steady streaming flux is not irreversible, the equation (7.3) captures the
strength of the vortical structures observed in the SSF. The corresponding oscillatory radial
flux per intervillous gap is computed as,

| L. pt+T
Q7 (r) = 5y / / lur (2, 2,7) —uy* (2, r)|ddz. 7.4
0 t

Here, N = 2n/A¢ is the number of intervillous gaps along axial periodic length L, = NP.

95/5%) retain their radial

Unlike in the axial case, the radial fluxes per intervillous gap (Q
dependence and have equal magnitude in +r directions.

Figure 17 shows the non-dimensional oscillatory radial flux Q?°(r) on the x-axis, as a
function of the radial distance along y-axis, for three values of A¢ = &, n/3 and n/5, at
a = 0.2. The flux curves are plotted for four increasing values of Wo = 0.16 (solid), 0.28
(dotted), 0.5 (dashed) and 5.0 (dash-dotted), in order to demonstrate in effect of increasing
oscillatory inertia on their radial behaviour. The radial flux rises to a peak value just outside
the villi tips and then falls to zero along r for all cases. Unsurprisingly, we see that the peak
radial flux is generated when A¢ = &, when the intervillous spaces undergo maximum strain
for a given villi displacement a. With a decrease in A¢, the peak flux value drops. With
decreasing A¢, the radial distance over which the flux drops to zero also increases, with
the fastest drop seen for A¢ = x, and the slowest for A¢ = n/5. This is consistent with the
behaviour of the mixing layer height ¢ with decreasing A¢.

In the lumen zone, when Wo <« 1, (i.e. Wo = 0.16 and 0.28), the flux curves are coincidental
for all A¢. This overlap demonstrates that in the absence of fluid inertia, the Q¢° and its
radial dependence is solely controlled by the geometric motion of the villi-wall, (A¢). As Wo
increases (Wo =~ 0.5), slight deviations away from the coincidental curves appear along r,
indicating an onset of inertial effects. In the oscillatory inertia dominated regime (Wo = 5.0),
Q¢ curves decay much faster to zero along +r in the lumen. This again is a consequence
of decreasing Jg;, and the radial flux in the lumen is now a function of both A¢ and Wo.
However, in the villi zone the radial flux profiles are governed solely by the phase lag A¢,
and these always overlap irrespective of Wo. Thus, similar to the axial fluxes, the oscillatory
radial flux in the villi zone remains unaffected by oscillatory fluid inertia due to greater
geometric flow confinement.

The peak value of oscillatory radial flux along r is identified as Q7™ (r™**) = max(Q?*¥)
and that for the steady streaming radial flux as Q3*"™ = max(Q$*). Figure 18(A) plots the
rescaled oscillatory radial flux as a function of A¢, for increasing Wo. Here, we see a
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remarkable data collapse onto the functional form ~ (2/x) sin(A¢/2), for all Wo and 4.
This simple scaling form can be derived by solving for the maximum strain-rate experienced
by an individual intervillous gap in the villi-wall system, the details of which are given in
section A.2. Minor deviations are seen for A¢ = 0, where the flux does not remain identically
zero for increasing Wo. When A¢ = 0, the radial oscillatory flux is generated solely through
an inertial mechanism, and increases linearly with Wo (figure not shown). The peak radial
oscillatory flux generated by this inertial mechanism (A¢ = 0) is completely negligible when
compared to that generated due to intervillous contractions (r/5 < A¢ < n), by at least
an order of magnitude, for all Wo. The peak oscillatory radial flux therefore remains largely
unaffected by fluid inertia (Wo) for A¢ > 0. Figure 18(B) plots the peak values of the steady
streaming radial flux as a function of A¢, for different Wo and 4. When rescaled with UyHd,
similar to the steady streaming axial flux, all the data points for the propagating wave cases
(0 < A¢ < 7) collapse onto a master curve, which is a simple trigonometric function solely
of A¢. The peak flux values for the non-propagating wave cases (A¢ = 0 and ) do not show
a collapse and are affected by changes in Wo and a.

7.3. Oscillatory radial flux and fluid inertia

Even though the peak radial flux values are more or less independent of Wo, oscillatory
inertia has an influence on the radial flow field. As seen in figure 17, increasing Wo causes
a faster decay of the radial flux Q%¥(r) along +r, and will therefore influence luminal
micro-mixing significantly. We quantify the sharpness of the flux decay by fitting a simple
exponential model, within an appropriate truncated luminal region as, Q%% (r'*" < r <
rhighy = poe="/1 Here, since we are interested in the flux decay beyond the peak flux value,
we take the lower radial limit for the fit model as, r/°% ~ (r™* + 0.2H), where r™ is the
distance at which we find the maximum oscillatory radial flux Q25 (r = r™*) = Q7*"™* The
upper radial limit for the fit is found when the radial flux falls to (numerically approximated)
zero, Q25 (r := r"8h) = 0. In this analysis, we first carry out cubic spline fitting of the radial
flux curves. We then analyze the first and second derivatives of the cubic splines to define
the radial position of the numerical zero, and therefore set the radial distance /8" Since
flow is radially confined, fluid inertia effects on the radial fluxes are not obvious. We expect
to see a signature of fluid inertia through an estimation of the fitting parameter A,, which we
term as the radial-decay length constant.

For all simulations, we obtain the radial-decay length constant A,., which is plotted against
A¢ in figure 19(A) , for various Wo and a. Here, we shift the A, /H data points measured for
A¢ =0 to A¢p = 2x, in order to make them visible on the log-log scale. Strikingly, extracted
A, falls onto two distinct levels, both of which diverge linearly as A, /H « A¢~!, without any
additional rescaling. For a given Wo, the value of 4, is seen to jump from the lower level onto
the upper level with an increase in A¢. The emergence of two distinct levels here indicates a
sharp transition in the radial fluid flow regime.

It merits mention that, just as the MBL height £ serves to indicate the viscous to inertial
transition, with an identifiable critical transition point (figure 13), for the axial flow field,
A, similarly tracks the viscous to inertial transition in the radial flow field. To visualize the
regimes and their transition, we define the level number K = A,A¢/H, which assigns a
scalar value to the level selected by A,.. We plot the level number K as a colour function of
(A¢, Wo), for @ = 0.1 and 0.2 in figures 19(B) and (C), respectively. The two phase-maps
are highly similar, indicating that the magnitude of the small amplitude oscillation has a
negligible effect on the oscillatory radial flux profiles. On these phase-maps, red indicates
viscosity dominated regime with a high K value, while blue indicate inertial regime with a
low K value, with the sharp transition between.

The regime transition zone is affected by both Wo and A¢, and we approximate this as
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Figure 19: (A) The radial-decay length constant A, obtained from analysing the radial oscillatory flux
Q25(r), plotted against A¢ for all values of Wo. Filled markers (coloured) are for @ = 0.2 and empty markers
(black) for @ = 0.1. We see that A, o« 1/A¢ and assumes two distinct levels. The two levels are quantified
with a level number K = A, A¢/H, which is mapped over (A¢, Wo) space, for (B) @ = 0.1 and (C)@ = 0.2. A
jump in K indicates the onset of oscillatory inertia on radial flow. This transition is the equivalent in both (A)
and (B), and is approximately marked by the dotted (grey) line. The dotted lines are identical in both maps,
and thus the transition seems independent of @. The dash-dotted (magenta) line plots the functional transition
curve, Wo = 1.21A¢2/ 3W /H for reference, obtained from the critical transition point via an analysis of the
mixing boundary layer in figure 13.

a double-power law function Wo o A¢4, which is marked with a dotted (grey) line, and is
identical in both the phase-maps. And for both phase-maps, the power-law exponent of this
transition function is seen to change around (A¢ ~ 2x/5, Wo ~ 0.67). Since A, is an inverse
linear function of A¢, we postulate that this change of exponent comes about because of
the limiting effect of the channel height R/H = 5.6. In both figures 19(B) and (C), we also
mark the critical transition line (dash-dotted, magenta) obtained earlier in section 6.1 from
the critical transition point in figure 13(C) as: Wo ~ 1.21A¢>*W /H. Here, we re-emphasize
the distinction that the dash-dotted critical line is obtained in section 6, exclusively through
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Figure 20: Phase-maps for axial to radial pumping ratio, for (A) ¢ = 0.1 and (B) @ = 0.2, over the
simulated (A¢, Wo) space. The colour map shows the ratio of the total irreversible steady streaming axial

(035 =035V + Q;s’l) to maximum oscillatory radial (Q2°™*) flux. Note the distinct maximal axial
pumping regions in both plots. The two maps become equivalent when Q3* is rescaled with d (see figure 24).

an analysis of the axial flow-field (by defining u_ (t, z, r)), whereas the dotted double-power
transition function is obtained from phase-maps that are constructed solely by analysing the
radial flow field (via |u,(t, z, r)|) within the lumen. We therefore deduce that for a given A,
oscillatory fluid inertia impacts radial flow field at a higher Wo, compared to its effect on
the axial flow field. This disparity arises due to flow confining boundary walls in the radial
direction.

7.4. Micro-mixing and axial pumping regimes

Adopting the villi-wall boundary with propagating intervillous contractions towards a
microfluidic application would require understanding which control parameters can be tuned
to modulate micro-mixing or axial pumping. To advance this understanding, we compute
the ratio Q%°/Q7*"™", which serves as a proxy quantifying the relative effectiveness of
axial pumping compared to micro-mixing. Here, axial fluxes in the villi (Q3*") and the

lumen (Q;s’l) zone are combined to give the total irreversible axial steady streaming flux

0% =077 + 05!, The ratio is plotted as scalar contour of (Ag, Wo) in figure 20 for
both @ = 0.1 and 0.2. In either phase-map we identify two dominant regimes, one where
03 /07% ™ > 1.0, for which the axial pumping dominates, whereas for Q%°/Q7*™* < 1.0
we expect better relative micro-mixing in the lumen. Clearly, an increase in the oscillatory
amplitude @, causes a greater portion of the sampled parameter space (A¢, Wo) to prefer the
axial pumping over micro-mixing, and vice versa. In both the maps, the ratio Q5 /Q7*"™* is
non-monotonous with a distinct maximum around 7/3 < A¢ < n/2, and Wo =~ 2.8, which
should give best axial pumping relative to micro-mixing. Generally speaking, axial pumping
is seen to dominate at high Wo > 1.0 in the system. Micro-mixing would do best at A¢ = &
and 0.1 < Wo < 0.5, and for low Wo < 0.5, its dominance falls gradually with decreasing
A¢. Finally, we note that the two phase-maps become equivalent when the flux ratio is
rescaled by 4, i.e. 05°/(aQy™ ™) (see figure 24), and the role of the villi displacement
amplitude is to simply shift the phase-map in the control parameter space (A¢, Wo).
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Figure 21: Flow-field at two time instances in the axially periodic domain of length L, ~ 23.4 mm
(N =73, P = 320 um), simulated with propagating effective boundary velocities at the bottom edge and
symmetry at the top. The boundary wave travels from right to left, as seen from the progression of the
streamlines with time. The colour field in (A) shows the instantaneous velocity magnitude while that in (B)
shows the instantaneous shear strain rate in the fluid.
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Figure 22: Flow-field at two time instances in the axially periodic domain of length L, ~ 7.7 mm (N =
24, P = 320 um), simulated with propagating effective boundary velocities at the bottom edge and symmetry
at the top. The boundary wave travels from right to left, as seen from the progression of the streamlines
with time. The colour field in (A) shows the instantaneous velocity magnitude while that in (B) shows the
instantaneous shear strain rate in the fluid.

8. Propagating contractions along the rat duodenum

In this section we investigate the flow-field generated in the duodenum of the rat undergoing
propagating longitudinal contraction at near-physiological conditions. Using image analysis,
Lentle et al. (2012) have obtained spatio-temporal mapping of propagating longitudinal
contraction-relaxations waves on the outer walls of living rat duodenum. Their experiments
estimate the wave speed for propagating contractions at ~ 13.6 mm/s, though here a direct
measurement of the wavelength has not been recorded due to size limitations of the extracted
duodenal segments. From our villi-wall motility model, we estimate the periodic length of the
propagating wave as L, = ¢/f = 23.4 mm. As the intervillous mean distance is ~ 320 um
(see table 1), the number of villi in a periodic domain along the z-direction is estimated as
N =~ 73. And the wave speed is translated into the model as a constant intervillous phase
lag of A¢ = 2n/73. We thus simulate a duodenal section of periodic length L, = 23.36



33

mm, undergoing propagating contraction-relaxations using the effective velocity boundary
conditions (5.3) and (5.4), proposed in section 5.3.1. Using resolved villi (as done in all
previous sections) for simulating a domain with 73 periodic villi would entail significantly
higher computational costs.

In their study, Lentle er al. (2012) also map non-propagating contractions from the rat
duodenal walls, measuring their averaged axial wavelength to 7.7 + 4 mm. Multiple previous
studies have carried out fluid simulations over similarly sized rat intestinal sections, with non-
propagating wall contraction-relaxations, both with (Zhang et al. 2020; Wang & Brasseur
2017; Wang et al. 2010) and without villi (de Loubens et al. 2013). These simulations consider
the fluid to be Newtonian with a viscosity of ¢ = 1.0 mPa-s. To facilitate comparison with
literature, we also simulate propagating contractions-relaxations over this shorter periodic
domain of L, = 7.68 mm. Here, with P = 320 um, we get A¢ ~ 21 /24 for the effective
velocity model, and a wave speed of ¢ ~ 4.45 mm/s. Taking an average strain rate of 26%s™!
and a oscillation frequency of ~ 34.8 cycles per minute (f ~ 0.58 1/s) (Lentle et al. 2012),
we estimate a maximum strain displacement of 2a = 71.7 pum over an intervillous distance
of P = 320 um. We therefore set @ = 0.18 in both these simulations. The coefficients for the
effective velocity model cg-» and dy—, are then calculated from the heuristic fitting relations
derived in the Stokes flow limit, discussed in 5.3.1.

The rat gut is modelled as a 2D rectangular domain where the velocity at the bottom
boundary is given by the equations (5.3) and (5.4), the top boundary is enforces flow symmetry
along r, while the right and left boundaries are periodic inlet-outlets. Note that unlike in
all previous simulations the bottom boundary starts at r = H = 500 um, and the simulated
domain height is (R — H), since the effective velocity model excludes the villi zone. Here, we
reduce the lattice resolution to P = 16 lattice nodes (= 320 um), as the simulations no longer
explicitly model the moving villi. In order to make comparison viable, we adopt u = 1.0
mPa-s and impose an oscillation frequency of f = 0.58 1/s, which leads to a physiological
Womersley number of Wo = 0.38. The periodic flow-field convergence is reached here with
the same criteria as discussed in section 3.2. We present these simulations with the caveat
that biologically realistic flow-fields in the intestine are expected to be strongly influenced
by the non-Newtonian nature of the fluid, which is mainly constituted by a mixture of the
ingested contents and the viscoelastic intestinal mucus. Furthermore, experimental evidence
suggests that longitudinal muscle contractions are not radially symmetric, and also show
large amplitude variations, both axially and temporally. We aim for our effective velocity
model to inspire further detailed investigations into these complex and biologically relevant
phenomena.

The instantaneous flow-fields for the two simulated cases with L, ~ 23.4 mm and L, =
7.7 mm are presented in figures 21 and 22, respectively. We show all results in this section
in their respective physical units keeping in mind their bio-physiological implications. The
flow-field streamlines are plotted at two time instances in panels (A) at 1/T = 0.45 and in
(B) at t/T = 0.75. In both the figures, the colour field in panel (A) plots the magnitude of the
velocity field |u|, while that in (B) plots the fluid shear strain rate y. The shear strain rate is
measured locally from the LBM simulation as y = o,/ (2u), where o, is the viscous shear
stress computed at each lattice node.

In both figures, the streamlines show two counter-rotating vortices, of approximate axial
size L,/2 and height R — H. These pair vortices advance along —z due to applied wave
velocity boundary condition. We see that the vortical structures (the mixing layer) extends
till the channel center, indicating that we are in the micro-mixing dominated regime. This
is unsurprising, and a consequence of the assumption used for the estimation of boundary
velocity coefficients co-p and dp—p. In the case of the rat duodenum, the ratio cj/co o«
1/(a@sin(A¢)) = 249, from coeflicient relations given in 5.3.1, for A¢ = 27 /73. This means
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Figure 23: Plots of velocity measures for the rat duodenal simulations at physiological Wo = 0.38. Dashed
(blue) and solid (red) curves are for slower (¢ ~ 4.45) and faster (¢ ~ 13.55) pendular-waves over periodic
domains L, ~ 7.7mmand L, = 23.4 mm, respectively. (u3*) is computed from (6.4), (u$®), and similarly
the radial component (u?%), from (6.5), and (|y|);,z from (8.1).

that the oscillatory axial flow dominates the irreversible SSF all throughout the gut. We expect
this estimation of the model coefficients to be improved upon, with future experiments that
can directly map the motility along the inner villi-lined walls of the rat duodenum.

Interestingly, we also see that the vortex pair in both cases appears skewed. This happens
because the background SSF is affected by fluid inertia. Nearer the channel center r = R, we
observe greater steady axial flow velocities u3* relative to those near the bottom boundary
(see figure 23). This inertial effect even at the relatively low Wo = 0.38 gives the pair-vortices
their skewed character. We also observe that the effective velocity boundary condition on
the bottom wall imparts the effect of discrete villi on the flow-field, which is especially
visible on the shear strain rate in panel (B). This effect is seen to be more pronounced in the
shorter domain (L, ~ 7.7, figure 22) simulation, as the intervillous pitch becomes relatively
more important. The maximum velocity magnitude in both simulated cases is nearly equal
at ~ 100 ym/m. The maximum shear strain rate values and velocity magnitudes are seen to
occur near the bottom boundary, as expected.

We quantify radial dependence of the velocity field and shear rate as follows. We
compute the axially averaged steady streaming axial velocity (u3%), using (6.4). We use
(6.5) to compute the axially averaged oscillatory axial velocity (u?*)., and similarly the
corresponding oscillatory radial velocity (u2%),. Further, we compute the axially averaged
shear strain rate magnitude as,

1 L, t+T
et = 7= [ [ thiase, .1

We plot the radial variations of these averaged flow-field measures in figure 23, with solid line
for the case A¢p = 2n/73 (L, = 23.4 mm) and dashed line for A¢ = 27/24 (Lz = 7.7 mm).
We see that the magnitude of the steady streaming velocity is at least an order of magnitude
smaller than that of the oscillatory velocity components, in the respective simulations. The
steady streaming velocity is seen to increase nearer the channel center than at the bottom
wall due to inertial effects, which consequently causes a skewness of the vortex pair in the
instantaneous flow. Examining, the oscillatory velocity measures we see that (#$*), has a
minimum, and (#2%), has a maximum, at approximately 500 um above the villi tips. We
postulate that this is an indicator of the micro-mixing zone seen in Wang & Brasseur (2017),
and would significantly enhance mixing and absorption nearer the villi. For A¢ = 27/73, the
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maximum shear strain rate at the wall is Y™ ~ 0.21 1/s, and the shear rate (|y|); , shows
an exponential decay from the villi tips till reaching the channel center line. However, the
shorter domain at A¢ = 27/24, shows larger maximum wall shear strain rate of y™** =~ 0.40
1/s, but the shape of its decay to the channel center becomes more complex. Using a typical
oscillatory axial velocity of 10 um/s just above the villi tips, we estimate a Péclet number of
O(10) for a glucose molecule, while that for a typical gut bacterium such as lactobacillus
would be of O(10%). Hence we expect the nature of the flow-field to play an important role
in digestion and absorption of nutrients in the small intestines.

9. Conclusions

We investigate the fluid transport and mixing induced by propagating longitudinal contrac-
tions in an axially periodic channel — a prototypical motility pattern termed as ‘pendular-
wave motion’, observed along the walls of the small intestine in various species, including
humans. Beyond its physiological relevance, this mechanism also has potential applications
in microfluidics, as it enables both pumping and mixing through a travelling contraction-
expansion wave along the patterned channel wall. The channel walls consists of rigid
structures of height H, called villi, protruding into the channel lumen. These villi have
non-zero width (W) and are separated by intervillous gaps with an average axial mean
distance P. In this study, the geometry of the villi-patterned channel wall is inspired from
the leaf-like (or ridge-like) villi of the rat duodenum.

We use the two-relaxation-time lattice Boltzmann method (TRT-LBM) with the incom-
pressible equilibrium to numerically solve the fluid flow in the intervillous gaps and the lumen
of a 2D mirror symmetric channel. For describing the moving villi-wall boundary, we adopt
a computationally local interpolated bounce-back scheme, and an iterative fresh-node refill
procedure. The approach enables stable simulations with accurate capture of second-order
flow phenomena, while preserving the locality and fidelity of the method.

Each villus along the wall oscillates harmonically with circular frequency w, with a
constant phase lag A¢ relative to its neighbours. This phase lag governs both the wave speed
¢ and the axial domain length L, ensuring axial periodicity of the villi-wall motion. The villi
oscillation frequency is non-dimensionalized as the Womersley number Wo = W /+/v/w, and
the oscillation amplitude as @ = a/W.

Our simulations reveal an emergent boundary layer in the instantaneous flow-field,
separating the flow into two horizontal layers. The layer immediately above the villi-wall is
characterised by counter-rotating, asymmetrical semi-vortical flow structures, and we term
this as the mixing layer. Intervillous contractions pump fluid in and out into the channel
lumen causing re-circulatory flow between nodes and anti-nodes of the travelling wave along
the channel boundary, thereby manifesting the mixing boundary layer. Above this layer
we observe nearly uniform unidirectional axial flow, always in a direction opposite to the
travelling wave along the villi-wall, which we term as the advecting layer. Remarkably, the
two distinct layers persist even in the Stokes flow regime, Wo < 1.

Furthermore, we map the time-averaged flow-field u**, called the steady streaming flow
(SSF), for various (A¢, Wo) and small oscillation amplitude @ = 0.1 and 0.2. We see that the
propagating villi-wall motion produces irreversible axial SSF throughout the channel, in a
direction opposite to that of the propagating wave. The SSF sustains even in the absence of
fluid inertia, i.e. when Wo <« 1. We demonstrate that the physical mechanism for the time-
symmetry breaking in the Stokes flow regime is the same as that for a simple interlinked three-
sphere 1D swimmer (Najafi 2004), and is enabled by non-zero finite A¢. Here, irreversible
axial flow is generated due to coordinated motion of the villi (and the contracting intervillous
spaces), tracing a non-reciprocal path, even though each individual villus moves reciprocally.
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Using simple geometric arguments we provide a scaling for the irreversible (steady streaming)
axial flux, which matches well with the flux measured from the simulations, especially within
the highly confined villi zone. With an increase in oscillatory inertia, the steady flow get
increasingly confined to a region adjacent to the villi tips.

We introduce an effective velocity boundary condition u¢(r ~ H) that enables the
computation of the flow field at larger scales without explicitly modelling individual villi.
This boundary condition is derived from a Fourier analysis of the flow velocity above the
villi tips in the Stokes limit. Notably, this analysis reveals that the axial velocity component
can be decomposed into three terms: a constant term, which drives the irreversible SSF, and
two propagating harmonic terms. The first corresponds to a travelling contraction-expansion
wave at the domain length scale L, while the second introduces travelling perturbations in
the axial velocity at the scale of the intervillous distance P. A similar decomposition holds
for the radial velocity component, except that its constant irreversible term vanishes due to
mass conservation imposed by the confining walls in the radial direction.

We establish that the mixing boundary layer in the instantaneous flow-field emerges due to a
competition between the steady streaming axial flow and the oscillatory axial flow, away from
the villi tips. The axial flow in the mixing layer is dominated by the oscillatory component
of axial velocity, which decays exponentially normal to the villi-wall. Alternatively, the
advecting layer is dominated by the steady component of axial velocity, controlled by the
coordinated motion of the villi. In the viscosity dominated regime (low Wo), the steady
streaming axial flow is nearly uniform in the channel. Moreover, with increasing Wo, both
the oscillatory and steady components of axial flow experience normal confinement towards
the villi tips, thus affecting the mixing boundary layer height £ in a non-trivial manner.
The increasing dynamic confinement is caused by a decreasing viscous penetration layer,
classically quantified by a length scale called the Stokes layer 65; = \/v/w.

We achieve a phenomenological collapse for the mixing boundary layer height £ as a
double power-law function. The collapse helps us to delineate the viscosity dominated
regime where £ o« A¢~>/3¢~%, from the inertial flow regime where £ o 6§£2A¢‘1/ 3¢,
Hence, ¢ increases with decreasing A¢, and is ultimately limited by the channel radius R.
The point where power-law exponent changes helps us identify a critical transition line for
axial flow: Wo ~ 1.21A¢**W /H, from viscous to inertial regime.

Radial pumping is quantified using absolute radial fluxes derived from both instantaneous
and steady streaming (SSF) velocity fields. The oscillatory component of the radial flux
attains its maximum amplitude just above the villi and subsequently exhibits an exponential
decay along the channel radius. Remarkably, the peak flux values collapse onto simple
trigonometric functions of the phase lag A¢. Thus, peak radial fluxes are related solely to
the geometric motion of the villi-wall. We extract the radial-decay length scale A, for the
radial fluxes and build a phase-map visualizing a transition for the radial flow from viscous
to inertial regime. In comparison to the axial flow critical transition line, we find that the
viscous to inertial transition for the radial flow is delayed in the (A¢, Wo) space due to flow
confinement by the channel walls.

We compare the axial steady streaming (irreversible) to radial oscillatory (reversible)
pumping by the villi-wall in the channel, to identify regions of either dominant micro-mixing
or of axial advection. These phase-maps have a pronounced maximum, suggesting an optimal
region in the parameter space, (7/3 < A¢ < n/2, Wo = 2.8), for maximizing steady axial
flow pumping.

Finally, returning briefly to the rat duodenum, we demonstrate the utility of our effective
velocity boundary model to estimate the flow patterns therein. We employ the villi-wall
effective velocity boundary condition u¢|,~g to solve for the flow at larger duodenal scales,
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without explicitly resolving the flow around individual villi. Using available physiological
data, we estimate that the flow in the rat duodenum operates in a micro-mixing dominated
regime, suggesting that the primary function of these ‘pendular-wave’ contractions is to
enhance in-situ mixing rather than augmenting propulsion. The flow-field exhibits counter-
rotating vortical structures, with their axial extent directly proportional to the wavelength of
the contraction-relaxation wave. The shape of these vortices is modulated by the effects of
mild fluid inertia within the channel.

A more detailed experimental characterization of motility on the internal gut wall is needed
to better understand its role in intestinal transport. This includes studies at both the scale
of individual villi and the scale of the propagating wavelength. Additionally, the intestinal
fluids, such as digesta and mucus, exhibit complex non-Newtonian properties, which could
significantly alter the flow dynamics and requires further investigation.

Beyond its physiological relevance, this study suggests that bio-inspired ‘pendular-wave’
villi-wall motion could be leveraged in microfluidic applications. Similar to artificial cilia
arrays, such a mechanism could enable efficient mixing, pumping, or flow control in confined
microfluidic channels, opening avenues for innovative biomimetic designs.

Supplementary data. Supplementary movies are available.
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Appendix A. Geometric scaling of radial and axial fluxes
Let the size of any intervillous gap between two adjacent villi along Z be given as,

=X - Xi (A1)

Substituting from (2.2) and simplifying we have,
A A
{,-=P—W+2asin(7¢)sin(a)t+7¢(2i—1)), (A2)
and the expansion (or contraction) rate of the gap is,

i = 2aw sin (%) cos (wt+%(2i— 1)). (A3)

A.1. Scaling irreversible axial flux in villi zone
The velocity at the center of the gap bounded by the i and (i + 1)™ villi using linear
interpolation, and further trigonometric simplification is,

_ Ui+ Ui A¢

_ A AP i
Vi 5 —wacos( > )sm (wt+ > (2i 1)) (Ad)
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Figure 24: Equivalence of phase-maps for axial to radial pumping ratio, when rescaled by a. The map shows
contour lines (dashed) for cases with @ = 0.1 and filled contours for cases with @ = 0.2, plotted over the
(A¢, Wo) parameter space.

Now, since the axial flux trough each gap would be proportional to the gap size and fluid
velocity within, we compute the velocity weighted by the gap size as,

M,;=4Vi= (P = W)wa sin (a)t + (2 — 1)%) CcosS (%)

+a’wsin® (a)t + (2 — 1)%) sin (Ag) . (AS5)

Taking the time integral for the irreversible component, only the second termin (A 5) survives,
and can be simplified to,

. 1 t+T 2
M, =~ / M, dt = £Z sin (Ag) (A6)
T ), ’ 2

The scaling for the steady streaming irreversible flux through any gap within the villi zone
can be now be written as,

_HN—  d*wH
L, Y 2P

oY sin (A¢) . (A7)

And when non-dimensionalized with characteristic villi flux (UgH = awH), this is expressed
as,

ASS,V _ ﬂ :
0" = 2P sin (Ag) . (AB)

A.2. Scaling peak oscillatory radial flux

The instantaneous flux driven by the contraction/expansion of any intervillous gap is |;|H.
We postulate that the peak oscillatory radial flux per intervillous gap would scale as,

1 T awH Ap\ [T
os,max _ \Hdt = ;
oy = [ tan = 2 sm( : )/

dt, (A9)

cos (a)t + %(21‘ - 1))
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where, we make use of the fact that sin(A¢/2) > 0 for 0 < A¢ < x. Now, the integral can
be simplified to,

2awH . (A T4 2awH . (A
QUM = 2497 in A9 / | cos(wt)|dt = 49T Gin (22 , (A 10)
T 2 -T/4 /e 2
which gives the non-dimensional oscillatory radial flux as,
< . 2 A
Qo%M* = —gin (—¢) (A11)
m 2

Appendix B. Relative axial pumping to micro-mixing map

Here we demonstrate that the two phase-maps, for the axial irreversible to radial pumping
ratio, plotted in figure 20, are equivalent when rescaled with @. The contour levels in the two
phase-maps are rescaled and overlayed in the figure 24, with dashed contour lines plotted for
the cases with @ = 0.1 and the filled contours plotted for the cases with @ = 0.2.
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