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Abstract

We study in this article a variation of the Whitham equation which was introduced as an alternative
to the KdV equation. We first prove the global existence of weak solutions, then we establish a regularity
criterion from which we deduce the uniqueness of weak solutions. Local in time criterions for regularity
and uniqueness are also given.
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1 Introduction

In this article our goal is to study the following modified Whitham equation:

dru = —(=A)2 M(u) + 0, (f) (1.1)

U(O,l’) - UO(Z)7 T e Ra

where ug : R — R is an initial data such that ug € L?(R) and the operator M is defined in the
Fourier-level by the following expression

—

M(u)(€) = m(&)u(f), (1.2)

Note that the symbol of the operator M, given by the positive function m, satisfies m(0) = 1
and m(€) ~ |¢|2 if |¢] > 1. Recall that the action of the fractional power of the Laplacian

—

(=A)z is given in the Fourier variable by (—A)zf = |§\f(§) Note also that the operators
(=A)z and M commute (as it can be easily checked in the Fourier variable) and we have
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Let us point out now that the equation (1.1)) is a variation of the capillary-gravity Whitham
equation, given by

Bpu = —0, (./\/l(u) - 22) :
w(0,2) = up(z), = €R,

(1.3)

This problem was first introduced by Whitham [I9] as a shallow water model that, unlike KdV,
would allow phenomena like wave breaking and peaking. The Whitham equation without surface
tension, proposed by Whitham in [I9], reads as follows

Oyt + Oy (K:hou + Z}CLOU2> =0, @(5) = “ gtaﬂzl(hof)’ (1'4)
0

where ¢g = +v/ghg is the limiting long-wave speed, hg is the undisturbed fluid depth and g is
gravitational acceleration. When considering the KdV model

1 3 Co
Oyu + 0, (cou + gcoh(%@iu + 4hou2) =0,

one finds that the phase velocity of the KdV equation, given by ckav(§) = ¢o — %cohgg, is a
second-order approximation to the phase velocity of the Whitham equation (|L.4]):

cw(g) = ),

in the low-frequency (or long-wave) limit, where |€hg| < 1. However, for high frequencies, the
quantity ckqyv fails to approximate the “full dispersion relation” cw effectively. This discrepancy
is tied to the existence of solitary and periodic waves in the KdV model, a phenomenon absent in
traditional shallow water theory. As Whitham explained in [20], in his effort to create a model
that admits wave peaking and breaking, he proposed the full dispersion equation, or Whitham
equation with no surface tension . This model successfully combines the full dispersion
relation cw, which is more moderate than KdV, with the long-wave nonlinearity of classical
shallow water theory.

As subsequent studies showed, Whitham’s intuition about wave breaking (where solutions
remain bounded but their derivatives become unbounded in finite time) and peaking was at least
partially correct. It was later shown that the Whitham equation without surface tension
exhibits wave breaking (see [11] and [I3] for numerical analysis), although this phenomenon may
not necessarily reflect the behavior of actual water waves (see [12]). Equation also admits
the existence of periodic waves with sharp crests (as shown in [§]), periodic traveling waves [7]
and solitary waves [5], [I8]. Of course, the dynamics change when surface tension is considered:
indeed, for , the high-frequency behavior of the dispersion becomes stronger, resembling that
of the KdV equation and this results in different dynamics and more “well-behaved” solutions.
Finally, we refer to [I], where the authors study numerically the viability of the equation proposed
by Whitham as a water waves model.

Regarding the well-posedness of the Whitham equation, it has been established that it is
locally well-posed in the space H*(R) for s > 3/2 (see [0, [I2]). Local (and global) existence for a
class of dispersive perturbations to the Burgers equation was studied in [I4]. However, to date,
there are no known global well-posedness results for , particularly in the natural energy space,
which corresponds to H i, as we will see below.



In this article, we will first address the problem of global existence and we shall study a modified
Whitham equation, where the derivation J, is replaced by the square root of the Laplacian as in
equation (1.1) above. Let us remark that this modification will introduce an interesting (weak)

2
U
diffusion effect whose action will be compensated by the nonlinear term 0, <2> Indeed, since

m(€) ~ 1if |¢] < 1, then the action of the operator (—A)2zM in the Fourier level is essentially
given by the Fourier multiplier || whose regularizing effect in this regime of small frequencies is
in competition with the derivative present in the nonlinearity: thus the regularizing effect of the
term (—A)%M is not necessarily strong enough to produce in this system a clear and sharp gain
of regularity.

In our first result we construct global weak solutions for the equation (1.1)).

Theorem 1 (Global Solutions). For all initial data ug € L*(R) the equation admits a
global weak solution u € L°(L2) that satisfies the following energy inequality

—+oo
lu(t, )z +/0 lu(s, Mirds < lluolZ2,

where the functional || - [|» is defined in the expression below.

Let us remark that the presence of the operator (—A)%M in the equation (1.1)) will naturally
lead us (when studying energy inequalities, see Proposition [3| below) to the functional space N (R)
defined as the set of functions f : R — R such that

1

I = ( [ \(—A)wz(f)\zdxf < oo, (15)

where the symbol in the Fourier level of the operator (—A)T M2 is given by |£|2m2 (). Note that,
by the Plancherel theorem, we have f € N'(R) if

tanh(¢) LI :
(/R € (<1+52>€> f(€)|2d€> < +ou,

and as we shall see in the pages below this functional space N(R) conveys some regularity
information that can be stated in terms of the usual Sobolev spaces (see Lemma [2]).

However, in spite of the presence of the operator (—A)2 M and of the Sobolev-like information
given by the space A/(R) which will be induced by this operator, the nonlinear term 8, (u?) must
be treated carefully when considering existence results and to establish the previous theorem we
will proceed in several steps. Indeed, first we will introduce a hyperviscosity perturbation, that will
provide us with some extra regularity and then we will perform a fixed point argument in the space
L3°(L2). Next we will prove that the solutions of this perturbed system are regular and with this
information we will establish an energy inequality that will allow us to deduce uniform estimates.
This energy inequality will be helpful to extend the time of existence of the solutions and to get rid
of the hyperviscosity perturbation in order to recover the original system. Let us remark here that,
although we obtain global weak solutions to the system , in our proof we need to consider
a limit process (up to subsequences) and therefore we cannot grant the uniqueness of such solutions.

Let us remark that most of the previous steps can be applied to the equation (|1.3)), such as the
hyperviscosity perturbation and the global existence results for the mollified problem. However,
without a suitable a priori estimate, we can not recover a global weak solution for the original

system ([1.3)).

Another problem related to this type of solutions is their regularity. This problem is of
course interesting by itself, but as we shall see later on, it can help to solve the uniqueness issue



mentioned above. As pointed out previously, the regularity properties of the operator (—A)%M
(which behave in the Fourier level as [€|2 if |¢] > 1 but only as |¢] if || < 1) seem too weak to
compensate the effect of the nonlinear drift term 9, (u?) and thus some additional hypotheses will
be needed to obtain some regularity results.

In our next result we give a regularity criterion:

Theorem 2 (Regularity Criterion). Consider a initial data ug € L*(R) such that ug € H?(R)
for some p > 0 large enough and consider an associated weak solution u € L$°(L2) N LI (N,) to
the equation . Assume moreover that u € L$°(L3°), then the solution u belongs to the space
Lie(HY).

Of course, once we have enough regularity, we can study the uniqueness for the weak solutions
obtained in Theorem [Il and in this sense we have our last result:

Theorem 3 (Uniqueness). Consider a initial data ug € L*(R) such that ug € H?(R) for some
p > 0 large enough and consider an associated weak solution u € L (L2) N L(N,) to the equation
(I-1). Assume moreover that u € L§°(LZ®), then the solution u is unique.

To finish this introduction, let us make some remarks. From the point of view of the com-
petition between the regularizing effects of the operator (—A)%M and the nonlinearity 9, (u?),
the equation is almost critical in the sense that the operator M has very mild regularizing
properties. This scenario can be compared to the study of the quasi-geostrophic equation, which
has some additional structure but is very difficult to study and still contains open problems,
see e.g. [4] and the references therein for more details. Let us observe also that the regularity
criterion given above can be obtained due to the properties of the semi-group associated to the
operator (—A)%M. If we consider the operator 0,.M, as in the system , then the study of the
regularity of global solutions would probably require a completely different treatment. Finally, let
us note that the regularity criterion given in Theorem [2] can be relaxed when considering a local
in time framework.

The plan of the article is the following. In Section [2] we introduce some of the notation as well
as some properties that will be useful here. In Section [3] we will prove Theorem [I| and in Section
[4 we study the Theorem [2] In Section [5} we apply the previous results to the uniqueness problem
and we establish Theorem Finally, in Section |§|, we relax (in a bounded in time setting) the
boundedness hypothesis used in Theorem [2] and [3}

2 Notations and useful estimates

We will denote by L{°(L2) the Lebesgue space in time and space given by the condition

1
2
lull Lo (z2) = sup (/ IU(t,x)lzdff) = sup |lu(t,)|lr2 < +oo,
0<t<T \JR 0<t<T
where u : [0, +oo[xR — R.

For o > 0 the homogeneous Sobolev spaces will be denoted by H° (R) and for a regular function
f:R — R we have

£l e = 1(=2)% fll 2.

Recall that we have the Sobolev inequalities

1 1 1
I flle < Cfllge, with0 <o < 3 and;z 5O

Moreover, we also have the Sobolev embedding L2(R) N H°(R) ¢ L®(R) if o > 1. See [9,
Theorem 6.2.4] for a proof of these inequalities.



When dealing with Sobolev spaces and a product of two functions, we have at our disposal two
useful results. Indeed if f,g: R — R are two functions such that f,g € H?(R) with o > 0 and
f,g € H(R) with 0 <6 < 3, then we have the following law product

19l ooy < C U grollgllers + gl o1/l zs) (2.1)

see [I5, Theorem 4.1] for a general proof of this fact. Note that we also have the following Kato-
Ponce inequality (also know as the fractional Leibniz rule):

1(=2)% fgllze < O (I(=2)% fllrzllglze + I1(=2)Fgllzal| fllz=) , (2.2)

see [10] for a proof of this result in a more general framework.

3 Global weak solutions

In this section we will obtain global in time solutions for the system (1.1)). We will first introduce
a hyperviscosity modification of the equation and then we will obtain weak solutions by a suitable
limiting process.

First, let us fix a parameter € > 0 and consider the operator £ = (—A)(Id — A) whose action
in the Fourier level reads as follows

L{u)(€) = €] (1 + [¢]*) a () 3.1)
Next, we consider a mollifying function ¢.(z) = Lp(Z), where ¢ > 0 is a test function such that

/ o(x)dx = 1. We thus obtain
R

Buu = —eL(u) — (—A)E M(u) + s (%) o)
u(ov 'T) = Qe * UO(I)7 HARS R,

Note that, at least formally, if we set ¢ — 0 we recover from the previous equation the original

system ((1.1)).

Remark now that for all € > 0, the operator —eL generates a convolution semi-group given by
e with t > 0 (i.e. we have e~ s(1+9)£ = ¢=¢tLe=e5L) I particular, for a function ¢ € S(R) we
have

eﬁw(ﬁ) — e—et(\£\2(1+\£\2))@(5), (3.3)
which allows to write e~**£p(z) = Gt * p(z), where the kernel G.;, is such that Gy (&) =
e—ctEP(A+IE") | Note that we have |Get|| Ly < C and since we have

e—etLp(&) = e SHIEPAFIEM G(g) = ool e —etEl 5(¢),

we can write

7Et£§0 gst * Q= Pet * hst *©,

where g.; is the usual heat kernel and b.; is the kernel associated to the semi-group e—st=2) Of
course we have ||he||r < C and by a straightforward computation in the Fourier level we also
have ||0yhet||r2 < C(et) 5.

With these preliminaries, using the Duhamel formula we can consider the following integral
representation formula of (3.2)):

U2
u(t,x) = ggt*(%*uo /gg(t s) * (— )%M ds—|—/ Ge(t—s) * O < >ds (3.4)

(2) (3




and we will apply a fixed point argument to the previous equation (3.4) in the space
L>([0,T7], L*(R)) for some time T > 0 to be fixed later.

Proposition 1. Consider a initial data such that uy € L*(R). For a fived parameter ¢ > 0, the
equation admits a mild solution u. € L>([0,T], L3(R)) where the time T depends on the
initial data ug and on the parameter €.

Proof. As announced, we will perform a fixed point argument to obtain a solution of the equation
(3.4). Indeed, we have the following result:

Lemma 1. Let (E,| - ||g) be a Banach space. Consider eg € E such that ||eo||g < ¢ and consider
L:FE— FE and B: E x E — FE two bounded linear and bilinear applications, i.e.:

IL(e)lle < CLllelle and — [|B(e, f)lle < Clellellfle,
for all e, f € E. If we have the following relationship between the constants 6,Cy, and Cp
0<3CL <1, 0<9Cpi<1 and CrL+6Cpd <1, (3.5)

then the equation

e=-¢eg+ L(e) — Ble,e),
admits a unique solution e € E such that |e]|g < 34.

See a proof of this lemma in [3]. Thus, in order to apply this result, we need to estimate the terms
(1), (2) and (3) given in (3.4) above in the functional space L$°(L2).

e For the initial data, by the Minkowski inequalities for the convolution, we easily obtain
[1Get * (@< * uo)llL2 < [|Getll L1 [|@ell Lt [[uoll L2 < Clluoll 22 (3.6)

e For the linear term (2), by duality and by the properties of the operators (—A)% and M we

write
/ ( / Gutony* (— >%M<u>ds) b
/ / M(Ge—s)) * ultpdads|

from which we deduce, by the properties of the convolution and by the Cauchy-Schwarz
inequality in time and space

t
H [ G+ (20 Mupas
0

L2 IWHL2<1

sup
Il 2<1

t
H/ Ge(t—s) * (FA)2M(u)ds|| < sup |lullz(r2) ’[( A)2 M(Gei—s))] 1/)‘ Y
0 L2 Il 2 <1 L2(r2)’
At this point, we remark that
[ M@y < wloe (37)
€ S L2 L2 — \/g

Indeed, by the Plancherel formula and by the Fubini theorem we write

L) _/ /|§|2( tan?(5)>e—2s<t—s>|s| (1+EP) |56 Paeds.

Thus by a suitable change of variables in time, we can write

v < /MW( g2) PEE) ) coenl (1419 i) P,

20 MGl v

20 MGl v




Now, with the change of variables T = 2en|¢|? (1 + [£[?), we have that

boo [¢[2 (1 +€2) ot 5)> P co
L2z = // 25|§|2 T e2) [W(§)["drd€ < ;Hd)”LZ

where we used the fact that the symbol is uniformly bounded, that is,
2 2\ tanh(§)
612 ((1+ ¢2)templ@))
2el¢)? (1 +€7)
Then, we can deduce the control (3.7)), from which we find that

20 MG v

IA

¢
3

t
/ Gotroey * (~A)VEM(u)ds| <
0 L2

C
—= sup |ullzznz)1¥llLe,
\ﬁuw (L3)

HL2_

and we finally obtain

t
/ Gettosy * (—A)EM(u)ds
0

C
< NG T2 ||ullpee(L2)- (3-8)

Lee(L3)

i u2
gs —s) * a:v <>
/0 (t—s) 92 1

t
C / 102Ge(o—s |2 2| 1 ds.
0

e For the nonlinear term (3) of (3.4) we can write

t 2
[0 (5)
0 2

IN

ds

IN

At this point we recall that G.(;_s) = gc(1—s) * De(t1—s), and we can write

/gats*(‘?( )ds

so we have (recalling that ||0,h.t—s)llz2 < C(e(t —s))75 and that [|g.(t—s /22 < C):

<c / 10e(t—s) * Bubeges oz llull 22 ull 2ds,

t 2 t
u
[ o () as| = Cllluraslulizas [ ool sliads
0 0
t
_3
< Ollullise ey lull s (22, / (e(t — 5))Eds
0
3,5
< Cem8t8|lullpoo 2y lull oo (2),

and taking the L°° norm in the time variable we have

t 2
u
| ges () e
0

Now with the estimates (3.6]), (3.8]) and (3.9) we can easily obtain the existence of a solution u. of
the problem ([3.4). Indeed, if we have
C ot (Ce™3T%)|ugl|lz2 <1 and “ iy (Ce™8T%)||uol| 2 < 1,

—_— 2 —_— 2

\/g ’ 0|l L \/g Ol L

which is possible for a small time 7' (recall that e > 0 is fixed), then by the Lemma [1| we obtain
the existence of a mild solution u. of the problem (3.4) such that u. € L>([0,T], L*(R)) for some
small time 7" > 0. The Proposition (1] is now proven. |

_ 35
< Cem 5T ull e r2) |ull g (r2)- (3.9)
Lo (L3)

As we can observe, the introduction of the hyperviscosity term —e£ allows us to consider
the simpler system (3.4)) and the solutions constructed in the above lines satisfy some important
properties:



Proposition 2. The solution u. obtained in the Proposition[1] is reqular.

Proof. We will first prove here that u, € L‘X’([O,T},H%(R)). Indeed, we have by the integral
representation formula (3.4):

Nl

lucll 5 < [1Ger # (e % o) H/ Gt * (—A)

L (HZ) L (

M(ug)ds

(3.10)

1
L (HZE)

(€] 2)

t u2
o oo () o
0

(3

)

Lo (HZ)

and we will study each of these terms separately.
e For the initial data (1) in (3.10]) we have

1 1
Ger# (=) wg]| | < 1Geallor (=) el s sl 22,

Gt * (e o)l 3 = |

from which we easily obtain the estimate
_1
||g€t * (QOE * uO)”LfO(H;’) S Ce 2 ||U0||L2 < 400.

e For the linear term (2) in (3.10)), just as before, by duality we write

/Q/umgAﬁﬁAu@wﬁn*wmw
0 R

’[( AV EIM(Gers))] 1/)‘

) sup
H? Il 2 <1

t
/ Ge(t—s) * (—A)%M(ug)ds
0

IN

sup ||Ue||L2(L2)
il 2 <1 e

L2(L2) ’

and we have

=2t MGt =0, ,, < T,

since by the Plancherel formula and by the Fubini theorem we write

2 t tanh(ﬁ)) —2¢( _S)|€|2(1 1€2) 17 5
3 2y 2N t +1g?)
L) S/o /R'ﬁ' ((”f )= )¢ (&) Pdeds.

In other words, after a change of variables in time,

2 +o00 tanh(ﬁ)) CoenleP(1+1€12) | 7y o1 2
3 2y 29S) nle2 (1+1¢|
cun <L ((”f )= )e [B(€)|2dnd.

As we did before, with the change of variables 7 = 2en|¢|? (1 + [¢]?), we get

voo [¢fP (147 mp@) c
L2(12) = // 2e[€2 (1 + €2) e (&) Pdrd¢ < ;W)Hé

(=2 M(Ge—i))] ¥

(=) M(Gete)] 50|

20 MG v

Thus, we have

t
/ G+ () Mu)is| <% sup fueliags 9l
0 Vgl a<t
and we finally obtain
H/ G x (-0 Muasl| | = H %/gg(t o # (—A) M(u)ds
L (HZ) L (L2)

< gqﬂmn < +o0 (3.11)
> \/g 5 L?O(Li) . .



e Now, for the nonlinear term (3) in (3.10]) we write

/gats*a( )ds

At this point we recall that G.(;_s) = gc(1—s) * De(t—s), and we can write

/ Ge(t—s) * O ( )ds
so we have

but since we have the control ||(—A)%8wh€(t,s)||m < C(e(t — 5))"2 (by a Fourier-based
argument), we can write:

¢ u? t .
[ oo () as| | = Clucdiaplilizas [ et
0 H?2 0

_1 1
Ce™ 282 [JuelLgo (r2) luell g (£2),

1<0/ (=)0, o 12 1.

t
. SC/ 19e—s) * (=A) 3 Duboe—a | 2 llue | 2 e 2ds,
H?2 0

t 2 t
u 1
[ G0 () as| | < Ol amllliza [ ool |2 00bu s

A

IN

and taking the L norm in the time variable we have

t ug
H/(; Ge(t—s) * 61 <2> ds

1
With all these estimates for the terms in 1) we have now proven that u. € L{°(HZ).

_1 1
. S Ce2T2lue| oo r2) uell Lo (L2) < +o0.

Lgo(H7)

Let us prove now that we have u. € L{°(H}). We write again

Nl

t
ol < 106 * (e b )l iy + | [ Germsy (-2 E MG
(1)

t 2
oo ()
0

(3)

L (HY)

(2)

)
Lo (H})

e Note that the initial data is mollified with the function ¢, so following the same computations
it is easy to prove that

|Gt * (0 * UO)”L;O(H;) < 0571Hu0||L2 < +o0.

e For the linear term we write, using the commutation properties of the fractional powers of
the Laplacian as well as the properties of the operator M:

-

H/O Getr) * (—A)E M(uc)ds

|-a f/gw o * (~A)E M(uc)ds

=

Lgo () Lee(L3)

el

/ Getoosy * (~AVEM((—A) up)ds

Lee(L3)

Now, we apply the estimate (3.11)) obtained above to write
s A)2 M(u.)ds Tz ||(—A)Tue| 2 ||, 1 < Hoo.
0 e(t=s) Lt‘x’(H‘ 1y ﬁ L2 \/g Lge (Ha‘%)

Nej



e For the nonlinear term, we start writing

¢ u2 t . 2
/ gs(t,s) *635 <25) dSH = / (_A)Egs(tfs) * 6$ < 9 ) ds s
0 H1 0 L2
and we have
2 t 2
‘ o) *Os <u€)d$ < / (—A)z Gelr—s) * Oy <U > ds
2 Hl L2
1 2
< 2 ga(t s) * hs t—s) ‘ I HU'EHLl ds.
We now write, by the properties of the kernels:
t u2 )
H/ gs(t—s) * 81 <26> ds . < C/ Hgs(t S)HLl - a he(t s) ||U’EHL1 ds
0 H1

IN

t
Clue e (2 e oo 22 / (et — )~ ¥ds
0

IN

_5,3
Ce™s¢s ||Us\|L;>°(L§)||Us||Lg°(Lg),

thus taking the L°° norm in the space variable we can write

t ug
| geearee ()

We thus have obtained that u. € L{°(H}).

Now, by repeating the same computations and using the information u. € Lg® (H;) just obtained
it is possible to prove that the solution w. is regular, i.e. we have u. € L{°(HZF) for some k > 0 as
big as necessary. |

_5,.3
- < CemSTS ||ue| e (r2) lue | Lo (22) < 400
L (HY)

Proposition 3 (Energy inequality). The solutions u. obtained in the previous theorem satisfy
the following energy inequality

t
lue(t, )12 +/ lue (s, Frds < lldolZ2
0

where the functional space N'(R) is defined by

11 = [ J-ayaein| do < 4o

Proof. Since the solution u. is regular, we can write

/R(atus)ua dr = —E/Rﬁ(ug)ug daj—/R(_A)

We remark now that, by an integration by parts,

2
Oy <u5>uadx=O
Loe (5

dw+/‘ )4 %(ue) dx =0,

N

w2
M (ug)ue dm—i—/@w (E> ug dx.
R 2

We can thus write

gt + [ [eh)

10



which implies that
2
dxr <0.

Glett s +2 [ =8yt )

Integrating with respect to the time variable, we have

e (¢, ||L2+2/ /‘ 5 (ue)

from which we obtain by definition of the norm || - ||

" dads < le * woll72 < JluollZa,

t
ol iz + 2 el s < ol
which is the wished inequality. |

From this inequality we see that the quantities L{°(L2) and L?(N,,) remain uniformly bounded
(i.e. for any € > 0). Then, using the Duhamel formulation as well as the semi-group
properties and the usual arguments for nonlinear PDEs (see [3], [I6]), we can construct global
solutions u. such that u. € L{°(L2) N LZ(N,).

Once he had obtained global solutions u. € L{°(L2) N L?(N,) of the problem , we will
pass now to the limit ¢ — 0. First note that since the sequence (u.).sq is uniformly bounded in
the space L°(L2), we can apply the Banach-Aloaglu-Bourbaki theorem to consider a subsequence
that converges weakly-* to u € L°(L2). Note that we also have the weak limit in D'(R)

(—A)EM(us) — (—A)2M(u).

e—0

2
However, the convergence of the bilinear term 9, (%) requires more details. For this, the following

“interpolation” lemma will be useful.
Lemma 2. If f € L{°(L2) N L}(N,) then we have f € L}(H2) with 0 < s < 3 and
£ ey < CUAILE ) I 72 s -

Proof. For some parameter A > 0, to be fixed later, we have

[FICD]

[reefeorae= [ jerifeoras [ e ord

{lgl>A}

N

- As t dé + 25 ¢ d
/{m}' (t.e)rde /{lgb 1 e, &) P

Nl=

Noting that |¢]~2 ] ((1 + 52)%> > 1 we obtain

tanh(¢)
€

56 < 4% [ (feepae+ |s|253s|(<1+§2> )2|f<t,a>|2df.
{I€I<A} {1¢]|>A}

Now we write, since 25 — % < 0, we write
A B e N ((1 +52>ta“h(f)) T Fe) e
{le1<A} {1€1>A} §

25 7 2 253 2 tanh(f))é 7 2
1R opas+ a2 [ 16 <(1+£) 2 opas

AP||f (2, ) 72 + A% 2F () R

IN

IA
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2
We set now the parameter A such that A = ‘ll‘;((tt 7.-))||‘|2 and from the previous inequality we can
I,

easily deduce the estimate
—4
1M < CUFET2IFE DR,
thus, taking the L? norm in the time variable we obtain
1-2
||fHL§(H;) < C”fHLtOO(ng)HfHQLsf(Mr) < +o0,
which is the wished estimate. |

With this control at hand, we have that the solutions u.(¢,-) belong to the Sobolev space H®

for some 0 < 5 < %. In particular, we can now invoque the Rellich-Aubins-Lions theorem that
provides us with the compact (local) inclusion H* CC L% for all 1 < g < 13- if 0 < s < 1.

With this strong (local) inclusion, we can pass to the limit € — 0 in the nonlinear term as for the
Navier-Stokes equation (see [3], [I5] or [16] for the details) and we obtain global weak solutions
such that u € L{(L2) N L?(N,). The Theorem [1|is now proven. [ |

Remark 1. Since we have u € L{°(L2) N L?(N,), by the Lemma we have u € L2(HE) for any
0<s<3.

4 Regularity

In this section, we study the regularity of the weak solutions obtained previously and we will prove
Theorem [2, We will assume here that the initial data ug satisfies ug € L?(R) and uy € H?(R) for
some p > 0 big enough and we will assume moreover that u € L{°(L°). We thus start with the
system

O = —(~AY M)+, (147, (1.1)
u(0,2) =up(z), z€R,

which we rewrite as follows
t u?
u(t,x) = Hy * ug(x) +/ Ht—s) * Oz <2> ds,
0

1
where the kernel H, is associated to the convolution semi-group e~ (=22 M,

We will prove now that we have a first gain of regularity, i.e. we will show that u € L°(H?)
with0 <o =5— % < % For this we write

t U2
[He * uoll o + H/ Hp—s) * Ox (2) ds||
0 He

t 2
e A AR C L
0

IN

[l sz

L2

The first term above is easy to handle as we have
I(=2)% (He *uo)llze < [IHellpa(=2) 2 ugllze < Cluol| - < +oo. (4.2)
For the bilinear term we write
. t U2 t o—s 5
ot [wo o ()| <c| [ Car=ame, ok .
0 2 L 0 L2

12



and by duality we have

7 [ (§)o] 6, | ([

By extending the kernel H,_,y by 0 if s > ¢, we can write

H INE / Mmoo (% >ds L/ +°°<—A)”faﬂ(t_s>*(—A)g(zﬁ)ds) b

Then, by the properties of the convolution, we obtain

EVATRIOL [ e

Finally, from the Cauchy-Schwarz inequality, we have that

H /H(t 9)*0 ( >d8

We will study these two terms separately. For the first one we have, by the Kato-Ponce inequalities

22):

<C sup
L2 1ol L2 <1

(-A)32 (u2)ds) Ydz| .

<C sup
L2 Il L2 <1

no\m

<C sup —A)(%sax'}-l(t_s) * )dxds|,

L? Il L2 <t

L C HU2||L?(H;) sup H(_A)%samﬂ(t—s) *1/)’

l¥llL2<1

. (4.3)

LE(L3)

e

2, ) gs < Cllult, M gre llutt, )|z

Now, taking the L? norm in the time variable, we obtain (recall that we assumed u € L°(L°))
[0l L2 ey < Cllull gz sy Il e L) (4.4)

For the second term of (4.3]), we write

Ji-2)7 )1 v

+oo tanh(£) ~
/ /]R |£|2+2(a—5)e*2(t*8)|5|\/ (1+€2)% W(f)|2dfd$'
0

L2(L2)

Since 0 = § — i > 0, we obtain

-2y

N

2 +oo tan ~

S A N e N O
Lyrz)  Jo R
Setting n = 2(t — s)|€]4/ (1 + 52)%, by a change of variables we have

2 +oo |£|% _n/\ ,
dédn.
ey Agﬂ(l%%m%ﬁ () 2dgdn

3
HE
20¢ly/ (14¢2) 22g(&)

2=

We remark again that the symbol is uniformly bounded, so we can write

icar=amei=vll, . <o [ [ ermiiorie < cli <+, @)

L2(L2)
since we assumed ||¢|p2 < 1.

With the estimates (4.4) and (4.5) at hand, we come back to (4.3)), to obtain

< Cllull 2 (o) llull oo 13y < 400 (4.6)

13



Now with the controls and ( we have proven that the weak solution u of the system
1)) belongs to the space L"O(H") Wlth 0<o<i

With the previous step, where we obtained under the hypothesis u € Lg°(Le) a first gain of
regularity v € L°(HZ) with 0 < 0 < %, we will now prove a second gain of regularity: indeed we

will obtain that u € L°(H%) with 0 < a < I

Note that the initial data is regular by hypothesis, so the same computations performed in ({4.2))
apply here. We will focus now in the nonlinear term and we have

o [ u? ¢ a—(sto—3) sto-g
(—A)i/ Ht—s) * Oz <) ds <C / (—A) p OcHt—sy ¥ (=A) 72 (u)ds||
0 2 0 L2
recall that s < % and o < %, so we have s + 0 < %
Following the same ideas displayed to obtain (4.3)), we can write
t u2 ,
—Ag/HS*aw()ds < Cllu oo
H( ) 0 (t ) 2 12 H HLZ(H + )
a—(sto—1)
sup |[(—A) 2 O Ht—g) * 1) .(4.7)
il L2 <1 L3(L2)

Now, for the first term above we use the usual product laws in Sobolev spaces, see the estimate

above, to write
[ ooy < Cllule Il e

H5+a—§

and taking the L? norm in the time variable one gets
H 2H ,5+U,; < CHUHLZ(Hs)HUHLOO(Ha)

For the second term of lj we proceed as before as long as a— (s +0 — %) = i, which lead us to

+oo tanh(§) ~
S/ / €[22V TR 0 ) 2dgds,
0 R

o (5+07§) 2

H(—A)a oo

LY(L2)
and following the same ideas that lead us to (4.5) we obtain

o (5+o'7§) 2

H(—A)a Hio) 50 < OlJ|2 < +oo.

L¥(L3)

Note now that we imposed the condition a« = s+ 0 — 1 , but since 5 < 3 3 and o < we have a < 1,
we obtain now that u € L{°(HS) with a < 1.

By iteration, we deduce that u € L°(H?) where the maximal value of the parameter p is fixed
by the information available over the initial data ug. Theorem [2]is now proven. |

Remark 2. Note that it is possible to go one step further in the regularity study, as from the in-
formation u € L (HE) for p big enough, we can deduce by the Sobolev embeddings the information
Oyu € LY°(LSP).

5 Uniqueness

One interesting consequence of regularity of weak solutions is the uniqueness and we will prove
now Theorem 3| Recall that by hypothesis we have u € L{°(L$°) thus by Theorem [2| we also have

14



u € L (HP) where p > 0 is given by the information over the initial data.

Assume now that v is also a weak solution of the equation (I.1)) arising from the same initial
data wuy and such that v € L{°(LS°) (we also have v € L (H?)).

We consider the variable w = u — v, since u and v have the same initial data uy we have
w(0,z) = u(0,z) — v(0,z) = up(x) — up(z) = 0.

If we study the dynamics of w we can write

2 2
0w =0~ 00 = (~(-A)EM(w) + 0,5 ) - (-1 M) + 0. )
and by the linearity of the operators we obtain
2,2
= —(=B)EM(u— ) + ()
w(u? +v?)

= —(CAEM(w) + 0= ),

Since we have enough regularity for the variables u, v, w, we have the expression
u? + v?)

ot ds = - [ (- Mt ds + [ 0, i,

which can we rewritten as follows

1d 11 w(u? + v?)
slvElE I M@ = [ s
1d w(u? + v?)
salet ol < [ D
1 1
< - / [(Opw) (u? 4+ v*)]wdx + = / [0 (u? + v?)|w? dfi.1)
2 Jr 2 Jr
In particular, by an integration by parts we get
/ (D) (42 + v?)w dz = — / [(Du10) (i + )] da,
R R
from which we deduce that
/[(&ﬂu)(u2 +v?)wdz =0,
R
and thus we can rewrite (5.1)) as
1d 2 1 2, 2y], 2
-z - <= .
503 <5 [ 02 +02) ) da
Since u,v € L (L) and Ou, O,v € L (L) (recall Remark [2) we obtain
1d
3 7w < (i e |0eull e o) + I0llge (s 1020l Lo (r)) 0t )72,

now, integrating in the time variable we obtain
t
lw(t, MZz < C (lull g (re) |0zl pe (roe) + HU”L;’O(L;O)||axv||L§’°(L§§°))/ [w(s, ) Z2ds+[|w(0, )2z,
0
but since w(0, -) = 0, we have the estimate
t
w(t, M7z < C (llull s (pooy |0atill Lo (o) + ||’U||L;>°(L;o)||3wv||L;>°(Lgo))/ [[w(s,-)[|Z2ds,
0

from which we deduce, by the Gronwall lemma, that w(t,-) = 0. We have thus obtained the wished
uniqueness result and the Theorem [3]is now proven. |
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6 Local in time results

Note that the previous results are global in time, however if we work in a bounded time interval,
say [0,7] for some fixed 0 < T < 400, then the hypotheses u € LPLS (used for regularity
and uniqueness) can be relaxed. Indeed, we first remark that the Lemma [2| admits the following
modification:

Lemma 3. If f € L°(L2) N L2(N,) then we have f € L2([0,T), H1(R)).

Proof. Following the same ideas as in the proof of Lemma [2] we write

)2 3IF(t, €)|2de + 31f(t, €)|2d
£t I, 5 ~/{|£|§1}|£| |f(t,€)*d¢ /{5>1}|£| |f(t,€)dg

N

_/ Ft.6)Pde + / €317, ),
{l€|1<1} {l¢1>1}

1
and since €]~ 2¢| ((1 —l—{%%) * > 1if |¢] > 1 we obtain

tanh(¢)

: ) Tt )P,

2 s < Flt, €)2de + <1+ 2
17t /{E<1}|f< &)[2de /{01}'5 (1+¢)

HZ
Now we write

[1feora+ [ 16 <<1+f2>“‘“§(5))é 7t €) e

1 (T2 + )R

Taking the L? norm in the time variable we obtain

1f(E;-)

IA

s

IN

1
17043y S T sz + Whszons

which is a bounded quantity since T' < +o00. |

This result is interesting as it is an improvement to the endpoint % of the Lemma [2[ but it is
not enough to our purposes. We will now see that under a mild hypothesis, any weak solution
uw € LY (L2) N L?(N,) obtained in the Theorem [1|is bounded in an interval [0, T):

Proposition 4. Let ug € L*(R) N L>®(R) be an initial data and consider the associated weak
solution u € L°(L2) N L?(N,) to the equation obtained via the Theorem . For a bounded
time interval [0,T] with 0 < T < +oo, if we assume that u € L*([0,T], Hi*¢(R)) for some
0 < e < 1, then we have u € L*=([0,T], L>(R)).

Remark 3. If we work in a bounded in time interval, then we have u € L} (L2) and with the

.3 3
information u € L? (Haé‘) given by the LemmaH we obtain that uw € L?(H,). Note also that

3 3
we do have u € L? (H;) thus the hypothesis u € L} Hg;d_6 for some 0 < € < 1 requires an

additional integrability condition in the time variable and some extra regularity information in the
space variable, and these conditions are slightly weaker than the condition w € L°(LS°) asked in
the Theorem[d and Theorem [3.

Proof. We consider the integral formula of the equation (1.1
t U2
ultse) =My xuole) + [ Wm0 (5 ).
0
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and we write

ds
LOO

3

u2
H(t—s) * 87‘ <2>

thus, by the Young inequalities for the convolution we obtain

t
et Y < [[He % ol + /
0

N

8

[(—A)+5 (u?)]| pods
L2

T Hu-s)|

[u(t, )l Lo

IN

[Hell L luoll Lo

m\'-‘

IA

[l 2 +cds,

Hite

[Hell L2 [[uol| Lo +C/ H

and by the Cauchy-Schwarz inequality in the time variable we have

1_ e
ut, o= < [ Hellorfluollzee +[[(=A)* 2H<H>\|L3<Lg>\|u2||L2(Hg+e)

: (6.1)

A

1_ e
Clluollze + [[(=A)5 72 H gl L2 (12) 1’|

- I
since |H¢||pr < C (recall that 7/-[:(5) = e HEm©),

We remark now that H(—A)%_éH(t—s)”Lf(Lg) < +o00 since we have

t 0 ”L2 ) _/ /|€|7—25 —2(t—s \f\m(f)dgds

w\m

1_
[IGZAVE:
by the Fubini theorem it follows

+o00
H(—A)é‘%ﬂuﬂ)lli%z)g// €| 260 2(=9)EIm(©) ggqe
P R Jo

and setting 7 = 2(t — 5)|{|m(§), by a change of variables we obtain

of [ hreese

1_ e
[(—A)s 2 H(1—s) H%g(L_g)

- c 672 e o 61722 e
gy m©) ey mE) T
recalling that m(¢) ~ C if |€] < 1 and m(€) ~ [¢]2 if |¢] > 1, we can write
(=25 Ho g lFz) < C €72 >de + C / €] 12d < +oo,
’ {lgl<1} {lg1>1}
as long as 0 < e < 1 is small enough.
Thus, coming back to (6.1]), we obtain
2
[u(t, )= < Clluollz + Cllu HL2(H4+€ ;
but since by the Kato-Ponce inequalities (2.2) we have
2 _ 2
ey = 192050 <0 i geulez|
P 2 .
< il gl oo SOWIE, g < 4o

where in the last line we used the Sobolev embedding H 17¢(R) C L>(R) and the Cauchy-Schwarz
inequality in the time variable.
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Thus, we have finally obtained that

lu(t, )l < ClluollL~ + C||“Hi4 g4 <00,

HHL )

for all 0 < ¢t < T and we deduce that v € L*>°([0,T], L°(R)). [ |

From this information, we can apply Theorems [2] and [3] to obtain a gain of regularity and to
deduce uniqueness results.
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