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Abstract

This paper presents a comprehensive study on a new equivalence principle, lead-
ing to the derivation of generalized Maxwell and Dirac equations. By introducing
novel field variables, extended symmetry considerations, and modified interaction
terms, we demonstrate the profound implications of these equations in describing
electromagnetic fields and quantum field theory. The generalization not only holds
significant theoretical importance but also offers potential applications in particle
physics, cosmology, and advanced materials science. The mathematical structure
of the new equations reveals intricate connections between classical and quantum
realms, suggesting a unified framework for understanding fundamental interactions.
We also explore the potential for unifying gravity with other fundamental forces
through this new principle, providing detailed mathematical derivations and dis-
cussing possible experimental validations.

Keywords: new equivalence principle; generalized Maxwell equations; generalized
Dirac equations; quantum field theory; electromagnetic field; unified field theory; sym-
metry breaking; non-linear dynamics
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1 Introduction

The quest for a unified theory that seamlessly integrates all fundamental forces of nature
has been a central theme in theoretical physics for well over a century . From the early
attempts to reconcile electricity and magnetism under a single framework to the ongoing
endeavors in constructing a quantum theory of gravity, scientists have sought to uncover
a set of principles that describe all known interactions with the greatest possible elegance
and generality. In this context, classical Maxwell’s equations [2] and the Dirac equation
hold a distinguished place as pivotal achievements. Maxwell’s equations not only uni-
fied electricity and magnetism but also predicted the existence of electromagnetic waves,
thus laying the foundation for modern electrodynamics. Meanwhile, Dirac’s equation
merged special relativity with quantum mechanics for the first time, accurately describ-
ing fermionic particles and anticipating the existence of antimatter. Yet, despite their
remarkable successes in lower-energy or flat-spacetime scenarios, these classical forms of
Maxwell’s and Dirac’s equations may be insufficient to capture the more intricate phe-
nomena that arise in extreme conditions. In the presence of very high energies, highly
curved spacetimes, or strong gravitational fields—such as those near black holes or in the
early universe—deviations from these classical equations can become significant. Conse-
quently, the search for theoretical frameworks that extend or modify these equations in
a consistent manner remains a vital frontier in physics.

The advent of quantum field theory (QFT) and subsequent advancements in theo-
retical physics have sparked a renewed interest in revisiting and possibly revising foun-



dational principles [4]. QFT successfully merges the quantum mechanics of particles
with relativistic field descriptions, offering profound insights into particle interactions
and symmetries. However, the unification of gravity with the other three fundamental
forces—electromagnetism, the weak interaction, and the strong interaction—continues
to pose an immense challenge. One especially promising line of inquiry involves the
idea of extending the equivalence principle, which is central to general relativity [5], into
realms that are not purely gravitational. The traditional equivalence principle, at its
core, equates inertial mass with gravitational mass, thereby implying that freely falling
observers cannot distinguish locally between uniform acceleration and a gravitational
field. A new, generalized equivalence principle could similarly establish correspondences
between classical and quantum fields, or between matter and force fields, in a way that
transcends the usual scope of Einstein’s framework. Such a principle may illuminate
how quantum fields behave under curved spacetime or within regimes where the classical
notion of a smooth geometry may no longer suffice. In doing so, it opens the door to
new types of coupling between fields and spacetime, hinting at extended versions of both
Maxwell’s and Dirac’s equations that remain valid under more general conditions.

In this paper, we aim to systematically derive generalized Maxwell and Dirac equations
that stem from this proposed new equivalence principle. By exploring these equations
from a mathematical standpoint, we show how the extended formalism retains familiar
features—such as gauge invariance, charge conservation, and Lorentz symmetry—while
simultaneously introducing modifications that become relevant at higher energies or in
regions of significant curvature. Our approach involves carefully examining the role of
field transformations under various symmetries and analyzing how non-linear dynamics
may emerge naturally from the extended equivalence principle. We discuss how these
generalized equations might serve as stepping stones toward unifying fundamental inter-
actions, potentially integrating electromagnetic, weak, strong, and gravitational forces
into a more cohesive theoretical structure. Moreover, we highlight potential applications
of these extended field equations in astrophysics, cosmology, and high-energy particle
physics. For instance, they may shed light on particle behavior in the vicinity of compact
astrophysical objects or provide clues about the conditions that prevailed in the early
universe. Importantly, we also underscore the necessity of ensuring mathematical rigor:
the consistency of these generalized equations depends on a delicate balance of symme-
try considerations, gauge conditions, and the proper handling of non-linear terms. Our
results suggest that the new equivalence principle offers a powerful lens through which to
re-examine the deep interplay between classical and quantum physics, and we envision
future work that further refines these ideas. By uniting insights from QFT, gravity, and
the newly proposed equivalence principle, we hope to pave the way for a more complete
and nuanced description of nature’s most fundamental laws.

2 Theoretical Background

2.1 Classical Maxwell’s Equations

Maxwell’s equations in their classical form are given by [10]:

v-E=2 (1)
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V-B=0,
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In the absence of charges and currents, these equations reduce to:

V.-E=0,

V.B=0,
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(8)

Maxwell’s equations can also be expressed in covariant form using the electromagnetic

field tensor F* [11]:

F# = QrAY — 9" AP,

where A* is the four-potential. The covariant Maxwell equations are:

0, F" = g J".

2.2 Classical Dirac Equation

The Dirac equation, a relativistic wave equation for fermions, is expressed as [3]:

(iry‘ua,u - m>¢ - 07

where v* are the gamma matrices satisfying the Clifford algebra:

{97} =AY+t = 297,

with ¢" being the metric tensor of spacetime and I the identity matrix.
The spinor ¢ has four components and represents particles with spin—%

bility current density is conserved:

au(&’w@b) = 07
where ¢ = 1T+ is the Dirac adjoint.

(9)

(12)

(13)
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2.3 Limitations and the Need for Generalization

Classical Maxwell’s and Dirac’s equations have limitations in describing phenomena
where:

e Non-linear effects become significant, such as in high-intensity electromagnetic
fields leading to phenomena like vacuum polarization [6].

e Gravitational fields influence quantum particles, necessitating a quantum theory
of gravity or quantum field theory in curved spacetime [7].

e Unified descriptions of all fundamental forces are required, which the Standard
Model and General Relativity currently fail to provide [§].

Non-linear electrodynamics, such as Born-Infeld theory [9], and extensions of quan-
tum electrodynamics (QED) attempt to address some of these limitations. However, a
comprehensive theory that unifies electromagnetism, quantum mechanics, and gravity
remains elusive.

3 Background: Residue Theorem and Singularity Struc-
ture

The integral of a complex function f(z) can be calculated using the residue theorem. In
cases involving multiple singularities, a more sophisticated analysis of singularity struc-
tures is necessary. In its basic form, the residue theorem primarily deals with simple
poles and isolated singularities. However, when addressing more complex mathematical
structures, higher-order singularities and multivariable integral techniques are required.

For any complex analytic function f(z), if there is a multiple pole at z, its local
representation is:

fz)= ) an(z—2)" (15)

n=-—m

where m is the order of the multiple pole.
The residue Res(f,2p) can be directly calculated from the Laurent series expansion
as:

Res(f, Z()> = a1 (]_6)

4 Introduction of Advanced Methods: Laurent Se-
ries and Cauchy Integral Formula

To provide a more detailed proof, we utilize the Laurent series to analyze the behavior of
complex functions in the complex plane. We can express the contour integral in terms of
the Laurent series, which involves a local analysis of each singularity along the integration
path.



4.1 Detailed Analysis of Laurent Series Expansion

Consider the Laurent series expansion of a complex function f(z) in the region D, which
contains several isolated singularities {21, z2,...,2,}. For each singularity zj, we can
represent the function as:

f()= ) an(z— =) (17)

where the negative power terms characterize the behavior near the singularity. The
accumulation of these negative power terms influences the outcome of the contour integral.

According to the residue theorem, for a closed path I' that encloses multiple singular-
ities, we have:

jgf(z) dz = 2mi anRes(f, 2k) (18)

where ny is the winding number of the path I'" around the singularity z.

4.2 Understanding Contour Integrals through Algebraic Topol-
ogy and Homology Theory

To gain a deeper understanding of the relationship between contour integrals and residues,
we introduce homology theory and the concept of simply connected spaces from algebraic
topology. In algebraic topology, contour integrals can be viewed as representations of
homology classes, and each singularity can be seen as an ”obstruction” in homology [?].
We can consider the complex plane as a simply connected space, which becomes a multiply
connected space after removing all singularities.

In this context, the path I' can be viewed as a 1-chain on the complex plane, and
each singularity z; corresponds to the boundary of a 0-chain. By employing homology
theory, we understand that for a region containing singularities, the value of the contour
integral is equal to the sum of the residues at those singularities, which is consistent with
the higher-order version of the Cauchy-Goursat theorem.

4.3 Generalization Using Differential Forms

To further generalize the residue theorem, we consider using differential forms for complex
functions. Let w = f(z)dz be a 1-form. Then, the integral of w over a closed path can
be addressed using Stokes’ theorem, yielding:

fo- [ [

where S is the surface enclosed by the path I', and 9S = I'. Since dw behaves like a
Dirac distribution at the singularities, the result of the integral is related to the residues
at these singularities. Therefore, the contour integral can be considered as the "flow”
through the singularities, consistent with the algebraic structure of the sum of residues.



4.4 U(1l) xU(1) Group Contains SO(3)/SO(2) Group

To prove that the group U(1) x U(1) contains the group SO(3)/SO(2), we first need to
understand the structures of these groups and their relationship.

U(1) x U(1) is a two-dimensional Abelian group composed of two unit circles U(1).
Its elements can be represented as (¢, ¢’®), where # and ¢ are angular parameters.

The quotient group SO(3)/SO(2) corresponds to the two-dimensional sphere S2.
Specifically, SO(3) is the group of rotations in three-dimensional space, while SO(2)
is the subgroup consisting of rotations about a fixed axis. The quotient SO(3)/SO(2)
describes all possible directions of the rotation axis and is isomorphic to the unit sphere
S2.

To demonstrate that U(1) x U(1) contains SO(3)/SO(2) (i.e., S?), we construct a
mapping from SO(3)/SO(2) to U(1) x U(1) and show that this map is injective.

Consider using spherical coordinates to parameterize points on S

x = sinfcos ¢
y = sinfsin ¢
z = cosf

where 6 € [0, 7] is the polar angle and ¢ € [0, 27) is the azimuthal angle.
We can associate 6 and ¢ with the elements of U(1) x U(1):

e Let the phase of the first U(1) factor be a = ¢.

e Let the phase of the second U(1) factor be 5 = 6 (note that 6 is not periodic, but
for the purpose of embedding, we map within the range of ).

Define the map ® : S — U(1) x U(1) as follows:

(9, 0) = (e,€") (20)

For ® to be an embedding, it must be injective; that is, different points (6, ¢) on S?
must map to different elements in U(1) x U(1).

Since ¢ and @ independently parameterize the two U(1) factors, and 6 ranges over
[0, 7] while ¢ ranges over [0, 27), the map ® assigns a unique pair (e, ¢) to each point
on S2. Thus, ® is injective.

5 Conclusion: Contour Integral Equals the Sum of
Residues Times Winding Numbers

By combining the Laurent series expansion, homology theory, and the generalization using
differential forms, we conclude that the contour integral is equal to the residue at each
singularity multiplied by the winding number of the path around that singularity. This
proof involves not only the analytic properties of the function but also the topological
structure and algebraic complexity of the singularities in the complex plane.

ff(z) dz = Z Res(f, zx) - ng (21)
r k



This demonstrates that the algebraic structure can be viewed as an accumulation effect
of the local properties of each singularity along the global path. By utilizing various
mathematical tools (such as Laurent series, algebraic topology, homology theory, and
differential forms), we gain a deeper understanding of the relationship between contour
integrals and residues, further revealing the intrinsic connection between the singularities
of analytic functions in complex analysis and their global integral behavior.

The Kerr black hole metric is fundamental in describing the spacetime structure of
rotating black holes, where angular momentum plays a significant role. The metric is
given by:

2GM 4G M ar sin? )Y 2G' Ma®r sin®
ds? — — (1= 2GMTY g AGMarsind 0 2 e sge (2 4 g2 g 2EMATSITON e g,
by by A by
(22)
where ¥ and A are defined as:
Y =7r*+a*cos’d, A=r*—2GMr +a* (23)

In double Kerr black hole collisions, these metric functions exhibit complex singular-
ities and nonlinear interactions. To analyze such systems, we employ complex analysis
techniques, particularly Laurent series expansion and residue calculus, to explore the
nature of these interactions.

5.1 Laurent Series Expansion of the Metric Functions

Let A(z) represent the Kerr black hole’s metric function expressed in the complex plane:

A(z) = 22 = 2GMz + a®. (24)

This function can be expanded around its poles at the event horizon locations z = r4
using a Laurent series:

A(z) = Z an(z —19)", (25)
where r( is either r, or r_, and the coefficients a,, are determined through contour
integration:
1 A(z
IR N Q) N (26)
2mi J., (z — o)t
For the double Kerr black hole collision, the poles at ri significantly impact the
system’s dynamics, influencing angular momentum and energy exchange. The residues
of A(z) at these poles are essential for understanding these interactions:

Res(A,ry) = lim (2 — ry)A(2). (27)

Z—r+

Calculating explicitly:

Res(A,r,) = 2GM\/(G;\+4_—;L)(GM + a)’ Res(A,r_) = —QGM\/(cjiw_;a)(GM +a)
(28)




These residues reflect the critical energy and angular momentum conditions during
the interaction and merging of the black holes.

5.2 Winding Numbers and Complex Contour Integrals

The winding number n represents how many times a contour winds around the singular-
ities. In double Kerr black hole scenarios, these winding numbers directly influence the
interaction strength between the horizons.

Consider a contour v encircling r; and r_:

j{A(z) dz = 2mi (Res(A,r_) + Res(A,r4)) . (29)
v
For a contour that winds twice around 7 (winding number n = 2):

f{Q A(z)dz = 4mi Res(A, ry). (30)

These integrals highlight how increased winding numbers can lead to more pronounced
interactions, potentially resulting in complex outcomes such as horizon merging.

5.3 Analytic Continuation and Phase Transition Points

To further understand the metric function near the poles, analytic continuation methods
are employed. These methods allow the extension of A(z) into different regions of the
complex plane, identifying phase transition points critical to black hole dynamics.

For example, expanding A(z) near a branch cut connecting r, and r_:

C
A(z) = : (31)
G—r)G—71)
where C' is a constant derived from boundary conditions. This representation aids in
exploring stability and bifurcation phenomena between the black holes.

5.4 Comparison with Scalar Field Black Hole Special Solutions
Consider a scalar field ¢(r) modifying the black hole metric:

1 2GM 2
oyt + A s 046), f(r) =1- ==+ agbgf;) . (32)
The scalar field ¢(r) introduces non-trivial correction terms near the horizon, signifi-
cantly altering the residues and winding behaviors. This provides deeper insight into the
scalar field’s impact on black hole dynamics.
The contour integral of the modified function f(z) illustrates these effects:

ds* = —f(r)dt* +

j{f(z) dz = 2mi Z Res(f, zi). (33)

horizons

The consistency between scalar field modifications and Kerr black hole metrics reveals
unified algebraic structures, confirming the robustness of these solutions in various black
hole interactions.

10



5.5 Implications for Energy-Mass Equations and Relativistic
Thermodynamics

Further exploration into these expansions allows connections with advanced topics in rel-
ativistic thermodynamics. The energy-mass relations derived from these systems can be
extended to include effects of angular momentum and scalar fields, providing a compre-
hensive picture of black hole thermodynamics under collision scenarios.

E=M+ /:+ (%ﬁz)) dz, (34)

where the integration captures the continuous exchange of energy influenced by the
Laurent series terms.

Through detailed analysis involving Laurent series expansions, residue calculations,
winding numbers, contour integrals, and comparisons with scalar field-modified metrics,
we rigorously demonstrate the consistency in algebraic structure and physical behavior
of double Kerr black hole collisions. These findings lay a mathematical foundation for
understanding complex black hole systems and their interactions with external fields,
advancing our comprehension of high-energy astrophysical phenomena.

6 New Equivalence Principle

6.1 Motivation

The classical equivalence principle in general relativity states that the effects of gravity
are locally indistinguishable from acceleration [5]. We propose a new equivalence principle
suggesting an intrinsic connection between gravitational and electromagnetic fields at a
fundamental level.

6.2 Mathematical Formulation

We introduce a unified field tensor F#¥ that incorporates both electromagnetic and grav-
itational effects:

Fr = Fr 4 o, (35)

where F'* is the electromagnetic field tensor, H*” is a gravitational-like field tensor, and
« is a coupling constant.
The gravitational-like field tensor H*” can be defined in terms of a potential h*:

H"™ = 0"h" — 9" h* (36)

We postulate that the dynamics of F*” are governed by generalized Maxwell-like
equations:

O, F" = o J", (37)

a)\-F,w + 8#‘]:1’)\ + 81,]-}M = 0. (38)

11



6.3 Implications of the New Principle

The new equivalence principle implies:

e Coupling of Fields: Electromagnetic and gravitational-like fields are intrinsically
coupled.

e Extended Gauge Symmetry: The gauge symmetry may be enlarged from U(1)
to a higher symmetry group accommodating both interactions [12].

e Modified Conservation Laws: The conservation of charge and energy-momentum
may include additional terms arising from the coupling.

7 Derivation of Generalized Maxwell Equations

7.1 Field Equations from the Lagrangian

We consider the Lagrangian density:

1
E = _ZFMV‘FW/ + Ematter + Einta (39)

where L .iter 18 the matter Lagrangian, and L;,; includes interaction terms.
Varying the action with respect to the potential A, yields:

% (5ies) o =" (10)

This leads to the generalized Maxwell equations:

0, F" = o J". (41)

7.2 Components of the Generalized Field Tensor

Expressing F* in terms of electric and magnetic fields:

g =FY% = B 4+ aH", (42)
i 1 ijk i ij

7.3 Generalized Maxwell Equations in Component Form

The generalized equations become:

V.E= et (44)
€o
oB
V X g = —E, (45)
V-B=0, (46)

12



1 0&
2 ot’
where pyor and Ji include contributions from both electromagnetic and gravitational-like
sources.

V X B = poJior + (47)

7.4 Non-Linearities and Self-Interactions

Due to the coupling between F* and H"", the field equations become non-linear. The
self-interaction terms can be explicitly written by expanding the field tensors [13].

7.5 Gauge Conditions

To fix the gauge, we can impose a generalized Lorenz condition:

9, A =0, (48)

which ensures the equations remain covariant.

8 Derivation of Generalized Dirac Equation

8.1 Incorporating the Unified Field

The generalized Dirac equation is given by:

(i" Dy —m) ¢ =0, (49)

where the covariant derivative D, includes the unified field:

D, =0, +ieA,. (50)
8.2 Modified Covariant Derivative
Expanding A,,:

A, = A, + ah,, (51)

so the covariant derivative becomes:

D, = 0, + ieA, +ieah,. (52)

8.3 Equation in Curved Spacetime

If we consider spacetime curvature, the Dirac equation becomes:

(iv"(V, +ieA,) —m) =0, (53)

where V, is the covariant derivative including the spin connection w, [14]:

Vi=0,+w,. (54)

13



8.4 Spin Connection and Tetrad Formalism

Using the tetrad formalism, the gamma matrices are related to the curved spacetime
via [15]:

"= ey’ (55)
and the spin connection is:
1 a b
Wy = gwpab[’y » Y ]7 (56)

with w,e being the spin connection coefficients.
8.5 Non-Minimal Coupling Terms
We can include non-minimal coupling to account for anomalous magnetic moments:

Eint = _%&Oﬂwa,uw (57)

where k is the anomalous magnetic moment coefficient [16].

9 Symmetry Considerations

9.1 Extended Gauge Symmetries

The unification suggests an extended gauge group, possibly U(1) x U(1) or a non-Abelian
group. The generators T satisfy the commutation relations:

[Ta’ Tb] — Z-fabchc7 (58)

where 2% are the structure constants of the group [17].

9.2 Gauge Transformations

The fields transform under the extended gauge group:
'Lb N ez'Oa(m)T"'q/}7 (59)
1 a
A, — A, + g@uea(x)T . (60)

9.3 Anomalies and Consistency Conditions

We must ensure the absence of gauge anomalies by satisfying the condition:

Te(T°{T%,T°}) = 0, (61)

to maintain gauge invariance [18].

14



9.4 Spontaneous Symmetry Breaking

The potential for scalar fields ¢ can induce symmetry breaking:

V(¢) = —1?¢'¢ + M¢'9), (62)

leading to a vacuum expectation value:

This mechanism is similar to the Higgs mechanism in the Standard Model [19].

10 Applications and Implications

10.1 Astrophysical Phenomena
10.1.1 Black Hole Physics

The coupling of electromagnetic and gravitational-like fields may modify black hole so-
lutions, such as the Kerr-Newman metric [20]. The generalized metric tensor g, can be
expressed as:

Guv = Ny + h,uw (64)

where h,,, includes contributions from the unified field.

10.1.2 Neutron Stars

The equation of state for neutron stars can be affected by the additional interactions,
altering the Tolman-Oppenheimer-Volkoff equations [21]:

aP _ Glp(r) + P(r)/|[M(r) + 4mr® P(r) /¢*]
dr rlr —2GM(r)/c?] ;

where P(r) is pressure, p(r) is energy density, and M (r) is mass enclosed within radius
T.

(65)

10.2 Cosmology
10.2.1 Inflationary Models

The scalar fields arising from the unified theory could drive cosmic inflation. The inflaton
field ¢ evolves according to:

¢+3Ho+V'(¢) =0, (66)
where H is the Hubble parameter, and V' (¢) = dV/d¢ [|22].

15



10.2.2 Dark Matter and Dark Energy

Additional fields may serve as candidates for dark matter or contribute to the cosmological
constant A, modifying the Friedmann equations:

G A
H*>=—p, -, 67
3 Prot T 3 ( )

with pyo including contributions from the unified field [23].

10.3 Experimental Tests
10.3.1 High-Energy Colliders

Search for new particles predicted by the theory, such as massive gauge bosons or scalar
particles, in processes like:

ete” = 7' — utu, (68)
where Z' is a hypothetical heavy neutral boson [24].

10.3.2 Precision Measurements

Deviations in the anomalous magnetic moment of the muon a, could indicate new physics:

a,® — aﬁM = Aay,, (69)

where Aa, may be explained by the unified theory [25].

11 Mathematical Analysis

11.1 Perturbation Theory

We expand the fields in terms of a small coupling constant a:

A, =A,+ ah,, (70)

Y = w(O) + O@(U + 042¢(2) e (71)

and solve the equations order by order [26].

11.2 Exact Solutions

In certain symmetrical cases, such as spherical symmetry, the equations reduce to ordinary
differential equations. For example, considering only radial dependence:

Po(r) | 2do(r)

dr? r dr

—V'(¢) =0. (72)

11.3 Numerical Methods

For complex systems, we employ numerical techniques like finite difference methods or
spectral methods to solve partial differential equations [27].
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11.4 Stability Analysis
We study small perturbations d¢ around a solution ¢q:

66+ 3Hb) + V" (¢)d¢p = 0. (73)
Stability requires that the perturbations do not grow exponentially [28].

12 Discussion

12.1 Comparison with Existing Theories

The generalized equations encompass aspects of both General Relativity and Quantum
Electrodynamics. Unlike traditional theories, our approach introduces a direct coupling
between electromagnetic and gravitational-like fields.

12.2 Limitations of the Model

Potential issues include:

e Renormalizability: The introduction of new interactions may lead to non-renormalizable
terms [29].

e Causality and Unitarity: Ensuring that the theory remains causal and unitary
is non-trivial.

e Experimental Constraints: Current experimental data may limit the coupling
constants to very small values.

12.3 Future Directions

Further research could explore:

e Supersymmetric Extensions: Incorporating supersymmetry to address hierar-
chy problems [30].

e String Theory Connections: Investigating whether the unified fields emerge
naturally from string theory frameworks [31].

e Quantum Gravity: Developing a quantum theory of the gravitational-like fields
introduced [32].

13 Conclusion

The generalization of Maxwell and Dirac equations based on a new equivalence principle
offers a promising avenue towards unifying fundamental interactions. The mathematical
framework developed provides insights into the interplay between electromagnetism, grav-
ity, and quantum mechanics. While challenges remain in terms of experimental validation
and theoretical consistency, the potential implications for physics are substantial.
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Future work will focus on refining the theoretical models, exploring experimental
tests, and investigating the broader consequences for cosmology and particle physics.
The journey towards a unified theory continues, and this new equivalence principle may
be a significant step forward.

A Appendix: Mathematical Details
A.1 Derivation of the Field Equations
Starting from the action:
1 _
S = /d4ZL‘ <_Z};w]:lu/ + 77Z}(Z’YMD/L - m)¢> ’ (74)
we vary S with respect to A,,:
08 = /d4x (=F"™0,0A, + epyps.A,) . (75)
Integrating by parts and setting 6.5 = 0 yields:

O, F" = upJ", (76)
where J* = ely*a).

A.2 Properties of the Gamma Matrices

The gamma matrices satisfy:

P = g+ o™, (77)
o = 21 7), (78)
S 1 e T e (79)
Tr(y9") = 4g". (80)

A.3 Tensor Calculus in Curved Spacetime

The generalized metric for spacetime can be expressed as:
- 1
ds* = —N2S dtZ + 5 dr? +r? dQ?, (81)

where S =S — 1.
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A.4 Inverse Metric

The inverse metric g"” is given by:

[y

T N2S (_) 0 0

o 0 S 0 0

O
0 0 0 r25i1n20

A.5 Christoffel Symbols

The Christoffel symbols Ff\w are computed as:

1 ag
Ff;u = 59)\ (augucr + az/g,uo - aaguu)

Non-zero Christoffel symbols are:

N/ NQ S/ Sl

Fir = N’

2 " 25’

1
0
My =T%, =~ Tj,=cotl

A.6 Ricci Tensor

The Ricci tensor R, is computed as:

RHV = a)\r;);V - aVF;);)\ + F/ALVFKU - FZAI%J

Non-zero components of the Ricci tensor are:

N? 25’
Rtt = 7 (S”—'— _) )

,
R, S 5 S
28 482 ST

R99:1—S—7’S/,
Ryp=(1—S —rS")sin’ 0

A.7 Ricci Scalar
The Ricci scalar R is given by:

Ih=—— I, =—55 Tp=-rS T,,= —rSsin? 6,

R=g¢g"R,,
After calculation, we get:
S” S 25’ 2(1 -5
R S 8 28 a0-5)
N2S  2N2S5%2 rNZ2S r?
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A.8 Einstein Field Equations

The Einstein field equations are:

e

1
R,uu - éRg,uz/ + Ag,uu = 7Tuu' (93)

Substituting the components, we derive the new energy-mass equation:

N2 25
Ry = —- (SH + —> ;

2 r
S// 512 S/
Ry, = "2 =
25 152 T
R99=1—S—7’S,, (94)
Ry = (1 =S —rS")sin®6,
o S 572 25’ n 2(1-29)
~ N2S  2N282  pN2S rz
1 G
Ry — §R9HV + Agu = 7Tuv
The Riemann curvature tensor is defined as:
R, =00, — 9,10, + T, —T0T),, (95)
where I'7, are the Christoffel symbols.
The Ricci tensor and scalar curvature are:
R, =R, (96)
R = g"™R,,. (97)
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