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ABSTRACT

The wrench capability analysis of an aerial parallel robot named Flying Parallel Robot (FPR), which
involves multiple Unmanned Aerial Vehicles (UAVs) cooperatively supporting a moving platform with rigid
links, is investigated in this paper. The concept of the Available Thrust Set (ATS) associated with a quadrotor
system is introduced, which allows to determine the admissible range of thrust forces generated by a quadro-
tor actuator given its actuation limits. Under the quasi-static equilibrium condition, the Available Wrench
Set (AWS) of the platform is calculated, through the derivation of a wrench matrix that relates the thrust
force vectors to the wrench exerted on the platform. A quantitative metric, referred to as capacity margin,
is adopted to evaluate the wrench capability of the system with certain robot configurations. The detailed
analysis is showcased through several case studies and validated in both ROS simulations and experiments
conducted on a real robot.

1 INTRODUCTION

Wrench capability analysis is a classical method to analyze and characterize the robot’s manipulation capacity,
which has been extensively studied for the Cable-Driven Parallel Robots (CDPRs), such as to determine its wrench-
feasible workspace [1] or to analyze the feasibility of specific manipulation tasks [2]. The wrench capability analysis
of a robot aims to define the available wrench (i.e., force and moment) the robot can generate on its end-effector while
considering the actuator torque limits.

*Address all correspondence to this author.



The wrench analysis is also an important topic in legged robots for the contact/motion planning based on the
computation of Actuation Wrench Polytope (AWP) and Feasible Wrench Polytope (FWP) as in [3, 4, 5, 6, 7, 8], be-
cause the determination of footprints that remains in the feasible wrench workspace is crucial for stable locomotion of
such robots. Therefore, the computed FWP can be employed to an optimization process for footholds (contact points)
selection [4, 7, 8], trajectory/motion planning [3, 5, 7] and optimal control [6]. Similar problems have equivalently
been investigated in research related to robotic grasping, a domain that has flourished much earlier [9, 10, 11]. In these
works, the notion of Grasp Wrench Space (GWS) is applied, indicating the set of wrenches that can be applied to an
object by a grasp given limits on the contact normal forces [9]. A GWS can be created by the combination of friction
cones on the contacts, called Cone Wrench Space (CWS), within which a force in each contact can be applied to the
object to perform a stable grasp. The GWS can therefore be employed to analyse the grasping stability.

More recently, designs based on a parallel mechanical architecture have been proposed where a moving platform
(or a payload) is collectively supported by multiple UAVs using cables [12, 13, 14] or rigid links [15, 16, 17]. Such
robots have shown their potential in accomplishing various manipulation tasks due to higher payload capacity and
better manipulability, which might largely extend the application fields of the flying robots.

In systems involving multiple Unmanned Aerial Vehicles (UAVs) connected with cables such as Aerial Cable-
Towed Systems (ACTS) [13, 14], the actuation limits are due to the limited thrusts the UAVs can generate. In these
works, quadrotors are connected to a payload (or a moving-platform) by cables, and the system is analogous to CDPR
with the difference of that the original fixed actuators are replaced by mobile UAVs. Thus, the available wrench
set (AWS) can be calculated based on the cable tension bounds. For multi-UAV systems where UAVs are rigidly
connected to the platform such as [15, 16], they often use spherical joint connections which allow to consider UAVs as
rotating thrust generator in 3-dimensional space. The wrench capability analysis for such systems is therefore finding
the linear mapping from the UAVs’ limited thrusts (or equivalently limited motor speeds) to the available wrench in
the platform’s configuration space, as investigated in [15, 16].

With intensive wrench capability analysis having been proposed for above-mentioned various types of parallel
robots, there is a lack of in-depth wrench analysis on one special class of aerial robots, which can be summarized as
cooperative multi-UAV parallel robots with rigid links where multiple UAV actuators support collectively a payload or
a moving-platform by multiple rigid limbs. Whereas [15, 16] studied the wrench capability of two aerial cooperative
robots with a single rigid architecture supported by multiple UAVs, this paper focuses on a more general wrench
capability analysis applied to cooperative multi-UAV parallel robots by taking an example of Flying Parallel Robot
(FPR), which has more degrees-of-freedom (DoFs) than the robots studied previously.

The FPR, initially proposed by [17], then modified and improved by [18], is a design where multiple UAVs are
connected to a moving-platform with multiple articulated limbs. As an analogy to the parallel mechanism, the FPR can
drive the platform with better mobility in particular the rotational movements by additional DoFs in passive kinematic
chains. A working prototype of the analyzed FPR is shown in Fig. 1. This kind of aerial robots has the potential of
accomplishing a variety of aerial manipulation tasks, as investigated in [19, 20]. However, the wrench capability of
the FPR is not studied in the previous works, which is essential to determine the range of wrenches that the robot can
exert for a manipulation task.

This paper presents a detailed analysis of the wrench capability of FPR, which is elaborated by firstly introducing
Available Thrust Set (ATS) depicting the admissible thrust forces generated by the quadrotor actuators. The Available
Wrench Set (AWS) of the moving-platform is then defined based on the force and moment transmissions from multiple
limbs to the platform in the quasi-static equilibrium condition. The rest of the paper is organized as follows. The FPR
system is firstly described in Section 2. Then a detailed analysis of the wrench capability of the FPR is presented in
Section 3. Several case studies are showcased in Section 4. Finally, simulation and experimental results are given and
discussed in Section 5.

2 SYSTEM DESCRIPTION

The Flying Parallel Robot (FPR) studied within the scope of this paper is composed of multiple quadrotor UAV's
collectively supporting a moving-platform (MP) with rigid legs and passive joints. As shown in Fig. 2, one end of
each leg is connected to the platform using one-DoF revolute joint. One quadrotor is attached to the other end of each
limb by means of a passive spherical joint. The CoM of each quadrotor is supposed to be located at the geometric
center of the spherical joint. This assumption allows to consider a cascaded system, where the dynamics of the
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Fig. 1: A working prototype of the flying parallel robot with three quadrotor UAVs.

passive architecture is fully decoupled with the rotational dynamics of each quadrotor [17, 18]. The only actuation
of the system is provided by quadrotors’ thrust forces, transmitted via spherical joints to the legs, which then drive
the moving platform. The minimum number of the quadrotors (and the legs) is equal to three to fully actuate the

6-dimensional pose of the platform [18]. In this paper, we focus on analyzing a typically fully-actuated FPR with
three quadrotors. However, the method can be generalized to any FPR with n quadrotors and limbs.

Revolute

Spherical

Fig. 2: General scheme of the flying parallel robot. Note that this scheme presents a generic FPR with n limbs, n > 3.
The axes are defined in x-y-z order by red, green and blue arrows.

2.1 Parametrization

The geometric parameterization of a generic FPR with n quadrotors connected to n limbs is essential to formulate
the methodology. Let §o, §p, Sr; and §p; denote respectively the global reference frame, platform’s frame (attached
to the platform’s CoM position), leg ¢’s frame (attached to the center of the revolute joint) and quadrotor 7’s body frame
(attached to its CoM position), with the center of the frame given respectively by the point O, P, A; and B;. The CoM



position of each limb is located at point G;. The 6-dimensional pose of the platform is defined by p, € R?, q, € H
relative to §y, where the orientation is defined by the unit quaternion with H being the quaternion space. It can also
be defined using ZYX Euler-angle representation, by roll ¢, pitch ¥, and yaw 1), angles. 6; denotes the revolute
joint angle of the ¢-th leg, defined around the z axis of each leg’s frame. Note that the leg is horizontally aligned with
the plane of the platform when the revolute joint angle (also named as leg angle in the rest of the paper), 6; is zero.
All legs are supposed to have equal length [, and their CoM positions G, are located at the same point in §z; with the
distance of A;G; given by r;. The platform’s radius (i.e., distance between P and A;) is named 7.

Let “R g denote rotation matrix from Fp to 4. If a rotation is relative to the global reference frame §y, the
subscript 0 is omitted. We then use the symbols kfj, ij to represent the three-dimensional force and moment exerted
on the body 7, expressed in the frame k. Remark that superscripts and subscripts are listed as P (platform frame), L
(leg ¢’s frame), and Bt (quadrotor ¢’s body frame) to represent the frames, while bodies are described by the symbols
p for the platform, 7 and di for the ¢-th limb and ¢-th quadrotor body. A reaction force or moment between two bodies
is explicitly expressed as £,/ or 7,3, which indicates a force/moment exerted by body a to body b.

2.2 Force and Moment Transmission

As mentioned above, each quadrotor generates a thrust force that is exclusively transmitted to the leg via spherical
joint, which drives the passive architecture collectively with other quadrotors. The mechanical property of spherical
joint ensures that only 3-dimensional force but no moment can be transmitted between the quadrotor and the leg.
Since the connection between each leg and the moving-platform (MP) is then achieved by means of a revolute joint,
an additional DoF is integrated as the rotation around the revolute joint axis. Due to the revolute-joint connection, there
will be moment reaction components perpendicular to the revolute joint axis and a force reaction in a general direction
(i.e., three force components and two moment components between the leg and the MP). The moment generated around
the revolute joint axis (i.e., the z axis of §1,;) will not be transmitted between two bodies. The force that a quadrotor
exerts at the extremity of each limb will balance the reaction force acting on the other end of the limb, which will
eventually actuate the MP. While there is no moment generated at the center of the spherical joint, a resultant moment
is caused at the center of revolute joint on each limb due to the force transmitted at the bottom of the leg, in which the
z-axis component is not transmitted to the MP, but only serves as balancing the limb around the revolute joint.

Figure 3 shows the force and moment transmission relationship of an arbitrary leg ¢ and the attached quadrotor
i. The three-dimensional thrust force f;; generated at the center of the spherical joint at the leg’s extremity is used
to balance the quadrotor’s mass and the reaction force from the leg (i.e., f.;), of which the latter is the force that
actuates the limb. At the revolute joint’s center A; located at the other end of the leg, a three-dimensional reaction
force between the i-th limb and the MP is defined as f};, expressed in §o. Two moment components around the
and y axes of §r; (i.e., two directions other than the revolute joint axis of each limb) are transmitted between the MP
and the limb, which are then balanced by the resultant moment around the center of the revolute joint due to the force
actuation at the bottom of the leg. However, since the resultant moment around the x axis is always null, there is no
moment transmitted to the MP around the x axis of §r;.

2.3 Static Equilibrium

Assuming that the FPR is working in quasi-static conditions where its motion is slow enough (a realistic assump-
tion especially during the manipulation tasks), the quasi-static equilibrium of the FPR can be analyzed for which the
entirety of thrust forces actuated and transmitted to the robot is used to compensate the wrench due to gravity.

Letg = [0,0, —g]T with g = 9.81 m/s? be the gravity vector. The static equilibrium of each individual body of
the FPR architecture can be investigated separately, as shown in Fig. 4. The static equilibrium of forces exerted on
each quadrotor is at first established

fii +maug— ;=0 (D

with f;; and my; being the three-dimensional thrust force and the mass of the i-th quadrotor, f,.; the reaction force.
As the spherical joint is realistically assumed to be located at the CoM of the quadrotor, the rotational motion of the



(a) Force transmitted at the center of the spherical joint (b) Force and moment exerted at the center of the revolute joint
Fig. 3: Force and moment transmission on the i-th limb. Note that the moment components are expressed in §r;.
quadrotor is fully decoupled with the rigid limb. The static equilibrium equation of moment for each quadrotor can

therefore be neglected.
The static equilibrium regarding the force and moment on each limb can then be represented by

fri +mug +1£,, =0 2
— —
AiB; x £ + AiGi X mug + 1,/ = 0 (3)

where f,,/;; and 7,;; are the reaction force and moment exerted to each limb by the platform at the center of the
revolute joint, and m; is the mass of the leg supposing that all legs have equal mass.

Finally, the static equilibrium of the MP without considering any external wrench acting on the MP is given by
the following relations

£, + myg =0 @)

Tp+ Typ =0 5)

where 7, ;, is the moment caused by the mass of the platform due to the gravity if the origin of §p and CoM of the
MP are not located at the same position. In this paper, 7, is supposed to be null. f, and 7, are the force and moment
exerted on the platform due to the actuation by all the limbs, i.e.,

n
f, = Z fii/p (6)
i=1
n n ;._>
Ty = Z Tii/p + Z PA; x fii/p (7)
i=1 i=1

with £;/, = —f,,/;; and 7;/, = —7;,;; the reaction force and moment generated by the i-th limb to the platform.
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Fig. 4: Static equilibrium on the decoupled quadrotor ¢, limb 7 and the platform bodies, with forces expressed in §o
and moments expressed in § p.

3 WRENCH CAPABILITY

The wrench capability of FPR aims to determine the available wrench set (AWS) of the moving-platform (MP),
considering the actuation limits of quadrotors, which can be characterized by the available thrust set (ATS). Unlike
the cable connections in ACTS which transmit only unilateral force along the cables, the rigid limbs connecting the
quadrotors to the MP in the FPR can transmit two actuation forces, respectively along the revolute-joint axis and
direction of the limb, and one moment around the y axis of the limb ¢’s frame (as detailed in Section 2.2). Therefore,
the mapping from ATS of the quadrotors to the AWS of the MP is adapted to account for actual forces and moment
transmitted to MP. In addition, a third component of the actuation force provided by the quadrotors (along the vector
normal to the revolute-joint axis and the limb direction) is required to keep the limbs in equilibrium, which further
constrains the transmission forces and moment onto the MP, which in turn affects the range of the available wrench
generated on MP.

In the rest of this section, the definition of ATS of a single quadrotor is firstly elaborated, which considers the
actuation limits of the quadrotor with realistic values. The wrench exerted on the platform due to the actuation from
multiple limbs with quadrotors is calculated by considering the static equilibrium of each limb, which allows to
determine a wrench matrix that relates the vector of quadrotor thrust forces to the generalized wrench of the robot.
The mapping from the ATS to AWS is then achievable by deriving the wrench matrix. The AWS depicting the
available wrench exerted on the MP is finally determined based on definition of half-spaces and hyperplanes [21]. We
demonstrate the path of wrench capability analysis of the FPR from ATS to AWS by Fig. 5.

equilibrium

ATS  growp — aqugmented ATS W GAWS of limbs _ AWS
T, € R3 T e R3” W' € R6+n projection W, € RS

Fig. 5: Wrench capability analysis diagram from ATS to AWS.

3.1 Available Thrust Set (ATS)
As mentioned in Section 1, for systems where quadrotors are attached to the rigid link via spherical joints, the
robot actuation is exclusively provided by quadrotor thrust forces. Each quadrotor can generate the thrust force within



a limited range, which is expressed in a three-dimensional space with respect to §y as
£, = Rpi[0, 0, fu]” €R® (®)

where Ry; € SO(3) is the rotation matrix representing the i-th quadrotor attitude expressed in §g and f;; > 0 is
the magnitude of its total thrust force. f;; is constrained by a scalar value denoted by f,,4., Which represents the
maximum thrust a quadrotor can generate when rotors are spinning at their maximum velocity, i.e.,

fti = Hftz” < fmam’ (9)

Furthermore, the rotation of the quadrotor around the spherical joint is constrained by its mechanical stops, which
introduces the additional constraints on the rotational movement of each quadrotor. This results in a cone constraint
on the three-dimensional thrust force vector, which can be depicted as

kati Z Hftz” COS Vmazx (10)

where Yimaz € R, 0 < Yimax < 7/2 is the maximum rotation angle of the i-th quadrotor about its roll and pitch
axes, k = [0,0, 1] represents the z axis of the global frame F. Therefore, the available thrust set (ATS) of a single
quadrotor taking into account these realistic constraints can be finally described by a continuous space, denoted as the
available thrust space (ATS),

7; = {ffz S R3 ‘ kati 2 ||ff7H COS VYmax HfM” S fmax} (11)

This space is further discretized by selecting a finite number of vertices on the surface, to create a convex polytope (see
Appendix) representing the ATS. In what remains, the discretized ATS is denoted as 7; without distinguishing it from
its continuous representation given by Eq. (11), but the expression of discretized ATS can be defined using half-spaces
as

Ti = {fu; € R® | Ayfii < by} (12)

where A;; € R™*3 b, € R™ define the inequality constraints in Eq. (11) discretized by n,, vertices. We assume
that all the quadrotors have equal ATS, so expressions of Ay; and by, are unique for all the quadrotors.
Then, by combining the ATS of multiple quadrotors, an augmented ATS (denoted by 7) can be defined as follows

T = {f; € R®" | A;f; < b;} (13)
where A; € R™""™*3" and b, € R™™ are augmented matrix and vector for defining the inequality constraints, i.e.,

Ay 0pyx3 -+ Opyxs3 by

0,,x3 A -+ 0p, x3 b
Ay = : S : b= (14)

0nv><3 OnUXS e Atn btn



3.2 Wrench on the Platform

The wrench exerted on the platform, denoted by w, = [pr , & TpT]T € RS, is due to the actuation of quadrotors
(i.e., thrust forces of quadrotors) and transmission of force and moment via the limbs. Note that the force is expressed
in §o while the moment is with respect to the platform’s body-fixed frame. Assuming that the robot is performing in
quasi-static condition, the wrench on the platform can be derived by considering the static equilibrium equations of
the quadrotors and limbs presented in Section 2.3.

We know that the force and moment exerted on the platform by each limb, i.e., f;;/, and 7/, are opposite of
f,/1; and 7, /;;, whose expressions can be derived from Egs. (1)—(3) as

f1i/p = fri + (Mai +mu)g (15)
Tli/p = Asz X (fn + mdlg) + Asz X mg (16)

According to the force and moment transmission rules described in Section 2.2, we can rewrite Eq. (16) to be expressed
in §z; such that only x and y-axis components of the moment are transmitted between the MP and the ¢-th limb, i.e.,

i i i i T
t Tii/p = [L Tli/p,a» v Tli/p,y» v Tli/p%] a7
with Fir, /p,= = 0. The z and y-axis components of Lig, /p are given as
Yrispa = i1 - M A B X (fii + maig) + AiGi x mug] (18)
and
, ) P —_—
LlTli/pvy = -],fi e [AlBl X (fm + mdig) + AlGZ X mlg] (19)

—
with ir;, jr; being the unit vectors of x and y axes of Fr;. Note that Eq. (18) is always null because A;B; (and
A;G;) is aligned with the x axis of §Fr;. While the z-axis component of Li‘rli /p transmitted to the MP is zero, the
corresponding component of Eq. (3) expressed in §z; still needs to be satisfied, which yields an additional constraint
given by

k7, - Li[AiBi X (£ + maig) + AiGi x myg] =0 (20)

where ky; is the z-axis unit vector of §r,;. Eq. (20) can be rewritten in another form as
L T s
k7, - M(A;Bi x fi;) + ki, - V(A Bi x maig + AiGy x mug) =0 @1

of which the first term can be seen as a virtual actuation moment exerted on the revolute joint of the limb due to the
quadrotor thrust force, defined as Li7; := kT, . L{(A;B; x f;;), while the second term is a constant moment due

to the gravity, denoted by LiTgJi. Note that A; B; and A;G; are vectors aligned with the x axis of §;. Those two
vectors are denoted as r 4, g, and r 4, g, respectively, whose expressions in §,; take the form Liy A;8;, = [1,0, O]T and
Li T

ra,q, = [7’1,0,0] .



By combining the transmitted force and moment from all the limbs, the wrench exerted to the platform without
any external wrench can be known. The force transmitted to the platform is computed by Eq. (6), whereas the moment
exerted to the platform is known by Eq. (7), which can be expressed in §p as

n n
. —
P Z Pp L Z P P
Tp = Ryp; lei/p + PAl X fli/p 22)
i=1 =1
. . . . i
where ¥ PA; is a constant vector, denoted and determined by frpa, = [r, cosay, rpsina;, 017, with o = w

—
the angle between the direction of P A; and the x-axis of Fp.
Finally, by replacing terms from Egs. (15), (16), (17) in Eq. (6) and Eq. (22), one can derive the wrench acting on
the MP as

Z ftz + fg lz/p (23)

n

Pro=>" [PRLiST[LirAiBi]XREi + [PrpAi]XRITD] fii + 701/ (24)

=1

where [.], represents the skew-symmetric matrix of a vector, f; ;;/, and P, ;;/, are constant force and moment of
gravity exerted by the i-th limb to the MP due to the masses of the quadrotor and the leg. Their expressions are given

by

£g.0i/p = (Mai +m1)8 (25)

Protie = mail'ra, )< "g + mulra,c )< g

(26)
+ (mai +m)['Tpa )8
S, € R3*3 is the moment transmission matrix of two bodies connected by revolute joint, defined as
100
S,=1010 27)
000

Note that the force transmission matrix associated with a revolute joint is the 3 X 3 identity matrix, which is apparently
ignored in Eq. (23).

3.3 Wrench Matrix

The wrench matrix used to establish the relationship between the actuation vector and the wrench acting on the
platform can be derived based on equations detailed in Section 3.2. The actuation vector of the FPR is composed of
quadrotor thrust forces, which can be defined as

T 3n
= [ff, f5, ... fL] eR? (28)



The admissible range of each individual thrust force vector f;; € R? is depicted by the ATS defined in Eq. (11). By
reformulating Eq. (23) and Eq. (24), one can derive the relationship between f; and w,, written in matrix form as

Wp = Wpft + cg,l/p (29)

where ¢y ;/, = [ngJ /p? P TgTJ /p]T € RS is the constant wrench of gravity exerted on the platform due to the masses

of all the limbs, with £, ;,, = """ | £, 5/ and P71 = S0 P11y, W), € RO s the wrench matrix for the
platform wrench that can be given by

1343 13x3 - lsxs
W, = (30)
p Wi Wr o Wo oy
with W, ; € R**? being the sub-matrix linking the thrust force exerted at the extremity of the i-th limb to the
moment of the platform, whose expression can be written as

W‘rp,i = PRLiST[LirAiBi]X REZ + [PrPA,]X Rg (31)

However, the robot has more DoFs than 6-dimensional pose of the MP, i.e., each limb has one additional DoF as
the rotation around the revolute joint axis that is driven by the resultant moment exerted at the center of the revolute
joint around the z axis of §z;. To find the admissible range of wrench exerted on the MP, the additional constraint
on each limb detailed in Eq. (21) should be satisfied for stabilizing the leg angle of the limb in its static equilibrium.
Therefore, we introduce a generalized wrench vector consisting in not only the wrench of the MP, but also the virtual
moments generated around the revolute-joint axis of each limb, i.e.,

w=[fF, Prl, rF]" e RO+n (32)
with 7, = [L17yy, L2149, ..., 77, )T € R™, and we know from Eq. (21) that Li7; is defined as
Yimi =KL [Mra, s xR f (33)

By combining Eq. (29) and Eq. (33), the relationship between the thrust force vector and the generalized wrench vector
of the FPR can be derived as

w = Wf; + ¢, (34)

in which ¢, = [c]; . 03] € R%*" and W € R(6+7)x3n ig the generalized wrench matrix given by

_ Wy
e
with W, = [W_,,, W__ ..., W, |&R"3" the sub-matrix relating the quadrotor thrust force vector to the virtual

moment generated around the revolute joint axes of the limbs. The expression of W,,. € R™*3 for each individual
limb is given as

03
WTH - kfi[LirAiBi]foi (36)

05



with only the ¢-th row being not null.

3.4 Available Wrench Set (AWS)

The relationship between the thrust force vectors provided by the quadrotors and the wrench exerted on the
MP was derived in the foregoing sections. The available wrench set (AWS) of the platform can now be found by
considering the static equilibrium of each limb. We first rewrite Eq. (34) as

W —Cy = Wft
fi1
fi2 (37)
- [W1 W, .- Wn} :
ftn

of which the left-hand side can be seen as the admissible wrench generated on the robot without considering the
constant wrench of gravity caused by the masses of the limbs.

Therefore, the available set of w —c,, := w’ € R can be found by using the H-representation convex polytope
given that each individual thrust force vector f;; satisfies the ATS described by Eq. (12). We denote the generalized
available wrench set (GAWS) of the FPR by W’ corresponding to the admissible range of generalized wrench of the
robot. It is straightforward to derive the expression of W’ as

W ={w e R | A,w’ < by} (38)

where A,, € R *(6+7) and b, € R™ " are the inequality constraints for determining the GAWS, whose expres-
sions are

A, =AW b,=b, (39)

with A, b, defined in Eq. (14), and W ! representing the inverse of the wrench matrix W when it is square (i.e.,
n = 3). It should be noted that when n is greater than 3, the robot is over-actuated and the GAWS can be computed
using a more generic approach based on hyperplane shifting method. Readers are suggested to refer to [2, 22] for more
details.

The GAWS mathematically expressed by Eq. (39) has over-estimated the admissible range of the wrench exerted
on the platform, because additional constraints induced by the static equilibrium of the limbs should be taken into
account, which is originally given in Eq. (21) and can be rewritten as

i+ Y7y =0 (40)

[Fira, g, )x Mg +my

by hyperplanes additionally constraining the GAWS as

with Lir, ; = kT, . <mdi [Firg,q,]x ™ g). Such equality constraints can actually be represented

W ={w e R™ | A,w' < b,,Cyw =d,} (41)
with the constraint matrix C,, € R"*("+6) and vector d,, € R” given as

Cw = [OnXG 1n><n] 7dw = [“Tg,llal27—g,l27 ceey lnTg,ln]T (42)



After considering the static equilibrium constraints for all the limbs, the last n elements of WV are set to the constant
moments due to the masses of the limb, aiming at balancing all the limbs in their static equilibrium conditions. The
AWS of the MP can be finally obtained by finding the projection of the first 6 elements of w’ determined by Eq. (41)
into the 6-dimensional space (for the 3-dimensional force and moment sub-spaces), i.e.,

W, = {w, € R® | w, = [w/(1),w/(2),....,w(6)]" for w' € W'} (43)
After projecting W’ to lower dimensional space to obtain W, it can be reformulated using half-spaces defined as
W, ={w, € R | Ay, w), <by,} (44)

with Ay, € RN 6 and by, € RY and N the reduced number of hyperplanes after the projection. In practice, we find
the projection of W' into the 6-dimensional space to find W, with expressions of Awp bwp, which can be achieved
using the toolbox [23].

We remark that W, in Eq. (44) depicts the admissible range of w;, = w;, — ¢, ;/, with ¢, ;/, being the gravity
wrench that is due to the masses of limbs and transmitted to the MP. The admissible wrench set of the MP taking into
account all the gravity wrench can be obtained by shifting the origin of W, by the value c, ;/,,. However, it should be
noticed that ¢ ;/,, is a constant wrench with a given robot configuration. So an alternative solution is that ¢, ;/, can
be added in the gravity wrench of the platform when analyzing the static equilibrium of the MP, referred to Eq. (4)
and (5). We have chosen to use the latter approach for the quantitative analysis detailed in the rest of the paper by
introducing a new variable as the constant wrench of gravity due to the masses of the whole robot structure, i.e.,

Cgp = Wg,p T Cqi/p (45)

with w, , = [mpg”, "1l |7 € RS defining the wrench of gravity due to the platform’s mass. For consistency, the
AWS of the platform W, that defines the admissible range of w;, without shifting by the value of ¢ ;/,, are visualized

in the next section.

3.5 Capacity Margin

As investigated in [24, 13], the capacity margin (denoted by () is an index for evaluating the robustness of equi-
librium. It can be defined as the shortest distance from a wrench vector located in AWS that compensates any external
wrench to all the facets of W,. This quantity measures how much available force and moment left to the platform to
exert onto the environment, apart from balancing a known wrench already applied to the platform, such as the wrench
of gravity due to the masses of all the limbs, quadrotors and the MP (i.e., w,, = —c, ;). The capacity margin can be
mathematically written as

C = min(dl, dg, ...,dj, ceny ClN)7

_A-W .7 (46)
with d; = % — by, (j)Aw, (J; *)
g9,p

for j from 1to N. Ay, (j, *) is the j-th row of the matrix A, and by, (j) is the j-th element of the vector by, , both
together factorizing the j-th hyperplane. ||.|| represents the norm of the vector.

Since the units for force and moment are different, we treat the distance calculation in 6-dimensional space
presented by Eq. (46) in a slightly different way, in which the last three components corresponding to the moment
are divided by the radius of the MP. In practice, we multiply the last three columns of Ay, and divide the last three
components of ¢, ,, by 7, when calculating ¢ such that the different directions of capacity margin in the 6-dimensional
space are expressed using the same unit (Newton). As a result, the capacity margin can be used to quantify the wrench



capability of the FPR in a given robot configuration. It depicts the robot capability in compensating any external
wrenches exerted to the MP when the robot is working in its static equilibrium.

Additionally, similar quantities can be defined for finding the admissible range of external force or moment that
can be exerted on the MP while compensating respectively the gravity moment or force exerted on the platform. This
can be done by considering additional equality constraints in AWS defined by Eq. (43) corresponding to the equilib-
rium of F7, = —[cy ,(4), ¢4,p(5), ¢y.»(6)]" for analyzing admissible external force or f, = —[c, (1), ¢4 ,(2), ¢4.5(3)]"
when admissible external moment is analyzed. Then the capacity margin for external force/moment, denoted by (y
and ¢, can be computed based on the shortest distance from any force/moment to all the facets of the newly obtained
3-dimensional space.

We additionally remark that when finding the AWS of the MP and calculating its capacity margins, we assume
that the thrust force vector of the quadrotors can be generated within the space defined by the augmented ATS. The
transient phase of each thrust vector within the individual ATS is however neglected in our static equilibrium analysis.
It should be noted that this assumption is realistic as the rotational dynamics of quadrotors are much faster than the
dynamics response of the MP.

4 CASE STUDIES

In this section, several case studies are conducted following the procedure of determining the available wrench
set (AWS) of the moving-platform (MP) presented in Section 3. The model of the FPR composed of three limbs
connected with quadrotors is considered, for which n = 3. The constant parameters are given in Table 1, which take
exactly the same values as the working prototype of the FPR (see Fig. 1) on which we evaluate the performance in
the real-world scenario. The quadrotors used in the FPR are considered homogeneous with the same actuation limits
given as fq: = 25 N and 7,4, = 35°. The thrust limit corresponds to the value measured during the real flight of
the quadrotor system we used, while the inclination angle limit was arbitrarily chosen as a sufficiently large value to
ensure a stable but not overly aggressive flight in the FPR system.

Figure 6 shows a discretized ATS with 17 vertices, for f,,.. = 25 N and 7., = 35°. By increasing the
number of discretized vertices, the resulting ATS is closer to the continuous ATS mathematically described in Eq. (11).
However, the computation complexity explodes at the same time. A good compromise between the computation time
and discretization precision should be considered when selecting the number of vertices to represent the ATS.

Parameter Value Unit | Parameter Value Unit
myp 0.215 [kg] mqs 1.020  [kg]
my 0.066  [kg] l 1.043  [m]

mya1 1.025  [kg] Tp 0.127  [m]
M2 1.045  [kg] 7] 0.599  [m]

Table 1: Constant geometric parameters in the case studies.

As the calculation of the AWS depends on the robot configuration, i.e., the orientation of the MP and the angles
of the limbs, the following cases are considered:

1. Two orientation cases of the MP: flat orientation (i.e., q, = [1,0,0,0]7) and an inclined orientation with q,, =
[0.973,0.085,0.216, —0.019]T corresponding to approximately ¢, = 10° and 9, = 25°.

2. Three sets of the leg angles (i.e., revolute joint angles of the legs): the angles are selected to be identical for all
three legs and range within {25°,45°,65°}.
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Fig. 6: ATS discretized with 17 vertices

4.1 Analysis of AWS

For a given robot configuration, the generalized AWS is firstly calculated, mapped from the augmented ATS 7
defined in Eq. (13) using the wrench matrix given by Eq. (35). We then are able to construct the AWS by further
considering the additional constraints introduced by the static equilibrium of each limb around the axis of the revolute
joint. Recall that this AWS depicts the admissible range of wrench exerted on the MP without considering the constant
wrench due to the masses of the limbs that is transmitted to the MP, i.e., the admissible range of w; =Wy —Cg1/p-

Fig. 7 demonstrates the AWS of the MP with two different platform orientations. The 6-dimensional AWS is
projected into the 3-dimensional space with respectively the first three (force) and last three (moment) components of
W;,. The available force and moment sets of the MP are separately visualized, however it doesn’t mean that they are
decoupled. It can be seen that with leg angles being increased from 25° to 65°, the volume of the AWS of the MP
increases. This is consistent with the fact that the constant moment needed to balance the limb in its equilibrium is
smaller when the leg angles increase, i.e., the leg configuration adopts a narrow form, with the legs positioned closer to
being perpendicular to the plane of the platform. Therefore, the range of the admissible force and moment transmitted
to the MP is relatively larger.

The available force sets demonstrated in Fig. 7a and 7c show that the maximum admissible force along z axis is
always the same regardless of the platform’s orientation, as the force is expressed in §o. When the MP is inclined, it
can be noticed that the form of admissible force spaces is distorted along the normal direction of the MP in §(. As for
the admissible moment exerted to the MP, when the value of leg angles is relatively small, there is more availability
on the moment generated around the z axis of the platform. It should be further remarked that the visualized force
and moment spaces corresponding to the same AWS are coupled. A force vector located within the available force
set associates with a corresponding point in the available moment space. Therefore, the associated 3-dimensional
force and moment located within the AWS are simultaneously exerted to the MP, which are available considering the
actuation limits of quadrotors.

4.2 Analysis of Capacity Margin

The above-presented analysis only consists in qualitative results of the available wrench exerted on the MP. It is
also important to quantitatively study the wrench capability by leveraging the notion of capacity margin in the static
equilibrium condition. This metric allows to quantify the maximum admissible range of the wrench that can be exerted
to the MP in any direction, with a given robot configuration. It helps determine the feasible manipulation force and
moment that the MP can exert to the external environment, or the MP can resist against an external disturbance.

As explained in Section 3.5, the capacity margin of the robot can be computed by finding the minimum distance
from a wrench that balances the constant wrench of the MP, ¢, to all the facets of the AWS, using the formula
Eq. (46). In addition, the capacity margins for the admissible force and moment of the platform can be separately
analyzed. As discussed in Section 3.5, this can be done by considering an additional static equilibrium condition
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Fig. 7: Available wrench sets of the MP in different platform orientation cases. (a) and (b): available force and moment
of the MP when its orientation is flat; (¢) and (d): available force and moment of the MP with an inclined orientation.
Note that the available forces are expressed in §o while the available moments are in §,. The leg angles are identical
for three limbs, with the spaces visualized in different colors for different leg angle values (red: 25°, green: 45°, blue:
65°).

of the MP, respectively written as 7, = —[c,,(4),¢4.,(5),¢4,,(6)]T and £, = —[c, (1), ¢4,(2),¢4.,(3)]T. The
capacity margins for the force and moment of the MP (i.e., (; and () are then computed based on the same calculation
method of Eq. (46), in which the constraint matrix and vector are those of the newly-obtained available force set (AFS)
or available moment set (AMS) that are now decoupled. ¢y and ¢, define the admissible range of force and moment
exerted on the platform when all the static equilibrium conditions (including that of the platform) are satisfied. For
instance, the capacity margin for platform force is analyzed when the constant moment of the platform due to its mass
is balanced as well as the limbs are maintained in their static equilibrium conditions.

Figure 8 shows an example of the AFS and AMS and the calculation of their capacity margins for leg angles being
45° with the flat orientation of the MP. Table 2 summarizes the capacity margins under the robot configuration cases
studied in this section. It can be noticed that in both orientation cases, the capacity margin ¢ is larger when the leg
angles are 45°. With leg angles being increased to 65°, although the qualitative results show that the volume of the
AWS is larger (see Section 4.1), the robot can exert less amount of wrench on the MP or is less stable facing with
external disturbances, as demonstrated by the capacity margins.
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Fig. 8: Available force and moment sets of the MP in static equilibrium with the flat orientation and the leg angles
being 45°. Note that the force and moment that compensate the gravity wrench (i.e., —c, ;) are respectively shown by
the red star points, and the capacity margins are demonstrated by the straight lines in orange defining the distance to
the closest facet with projected points shown in blue cross.

Flat orientation Inclined orientation

CINT  GfIN] G [N.m]  ¢IN]  (¢[N]  G-[N.m]
25° 7.80 7.94 5.18 2.34 2.38 1.64
45° 7.83 7.82 6.58 3.29 3.34 2.53
65° 6.09 6.14 5.99 1.08 1.09 0.91

Table 2: Capacity margins of the AWS corresponding to the robot configurations where the leg angles 8 range within
25°, 45° and 65° cases, with two different orientations of the MP.

4.3 Analysis of Optimal Leg Configuration

Apart from the above-mentioned analysis based on the selected robot configuration cases, we can also leverage
the notion of capacity margin to find the optimal leg configuration (i.e., the angles of the limbs), with a given platform
orientation, that could maximize the capacity margins and thus provide the greatest range of admissible wrench exerted
to the MP. We compute the capacity margins by varying the leg angles (having the identical value) within the range of
(0, 90)° with intervals of 1°. Note that the range of leg angles excludes two extremity cases (i.e., §; = 0° and 6; = 90°)
which pertain to singularity.

Fig. 9 shows the evolution of capacity margins as a function of leg angles in two orientations of the MP. Note
that when the capacity margin is zero, the robot is not even able to resist the constant wrench of gravity and maintain
the static equilibrium, which thus refers to a unstable leg configuration. Apparently, when the orientation of the MP
is inclined, the span of feasible leg configuration is smaller than the flat orientation case. It can also be seen that the
form of ¢, that considers the overall capacity margin of the force and moment exerted on the platform, is similar to
that of (7. They reach the maximum value approximately at the same leg angle value, whereas the capacity margin of
moment (; reaches its maximum when the leg angle has a slightly larger value. Considering the values of (, we can
obtain the admissible range of leg angles and the optimal leg angle according to the two orientation cases studied in
this paper, summarized in Table 3.
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Fig. 9: Capacity margins as a function of the leg angles for two different orientations of the MP. (a) and (b): flat
orientation, (c) and (d): inclined orientation.

dp Admissible 8 [°] Optimal 8 [°] ( [N]
Flat [8, 90) 34 8.05
Inclined [15,70] 32 3.92

Table 3: Optimal leg configuration with maximum capacity margin in two platform orientation cases.

5 SIMULATION AND EXPERIMENTAL VALIDATION

We validate the wrench capability analysis detailed in the above sections both in simulation and on a real robot
(as shown in Fig. 10). For simulation, we built up the model of the FPR under ROS-Gazebo environment based on
PX4-autopilot quadrotor simulator [25], which allows a SITL (simulation-in-the-loop) implementation and validation.
The quadrotor simulator has a chain of simulated sensors with realistic noises that represent the behavior as close
as possible to the real-world system. For the real-world implementation as shown in Fig. 10b, we used customized
Crazy2Fly-frame quadrotors, equipped with PX4 autopilot and Pixhawk 5 flight controller. The FPR architecture
was customized using a platform in aluminium alloy, carbon fiber legs and 3D-printed connection parts, of which the



(a) Simulation validation in ROS/Gazebo environment. (b) Experimental validation performed with the FPR prototype.

Fig. 10: Simulation and experimental environments for validating the wrench capability analysis of the FPR.

constant parameters are given in Table 1. As for controlling the FPR to track a prescribed trajectory that involves leg
angle changes in different orientations, we utilized the basic PID-based dynamic controller. For more implementation
details, readers are referred to [20]. A video demonstration is available here!.

5.1 Simulation Analysis

We first validate the wrench capability analysis by verifying the stability of the FPR system with the leg angles
being evolved in the admissible range under two studied platform orientation cases. As the capacity margin decreases
(shown in Fig. 9), the robot is less capable of maintaining its configuration in static equilibrium, which makes it more
vulnerable to the external disturbances, eventually resulting in the failure of the flight when the capacity margin is
approaching zero. To avoid potential crashes in a real-world flight that may break down the robot, we only conduct
this analysis in simulations.

Figures 11 and 12 demonstrate the tracking of desired robot configuration and the evolution of capacity margins,
respectively when the platform orientation is flat and inclined. It can be noticed that the curves of capacity margins ¢
and (¢ are approximately overlapped, indicating that the overall capacity margin of the platform is mainly dominated
by the capability of force. This could be explained by the fact that the radius of the platform is relatively small, it thus
reduces the moment factor when combining the force and moment capacity margins into (. When the leg angle values
are evolved and approach the admissible range limits detailed in Table 3, the capacity margins decrease dramatically
to zero, which results in both flight instability, as seen in oscillatory behavior of robot configuration tracking at the
last moments, and crashes indicated by black dashed lines that eventually happened in simulations. It should however
be remarked that in the case of flat platform orientation, there is no upper bound for the admissible leg angles. The
system is static-equilibrium-wise stable as long as the leg angle values are smaller than 90°, which corresponds to a
singularity condition. This can be visualized in Fig.11d that the capacity margins have been stabilized around a value
much greater than zero. The crash still happened at the end of the flight, mainly due to the numerical instability of the
controller when the leg angles are close to the singularity conditions.

5.2 Experimental Validation

We have also conducted real-world experiments to validate the proposed wrench analysis of the FPR. To do that,
we chose two orientation cases along with three different sets of leg angles analyzed in Section 4. For each of all
configurations, we flew the FPR for hovering and tracking the desired configuration in front of a fan that generated
winds perturbing the system. The capacity margin differs with the robot configuration. For both orientation cases the
leg configuration with the angle values being 45° is the more favorable in terms of capacity margins. Therefore, the
tracking performance of the desired configuration is supposed to be better with favorable leg angles being 45°.

Lhttps://youtu.be/tCJ4g8 VKxbE
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Fig. 11: Flight stability analysis in simulation when evolving the leg angles with the flat platform orientation. (a) and
(b): tracking of the robot configuration, with desired values shown in dashed lines and actual values in solid curves,
(c) and (d): capacity margins. Note that (a) and (c) are for the flight when the leg angles are being decreased (to a
wide configuration where the legs are positioned closer to being parallel with the plane of the platform), whereas (b)
and (d) are for the flight when the leg angles are being increased (to a narrow configuration).

The black dashed lines indicate the time when the flight has crashed.

Flat orientation

Inclined orientation

d
? op ¥, mean ¢, ¥,  mean O
25° 119 6.6 16.0 8.1 5.9
45° 4.0 43 38 64 1.5
65° 4.1 182 45 165 52

Table 4: Root-mean-square (RMS) error (in degrees) of the tracking of desired robot configuration under the condition
of different platform orientations and leg angles.

Table 4 summarizes the RMS error of the tracking of desired configuration in different scenarios including three
sets of desired leg angle values and two different orientations. It is apparently shown in both orientation cases that
the tracking performance is better and thus the robot is more resilient in front of perturbations when performing
with leg angles being 45° compared to other angle cases. By cross validating with the capacity margins given in
Table 2, the coherence between the wrench capacity and the performance of the desired configuration tracking can
be well identified, indicating that the analysis presented in this paper could be of interest in terms of determining
the optimal leg configuration in real flight. It should however be remarked that this experimental analysis is done
quite qualitatively, because in real flight there are a lot of other factors affecting the experimental results, such as
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Fig. 12: Flight stability analysis in simulation when evolving the leg angles with the inclined platform orientation. The
meanings of the sub-figures are the same as represented in Fig. 11.

uncertainties in real thrust generated by the quadrotor, errors in robot pose estimation, and the noise of the onboard
sensors used for achieving the flight control.

6 CONCLUSION

This paper studied the wrench capability analysis of a cooperative multi-UAV parallel robot, known as Flying
Parallel Robot (FPR). The latter involves multiple quadrotors supporting a moving-platform (MP) by rigid links. The
notion of available thrust set (ATS) that depicts the actuation limits of quadrotors and available wrench set (AWS) that
determines the wrench capability of the MP are introduced and calculated. Capacity margins of the resulting AWS
quantitatively illustrate the wrench capability in any specific robot configuration. Based on the quantitative analysis,
the admissible range of the leg angle values is derived with a given platform orientation configuration, which further
allows to determine the optimal leg configuration that maximizes the wrench capability of the robot. Future work can
extend this analysis conducted at quasi-static equilibrium to consider the dynamics of the system. The synthesized
wrench analysis may be applied to the planning of optimal leg configuration that could be done off-line or online when
the robot is performing a manipulation task to ensure it is wrench capable. The analysis method can also be used in an
optimal design of the FPR architecture, in which the wrench capability of the system can be considered.
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APPENDIX: CONVEX POLYTOPE

A polytope is a convex set contained in a n-dimensional Euclidean space R™ given by a finite number of closed
segments, which can be represented either using a convex set of vertices (so-called V-representation) or as the inter-
section of half-spaces and hyperplanes (named as H-representation). The mathematical expression of a convex set
defined respectively by two representations is given as follows:
V-representation:

S={xer" | X:i)\kvk, A >0, ixk:1} @7)

k=1 k=1

where v, € R"” are the vertices, n, is the total number of the vertices.

H-representation:
S:{XER” Axgb,CXZd} 48)

where A € R" ™, b € R" parameterize the inequality constraints for the half-spaces, and C € R"*", d € R"
represent the hyperplanes.
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NOMENCLATURE

So
Sp
SLi> $Bi

pp €R?
ap € H
¢Paﬁp7wp

0, € R™
rp €ER
L,y €R

TAiBi, TAiGi
rpPA;

Mp, My, Md;
f;; € R3

fri €R
fmaz €ER
Ymaz € R

£, € R3n

f, € R3
Pr, € R3
£/, €R3
Tii/p € R3
m; €R

T € R™

fg,li/zo €ER?

ATS
CoM
FPR
MP
ROS

global reference frame with origin at point O
platform frame, with CoM located at point P
leg i’s frame and quadrotor 7’s body frame, with
CoMs located respectively at point A; and B;
position of the platform in Fo

unit quaternion of the platform relative to Fo
roll, pitch and yaw Euler angles of the platform
orientation

a vector concatenating all the leg angles 6;
platform’s radius (length of I?Z;)

leg length (length of m and its CoM position
(length of WGi) in¥rq

3-dimensional vectors of m and m
3-dimensional vectors of m

mass of the MP, the leg and the quadrotor &
thrust force of the i-th quadrotor expressed in §o
thrust force magnitude of the ¢-th quadrotor
maximum admissible thrust force of quadrotor
maximum inclination angle of quadrotor
generalized vector including thrust forces of all
the quadrotors

force exerted on the MP in §g

moment exerted on the MP in §,

reaction force between the limb ¢ and the MP
reaction moment between the limb ¢ and the MP
a virtual moment generated around the revolute
joint of the limb ¢

a vector concatenating virtual moments of all
the limbs

constant force of gravity exerted by the limb ¢ to

the MP

Available Thrust Set
Center of Mass
Flying Parallel Robot
Moving-Platform

Robot Operating System

Tg,1i/p € R
Tg,li € R3
Cg,i/p € RS

cgp € RS
cg c R6+7l
wp € RS
Wg,p € RS
w E R6+7

w,, € RS
w! € R6+n

Rp € SO(3)
Rp; € SO(3)
R.; € SO(3)
S-

(eR
Cf?CT eR

O
lipxk
ijk

AWS
DoF
GAWS
RMS
UAV

constant moment of gravity exerted by the limb ¢
to the MP

constant moment of gravity exerted around the
revolute joint of the limb ¢

constant wrench of gravity exerted on the MP by
all the limbs

constant wrench of gravity exerted on the MP
constant generalized wrench of gravity of FPR
wrench vector of the MP

gravity wrench vector of the MP

general wrench vector of FPR

equivalent wrench vector of the MP excluding
the gravity constant cg ,

equivalent generalized wrench vector of FPR
excluding the gravity constant cg

rotation matrix of the MP relative to Fo
rotation matrix of the quadrotor ¢ relative to §o
rotation matrix of leg 4’s frame relative to §o
moment transmission matrix of a revolute joint
wrench matrix of the MP

sub-wrench matrix for the limbs

generalized wrench matrix

available thrust set of the quadrotor %

available wrench set of the platform
generalized available wrench set of the robot
capacity margin of AWS

capacity margins of force and moment

in static equilibrium condition

a k-dimensional column vector of zeros

k X k identity matrix

unit vector of x, y, z axis of a frame

Available Wrench Set

Degree of Freedom

Generalized Available Wrench Set
Root Mean Square

Unmanned Aerial Vehicle
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