N

N

Decision from Suboptimal Classifiers: Excess Risk Pre-and
Post-Calibration
Alexandre Perez-Lebel, Gaél Varoquaux, Sanmi Koyejo, Matthieu Doutreligne,

Marine Le Morvan

» To cite this version:

Alexandre Perez-Lebel, Gaél Varoquaux, Sanmi Koyejo, Matthieu Doutreligne, Marine Le Morvan. Decision
from Suboptimal Classifiers: Excess Risk Pre-and Post-Calibration. AISTATS 2025 - the 28th International
Conference on Artifi- cial Intelligence and Statistics, May 2025, Mai Khao, Thailand. <hal-04987054)

HAL Id: hal-04987054
https://hal.science/hal-04987054v1

Submitted on 12 Mar 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04987054v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Decision from Suboptimal Classifiers:
Excess Risk Pre- and Post-Calibration

Alexandre Perez-Lebel
Soda, Inria Saclay, France

Stanford University, USA
Fundamental Technologies®, USA

Matthieu Doutreligne
Haute Autorité de Santé, France

Abstract

Probabilistic classifiers are central for making
informed decisions under uncertainty. Based
on the maximum expected utility principle,
optimal decision rules can be derived using
the posterior class probabilities and misclas-
sification costs. Yet, in practice only learned
approximations of the oracle posterior proba-
bilities are available. In this work, we quantify
the excess risk (a.k.a. regret) incurred using
approximate posterior probabilities in batch
binary decision-making. We provide analyti-
cal expressions for miscalibration-induced re-
gret (RCY), as well as tight and informative
upper and lower bounds on the regret of cal-
ibrated classifiers (RS"). These expressions
allow us to identify regimes where recalibra-
tion alone addresses most of the regret, and
regimes where the regret is dominated by the
grouping loss, which calls for post-training
beyond recalibration. Crucially, both R
and R can be estimated in practice using a
calibration curve and a recent grouping loss es-
timator. On NLP experiments, we show that
these quantities identify when the expected
gain of more advanced post-training is worth
the operational cost. Finally, we highlight
the potential of multicalibration approaches
as efficient alternatives to costlier fine-tuning
approaches.
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1 Introduction

Whether it’s marking a financial transaction as fraudu-
lent, or deciding if a suspected cancer warrants a biopsy,
making a decision involves carefully weighting the in-
convenience of false positives (e.g. an invasive biopsy
on a healthy patient) with that of false negatives (e.g.
delaying cancer treatment due to a missed diagnosis).
Often, the true outcome cannot be deterministically
characterized (e.g. in medicine, Sox et al., 2013, sec
3.1.1). A rational decision-maker thus seeks the deci-
sion that offers the best harm—benefit tradeoff according
to its preferences and the probabilities of each outcome.

In decision theory (Peterson, 2017; Kochenderfer, 2015),
the Maximum Expected Utility Principle (or simi-
larly, the Minimum Expected Cost Principle) offers
a framework for optimal decisions. By using the class-
conditional probabilities P(Y|X) of the outcome Y
given the input data X to quantify the uncertainty,
along with the utilities (or costs) associated with de-
cisions, one can derive the decision that maximizes
utility. In a binary decision setting, the optimal de-
cision for a record x is 1 whenever the probability of
the corresponding outcome P(Y =1|X = z) is above a
threshold ¢* function of the utilities (Elkan, 2001).

The optimal decision depends on both the utilities and
the oracle class-conditional probabilities P(Y|X). In
practice, the utilities can be defined by an expert, it is a
task in itself (Sox et al., 2013, chap. 8), (Kochenderfer,
2015, sec. 3.1.4-5). However, the oracle probabili-
ties are unknown and must be estimated e.g. using a
learned probabilistic classifier within the machine learn-
ing framework. As relying on approximate probabilities
affects the resulting decisions, it is essential to choose
a model that leads to the best possible decisions.

Models are often selected based on common metrics
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such as accuracy, AUC or Brier score. Yet, a model’s
high accuracy is no guarantee of its ability to improve
subsequent decisions, and nor are the AUC or Brier
score (Localio and Goodman, 2012). Model calibration
is also known to be desirable and histogram binning—
a well-known recalibration method—was introduced
specifically to enhance decision-making by calibrating
class-conditional probabilities (Zadrozny and Elkan,
2001a). Van Calster et al. (2019) highlighted the im-
portance of assessing calibration when using estimated
probabilities for clinical decision-making. Nonetheless,
it remains unclear what degree of calibration is neces-
sary for a model to be suitable for production or for
preferring one model over another.

Validating decision-rules in practice is crucial to ensure
that AI does more good than harm in production. For
this purpose, decision-analytic measures such as Ex-
pected Utility and Net Benefit (Vickers et al., 2016) can
be used, with the latter gaining traction in medical com-
munities. In this work, we investigate how inaccuracies
in the estimated class-conditional probabilities translate
into regret, i.e., into an expected utility lower than
the best possible expected utility for the given task.
The interplay between decision-analytic measures and
quantifications of class-conditional inaccuracies has not
been thoroughly studied. Most research has focused on
mitigating the detrimental effects of miscalibration on
resulting decisions (Zhao et al., 2021; Rothblum and
Yona, 2022), while Van Calster and Vickers (2015) eval-
uated its impact on Net Benefit through simulations.

This work We study how errors in estimated proba-
bilities affect the optimality of decisions derived from
these probabilities. Our theoretical results address prac-
tical questions such as: Is a pre-trained model suited
to a new task? What is the simplest way to correct de-
cisions based on a sub-optimal probabilistic classifier?
How much will a model benefit from post-training?
This approach is particularly valuable in the current
trend of applying large pre-trained models to new tasks,
rather than training models from scratch—e.g. using
foundation models. Our contributions are:

o We formally describe how discrepancies between esti-
mated probabilities and the underlying distribution
P(Y|X) affect the decision regret. In particular, we
give an analytical expression for the regret induced by
miscalibration, as well as tight and informative upper
and lower bounds on the regret of a re-calibrated clas-
sifier. These bounds are distribution-agnostic, model-
agnostic, and solely controlled by the grouping loss,
decision threshold, and re-calibrated probabilities.

e Using these bounds, we describe two regimes: one
where recalibration is a cheap and effective post-
training strategy and another where recalibration

fails to mitigate the regret.

e We show that these scenarios can be successfully
identified in practice. The bounds identify the cases
where fine-tuning improves utility upon recalibration
alone on NLP tasks. This enables a new model
validation procedure to guide post-training.

o We investigate the potential of multicalibration and
show it is a cost-effective and controllable alternative
to fine-tuning, while concurrently diminishing regret
compared to calibration alone.

2 Background

2.1 Related work

Cost-sensitive learning Cost-sensitive learning
(Ling and Sheng, 2008; Fernandez et al., 2018, chap. 4)
focuses on minimizing expected costs rather than mis-
classification rates. This can be achieved through three
main approaches: direct methods, such as modifying
tree-based splitting criteria (Ling et al., 2004; Petrides
and Verbeke, 2022; Fernandez et al., 2018, sec. 4.4) or
training losses to embed cost information (Chung et al.,
2015); pre-processing methods, which alter the train-
ing set to account for the cost (Zadrozny et al., 2003;
Ting, 1998); and post-processing approaches, includ-
ing threshold adjustment and refining class-conditional
probabilities. For threshold adjustment, Sheng and
Ling (2006) select the threshold that minimizes ex-
pected costs on the training set, while recent work
seeks to adapt the decision threshold to miscalibrated
classifiers (Rothblum and Yona, 2022).

Unlike direct and pre-processing approaches, post-
processing methods do not need model retraining when
the costs change. This makes them appealing in a
many settings: when the costs are not known at train-
ing time, change over time, when the model is too
expensive to retrain (e.g. large pre-trained models), or
when the model is not accessible (e.g. using an API). In
this work, we focus on post-training methods in batch
decision-making, and in particular on post-training the
obtained class-conditional probabilities.

Calibration Refining class-conditional probabilities
often involves recalibration. Calibration ensures that,
on average, the predicted probabilities match the pos-
itive rate within groups of the same estimated prob-
ability. For instance, if a classifier estimates an 80%
probability, then 80% of those predictions should be
actual positive outcomes. Learned classifiers are often
miscalibrated; boosted trees tend to be under-confident
(Niculescu-Mizil and Caruana, 2005), whereas naive
Bayes classifiers or modern neural networks tend to
be over-confident (Guo et al., 2017). To address these
issues, many recalibration techniques have been devel-
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oped, including Platt scaling (Platt, 1999), histogram
binning (Zadrozny and Elkan, 2001b), isotonic regres-
sion (Zadrozny and Elkan, 2002), or temperature scal-
ing (Guo et al., 2017). Recalibrating is advocated for
better decisions (Van Calster et al., 2019), and some re-
calibration methods are specifically framed in decision
settings, e.g. multiclass (Zhao et al., 2021).

Beyond calibration: post-training Calibration,
being a control on averages, does not control individual
probabilities. A complete characterization of predicted
probabilities is given by decomposing the expected loss,
and thus prediction errors (Kull and Flach, 2015, 3.1
and 5.1):

Grouping  TIrreducible
+ Loss + Loss ., (1)

Epistemic Uncertainty Aleatoric Uncertainty

Expected  (Calibration
Loss = Loss

Aleatoric uncertainty, stems from the randomness of the
outcome Y and cannot be reduced even with an optimal
model and infinite data. On the opposite, epistemic
uncertainty is due to model imperfection and can be
reduced with a better model (Hiillermeier and Waege-
man, 2021); it is a good indicator of whether a model
can be improved (Lahlou et al., 2021). The recalibra-
tion methods listed above only reduce the calibration
loss in eq. (1). Multicalibration recently pushed fur-
ther, notably for fairness (Hébert-Johnson et al., 2018),
as well as calibration within groups (Kleinberg et al.,
2016; Pfohl et al., 2022). More general post-training
methods tackle the full error in eq. (1), e.g. stacking
(Pavlyshenko, 2018), which learns a model on top of the
output of another model, or fine-tuning, particularly
useful with the advent of large pretrained models.

Measuring the grouping loss Miscalibration is
well characterized (as with expected calibration error,
ECE, Naeini et al., 2015), however it is only part of
the epistemic error. Recently, Perez-Lebel et al. (2023)
gave an estimator for the remainder, the grouping
loss, showing that modern classifiers often exhibit
grouping loss in real-world settings. The grouping loss
can be seen as the loss of grouping together entities
having different odds. Concretely, it measures the
variance of the true individual probabilities within
groups of same estimated probabilities. The estimator
uses a partitioning of the feature space to estimate
local averages of the true probabilities. This enables
detecting dissimilar entities that were grouped together
by the model, thus approximating the grouping loss.

2.2 Decision-making under uncertainty:
definitions and notations

Decision theory In this article, we consider the
classic setting of batch supervised machine learning

and focus on the binary setting. Let (X,Y) a pair
of jointly distributed random variables on X’ x {0,1}.
Binary decision rules map each point in & to a decision
in {0,1}. Let U € R?*? be a matrix of utilities, where
U;; is the utility of predicting ¢ when the true outcome
is Y = j.© The expected utility of a decision rule
§: X — {0,1} is defined for x € supp X as:”

Pointwise

Overall

EU(3, ) £ E [Us(x),y | X =2] (2)
EU(S) £ Ex[EU(S, X)) . 3)

Let Uh =Uyo—U10+U11 —Up1. Decision theory (Elkan,
2001) states that the best decision rule, in the sense
that it maximizes the (pointwise) expected utility,” is:

where t* £ Yolho - (4)

5* L X = ]lIF(Y:1|X:a:)Zt* N

The optimal decision thus amounts to assigning class
1 to  whenever P(Y =1|X =z) > t* and 0 otherwise.
When misclassification costs are equal, i.e. Uyg = Uz,
and Uyg = Uy, the optimal threshold is t* = 0.5, sim-
ilar to regular cost-insensitive classification. We will
denote by f*: z+— P(Y =1|X =x) the (unknown) con-
ditional probability of the positive class, and f: X —
[0, 1] the probabilistic predictor estimating the proba-
bilities f*. Without loss of generality, the set of binary
decision rules 6 : X — {0, 1} can be parametrized with
estimated class-conditional probabilities f : X — [0,1]
and a threshold ¢ € [0, 1] (Lem. B.1) as:

5f,t LT ]lf(;z)Zt' (5)

With these notations, the optimal decision rule thus
writes 07+ 4+. In the following, we consider a candidate
decision rule d7; with ¢ € [0, 1].

Calibration and grouping loss The recalibrated
predictor is defined as co f, where ¢ is the calibration
curve given by:

Calibration curve c:p—E[Y|f(X)=p]. (6)
A binary classifier f is calibrated when ¢(p) = p for
all p € supp f(X). Finally, writing V the variance, the
grouping loss associated to the squared loss is defined
as:

Grouping loss  GL : p — V[f*(X)|f(X)=p]. (7)
It can be thought of as the variance of the unknown
individual probabilities around their mean ¢(p) in the
bin p of a reliability diagram (Perez-Lebel et al., 2023).

“Utility in the sense of von Neumann and Morgenstern
(1944), which can be viewed as the opposite of a cost.

“We note supp the support of a random variable, i.e. the
values for which the probability density function is nonzero.

*Equivalently, minimizes the expected cost.
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3 Theory: regret on a decision

In this section, we establish a connection between the
errors in the estimated probabilities (a form of uncer-
tainty quantification) and the suboptimality (or regret)
of the resulting decisions.

3.1 Regret decomposition of suboptimal
decision rules

While the best decision rule is given by d¢« ;+, only
imperfect estimates f of f* are available in practice. It
is thus of interest to characterize the optimal decision
rule that can be achieved from f.

Proposition 3.1 (Best decision given estimated prob-
abilities, B.4). Let Dy be the set of decision rules
function of the estimated probabilities f. Then the cal-
ibrated probabilities thresholded at t*,

(®)

mazimize the conditional expected utility over Dy, i.e.,

Ocof,t = T > Loy (z) >t

dcof,¢+ € argmax EU(d|p) for all p € supp f(X)

5€Df

with  EU(d|p)
and Df = {5gof,t :

2 E[EU(S, X)|/(X) = 7]
g:10,1] = [0,1], t € [0,1]} .

Prop. 3.1 shows that given an approximation f of the
oracle probabilities f*, recalibrating the classifier and
using t* as threshold achieves the highest utility among
decisions based on f only. While it is commonly admit-
ted that recalibration is desirable to improve decisions,
to the best of our knowledge, the optimality of dcof+« in
batch binary decision-making has not been previously
demonstrated. Note that D; contains all possible
decision rules taking only f as input (Lem. B.2). This
includes recalibration but excludes decision rules based
on both f(z) and x. This prevents adjusting for the
grouping loss, thereby incurring regret relative to d g« 4.

Since dcof ¢+ is the best decision over a subset Dy of all
possible decision rules, it holds for p € supp f(X) that:

EU(d74lp) < EU(bcore+lp) < EU(Sp+14[p) - (9)

= 5 =

Naive Recalibrated Oracle

Ranking (9) leads us to define the conditional calibra-
tion regret R?% (p) as the expected utility gap between
the best decision given f and the candidate decision:
RG(p) = EU(Oco i+ Ip) — EU(05.4|p). RFE quantifies
the regret of using a miscalibrated classifier rather
than a calibrated one. Similarly, we define the condi-
tional grouping regret R?L (p) as the expected utility
gap between the oracle decision and the best decision

given f: R$*(p) £ EU(8+ ¢+ |p) — EU(bcop i+ Ip). RG"

quantifies the regret of using the recalibrated classi-
fier c o f instead of oracle class-conditional probabil-
ities f*. The conditional regret Ry(p) of the candi-
date decision to the oracle decision ¢+« is defined as

Ry+(p) £ EU(64+ 4+ |p) — EU(64.4|p) and can naturally
be decomposed as:
Ry+(p) = Ry (p) + RF(p). (10)
>0 >0

The overall regrets can then be obtained by integrating
over p. Ranking (9) and decomposition (10) trivially
hold marginally. We note Ry, R?% and R?L the
marginal counterparts. Importantly, the literature of-
ten focuses on the calibration regret RC (e.g., Zhao
et al., 2021; Noarov et al., 2023, “type regret "), which
is bhnd to the grouping regret. In this work, we con-
sider the full regret Ry; between the candidate and
oracle decisions. In general, R?L is nonzero due to
the grouping loss of the estimated probabilities f. In
the following sections 3.2-3.3 we provide an analytical
expression for the calibration regret R?%(p) as well as

bounds on the grouping loss regret RF"(p).

3.2 Expression of the regret stemming from
miscalibration

The calibration regret can be estimated using the cali-
bration curve as described in Prop. 3.2.

Proposition 3.2 (Expression of the calibration regret,
B.5.1). For all p € supp f(X),

UL — | if Loy # 1
R%‘(p) _ A‘c(p) | Zf (p).Zt 7& p>t ) (11)
0 otherwise

R§} scales as the distance between ¢* and the cali-
bration curve c in areas of disagreements between ¢
and deof¢+ (red area in Fig la). Whenever 6y, and
Ocof, i+ agree everywhere, R = 0. This is in particular
the case for calibrated probablhtles with threshold ¢*
(Fig. 1c¢). Yet, it is not necessary for f to be calibrated
to imply R?% = 0, as the decision from a miscalibrated
classifier § 7, can agree everywhere with dcor ¢« (Fig. 1b).
Prop. 3.3 shows how to achieve this by threshold ad-
justment.

Proposition 3.3 (Adjusting the threshold ¢, B.5.3).
For all t* € [0,1] let t; € ¢ ({t*}) if it exists, oth-
erwise let ty = inf{t : ¢(t) > t*}. If ¢ is monotonic
non-decreasing, then thresholding f at ty, ie. dpe,,
achieves zero miscalibration regret: R =0.

When the calibration curve is non-decreasing (which is
assumed by isotonic regression), Prop. 3.3 shows that
instead of recalibrating the classifier f, one can achieve
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c R%%* Agreement Disagreement

a. Nonzero R?I;* b. ty adjustment c. Recalibration

1 T—T]Tr 1T 1T 1T 17T I/ T 1T T 7T T 1T |’ T Tr T 1T 17 17T
B JC Lr pyai ]
I 1L Ay | i
\S - 4k 4k 4
T L P 4 ¥ 4b i
L* |7 HEt* HEt* =
0 L | N I | I_ _’I 11 11 1 I_ _I I N N I | I-
0 D 10 P 10 D 1

Figure 1: Impact of miscalibration on the regret
RJ(E,I; (a) The oracle decision p +— 1,>4 applied on
miscalibrated estimated probabilities f, that is ¢+,
yields a non zero regret R%‘* within areas of disagree-
ment with amount |¢ — t*| (red area). The regret R?%
can be reduced to 0 either by adapting the decision to
a new threshold t; = ¢ '(t*), that is 7, (b), or by
recalibrating the estimated probabilities and using t*
as threshold, that is dcof+ (c) (Prop. 3.3).

zero miscalibration regret by adjusting the threshold:
Ocof,t» = 05 c—1(1+) (Fig. 1b). Note that these two ap-
proaches are equally costly as calibrated probabilities
must be estimated in both cases. Calibration however
has the advantage of being usable even if the calibration
curve is not monotonic. The dual formulation between
optimal threshold on f and calibration brings another
insight: if the calibrated probabilities still hide over- or
underconfident subgroups (i.e., nonzero grouping loss),
it could lead to suboptimal decisions that cannot be
tackled simply by setting a better threshold.

3.3 Bounding the grouping-loss-induced
regret of the calibrated classifier

Calibration does not directly control individual proba-
bilities f*: within a bin p, the individual probabilities
f*(x) may vary around their mean ¢(p) with a variance
GL(p). In what follows, we address the regret arising
from this variance. Unlike miscalibration, there is no
one-to-one correspondence between a specific grouping
loss level and the resulting regret R%L. Specifically,
GL(p) represents the variance of individual probabil-
ities, while RF" depends on their distribution. As
shown by the expression of the GL-induced regret
(Lem. B.8), this regret depends on the proximity of
individual probabilities f*(z) to the threshold t*, as
well as on the region of agreement between 7~ ;+ and
dc(p),¢+- Hence for the same GL, the regret R?L can
vary. This is why we provide lower and upper bounds
on R?L. Our bounds are derived by identifying,
among all distributions P(f*(X)|f(X) =p) with a
fixed mean ¢(p) and variance GL(p), the distributions
that result in the lowest and highest regrets.

Theorem 3.4 (Grouping regret lower bound, B.8).

The conditional grouping regret is lower bounded for all
p € supp f(X) as R?L(p) > L?L(p), by:

LF(p) £ Us [GL(p) — Vinin (p)] (12)
with:[-]; = max{-,0}
and- Ve () & ) (1=e@) (cp)=t7) if e(p) = ¢*
d: Voo (p) {C(p) (t*—c(p)) otherwise

Tightness. The lower bound is tight. For any p €
supp f(X) for which f admits at least 3 antecedent
values, and for all admissible mean c(p) € [0,1] and
variance GL(p) € [0, c¢(p)(1 — ¢(p))], there exists a dis-
tribution of (X,Y) such that the conditional distribu-
tion P(f*(X)|f(X) = p) has mean c(p) and variance
GL(p), and the grouping regret attains its lower bound:
R§™(p) = L (p).

Here V,in(p) represents the largest possible variance
GL with zero regret. This is achieved by a distribution
of the true probabilities P(f*(X)|f(X) = p) having all
its mass on 0 and t*, or t* and 1 depending on the side
of ¢(p) to t*. Such a distribution ensures that ¢«
and d.(,),¢» always agree, as individual probabilities
always lie on the same side of the threshold as ¢(p),
thus guaranteeing zero regret.

Measuring a GL in the range [0, Vy,in] does not provide
informative insights on the regret (Fig. 2), as it could
correspond to a distribution with zero regret, like the

........... Vinin L?L (p) >0
------ V;
max L?L (p) =0
— [ T
[ | 7 ]
02 f ]
o1f /
0.0 )
0.0 02 04 06

c(p)

Figure 2: Impact of the grouping loss on the
minimal regret L%L of a recalibrated classifier.
In a bin p € supp f(X), the grouping loss exceeding
Vnin (p) incurs to the recalibrated classifier a nonzero re-
gret R?L(p) of at least U [GL(p) — Vinin(p)],. (Th. 3.4).
Measuring a variance smaller than Vi, (p) is not in-
formative with respect to the grouping regret as there
exists (f*, f) where GL(p) = Vnin(p) and R?L(p) =0.

A

The variance cannot exceed Vpax(p) = ¢(p)(1 — ¢(p)).
The informative area is highlighted in green.
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one described above. Yet it is an “adversarial” distri-
bution in the sense that most distributions with lower
variance are still likely to incur some regret. Conversely,
all distributions with a GL higher than V,;, will nec-
essarily incur regret proportional to GL(p) — Vnin(p):
their high variance implies that some f* values exist on
the wrong side of the threshold, implying disagreements
between s« ¢+ and d.(),¢+, and thus regret.

Interestingly, Vinin equals O for ¢ = t* and is small for
values close to t* (Fig. 2). On the threshold, the pres-
ence of grouping loss necessarily incurs some regret.
This highlights that the more the grouping loss occurs
when the calibrated probability c is close to the deci-
sion threshold ¢*, the more likely it will incur regret.
The grouping loss matters the most in regions of high
uncertainty, e.g., when the calibrated probabilities ¢
are close to 0.5 with a threshold at t* = 0.5.

Theorem 3.5 (Grouping regret upper bound, B.9).
The conditional grouping regret is upper bounded for
all p € supp f(X) as R§™(p) < UF"(p), by:

UFHp) 2 ST(VGL()+(e(p) 1)~ e(p)~"]) -
(13)
Tightness. The upper bound is tight when t* = %
For any p € supp f(X), and for all admissible mean
c(p) € [0,1] and variance GL(p) € [0,¢(p)(1 — c(p))],
there exists a distribution of (X,Y) such that the
conditional distribution P(f*(X)|f(X) = p) has mean
¢(p) and wvariance GL(p), and the grouping regret
attains its upper bound: RJ(EL (p) = U?L (p)-

This upper bound was obtained by finding the distri-
bution P(f*(X)|f(X) = p), with fixed mean ¢(p) and
variance GL(p), that leads to the largest regret (details
in the proof B.9). A more compact upper-bound im-
mediately follows since Uf"(p) < $Ui\/GL(p), with
equality when ¢(p) = t*. This upper bound scales as a
squared root of the grouping loss, meaning that large
GL opens the door to large R?L, and small GL im-
plies small GL-induced regret. In particular GL(p) =0
implies R?L (p) = 0.

L?L and UFY are informative. The upper and
lower bounds are entirely defined by the calibration
curve ¢(p), the grouping loss GL(p), as well as the
threshold t*. Fig. 3 plots the bounds for different
values of these quantities. Importantly, it shows that
the bounds are informative as the gap between them is
not too large. It also illustrates that the GL-induced
regret is larger when c is close to the decision threshold,
and that it increases when GL increases.

We underline that these bounds are distribution-
agnostic and model-agnostic, requiring no assumptions
on either the data distribution, f*, or the probabilistic

— L§"(p) UFt(p)

a. GL = Vigax b. GL = Ymax ¢ GL = Ynax
XIJA- T LIRS N LIS N L
0.2 1F 1k .

e ik - ]
0.1F 1F \\ 1F ]
O.O'........::...... D VN

o cp) 10  cp) w0 clp) 1

Figure 3: Impact of the grouping loss on the
bounds of the regret of the recalibrated classifier.
Lower and upper bounds L?L(p) and U?L(p) as a
function of the calibrated probabilities ¢(p) € [0, 1] for
a bin p € supp f(X), in three settings of grouping loss:
maximal (a), intermediate (b) and small (c). The gap
between the lower and upper bounds reduces when the
grouping loss is high or low. Vyax 2 ¢(p)(1 — c(p)).

classifier f. Moreover, thanks to the GL estimator
proposed by Perez-Lebel et al. (2023), all quantities
involved in these bounds can be evaluated in practice.

Definition 3.6 (Regret estimators). Let ¢ : [0,1] —
[0,1] and GL: [0,1] — [0, ] be the estimates of ¢ and
GL. We define the plugin estimators of the conditional
regrets and bounds for p € [0, 1] as:

LF(p) 2 U [G\L(p) - Vmin(p)Lr

oL (p) & ;o,;( c?L<p>+<é<p>—t*>2—|e<p>—t*|)

R$:(p) & L(LF"(p) + UF"(p))
&p) =t L1, s e #1,5,
Ryi(p) 2 Ry (p) + RF“(p).

We note E?L, U]gL, ]A%fL, R?’]{j, and ]A%fyt their counter-
part obtained by averaging over the bins of f(X).

Two regimes Comparing the conditional calibration
and grouping regrets highlights two different regimes.
Within a bin p, when ¢(p) is close to t*, grouping loss
matters more than miscalibration in terms of regret.
When c(p) = t*, the effect of the grouping loss on
the regret is maximal: GL(p) < R?L(p) < %\/GL(p)
(Fig. 3). Conversely when ¢(p) is further from t*, mis-
calibration leading to disagreement between d;; and
Ocof,t+, if any, typically matters more (Eq. 11). On the
overall population, when averaging across bins, these
effects blend according to the distribution of f(X).
Conditional estimators (Def. 3.6) enables detecting
these regimes.
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3.4 Grouping Loss Adaptative Recalibration

Recalibration only addresses part of the overall regret
Ry, leaving unchanged the grouping-loss part. The
estimation of GL(p) from Perez-Lebel et al. (2023) in-
volves finding regions in the input space X that explain
the variance of the true probabilities f*(X) whithin a
bin f(X) = p. This work naturally motivates a mul-
ticalibration method to reduce grouping loss by using
the same estimated region probabilities.

Definition 3.7 (GLAR). Let P : X — R be a partition
of the feature space X'. We define the Grouping Loss
Adaptative Recalibration (GLAR) of a function f :
X — R relative to a partition P as:

fP:X%[Oal]

z—= E[Y|f(X (14)

) = f(z), P(X) = P(z)].

The GLAR correction consists of replacing the output
of f with that of fp. GLAR provides a calibrated
classifier fp that has a lower grouping loss than the
original classifier (Prop. B.10). Moreover, the deci-
sion based on the GLAR-corrected estimator fp, i.e.
0fp 1%, yields a better expected utility than both the
decision based on the initial classifier 07, and the re-
calibrated classifier d.of+ (Prop. B.12). The choice of
partition P is important. A trivial partition in one re-
gion would give histogram binning recalibration. A too
fined-grained partition would give bad estimations be-
cause of a low number of samples per partition. GLAR
has the notable advantage of reusing the partitions and
local probabilities computed for the estimation of ]%?L,
and thus does not incur any additional cost once the
regret is estimated. The implementation details of the
method are given in Sec. C.3.

4 Experiments: validation of regret
bounds and link with post-training

Settings For evaluation on practical scenarios, we
consider a hate-speech detection task on real-world
language datasets. From the perspective of a platform
(e.g. a social network), failing to identify hate speech
will incur a reputation cost, while wrongly identifying
a text as hate speech will incur an opportunity cost
(e.g. loss of content and users in the long term). For-
mally, these costs can be gathered into a 2 x 2 utility
matrix U to be determined by the platform. The goal
is then to solve a binary cost-sensitive decision-making
problem with classes hate speech (Y = 1) and no hate
speech (Y = 0). We investigate post-training of pre-
trained models on hate-speech datasets, with potential
distribution shift. We benchmark 6 pre-trained mod-
els (Tab. 1) on 14 real-world datasets (Tab. 2), and 9
post-training methods. These include calibration meth-

ods, both classical (isotonic regression (Zadrozny and
Elkan, 2002), Platt scaling (Platt, 1999), histogram
binning (Zadrozny and Elkan, 2001b)) and more recent
(Scaling-Binning (Kumar et al., 2019), Meta-Cal (Ma
and Blaschko, 2021)); finetuning, where only the last
layer is fine-tuned; stacking, where scikit-learn’s
(Pedregosa et al., 2011) Random Forests or Gradient
Boosted Trees are trained on the concatenation of the
inputs with the probabilistic outputs of the pretrained
model; and finally the GLAR correction (Sec. 3.4).

For each model, we extract the embedding space (usu-
ally the penultimate layer) and consider post-training
from this representation to the class probability space.
We draw utility matrices corresponding to 11 values of
t* in the range [0.01,0.99]. We consider decision rules
formed by thresholding estimated probabilities at ¢*,
i.e. dy¢~. Experimental details are given in Sec. C.3.
Our experimental question is whether our regret esti-
mators (Def. 3.6) are better than classical performance
metrics (Brier score, AUC, accuracy, calibration errors
defined in Sec. C.3) at identifying post-training gains.

R%{i captures the gain of recalibration First, we
estimate the calibration regret RgtL* of each model f
using the estimator R?{i from Def. 3.6. We estimate
c using an histogram binning with 15 equal-mass bins.
We compare the expected gain of recalibration, IA%%* ,to
the gain obtained by recalibrating the pre-trained mod-
els using Isotonic Regression. Fig. 4a shows a near per-
fect identity relation between the estimated calibration
regret R%{i, and the gain obtained by recalibrating the
model (Pearson’s correlation: 72 = 0.88). Fig. 4b shows
the correlation between R%{i and the gain obtained
with 4 other recalibration methods: Platt Scaling, His-
togram Binning, Scaling-Binning, and Meta-Cal.

Miscalibrated models do not necessarily incur regret
compared to the calibrated classifier. Indeed, the 4 cal-

4 OX L F e @ 0)
80 ® (@ | Recalibration
S 0. ® (® @ Isotonic

=i r® (® | g Pplatt 7
B ® ’(. Histogram |
':‘c? 0. __.:‘.) ® Scal.-Bin. ||
3 { = % ® Meta-Cal ||
© 0.00 4 9 o , R

0.00 0.25 0.50 0.75

b. Correlation r?
to recalibration gain

XUn

a. R%ﬁ

Figure 4: R%‘ captures the gain of recalibration.
(a) Gain in utility of isotonic recalibration versus the re-
gret to the recalibrated classifier R%{i, for each (model,
dataset, t*). (b) Pearson’s 72 correlation of the gain
in utility of each recalibration method with R?{i and
other metrics. '
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Figure 5: Gain of Post-Training on top of recali-
bration. (a) Gain in utility of fine-tuning over isotonic
recalibration versus R$™, for each (model, dataset, ¢*).
(b) Pearson’s 72 correlation of the gain in utility over iso-
tonic recalibration with RGL RGL 7.t+» and other metrics.

ibration error metrics (ECE, MCE, RMSCE, and CL)
are very poorly correlated to the gain of recalibration
for any of the 5 recalibration approaches (Fig. 4b, see
Sec. C.4 for detailed figures). This is because for a given
utility level t*, the model does not need to be calibrated
to achieve RCY = 0 as shown in Sec. 3.2. The expected
gain from recalibration is best measured by R?{“

Gain of post-training on top of recalibration
The calibrated classifier can be suboptimal due to the
grouping loss and R?L. We demonstrate this with
4 post-training methods (fine-tuning, stacking with
boosted trees or random forest, and GLAR). We com-
pare their gain in utility to the gain of isotonic re-
calibration (Fig. 5a). ]:B?’L is by far the metric that
best explains the excess gain of post-training among
all the other metrics. Across the 4 post-training meth-
ods, R?L has r? ~ 0.5 while calibration errors metrics
(ECE, MCE, RMSCE, CL) or model-performance met-
rics (Brier, AUC) all have 72 < 0.1 (Fig. 5b). The
lower levels of correlation of R?L compared to the lev-
els obtained for the calibration regret RCL in Fig. 4 are

partly due to the fact that RGL is derlved from bounds
on the regret. For any value of RF", the regret can
vary in a range, hence decreasing the correlatlon The
fact that y 2 x on Fig. Ha means that post-training
yields a higher gain than what was given by R?L This
is expected since the grouping loss estimator can only
capture a fraction of the total GL.

Gain of post-training Theory points to using
Ry = R$Y + R$® to measure the potential utility
gain from using a good post-training method. Fig. 6a
shows that the estimated R ¢+ captures well the gain
of fine-tuning (r? = 0.83 and a relation y ~ ). Fig. 6b
shows that the gain of stacking (with boosted trees or
random forest) and GLAR reaches similar levels of cor-
relation. f%?]];* reaches a lower correlation of r? = 0.6
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g 0.20 F - Correlation: 72 083 7
8 1§ 0.8
P 4 -]
ep 0.15 ¢ ] O
= 1R/ [®
g 0.10F 3 &

2 T T T € f-:
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Rg};* + !%GL e
RSE, oo o -
ECE [ o® 8
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RMSCE [ L)) ® Fine-tuning
Brier - ® @ ® Stack HGB ]
MCE - L Stack RF ||
Acc FO@ . GLAR
AuCcgpe»® | TE—
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b. Correlation r? to gain of post-training

Figure 6: Gain of Post- ’I‘ralmng (a) Gain in utility
of fine-tuning versus th* = RS T+ RGL for each
(model, dataset, t*). (b) Pearson’s r2 correlatlon of the
gain in utility of each post-training method with RCL,
R?%, and other performance metrics.

which is expected since th is blind to gains on top
of recalibration. All other metrics, calibration errors,
Brier score and AUC correlate poorly to the gain of
post-training (r? < 0.2).

Improving recalibration hits diminishing returns
In the binary setting, isotonic regression is one of the
simplest recalibration methods and is parameter-free.
Fig. 7a shows the utility gain of each of the remaining 8
post-training methods relatively to the gain of isotonic
regression. Isotonic regression provides better utility
gains that any of the other recalibration methods, even
the more advanced Scaling-Binning and MetaCal (see
also Fig. 19). Fig. 7b shows the computational time of
the post-training methods. Isotonic regression is also
the fastest recalibration method, by at least a factor
10. Fine-tuning and stacking provides better gain than
recalibration, but their cost can become prohibitive:
stacked boosted trees are 10”7 times more expensive
than isotonic regression. GLAR provides a cheaper
post-training method but with lower gains. These ob-
servations along with theoretical results on the regret,
suggest that recalibration reaches a ceiling in its ability
to improve decision-making. Enhancing recalibration
methods often does not lead to better decision-making.
Instead, the focus should be on methods to reduce
the grouping regret, such as stacking, fine-tuning or
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Figure 7: Comparing various recalibration and advanced post-training. Gain (a.) or CPU time (b.) of
post-training methods relative to isotonic recalibration, for each (model, dataset, ¢*).

developping cheaper alternatives in the spirit of GLAR.

5 Conclusion

This work quantifies both theoretically and empirically
how imperfect class-conditional probability estimates
affect the expected utility of downstream decisions.
We provided an analytical expression for the regret in
expected utility caused by miscalibration, along with
upper and lower bounds on the regret due to grouping
loss. Our experiments show that these quantities bet-
ter capture the potential gains from recalibration and
post-training in expected utility compared to common
metrics. In the future, it would be of interest to extend
theses results to the multiclass setting.
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Appendix

A Proposed evaluation procedure

A procedure to evaluate whether to post-train or not for given utilities Our findings suggest a
new model evaluation procedure for batch decision-making under uncertainty. For a given trained model, it
is important to determine whether post-training will benefit a decision task, what type of post-training is
sufficient (recalibration or more advanced methods), and what the potential gain might be. In practice, with
large or regulatory-constrained models (e.g. foundation models (Zhou et al., 2023), health models (Collins and
Altman, 2012) or both (Moor et al., 2023)), it is prohibitive to apply a post-train-and-find-out strategy. Guiding
post-training upfront is thus valuable. Concretely (Fig. 8), we propose to first measure the model’s regret Ry
for the specified decision task using ]:Bf,t = ﬁ’,?% + ]A%JCEL, and to assess whether the model is utility-suboptimal
(Rt > 0). The regret decomposition then informs on whether the regret comes mainly from miscalibration
(Rps =~ RJQ}) This enables selecting the appropriate post-training method and avoiding unnecessary, costly

methods. The strong correlation between the estimated regret ﬁf}t and the effective gain of post-training enables
a cost-benefit analysis: is the potential utility gain worth the cost of post-training the model? Note that this cost
not only includes computational costs, but also the cost of changing the production model and the potential risks
of deploying a new model. If the analysis favors post-training, we start-over the procedure to check whether the
post-training was effective (post-training can sometimes undermine the original model). If the analysis rejects
post-training, or if the model was not suboptimal, the decision-maker assesses whether the achieved utility is
satisfying for their task. If not, gathering more informative features may then reduce aleatoric uncertainty and

potentially improve the utility.
[no 1
- Regret f
Trained Suboptimal? \Yes (:E;:cafiobriftsio;%m ng Select advanced Is the expected
Model Ry >0 Ry ~ R}?%,R?L z 0 post-training " utility satisfying?

no

yes Cost of selected ves/idk
Select recalibration method worth Don’t Find better
the potential post-train [ Dz J features
gain Ry;?
yes/idk
Plasti<matia woin start over with post-trained model Start
selected method over

Figure 8: Proposed model evaluation procedure. From a trained model, our work enables three major
steps: assessing whether a model is suboptimal for the decision task at hand, quantifying the expected regret,
and finding its origin: miscalibration or not (green boxes). This enables disambiguating between when to improve
the model (post-train) and when to improve the data (finding better features).
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B Theoretical results

B.1 Parametrization of decision rules

Lemma B.1 (Parametrization of decision rules). The set of binary decision rules X101} can be parametrized
with a function p: X — [0,1] and a threshold t € [0, 1]:

O =15 v Tyys where p: X — [0,1],¢ € [0,1]} (15)
Proof of Lem. B.1. First let’s show the inclusion of left in right. Let § € X{1%1}, Let’s show that there exists a
function p : X — [0, 1] and a threshold ¢ € [0,1] such that 6 = J, ;.

Define p :  — §(z) and t = 5. Then for all x € X, 0,4(x) = Ly)>: = ]15(1)>

The inclusion of right in left is trivial because all ¢, ; are decision rules from X to {0,1}. O

B.2 Dy contains all decisions relying on f only

Lemma B.2 (Dy). Dy £ {6,5):: ¢:[0,1] = [0,1], t € [0,1]} contains all possible decision rules taking f as
mput:
Dy = {x — d(f(z)) : d € [0, 1]{071}} (16)

Proof of Lem. B.2. Let 6 € Dy. By definition of Dy, there exists g : [0,1] — [0,1] and ¢ € [0,1] such that
0(x) = L g(f(z))>¢ for all z € X. Define d : p — 14(,)>;. Then d € [0, 1101} and 6 = = — d(f(2)).

Let 6 € {z— d(f(z)
g:pr—d(p)and t =

~—

:d € (0,111} Thus, there exists d € [0,1]{%!} such that § = = + d(f(z)). Define
. Then §(x) = g(f(x)) = Ly(f(2))>+- Hence 6 € Dy. O

N[

B.3 Expression of expected utility

Lemma B.3 (Expected utility). Let §d € X — {0,1} and x € X. Then the expected utility of 6 conditional to x
18:

EU(0, ) = Lo () (f*(x) — 7))+ " (2)Uor +(1— f (2))Uoo (17)
Corollary B.4 (Difference in expected utilities). Let 61,02 € X — {0,1} and © € X. Then the difference in
expected utilities of 01 and d2 conditional to x is:

EU(02,2) — EU(01, 2) = TA(02(x) — 01(2)) (f"(2) — 1) (18)

Proof of Lem. B.3 and Cor. B.}. Let 6 € X — {0,1} and z € X.

U11 if 5(.’1}) =1

= 8(x)(Un1 = Up1) + Up1.
Uypi otherwise () (Un 01) 01

First note that: U[d(z),1] = {
U10 if 5(56) =1

= () (Uro = Uoo) + Uoo-
Uoo otherwise (@) (U0 00) 00

Similarly, U[é(x),0] = {

Then the expected utility of § conditional to x writes:
EU(6,z) = E[Usx)v|X = =] Eq. 2
= [ (@)Us(z),1 + (L = f*(2))Us(a) .0
= f*(@)(6(x)(Ur1 — Uo1) + Uo1)
+ (1 — f*(x))(6(x)(U1p — Ugo) + Uno)
= 0(z)(f*(2)(Uoo—U1r0+Ur1 —Uo1) = (Uoo —Uo1))
+ f*(2)Uo1+(1—f*())Uono
=O0(z)(f*(x) = ")+ () Uo1 +(1— f*(2))Ugo Def of [} and t* (Eq. 4)
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Hence for all 61,0, € X101 and z € X

EU(d2, ) — EU(01,2) = A (02(x) — 01(2))(f*(x) — 1¥) (19)

B.4 Best decision over Dy

Proposition 3.1 (Best decision given estimated probabilities, B.4). Let Dy be the set of decision rules
function of the estimated probabilities f. Then the calibrated probabilities thresholded at t*,

Ocof t+ + T = Lico)(a) 2+ (8)
mazimize the conditional expected utility over Dy, i.e.,

deof,t+ € argmax EU(d|p) for all p € supp f(X)
6€Dy

with BU(Glp) £ B[EU(S, X)|f(X) = 7]
and Dy ={0gor+: ¢:[0,1] =[0,1], t €[0,1]}.

Proof of Prop. 3.1. Let 6 € Dy. Let’s show that EU(Jcof,+[p) > EU(0|p).
By definition of Dy, there exist g : [0,1] — [0,1] and ¢ € [0, 1] such that 6 = x = Ly(f(2))>¢-
Let p € supp f(X).

EU(dcof,t+[p) —EU(d]p) (20)
=E[EU(bcor+, X) — EU(S, X)|f(X) = p] Definition of EU(:|p) (21)
= UE[(0cop, e+ (X) — 6 (X)) (f*(X) = t)[f(X) = p] Cor. B4 (22)
= UE[(Lorxyze — Dgroxonse) (f1(X) = )] f(X) = p] Def. of dcop,e+ and 6 (23)
=W (Lepxn>er = Lgeron=) (B[ (X )\f(X)] — 1) dcof,t+ and ¢ func. of f(X) (24)
= (Le(rxyyzer = Tg(rxze) (e(f(X)) = 17) Def. of ¢ (6)  (25)
= Lo (px)) > Lo r )<t (e(f(X)) — t7) (26)
+ Uy < Lgrx))=e (= e(f(X))) (27)
= (Le(rxze g(reo)<e + Terx)<er Lg(r(x))>t) (28)
x le(f(X)) — 7| (29)
= Ui|Lepxyyzer — Lgpxyzelle(f (X)) — 7] (30)
>0 (31)
Hence:

dcof,t» € argmax EU(S|p) (32)

0€Dy
O

B.5 Calibration regret R?%
B.5.1 Expression

Proposition 3.2 (Expression of the calibration regret, B.5.1). For all p € supp f(X),

U, |C(p) - t*| Zf ]lc( Six # 1 >t
RGE(p)=4{ > P)2 Pt 11
Ft () {0 otherwise (11)
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Proof of Prop. 3.2. Let § € Dy. By definition of Dy, there exist g : [0,1] — [0,1] and ¢ € [0,1] such that
0 = x> Ly(5(z))>¢- Let p € supp f(X).

R}j{“ (p) = EU(bcof 1+ [p) — EU(64,¢|p) Definition of R?% (p) (33)
=E[EU(bc(s)+, X)—EU(054, X ’f =] Definition of EU(:|p) (34)
= U (Lepy>er — Lgpy>e)(c(p) —t7) Eq. 25 (35)
= U;“lc(p)zt* - ]lg(p)thC(p) - t*| Eq 30 (36)
O

B.5.2 Zero calibration regret for all utilities implies calibration

Proposition B.5. For all p € supp f(X),

th*( )=0, Vt*e|0,1] < c(p) =p. (37)
Proof of Prop. B.5. Let p € supp f(X). Suppose for all t* € [0,1], Rf:(p) = 0. Let’s show that ¢(p) = p.
By contradiction, suppose c(p) # p. Let’s show that there exists t* € [0,1] such that R§L (p) > 0. Take
t* = 5(c(p) +p). Then t* € [0,1] and [L()>¢ — Lp>e+| = 1 and |e(p) — #*] = 3|e(p) — p| > 0. Hence R$L (p) >0
which proves the contradiction. Now suppose c(p) = p. Then |1 >+ — Lpss+| = |[Ip>er — Lp>e| = 0 and
th*( ) = ULy — Lp>ee|e(p) — t*| = 0 (Prop. 3.2). O

B.5.3 Adjusting the threshold to address the calibration regret

Prop051t10n 3.3 (Adjusting the threshold ¢¢, B.5.3). For all t* € [0,1] let ty € ¢~ ({t*}) if it exists, otherwise
let t; = inf{t : c(t) > t*} If ¢ is monotonic non-decreasing, then thresholding f at ty, i.e. d;:,, achieves zero
miscalibration regret: Rf 6= 0.

Proof of Prop. 3.3. Let t* € [0,1]. Suppose ¢ is monotonic non-decreasing. Let p € supp f(X). Then p > t; &
c(p) > c(ty) because c is non-decreasing. When t; € ¢~ ({t*}), then c(ty) = t* and p > t; < c(p) > t* hence
Topy>er = Ip>i,. When ty = inf{t : ¢(t) > t*}, then c(ty) > t* by definition. Let’s show that we still have
p >ty < c(p) > t*. Suppose p > ty. Then ¢(p) > c(ty) > t*. Suppose c¢(p) > t*. Then p € {¢t: c(t) > t*}. But t;
is the smallest element of this set. So p > ty. Hence 1.(p)>+ = 1p>¢,. Hence:

RE1(p) = (Legpyzer — Lyt )(c(p) — %) =0 Eq. 35 (38)

O

B.6 Lemma on the variance

Lemma B.6 (Bhatia-Davis inequality (Bhatia and Davis, 2000)). Let m, M € R such that m < M. Let Z a
random variable valued in [m, M]. Then the variance of Z 1is upper bounded by:

ViZ] < (M - E[Z])(E[Z] —m)

Lemma B.7 (Bounds on the variance of a random variable in [0, 1]). Let t € [0,1]. Let Z be a random variable
valued in [0,1]. Define u* 2 E[Z|Z > t], p~ £ E[Z|Z < t] and w = P[Z > t].

When both u* and p~ are defined, the expectation of Z satisfies:
E[Z] = wp™ 4+ (1 —w)u~ (39)
and the variance of Z is bounded by:

V[Z] > w(l —w)(ut — p)? Variance lower bound (40)
V[Z] < w(pt —t) +E[Z] (t — E[Z]) Variance upper bound (41)
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When only one of u™ and p~ is defined, the variance of Z is bounded by:

ViZ]
vZ]

Y

Variance lower bound (42)

IN

0
E[Z] (t - E[Z]) ifE[Z] <t 4
{(1 —E| Variance upper bound (43)

Z)([E[Z] -t) i E[Z] >t

Proof of Lem. B.7. Let t € [0,1]. Let Z be a random variable valued in [0,1]. Define u* = E[Z|Z > t],
p~ 2E[Z|Z <t]and w = P[Z > t].

The case where only one of u+ and p~ is defined amounts to the Bhatia-Davis inequality (Lem. B.6) on Z which
is valued in [0,¢] if u* is undefined and in [t, 1] if ©~ is undefined. This proves Eq. 43.

From now we suppose that both u™ and p~ are defined.

Expectation. The expectation of Z satisfies:

E[Z] =E[E[Z|1z>:]] Law of total expectation
=P[Z >t E[Z|Z >t|+P[Z < t|E[Z|Z < t]
=wpt + (1 —w)p~ Def. of ™, = and w

This proves Eq. 39. Next we show the bounds on the variance.

Variance. For convinience, we note: pu £ E[Z], vt £ V[Z > t] and v~ £ V[Z|Z < t]. The variance of Z
satisfies:
VIZ] = EV[Z |1254] + VIE[Z|12>4]] Law of total variance
=wvt + (1w +w(p® —p)? + (1 —w)(p” —p)? (44)

From this expression, we derive both the upper and lower bounds, using either the positivity of v and v~ or the
Bhatia-Davis inequality (Lem. B.6) on v* and v~.

Upper bound. First, we show the upper bound. Using the fact that Z|Z > tis in [t,1] and Z|Z < t is in [0, ¢],
the Bhatia-Davis inequality gives:

Hence, Eq. 44 gives:

VIZ] S w(l = p ")t =) + (1 —w)(t —p )u~
+wpt = p)? + (1 —w)(p™ —p)?
=w(pt —t+tpt —2ptp) + (1 —w)p™ (t —2p) + 4°
=wp® —t+tpT —2ut ) + (p—wp)(t —2u) + p? Using Eq. 39
= w(pt —t) + plt —2p) + p°
=w(p" —1t) + pult — p)

This proves the upper bound (Eq. 41)

Lower bound. Now, we prove the lower bound. First notice that Eq. 39 gives:

po—p=wpT —pt) (47)
pt—p= 01— w) (" —p7) (48)
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Using the positivity of v and v~ in Eq. 44, we have:

VIZ] > w(p" = p)* + (1 —w)(u™ —p)®
=w(l —w)?(u" —p )+ (1 —w)w(pt —p)? Using Eq. 47 and 48
=w(l—w)(pt —p)? (49)

This proves the lower bound (Eq. 40).

Note that the results and proof holds for Z|V for any random variable V', by conditioning all expectations and
variance by V. O

B.7 RO regret reformulation

Lemma B.8 (Grouping loss induced regret). For all p € [0,1] where R?L is defined, then:
RF™(p) = GE (L (x)20r — Doz ) (f*(X) — %) [W(X) =p] . (50)

Proof of Lem. B.8. Let p € [0,1] where R?L is defined.

R?L():E[ U(éf*t* ) EU( cr(f),t%s )‘f( ) } (51)
= GE [(6 724+ (X) = be, (1) () (X) = )| F(X) = p] Cor. B.4 (52)

= BE[(Ls(x)>er — Lejpyzer (X)) (F(X) = )| f(X) = p] Eq. 5 (53)

]

Lemma B.9 (Regret reformulation). Let p € supp f(X). Define w(p) £ P(f*(X) > t*|f(X) = p) and c*(p) £
E[f*(X)|f*(X) > t*, f(X) = p|. Then, the grouping loss induced regret RF" can be written as:

R}}L(p) _ {(()JA (w(p)(cT(p) — t*) — Loy e (c(p) — *)) Zi}?e:wz(:) <1. (54)
Proof of Lem. B.9. Let p € supp f(X).
Suppose 0 < P(f*(X) > t*|f(X) = p) < 1. Then c¢*(p) is defined. We have:
RS (p) (55)
= LE[(Lp(x)2 = Lepyzer) (f*(X) = 1) [h(X) =p] Lem. B.9 (56)
= L E[Ls (x> (f*(X) = )| (X) =p] (57)
= U Legy>e (E[f5(X )\f( ) =pl—1t7) (58)
=L E[E[L(x)se (f(X) = )| fX) =17, f(X)]|R(X) =] Total exp. (59)
= G L)z (e(p) — t*) Def. of ¢ (Eq. 6) (60)
= E Ly x)e B[ (X)|F(X) 285 F(X)] = 9) |[h(X) =p] (61)
= U Ly (c(p) — %) (62)
=L E[Lpx)5e- (cT(p) — )| 1(X) =D] Def. of ¢* (63)
— UL py>i+(c(p) — 1) (64)
=U0E []lf*(X)>t* h(X)=p] (c —t*) (65)
— U Loy (clp) — ) (66)
= Low(p)(ct(p) — ") Def. of w (67)
— UL py>i+(c(p) — 1) (68)
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Suppose P(f*(X) > t*|f(X) =p) = 1. Then the above proof is still valid and w(p) = 1, ¢T(p) = c¢(p) and
¢(p) > t*. Hence RF"(p) = 0.

Suppose P(f*(X) > t*|f(X) =p) = 0. Then E[1 s+ (x)>¢- (f*(X) — t*)|A(X)=p] = 0 and 1) = 0. Using
Eq. 57 we have R?L(p) =0.

O

B.8 Grouping regret lower bound

Theorem 3.4 (Grouping regret lower bound, B.8). The conditional grouping regret is lower bounded for all
p € supp f(X) as R?L(p) > L?L(p), by:

L (p) £ U [GL(p) — Vauin(p)] 4 (12)

U)Zth[]+ = 1'naX{.7 0}
and: Viin(p) 2 {(1—6(19)) (cp)—t*) if c(p) > 1+

c(p) (t*—c(p)) otherwise

Tightness. The lower bound is tight. For any p € supp f(X) for which f admits at least 3 antecedent values, and
for all admissible mean c(p) € [0, 1] and variance GL(p) € [0, c(p)(1 — c(p))], there exists a distribution of (X,Y)
such that the conditional distribution P(f*(X)|f(X) = p) has mean c(p) and variance GL(p), and the grouping
regret attains its lower bound: R?’L(p) = L?L(p).

Proof of Th. 3.4. Let p € supp f(X).
Suppose 0 < P(f*(X) > ¢*|f(X) =p) < 1.

Define w(p) £ P(f*(X) > t*|f(X) = p) and ¢t (p) = E[f*(X)|f*(X) > t*, f(X) = p]. Lem. B.9 gives:

RF*(p) = s (w(p)(c* (p) — 1) = Loy (clp) — 7)) (69)

We apply the upper bound of Lem. B.7 to Z = f*(X)|f(X). Hence:

VLX) [ F(X) = p] < w(p)(c(p) — ) + c(p) (" — c(p)) (70)
= GRF"(p) + Le(pye- (c(p) — ) + c(p) (t* — ¢(p)) (71)
= ARF"(p) + Lepye- (c(p) — 1) (1 — c(p)) (72)
+ L)< c(p) (" — c(p)) (73)
= GRF™(p) + Viuin(p) (74)
Hence:

RF*(p) > Gu(VIf*(X)| £(X) =p] = Viuin(p)) (75)

Since R?L (p) > 0, we have:
RF (p) = T [VIF*(X) | f(X)=p] — Vaain ()] (76)

Suppose P(f*(X) > t*| f(X) = p) € {0,1}. Then R?L(p) =0 (Lem. B.9). Let’s show that L?L (p) = 0. According
to Lem. B.7, we have V[f*(X)|f(X)=p] < Viin(p) (Eq. 43). Then L?L(p) = 0. Then R?L(p) = L?L(p).

Tightness of the regret lower bound L](;‘L. Following the proof of the regret lower bound, we see that the
bound is obtained using the upper bound of the lemma on the variance (Lem. B.7). The proof of Lem. B.7
gives an idea on how to achieve the equality. Taking a distribution where v* and v~ saturates the Bhatia-Davis
inequality is a good candidate. That is, a distribution of diracs in {0,¢,1} with appropriate weights.
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Below we explicit distributions achieving the equality between the regret R?L and the lower bound L](;‘L. For
convenience, we work with a random variable Z valued in [0, 1] which we will later link to the true probabilities

P(f*(X)|f(X) = p)-

Let t € (0,1). Let ¢ € [0,1] and v € [0,¢(1 — ¢)]. The Bhatia-Davis inequality shows that these rep-
resent the sets of admissible values of mean and variances of a random variable valued in [0,1]. Note
RZ =S (JAE [(]lZZt - ]l]E[Z]Zt)(Z — t)] and LZ £ [JA[V[Z] — Umin]+ with:

a Jc(t—c) ife<t
(1—c)(c—t) ifex>t

Ry represents the regret R™ (Lem. B.8) and Ly its lower bound L$" (Th. 3.4) when ¢ = E[Z].

We now show that there exist distributions Pz of Z such that E[Z] = ¢, V[Z] = v and Rz = Lz. Depending of
the value of ¢ and v, we explicit 4 distributions of Z that achieve the equality.

Case 1: ¢ <tand v < vyin. Define Z; distributed as: Pz, = wodo +wede +widy with we = 1— 2~ wy = § -2
and wy = 1 — w, — wy.

E[Z1] = wee + wyt (78)
=c (79)

V[Z1] = woc® + wq(t — ¢)? (80)
= (1 —wy)c® — wt(t — 2c) (81)

= ﬁcQ — s=c(t — 2¢) (82)
et —c) (83)

=v (84)

Rz, = UE[lz,>(Z1 —t)] (85)
=0 (86)
=Lz (87)

Case 2: ¢ >t and v < Upin. Define Z5 distributed as: Pz, = widy + wede + widy with w, = 1 — =*

Umin ’

c—t_v

and wy = 1 — w, — wy.

E[Z2] = wit + wee + wy (88)
=t+wc(c—t)+wi(l—1t) (89)
R () (90)
—¢c (91)

V[Za) = wi(t — ¢)* +wi (1 — ¢)? (92)
= (1 —wy)c® — wyt(t — 2c) (93)
=(t—c)? —w(t—c)? +w (1 —t)(1+t—2c) (94)
== (c=t)(1-¢) (95)
=0 (96)

Rz, = GE[(1z,> —1)(Z2 — 1)) (97)
= UE[lz,«(t — Z2)] (98)
=0 (99)
=Ly, (100)
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Case 3: ¢ <t and v > vpin. Define Z3 distributed as: Pz, = wodp + widy + w16y with wy = ﬁ(v — Umin),
wy = 7+ and wo = 1 — wy — wy.

E[Z5] = wit + un (101)
—c (102)
V[Z3] = woc? + wi(t — ¢)* +wi(1 —¢)? (103)
= +wit(t — 2¢) + wy (1 — 2c) (104)
=+ (c—wp)(t — 2¢) + wi (1 — 2¢) (105)
=c(t—c)+wi(l—1t) (106)
=c(t—c¢)+ v — Unmin (107)

—v (108)

Rz, = GE[z,>1(Z3 — t)] (109)
= wi(1— 1) (110)

= U — Umin (111)
=Lz, (112)

Case 4: ¢ >t and v > vyy. Define Zy distributed as: Pz, = wodp + widy + wid; with wy = %(v — Umin),
l—c—wq

=+ and wy =1 — w; — wp.

Wt =

E[sz = wtt + w1y
=1—w+w(t—1)

—_
—_
(¥4

(
(
=1—wo—(1—c—wp) (
—c (
V[Z4] = woc® + wi(t — ¢)* +wi (1 —¢)? (
=(1—c) +wo(2c—1) —we(t —1)(t +1—2c) (
=(1—¢)?+wo(2c—1) = (1 —c—wp)(t+1—2c) (

=0 —Vpin — (L = ¢)(c—1) (120
(
(
(
(
(
(

= 121
Rz, = UE[(1z,>t — 1)(Zs — 1)) 122
=OE[z,<:(t — Z4)] 123
= wot 124
=V — Umin 125

—_
—_
N2 NN NN s s NI N N NN

=Ly,

Note that in the cases where v < v, the Bhatia-Davis inequality cannot be saturated and an extra dirac §, is
added in c.

For each of the above distributions, we have: E[Z;] = ¢, V[Z;] = v and the regret equals the lower bound
Rz, =Ly,

Now we link Z back to the true probabilities P(f*(X)|f(X) =p). Let p € [0,1] such that f has at least 3
antecedant values that we note x1, z2 and x3. We can thus create the joint distribution P(x yy as a discrete
distribution with P(z;) = z; and P(Y = 1|X = x;) = w; for all i € {1,2,3}, where triplets (w;, wy, ws3) are taken
from each above cases depending on the values of ¢ and v, and (21, 22, 23) their associated positions. Then, the
distribution P(f*(X)|f(X) = p) has mean ¢ and variance v and R(f}L(p) = L?L(p). O
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B.9 Grouping regret upper bound

Theorem 3.5 (Grouping regret upper bound, B.9). The conditional grouping regret is upper bounded for all
p € supp f(X) as R§™(p) <UF™(p), by:

UFHp) 2 SU(VGLp)+ (elp) )2~ |e(p) 1)) (13)

Tightness. The upper bound is tight when t* = % For any p € supp f(X), and for all admissible mean

c(p) € [0,1] and variance GL(p) € [0, c(p)(1 — c(p))], there exists a distribution of (X,Y") such that the conditional
distribution P(f*(X)|f(X) = p) has mean c(p) and variance GL(p), and the grouping regret attains its upper
bound: R?L(p) = U}}L(p).

Proof of Th. 3.5. Let p € supp f(X).

Suppose 0 < P(f*(X) > t*|f(X) =p) < L.

Define w(p) £ P(f*(X) > t*|f(X) = p) and c*(p) = E[f*(X)|f*(X) > t*, f(X) = p]. Lem. B.9 gives:

RF"(p) = U (w(p)(c* (p) — 1) = Loy (clp) — 7)) (127)

We apply the lower bound of Lem. B.7 to Z £ f*(X)|f(X), which gives:

VI f | > Vw(p)(1 —w(p))(ct(p) —c (p))? Eq. 40 (128)
= w(p)(l —w(p))(c"(p) — ¢ (p)) " (p) > ¢ (p) (129)
- %(c*(p) —c(p)) Using Eq. 48 (130)
Hence:
w(p)(ct(p) = t*) < Vw(p)(1 — w(p))VI*(X)|f(X)=p] + w(p)(c(p) — ") (131)

Using Eq. 127, we have:

R§Y(p) < G (vawlp) (L= wip)VIFCO T =] + (w(p) — Leyzee)(elp) — 1)) (132)

We showed Eq. 132 for all w(p) € (0,1). It still holds for w(p) € {0,1}. Indeed, Lem. B.9 shows that R?L(p) =0
in this case. Also, when w(p) € {0,1}, then w(p) — L,p)>¢ = 0. Hence the right-hand side of Eq. 132 is also 0
for w(p) € {0,1}, hence equal to R?L(p).

Since Eq. 132 holds for all w(p) € [0,1], we now find the worst case. That is, the w(p) € [0, 1] that maximizes the
right-hand side of Eq. 132.
First suppose that c(p) > t*. Let g, (w) £ /w(l —w)b+ (w — 1)a with b > 0. Note that (132) = UL ga.(w(p))

°~) with value

with a = ¢(p) — t* and b = V[f*(X)| f(X)=p]. The maximum of g, is reached at w = 3(1 — pr

2(Va? + b — a). Hence the maximum of (132) is:

%(\/V[f*(X)If(X):p] + (c(p) = %) = (c(p) — 1)) (133)

Now suppose that ¢(p) < t*. Similarly, let g, »(w) £ \/w(1 — w)b+wa with b > 0. Note that (132) = Uk ga »(w(p))
with a = ¢(p) — t* and b = V[f*(X)| f(X)=p]. The maximum of g, is reached at w = 3(1 —
2(Va®> + b+ a). Hence the maximum of (132) is

2 .
224p) with value

& TP EIFE) =5 + () = F ) — (¢* — cp)). (134)
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In both cases, the maximum of (132) is:

no |5

(VVIF (X)) F(X) =p] + (c(p) = t*)? = le(p) — t*]). (135)

which concludes the proof.

Tightness of the regret upper bound U?L. Following the proof of the regret upper bound, we see that
the bound is obtained using the lower bound of the lemma on the variance (Lem. B.7). The proof of Lem. B.7
gives an idea on how to achieve the equality. Taking a distribution where v* = 0 and v~ = 0 is a good candidate.
That is, two diracs in [0, 1] with appropriate weights.

Below we explicit distributions achieving the equality between the regret R?’L and the upper bound R?L. For
convenience, we work with a random variable Z valued in [0, 1] which we will later link to the true probabilities

P pep-
Suppose t* € (0,1). Let ¢ € [0,1] and v € [0,¢(1 — ¢)]. The Bhatia-Davis inequality shows that these
represent the sets of admissible values of mean and variances of a random variable valued in [0,1]. Note
Rz £ UE[(Iz>¢ — Lgz>e-)(Z — t*)] and Uz £ LU(\/V[Z] + (E[Z] — t*)? — |E[Z] — t*|). Rz represents the
regret RGL (Lem. B.8) and Uy its upper bound UL (Th. 3.5).

We now show that there exist distributions P, of Z such that E[Z] = ¢, V[Z] = v and Rz = Uz. Depending of
the value of ¢, we explicit 2 distributions of Z that achieve the equality.

Define w = (1 — (C_t*)zv) and Pz = (1 — w)d, + wd, with a,b € [0,1]. Suppose t* = .

ey e

Case 1: c<t*. Takea=c— /vy and b=c+ ,/vi=%. Both a and b are in [0,1] when t* = 1.

E[Z] = (1 —w)a + wb
=c—ow(l —w) + ow(l —w)

(
(
—c (
V[Z1] = (1 —w)(a —¢)* + w(b— c)? (
=vw +v(l — w) (

=v (141
Rz, = GE[lz, > (Z1 — t7)] (
(
(
(

:w(c—t*—l—\/@) b>t"anda<c<tr 143

= Vow(l —w) + w(c — t¥) 144

= %( v+ (c—t%)2 = (c—t*)) + (c — t*) Eq. 133 145
1

= Vo e PP - ( —0)) (146)

= Uz, (147)

Case 2: ¢ >t*. Takea=c—/vi=2 and b=c+ ,/v“. Both a and b are in [0,1] when t* = 1.
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E[Z;) = (1 —w)a+ wb (148)
=c+ Vow(l —w) — Vow(l — w) (149)
—c (150)
V[Zs] = (1 —w)(a — ¢)* +w(b—c)? (151)
=ovw 4+ v(l —w) (152)
— v (153)
(154)
Rz, = GE[lz, <+ (1" — Z3)] (155)
=w(t* —c+ /=) b>c>t"anda <c<t* (156)
= ow(l —w) + w(t* — ¢ (157)
1
= 5( vt (c—t)2— (" =)+ (t"—¢) Eq. 133 (158)
1
= 5(\/v—f—(c—t*)z—(lf*—c)) (159)
— Uy, (160)
For each of the above distributions, we have: E[Z;] = ¢, V[Z;] = v and the regret equals the lower bound

Ry, =Uy,.

Now we link Z back to the true probabilities P(f*(X)|f(X) =p). Let p € [0,1] such that f has at least 2
antecedant values that we note r1 and ws. We can thus create the joint distribution P(x y) as a discrete
distribution with P(x;) = a, P(z2) = b, P(Y =1/ X =21) = 1 — w and P(Y = 1|X = 22) = w Then, the
distribution P(f*(X)|f(X) = p) has mean ¢ and variance v and R?L(p) = U?L(p).

If p € [0,1] is such that f has only one antecedant value, then there is no grouping loss in the level set f = p, i.e.
GL(p) = 0. Hence, R?L(p) =0= U?L(p).

O

B.10 GLAR — Grouping Loss Adaptative Recalibration
Proposition B.10 (GLAR reduces grouping loss, B.10). Let a function f : X — [0,1] and a partition P : X — E
of the feature space X. Then the GLAR-estimator fp defined in FEq. 1/ satisfies:
EY|fp(X)=p]=p fp is calibrated (161)
GL(fp) < GL(f) fp has lower GL than f (162)
The grouping loss is reduced by:  GL(f) — GL(fp) = E[V[fp(X) ]| f(X)]].
The remaining grouping loss is:  GL(fp) = E[V[f*(X)| f(X), P(X)]].
Proof. Let P a partition of the feature space. Define P = P(X), H = f(X), Hp = fp(X) and GL(H) =
E[V[F'| H]]. Using definition of Hp, we have: Hp = E[Y|H, P] = E[E[F|X]|H, P| = E[F|H, P]

Following Perez-Lebel et al. (2023, Theorem 4.1), we have GL(H) = GLexplained (H) + GLyesidual (H) with
GLexplained (H) = E[V[E[F|H, P] | H]] and GLyesiaual(H) = E[V[F' | H, P]].

GLexplained (H) - GLexplained (HP)

(163)
= E[VIE[F|H, P]|H]] - E[VIE[F|H, P]| Hp]] (164)
= E[VE[F|H, P]|H]] - E[V[Hp | Hp]] Hp = E[F|H, P] (165)
= E[VIE[F|H, P]| H]] V[Hp|Hp] =0 (166)
= E[V[Hp | H] (167)
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We apply the law of total variance on the residual term by conditioning on H:

GLresiduat (Hp) = E[V[F | Hp, P]] (168)
— E|V[E[F|H, Hp, P]| Hp, P + E[V[F | H, Hp, P]|Hp, P]] (169)
_ B[VIE[F|H, P|| Hp, P + E[VIF | H, P||Hp, ] (170)
— B[V[Hp| Hp, P| + E[V[F | H, P||Hp, P ()
— E[E[V[F | H, P]|Hp, P)| (172)
— E[V[F|H, P]] (173)
= GLyesidual (H) (174)

Hence:
GL(H) — GL(Hp) (175)
= GLexplained (H) — GLexplained (Hp) + GLresidual (H) — GLresidual (Hp) (176)
= E[V[E[F|H, P]| H]| (177)
]

Lemma B.11 (Hierarchy of partition-based decision rules). Let P1, P2 : X — E be two partitions of the feature
space such that Py(X) is P2(X)-measurable. Let gp : x — E[Y|P(X) = P(z)]. Then:

EU(Syp. 1) < EU(Syp, 1) vt € [0,1] (178)

Lem. B.11 shows that the finer the partition the better the expected utility. Since all of the original, recalibrated
and GLAR-corrected can be seen as instance of GLAR with different granularity of partition (the trivial partition,
the partition on f, and the partition on (f,P) respectively), this enables to conclude on a hierarchy between
these decision rules (Prop. B.12).

Proof. Let Py, Py : X — R? be two partitions of the feature space such that P;(X) is Pa(X)-measurable. Let
gp :x = E[Y|P(X) =P(z)]. Let Gy = gp,(X), Ga = gp,(X), P, & P1(X) and P, = P,(X) the associated

random variables.

EU(697’2 7t* ) - EU((SgPl 7t* )

=Ex [(1G2>t* - ]lG1>t*)(£ — 1)} Cor. B4
= Ex[ [ (Igy>e — ]lG1>t*) ‘772]] Total expectation
=Ex [(1G2>t* 1g,>+)E [* — I‘PQH P, is Py-measurable
=Ey [(11G2>t* 1, >e+) (]E[FWJZ - 1)} Linearity
=Ex |:(]1G2>t* — 1, >ex) (w 1)} Definition of F
=Ex [(]1 o>tr — Ly >ex) (E[Y‘PZ] 1)} Total expectation
=Ex[(Laozer — Layoe) (82 —1)] Definition of G
= ]EX [1G22t*]101<t* (tT - 1) + ]1G2<t* ]lGIZt* (1 - ff):l

>0

O

Proposition B.12 (Hierarchy of decision rules, B.10). Let P1,Ps : X — R be two partitions of the feature space
such that Py is constant on regions of Pa (i.e. Py is a function of P2). Then, for all §¢, € Dy:

EU(65,4) < EU(dcof,t+) < EUyp, ¢+) < EU(dpp, ¢+) < EU(Sf 4v)
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Proof. Let Py, Py : X — R? be two partitions of the feature space such that P;(X) is Pa(X)-measurable.

Define Py = 0, P. = f(X), P = (P.,P1(X)) and P, = (P.,P2(X)). We have: Py is P.-measurable, P, is
Pi-measurable, and P; is P,-measurable. Hence, Lem. B.11 concludes the proof.

O
A threshold view A duality between probability correction and adaptative thresholding also exists for GLAR.

Instead of correcting the estimated probabilities on groups with fp, GLAR can also be viewed as using the
original estimates f with an adaptative threshold tp instead (Def. B.13): 674, and dy, 4+ have same regret.

Instead of correcting the estimated probabilities on groups with fp, this procedure can be viewed as using the
original estimates f with an adaptative threshold ¢p instead (Def. B.13):

Definition B.13 (Grouping loss adaptative threshold GLAT).

tp: @ t* — (fp(x) — f(2)) (179)

0ft, and 05, 1+ have same regret: f(x) > tp & fp(x) > t*.
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C Experiments

C.1 Model definitions

Table 1: Detailed description of all the models used for the hate speech detection experiment.

Latent Layer

Model HuggingFace

CNERG Hatexplain  Hate-speech-CNERG /bert-base-uncased-hate... classifier
CNERG en MuRIL  Hate-speech-CNERG /english-abusive-MuRIL classifier
CNERG en mono Hate-speech-CNERG /dehatebert-mono-englis...  classifier
CNERG portuguese Hate-speech-CNERG /dehatebert-mono-portug...  classifier
CNERG tamil Hate-speech-CNERG /tamil-codemixed-abusiv...  classifier

FB Roberta

facebook /roberta-hate-speech-dynabench-r...

classifier.out_ proj

C.2 Dataset definitions

Table 2: Detailed description of all the datasets used for the hate speech detection experiment.

Split Input Target Pos. class
Dataset HuggingFace or CSV
Tweets  tweets hate speech detect... train tweet label
Speech18 hate speechl8 train text label
Offensive hate speech offensive train tweet class 0
Davidson krishan-CSE/Davidson Hate... train+test text labels 0
Gender  ctoraman/gender-hate-spee... train+test Text Label 2
FRENK classla/FRENK-hate-en train+val+test text label
limjiayi/hateful memes ex...  train+val+ttest text label
Check Paul/hatecheck test test case label gold  hateful
Tweets 2 thefrankhsu/hate speech t...  train+test tweet label
Open parnoux/hate speech open ... test tweet class 0
UCB ucberkeley-dlab /measuring... train text hate speec... y > 0.5
Merged  tweets hate speech detect... train tweet label
hate speechl8 train text label
hate speech offensive train tweet class 0
krishan-CSE/Davidson Hate... train4test text labels 0
ctoraman/gender-hate-spee... train+test Text Label 2
Merged 2 classla/FRENK-hate-en train+val+test text label
limjiayi/hateful memes ex...  train+val+ttest text label
Paul /hatecheck test test case label gold  hateful
thefrankhsu/hate speech t...  train-+test tweet label
parnoux/hate speech open ... test tweet class 0
DynGen CSV: bvidgen/Dynamic... text label hate
Merged3 tweets hate speech detect... train tweet label
hate speechl8 train text label
hate speech offensive train tweet class 0
krishan-CSE/Davidson Hate... train4test text labels 0
ctoraman/gender-hate-spee... train+test Text Label 2
classla/FRENK-hate-en train+val+test text label
limjiayi/hateful memes ex...  train+val+test text label
Paul /hatecheck test test case label gold  hateful

Continued on next page



https://huggingface.co/Hate-speech-CNERG/bert-base-uncased-hatexplain
https://huggingface.co/Hate-speech-CNERG/english-abusive-MuRIL
https://huggingface.co/Hate-speech-CNERG/dehatebert-mono-english
https://huggingface.co/Hate-speech-CNERG/dehatebert-mono-portugese
https://huggingface.co/Hate-speech-CNERG/tamil-codemixed-abusive-MuRIL
https://huggingface.co/facebook/roberta-hate-speech-dynabench-r4-target
https://huggingface.co/datasets/tweets_hate_speech_detection
https://huggingface.co/datasets/hate_speech18
https://huggingface.co/datasets/hate_speech_offensive
https://huggingface.co/datasets/krishan-CSE/Davidson_Hate_Speech
https://huggingface.co/datasets/ctoraman/gender-hate-speech
https://huggingface.co/datasets/classla/FRENK-hate-en
https://huggingface.co/datasets/limjiayi/hateful_memes_expanded
https://huggingface.co/datasets/Paul/hatecheck
https://huggingface.co/datasets/thefrankhsu/hate_speech_twitter
https://huggingface.co/datasets/parnoux/hate_speech_open_data_original_class_test_set
https://huggingface.co/datasets/ucberkeley-dlab/measuring-hate-speech
https://huggingface.co/datasets/tweets_hate_speech_detection
https://huggingface.co/datasets/hate_speech18
https://huggingface.co/datasets/hate_speech_offensive
https://huggingface.co/datasets/krishan-CSE/Davidson_Hate_Speech
https://huggingface.co/datasets/ctoraman/gender-hate-speech
https://huggingface.co/datasets/classla/FRENK-hate-en
https://huggingface.co/datasets/limjiayi/hateful_memes_expanded
https://huggingface.co/datasets/Paul/hatecheck
https://huggingface.co/datasets/thefrankhsu/hate_speech_twitter
https://huggingface.co/datasets/parnoux/hate_speech_open_data_original_class_test_set
https://raw.githubusercontent.com/bvidgen/Dynamically-Generated-Hate-Speech-Dataset/main/Dynamically%20Generated%20Hate%20Dataset%20v0.2.3.csv
https://huggingface.co/datasets/tweets_hate_speech_detection
https://huggingface.co/datasets/hate_speech18
https://huggingface.co/datasets/hate_speech_offensive
https://huggingface.co/datasets/krishan-CSE/Davidson_Hate_Speech
https://huggingface.co/datasets/ctoraman/gender-hate-speech
https://huggingface.co/datasets/classla/FRENK-hate-en
https://huggingface.co/datasets/limjiayi/hateful_memes_expanded
https://huggingface.co/datasets/Paul/hatecheck
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Table 2: Detailed description of all the datasets used for the hate speech detection experiment.

Split Input Target Pos. class
Dataset HuggingFace or CSV
thefrankhsu/hate speech t...  train4test tweet label
parnoux/hate speech open ... test tweet class 0
CSV: bvidgen /Dynamic... text label hate

C.3 Experimental Details

Data For each of the pre-trained models for hate-speech detection Tab. 1, we use the embedding space of
the pernultimate layers as input space X' for estimating the grouping loss. We note f : X — [0, 1] the function
mapping the embedding space of the model to the hate-speech probability esitmate. We forward the datasets
listed in Tab. 2 through each of the models. We store the ground truth label Y, which equals to 1 if the text is hate
speech and 0 otherwise, the embedding X, and the model’s predicted probability f(X) that the text is hate-speech.
Then we work with each triplet (X,Y, f(X)) to investigate the effect of post-training on decision-making. The
data is split into a train set on which post-training methods are fit, and a test set on which the post-training
methods are applied and the expected utility and regrets are estimated.

Utility We define binary utility matrices U € R?*2 of the shape:

UL {é U(il] (180)

with U;; € Rt We select values of Uj;; so that the optimal threshold ¢* takes values
[0.01,0.025,0.05,0.1,0.25,0.5,0.75,0.9,0.95,0.975,0.99]. Note that the link between U;; and t* is given by
Uy = t% —1 (Eq. 4). Each utilty matrix U represents a different decision-making problem. Following the decision
theory result of Elkan (2001), the optimal decision rule is §y 4+. We thus use 074+ as decision rule from the
probability esimates given by f.

The expected utility of decision rule 0y« is given by EU(054+) = E[U[d 4 (X),Y]]. We estimte the expected
utility using the emprirical utility EU £ 1 3~ U[§,+ (X;), Y;] where (X;,Y;) are the samples of (X,Y) and n is
the number of samples.

Regret We estimate the regrets using the expression given in Def. 3.6. This necessitates estimates of the
calibration curve ¢ and the grouping loss. To estimate ¢ we using an histogram binning with 15 equal-mass bins.
The esitmation of the grouping loss is detailed in the next paragarph.

Grouping Loss estimation For the estimation of the grouping loss we follow the estimation procedure given
by Perez-Lebel et al. (2023). We use 15 equal-mass bins on the probability space [0, 1]. For partitioning the
embedding space X', we use a decision tree on the pair (X,Y’) constrained to create at most 5 regions per bin.
The partition P is derived from the fitted decision tree using the leaves of the tree: each leave forms a part of
the partition. To fit the decision tree we use a train-test split strategy, as recommended by Perez-Lebel et al.
(2023), akin to a honest tree. The decision tree is fitted on the first part of the train set and the local averages
and grouping loss are estimated on the second part of the train set. This avoids overfitting.

Recalibration We use recalibration methods to correct the estimated probabilities. Below are listed the
methods used and implementation details. Recalibration methods are fitted on the train set and applied on the
test set.

o Isotonic Regression. We use scikit-learn’s implementation IsotonicRegression from sklearn.isotonic
and fit it on (S, Y). This method has no hyperparameters.

o Platt Scaling. We use scikit-learn’s implementation _SigmoidCalibration from sklearn.calibration and
fit it on (S, Y). This method has no hyperparameters.


https://huggingface.co/datasets/thefrankhsu/hate_speech_twitter
https://huggingface.co/datasets/parnoux/hate_speech_open_data_original_class_test_set
https://raw.githubusercontent.com/bvidgen/Dynamically-Generated-Hate-Speech-Dataset/main/Dynamically%20Generated%20Hate%20Dataset%20v0.2.3.csv
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e Histogram Binning. We use the implementation of HistogramCalibrator from the calibration python
package. We use 15 equal-mass bins.

e Scaling-Binning. We use the implementation of PlattBinnerCalibrator from the calibration python
package. We use 15 equal-mass bins.

e Meta-Cal. We use the implementation of MetaCalMisCoverage from the metacal python pack-
age. We use a miscoverage of 0.05 based on the default value provided in the package’s example
metacal/examples/test_metacal.py.

Post-training Besides recalibration, we also investigate post-training methods. Below are listed the methods
used and implementation details. Post-training methods are fitted on the train set and applied on the test set.

e Fine-tuning. Since the link between each hate-speech model’s embedding space and the output
space is a sigmoid, we use scikit-learn to learn the sigmoid function with LogisticRegression from
sklearn.linear_model with default parameters. In this form of finetuning, the initial model weight is not
used. This contrasts with finetuning using pytorch’s optimizers starting from the pre-trained model’s weights.

e Stacking. We use RandomForestClassifier and HistGradientBoostingClassifier implementation from
scikit-learn with default parameters for the stacked models. The stack model is fit on the augmented space
(X, f(X)) as input, that is ((X, f(X)),Y).

o GLAR. We implemented GLAR as described in the next paragraph.
Metrics The performance metrics used in the experiments are:

e Brier score defined as Brier £ E[(f(X) —Y)?].
e Eaxpected Calibration Error (ECE) defined as ECE £ E[|[E[Y|f(X)] — f(X)]].
e Calibration Loss (CL) defined as CL £ E[(E[Y|f(X)] — f(X))?].

e Root Mean Square Calibration Error (RMSCE) defined as RMSCE £ /E[(E[Y]f(X)] — f(X))2].

o Mazimum Calibration Error (MCE) defined as MCE £ E[max [E[Y|f(X)] — f(X)]].
Compute setting All experiments ran on a single compute node of 256 CPUs.

Code repository The code used for the experiments is available at https://github.com/aperezlebel/
decision_suboptimal_classifiers.

GLAR GLAR builds on the grouping loss estimator proposed by Perez-Lebel et al. (2023). GLAR uses the
partitioning strategy based on a decision tree detailed in Sec. C.3. Once identified the partition P of the input
space, GLAR estimates the local averages of the probabilities f(X) on each region of the partition. The GLAR
estimator fp is then the function mapping each input x to the average of the probabilities on the region of the
partition to which x belongs. It is applied on the test set to correct the estimated probabilities similarly to the
other post-training methods.

For each model f, we split the probability range [0, 1] into 15 equal-mass bins. In each bin, we use a decision tree
constrained to form at most 5 leaves. To regularize the correction by GLAR, we use a threshold strategy. We
set a threshold » € R. GLAR applies the correction if the overall grouping regret RGL is larger than r and only
corrects the bins for which the conditional grouping regret RGL( ) is larger than r. We set r = 0.02. Otherwise,
GLAR applies an isotonic correction. This leverages the grouping regret estimator and avoid correcting the
probabilities beyond calibration when it is not needed.


https://github.com/aperezlebel/decision_suboptimal_classifiers
https://github.com/aperezlebel/decision_suboptimal_classifiers
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C.4 Post-training gain results

Gain of Platt

Gain of Histogram

Gain of Isotonic

0.00 0.05 0.10 0.15 0.20

0.00 0.05 0.10 0.15 0.20
RS

RS

v —
= 4 T T T T T T

‘= 0.2 [ Correlation: r* = 0.83 (3
R=! =
1 =
0 L

E 0.1 =
= o
3} =
A g
(e 0.0 ez (36
= p P—— P—— ,

o 0.0 0.1 0.2

g -

S Ry

Figure 9: Recalibration gain vs R%‘* Gain of each recalibration method vs f%%;
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Figure 13: Gain vs Brier. Gain of each post-training method vs the Brier score of the model.
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Figure 14: Gain vs ECE. Gain of each post-training method vs the ECE of the model.
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Figure 15: Gain vs CL. Gain of each post-training method vs the calibration loss of the model.
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Figure 16: Gain vs MCE. Gain of each post-training method vs the MCE of the model.
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D Supplementary results

D.1 Influence of t*: gains as a function of the utility regime

We investigate the influence of the regime ¢* on the potential gain of post-training. We found that, on average
across all models and datasets, values of ¢* in the range [0.05,0.95] yield higher regrets with a peak around 0.5
(Fig. 18). This corresponds to exchange rates of 1:19 to 1:1, with a peak around 1:1. Similarly to Van Calster and
Vickers (2015), we observe that miscalibration is less likely to cause regret when ¢* is close to the event rate E[Y]
(Fig. 20).
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Figure 18: Average gain of post-training over the gain of recalibration as a function of the utility-derived t*.

Figure 19: Average gains of recalibration approaches compared to the gain of isotonic recalibration as a function

of the utility-derived t*.
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