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Abstract

In this paper, we give an in depth study of linear delay systems controllability preservation/alte-
ration through discretization. We make use of a module theoretic framework acting as a unifying
one for most of the existing delay system controllability notions. We propose a formal generic
definition of a discretization scheme and illustrate through examples that controllability properties
may be lost through discretization. Then, we introduce the notion of preservation (that is, a
measure of quantifying the ability of the discretizer to preserve controllability properties) and
prove that for a given discretizer, we can always find a delay system for which even the torsion-free
controllability (which is the weakest controllability notion) is not preserved. Finally, we reverse
the situation, and show that for any given delay system, preserving discretizers exist.
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1. Introduction

Delay systems are at the same time an important class arising in practice (due to, e.g., sensor
and/or actuator delays, communication or computation delays) and one of the simplest class
of infinite-dimensional systems (e.g., a boundary controlled wave equation without damping is
equivalent to a delay system). Since delay systems naturally mix a differential and a difference
nature, many bridging notions between continuous delay systems and sampled data systems have
been proposed in the literature [26, 27, 40]. In this context, a natural question is: what is the
influence of discretization on the class of delay systems? A crucial property that one aims to
preserve under the discretization operation is controllability. The goal of this paper is to provide
an extensive study of the controllability of linear delay systems preservation or alteration through
discretization using an algebraic framework.

Although linear delay systems may be considered as the simplest class of infinite-dimensional
systems, the presence of time-delays leads to more complex analysis than in the finite-dimensional
case (i.e., without delay). This is particularly true for the controllability problem, central to au-
tomatic control. Many different notions of controllability (for instance, torsion-free controllability,
projective controllability, free controllability, spectral controllability, etc.) have been developed in



the delay systems literature, either from a functional analytic approach (see, e.g., [1I, 2, 4] 42 [67])
or from a more algebraic viewpoint (see, e.g., [0 17, 46, 56], where an analogous formalism to
that considered in this paper is used; [8, 1], B9, 57|, where systems over rings are considered;
[7, 35, [61], [66], where distributional rings are employed; and also [28, 30], 50], where dual trajectory
modules over an operator ring are used). In the linear finite-dimensional case, all these various
controllability properties are equivalent and reduce to Kalman’s controllability, but in the case of
delay systems, when introduced, they seem, for most of them, apparently unrelated. Therefore an
interesting problem, studied and solved in [25], is the possible existence of a unifying framework
under which all these notions could be interpreted. In this context, the first contribution of the
paper is to recall and systematize, within an algebraic framework, the interconnections among the
different existing controllability notions in a more pedagogical manner than the current literature,
aiming to make them more accessible for readers less familiar with algebraic concepts.

Then, another natural question is whether the different controllability notions for delay sys-
tems are preserved through discretization. The answer to this question is not always obvious and
all situations seem possible, as illustrated by the following two examples (which are generalized
and discussed in detail in Section . Consider the following one-dimensional delay system
represented by:

() — %x(t) (- h%)u(t) Cu(t— L),

with L > 0 and h > 0 such that h # L(1 —e™'). Such a system is spectrally controllable (a
delay system is said to be spectrally controllable if all its spectral modes are controllable, see
Subsection for a precise definition). On the other hand, its associated discretized system,
obtained by a classical backward difference discretization scheme with discretization period h, is
never controllable. Consider now the following dynamical system represented by:

#(t) = sox(t) + (e~ (u)(t),

where sy and L > 0 are real numbers and the polynomial p is such that p(sg) = 0. It can be shown
that this system is not spectrally controllable, while its discretization, obtained via a discretizer
defined with the help of the polynomial p and another polynomial ¢ (such that their greatest
common divisor is 1), is controllable.

The present paper deals with these questions and gives, using an algebraic framework, an
in depth study of controllability of linear delay systems preservation or alteration through dis-
cretization. The benefit of the algebraic framework is that it allows us to gain a much deeper
understanding of controllability and its relations with discretization. More precisely, one may be
tempted to discretize a delay system (or a PDE, in space) and obtain a finite-dimensional system.
If the discretization period is sufficiently small, then the discretized system will be a good enough
approximation of the infinite-dimensional system, and one may be tempted to believe that studies
on delay and PDE systems are useless. The results obtained in this paper show that this is not at
all the case, and that controllability properties may be lost through discretization, whatever the
discretization period may be.

We give a complete analysis of the interplay between different notions of controllability for
linear delay systems (which are defined as finitely generated R[%, dr]-modules, where R is the field
of real numbers and §;, is the delay operator of delay L) and discretization, in the commensurate
delay case. First, we provide a generic formal definition of a discretizer D, , 5, based on a rational
identity approximation, with discretization period h, and associated to two R[d,]-polynomials p
and ¢, where R[d] is the ring of shift operators §; of length h. At first sight, from a controllability



viewpoint, to work with the distributed extension (which is defined over the ring of entire func-
tions, contains distributed delay, and is used for spectral controllability) of the delay system in a
continuous setting or to work with its discretized version (obtained by applying D, , ) in a discrete
setting seems equivalent (since for both the distributed extension and discretized system associated
to the original delay system, the different notions of controllability are equivalent). We show in the
paper that, in general, this is not true. To that end, we first analyze how the main obstructions
to torsion-free controllability and free controllability (that is, common factors and common zeros
of the Fitting ideal’s generators of the delay system) are modified by the applied discretization
scheme. We show that common factors (which correspond to the presence of torsion elements) are
always transmitted through the proposed discretization schemes, thus if the original delay system
is not torsion-free controllable, then there is no discretizer D, ,; leading to a controllable discrete
counterpart of the system. On the other hand, we prove that for the common zeros which do not
yield common factors (describing the case when the system is torsion-free controllable, but not
free controllable) to be preserved for the discretized version of the system, we need an additional
condition, meaning that a torsion-free controllable delay system, which is not free controllable, can
lead via discretization to a (free) controllable discrete system. Given these observations, we then
introduce the notions of ideal discretizer and of preservation (a measure of quantifying the ability
of the discretizer to preserve controllability properties) and show first that the only universally
preserving discretizer (i.e., that preserves specific controllability properties for any delay system)
is the ideal discretizer; and second, that for a fixed discretizer D, , 5, we can always find a delay
system for which even the torsion-free controllability (which is the weakest controllability notion)
is not preserved. Then we reverse the situation, and prove in Theorems and [3.2] that for any
given delay system, preserving discretizers always exist. To sum up the interest of the paper is
threefold:

o first, to review, using the algebraic framework, the relations between the various scattered,
and which originally seemed unrelated, controllability notions in the literature;

o second, to give generic formal definitions of discretization schemes;

o third, to establish the existence of discretization schemes which preserve important control-
lability notions.

The paper is organized as follows. In Section [2 general algebraic definitions, relations between
the different types of controllability and various controllability criteria are recalled. In Section
we give our main results: we first introduce a generic formal definition of discretization schemes for
delay systems in Subsection [3.2] and then, discretizers and the interplay between controllability
and discretization are studied in Subsection 3.3l The introduced notions are illustrated via simple
examples throughout the paper. A recall on some algebraic notions is given in The
reader familiar with of freeness, torsion-freeness, projectivity, Fitting ideal and those who want to
quickly delve into the main findings of the article can simply take a look at Section 2 (Definitions
, to and Proposition , before reading Section 3 containing the new results.

Notations list

General notations: R, the field of real numbers; Q, the field of rational numbers; C, the field of
complex numbers; for a matrix P with entries in a ring R, rk g P, the rank of P over R.

R—systems: R, ring; A, R-module; €, ring of entire functions; Py, presentation matrix of A;
§(A), Fitting ideal of A.



Useful rings for finite-dimensional systems: R[%], ring of differential operators; R[d], ring of
shift operators ¢, of length h.

Delay systems: L, commensurate delay; o, delay operator of delay L; A, linear delay system;
A., exponential version of A; A4, distributed extension of A;

Useful rings for delay systems and discretization: R[dr] the ring of polynomials in the delay

operator 0r; R[%, ], the polynomial ring (on which delay systems are defined); R[%, e’L%], the
ring of exponential polynomials; R(%)[B_L%, elit] n O, the distributed delay ring; R[8,, In(0x)],

a ring isomorphic to R[4, e‘L%]; R[s, z], the ring of polynomials in s € C and z € C associated
to Laplace/Z transforms; R[[%ﬂ, the power series ring in dit; R[], the power series ring in dp;
R(01), the field of fractions in the delay operator §z; R(d,)[2], the ring of polynomials in 4 with
coefficients in the ring of fractions R(dy); R[%ﬂ[(s ], the ring of polynomials in the delay operator

6, and series in 4; R[d;, 7], the ring of polynomials in 0, and 7!, where 7 € R[0}].

System discretizers: D, 5, discretizer with discretization period h, associated to the R[d]-
polynomials p, q; Dy 5, ideal discretizer with discretization period h; (D, 4. .n)ken, discretizer se-

quence with discretization period h, associated to the sequences of R[d |-polynomials (pg)kens (Gk ) ken;

Operator discretizers: dp 4, discretizer of an operator, and d; ; compensated discretizer of an
operator, with discretization period h, associated to R[dj]-polynomials p and ¢; d, 5 ideal operator
discretizer with discretization period h.

2. Review on controllability notions and their relations in a unifying algebraic frame-
work

Our motivation of using the present algebraic framework comes from:

o The intrinsic character of the various notions and definitions (where, for instance, prop-
erties like controllability and observability of control systems, which are seen as modules,
correspond to algebraic properties of the module).

o The important flexibility in defining the structural notions, through base change (i.e., change
of the ring of coefficients) and various module theoretic properties (e.g., torsion-freeness,
projectivity, freeness).

o The ability to unify most of the existing structural notions (in particular, controllability and
observability) of the delay system’s literature using tools as those introduced in [25].

o The constructive character of the structural notions, as demonstrated by the numerous com-
puter algebra implementations (see, e.g., [12] [13], 51]).

o The independence of the obtained structural results from often tricky existence and unique-
ness prerequisites, as is usual for infinite dimensional systems thanks to functional analytic
techniques.

o The ability for this same framework to be used both for finite and infinite-dimensional linear
systems, the main difference being the operator ring.

Most of the commutative algebra concepts, that we will use, may be found in standard text-
books, such as [16], 38, [54]. In particular, the basic definitions of module, ideal, free module, etc.,
can be found for example in pages 11 to 17 of [16]. We recall next the main notions used in the
paper and illustrate them via several examples. All the rings and algebras we consider in the sequel
are commutative, with unity, and without zero divisors.
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2.1. Delay systems and dynamics

2.1.1. Module, torsion and freeness: definitions

A module shares the same axioms as a vector space, the only difference being that its scalars are
taken in a ring instead of being taken in a field. A free module is one that has a basis (contrary to
vector spaces, a module does not always have a basis), i.e., a linearly independent and generating
family. The reader is also referred to [Appendix A] p. 47, where a formal definition is given.

A torsion element z of a module A over a ring R (commutative with no zero divisor) is such that
there exists r € R, r # 0 such that 7z = 0. In other words, the family {z} is linearly dependent
over R. A module is said to be torsion if all its elements are torsion. In Sections [2.1.2] 2.2.7]
and [2.2.2] definitions of these notions over the ring of difference-differential operators are recalled.

2.1.2. Delay system

A linear delay system corresponds to a finite set of variables satisfying a finite number of
difference-differential linear equations. Its typical form considered in the time-delay systems liter-
ature is as follows:

E(ép)x = A(ér)x + B(0L)u (1)

where © = (x1,...,2,), w = (uy,...,uy), € denotes the differentiation with respect to time (i.e.,
@ = %), and the matrices A, B, and E are such that A € R[6.]"", B € R[6,]™™, E € R[6,]"*",
with F of full rank, and where R[d,] is the ring of polynomials in the delay operator ¢, of delay L.
Hereafter, we explain how we can interpret this form in the algebraic framework. For the sake of
simplicity, we shall restrict ourselves to commensurate delays.

A linear delay system can be modelled as a linear algebraic structure over the ring of difference-
differential operators R[4 2,0L], that of a module. The ring R[4 %,0r] is the polynomial ring in two
indeterminates d/dt (the differentiation with respect to the time operator) and J, (the delay
operator of delay L), with coefficients in R, i.e., an element of R[Z,4,] consists of finite sums of
the form: .

r(L,0r) = Zcmi5 5, where¢;; € R.

[2¥)

An R[dt,éL] -module A is said to be generated by the family {witier, I = N, (w; € A) if any
element of A is expressed as a finite linear combination of the w;’s with coefﬁments in R[4£,6.]. In
other words:

Vwe A, 3J < I, Jfinite, 3 (a;)ics € R%, 6. ]* . w=>a;(,6)w;,

i€J
where #.J denotes the cardinal of J. In the case where [ is finite, for example equal to {1, o al
the module A is said to be finitely generated. Tt is denoted by A = [wy, ..., w,] and wy, ..., w, are
called generators of A. In addition, a family {z,...,2,} of elements in A is said to be [dt’ or]-

linearly independent if there exists no non-trivial hnear relation with coefficients in R[% 7, 0L] be-
tween its elements. In other words:

m
vcl?"'7cue dt’ (ZC’L dt’ 0) (V :1,...,/,L, CZ:O)
=1

The family is said to be R[4 & 0p]-linearly dependant otherwise. The cardinal of an R[4, 6. ]-linearly

dt’
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independent family of A, maximal with respect to inclusion, is called the rank of A and denoted
rk d A.

R[;0]

rflﬁe definition of a linear delay system is directly related to the system’s equations as they are
given in an analysis framework. A finitely presented module A over R[ &,0r] is entirely characterized
by the datum of finitely generated generators and relations verified by the latter. The module A is
then said to be given by generators and relations. More precisely, this module is defined through:

o a (free and finitely generated) generators module: W = [W7,.. ., Wa] R s = [W]R[d 5.1’
dt L dt°r
corresponding to the various variables of the system (see Example n below);
o a (free and finitely generated) relations module: & = [Pp(4 4, W]R[d 5.1 where the
57 L

dr) W = 0 are the difference-differential equations satisfied by the W;’s,
Py = B (see

relations Py (<,
and where Py is a (8 x «)-matrix with elements in R[4£,§,] and rk

Example .

Here P, is called a presentation matrix. Since both W and £ are freely generated, then the
module A is isomorphic to W/E which is an alternative characterization of a finitely presented
module. We can now give the concise definition of a system:

dt’ 0]

Definition 2.1. A linear delay system A is a finitely presented R[dt, dr]-module.

The above definition states that an R[4 &,0r]-system A, or, simply phrased, a delay system, is an
R[4, 6, ]-module with finite presentation (see, e.g., [16, p.17], [54, p. 90]):

E—W-—A—0, (2)

where £ and W are finitely generated free modules of generators and relations. The system

variables (i.e., states, inputs, and outputs) are generators of YW/E and correspond to the equivalence

classes of this quotient. In the paper, we consider the case of linear delay systems on R[4 =.0r]

only, so often the terms “linear” and “delay“ or the specific ring R[4 @ ) L] will be omitted. For an

element w in A (i.e., a system variable), we shall denote indistinctly w or aw for the time-derivative
&

of w, and w® or Zww, @ > 1, for the higher order derivatives.

Remark 2.1. Note that for the definition of a linear delay system, instead of R[dt, L], we could
equally well have chosen k:[dt, 01| with another base field k, such as Q, the field of rational numbers.
For example, the choice k = Q, would be appropriate in the case when implementable solutions are
seeked (since this is not the goal of the paper, we continue to work with R, the field of real numbers,
but all the subsequent definitions and theorems also hold with rings such as k = Q).

Example 2.1. Consider the delay system given by which can also be written as:
The freely generated modules VW and & associated to are given by:

W= [X>U]R[ = {p1(L,6,)X + pa(L,6,)U | pr,p2 € R[%,6,]}

dt’

& - [BO)LX ~ A<5L>X ~ BVl s,



= {Q(5,0.)(E0L) 5 X — A(0,)X — B(6.)U) | Q € R, 6] "},

with the family {X,U} generating the module W, and the n x (n + m) presentation matriz

Py(£,61) = <E(5L)% — A(dr) B((SL)> defining the relations module £. Observe that X and
U can be seen as internal variables giving rise to the final system variables * and w, defined as
equivalence classes. More precisely, the above system can be seen as an R[dt, dr]-module A isomor-

phic to the quotient module W/E. We call @ and w the generators of this quotient, i.e., we have
W/E =[x, u], and the equivalence classes x and u satisfy the equation

E((SL)CL‘ — A((SL)CL‘ - B((SL)'U, = 0,
since & 1s identically zero in the quotient.

2.1.3. Delay dynamics with input

An input to a linear system with delay is such that any variable in this system satisfies an
equation in which the input is involved (possibly trivially). The notions of input and dynamics
are then defined as follows.

Definition 2.2. An R[Z,0,]-linear dynamics, or an R[4, §,]-dynamics, or a (linear) dynamics
over R[4, 6.], is an R[dt, 5L] —system A equipped with an input u = (uq, ..., Uy), i.e., a finite subset
of A, such that the quotient module A/[u] is torsion. The input uw is said to be independent if [u]
is a free R[4, 6;]-module of rank m.

Thus any variable w in the dynamics is such that there are p, qi, ..., ¢n, polynomials in %
and oy, with coefficients in R, with p # 0, such that

m
w= (i

where u;, 1 < i < m, denote the input variables. Then, modulo the input, in the quotient A/[u]
(i.e., formally setting u; = 0, where by ~ we denote the equivalence classes in A/[u]), we have

g
—
&=
[=%)
~
Ol

and w is a torsion element.

Remark 2.2. The notion of state, in the present framework, can be defined as a finite, independent
family, maximal in the sense of inclusion, of [A/[u]lrps,). Indeed, A/[u] being torsion, [A/[u]]rps,
is of finite rank and, taking T = (Z1,...,%,) a finite sequence whose underlying set is a mazximally
independent family of the latter, we get :

Vie{l,...,n} the family {ii, z‘c} is linearily R[0]-dependant.

In the module A, this becomes:

7=0



where A(dr) € R[0L]"*", B;(dr) € R[oL]™*™, for 0 < j < p, E(0r) € R[0L]"*™ is diagonal and of
full rank over R[6L]. Observe that the form of equation is more general than that of the typical
linear delay system which 1s usually considered in the literature; it is however this general
form that appears naturally from an algebraic viewpoint. Equation (3) actually corresponds to a
particular type of neutral or advanced form, since E(d) is diagonal and of full rank.

From the above definition and remarks, it follows that the rank of the module A corresponds
to the number of linearly independent input variables and, in general, the rank of the presentation
matrix P, is larger than the rank of the module.

We would like to highlight the fact that when defining the different notions of controllability
using the algebraic framework, one does not need to distinguish between state and input variables
(since all controllability concepts are defined as properties of the module). Therefore in the fol-
lowing subsections, we state all results for delay systems but illustrate them by delay (controlled)
dynamics.

2.1.4. Finite-dimensional systems
Two other common instances of systems are given when the operators ring is the ring of

differential operators R[], which yields continuous-time linear finite-dimensional systems [19],
and when the ring is R[], with d;, the shift operator of length h, which yields linear discrete-time
finite-dimensional systems [21]. Hence, the following system:

. _ d

x = Zx = Ax + Bu, (4)
where © = (z1,...,2,), u = (uy,...,Uy,), and the constant matrices A and B are of appropriate
dimensions, can be defined (in the same way as for delay linear systems) as an R[%]-module.

Likewise system
x[k + 1] = Ax[k] + Bulk], (5)

with € = (z1,...,2,), u = (u1,...,uy,), A and B constant matrices of appropriate dimensions,
and x|k] = x(kh), where kh, for k € N and fixed h > 0, are the discrete-time instances, can be
rewritten as x(kh) = Ax(kh — h) + Bu(kh — h), or, equivalently, as

xr = A(Shw + Béhu, (6)

which can be seen as an R[d,]-module. common examples of principal ideal rings), all notions
of torsion-freeness, projectivity and freeness (that we recall in the next subsections) coincide,
resulting in the well known Kalman controllability notion, see [19] 20} 22] 23] 24] for several fruitful
consequences of this framework. Therefore, for linear finite-dimensional systems all controllability
notions, recalled in Subsection below, are equivalent and we no longer distinguish them. In
particular, we will not distinguish the different controllability properties for the discretized version
of a delay system, since the corresponding discrete system is a finite-dimensional system on R[dy,].

2.2. Controllability notions and criteria

Before defining the controllability notions considered in the paper, we need first to recall sev-
eral algebraic notions, together with their relations to usual control theoretic concepts, for the
convenience of the reader. Then, general definitions for different controllability notions will be
given, followed by some examples.



2.2.1. Torsion free delay systems
An R[4 6, ]-system A si called torsion-free if its torsion submodule T(A) (defined as the largest

torsion module included in A) is such that T(A) = {0}. If A is an R[£, §;]-dynamics and torsion

elements exist, then they satisfy a differential-difference equation not influenced by any of the
input variables.

Remark 2.3. For finite-dimensional system, that is, on R[%] or R[6,], the torsion submodule
corresponds to the uncontrollable Kalman subspace.

Example 2.2. Consider the following finite-dimensional (i.e., without delay) system A:
j?l =Tt U (7&)
Ty = T1 + U. (7b)
By setting zy = xo — x1 and 29 = x9 + T1, System transforms into:

2.’1 = Z1 (8&)
Zé = Z9 + 2U, (8b>

from which it is clear that the uncontrollable Kalman space corresponds to the R[%]—module gen-

erated by z1. More precisely, the system without delay [Zl’ZQ’U]R[i] admits the following decom-

d
position: t
A= =
[Zl,ZQ,U]R[%] [Zl]R[%]@[Z%U]R[%]

where [ZI]R[Q] is the uncontrollable part and [z, u]R
dt
part. Hence, the torsion submodule is T(A) = [21]R

—

a
d
b7

a) the controllable (equivalently, torsion-free)
t

—

2.2.2. Free delay systems
A system A of rank m is said to be free if there exists a finite family of m elements in A which

is both R[%, dr]-linearly independent and generator. This family is called a basis of A.

Remark 2.4. For finite-dimensional systems (i.e., without delay), the existence of a basis corre-
sponds to the ezistence of a controllable canonical form (that is, to Kalman controllability). To
simplify, consider the single input system x = Ax + bu, which is controllable if, and only if, there
exists an invertible state transformation z = Fax such that @ = Ax + bu is transformed into:

'éi:zi—&-l, 1 <Z<n—1, (9&)
Zn = Q2] F Qozg + o+ 2y + U (9b)
System @ corresponds to a R[%]-free module, with basis z1. Indeed, z, is a generator, as @

proves, and {z1} is linearly independent (otherwize z; would be a torsion element, and the module
[zl]R[ d, would be a part of the uncontrollable Kalman space, which is impossible since, in this case,
dt

the system being controllable, the uncontrollable Kalman space is simply {0}).



2.2.3. Projective delay systems

An intermediate property between torsion-freeness and freeness is that of projectivity. A mod-
ule A on a commutative ring is said to be projective, if there exists a module ¥ on the same ring
such that the sum A@ X is free (see, e.g., [10, A3.2 p. 615]); X is then also projective for the same
reason.

A characterisation of projectivity is the following: a module A (over a commutative ring R),
is projective if the presentation matrix Py € R?*® (with rk g P\ = ) is right-invertible (that is, if
there exists Q € R**F such that PyQ = I3).

Remark 2.5. Note that this characterisation, for delay systems, is directly linked to the existence
of Bezout matriz identities. If we consider a dynamics A with equations:

& = A0,)x + B(0,)u

with € = (x1,...,2,), w = (U1,...,Uy), and A and B matrices with coefficients in R[d1] of
appropriate dimensions, the projectivity of A amounts to the existence of matrices A and B with

coefficients in R[4, 6.] such that

d ~ ~
(%zn _ A(6L)> A(2,6,) + B, B(2,6,) = I,

where I, denotes the n x n-identity matrixz. This type of equation can be used for stabilisation
purposes by dynamic state feedback, in the spirit of what has been done by Vidyasagar (cf. [62)]).

For a general ring of scalars, projectivity is an intermediate notion between the torsion-free
character and freeness. For rings of polynomial type, we will see in Subsection [2.2.10] that there is
in fact no difference, as projectivity and freeness coincide. On the other hand, for more elaborate
rings the distinction is justified.

Remark 2.6. For finite-dimensional systems (that is, on R[%] or R[6,]), the three notions intro-
duced above (torsion-freeness, freeness and projectivity) are equivalent.

2.2.4. FExtending or restricting the base ring and inverting elements

In general, the base change operation, a classic operation in algebra (see, e.g., [16]) allows
changing the perspective on an algebraic object. Several examples will be mentioned here: the
extension (respectively, restriction) of the ring of operators to a larger (respectively, smaller) ring,
and the inversion of certain elements of the former ring.
Extension of scalars. Consider an R[4, 6, ]-algebra A containing R[Z,6,] and A an R[<,§,]-
module. An A-module is formed by formally multiplying elements of A by scalars of A. This
formal multiplication is a special case of a composition operation called the tensor product (see
[16, p. 63] for a precise definition). The A-module thus obtained is denoted as A®R[ a ,Aandis

Ey L
said to be obtained from A by extension of scalars.
Let us take, for example, A a delay system and A = R(5L)[%], the ring of partial fractions

in §;. The operators acting on the module A® 4 A are polynomials in < with coefficients in

R[Ev(SL] dt
R(01). By setting K = R(d,), we find ourselves with K [£], and in this sense, a system with delays
can be considered as a finite-dimensional system with coefficients in the abstract field R(dy).
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Restriction of scalars. Let us also consider the inverse operation; let R be a ring contained in

R[4,6.], A be an R[4, 6,] module and f : R — R[4, 0.] a ring morphism. We can now define
an R-module structure on A by setting rz = f(r)z, for r € R and z € A. We say that we have
obtained this R-module by restriction of scalars from A and denote it by f*A

Inverting elements: localisation. The technique for inverting a certain subset of elements in the
ring of operators is known as localisation. Let S be a multiplicatively closed subset of R[2 Z.0L],
ie., forall m,m € S, mm € S and 1 € S. The localized in S of R[dt, 0] is the ring, denoted
S7'R[4,5,], made up of elements of the form p/o (meaning po~') where p e R[4, ;] and o € S
(see |16, p. 59] for a precise definition). All elements of a multiplicative set are thus inverted.
Consider, for example, in R[£,6,] the set & = {4} | i € N}. The localisation procedure leads
to the ring S~ 1R[dt>5L] = R[4£,6.,0; "], which is called the ring of partial Laurent polynomz’als
in 0r,. Moreover, R((FL)[ '] can be found by taking S = R[d,]. Note that the ring R(d,)[ 4] strictly
contains R[4, 6., 07 ']: mdeed 1/(1 + 61) belongs to the first but not to the second.

2.2.5. General controllability definitions

For an R[4, 6, ]-system (and in particular, for an R[4 @ 01| -dynamics), we recall next the defi-
nition of several notions of controllability. Varying the rings under consideration by extending the
base ring (as explained before, through suitable tensor products, in the spirit of what is done along
Grothendieck’s ideas in modern algebraic geometry, see, e.g., [29], [31]), yields a virtually infinite
number of controllability notions, as the following definition exemplifies.

Definition 2.3. Let R be a ring such that R[%,6,] = R. The R[%,0;]-system A is said to be
R-torsion-free controllable (resp. R—projective controllable, R—free controllable) if the R—module
R®__a . A is torsion-free (resp. projective, free).

R[a’éL]

By abuse of language, often we will not distinguish between the controllability notion of the

R[4 7 0r]-system A and the corresponding property of the R-module R ® R1L 6] A (for instance,
dt L

when we say that the R[£ dt,é,;] —system A is R-free, we mean that A is R-free controllable or,

equivalently, that the R—module R ® 1] A is free). In addition to base change, the three
dt L
distinct algebraic notions (torsion-freeness, projectivity and freeness) allow for an even greater

number of controllability notions.

2.2.6. Illustrative examples
Consider some simple examples of the previous definitions.

Example 2.3. Consider:
d

%xl Orxo + u (10a)
d
Eﬂfg = X9, (10b>

whose associated R[dt,c?L] -module A, given by (10), is not R[dt,éL]-torsion-free, since xy IS a
torsion element: indeed, we have (& — 1)z5 = 0.

11



Example 2.4. Consider:

d

£$1 = T2 (lla)
L drwy + (11b)
dtxz = 0L%1 T U,

whose associated R[dt,(SL] -module A, given by (11 . 18 dt,éL] -projective. Indeed, the associated
presentation matriz Py, given by:

41
Py=| dt q
-0, — -1
boat
admits a right inverse in R[4, §,]:
d 0 0
d 0 1/°
-6y, — —1)J\_-=2 _
boa dt 1

The above [dt,(SL] -module A is in fact R[dt,(sL]—free, with basis x1.The generator character
follows from:

T = %l’l (12&)

Lowy — oy, (12b)

U=1Ty— 0TI = 33

while the independent character comes from the fact that a relation like r(dt,(SL) 1 =0, forre
[dt, dr], cannot be deduced from equations (12)).

Example 2.5. Consider the system:

T, = T9 +0pu (13a)
To = T1. (13b)

d
dt
d
dt
The associated R[4, 5, ]-module A, given by (13), is R[%, 6. ]-torsion-free, but not R[L, 6,,]-free (we
will show this in Subsection |2.2.1(), when dzscussmg criteria for controllability, see E:L’ample

Equations (13| . ) defined not over R[dt, 6] but over R[L, 61,6, "] yield a free module. In other words
R[4, 6,6, ]®R[i .1 A is a free R[4, 01,0, ]-module, wzth basis xo. Indeed, we have:
dt

d
Ty = %2

u = 5;1(%@ — xg).

2.2.7. Controllability implications and m-freeness
Elementary homological algebra [54] yields:

Proposition 2.1. Let R be any ring such that R[dt, dr] € R. Then R—free controllability implies
R-projective controllability, which in turn implies R—torsion-free controllability.
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We have seen in Example [2.5] that there are systems that are R[-2 it 1 ]-torsion-free controllable
but not R[4, 0. ]-free controllable and in order to render them free, it is, in fact, sufficient to invert
a single polynomial in §, (in the case of Example[2.5] 6, itself). Therefore it seems natural to seek,
by inversion of certain elements of the ring of operators, to free up a module that is not initially
free. The following result, adapted from [55, Proposition 2.12.17, p. 233], shows how starting from
a system admiting a not very restrictive controllability notion, one can get a stronger property
(recall that a principal ideal ring is a ring in which every ideal is principal, that is, generated by
a single element).

Proposition 2.2. Let A be an R[dt, dr]-torsion-free controllable delay system and S a multiplica-
tive part of R[dt, (5L] such that S~ 1R[dt, dr] is a principal ideal ring. Then, there exists m € S such
that A is [dt, o, ™ Y ~free controllable. The system A is called ™—free, while the polynomial w € S
1s called a freeing polynomial of A.

For single input delay systems, the proof of the above proposition is constructive and an algorithm
that explicitly constructs m € S is given in [45].

Example 2.6. Consider the system A with equation:
t=xz+ (1+d)u (14)
This system is trivially (1 + 01)-free with basis x since uw = (1 + )7 (& — x).

2.2.8. Relations with spectral controllability

One of the most widely used notions in a functional analysis setting is a modal type of con-
trollability known as spectral controllability (see, for example, [49], [5]). Its popularity is partly
due to the fact that a spectrally controllable dynamics can be stabilized by static state feedback
including distributed delays (see, for example, [41]). For dynamic equations of the form

with ® = (21,...,2,), u = (u1,...,Uy), A€ R[IL]"*", B € R[0,]™™™, it is expressed by

VseC, rtkc[sl, — A(e ™) B(e t%)] = n.

Let us give an interpretation of spectral controllability in our framework. We introduce two
preliminary Definitions, and [2.5] the interpretation being given in Definition and Proposi-
tion [2.3] First recall that a Taylor type series of an entire function f is given by:

e

i

(16)
i=0
which can actually be rewritten as:
SR Y DO TN dz S Y dt
fit -0 =) = 3 T gy - 3 E gy o5 EULE g
(Z - i) £(t) = e 5 - f) (17)



implying that the delay operator can be seen as an infinite order differential operator of exponential
type:

d
op = e Vi, (18)

Hence, one can state the following natural embedding from R[%,e’L%] to R[], where Modp

denotes the category of R-modules, for a ring R, see for the definitions of categories

and functors.

Definition 2.4. Lgt A be a linear delay system. We shall call the exponential version of A, denoted
by A, the R[L, e~Lii]-system obtained by the following functor from MOdR[i 52] toMod

g

dt7 dt7 L R %’e dt]

R[4][6.] ®R[ a . A extension of scalars
o= UiA restriction of scalars

with . the ring homomorphism

_74d
e : R[&]0L] — R[5, e ]
5L — e_L%,

where R[4 e’L%] is viewed as a subring of R[[%]], and ¥ is the restriction of scalars functor from

dt’
ModR[[%MéL] to 1\/IodR d %] associated to ..

[ "
Definition 2.5. Let A be a linear delay system. The extension of scalars

s A
g iy

R()le et nog,

U
&

15 called the distributed extension or the R(%)[G_L%,eLﬁ] N O-extension of A, and is denoted

by Ad.

Recall that @', used in the above definition, is the ring of entire functions with pointwise defined

multiplication. We give next the property of spectral controllability (see, e.g., [1], [4], [47], [53])),
which is particularly useful in the infinite-dimensional case, recall its algebraic characterisation
(see, e.g., [65]), and discuss the relations with the algebraic notions of controllability.
Definition 2.6. Denote by £ the Laplace embedding R[%,e’L%] — 0. Consider a delay sys-
tem A with presentation matrix Py. Let A, and Py, be the exponential version of A and the
presentation matriz of A., respectively. The system A is said to be spectrally controllable if the
O-matriz Py, = £(Py.) satisfies 3k € N : Vs € C : tke Py, (s) = k.

Proposition 2.3. Consider a delay system A. The following conditions are equivalent:

(i) The system A is spectrally controllable.

(i) The R(%)[e‘L%, elit] n O-module Ay is torsion-free.

14



(i) The R(&)[e™t it, elit] A O-module Ny is free.

Let us highlight that since the ring R(%)[e’L%, eL%] N O, by means of which Ay is defined,
has the property of being a Bézout ring (i.e., an integral domain in which the sum of two principal
ideals is again a principal ideal), the torsion-freeness and freeness properties are equivalent. Notice
that condition (i) simply says that the rank of the presentation matrix of A, in the Laplace
domain, is constant. This can be interpreted as the generalisation of Popov-Belevitch-Hautus
criterion for controllability of linear finite-dimensional control systems (according to which the
system & = Ax + Bu, where = (x1,...,2,) and u = (uy, ..., u,), is controllable if, and only if,
rk (sI, — A B) =n, for all s C).

We consider now two simple examples for spectral controllability.

Example 2.7. Consider the [dt>5L] system A:
= (14 6p)u. (19)

The presentation matriz, in the Laplace domain, pAE(s) = [s 1+ e ] of its exponential version
is such that rkcPa,(s) = 1,Vs € C. Thus, the distributed extension Agq of A

Ag = R()[e Fir, el i) o®, .,

dat’

a A,

e Lt

. . . _ra d . . . . . .
18 torsion-free. Since R(%)[e Ldt,eLdt] N O is a Bézout ring, torsion-freeness is equivalent to

freeness, and Ay is free. Indeed, equation 18 equivalent to
t+ (-1=d)u=a+ (1 —0r)u—2u=0.

Hencew = (2 + (1 =6, )u) = 2(# 4+ LA u) = %i(x + Apu), with A, = (1—061)/4 implying that
Ag is free with basis x + Apu, and finally that A is spectrally controllable.

Example 2.8. Consider the following R[%, 6, ]-system A:

The presentation matriz of the exponential version A., in the Laplace domain, PAe(s) =[s 1—e 9]

s such that for s =0, we have rchAe (0) = 0. Thus, the distributed extension Ay of A

Ay =R(L)[e” Lit e dt] N ﬁ@ e A, is not torsion-free.
R[gpe " at
Indeed, the element x — Apu satisfies 4 (x — Apu) = 0, with Ay = (1—6.)/%, and is a torsion
element in Ayg. Finally, we deduce that A 1s not spectrally controllable.

2.2.9. Fitting ideal

In this subsection we recall some tools useful to decide whether a system is torsion, torsion-free,
or projective. We introduce an algebraic object associated with a system A which is built with the
minors of the presentation matrix Py and which, unlike the latter (which depends on the choices
of the generators and the relations modules of A), is unique and intrinsically associated to the

module A.
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An ideal a of R[dt,5L] is an additive subgroup of R[dt,éL] such that for any o € a and r €
R[4,6.], ra € a. It is therefore a subset of R[<,d,] which is also an R[4, 6, ]-module (it follows
that definitions like “finitely generated ideal” can be formulated in a similar way as those recalled in
Subsection [2.1.2). We will use the standard notation a = ((o;)ser) to denote the ideal a generated
by the family (ozz)ie].
For an R[4 2»0r]-module A given by generators and relations as in Subsection , and such
that rk R[i,éL]PA = [, the Fitting ideal of A, denoted by §(A), is defined as the 1deal of R[dt, o]

generated by the determinants of all § x 8 submatrices, that is, the minors of order 5, of Py
(see [16, definition 20.4 p. 493]). The Fitting ideal is an intrinsic algebraic object associated to a
module, yielding a projectivity criterion for various rings (see, e.g., [16]):

Proposition 2.4. An R-module A, where R in a commutative ring, is projective if, and only if,

§(A) = R.

The following examples show how the Fitting ideal can be computed and applied as a tool for
different controllability properties.

Example 2.9. Consider again the system A of Example given by:
T = (1 + (SL>U

as an R[4, 0]-module. The associated Fitting ideal is F(A) = (5,14 61), and we see that F(A) #
R[4,6.]; hence, A is not projective.
On the other hand, if A is envisioned as an R[4, 6, (1 + §;)~]-system, we have:

FA+6,)"'A) = (L(1+0,)" 1) = (L+0,) 'R[L, 6., (1 +6) 7],
and it follows from Proposition that the [dt, o, (1 +65) 7 ]-system A is projective.

Example 2.10. Consider again the system A of Example and its distributed extension Ay,
for which we have:

g(Ad) = (dt’ thL - 2) {%p + %ALQ - 2q7 vpvq € R(%)[ L;t , € dt] N ﬁ}

where Ap = %. Then, setting, with no loss of generality:
p =-Apg+p, with peR(L) e ta elic] n o
1
=54 with §eR(L)[e L, eli] n O
we get:

§(A) = {#5+ 0 ¥p.ae R, ] n o} = (4.1)

d d
:R(%)[ —Lg eLdt]mﬁ’

and deduce that the (di)[e_L%, elit] n O-dynamics Ay is projective.
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2.2.10. Controllability criteria for delay systems

We recall next two criteria for R[4, 6 ]-free and R[4, §, ]-torsion-free controllability (see [25]).

On a polynomial ring, freeness and projectivity are equivalent. This is the celebrated Quillen-
Suslin theorem (see [52], [58]) answering to Serre’s conjecture (see [37]). Quillen-Suslin’s theorem
may here be stated as:

4

Proposition 2.5. An R[4, §,]-delay system is R[4,

dt’

R[4, 6,,]-projective controllable.

dp|—free controllable if, and only if, it is

This implies the following criterion for free controllability, where Py = % (Pp), with £ :
R[%,(SL] — 0? is the Laplace/Z transform embedding. Similarly, considering A as defined by

generators and relations, i.e., A = W/E, we define A = W/E where:

A

o W = [W1’ ceey Wa]R[s,Z] = [W]R[sz]7
e} (c:’ = [PA(S,Z) W]R[s,z]a

where W; = % (W;), 1 < i < o. Then, A, is defined along the same lines. In this paper, we will
always use the hat symbol for the Laplace/Z transform.

Proposition 2.6. A delay system A with presentation matriz Py such that rkR[d ]PA = 0,
77:0L

dt’
with B the number of rows of Py, is R[%, dr|-free controllable if, and only if,

V(s,2) € C%, rkc Pr(s,z) = B,

which, is equivalent to the minors of Py of order B (equivalently, the generators of F(A)) having no
common zeros in C?.

According to the above proposition, for free controllability, the minors of Py of order [ never
annihilate simultaneously. This property can be seen as the generalisation of the Popov-Belevitch-
Hautus criterion (see, e.g., [34], [25]).

A criterion for R[4, §;]-torsion-free controllability is the following:

Proposition 2.7. An R[%, dp|-delay system A is R[%, dp|—torsion-free controllable if, and only if,
the greatest common divisor (GCD) of the B x [ minors of Py belongs to R, if, and only if, the

minors of Py of order [ (equivalently, the generators of F(A)) have no common factors.

Note that both criteria are given in terms of the presentation matrix P, but that for freeness
we work with Py in the Laplace /Z domain since we are investigating the common zeros, while for
torsion-freeness, we need to consider the matrix Py (so with elements in R[4,§,]) since we are
looking for the common factors of its minors of order /.

Remark 2.7. Consider the continous-time finite-dimensional system A, which is an R[%]—module,

and A on R[s]. Having no common factor between the generators of F(A) is equivalent to having
no common zeros between the generators of S(A), indeed, torsion-freeness is equivalent to freeness
for R[4]-modules (since R[] is a principal ideal ring). The same property is true for discrete-
time finite-dimensional systems (i.e., modules over R[d,]) and for the distributed extension of a

delay system since the distributed extension is a module over R(%)[e‘L%,eL%] N O which is a
Bézout ring. Recall also that torsion-freeness is equivalent to freeness for Bézout rings (see, e.g.,

Definition @)
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Let us now illustrate the previous controllability criteria on some examples.

Example 2.11. Consider the following system, which we denote by A, depending on the param-
eter o:

%ml = Ty + adpu (21a)

%xg =x; +0ru (21b)

with o € {0, 1}. Its presentation matriz is given by:

d
— -1 —Oé5L
PAa == dt d . (22>
-
dt B

The corresponding minors are, where we denote by m;, 1 < i < 3, the determinant of the 2 x 2-
matriz containing all columns of Py except the ith one (we will use this notation throughout the

paper):

ml(%75L) =0r(1+ Oé%)» m2(%>5L) = _5L(% + o), mg(%,(h) - %2 -1 (23)

and their Laplace/Z transform are:
mi(s,2) = z(1 +as), ma(s,2) = —2(s+a), ms(s,z)=s—1. (24)

When o = 1, it is clear from , that % + 1 is a common factor between the m;’s. This
corresponds to xo — x1 being a torsion element. Indeed, subtracting and , one gets:
L(xy — a1) = —(w2 — x1). Thus A*=! is not R[L, 6,]-torsion-free controllable.

Then, when o = 0, there is no common factor between the m;’s. On the other hand, from ,
it follows immediately that (s,z) = (£1,0) are common zeros of the m;’s. Thus A®=° is R[Z,6.]-

dt’
torsion free controllable but not R[%, d1]-free controllable.

Example 2.12. Consider again the module A of Example with equations:
d

—T =X
P 2

d drwy +
—T9 = 0r%1 + U.
P LTy

and recall that we showed (by finding a basis) that A is free controllable. We will apply next the
criterion of Proposition[2.0 to reach the same conclusion. The system A admits the presentation
matriz Py :
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The 2 x 2 minors of its Laplace/Z transform Py are:

s 0

~

=1, m2(872) = = =5, m3(s,z) =

—z —1

They have no common zeros (as polynomials in s,z elements of R[s, z]), showing that the system
18 free controllable.

Example 2.13. Consider again the system A of Example[2.5:

%ZL‘l =T + 5LU (25&)

%.772 =T (25b>

We stated in Example that A is R[4, 81 ]-torsion-free, but not R[4, 6, ]-free. To see this, we

de?
form the associated presentation matriz Py, given by:

d
— -1 -0
Py= | dt d
-1 — 0
dt
Its associated 2 x 2 minors are:
dé—dé d.61) =—6 d5—d21
m1<a7 L) - E Ly m?(aa L) — — 0L, m3(%7 L) - % - 1.
and their Laplace/Z transforms are:
mi(s,z) = sz, mMa(s, z2) =—z, ms(s,z2) =5 —1.

The minors have their greatest common divisor (GCD) equal to 1 in R[%,6,] and their Laplace/Z
transform have (s,z) = (1,0) as a common zero. Hence the associated module A is R[%,0.]-

torsion-free but not R[%,éL]—free (see Propositions and . for torsion-freeness and

freeness criteria over R[4, 5,]).

Example 2.14. Consider again the system A of FExample gen by:
T = (1 + (5L)U (26)
This system can be seen in various ways, according to the ring over which the module is envisioned.

1. The R[%,éL] -system N is a torsion-free but not free R[%, dp]-system. Its presentation ma-

triz Py and its Laplace/Z transform Py (over R[s, z]) are given by:

pA:[% _1_5L], Bu=[s —1-2. (27)

and one readily sees that % and 1 + 01, have no common factor but that s and 1 + z have

(s,2) = (0,—1) as a common zero. Hence A is torsion-free but not free.
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2. FEquation (26) also corresponds to a torsion-free but not free R[dt, L%]-system. The torsion-
freeness and absence of freeness characters of A translate to the exponential version of this
latter module, in virtue of the isomorphism of the rings R[%,6,] and R[4, e™ L&) and the
fact that the freeness and torsion-freeness are purely algebraic properties.

3. Equation (26)) corresponds to a free R[dt, o, (1401) " -system. Indeed, on the ring R[dt, or, (1+
6r) 1], we eliminate the common zero (s z) = (0,—1). Thus, Py has rank one for all (s, z),

se€C, zeC,z # —1, and the system R[%, 6., (1 +6.)~ ]® s A is free.
Rlgz0c]

4. Finally, equation (26| corresponds to a free R(%)[e‘L%,eL%] N O-system (as we have seen
m Exampl by finding a basis of the distributed extension Aq of A). Indeed, in virtue of
2.6

Definition[2.6, one has: Vs € C, rhe[s — (1 + e )] =1, see also Subsection[2.2.8 above.
Example 2.15. Consider the system A with equation:
(t) + az(t — L) = u(t) + pu(t — L) (28)

where o, 8 € {—1,1}. Let Py = [4(1+ ad;) — (14 B0)] = [ma(L,6r) <dt’5L)]
the presentation matrix of the R[%,c&]-system A. In the Laplace/Z domain, we have: Py =
[s(1+az) — (14 Bz)] = [ma(s,z) mi(s,z)]. We shall consider three cases:

1. Case a = B, considering the delay system A (i.e., an R[<%, 6, ]-module).

In this case, my and my have a common factor, and a torsion element exists (recall Proposi-
tz’on . !) Indeed, one has: (1 + adp)(%x —u) =0, and %2 — u is a torsion element.

dt’

2. Case o # 3, considering the delay system A (i.e., an R[dt, dr]-module).

Then, there are no common factor between my and msy in R[dt,éL]. Then, the pair (s, z) =
(0,—1/B) is a common zero between 1y and 1y which does not induce a common factor
between my and ms.

Hence, by virtue of Propositions|[2.6, system A is torsion-free but not free.
3. Case B = —1, a = 1, considering the exponential delay system A, (i.e., an R[%,e at |-
module).

The presentation matriz of A is such that Py, = [s(1 + e L%)  — (1 —e~L9)]. In this case,
s =0 is a common zero between 1y (s) = —(1 — e %) and g (s) = s(1 + e~ 1%) which does
not induce a common factor between the corresponding my . and ma,.

4. Case B = —1, a = 1, considering the distributed extension Ay (i.e., an R(%)[e Lt el O-
module).

On the ring R(%)[e’L%, eL%] N O, we get the following torsion element for Ag:
d(q —LdN_ L4y
S 4e "a)r — (1 —e "ar)u = 0.

Let Ap € R(%)[e’L%,eL%] N O be such that Ay = (1 — e~ «?t)/di Then the above relation
becomes: (1 + e_L%)x —AAu = 4((1+e jt):z; — Apu) = 0 and the element (1 +

4 : .
e_Ldt)x — Apu is a torsion element of Ay.
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2.2.11. Simple basis construction

Let us now show how to determine a basis for an R[ t” 1 |-free controllable delay system in the
simple case where the number of independent equations is equal to the number of generators minus
one, see [45]. Note that this corresponds to the case of a single input. Moreover, the presentation
matrix PA associated to the system A is a  x (64 1)-matrix, and below we denote by m; € R[dt, AR
for 1 < ¢ < 3, the determinant of the S x [-matrix containing all columns of P, except the ith
one.

Proposition 2.8. Consider a delay system A given by generators and relations, with:

A= [wla-"awﬁ-‘rl] = [W]7 (dta(SL)
where Py € R[dt,é 1>+ and rk .] Py = 3, and suppose that A is [dt,(SL] -free controllable.
dt’ L
Then there exists 11, ...,7T54+1 € R[dt, dr] such that:

rimy o+ rgamper = 1

and w defined by:

s a basis of A.

The proof of the above proposition is constructive and was given in [45]. However, for the sake of
completeness, we briefly recall it here. It will also be used in the example of Section [ to construct
a basis for the system considered there.

PROOF. Recall first that R[4, 6, ]-free controllability is equivalent to R[4, §,]-projective control-
lablhty, for which we have the following criteria in terms of the presentation matrix P,. If A is
R[4 7> 0r]-projective controllable, then P, is right-invertible:

3Q e R[4,6, ]P0 pQ = I.

Let §(A) = (my,...,mgys1) be the Fitting ideal associated with the minors of order 5 of A. Since A
is projective, we have F(A) = R[£,0,] and therefore 1 € §,, implying that

dry, -, r5+1eR[dt75L]' r1m1+--'+7“/3+1m5+1=1.

The r;’s can be formally computed using basis Grobner techniques (see, for example, [14]). Let
r=(ry, —re ..., (1)’ rg41) and M = [P ] Then M is a unimodular (5 + 1) x (5 + 1)-matrix
A

by construction, since its determinant, being equal to rym; +--- +rgy1mgpyq is 1. Then M admits
a (unique) right inverse, and setting m = (my, —mao, ..., (=1)% mg,1), the (B+1) x (8+ 1)-matrix
U= [mT Q] is the right inverse of M, that is,

MU = l;A] (m” Q] =1z
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implying
P\U = PAlm"™ Q] =1[0  Ig].

Now let w = (wy,...,ws+1) be such that

It follows that
PAUw=Pyw=0=[0 Iz]w.

Therefore, all w; except w; are zero and from w = Uw, we have :

w; = (-1)(1_1) mz(%, 5L) Wwi.

Hence w = w; is a basis of A. Finally, multiplying by M, we get:

B+1

w=uw = Z(—l)(i_l) ri(&,0r) w;.

i=1

Remark 2.8. Note that the preceding proposition is in fact valid over any polynomial ring, and
more generally over any ring R for which projectivity is equivalent to freeness for R-modules (for
instance Bézout rings). In particular, it is valid over R[] and R[dy].

2.2.12. Relations with associated literature notions

The following result of [25] gives some relations between the previous algebraic notions and
some related controllability notions of the literature, namely, weak controllability (see, e.g., [44])
and reachability (see, e.g., [8, 57]):

Proposition 2.9. Let A be a delay system. A is weakly controllable if, and only if, A is
R(01)[4]-free controllable. A is reachable if, and only if, A is R[%, . ]-free controllable.

dt?

An interpretation of approximate controllability (see, e.g., [1, 47, 67]) for delay systems of the
form below, in terms of the previous algebraic notions, is the following (see [25]):

Proposition 2.10. Let A be the delay system associated to the following equation
T + E(5L)a: = A((SL)I: + B((SL)'U, (30)

where € = (x1,...,2,), ¥ = (u1,...,Uy), A, E € R[6,]"", and B € R[0]"™. Let v denote
the largest order of the delay operator involved in B(dr). The system A is approximately control-
lable if, and only if, it is spectrally controllable and the R[%,e‘L%,eL%]—module eL”%A/eL%A is

d d .
R[%, el elai]-torsion-free controllable.

3. Main results: discretizers and interplay between controllability and discretization

In this section we present our main results. First we provide, in Subsection a formal defini-
tion of a discretizer, and then we give a complete analysis of the interplay between controllability
and discretization in Subsection We introduce the notion of preservation (that is, a measure
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of quantifying the ability of the discretizer to preserve controllability properties) and show that for
a fixed discretizer, we can always find a delay system for which even the torsion-free controllability
(which is the weakest controllability notion) is not preserved (Proposition [3.5). We then reverse
the situation, and prove in Theorems [3.1] and that for any given delay system, preserving
discretizers exist.

3.1. Informal definition of a discretization scheme

Before giving a formal definition of a generic discretization scheme in the algebraic framework,
recall that at the beginning of Subsection [2.2.8] we showed that the delay operator can be seen
as an infinite order differential operator of exponential type. The same property holds for the
"discretization “ shift operator:

d
5h = e_hﬁ, (31)

and then the differential operator is also given as an infinite order ”discretization“ shift operator
of logarithmic type:

d 1
— = =7 In(3). (32)

From this, we deduce that a discretizer should be built using approximants of — In(d)/h.
Example 3.1. Some examples of classical approximants of —1In(d,)/h are:

o Polynomial Taylor approzimants. They include first-order, second-order (until nth-order)
forward dicretisation schemes.

o Chebyshev polynomial approzimants (see [59, 163]).

o Padé approximants (see, e.g., [10, 15, [64]). An example of a first order Padé approximant
of In(1 + 8y) is the Tustin discretization scheme:

In(1 + 6;) ~ On 5 (33)
1+ =
2
mmplying:
op — 1 1 op —1
1 22— =1 22— 4
n(dh) 5}1 + 17 (L?’Ld, ﬁnally; h n(éh) h(éh + 1)7 (3 )

which is a Tustin type discretization scheme.
o Continuous fraction approzimants [9], a superclass of the previous Padé approximants.

o Hermite-Padé algebraic approximants [33], which is another superclass of Padé approximants.

Observe from the above examples of classical approximants that a discretization scheme trans-
lates the differentiation operator <% into a fraction p(d;)/q(d), where p,q € R[8,]. In order to
grasp the notion of discretizer which will be formally defined in Subsection below, let us now
give the following generic example.
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Example 3.2. Recall Example with equations:
E(6,)4x = A(dr)x + B(6)u (35)

with ® = (x1,...,2,), w = (uy,...,uy), E,AeR[0,]"™, B e€R[0,]"*™, E being of rank n over

R[6.]. We have seen that the R[4, 6, ]-module A is isomorphic to the following quotient (which is

a module given by generators and relations, recall the discussion of Subsection :
A~ [X,U/[(£E(L) — A(01)) X — B(6,)U] (36)
The associated presentation matriz is given, in the Laplace domain, by:
Py =[sE(z) = A(z) - B(2)]. (37)

Since by discretization the differentiation operator % is transformed into a fraction p(dx)/q(on),
where h is the discretization period and p and q are R[0y]-polynomials, when discretizing, equa-

tion becomes:

p(5h)
Q(5h)

where we assumed L = Mh, with M € N. Multiplying both sides by q(d5,) yields:

E(6x = A5 + B(6)")u, (38)

p(on) E(8p")x = q(6n)A(0, )z + q(dr) B(; Ju (39)
which can be seen as the following discretized module D, 45 (A):
Dyan(A) ~ [ X, U/ [(p(6n) E(0") — a(0n)A(")) X — q(dn) B(6;")U], (40)
whose associated, presentation matriz Pp ,(a) and its Z transform are given, respectively, by:

Po, ) = [P(6n)E(8y") — q(6n)A(64") = q(dn) B(6y")], (41)

A

Po,,wn) = [P(2)E(Y) = q(2)AY) = q(2)B(z")]. (42)

Thus, a discretizer D, 1, can be viewed as a mapping which transforms systems of the form A, given

by , into systems of the from D, n(A), given by . This is formalized, in Definition
through the notion of functor between module categories.

3.2. Discretization scheme: formal definition

Based on the discussion and examples of Subsection [3.1] we introduce next the notion of
(rational) identity approximation associated to two fixed polynomials p, ¢ € R[d] with no common
factor, and then we propose a formal definition for a discretizer. In the following definition, by

d
abuse of notation, we continue to denote by p and ¢ the corresponding polynomials on R[e_h%].

Definition 3.1 (Identity approximation). Let h be a real number dividing L (i.e., such that
L = Mh, with M € N), and p,q € R[0n] be two fixed polynomials with no common factor. The ring
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morphism ¢y . defined by

: R[5 0] — (¢)'R[0n]
d p(On) car
(dt’5L> <q(5h)’5h)

is a (rational) identity approximation if its associated morphism ¢8D defined by
P,q;h

o

P,q;h

e L4 — _nd
o5, ., i RUGe "] = (0) 'Rl i
" d
_h—
(i,e—@ N PG A
dt qe ")

d
with the same p and q as for ¢ . (but seen as polynomials on R[e” ")), satisfies
p,q,

Ny d _In(e @) d
f:LlEnO ¢Dp,q,h (%) - _fjllgno h N E

d da
Remark 3.1. Note that the limit limy, o ¢2 (4) = pr does not belong to (q)"'R[e "], and the
P,q,h

d
results comes from the fact that &, = e "dt ; hence

hd
which is in Re "dt].

Definition 3.2 (Polynomial embedding). Let h be a real number dividing L (i.e., such that
L = Mh, with M € N), and q € R[63] be a fized polynomial. The ring morphism v . associated

to h and q s defined by

where \, is the highest degree in ¢~* of r.

In the above definition, 7 is seen as a polynomial with indeterminates &, and ¢~!. To clarify what
we mean by “the highest degree in ¢~! of 7”7, consider the following example:

Example 3.3. Consider q(0,) = 1 + 6y, and r(6y) = 0p(1 + 6p) "t — 62(1 + 05) 2. The highest
degree in ¢~ in 1 is A\, = 2. Then:

’QDD (T) = (1 + 6h>2r(6h> = 5h<1 + 6h> — (5]21

q;h

We formalize next the definition of a discretizer using the notion of functor between categories.
Recall that a category consists of two sorts of items (the “objects” and the “morphisms” or
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“arrows” ), and that we use Modpg to denote the category of R-modules, for a ring R, see the

beginning of Subsection [2.2.8 and |[Appendix Al Notice that the objects of Mod_ 4 5,] 2T simply
E7 L

delay systems, while the objects of Modg(s,) are discrete systems.

Definition 3.3 (Discretizer). Let h be a real number dividing L (i.e., L = Mh, M € N), and
p,q € R[0] be two fized polynomials with no common factor, such that ¢y 1s an identity

p,q,h
approzimation and . is a polynomial embedding. A (system) discretizer is a functor D, p:

Mod_ 4 5] Modgys, defined by: for any delay system A (that is, object of Mod s ]), we

e Rlg: 0L
have
A= -1
A =R[4,6,,q(6,)7"] ®R[%>5L] A (extn)
=9, A (rest)
Dp.q.h
Dp.q.n(A) = Vo, (mult).

For any r € R[4 .5, ], the operator discretizer d,,, is defined by d, g 5(r) = ¢ (r), while the

D,q,h

compensated operator discretizer dS , is defined by ds ;. (r) = @Z)Dq L © ¢Dp . h(r).

Remark 3.2. An exponential (system) discretizer can be defined, mutatis mutandis, as a functor
1 d d
from Mod o to Mod , by replacing 0y, (resp., 0y) by e dt (resp., e "t ), and 0
at v Rle~ dt]
by (be Similarly, for any r € R[Z
h

P,q;h

d . . .
7€ ~La], one can define the exponential operator discretizer

and the exponential compensated operator discretizer. By abuse of notation, we shall use the same
notation for discretizers and exponential discretizers. These notions shall be instrumental for the
Fitting ideal study made in Propositions 3.3 and [3.3. More precisely it will be used to see how to
transfer common factors between the thtmg ideal’s generators from the original delay system to
the discretized system.

Note that in the above definition, (extn) and (rest) correspond, respectively, to an extension

and a restriction of scalars (with ¢; the restriction of scalars functor associated to ¢g ),
P,q;h p,q,h

while (mult) is the multiplication by g. When the context is clear enough a system discretizer will
be simply called a discretizer.

Note also that we could have defined an operator discretizer by means of a functor between
ring categories. We have not done so, to simplify the exposition of the paper.

The denominator torsion case should be avoided. Observe that an intermediary step in defining
the discretized system is A whose scalars are in (¢) 'R[d]; it is thus meaningful to discretize a
system A only when

q ¢ (T(A)),

where T(A) is the torsion module of A, as illustrated by the following example.

Example 3.4. Consider the following delay system A:
q(o)a(t) = q(dL)ult)
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with the Fitting ideal:

§(A) = (#a(60), alon)). (43)

and for which & —w is a clearly a torsion element since q(0r)(¢ —u) = 0. Setting 2y = & —u and
29 = T + u, one has:
A =[z]

D [z] a = TA)@A/TA),

d
R[EvéL] R[E#SL]

and it follows that A has torsion (i.e., T(A) # 0). Now consider the discretized system D, n(A),
where h = L, q is the R[d,]-polynomial associated to that appearing in , and p € R[d,] is any
polynomial such that p and q have no common factor. Observe that D, ,,(A) has the following
Fitting ideal

$(Dpan(A)) = (% o(6n), q<5h>) _ (.4,

from which we deduce that §(Dyqn(A)) = R[04]. Indeed, since GCD(p, q) = 1, by Bézout’s theorem,
there exists r, and r, in R[dy] such that r,p + r,q = 1. Thus the ideal (p,q) generated by p and q
contains 1, and F(Dpgn(A)) = (p,q) = R[6]. It follows that D4, (A) is controllable.

To sum up, by discretizing, we transformed a delay system that was not even torsion-free into
a controllable discret system.

The only way to avoid the case of the above example (allowing to transform, by discretizing,
uncontrollable systems into controllable ones, which from a physical viewpoint, does not have any
sense) is to impose ¢ ¢ F(T(A)). This will be supposed in the sequel. From now on, we make the
following assumptions:

Assumption 3.1 (Discretization period divides L). For any delay system A and discretizer
with discretization period h, acting on A, the real number h is supposed to divide L, i.e., L = Mh,
with M € N.

Assumption 3.2 (Denominator with no torsion). For any fized delay system A and discretizer
D,.q.n, the polynomial q is supposed to be such that q ¢ F(T(A)). In that case, we say that A and
D, q.n satisfy the denominator with no torsion assumption.

Example 3.5 (Classical discretization schemes). We next discuss some classical discretiza-
tion schemes from the above definition viewpoint.

o Backward difference discretization. In this case, the morphism ¢ X 18
p,q,

1 — 0y
(%) - —,

Dp,q,n

i.e., p=(1—=109,)/h and q = 1 (recall that p and q do not have common factors, so they are
actually unique up a multiplicative constant). Since we will use this discretization scheme to
illustrate several comments or results, we simply denote it by Dpj, in the rest of the paper.
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o Forward difference discretization. In this case, the morphism ¢ I8
P,q,h

0t -1 14,

oo (1)

P,q,h dt h héh ’
i.e., p=(1—0p) and q = hé,.
o Tustin discretization. In this case, the morphism ¢ X 18
P,q,
_ 2(1—dn)

dy 2\
ngmﬁh(dt) h(1+ 6p)’

i.e., p=2(1—0p) and ¢ = h(1 + &y,).

d
Remark 3.3. Any p and q € R[e "4t of Deﬁm'tion . such that

_pd
. p(e dt d
" (e )

yield a discretizer. In other words, setting e~hii = O, any p and p € R[0p,] such that

]5(5}1) _ln (Sh

lim =

h—0 G(0n) h

yield a discretizer.

Remark 3.4. One could imagine more general discretizers through.:

d

£,0r] — R[04] corresponding to an identity ap-

(1) a non polynomial ring morphism ¢p, : R|

d
prozimation, i.c., ¢§ : R[%, 6] — R[e™"a] being such that

lim 65, () = — &>

(for instance, ¢p, (z) could be, e.g., an analytic spline or a wavelet approzimation of —Inz/h);
(2) an embedding o, : R[6n] — R[n], whose prototype is the truncation of the series.

Then, using the same construction for the functor as in Definition one gets a discretizer. More
precisely the (extn), (rest), (mult) are adapted as:

X _ R[4

A = R[Z][6n] ®R[%,5L] A (extn)

A= gzﬁEh/N\ (rest)
Dh(A) = l/JDhA (mult)

3.3. Interplay between controllability and discretization

3.3.1. Ring and dimension level analyis
On a gross level, the results of Subsection can be summed up by the following proposition:

28



Proposition 3.1. Let A be a delay system, and h € R, p,q € R[] satisfying Assumptions
and[3.4 We have the following:

(1) For A: R[4, 6,]-free < R[%,6,]-projective Z R[, 8, ]-torsion-free.
(2) For A.: R[%,e’L%]-free = R[%,e*L%]-pmjective = R[di ’L%]—torsion-free.

(3) ForAy: R(dt)[e_L%,eL%]mﬁ—free < R(%)[e_L%, eldi] A O-projective < R(%)[e‘L% eldi]n

O'-torsion-free.
(4) For Dy qn(A): R[0n]-free < R[0n]-projective < R[},]-torsion-free.

PROOF. The proof follows directly from the results of Section [2.2.5 and [Appendix Al =

From Proposition [3.1] (in particular, from the equivalences in items (3) and (4)), one may naively
be tempted to conclude that from a controllability viewpoint, to work with A; in a continuous
setting or to work on D, ,,(A) in a discrete setting is equivalent. Indeed, in both cases of items (3)

and (4), the various controllability notions coincide since for D, , ,(A), the corresponding ring R[dy,]
is a principal ideal ring, while for A4, the ring R; = R(%)[e‘Lﬁ, elit] A 0 is a Bézout ring (see
the comment following Definition , p- . Thus, one could think that a spectrally controllable
system A (or equivalently, the corresponding controllable system A; on R(%)[e L e dt] N 0O)
is necessarily transformed by discretization into a controllable system on R[d]. The following

example shows that, in general this is not true.

Example 3.6. Consider the following system:
%x = (1 + €dp)u, (44)

with € € {—1,0,1}, that we denote by A, and whose presentation matrix is, in the Laplace/Z
transform domain: Py = [s 14 ez]. The presentation matriz of Ay is, in the Laplace domain:
Py, =[s 1+ee b

We have the following controllability properties:

o Ife=0, then A is [dt, dr]-free (no common zeros between the minors of PA)

o If e € {—1,1}, then A is R[4, §,]-torsion-free, but not R[L, &.]-free (no common factor
between the minors of Py, but with (s,z) = (0,—¢) as a common zero between the minors

Opr).

o If e =1, then A is spectrally controllable, equivalently, Aq is R(%)[e‘L%, eL%] N O-free (no
common zeros between the minors of pAd).

o If e = —1, then A is not spectrally controllable, equivalently, Aq has a torsion element (a

d d
common zero between the minors of PAd, or a common factor in R( e tar, ela] n O
between the minors of Py ).

Following the same line as in Fxample the discretized system Dy, (M) is given by the
following equation:

p(Sp)x = q(0n) (1 + €6y u (45)
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and the associated presentation matrix is, in the Z transform domain:

Po iy = [0(z) = d(=)(1 +ez")]. (46)

The discretized system D, ,n(A) is controllable (recall that all notions are equivalent for discrete
systems), if, and only if, p(z) and §(2)(1 + €M) have no common zeros in C. The case when p
and G have common zeros is excluded by the definition of a discretizer (recall that, see Remark
p,q having no common factor is equivalent to p,§ having no common zeros), hence Dy, n(A) is
controllable if, and only if, p and (1 + e2™) have no common zero in C (in other words, if, and

only if, p( X/—1/€) #0).

The above example shows that in the case e = 0, the discrete system is always controllable.
However, when e € {—1,1}, there always exist discretization methods that fail to preserve even
the torsion-free controllability inherent in the original delay system. We will further look into this
by taking into consideration the different controllability criteria recalled in Subsection [2.2.10| and
analyzing how the common factors and common zeros of the Fitting ideal’s generators (i.e., the
obstructions to torsion-freeness and freeness) are modified by the applied discretization scheme.

Recall that since for D, ,(A), all controllabilities notions are equivalent, we no longer distin-
guish them when referring to the discrete version of the delay system A. More precisely, if D, , ,(A)
is R[0p,]-free (equivalently R[dy,]-projective, equivalently R|[dj]-torsion-free), then we will simply say
that D, ,n(A) is controllable.

3.3.2. Fitting 1deal level analysis

Common factors and common zeros through discretization. The next proposition studies how the
common factors and common zeros of the Fitting ideal’s generators of a delay system are modi-
fied under discretization. Let A be a delay system, and mLe(%, e’L%), o ,mpye(%, e’L%) be the
generators of §(A.), where A, is the exponential version of A. The Laplace transform of these
generators are exponential polynomials in s and can be expressed as:

Hi
fie(s) = 3 Gals)e (47)
k=0
where (;, € R[s]. For fixed 1 < i < p, let ¢/(s) be the Gep of the (i, £ = 0,..., ;. Let also
Z(F(A.)) denote the set of common zeros of the 7, .’s.

The so-called Shapiro conjecture (concerning the common zeros of two exponential polyno-
mials), solved in the commensurate delay case in [60], can be stated as follows: two exponential
polynomials have an infinite number of common zeros if, and only if, they have a common fac-
tor which is an exponential polynomial. We shall thus distinguish two possibilities in the following

~

proposition: either Z(§F(A.)) is infinite (equivalently, there is a common factor between the m; .’s),
or Z(F(A.)) is finite. When Z(F(A.)) is finite, i.e., there are a finite number of common zeros
between the m,’s which do not induce common factors, we shall consider a typical case, corre-

sponding to the following assumption.

~

Assumption 3.3 (Polynomial and exponential sum common zero). We suppose that Z(F(A.))
is finite, equal to {s1,...,s,}, and that the m;.’s are partitioned as follows:
o firstly, m;., for 1 <i < v, with 1 < v < p are such that ]_[;7:0(5 — s;) divide all (7, for

1<i<v, (ie, So,...,s, are common zeros of My e, ..., My.);
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o secondly, M., forv+1<1i< p, have 1_[7]7:0(6 — e %) as a common factor.

Notice that in the above assumption, we could also have taken the two extreme cases v = 0
and v = p (i.e., all common zeros come from terms of the form ngo(e_Ls — e~ L), respectively, of
the form [[7_,(s — s;)), but this would correspond to the case of common zeros inducing common
factors, which is excluded by condition (2) of Proposition below. The case of Assumption
can thus be seen as the union of the two extreme possibilities for the common zeros between some
of the m;.’s: either a polynomial in s or an exponential sum (i.e., an exponential polynomial like
in , with (i € R). Note that this case, because of its simplicity, allows us to state a precise
result in the next proposition for the controllability of the discretized system. The general case of
common zeros not being common factors is indeed more involved (see, e.g., [3]).

Proposition 3.2. Let A be a delay system, and D, 5 a discretizer satistfying Assumptions
and[3.3. Then:

(1) Let r be a common factor of the F(A.)’s generators. Then the compensated operator dis-

cretizer dy ,,(r) of v is a common factor of §(Dpqn(A))’s generators;

(2) Let Z(F(A.)) denote the set of common _zeros which do not induce common factors between
the generators of F(Ae). Suppose that Z(F(A.)) is not empty, and that F(Ae)’s generators
~ 2ikm

satisfy Assumption . Then, for any s; € Z(F(Ae)), let z,,p = Ne tsiesr, fork e Z.
If 24, x, for any fived k € Z, satisfies

ﬁ(ZSj,kJ) - quA(ZSj,kJ) = 07
then zs, x is a common zero of the S(m) 's generators.

ProOF. The first part of Proposition is obvious. Let us detail the situation of common zeros
of F(A.)’s generators. Suppose that there are common zeros which do not induce common factors
between the generators of F(A.).

Due to Assumption , the generators of F(A.) are of the form:

(48)

7
Mie(s) = [ [(e7 =) - oy(s,e™™), v+1<i<p,
7=0

where o;, for 1 <7 < p, are such that there is no common zeros between all of them. Notice that
we use the notation o;(s,e ) to indicate that o;’s are exponential polynomials in s. Explicitly
including e~%* in the arguments of o; will facilitate the application of discretizers and Z transform.
The application of the identity approximation yields:




Then the application of the compensated operator discretizer leads to:

U
dp,q,h(mi,e) = H(ﬁ - de) : 5-1(]57 (jv ZM)7 I<i< v,

7
d;q,h(mi’e) = H(ZM - eiLSj) ! &l(ﬁ7 Cj, ZM); r+1<:i< 2,

where &; corresponds to o; multiplied by ¢ e, where Am;. 18 the highest degree in g of .
(recall Definition [3.2)).
Then, any of the s; will induce a common zero of the d¢_, (m;.)’s if the following two polyno-

p,ah
mials:
p(2) —s;q(2) and M — et

have a common zero. The zeros of 2 — e~L% are the following:

M T 2ikm
Zg, 0= Ve lsien keZ

—
: . s .
Then, z,, . is a common zero of the d¢_, (m;.)’s if one has:

ﬁ(zs]',k) - quA(Zsj,k) =0

for some k € Z, wherefrom the result.

Remark 3.5. Proposition [3.9 discusses the two magjor obstructions to controllability:

(1) The presence of common factors between the generators of the Fitting ideal §(A.) corresponds
to the presence of torsion elements. Note that, from a purely algebraic standpoint, the same
common factors as those of §(Ae) appear when studying §(D,qn(A)), so common factors are
always transmitted through discretization and if the original delay system A is not R[%, dr]-
torsion-free controllable, then there is no discretizer Dy, leading to a controllable discrete
counterpart D, 4 n(A).

(2) The second part of the proposition deals with the case of common zeros between generators
of the Fitting ideal §(A.) which do not yield common factors. This corresponds to the case

of A being R[4, e Lit]-torsion-free but not R[4, e~ Lit]-free.

Both cases of the proposition (a common factor of §(A.)’s generators and a common zero of
3’([\6) ’s generators which does not induce a common factor) translate into a common factor when
considering the distributed extension Ny (which is an R(%)[e’L%, elit) ~ O-module), thus into A
not being spectrally controllable. This actually allows, under Assumption and the hypothesis
of Proposition [3.4(2), to have a common zero between §(Dyqn(A))’s generators (implying non

controllability of D, 4n(A)).

3.8.8. A disturbing situation

On the ring and dimension level analysis, things appear to be easy to handle. But these levels
are quite coarse, and when one looks deeper into a finer, Fitting ideal analysis, the situation appears
to be more tricky, as shown by Proposition (2) and highlighted by the following examples.
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Example 3.7. Consider the following example
@(t) = sox(t) + (1 — hso)Mu(t) — u(t — L), (49)

whose associated module is denoted by A, and where L > 0, h > 0 and M € N are related by
L = hM and, sy € R is such that 1 — hsqg > 0 and:

L
ln(l — hS()) # —M S0- (50)

The Fitting ideal of the exponential version A, is

F(A) = (£ =50, (1—hso)™ - e’L%).

The system s spectrally controllable, since is equivalent to: e=1%0 # (1—hso)™, and there is no
common zeros between s — sy and (1 — hsg)™ —e=25. Through a backward difference discretization

of period h (the same h that appears in ), we get (recall the notation Dpj, see Example
27

F(Dpa(A)) = <1 _h‘s" ~so, (1= hsg)™ — 5%) (1= hso — 03 (% r(ah)> |

The generators of §(Dpn(A) have a common factor, implying that Dg(A) is non controllable,
whatever the value of sg satisfying condition is.

Example 3.8. Let the R[e "~ ]-polynomial p and so € R be such that p(e “*0) = 0. Consider a
delay system A with exponential version A, given by:

d

©(t) = sox(t) + p(e " ar)u(?). (51)

The Fitting ideal of A, is:

~

F(Ae) = (5= s0, p(e7™)),

and it is clear that the generators of 3([\@) have the common zero s = sq, implying that the system
is not spectrally controllable. The discretization of A via D, 4, where the R[0p,]-polynomial p is the
same as that appearing in , has the following Fitting ideal

3(Dp,q,h(A)) = (p(dh) — 50q(6n), p(éiy)q(éh))

whose generators have no common factor, since GCD(p,q) = 1. Hence, the discretized system is
controllable.

3.83.4. ldeal discretizer and ideal discretizer sequences

In the light of the above examples, one can easily deduce that the lack of controllability trans-
mission through discretization is due to the approximate nature of the discretizers (note, for
instance, that the backward difference discretization mapping Dp j, comes from a truncated Taylor
expansion). We define next the concepts of ideal discretizer and ideal discretizer sequence. An
ideal discretizer is not defined as a usual discretizer but rather as a limit of rational discretizers.
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As it has been previously noted, any discretizer can be seen (through the identity approximation)
as an approximation of —In(dy,)/h. The ideal discretizer is precisely this — In dj/h.

Definition 3.4. Let h € R such that Assumption 1s verified. Consider the ring isomorphism
Py . defined by

¢Doo h R[%’ G_L%] - R[(th 1n(5h)] (
| L In(64) 52)
(L e L) —s (_ ; ,524),
The ideal discretizer with discretization period h is the functor Do, - ModR[ d 5 — ModRjs), in(s,)]
d_7 L
associated to ¢ o which can be characterized through Fitting ideals by: t
F(Da(A)) = 0y (B(A)),

where ¢, ( (Ac)) is the ideal whose generators are the transformation through ¢ of S(Ae)’s

genemtors For any polynomaial r € R[dt, L%], we define the ideal operator discretization of r by

doo,h( ) = ngoo’h (T)

Remark 3.6. Note that Do, ,(A) is an R0y, In(d)]-module and no longer an R[0p]-module; hence
torsion-freeness and freeness of Do 1, (A) are no longer equivalent as they were for Dy, n(A).

Remark 3.7. Note that there is no need to define the exponential version of the z'ddeal discretizer,
since it would refer to exactly the same object, in virtue of the isomorphism ( d e LE) — (—%, (5h)

dt?
between R[4, e~ L] and R[6), In(8,)].

The isomorphism (:iiw et dt) — (— ln}fh,éh) preserves the common factors and common zeros

between R[Z, e~ L] and R[0s,In(0,)]. Indeed, Proposition becomes:

Proposition 3.3. Let A be a delay system and h € R such that Assumption [3.1] is verified. Then
the following statements hold:

(1) Let v be a common factor of §(A.)’s generators. Then Uy p(r) is a common factor of
§(Don(A))’s generators.

(2) Let Z(F(A.)) denote the set of common zeros which do not induce common factors between
the generators of F(A.). Suppose that Z(%(Ae)) is not empty, and that F(A.)’s generators

satisfy Assumption . Then, for any s; € Z(S(Ae)), e "% is a common zero of F(Do n(A)) s
generators.

PROOF. The first part of the proposition is obvious. Let us detail the situation of a common zero
of § ( e)’s generators. Suppose that there is a common zero which is not a common factor between
the generators of §(A.). Due to Assumption the generators of F(A e) are of the form:

ﬁu,e(S) = H(S — Sj) O'Z(S, e Ls>, 1< < v,

i=0

]n (53)
Mie(s) = H(e_LS e i) oy(s,e), v+1<i<p,

j=0



where o;, for 1 < i < p, are such that there is no common zero between all of them, and where we
use the same notation o;(s, e~1*) for exponential polynomials in s as in the proof of Proposition .
The application of ¢ . yields:

n
¢Dw7h(mi,e) = H <thZ — Sj>(7i<lnTz,ZM>, 1 < Z < v,
7=0
! Inz
¢th(mi,6) = (ZM_eiLSj>O-i(T7ZM>7 v+1 <Z<p7
7=0

Then, s; will induce a common zero of the dw7h(mi)’s if, and only if, the following two functions:

Inz .
——" —5; and M —e 7t

h

have a common zero. The zeros of both functions are the same:

z,, = €_h8j

wherefrom the result. o

Definition 3.5. A sequence (D, q..n)ken Of discretizers whose limit, when k tends to infinity, is
the ideal discretizer, is called an ideal discretizer sequence.

Example 3.9. The simplest form of an ideal discretizer sequence is (Dp, 1.n)ken, where for fized
k € N, we have

corresponding to a k™ order Taylor approzimation of Indy,. Note that these discretization maps
may induce additional torsion elements in the delay module. Indeed, consider the basic discretizer
Dp,.1.h, given by

AN 1-0 (-0 1-0 [ 1-0\  (1—8)(3— o)
D”’Lh(_) R R G Y A oh

dt

and the following example
o(t) = 3Mu(t) —u(t — L),

with M € N such that L = hM , whose Fitting ideal is

<%, 3M e_L%).

The corresponding system is clearly spectrally controllable. On the other hand, its discretization
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through Dy, 1, has the following Fitting ideal

(% (1= 6,)(3— 6,), 3 — 524) _(3-4)) (% (1-6,), ];?,Mka,';l) ,

hence the discretized system is non controllable.

3.3.5. Preserving discretizers

In order to study discretizers, one needs a property quantifying the optimality of a discretizer.
This is the notion of preservation, as defined in Definition below, where the asterisk * symbol
stands for one of the following torsion-free, projective or free character (i.e., = € {torsion-free,
projective, free}).

d

.0L]. A discretizer Dy g (vesp. Dyyp) is said to

Definition 3.6. Let R be a ring containing R|
be:

o R-+ unconditionally preserving for an R[%, dr]-system A if whenever A is R-x controllable,

then Dy 4 n(A) (resp. Do p(A)) is R[0y]-free controllable.

o universally R-+ unconditionally preserving if D, ,4(A) (resp. Dy 4 (A)) is R-+ unconditionally

preserving for any R[4, 6, ]-system A.

3.3.6. Discretizer centric study

When discretizing a system, one should choose a discretizer with the best properties for the
desired control objective. For instance, a reasonable goal is to choose the polynomials p and ¢
and the discretization period h such that the corresponding discretizer D, 5 preserves the most

frequently encountered controllability properties, that is, R[%,éﬂ—torsion—freeness and spectral
controllability (which amounts to R(%)[G’L%, eL%] N O-freeness). Thus appropriate properties

required for the applied discretizers seem to be R[%, 1 ]-torsion-freeness and R(%) [e‘L%, eL%] NO-
freeness unconditional preservation (see Definition [3.6|just above). We will discuss these properties

in Propositions below.
L4 pd

According to the following result, the ideal discretizer is R(:)[e~"a, el ] n O-free universally
preserving (that is, it is an optimal discretizer from a spectral controllability viewpoint):

Proposition 3.4. The ideal discretizer Dy, is universally R(%)[e’L%,eL%] N O-free uncondi-
tionally preserving.

PRrROOF. Consider an R[4, §,]-system A. When A is spectrally controllable (i.e., R(%)[e_Lﬁ, elit]n
O-free), the generators of F(A.) have no common zeros. Then, there are no common zeros between
the generators of §(D4(A)) (since R[4, ¢~Ld] and R[6), In(d,)] are isomorphic with preservation
of analytic properties between the ring indeterminates, see Proposition . Thus the discretized

system Dy, 5 (A) is controllable. o

The examples of Section [3.3.3] p.[32] indicate that, in general, apart from the ideal discretizer, a
discretizer cannot be universally preserving (i.e., cannot preserve specific controllability properties
for any delay system). Recall that the weakest controllability notion for delay systems is R[%, dr]-
torsion-free controllability. We consider next a generic example to investigate the existence of
universally R[%, 1 ]-torsion-free preserving discretizer.
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Example 3.10. Let A be the delay system associated to the following equations:

Zi)l = CL1(5L)£U1 + (6L + Cl)l'g (54&)

i’g = (lz((sL)l’l + (5L + CQ)U, (54b)
with ay,as € R[], (1,(a € R. This system is easily seen to be m-free with m = (01 + (1)(0r, + (2).
Indeed, x; is a basis of 7 'R[%, 6] ®R[i 5.1 A since:

dt7L

To = ((5[, + Cl)_l (:L’l — alml) = 7T_1((5L + CQ) (131 — alxl)
u = ((5[, + CQ)_l (1'2 — agdfl) = (5L + Cz)_l ((5[, + Cl)_l ({L‘l — alztl) — agdfl)
= 71'_1 ((1'1 — alfl./‘1> — (5L + Cl)(lgl'l) .

In the Laplace/Z-transform domain, the presentation matriz associated to A is given by:

pA:<S—€L1 —Z—Cl 0 )7
—dg S _Z_CQ

and the corresponding minors are:
mi(s,z) = (2 + Q)(z + (), Mal(s,z) = —(s—a1(2))(z + &), ms(s,z) = s(s —ai1(z)) — az(2)(z + ().

Consider a discretizer D, o, with h = L and p,q € R[dy] satisfying Assumption . In the
Laplace/Z-transform domain, the presentation matriz of the discretized system D, ,n(A) is

. p—arq —(z+C)q 0
o= N . NE
pan(®) —asq D —(z+ ()

and the corresponding 2 x 2-minors (that we denote using the index D) are:

A~ ~

mp(2) = (2 + )z + (2) @, My (2) = —(p — a14) (2 + G)q, 1y (2) = p(p — a1q) — az(z + (1)g’.
The associated zero sets are then:

Zig) = (~G} U (-G U 2@, Zling) = (-G} o 2(@) v 20— i),

Z(mg[)) = {Z eC|p(p—a1q) = as(z + Cl)(f} :

Let us consider the case when mlD(zo) =0, for zog € C. Firstly, notice that the existence of zy such

that ¢(z9) = 0 cannot lead to a common zero between the above three minors. Indeed, G(zp) = 0
implies ., (20) = 0 and 1, (20) = 0. Then 1., (20) = p*(20), which cannont be zero since

GCD(p,q) = 1. Thus, we are left with two cases to ensure m (20) = 0: first, when zy = —(; and
second, when zy = —(s.
Case 1). Suppose that zy = —(;. Then the remaining two minors are:

My (—C1) = = ((0 — @19) (2 + &)@) (=C1), 1y (=G) = (B — @1d)) (=),
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and, observe that considering ai(z) begin any polynomial such that
p(=C1) —ai(—=¢1)q(=¢) =0

yields a common factor between M, and m,y, and thus a torsion element.

Case 2). Suppose that zo = —Ca. Then 1, (s0) = 0, and to have M, (so) = 0, we can take as(2)

any polynomial such that:

ao(—C2)(C1 — &) (—C2) = P(—C2) (B(—C2) — ar(—C2)d(—¢2)). (55)
Thus, for any given discretizer D, 4 5, we can find a delay system A of form , i.e., a w-free delay
system (where m = (6p, + C1)(0n + C2)) such that D, 4 n(A) is non controllable (i.e., not R[dy]-free).

3D

As suggested by the previous example, the following result shows that there is no universally
R[4, 6, ]-torsion-free preserving discretizer (in other words, there is no discretizer D, g, satisfying
the most basic universal preservation property).

Proposition 3.5. Let D, , with p,q € R[d}], be a discretizer. Then, there exists an R[%,(SL]—
d

system A such that A is R[S, 0p]-torsion free controllable but Dy 4, (A) is not controllable.

ProoF. Consider a discretizer D, , ;. Examples shows that, we can always construct a torsion-
free controllable delay system A of the form (54)), with L = h, and such that Assumption is
satisfied for ¢ and A, and leading to a noncontrollable discrete system D, , 5 (A). o

3.3.7. System centric study

We have just seen that, except for D, 5, there is no universally preserving discretizer. A natural
question is whether we can reverse the situation. More precisely, for a given delay system A, we
would like to decide whether preserving discretizers (at least for the most frequently encountered
controllability properties) exist.

Theorem 3.1. Let A be a R(%)[e‘L%,eL%] N O-free controllable delay system (equivalently, a

spectrally controllable delay system). There ezists an unconditionally R(%)[G_L%,(EL%] N O-free
preserving discretizer D 45, for A.

PRrOOF. Let the function o : C — R defined by:

o(z) = Z

be the sum of squares associated with the generators ., 1 < ¢ < ¢, of S(Ae) The assumption

M e (—%ln z,z)’Z.

of A being R(%)[e_L%, eL%] N O-free controllable amounts to o having no zero. Consider an ideal
discretizer sequence (D, 4, 1)ken- Let now, for any k& > 0, o), be the sum of squares associated with
the minors of §(D,, 4..n(A)):

2
)

g ()]

¢
or(z) = Z
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where 71 (2) is simply the Z transform of m_ <¢D h(éh), (5h>. The claim we want to prove is
i ? Dl s

equivalent to the existence of a k such that oy has no zero. Since (D,, 4, »)ken is an ideal discretizer
sequence, we have limy_,,, 0, = 0. Then, by continuity of all s, we deduce that there exists a k
such that o, has no zero.

]

Another natural property of the system A that one should preserve is torsion-freeness. Recall
that any R[4, §; ]-torsion-free controllable system A is R[ <0, 7 ']-free controllable, for a suitable
freeing polynomial m € R[4, ] (cf. Proposition [2.2 m, p-|13). Motivated by this property, we formulate
the following definition:

Definition 3.7. A discretizer Dp7q,h is said to be: R[4, 6, ]-torsion-free preserving for an R[4, 6,]-
system A, conditionally to R[dy, 77 1(d)], where m € R[5L] is a freeing polynomial for A, if when-
ever A is R[L, 0,]-torsion-free, then D, 4, (A) is R[0n, 771 (8;)]-free controllable.

We have the following result concerning the discretization:
Theorem 3.2. Let A be an R[dt,éL]—torsion—free controllable system. There exists a discretizer
Dy.qn which is R[4, 81 ]-torsion-free preserving for A, conditionally to R0y, 7], where 7 is a
freeing polynomial of A.

PRrROOF. Let 0 : C — R defined by:

2
mze —%lnz,z)

Y

be the sum of squares associated with the generators ;. of § (Ae) The assumption of A being

R[4,6,, 7 !]-free controllable amounts to:

Z(0) < 2(7).

Consider now an ideal discretizer sequence (D, 4, 1)ken. Using the same arguments and nota-
tions as those of the proof of Theorem [3.1 we conclude that oy, satisfies Z(ox) < Z(#). Hence
there are no other zeros except those associated to 7, thus D,, 4, n(A) is R[d, 7! ]-controllable. o

To illustrate Theorems and let us revisit the situation of system , see Example
in Subsection 3.3.3

Example 3.11. Consider again:
@(t) = sox(t) + (1 — hso)™u(t) —u(t — L)

with sg, L, h and M satisfying the conditions of Example (so the above system is spectrally
controllable, equivalently Ay is free controllable). Consider also its discretization by Dy, 1, (see
relation (51)) for the definition of the polynomial py). Then §F(Dp,14(A)) is generated by

_ _ 2 _ _
<(1 (5}12)23 5h) — 5, (1 . hSO)M . 5]]1\4) _ <5h 4(5]7, ;’h?) 2h$0’ (1 B hSO)M B 6}11‘/[)

and since the generators of §F(Dp,1.n(A)) have no common factor, it follows that D,,1n(A) is
controllable.
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Example 3.12. Let us consider again:
©(t) = sox(t) + (1 — hso)Mu(t) —u(t — L)

but with so, L, h and M not satisfying the conditions of Example[3.7, i.e., there is a common zero
between s — so and (1 — hsg)™ — e~L%. Thus, the above system is not spectrally controllable; but it
is R[4, 607, (1 — hso)™ — 8) " ]-free controllable. Then, considering the discretization by Dy, 1 1,

dt
the Fitting ideal §(Dyp,11(A)) is generated by

— — 2 _ —
<(1 (5}12)23 5h) _ 5, (1 _ th)M B 524) _ <5h 46y, 2+h3 2h$07 (1 B hSO)M B 5%)

and the generators of F(Dp,1.n(A)) have no common factor when we exclude the factors of (1 —
hso)™ — oM, it follows that Dy, 1 5(A) is R[0n, (1 — hse)™ — 6M)~]-controllable.

4. Illustrative example: a single population Wilson-Cowan system

We give next a simple example from the field of neurosciences, illustrating some of the previous
analysis.

The so-called Wilson-Cowan model is a macroscopic neural model whose equations involve the
proportion of cells in a population that are active per unit time. The effective behavior of the
population relies on interactions between excitatory and inhibitory cells, where v.(t) and v;(t)
are the proportion of excitatory and inhibitory cells firing per unit time at instant ¢. Thus,
Vie(t) = 0 corresponds to a low-activity resting state. Excitatory (resp., inhibitory) neurons make
their neighbors more (resp., less) likely to become active, and activation is a nonlinear, typically
sigmoidal function S, (resp., S;) of the presently active proportion of cells. These assumptions
yield the following (nonlinear) model:

Tele(t) = —Ve(t) + Se(Weeve(t) — wievi(t — L) + u(t)) (56a)
Tzl/z(t) = —Vz(t) + SZ (weiye(t — L) — wml/z(t» (56b)

where wy; < 0, for &k, = e, 14, describe the strength of connection from the cell type k to [, 7 is the
timescale of population £ dynamics, L is the propagation delay of the electric signal from excitatory
(resp., inhibitory) to inhibitory (resp., excitatory) population, and u is an external excitation signal
(such as, e.g., coming from another neural population). The above nonlinear time-delay Wilson-
Cowan model can be simplified by taking, for instance, its linear approximation. We consider next
the following simplified linear version, adapted from [48]:

TeUe(t) = —Ve(t) + Weele(t) — wiev;(t — L) + u(t) (57a)
T:0i(t) = —v(t) + weive(t — L) (57b)
Firstly, notice that if w.; = 0, then the system is not torsion-free controllable since (57b)

becomes 7;7;(t) = —v;(t) and the evolution of v; is uncontrolled, i.e., v; is a torsion element.
Secondly, if w,; # 0, we have:

ve(t) = w1 (5t + L) + vt + 1)), ult) = m0e(t) + (1 — weo)va(t) + wievi(t — L)
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equivalently:

1 d TeT; d? L Te + (1 —wee)7i d Ly L — wee
Ve—_ ( dt(s + (5 ) Vi, U= ( Wes ﬁé W Eé Wi 6 + wzeéL) Vi

Thus the delay system A with equations (57)) is R[ £ 0L, 6, *]-free controllable with basis v;. Another
view is that system admits the following presentation matrix:

P — 76%—1—1—11)66 w;edr, —1
—wei(SL Tid%-i-l 0

The associated 2 x 2-minors (which are the generators of §(A)) are given by:
my = Ti% +1, mo=—wgd,, mg= (Te% +1-— wee) (Ti% + 1) + WeiWie 7,

In the case we; = 0, we see that the generators of F(A) have TZ-% + 1 as a common factor.
Hence, A is not R[4 &> 0p]-torsion-free controllable, which corresponds to v; being a torsion element
satisfying (7,4 + 1)v; = 0.

If we; # 0, it is clear that the above generators of F(A) have no common factor; indeed, Ti% +1
and 7, are co-prime in R[dt7 d1], hence GeD(mg, m3) = 1. From the above expressions, by taking
the Laplace/Z transform, we deduce that m;’s have (s,z) = (—1/7, ) as a common zero, which
proves that A is indeed R[2 %> 0 ]-torsion-free controllable but not R[4 7,0 ]-free controllable. On
the other hand, eliminating z = 0 (i.e., considering [dt,(SL,(S ]® s A), the m;’s have no

dt 7 ]
comimon zero.

Let us now investigate the controllability of the discretized system. Assuming that L = Mh,
M e N, the equations associated to D, ,(A), where D, 5 is a given discretizer, are:

(Tep + q— weeQ)Ve = _wieaiqu v; + qu (58&)
(Tip + Q)Vz = wei(;}]yqye (58b)
The associated presentation matrix is of the form:
Tep + q — Weeq wieé}]lwq —q
PDpyq,h(A) = M )
—Wei0h' q p+q O

and the (2 x 2)-minors (which are the generators of §(D, ,x(A))) are:

mip = (Tip + q)q,  Map = —weidy' ¢%,  Map = (Tep + ¢ — Weeq) (TiP + q) + Weiwicdi ™ ¢°.

Similarly to system A, given by , we distinguish again the following two cases:

1) Case we; = 0 (A not R[4, §,]-torsion-free controllable). We can see that, whatever the dis-
cretization scheme we choose (i.e., whatever p and ¢ may be in R[d}]), the generators of F(D, 4.1(A))
have 7;p + ¢ as a common factor. Hence, D, ,,(A) is not controllable, as Proposition [3.2(1) states.

41



2) Case we; # 0 (A isR[%, 6, ]-torsion-free controllable, not R[%, 8, ]-free controllable, but R[%, 6y, 07" ]-

dt’ dt’ dt’

free). Through the discretizer D, ,, we obtain that:

Z(nmp) = Z(rip+q) v 2(¢), Z(1hap) = {0} v Z(g),
Z(m3D> =Z ((7—623 + qA - wee(j) (Tzﬁ + Cj) + weiwiezzMCjQ> .

It follows that if z € Z(g), then z € Z(myp) and z € Z(mgp), but 7;7.p*(z) # 0 since, by
hypothesis, p and ¢ have no common zero, thus z ¢ Z(msp). Therefore, z € Z(§) cannot be a
common zero of the m;p’s and the only possibility for m;p and msp to have a common zero is that
7,p(0) + G(0) = 0 (the common zero being z = 0). Then, we also have 73p(0) = 0.

Summarizing, any discretizer D, ,; such that 7,p(0) + ¢(0) # 0 will yield a controllable dis-
cretized system D, ,5(A) and any discretizer D, , 5 such that 7,5(0) + ¢(0) = 0 will yield a non
controllable discretized system D, ,(A). Therefore, when 7,p(0) + ¢(0) # 0, the discretizer D, , 5,
is R[Z, 6,07 " ]-free unconditionally preserving for A. When 7;5(0) + ¢(0) = 0, this is no longer
the case. Note however that, from (58b), D, 4n(A) is dxg-free, in the sense of Proposition ,
with basis ;. Thus, in the sense of Definition , Dpgn is R[%, 1 ]-torsion-free preserving for A,
conditionally to R[4, (d,q) ']

Let us now consider the case 7;p(0) + ¢(0) # 0 and investigate what the basis of D, ,,(A) can
be, using the constructive procedure of Proposition Suppose again that w,; # 0 and let, as
in Proposition , r1,79,r3 in R[d,] be such that: rimip + romaep + r3map = 1. Then, w given
by w = 32 (= 1) ry(63) wy, with wy = ve,wy = v, w3 = u, is a basis of D, ,4(A). Although
the procedure for obtaining this basis is constructive (through the extended Euclidean algorithm
yielding the r;’s), the explicit form of the basis is not given. Let us now consider a very simple
discretizer scheme, to exhibit an explicit form of such a basis. Consider the discretisation using
a usual backward difference discretization scheme, i.e., approximating % by % (with A the
discretization step) and thus defining a discretizer for which p = 1 —¢;, and ¢ = h. The associated

discrete system is given by:

(Te(l — ) + h(1 — wee)) Ve + Wichdy v; — hu = 0
—wehdMu, + (h + (1 — 5h)) v; =0,
and the preceding minors become:

1—dp
h

1-9§ 1—-9
mMip=T; +1, mop= —wei(SiLw, map = <Te h +1—- wee> <Ti h + 1> + weiwie@QLM.

h h

It is clear that the corresponding 7;p’s have no common zeros in C; thus D, ,5(A) is controllable.
In this specific case, one can set w = riv, + rav;, 11,79 € R[d5] such that in

(—weihéfy h+ 7i(1 —6h)> (V) _ (0> (59)

the determinant —w.;hdMry + (h +7(1— 5h))7’2 is equal to 1. For instance:

2
T; . 1

if M =2.then r; = i o — 5 -
’ Y T2hwe + 2mhPwe + WPweT 0 T2+ 21h + h? T
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73

while if M = 3, then 7, = Z 0
’ ! TP hwe; + 312 We; + 3Tih3we; + hAwe; "
2
T i 1
ro = ‘ 57+ ' On + :
L4 3h 4 3nhr 4 k2" 2 42nh+ k2" i+ h

Indeed, one then has, from (59):

Ve ry —h—7(1-90 0
- (1=6) (60)
v —r —we; hoM w
yielding the generating character of w.

5. Conclusion

In this paper, we proposed a formal definition of discretizers for delay systems within an
algebraic setting in which notions are intrinsic. We studied the interplay between controllability,
in particular, spectral controllability, and discretization. We saw that it is possible to have a
controllable (e.g., spectrally, torsion-free controllable) continuous-time delay system yielding a
non controllable dicretized system and to have an uncontrollable continuous-time delay system
leading to a controllable discretized system. We introduced the notion of preserving discretizer
yielding, for a spectrally controllable system, a controllable discretized one.

We saw that, no fixed discretizer is universally preserving in the sense that, for a fixed discretizer
D, q.n, We can always construct a torsion-free delay system A such that the discretized system
D, ,n(A) is not controllable. On the contrary, we showed that, for a given torsion-free delay
system, it is always possible to find a preserving discretizer. In the paper, we did not study the
effect of sampled data control on a continuous system, as in, e.g., [36, 43] (see also [I8], B32] for
recent surveys on the subject). This can be the subject of future research.
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Appendix A. Brief recall of algebraic notions

Appendixz A.1. Modules and their properties

A module has the same axioms as vector spaces, the difference lying in the fact that scalars

are taken in a ring instead of a field. More specifically:

Definition Appendix A.l. Given a ring R, an R-module M is an abelian group with an action
of R, that is, a map R x M — M, written (r,m) — rm, satisfying for all ;s € R and m,n € M:

r(sm) = (rs)m (associativity)
r(m+n) =rm+rn
(r+s)m=rm+ sm (distributivity)

Im=m
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The fact that scalars are taken in a ring instead of in a field leads to more complex situations than
for vector spaces. For instance, and contrarily to vector spaces, modules do not necessarily have
bases; when a module admits a basis, then it is called free.

Definition Appendix A.2. A free R-module is a module that is isomorphic to a direct sum of
copies of R. In other words, a free module has a so called basis, i.e., a minimally generating and
maximally independent famaily.

Appendiz A.2. Categories and functors

Categories are the context for discussing general properties of systems such as groups, rings,
modules, sets, or topological spaces, in tandem with their respective transformations: homomor-
phisms, functions, or continuous maps.

Definition Appendix A.3. A category C consists of three ingredients: a class obj(C) of ob-
jects, a set of morphisms Hom(A, B) for every ordered pair (A, B) of objects, and composition
Hom(A, B) x Hom(B,C) — Hom(A,C), denoted by (f,g) — fg, where f € Hom(B,C) and
g € Hom(A,C), for every ordered triple A, B,C of objects. These ingredients are subject to the
following azxioms:

(1) the Hom sets are pairwise disjoint; that is, each f € Hom(A, B) has a unique domain A and
a unique target B;

(2) for each object A, there is an identity morphism 14 € Hom(A, A) such that fl4 = [ and
lgf=f forall f: A— B;

(3) composition is associative: given morphisms A Lol D, then h(gf) = (hg)f.
Functors are homomorphisms of categories:

Definition Appendix A.4. If C and D are categories, then a functor F': C — D is a function
such that

(1) if A€ obj(C), then F(A) € obj(D),
(2) if f: A— Ain C, then F(f): F(A) — F(A) in D,

3) if AL A5 A" in C, then

(4) F(14) = 1pa) for every A€ obj(C).
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