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Vincent Bansaye ∗ Alexandre Bertolino † Ayman Moussa ‡

October 7, 2025

Abstract

We study the stability of non-conservative deterministic cross diffusion models and prove
that they are approximated by stochastic population models when the populations become
locally large. In this model, the individuals of two species move, reproduce and die with rates
sensitive to the local densities of the two species. Quantitative estimates are obtained and
convergence is proved soon as the population per site and the number of sites go to infinity. The
proofs rely on the extension of stability estimates via duality approach initiated in [4] under a
smallness condition and the development of large deviation estimates for structured population
models, which are of independent interest. The proofs also involve martingale estimates in H−1

and improve the approximation results in the conservative case as well.
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1 Introduction
In [31], Shigesada, Kawasaki and Teramoto proposed a system of equations describing the spatial
distribution of interacting individuals. This system, named after their initials SKT, focuses on the
population densities u and v of two species and include two type of interactions: competition for
resources and mutual agitation. These phenomena translate in the model as nonlinearities. Adding
a reproduction rate for each species and considering only interspecific agitation, the system takes
the general form  ∂tu−∆((d1 + a1v)u) = u(ρ1 − s11u− s12v),

∂tv −∆((d2 + a2u)v) = v(ρ2 − s21u− s22v),
(u, v)(0, ·) = (u0, v0).

(1)

The coefficients ρ1 and ρ2 are the reproduction rates, while the sij coefficients are the interspecific
and intraspecific competition terms for resources. In comparison with standard reaction-diffusion
equations, the originality of this system stems from the cross-diffusion terms ak which model the
interspecific agitation. In the previous model all the coefficients are assumed non-negative and
d1d2 ̸= 0. This last nondegeneracy condition amounts for the existence, for each species, of intrinsic
agitation. This system was originally introduced in [31] because the cross-diffusion terms induce
a repulsive behavior at the macroscopic level for each species, leading to the existence of (stable)
segregated equilibria. The study of these asymptotic states is historically the first mathematical
facet that has been explored on the SKT system, and it is still an active domain of research, see for
instance [7] and the reference therein. Surprisingly enough, the Cauchy problem for this system only
started with [25] and has been puzzling the mathematical community since then. While construction
of global weak solutions is now well-understood ([8, 15, 27, 17]) for SKT systems and its variants,
their uniqueness and link with more regular solutions for which only local statements are available
[2, 10, 11, 21, 14] offer challenging questions. In comparison, the derivation of SKT-type models,
that is their realization as rigorous limit of microscopic systems in an appropriate scaling limit,
is by far a younger area of research as the first rigorous attempt of derivation appeared in 2015
with the program of Fontbona and Méléard [20]. We discard here the fast-reaction limit program
proposed in [23] and followed for instance rigorously in [16] because this asymptotic may not be
understood as a derivation from a simpler (microscopic) model. The approximation of the system by
a collection of finite brownian trajectories led to several developments [9, 29] and ultimately to [17].
In an another direction, Daus, Desvillettes and Dietert proposed in [12] another derivation program
which relies on a spatial discretization. In this description, followed in dimension 1, individuals move
(in pairs) on a discrete grid with jumps on neighbor sites which are both random in direction and
time. The frequency at which those jumps occur is directly linked to the number of agents present
on the site. In [12], the link with the stochastic model was yet formal, while the motion by pair
allowed reversibility properties but was not justified in terms of modeling. An hydrodynamic limit
has been implemented in [4] leading to a complete derivation of the conservative SKT model in the
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one dimensional case. However, [4] invited several natural generalization and in particular the case
of non-conservative cross-diffusion systems, including reaction terms like in (1) and the relaxation of
the scaling required for convergence of the stochastic process.

This aim of this paper is to fill this gap. We explore the rigorous derivation of non-conservative
SKT models of the following form ∂tu−∆(µ1(v)u) = R1(u, v),

∂tv −∆(µ2(u)v) = R2(u, v)
(u, v)(0, ·) = (u0, v0).

(2)

Here, Rk and µk are generic nonlinearities, with µ1 and µ2 lower bounded by a positive constant.
As in [4], this SKT system will be obtained as the limit of a collection of interacting random walks,
now also branching and dying. The new difficulties come from the additional (local) non-linearity
due to birth and deaths. The main novelty is the control of the number of birth and deaths to
get the convergence of the stochastic system and quantify it. The proofs rely on time change and
comparison arguments and provide large deviations estimates which are of independent interest.
A second input of this work is the extension of the stability estimates of [4], under a smallness
condition, which allows both to cover reaction terms (births and deaths) and more general motion
rates. Last but not least, we improve here the convergence obtained in [4]. More precisely, the
convergence of the stochastic process was proven (only) when the number of individuals per site N is
large enough compared to the number of sites M , namely N ≫M2 ≫ 1. Indeed, the normalisation
M2/N appeared naturally in quadratic variations of martingales when accelerating time by factor
M2 and renormalizing population size by N . Using here estimates of the jumps of martingales in
H−1, we refine the bounds on martingales and only need that N,M → ∞. This yields the minimal
setting expected for our convergence and more generally for local approximation of the stochastic
process and its deterministic limit. Inspiration here came from the works of Blount [5, 6] who
considered one single species and linear term for the motion. Our result actually also complement
the result of Blount [6] by relaxing scaling conditions on N,M . Let us finally mention that we
refine the distance used to measure the gap between the stochastic process and its deterministic
limit, establishing pathwise and uniform-in-time convergence in the spirit of the Skorokhod topology.
This strengthens the approximation result of [4], even in the conservative setting. We believe that
this approach can be extended to larger dimensions and more complex spatial structure, including
random graphs. But this also raises new difficulties, that will be mentioned later, and we hope to
achieve it in a forthcoming work.

In Subsection 1.1 below, we collect all the notations that will be used in this work and then
state our main results in Subsection 1.2. In Section 2 we state and prove crucial (deterministic)
stability estimate both in continuous and semi-discrete setting, which are then used in Section 3 to
establish the convergence of a stochastic process defined on a discrete grid. In Section 3, we first
construct and characterize the stochastic process. We then prove martingale estimates to control
the fluctuations of the stochastic process. In Subsection 3.3, we control the number of birth and
deaths and the associated cumulative rates along time, but using suitable time change on jump
Markov process. We can then combine these ingredients to quantify the convergence of the sequence
of stochastic processes to crossed diffusion.
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1.1 Notation and definitions
We fix d ∈ N an integer. Throughout this article, we denote Td := Rd/Zd the d-dimensional torus,
on which for any function u : Td → R the usual Lp norm, mean and L2 scalar product are denoted
∥u∥Lp =

(∫
Td |u|p

)1/p, [u] = ∫Td u and ⟨u, v⟩L2 . We denote (Hs(Td), ∥·∥Hs) the Sobolev spaces and
⟨·, ·⟩Hs the associated scalar product. Their definition and properties are written in Section 4.2 of
the appendix.
For a time T > 0, QT := [0, T ]× Td is the closed periodic cylinder and we define the following norm:

|||z|||2T = ∥z∥2L∞([0,T ],H−1(Td)) + ∥z∥2L2(QT ) . (3)

For a positive integer M , TM is the discretized 1-dimensional torus:

TM := {xj | j ∈ N ∩ [0,M − 1]}, with xj :=
j

M
.

For a function u ∈ RTM , we will often denote uj := u(xj). We equip TM with the uniform measure
of total mass 1 and denote by ℓ2(TM ) the finite-dimensional vector space of real valued functions
over TM . It will often be equipped with the ℓ2 scalar product

⟨u,v⟩2,M =
1

M

M∑
j=1

ujvj ,

sometimes also simply denoted ⟨u,v⟩. Of course u and v can be understood as vectors but throughout
all this work, we manipulate these objects as functions and this is why we write uv for the element
of ℓ2(TM ) whose j-th component is ujvj . The product of functions u,v ∈ ℓ2(TM ) corresponds to
the coordinate by coordinate product and will simply be denoted uv.
For a time T > 0, QT,M := [0, T ] × TM is the discrete analogue of QT , which we equip with the
product measure. For 0 ≤ i ≤M , the vector ei ∈ ℓ2(TM ) is defined by eM = e0 if i =M and

ei(xj) =

{
1 if i = j
0 else.

We denote by 1 ∈ ℓ2(TM ) the constant function on TM with value 1. For all u ∈ ℓ2(TM ) we will also
use the notation uj := u(xj) with the convention uM = u0. The operator ∆M : ℓ2(TM ) −→ ℓ2(TM )
is then defined by

(∆Mu)j =M2(uj+1 + uj−1 − 2uj).

We also define the discrete analogues of Lp norms by setting

∥u∥p,M =

 1

M

M∑
j=1

|uj |p
1/p

, ∥u∥∞ = max
1≤j≤M

|uj |.

We will also denote [u]M the mean of u:

[u]M =
1

M

M∑
j=1

uj .
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Operator ∆M being symmetric with real coefficients and having its kernel equal to constant functions,
it induces an automorphism on its range that is the space of all mean free functions. We denote
∆−1

M the reciprocal automorphism. By integration by parts or Abel transform, one can see that
−∆M is non-negative so −∆−1

M is positive definite on mean free functions and one can define an
analogue of the negative Sobolev norm H−1 and the associated scalar product:

⟨u,v⟩−1,M = [u]M [v]M + ⟨u− [u]M ,−∆−1
M (v − [v]M )⟩,

∥u∥−1,M = ⟨u,u⟩1/2−1,M .

We refer to Subsection 2.2 for details. When nothing is specified on the index, for discrete functions
⟨·, ·⟩ will denote the ⟨·, ·⟩2,M scalar product. For more details about Sobolev spaces and in particular
H−1, see Appendix 4.2. Norm ||| · |||T also has its discrete analogue:

|||u|||2T,M = sup
t≤T

∥u(t)∥2−1,M +

∫ T

0

∥u(t)∥22,M dt.

We now present interpolations/restrictions allowing transitions between the continuous and
discrete world. For f : T −→ R continuous, we denote by

f̂M = f|TM
: TM → R

the restriction of f to TM . For u : TM −→ R, the T −→ R function πM (u) ∈ L2(T) is the affine
interpolation of u:

πM (u)(x) =

M∑
k=1

θ(M(x− xk))u(xk), where θ(z) = (1− |z|)+.

To alleviate notations, when no confusion is possible we omit the M exponent. For example, ûM
becomes û.

For two quantities A and B, we will denote A ≲ B if there exists a constant c depending only on
the parameters of the problem, e.g. µi, Ri or K0 and the solution (u, v) defined in Hypotheses 1
below, such that A ≤ cB.

For any real number x, we denote by x+ = max(0, x) and x− = max(0,−x) respectively its
positive and negative parts.

For a matrix A, AT is the transposed matrix and for a probability event E, Ec is the complemen-
tary event. For a finite-dimensional vector space X and a time T > 0, D([0, T ], X) is the Skorokhod
space, i.e. the space of right-continuous functions f : [0, T ] −→ X which have left-hand limits.

Throughout this document, finite dimensional vectors will be noted with bold characters and
random variables with capital letters. leading to the following conventions:

Notation Object
u Function on TM

u Function on T
uj j-th coordinate of u
U Random function on TM

U Random real number
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Time-dependent quantities will be indexed by the discretization parameters M and N . We choose
to omit the corresponding indices in the proofs. For example, a function uM : R+ → ℓ2(TM ) and a
stochastic process HM,N : R+ → R will be respectively denoted u and H in proofs.
We will also rely on the following setting for the parabolic equations composing the system (2).

Definition 1.1. For any s ∈ R, any bounded function µ ∈ L∞(QT ), F ∈ L1([0, T ];Hs(Td)) and
any z0 ∈ L1(Td) we say that z ∈ L1(QT ) is a solution of the Cauchy problem

∂tz −∆(µz) = F,

z(0) = z0,

if, for all φ ∈ C∞
c ([0, T )× Td) there holds

−
∫
QT

z(∂tφ+ µ∆φ) =

∫
Td

z0φ(0) +

∫
QT

Fφ.

1.2 Main results
This work contains three main results, ranging from the stability of the continuous SKT system to
the convergence of the sequence of random processes.

1.2.1 Stability estimate and semi discrete approximation for the SKT system

The first result is an extension of the stability estimate given by Theorem 1 of [4]. This extension
includes reaction terms and more general interspecific agitation (diffusion). Its proof in Section 2
will also enlighten the other proofs by focusing on a key argument: the use of a duality lemma. Such
approach involves the following smallness conditions

∥u∥L∞(QT ) ∥v∥L∞(QT ) <
α1α2

∥µ′
1∥L∞(R+) ∥µ′

2∥L∞(R+)

, (4)

where ∥µ′
i∥L∞(R+) stands for the Lipschitz constant of µi.

Theorem 1. Assume that µi, Ri are globally Lipschitz and infR+
µi = αi > 0 for i ∈ {1, 2}. Then

for any T > 0 and all non-negative solutions (u, v), (u, v) ∈ L∞(QT ) of (2) with respective initial
conditions (u0, v0) and (u0, v0), and (u, v) verifying the smallness condition (4),

|||u− u|||2T + |||v − v|||2T ≲ CecT
(
∥u0 − u0∥2H−1 + ∥v0 − v0∥2H−1

)
,

where c and the constant behind ≲ depend only on the L∞ norm and Lipschitz constants of µi and
Ri and on the difference between the two members of (4).

Remark. Condition (4) is naturally linked to the so-called Petrovskii condition for quasilinear
parabolic systems which asks that all eigenvalues of the diffusion matrix have positive real part (we
refer to [21] for more details on this condition). For the system at stake, namely (2), the diffusive
matrix is given by (

µ1(u2) µ′
1(u2)u1

µ′
2(u1)u2 µ2(u1)

)
.
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Since both µ1 and µ2 are positively lower-bounded, Petrovskii’s condition amounts to ask that the
determinant of the previous matrix remains positive that is

µ1(u2)µ2(u1)− µ′
1(u2)µ

′
2(u1)u1u2 > 0.

Since αi = infR+
µi, Petrovskii’s condition is directly implied by (4). Note however that Hadamard’s

ellipticity condition – which asks that the diffusion matrix has a positive symmetric part and is
known to be too restrictive for the study of quasilinear parabolic systems – is not implied by (4)
(again, we refer to [21] for a discussion about this other ellipticity condition).

As a corollary, we get a uniqueness result for the solutions of (2):

Corollary 1.1. If µi is uniformly Lipschitz for i ∈ {1, 2} and if there exists T > 0 and a solution
(u, v) ∈ L∞(QT ) of (2) satisfying the smallness condition (4), then (u, v) is the unique solution in
L∞(QT ) of (2) with the initial condition (u0, v0).

We now turn to the semidiscrete system. The second result is about the convergence of space
discretizations of (2) to a solution of (2). More precisely, let us introduce a semi-discrete model, first
proposed in [13]. On the discrete torus of dimension 1 TM , consider the following Cauchy problem:

d
dtu

M = ∆M (µ1(v
M )uM ) +R1(u

M ,vM )
d
dtv

M = ∆M (µ2(u
M )vM ) +R2(u

M ,vM )
(uM (0),vM (0)) = (uM

0 ,v
M
0 )

, (5)

where uM ,vM ∈ C1(R+, ℓ
2(TM )) and uM

0 ,v
M
0 ∈ ℓ2(TM ), which is finite dimensional. The study of

the stability of this system and its pertubations will a key step between the continuous limiting
system (Theorem 1) and the convergence of the sequence of stochastic processes (Theorem 3).
Throughout the semi-discrete part in Section 2, we will make the following assumptions:

Hypotheses 1. (i) We work in dimension d = 1.

(ii) For i ∈ {1, 2}, functions µi are of class C3 and globally Lipschitz and lower-bounded by an
αi > 0. We denote Li the Lipschitz constant of µi.

(iii) For i ∈ {1, 2}, functions Ri have the structure R1(u, v) = uλ1(u, v), R2(u, v) = vλ2(u, v) with
λ1, λ2 globally Lipschitz and there exists ρ0 ∈ R such that

λ1(u, v) + λ2(u, v) ≤ ρ0, λ−1 (u, v)
2 + λ−2 (u, v)

2 ≲ 1 + u(1 + λ−1 (u, v)) + v(1 + λ−2 (u, v)),

where λ−i is the negative part of λi.

Working in dimension d = 1 will be technically convenient and particularly useful when comparing
the semi-discrete system and the limiting PDE. As commented in the next section, extensions are
expected in higher dimension and even for more general space structures.

Hypothesis 2. For some T > 0, there exists a solution (u, v) ∈ C0([0, T ];H2(T))∩L2([0, T ];H3(T))
of (2) satisfying the smallness condition

∥u∥L∞(QT ) ∥v∥L∞(QT ) <
α1α2

∥µ′
1∥L∞(R+) ∥µ′

2∥L∞(R+)

. (6)
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We note that the solution in Hypothesis 2 is unique by Corollary 1.1 and that the smallness
condition makes sense in the class of functions considered since (u, v) is actually bounded thanks
to the Sobolev embedding H2(T) ↪→ L∞(T). Moreover this condition is non-empty and solu-
tions indeed exist. More precisely, in dimension d for s > d/2 the Cauchy problem for the SKT
is well-posed in the Hs(T) with local existence (for non-negative initial data) of a non-negative
C 0([0, T ];Hs(Td)) ∩ L2(0, T ;Hs+1(Td)) solution [21]. Under a smallness assumption on the initial
data, this solution is global. We refer to [21, Theorems 1, 2, 3] for details.

We wish to prove that (uM ,vM ) converges to (u, v). Therefore, we compare u (ou v) to the
piecewise affine interpolation πM (uM ) ∈ L2(T) of uM . The second main result quantifies this
discretization error:

Theorem 2. Under Hypotheses 1 and 2, we also assume that the initial data uM
0 and vM

0 are non
negative and that

sup
M∈N

(∥∥uM
0

∥∥
2,M

+
∥∥vM

0

∥∥
2,M

)
<∞.

Then, for any M ∈ N,

|||πM (uM )−u|||2T+|||πM (vM )−v|||2T ≲ eexp(cT )(
∥∥πM (uM

0 )− u0
∥∥2
H−1(T)

+
∥∥πM (vM

0 )− v0
∥∥2
H−1(T)

+δM ),

where δM → 0 as M → ∞ and c is a constant. Moreover (δM )M , c and the constant behind ≲ depend
only on supM∈N

(∥∥uM
0

∥∥
2,M

+
∥∥vM

0

∥∥
2,M

)
, the solution (u, v) of (2) and the parameters µi, Ri of the

problem.

Corollary 1.2. Under the assumptions of Theorem 2, if moreover∥∥πM (uM
0 )− u0

∥∥2
H−1(T)

+
∥∥πM (vM

0 )− v0
∥∥2
H−1(T)

−→
M→∞

0,

then (πM (uM ), πM (vM )) −→
M→∞

(u, v) for the ||| · |||T norm.

1.2.2 Convergence of the stochastic particle systems

First, let us define the stochastic process (UM,N (t),VM,N (t))t≥0 measuring the population densities
along time. The number of sites is still M ∈ N. We also use a scaling of local population size by
factor N ∈ N. Thus, NUM,N

j (t) (resp. NVM,N
j (t)) is the number of individuals of the first species

(resp. second species) on site xj = j/M at time t.

Informally, each individual of species 1 may move from site xj to its left neighbor xj − 1/M and
to its right neighbor xj + 1/M with the same individual rate

M2µ1(vj)

where vj ∈ R+ is the density of individuals of the other species on the same site and µ1 satisfies the
regularity condition of Hypothesis 1 i). The random walk associated with each individual is thus
centered and scaling M2 is the classical diffusive scaling.
Each individual of species 1 in each site j may also give birth on the same site or die with respective
individual birth and death rate

b1(uj , vj), d1(uj , vj),
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where (uj , vj) ∈ R2
+ are the local densities of each species. Each individual of species 2 behaves

similarly with respective individual rates M2µ2(uj), b2(uj , vj) and d2(uj , vj).

More precisely, the transition rates ν of the process (UM,N (t),VM,N (t))t≥0 are defined as follows
for ϵ ∈ {−1, 1} and 1 ≤ j ≤M :

(u,v) −→ (u+
1

N
ej+ϵ −

1

N
ej ,v) at rate νM,N

1 (u,v, ej+ϵ − ej) := NM2ujµ1(vj)

(u,v +
1

N
ej+ϵ −

1

N
ej) at rate νM,N

2 (u,v, ej+ϵ − ej) := NM2vjµ1(uj)

(u+
1

N
ej ,v) at rate νM,N

1 (u,v, ej) := Nujb1(uj , vj)

(u,v +
1

N
ej) at rate νM,N

2 (u,v, ej) := Nvjb2(uj , vj)

(u,v − 1

N
ej) at rate νM,N

2 (u,v,−ej) := Nvjd2(uj , vj),

(u− 1

N
ej ,v) at rate νM,N

1 (u,v,−ej) := Nujd1(uj , vj).

We assume that functions µi and

λi(u, v) := bi(u, v)− di(u, v)

satisfy Hypotheses 1 for i ∈ {1, 2}. We give now a trajectorial representation of the process using
Poisson point processes. For convenience, we denote by

T =

M⋃
j=1

{ej ,−ej , ej+1 − ej , ej−1 − ej}

the set of the different types of transition, respectively births, deaths, motions to the right and
to the left. Let N1, N2 two independent Poisson random measures on R+ × R+ × T of intensity
dt ⊗ dρ ⊗ Card where Card is the counting measure on T . We consider finite initial population
densities (UM,N (0),VM,N (0)). Then, the process (UM,N ,VM,N ) is the unique strong solution in
D(R+,R2M

+ ) of the following SDE

UM,N (t) = UM,N
0 +

1

N

∫ t

0

∫
R+×T

1ρ≤νM,N
1 (UM,N (s−),VM,N (s−),θ)θN1(ds, dρ, dθ) (7)

VM,N (t) = VM,N
0 +

1

N

∫ t

0

∫
R+×T

1ρ≤νM,N
2 (UM,N (s−),VM,N (s−),θ)θN2(ds, dρ, dθ). (8)

We construct rigorously (UM,N ,VM,N ) and justify this result in Subsection 3.1 using classical
localisation arguments and moments estimates on the total population sizes. This result is obtained
under Hypothesis 1 for coefficients and L1 moment condition for the initial value. This covers
our framework, see forthcoming (23). We will observe that construction and pathwise uniqueness,
moment conditions can be relaxed by a truncation procedure. Actually, for the proof of the
convergence we need higher moment assumptions than bounded first moments and will assume :
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Hypotheses 3. i) There exist p0 > 3 and K0 > 0 such that for all K ≥ K0 and M,N ≥ 1,

P
(
[UM,N

0 ]M + [VM,N
0 ]M ≥ K

)
≲

1

(MK)p0
.

ii) For i ∈ {1, 2}, functions bi, di are globally Lipschitz and there exists ρ0 ≥ 0 and α < 1 such
that for any (u, v) ∈ R2

+,

bi(u, v) ≤ ρ0 + αdi(u, v), d1(u, v)
2 + d2(u, v)

2 ≲ 1 + u(1 + d1(u, v)) + v(1 + d2(u, v)).

Hypothesis 3 i) concerns the tail distribution of initial conditions and implies that the p-order
moments of [UM,N

0 ]M and [VM,N
0 ]M are bounded uniformly in M,N for all p < p0. Let us give two

simple and relevant examples, for which the hypothesis is satisfied for any p0 > 3. This holds when
the initial population densities UM,N

0 (xj) and VM,N
0 (xj) are deterministic and equal to uN0 (xj) and

vN0 (xj), where uN0 , vN0 are bounded. The tail condition is also satisfied when the initial population
sizes NUM,N

0 (xj) and NVM,N
0 (xj) have a Poisson distribution of respective parameters NuN0 (xj)

and NvN0 (xj), where uN0 , vN0 are (still) bounded.
Hypothesis 3 ii) concerns birth and death rates. It is satisfied for classical reactions terms of the
form

b1(u, v) = b1, b2(u, v) = b2, d1(u, v) = d1 + c11u+ c12v, d2(u, v) = d2 + c21u+ c22v,

where di, ci,j (i, j ∈ {1, 2}) are non negative coefficients. This contains the competitive Lotka
Volterra model (logistic reaction, when cij > 0)) and branching processes (linear reaction term,
when cij = 0)) and the conservative case (no reaction term, when all coefficients are zero). It also
includes the following family of birth and death rates : d1(u, v) ∼ uα + vβ , d2(u, v) ∼ uγ + vδ with
α, δ ≥ 1, 2β ≤ δ + 1 and 2γ ≤ α+ 1.

Theorem 3. Assume that Hypotheses 1, 2 and 3 are satisfied. Then, there exists a sequence (δM )M
going to 0 as M → and a constant c > 0 such that for any N,M ≥ 1,

E
[
|||πM (UM,N )− u|||2T + |||πM (VM,N )− v|||2T

]
≲ eexp (cT )

(
DM,N

0 + δM +
T√
N

)
,

where

DM,N
0 = E

[∥∥∥πM (UM,N
0 )− u0

∥∥∥2
H−1(T)

+
∥∥∥πM (VM,N

0 )− v0

∥∥∥2
H−1(T)

]
. (9)

This result is stated here for the second moment of our norm ∥ . ∥. It will be proved more
generally for moments p ≥ 1. The constant c and the constant behind ≲ in this estimate do not
depend on T and depend on the initial conditions (UM,N

0 ,VM,N
0 ) only through the values of K0, γ0

in Hypothesis (3) i). We immediately derive from this estimate the following convergence of the
stochastic model to the crossed diffusion by letting M and N go to infinity.

Corollary 1.3. Assume that Hypotheses 1, 2 and 3 are satisfied and that DM,N
0 defined in (9) goes

to zero as (M,N) goes to (∞,∞). Then Then the following convergence holds:

E
[
|||πM (UM,N(M))− u|||2T + |||πM (VM,N(M))− v|||2T

]
−→

M,N→∞
0.
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Let us explain the main ingredients for this convergence and a brief outline of the proof sections.
Our approach is pertubative and relies on stability estimate of the limiting system. Roughly,
the semi-martingale decomposition of the stochastic process allows to see it as a deterministic
semi-discrete flow with a random source given by a martingale, which is an integral with respect to
compensated Poisson measure. The stability result obtained through duality estimates in Section 2
(see Proposition 2.10) allows to prove strong estimates of the form

|||πM (UM,N )− u|||2T ≲ e
c
∫
QT,M

1+(UM,N )2+(VM,N )2 × RM,N (T ) a.s.

The process RM,N goes to 0 and quantifies the approximation. It involves the control of martingales
for a suitable H−1 norm. The term

∫
1 + (UM,N )2 + (VM,N )2 is inherited from births and deaths

via Grönwall inequality. We need fine estimates to prove that this term is not large and does not
degrade the approximation and the convergence to 0 coming from RM,N . These estimates are
obtained through large deviation type techniques for multi-type birth and death processes and are
of independent interest.

2 Stability of the continuous and semi-discrete systems

2.1 Duality lemma and proof of Theorem 1
To study (2), it will be useful to look at the following Kolmogorov equation:{

∂tz −∆(µz) = ∆f + r
z(0, ·) = z0

. (10)

To bound the solution of this equation in our context, we rely on a duality lemma. This idea
goes back to the works of [28, 30] on reaction diffusion systems. The lemma we propose to prove is
to assimilate with the more recent duality lemma presented in [4]. This estimate allows for a precise
treatment of L2 source terms, which will be useful to bound the reaction part in (2).

Lemma 2.1. If µ ∈ L∞(QT ) is lower-bounded by α > 0, then for all f, r ∈ L2(QT ) and z0 ∈
H−1(Td), there exists a unique weak solution z for (10). Moreover, z ∈ C([0, T ], H−1(Td)) and
satisfies

∥z(T )∥2H−1(Td) +

∫
QT

µz2

≤ ∥z0∥2H−1(Td) +

∫ T

0

[µ(s)][z(s)]2 ds+ 2

∫ T

0

∥r(s)∥H−1(Td) ∥z(s)∥H−1(Td) ds+
1

α
∥f∥2L2(QT ) .

Proof. When r is mean free, existence and uniqueness come from Lemma 1 of [4], because r can be
integrated to ∆f thanks to Proposition 4.2 of the appendix. If r has non-zero mean [r], one can
consider the solution w to the Cauchy problem{

∂tw −∆(µw) = ∆f + r − [r]
z(0, ·) = z0

(11)

Then, z(t) := w(t) +
∫ t

0
[r(s)] ds is the unique solution of (10). We now prove the duality estimate

stated in the lemma. We only need to prove it for the case where µ, f and r are smooth. In this
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case, it follows from classical parabolic theory (see [19], Section 7.1.3, Theorem 7) that z is smooth
too. Set z̃(t) := z(t) − [z(t)]. Let, by Proposition 4.2 of the appendix, ϕ such that for all t, ϕ(t)
is the unique mean free solution of the elliptic equation ∆ϕ(t) = z̃(t) on Td. We apply the weak
formulation of (10) against ϕ:

−
∫
QT

z∂tϕ−
∫
QT

zµ∆ϕ+

∫
Td

z(T )ϕ(T ) =

∫
QT

(f∆ϕ+ rϕ) +

∫
Td

z0ϕ(0).

Replacing z with [z] + ∆ϕ, except in
∫
QT

zµ∆ϕ, and remarking that the integral of [z] against a
mean free function is zero, we get

−
∫
QT

∆ϕ∂tϕ−
∫
QT

zµz̃ +

∫
Td

∆ϕ(T )ϕ(T ) =

∫
QT

(f∆ϕ+ rϕ) +

∫
Td

∆ϕ(0)ϕ(0).

Integrating by parts and noticing ∥∇ϕ(t)∥L2(Td) = ∥z̃(t)∥H−1(Td), we then have∫ T

0

1

2

d

dt
∥z̃(t)∥2H−1(Td) −

∫
QT

zµz̃ − ∥z̃(T )∥2H−1(Td) =

∫
QT

(f∆ϕ+ rϕ)− ∥z̃(0)∥2H−1(Td) .

Integrating the first term and multiplying by −2 on both sides yield

∥z̃(T )∥2H−1(Td) + 2

∫
QT

zµz̃ = ∥z̃0∥2H−1(Td) − 2

∫
QT

(f∆ϕ+ rϕ).

We now add 2
∫
QT

µz[z] on both sides to complete 2
∫
QT

µzz̃ in 2
∫
QT

µz2 and apply Young’s
inequality to the f term and get, recalling that ∆ϕ = z̃,

∥z̃(T )∥2H−1(Td) + 2

∫
QT

µz2 ≤ ∥z̃0∥2H−1(Td) +

∫
QT

(
f2

µ
+ µz̃2

)
+ 2

∫ T

0

⟨r(s),−∆−1z̃(s)⟩L2(Td) ds+ 2

∫
QT

µz[z],

with

2

∫
QT

µz[z] +

∫
QT

µz̃2 = 2

∫
QT

µz[z] +

∫
QT

µ(z − [z])2 =

∫
QT

µ[z]2 +

∫
QT

µz2,

so

∥z̃(T )∥2H−1(Td) +

∫
QT

µz2 ≤
∫
QT

µ[z]2 + ∥z̃0∥2H−1(Td) +

∫
QT

f2

µ
+ 2

∫ T

0

⟨r(s), z̃(s)⟩H−1(Td). (12)

To complete ∥z̃(T )∥2H−1(Td) into ∥z(T )∥2H−1(Td), there remains to compute [z(T )]2. Integrating (10)
in space one gets

∂t[z] = [r].

This implies
∂t([z]

2) = 2[z]∂t[z] = 2[z][r],
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and then

[z(t)]2 = [z0]
2 + 2

∫ T

0

[z(s)][r(s)] ds. (13)

By Pythagorean theorem,

∥z̃(T )∥2H−1(Td) + [z(T )]2 = ∥z(T )∥2H−1(Td) and ∥z̃0∥2H−1(Td) + [z0]
2 = ∥z0∥2H−1(Td) .

Moreover, by orthogonality of mean-free functions with constants in H−1(Td),

⟨r(s), z̃(s)⟩H−1(Td) + [r(s)][z(s)] = ⟨r(s), z̃(s)⟩H−1(Td) + ⟨[r(s)], [z(s)]⟩H−1(Td)

= ⟨r(s), z̃(s)⟩H−1(Td) + ⟨r(s), [z(s)]⟩H−1(Td) = ⟨r(s), z(s)⟩H−1(Td),

so adding (13) with t = T to (12) we get

∥z(T )∥2H−1(Td) +

∫
QT

µz2 ≤
∫
QT

µ[z]2 + ∥z0∥2H−1(Td) +

∫
QT

f2

µ
+ 2

∫ T

0

⟨r(s), z(s)⟩H−1(Td) ds,

which, using Cauchy-Schwarz inequality and µ ≥ α, gives the announced estimate.

Proof of Theorem 1. Set z = u−u, w = v−v, Li = ∥µ′
i∥L∞(R+). The strategy is to use the previous

lemma to then apply Grönwall’s lemma to z and w. In order to get closer from the structure of
equation (10), we remark that z satisfies

∂tz −∆(µ1(v)z) = ∆((µ1(v)− µ1(v))u) +R1(u, v)−R1(u, v).

Setting f = (µ1(v)− µ1(v))u, µ = µ1(v) and r = R1(u, v)−R1(u, v), Lemma 2.1 applies and using
α1 ≤ µ1 on its left-hand side we get

∥z(T )∥2H−1 + α1

∫
QT

z2 (14)

≤ ∥z0∥2H−1 +

∫ T

0

[µ1(v(s))][z(s)]
2 ds+ 2

∫ T

0

∥r(s)∥H−1 ∥z(s)∥H−1 ds+
1

α 1
∥f∥2L2(QT ) ,

where H−1 stands for H−1(Td). Let us analyse the right-hand side of this inequality, starting with
r(s). Writing C1 is the Lipschitz constant of R1, |r(s, x)| ≤ C1(|z(s, x)|+ |w(s, x)|) and

∥r(s)∥H−1 ≤ ∥r(s)∥L2 ≤ C1(∥z(s)∥L2 + ∥w(s)∥L2).

For the f term, we use Hölder’s inequality and the Lipschitz constant L1 of µ1:

∥f∥2L2(QT ) ≤ L2
1

∫
QT

w2u2 ≤ L2
1 ∥u∥

2
L∞(QT )

∫
QT

w2.

Besides [µ1(v(s))] is upper-bounded by ∥µ1∥L∞(R+). Using these estimates, (14) becomes

∥z(T )∥2H−1 + α1

∫
QT

z2 ≤ ∥z0∥2H−1 + ∥µ1∥L∞(R+)

∫ T

0

[z(s)]2 ds

+ 2C1

∫ T

0

(∥z(s)∥L2 + ∥w(s)∥L2) ∥z(s)∥H−1 ds+
L2
1

α1
∥u∥2L∞(QT )

∫
QT

w2. (15)
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We then use Young’s inequality ab ≤ ε
2a

2 + 1
2εb

2, with ε to be determined later, and get:∫ T

0

(∥z(s)∥L2 + ∥w(s)∥L2) ∥z(s)∥H−1 ds ≤
ε

2

∫ T

0

(∥z(s)∥L2 + ∥w(s)∥L2)
2ds+

1

2ε

∫ T

0

∥z(s)∥2H−1 ds

≤ ε

(∫
QT

w2 +

∫
QT

z2
)
+

1

2ε

∫ T

0

∥z(s)∥2H−1 ds.

Dividing the estimate (15) by α1, we then get

1

α1
∥z(T )∥2H−1 +

∫
QT

z2 ≤ 1

α1
∥z0∥2H−1 +

∥µ1∥L∞(R+)

α1

∫ T

0

[z(s)]2 ds+
1

α1ε

∫ T

0

∥z(s)∥2H−1 ds

+
2ε

α1

(∫
QT

w2 +

∫
QT

z2
)
+
L2
1

α2
1

∥u∥2L∞(QT )

∫
QT

w2. (16)

Passing the
∫
QT

z2 term to the left-hand side, then using [z] ≲ ∥z∥H−1 and setting Cε
1 =

(∥µ1∥L∞(R+) + 1/ε)/α1, we obtain(
1− 2ε

α1

)∫
QT

z2 ≤ 1

α1
∥z0∥2H−1 + Cε

1

∫ T

0

∥z(s)∥2H−1 ds+

(
L2
1

α2
1

∥u∥2L∞(QT ) +
2ε

α1

) ∫
QT

w2.

We also have a similar inequality on w:(
1− 2ε

α2

)∫
QT

w2 ≤ 1

α1
∥w0∥2H−1 + Cε

2

∫ T

0

∥w(s)∥2H−1 ds+

(
L2
2

α2
2

∥v∥2L∞(QT ) +
2ε

α2

) ∫
QT

z2,

in which one can inject the one on
∫
QT

z2:

(
1− 2ε

α2

)∫
QT

w2 ≤ 1

α1
∥w0∥2H−1 + Cε

2

∫ T

0

∥w(s)∥2H−1 ds

+
1

α1 − 2ε
∥z0∥2H−1 +

Cε
1

1− 2ϵ/α1

∫ T

0

∥z(s)∥2H−1 ds

+

(
L2
2

α2
2

∥v∥2L∞(QT ) +
2ε

α2

)
1

1− 2ε
α1

(
L2
1

α2
1

∥u∥2L∞(QT ) +
2ε

α1

) ∫
QT

z2.

The smallness condition then ensures the existence of ε > 0 such that(
L2
2

α2
2

∥v∥2L∞(QT ) +
2ε

α2

)
1

1− 2ε
α1

(
L2
1

α2
1

∥u∥2L∞(QT ) +
2ε

α1

)
< 1− 2ε

α1
.

This allows to absorb the
∫
QT

w2 term of the left-hand side and get:∫
QT

w2 ≲ ∥w0∥2H−1 +

∫ T

0

∥w(s)∥2H−1 ds+ C ∥z0∥2H−1 +

∫ T

0

∥z(s)∥2H−1 ds,

where ε and thus the constant in this inequality depend only on the difference between the two
members of (4).
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One can also get a similar estimate on
∫
QT

z2. Back to the inequality (16) with ∥z(T )∥2H−1 , we
inject the previous bound on ∥w∥2L2(QT ) to see

∥z(T )∥2H−1 + ∥z∥2L2(QT ) ≲ ∥w0∥2H−1 + ∥z0∥2H−1 +

∫ T

0

∥w(s)∥2H−1 ds+

∫ T

0

∥z(s)∥2H−1 ds.

Summing this inequality with its analogue for w and setting

ψ(t) = ∥z(t)∥2H−1 + ∥w(t)∥2H−1 , θ(t) = ∥z∥2L2(Qt)
+ ∥w∥2L2(Qt)

,

we get

ψ(T ) + θ(T ) ≲ ∥w0∥2H−1 + ∥z0∥2H−1 +

∫ T

0

ψ(s)ds.

Grönwall’s lemma then gives the wanted result.

2.2 Space ℓ2(TM) and discretization of the continuous solution
Let M ∈ N∗. In this subsection, we restrict ourselves to dimension d = 1 and study the functional
spaces over TM and the discrete laplacian operator ∆M . We first recall that ∆M is a circulant
matrix so its eigenvalues are Fourier modes and we can compute explicitly its spectrum, as explained
in [26] and already used in [4]. We then complement by some elementary estimates on discrete
norms which will be useful to deal with the jumps of the martingales and the reaction terms.

Proposition 2.2. The operator −∆M defined on the finite dimensional space ℓ2(TM ) is symmetric.
Its eigenvalues are all contained in {0} ∪ [16, 4M2] and 0 has multiplicity 1, the kernel of −∆M

being composed of constant functions.

This proposition implies that −∆M is a positive-definite symmetric operator on the orthogonal
of constant functions, i.e. mean free functions. This allows to define ∆−1

M u for all mean free u. We
can then define the discrete H−1 norm

Definition 2.1. The scalar product ⟨u, v⟩−1,M is defined for all u,v : TM −→ R by

⟨u,v⟩−1,M = [u]M [v]M + ⟨u− [u]M ,−∆−1
M (v − [v]M )⟩2,M .

Its associated norm is defined by
∥u∥2−1,M = ⟨u,u⟩−1,M .

The fact that ⟨·, ·⟩−1,M is a scalar product follows immediately from (−∆M )−1 being a positive-
definite symmetric operator on mean free functions in ℓ2(TM ). The spectral gap (independent on M ,
see Proposition 2.2) and the upper bound on the spectrum of −∆M imply the following comparisons
between norms:

Corollary 2.3. For u ∈ ℓ2(TM ), ∥u∥−1,M ≤ ∥u∥2,M ≲ M ∥u∥−1,M . If u is mean free, then∥∥∆−1
M u

∥∥
2,M

≤ ∥u∥2,M .

The following Proposition is a discrete version of the Sobolev embedding L1(T) ↪→ H−1(T),
obtained usually as the dual embedding of H1(T) ↪→ L∞(T). It is only true in dimension 1 and is
the main use of one-dimensionality in this paper, specially involved in the comparison between the
semi-discrete system and the PDE.
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Proposition 2.4. For u ∈ ℓ2(TM ), ∥u∥−1,M ≲ ∥u∥1,M .

Proof. Denote ũ := u− [u]M . We first prove that
∥∥∆−1

M ũ
∥∥
∞ ≲ ∥u∥1,M . Set

Φk =
1

M2

k∑
j=1

j−1∑
i=1

ũi.

One can check that (Φk)k∈N is M -periodic and thus defines an element Φ of ℓ2(TM ). Moreover,
(∆MΦ)k = ũk so Φ− [Φ]M = ∆−1

M ũ, hence

∥∥∆−1
M ũ

∥∥
∞ ≤ 2 ∥Φ∥∞ ≤ 1

M2

M∑
j=1

M∑
i=1

|ũi| = ∥ũ∥1,M ≤ 2 ∥u∥1,M ,

which proves that
∥∥∆−1

M ũ
∥∥
∞ ≲ ∥u∥1,M . Then,

∥u∥2−1,M = ⟨ũ,−∆−1
M ũ⟩2,M + [u]2M ≤ ∥ũ∥1,M

∥∥∆−1
M ũ

∥∥
∞ + ∥u∥21,M ≲ ∥u∥21,M ,

which ends the proof.

Corollary 2.5. Let u : [0, T ] → ℓ2(TM ). Then,

|||u|||T,M ≲
√
1 + TM sup

s≤T
∥u(s)∥1,M .

Proof. First, as a consequence of Proposition 2.4 we have

sup
s≤T

∥u(s)∥2−1,M ≲ sup
s≤T

∥u(s)∥21,M .

Then, bounding |uj(s)| by
∑M

j=1 |uj(s)| =M ∥u(s)∥1,M , we get∫
QT,M

u2 =
1

M

∫ T

0

M∑
j=1

|uj(s)|2 ds

≤
∫ T

0

M∑
j=1

|uj(s)| ∥u(s)∥1,M ds =

∫ T

0

M ∥u(s)∥21,M ds ≤ TM sup
s≤T

∥u(s)∥21,M .

Assembling these two bounds yields the result.

Proposition 2.6. Denoting by (ei)1≤i≤M the canonical basis of RTM , the following estimates hold
for all M ∈ N∗,

∥ei∥2−1,M ≲
1

M
; ∥ei+1 − ei∥2−1,M ≲

1

M3
.

Proof. The first one is a direct consequence of Corollary 2.3 and the fact that ∥ei∥22,M = 1
M .

For the second one, note that by translation invariance of the ∥·∥−1,M norm, ∥ei+1 − ei∥−1,M =
∥e1 − e0∥−1,M . Moreover, e1 − e0 is mean free and

∆−1
M (e1 − e0) = Φ, where Φj =

M + 1− 2j

2M3
(1 ≤ j ≤M).
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Then

∥e1 − e0∥2−1,M = ⟨e1 − e0,−∆−1
M (e1 − e0)⟩2,M =

1

M

(
M + 1− 2

2M3
− M + 1− 2M

2M3

)
≲

1

M3
,

which ends the proof.

We observe that this computation shows the order of magnitude of respectively birth/death
and motion to neighborhood for the M - discretizated H−1 norm. In particular, the normalization
M3 of motion event will be able to absorb the acceleration of time M2 involved in the convergence
of random walk to brownian motion. It will be useful in following martingale estimate to obtain
convergence of the particle systems soon as N and M go to infinity.

We assume the existence of a bounded non-negative solution (u, v) ∈ (L2([0, T ];H3(T)) ∩
L∞(QT ))

2 to (2) satisfying the smallness condition (6). Thanks to Corollary 1.1, such a solution is
unique. Let us first precise the regularity of µ1(u), µ2(v):

Lemma 2.7. If u ∈ L2([0, T ];H3(T)) ∩ L∞(QT ) and µ ∈ C3(R), then µ(u) ∈ L2([0, T ];H3(T)).

Proof. Applying Theorem 2.87 from [22]:

∥µ(u(t))∥H3(T) ≤ ϕµ(∥u∥L∞(QT )) ∥u(t)∥H3(T) .

Thus, integrating in time, ∥µ(u)∥L2([0,T ];H3(T)) ≤ ϕµ(∥u∥L∞(QT )) ∥u∥L2([0,T ];H3(T)) <∞.

In order to compare (u, v) with (uM ,vM ), we begin by putting these two objects in the same
space by discretizing (u, v). We thus discretize (u, v) by restricting it to TM and therefore set, for
all t ∈ [0, T ],

ûM (t) := u|TM
(t).

Proposition 2.8. Let (u, v) the solution introduced just above. Then{
d
dt û

M = ∆M [ûMµ1(v̂
M )] +R1(û

M , v̂M ) + rM1
d
dt v̂

M = ∆M [v̂Mµ2(û
M )] +R2(û

M , v̂M ) + rM2

where the error term r satisfies rM1 , r
M
2 −→

M→∞
0 for the L1([0, T ];L∞(TM )) norm.

Proof. If f ∈ H3(T), then using Proposition 4.3 from the appendix we get the following convergence
in H1(T):

τhf + τ−hf − 2f

h2
−→
h→0

f ′′ = ∆f.

By Sobolev embedding, this convergence also holds in (C(T), ∥·∥L∞) so, applying the restriction
application f 7→ f̂ ;

∆M (f̂) =M2(τ 1
M
f̂ + τ− 1

M
f̂ − 2f̂) =

(
τ 1

M
f + τ− 1

M
f − 2f

1/M2

)
|TM

−→
M→∞

(̂∆f).
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Since u, µ1(v) ∈ H3(T) and H3(T) is an algebra, one can apply this convergence to uµ1(v) ∈ H3(T)
and get for almost every t ∈ [0, T ]:

∥r1(t)∥L∞(TM ) =

∥∥∥∥ d

dt
û(t)−∆M [ûµ1(v̂)](t)−R1(û, v̂)(t)

∥∥∥∥
L∞(TM )

=
∥∥(∂tu−R1(u, v)−∆[uµ1(v)] + ∆[uµ1(v)])|TM

(t)−∆M [ûµ1(v̂)](t)
∥∥
L∞(TM )

=
∥∥(∆[uµ1(v)])|TM

(t)−∆M [ûµ1(v̂)](t)
∥∥
L∞(TM )

−→
M→∞

0.

Moreover, using the notation ∆M := M2(τ1/M + τ−1/M − 2) on the continuous space L2(T), the
Sobolev embedding H1(T) ↪→ L∞(T) and Proposition 4.3 from the appendix gives∥∥(∆[uµ1(v)])|TM

(t)−∆M [ûµ1(v̂)](t)
∥∥
L∞(TM )

=
∥∥(∆[uµ1(v)]−∆M [uµ1(v)])|TM

(t)
∥∥
L∞(TM )

≤ ∥(∆[uµ1(v)]−∆M [uµ1(v)])(t)∥L∞(T)

≤ C ∥(∆[uµ1(v)]−∆M [uµ1(v)])(t)∥H1(T)

≤ C ∥u(t)µ1(v(t))∥H3(T) ≤ C ∥u(t)∥H3(T) ∥µ1(v(t))∥H3(T) .

Adding that the right hand side belongs to L1([0, T ]), bounded convergence concludes the proof.

2.3 Stability of pertubated semi-discrete system and proof of Theorem 2
We study now the semi-discrete system (uM ,vM ) defined in (5) and will consider a pertubation.
First, we control the norm of the original (non pertubated) system :

Proposition 2.9. Under Hypotheses 1, suppose the initial data (uM
0 ,v

M
0 ) is non-negative. Then

there exists a global non-negative solution (uM ,vM ) of (5), which satisfies for all T ≥ 0,

sup
t≤T

∥∥uM (t)
∥∥
1,M

+

∫ T

0

[uM (s)λ−1 (u
M (s),vM (s))]M ds ≲ eρ0T

∥∥uM
0

∥∥
1,M

,

sup
t≤T

∥∥vM (t)
∥∥
1,M

+

∫ T

0

[vM (s)λ−2 (u
M (s),vM (s))]M ds ≲ eρ0T

∥∥vM
0

∥∥
1,M

.

Proof. Let T ∈ R+ ∪ {∞} the maximal time for which the solution is well-defined. Since ℓ2(TM ) is
finite dimensional, Cauchy-Lipschitz theory proves that T > 0.
Let C = {(f ,g) ∈ ℓ2(TM )2 | f ,g ≥ 0} be the closed convex cone of positive functions. We first
prove that (u,v) stays in C until the explosion time T . To do so, we prove that for any t < T , if
(u(t),v(t)) ∈ ∂C then (u′(t),v′(t)) either vanishes or points towards the interior of C. Let t < T
be such that (u(t),v(t)) ∈ ∂C and I = {1 ≤ j ≤ M |uj(t) = 0}. For all j ∈ I, the structure
R1(u, v) = uλ1(u, v) implies

u′j(t) =M2(µ1(vj−1(t))uj−1(t) + µ1(vj+1(t))uj+1(t)).

Since all quantities in the right hand side of this equation are non-negative, we have u′j(t) ≥ 0. To
prove (u′(t),v′(t)) points towards the interior of C, it is therefore sufficient to see that u′j(t) > 0 for
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at least one j ∈ I. The above expression of u′j(t) shows that it is the case if j ∈ I and j + 1 /∈ I so
either such a j exists or I = {1, . . . ,M} and u′(t) vanishes. Repeating this argument on v proves
that (u,v) stays in C.

The fact that the explosion time T is infinite will follow from the estimate in the proposition, which
we now prove for all t < T . First, one has ∥u(t)∥1,M = ⟨1,u(t)⟩2,M where 1 ∈ ℓ2(TM ) is the constant
function taking value 1. Since ∆M1 = 0, for all z ∈ ℓ2(TM ) one has ⟨1,∆Mz⟩2,M = ⟨∆M1, z⟩2,M = 0.
Taking the scalar product of (17) with 1 and using these facts, one gets

∥u(t)∥1,M = ∥u0∥1,M +

∫ t

0

⟨1,∆M (µ1(v)u) +R1(u,v)⟩2,M (s) ds

= ∥u0∥1,M +

∫ t

0

⟨1, R1(u(s),v(s))⟩2,M ds

= ∥u0∥1,M +

∫ t

0

⟨1,u(s)λ1(u(s),v(s))⟩2,M ds.

From Hypotheses 1 ii), we get λ+1 (u,v) ≤ ρ0 so splitting λ1 = λ+1 − λ−1 and passing λ−1 to the
right-hand side,

∥u(t)∥1,M +

∫ t

0

[uλ−1 (u,v)](s) ds ≤ ∥u0∥1,M + ρ0

∫ t

0

∥u(s)∥1,M ds

The Grönwall lemma concludes the proof.

Now, we study the semi-discrete system (uM ,vM ) defined in (5) with a perturbation term mM :{
uM (t) = uM

0 +
∫ t

0
[∆M (µ1(v

M )uM ) +R1(u
M ,vM )](s) ds+mM

1 (t)

vM (t) = vM
0 +

∫ t

0
[∆M (µ2(u

M )vM ) +R2(u
M ,vM )](s) ds+mM

2 (t)
(17)

The pertubation term mM will become stochastic in the next section. More precisely, it will be a
martingale coming from compensation of random jump process due to birth, deaths and motions.
This motivates the following class of deterministic pertubations, which mix absolute continuous
component and jumps :

mM
i (t) =

∑
k∈N

1tMi,k≤t a
M
i,k −

∫ t

0

ϕM
i (s) ds,

where ϕM
i : R+ → ℓ2(TM ) is a function, (ai,k)i∈{1,2},k∈N is an ℓ2(TM )-valued sequence and for

i ∈ {1, 2}, (ti,k)k is an increasing sequence of times which is also divergent : ti,k → ∞ as k → ∞.

The following proposition explains how the pertubated system (17) can be compared to dis-
cretization ûM (t) := u|TM

(t) of the continuous limiting system (and also to (5) recalling Proposition
2.8).

Proposition 2.10. Assume Hypotheses 1 and 2 and let (uM ,vM ) a non-negative solution of (17)
and set

zM = uM − ûM , wM = vM − v̂M .

Then, for any T ≥ 0 and M ≥ 1,

|||zM |||2T,M + |||wM |||2T,M ≲ eΛ
M (T )

(∥∥zM0 ∥∥2−1,M
+
∥∥wM

0

∥∥2
−1,M

+
∥∥hM1 ∥∥L∞

T

+
∥∥hM2 ∥∥L∞

T

+ δM

)
,
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where the constants behind this inequality are independent of T,M and m, and

δM =
∥∥rM1 ∥∥2L1([0,T ];L∞(TM ))

+
∥∥rM2 ∥∥2L1([0,T ];L∞(TM ))

goes to 0 as M tends to infinity from Proposition 2.8, and ΛM satisfies

ΛM (T ) ≲
∫
QT,M

1 + uM + vM + λ−1 (u
M ,vM )2 + λ−2 (u

M ,vM )2,

and hM is defined by:

hM1 (t) := 2
∑
k∈N

1t1,k≤t ⟨z(t−k ), a1,k⟩−1,M − 2

∫ t

0

⟨z(s), ϕ1(s)⟩−1,M ds+
∑
k∈N

1t1,k≤t ∥a1,k∥2−1,M ,

hM2 (t) := 2
∑
k∈N

1t2,k≤t ⟨w(t−k ), a2,k⟩−1,M − 2

∫ t

0

⟨w(s), ϕ2(s)⟩−1,M ds+
∑
k∈N

1t2,k≤t ∥a2,k∥2−1,M .

Taking m = 0, this result implies that the interpolations (πM (uM ), πM (vM )) converge to (u, v)
when M → ∞. This will yield Theorem 2, see below, after the proof. It will also play a central
role in the next section for the convergence of the sequence of stochastic processes by considering
the good pertubation term. We recall that in the proofs, we alleviate notation and do not write
exponent M in z, Λ, hi, etc.

Proof. As in the continuous case, in order to get this kind of estimate we first remark that z satisfies

z(t) = z0 +

∫ t

0

(∆M [z(s)µ(s) + f(s)] + x(s)) ds+ xJ(t),

with

µ = µ1(v), f = û(µ1(v)− µ1(v̂)), x = R1(u,v)−R1(û, v̂)− ϕ1 − r1, xJ(t) =
∑
k∈N

1ti,k≤t ai,k.

This allows to apply the duality lemma to set up for a Grönwall lemma. Therefore, we can invoke
[4] and more precisely we use µ1 ≥ α1 and Lemma 4.9 in Appendix to get

∥z(t)∥2−1,M + α1

∫
Qt,M

z2 ≤ ∥z0∥2−1,M +

∫ t

0

[z(s)]2M [µ(s)]M ds+ h1(t)

+
1

α1

∫
Qt,M

f2 + 2

∫ t

0

⟨z(s), y(s)⟩−1,M ds, (18)

where h1(t) is as defined in the above statement and

y = R1(u,v)−R1(û, v̂)− r1 = x+ ϕ1.

Let us inspect bounds for the terms on the right-hand side in their order of appearance.
First, for the [z]2M term, we use [z(s)]2M ≤ ∥z(s)∥2−1,M , which is a direct consequence of the

definition of ∥.∥2−1,M . Then, since µ1 is Lipschitz-continuous,∫
Qt,M

f2 ≤ L2
1

∫
Qt,M

û2|v − v̂|2 ≤ L2
1 ∥u∥

2
L∞(QT )

∫
Qt,M

w2.
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For the last term, since ∥·∥−1,M ≤ ∥·∥2,M ≤ ∥·∥∞ and ∥·∥−1,M ≲ ∥·∥1,M from Corollary 2.3 and
Proposition 2.4,

⟨z(s), y(s)⟩−1,M ≤ ∥z(s)∥−1,M ∥y(s)∥−1,M

≤ ∥z(s)∥−1,M ∥R1(u,v)(s)−R1(û, v̂)(s)∥−1,M + ∥z(s)∥−1,M ∥r1(s)∥−1,M

≲ ∥z(s)∥−1,M ∥R1(u,v)(s)−R1(û, v̂)(s)∥1,M + ∥z(s)∥−1,M ∥r1(s)∥∞ ,

with, since λ1 is Lipschitz-continuous,

|R1(u,v)−R1(û, v̂)| = |uλ1(u,v)− ûλ1(û, v̂)|
≤ |uλ1(u,v)− ûλ1(u,v)|+ |ûλ1(u,v)− ûλ1(û, v̂)|
≲ |zλ1(u,v)|+ û(|z|+ |w|).

It implies, since û is smaller than ∥u∥∞ which is a constant,

∥R1(u(s),v(s))−R1(û(s), v̂(s))∥1,M
≲ ∥λ1(u(s),v(s))∥2,M ∥z(s)∥2,M + ∥û∥2,M (∥z(s)∥2,M + ∥w(s)∥2,M )

≲ (1 + ∥λ1(u(s),v(s))∥2,M )(∥z(s)∥2,M + ∥w(s)∥2,M ).

Thus, using Young’s inequality with ε > 0 to choose later,

⟨z(s), x(s)⟩−1,M

≲ ∥z(s)∥−1,M (1 + ∥λ1(u(s),v(s))∥2,M )(∥z(s)∥2,M + ∥w(s)∥2,M ) + ∥z(s)∥−1,M ∥r1(s)∥∞
≲ ε−1(1 + ∥λ1(u(s),v(s))∥22,M ) ∥z(s)∥2−1,M + ε(∥z(s)∥22,M + ∥w(s)∥22,M ) + ∥z(s)∥−1,M ∥r1(s)∥∞ .

Plugging all these bounds in (18) and gathering terms involving ∥z(s)∥−1,M , we get

∥z(t)∥2−1,M + α1

∫
Qt,M

z2 (19)

≲
L2
1

α1
∥u∥2L∞(QT )

∫
Qt,M

w2 + ε

∫
Qt,M

(z2 +w2) + g1(t) + h1(t),

where

g1(t) = ∥z(0)∥2−1,M +

∫ t

0

∥z(s)∥2−1,M [µ1(v(s))]M ds (20)

+

∫ t

0

(
ε−1(1 + ∥λ1(u(s),v(s))∥22,M ) ∥z(s)∥2−1,M + ∥z(s)∥−1,M ∥r1(s)∥∞

)
ds.

In particular, we have

(α1 − ε)

∫
Qt,M

z2 ≲

(
L2
1

α1
∥u∥2L∞(QT ) + ε

)∫
Qt,M

w2 + g1(t) + h1(t). (21)

There is a similar inequality for w:

(α2 − ε)

∫
Qt,M

w2 ≲

(
L2
2

α2
∥v∥2L∞(QT ) + ε

)∫
Qt,M

z2 + g2(t) + h2(t).
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Injecting (21) in it to bound
∫
Qt,M

z2, one gets

(α2 − ε)

∫
Qt,M

w2 ≲ Aε

∫
Qt,M

w2 + h1(t) + g2(t) + h2(t),

where

Aε =

(
L2
2

α2
∥v∥2L∞(QT ) + ε

)
1

α1 − ε

(
L2
1

α1
∥u∥2L∞(QT ) + ε

)
.

By the smallness Assumption (6), for ε small enough, Aε < α2 − ε. Therefore term
∫
Qt,M

w2 from
the right-hand side can be sent to the left-hand side to get∫

Qt,M

w2 ≲ g2(t) + g1(t) + h1(t) + h2(t).

The choice of ε depends only on the parameters of the problem and (u, v) (through the dependence
on the difference of the two members of the smallness condition), so the constant behind ≲ depends
only on these same objects. A similar inequality holds for

∫
Qt,M

z2. Back to (19), we get by summing
it with its analogue for w and using the previous bounds on

∫
Qt,M

z2 and
∫
Qt,M

w2 that

∥z(t)∥2−1,M +

∫
Qt,M

z2 + ∥w(t)∥2−1,M +

∫
Qt,M

w2 ≲ g1(t) + g2(t) + h1(t) + h2(t). (22)

Recalling from (20) the expression of g1 and that g2 has a similar form and setting

ψ(t) := ∥z(t)∥2−1,M + ∥w(t)∥2−1,M , ϕ(t) :=

∫
Qt,M

µ1(v)z
2 +

∫
Qt

µ2(u)w
2,

a(t) := 1 + [µ2(u(t))]M + [µ1(v(t))]M + ∥λ1(u(s),v(s))∥22,M + ∥λ2(u(s),v(s))∥22,M ,

inequality (22) rewrites

ψ(t) + ϕ(t) ≲ ψ(0) +

∫ t

0

[a(s)ψ(s) + (∥r1(s)∥∞ + ∥r2(s)∥∞)ψ(s)1/2]ds+ h1(t) + h2(t).

Bounding h1(t) + h2(t) by ∥h1∥L∞
T
+ ∥h2∥L∞

T
and using non-linear Grönwall lemma (see Lemma

4.4), we get

sup
t≤T

ψ(t) + ϕ(T )}

≲ ec
∫ T
0

a(s) ds
(
ψ(0) + ∥h1∥L∞

T
+ ∥h2∥L∞

T
+ ∥r1∥2L1([0,T ];L∞(TM ) + ∥r2∥2L1([0,T ];L∞(TM )

)
.

It remains to control a and conclude. Using Hypotheses 1, we get µi(x) ≲ 1 + x and |λi(u, v)| ≤
|λ+i (u, v)|+ |λ−i (u, v)| ≤ ρ0 + |λ−i (u, v)|,∫ T

0

a(s) ds ≲
∫ T

0

1 + [u(s)]M + [v(s)]M +
∥∥λ−1 (u(s),v(s))∥∥22,M +

∥∥λ−2 (u(s),v(s))∥∥22,M ds

≲
∫
QT,M

(1 + u+ v + λ−1 (u,v)
2 + λ−2 (u,v)

2).

It ends the proof.
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We are now in position to prove Theorem 2 stated in the first section.

Proof of Theorem 2. In the case of the semi-discrete system with no perturbations (5), m = 0 so h1
and h2 from Proposition 2.10 vanish and Hypothesis 1 iii) and Proposition 2.9 yield

Λ(T ) =

∫
QT,M

1 + u+ v + λ−1 (u,v)
2 + λ−2 (u,v)

2

≲
∫
QT,M

1 + u+ v + uλ−1 (u,v) + vλ−2 (u,v) ≲ ecT (∥u0∥1,M + ∥v0∥1,M ) ≲ exp(cT ).

Thus, the estimate from Proposition 2.10 rewrites

|||z|||2T,M + |||w|||2T,M ≲ eexp(cT )(∥z0∥2−1,M + ∥w0∥2−1,M + δM ),

where δM converges to 0 according to Proposition 2.8. Note that the constant in front of exp(cT )
has been by changing the value of c. Then, forthcoming Proposition 4.5 in Appendix ensures that

|||πM (u)− u|||T ≲ |||z|||T,M + δ′M ,

∥z0∥−1,M ≲ ∥πM (u0)− u0∥H−1(T) + δ′M ,

where δ′M goes to 0 and can be absorbed in δM . Combining the previous inequalities ends the
proof.

.

3 Convergence of stochastic processes
In this chapter, we consider an individual based model, living on the discrete space TM . We prove
that when the local population scale N goes to infinity, the stochastic process is close to the semi
discrete system. We obtain quantitative estimates which are uniform with respect to the number of
sites M . It will prove that when M and N become large, the individual based model converges to
the crossed diffusion system. The norm is inherited from the duality estimates. It relies also on
the control of fluctuations through martingales estimates in H−1 and large deviations estimates
for births and deaths terms. We first justify the existence of stochastic processes and provide
preliminary moment estimates. We then derive the martingales inequalities (Subsection 3.2) and
study the large deviations (tail estimates) in Subsection 3.3. We will then combine the results to
prove convergence of the stochastic process in Subsection 3.4 (Theorem 3).

3.1 Construction of the process and first estimates
We consider p ≥ 1 and assume here that initial conditions satisfy

E
[∥∥UM,N (0)

∥∥p
1,M

+
∥∥VM,N (0)

∥∥p
1,M

]
<∞. (23)

It will cover our framework. Indeed, Hypothesis 3 i) involved for convergence will ensure that (23)
is satisfied for p < p0.
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For the proofs, we proceed by localization of processes to keep them bounded and work on a
finite state space. More precisely, we first define the càdlàg jump Markov process (UM,N ,VM,N )
satisfying (7), (8) until time

TK = inf{t ≥ 0 :
∥∥UM,N (t)

∥∥
∞ +

∥∥VM,N (t)
∥∥
∞ ≥ K} ∈ [0,∞].

Indeed, the process (UM,N ,VM,N ) remains on finite state space [0,K + 1]2M in the time interval
[0, TK ] ∩ R+. The process is now simply a jump Markov process on a finite state space and its
construction and characterization are classical. Thus, it can be constructed by iteration, considering
the successive jumps, which provides a strong solution to (7)− (8) on the time interval [0, TK ]∩ R+.
Let us also note that pathwise uniqueness on this time interval immediately holds.

Let us now prove that TK goes to infinity as K goes to infinity, using the the control the growth
rate (Hypothesis 1 iii)) and our moment condition above. First, we observe that compensating the
Poisson random measure in (7) gives the following semi-martingale decomposition (see Section II-3
[24]):

U(t) = A(t) +M1(t), (24)

for t ∈ R+ ∩ TK , where

AM,N (t) = UM,N
0 +

1

N

∫ t

0

∫
R+×T

1ρ≤ν1(UM,N (s−),VM,N (s−),θ)θ dsdρdθ

= UM,N
0 +

∫ t

0

ϕ1(U
M,N (s),VM,N (s))ds

and
ϕ1(u,v) =

∑
θ∈T

1

N
ν1(u,v, θ)θ = [∆M (µ1(v)u) +R1(u,v)] (25)

and (M1(t ∧ TK))t≥0 is a martingale defined for t ∈ R+ ∩ [0, TK ] by

M1(t) =
1

N

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ)θ Ñ1(ds, dρ,dθ),

where Ñ1 is the compensated Poisson measure of N1. This semi-martingale decomposition is the
stochastic counterpart of the semi-discrete problem (17) where the source m1 is random and given
by the local martingale M1.

We can now prove the following moment estimates.

Proposition 3.1. Assume that bi−di is bounded and bi is globally Lipschitz for i ∈ {1, 2}. Let p ≥ 1
and assume also that (23) holds. Then there exists c ∈ R such that for all K ∈ N and M,N ≥ 1
and t ≥ 0,

E
[∥∥UM,N (t ∧ TK)

∥∥p
1,M

+
∥∥VM,N (t ∧ TK)

∥∥p
1,M

]
≲ ect

(
E
[∥∥UM,N (0)

∥∥p
1,M

+
∥∥VM,N (0)

∥∥p
1,M

]
+

t

N

)
.

Proof. Fix K ∈ N and p ≥ 1. We take the scalar product of SDE (7) with the constant function 1
and for any t ≤ TK ,

∥U(t)∥1,M = ∥U0∥1,M +
1

N

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ)⟨1, θ⟩N1(ds, dρ,dθ).
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For a jump of ∥U(t)∥1,M given by 1
N ⟨1, θ⟩, the corresponding jump of ∥U(t)∥p1,M is

(
∥∥U(t−)

∥∥
1,M

+
1

N
⟨1, θ⟩)p −

∥∥U(t−)
∥∥p
1,M

,

thus we have

∥U(t)∥p1,M = ∥U0∥p1,M

+

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ)[(
∥∥U(s−)

∥∥
1,M

+
1

N
⟨1, θ⟩)p −

∥∥U(s−)
∥∥p
1,M

]N1(ds, dρ, dθ).

Taking the expectation using that TK is a stopping time for the natural filtration,

E
[∥∥U(t ∧ TK)

∥∥p
1,M

]
= E

[
∥U0∥p1,M +

∫ t∧TK

0

∑
θ∈T

((
∥U(s)∥1,M +

1

N
⟨1, θ⟩

)p

− ∥U(s)∥p1,M

)
ν1(U(s),V(s), θ) ds

]
.

The mobility transitions have zero contribution, i.e. ⟨1, ei+ϵ − ei⟩ = 0. Then for any u,v ∈ ℓ2(TM ),

∑
θ∈T

((
∥u∥1,M +

1

N
⟨1, θ⟩

)p

− ∥u∥p1,M

)
ν1(u,v, θ)

=

M∑
j=1

Nuj

[((
∥u∥1,M +

1

MN

)p

− ∥u∥p1,M

)
b1(uj , vj)

+

((
∥u∥1,M − 1

MN

)p

− ∥u∥p1,M

)
d1(uj , vj)

]
.

We then use the inequalities (x+ ε)p − xp ≤ xp − (x− ε)p +Cpε
2xp−2 and xp − (x− ε)p ≤ Cpεx

p−1,
which are given in Proposition 4.1 of forthcoming Appendix, together with the upper bounds of
b1 − d1 and b1 coming from assumptions. We get∑

θ∈T

((
∥u∥1,M +

1

N
⟨1, θ⟩

)p

− ∥u∥p1,M

)
ν1(u,v, θ)

≤
M∑
j=1

Nuj

[(
∥u∥p1,M −

(
∥u∥1,M − 1

MN

)p)
(b1 − d1)(uj , vj) + Cp

1

(MN)2
∥u∥p−2

1,M b1(uj , vj)

]

≲
M∑
j=1

Nuj

[
ρ0
MN

∥u∥p−1
1,M +

1

(MN)2
∥u∥p−2

1,M (1 + uj + vj)

]

≲
1

M

M∑
j=1

uj

[
∥u∥p−1

1,M +
1

MN
∥u∥p−2

1,M (1 +M ∥u∥1,M +M ∥v∥1,M )

]

≤ ∥u∥1,M

[
∥u∥p−1

1,M +
1

N
∥u∥p−2

1,M (1 + ∥u∥1,M + ∥v∥1,M )

]
.
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Using Young’s inequality, ∥u∥p−1
1,M (1 + ∥u∥1,M + ∥v∥1,M ) ≲ 1 + ∥u∥p1,M + ∥v∥p1,M , we obtain

E[
∥∥U(t ∧ TK)

∥∥p
1,M

]

≤ E[∥U(0)∥p1,M ] + C

∫ t

0

E[
∥∥U(s ∧ TK)

∥∥p
1,M

] +
1

N

(
1 + E[

∥∥V(s ∧ TK)
∥∥p
1,M

]
)
ds,

for some c > 0. Going through similar arguments for estimating VK , we sum the two estimates and
get

ψ(t) ≤ ψ(0) + c

∫ t

0

(
ψ(s) +

1

N

)
ds,

where
ψ(t) = E[U(t ∧ TK)p] + E[V(t ∧ TK)p].

This implies, by Grönwall’s lemma, that

ψ(t) ≤ ect
(
ψ(0) +

ct

N

)
,

that is to say

E
[∥∥U(t ∧ TK)

∥∥p
1,M

+
∥∥V(t ∧ TK)

∥∥p
1,M

]
≤ ect

(
E
[
∥U(0)∥p1,M + ∥V(0)∥p1,M

]
+
ct

N

)
.

The previous proposition ensures that

lim
K→∞

TK = ∞ a.s.,

since for any t ≥ 0 and a fixed initial condition with bounded first moment,

P(TK ≤ t) ≤
E
[
1TK≤t

(∥∥UM,N (t ∧ TK)
∥∥
1,M

+
∥∥VM,N (t ∧ TK)

∥∥
1,M

)]
K

≲
Cect

K

and the right hand side goes to 0 as K tends to infinity. It allows to construct the process
(UM,N ,VM,N ) for any time t ∈ R+, and (UM,N ,VM,N ) is the unique strong solution of (7) in
D(R+,N2M ). Let us observe that existence and pathwise uniqueness can then be extended to any
finite initial conditions by truncation procedure on the initial conditions, while we we are using the
moment estimates obtained above for the proofs of convergence.

3.2 Martingales inequalities
We have shown in the previous part that TK → ∞ a.s. as K → ∞. Then for i ∈ {1, 2},

MM,N
i (t) =

1

N

∫ t

0

∫
R+×T

1ρ≤νi(UM,N (s−),VM,N (s−),θ)θ Ñi(ds, dρ,dθ) (26)

is a local martingale well defined for any t ∈ R+. Reading the right-hand side of the estimate
in Proposition 2.10, we see that the approximation results will rely on bounds for the quantities
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hM . We denote HM,N the stochastic counterpart, arising when the source term mM is the local
martingale MM,N . Thus, HM,N

1 is given by the following semi-martingale decomposition

HM,N
1 (t) = 2QM,N

1 (t) +
∑

0≤s≤t

∥∥∥MM,N
1 (s)−MM,N

1 (s−)
∥∥∥2
−1,M

, (27)

where QM,N
1 is the following local martingale

QM,N
1 (t) = −

∫ t

0

⟨ZM,N (s), ϕ1(U
M,N (s),VM,N (s))⟩−1,M ds

+
∑

0≤s≤t

⟨ZM,N (s−),MM,N
1 (s)−MM,N

1 (s−)⟩−1,M

=
1

N

∫ t

0

∫
R+×T

1ρ≤ν1(UM,N (s−),VM,N (s−),θ)⟨ZM,N (s−), θ⟩−1,M Ñ1(ds, dρ, dθ) (28)

and ϕ1 has been defined in (25) and

ZM,N := UM,N − ûM .

The local martingale QM,N
2 and semimartingale HM,N

2 for the second species are defined similarly.
We prove now that these local martingales are square integrable martingales whose moments are
bounded by powers of 1/N in H−1.

Proposition 3.2. For i ∈ {1, 2}, assume that bi−di is bounded and bi and di are globally Lipschitz.
i) Assume that initial conditions satisfy (23) with p = 2. Then, for each i ∈ {1, 2}, MM,N

i is a
square-integrable martingale in (R+)

2M and for any T ≥ 0 and M,N ≥ 1,

E

[
sup
t≤T

∥∥∥MM,N
i (t)

∥∥∥2
−1,M

]
≲

1

N
E

[∫
QT,M

1 + (UM,N )2 + (VM,N )2

]
.

ii) Let p ≥ 2 and assume that initial conditions satisfy (23). Then, for each i ∈ {1, 2}, QM,N
i is a

square-integrable martingale in R and for any T ≥ 0, M,N ≥ 1, for any T ≥ 0,

E

[
sup
t≤T

|QM,N
i |(t)p/2

]
≲

(
1 + T

N

) p
4

E[1 + |||UM,N |||pT,M + |||VM,N |||pT,M ].

Proof. Let us first control the jumps of the local martingales in H−1. Jumps can be birth, deaths
(BD) and motion (M) and we recall that they are given by T :

T = TBD ∪ TM , TBD =

M⋃
j=1

{
1

N
ej ,−

1

N
ej

}
, TM =

M⋃
j=1

{
1

N
(ej+1 − ej),

1

N
(ej−1 − ej)

}
.
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We first deal with births and deaths and use the first part of Proposition 2.6 to for ∥θ∥−1,M and get∫
R+×TBD

1ρ≤ν1(u,v,θ)

∥∥∥∥ 1

N
θ

∥∥∥∥2
−1,M

dρdθ

=
1

N2M

∫
R+×TBC

1ρ≤ν1(u,v,θ) dρdθ =
1

N2M

∑
θ∈TBC

ν1(u,v, θ)

=
1

N2M

M∑
j=1

Nujb1(uj , vj) +Nujd1(uj , vj) ≲
1

NM

M∑
j=1

1 + u2j + v2j =
1

N
(1 + ∥u∥22,M + ∥v∥22,M ),

the last inequality coming from the fact that b1 and d1 are Lipschitz and Young’s inequality. Similarly,
the second part of Proposition 2.6 yields a control of the motion part :∫

R+×Tµ

1ρ≤ν1(u,v,θ)

∥∥∥∥ 1

N
θ

∥∥∥∥2
−1,M

dρdθ

=
1

N2M3

∫
R+×Tµ

1ρ≤ν1(u,v,θ) dρdθ =
1

N2M3

∑
θ∈Tµ

ν1(u,v, θ) =
1

N2M3

M∑
j=1

NM2ujµ1(vj)

≲
1

NM

M∑
j=1

uj(1 + vj) ≲
1

NM

M∑
j=1

1 + u2j + v2j =
1

N
(1 + ∥u∥22,M + ∥v∥22,M ).

Proceeding similarly for the second species and assembling these two bounds for the jumps yields∫
R+×T

1ρ≤νi(u,v,θ)

∥∥∥∥ 1

N
θ

∥∥∥∥2
−1,M

dρdθ ≲
1

N
(1 + ∥u∥22,M + ∥v∥22,M ) (29)

for any u,v ∈ ℓ2(TM ) and i ∈ {1, 2}. Replacing (u,v) by (U(s),V(s)) in this expression and
integrating in time and taking the expectation, we obtain for any M,N ≥ 1 and t ∈ [0, T ],

E

[∫ t

0

∫
R+×T

∥∥∥∥ 1

N
1ρ≤νi(U(s),V(s),θ)θ

∥∥∥∥2
−1,M

dρdθ

]
≲

1

N
E

[∫
QT,M

1 +U2 +V2

]
. (30)

Moreover,∫
QT,M

U2 +V2 =

∫ T

0

∥U(s)∥22,M + ∥V(s)∥22,M ds ≲M

∫ T

0

∥U(s)∥21,M + ∥V(s)∥21,M ds,

and we know from we know from Proposition 3.1 that the second moment on the left hand side is
finite. It ensures that for each i ∈ {1, 2},

∥Mi(t)∥2−1,M −
∫ t

0

∫
R+×T

∥∥∥∥ 1

N
1ρ≤νi(U(s),V(s),θ)θ

∥∥∥∥2
−1,M

dsdρdθ

is a real martingale for any t ≥ 0 and Mi is a square-integrable martingale in (R+)
2M . We work

here with ∥·∥−1,M rather than ∥·∥2,M , which doesn’t change the integrability properties of Mi since
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R2M
+ is finite-dimensional and refer to Section II-3 of [24]. Using (30), we can bound the second

moment of Mi(t):

E
[
∥Mi(t)∥2−1,M

]
≲

1

N
E

[∫
QT,M

1 +U2 +V2

]
.

Since Mi is a martingale, ∥Mi(t)∥−1,M is a submartingale and Doob’s inequality proves part i) of
the lemma.

Let us now consider the local martingale Q1. The domination of Z by U and expression (28)
ensure that Q1 is a square-integrable martingale whose quadratic variation is

⟨Q1⟩(t) =
∫ t

0

∫
R+×T

1ρ≤ν1(U(s),V(s),θ)

〈
Z(s),

1

N
θ

〉2

−1,M

dsdρdθ.

More precisely, using successively Cauchy-Schwarz inequality and (29)

⟨Q1⟩(t) ≤ sup
0≤s≤t

∥Z(s)∥2−1,M

∫ t

0

∫
R+×T

1ρ≤ν1(U(s),V(s),θ)

∥∥∥∥ 1

N
θ

∥∥∥∥2
−1,M

dρdθ ds

≲ sup
0≤s≤t

(1 + ∥U(s)∥2−1,M )

∫ t

0

1

N
(1 + ∥U(s)∥22,M + ∥V(s)∥22,M ) ds,

≲
1

N
(1 + |||U|||2t,M )(t+ |||U|||2t,M + |||V|||2t,M ) ≲ (1 + t)(1 + |||U|||4t,M + |||V|||4t,M ).

Raising to the power p/4 and taking the expectation give

E[⟨Q1⟩(T )
p
4 ] ≲

1

N
p
4

(1 + T )
p
4 E[1 + |||U|||pT,M + |||V|||pT,M ].

Since Q1 is a martingale starting from 0, Burkholder-Davis-Gundy inequality yields the second part
of the proposition.

We can now obtain the expected estimations on HM,N
i , allowing for convergence of martingale

pertubations to 0 as N tends to infinity, uniformly with respect to M .

Lemma 3.3. For i ∈ {1, 2}, assume that bi − di is bounded and bi and di are globally Lipschitz.
Let p ≥ 2 and assume that the initial conditions satisfy (23). Then for any T ≥ 0 and N,M ≥ 1,

E

[
sup
t≤T

|HM,N
i (t)|p/2

]
≲

(
1 + T 2

N

) p
4

E[1 + |||UM,N |||pT,M + |||VM,N |||pT,M ].

Proof. We write q = p/2. Proposition 3.2 allows to control Qq
1 and we need now to estimate the

second term of Hq
1 , i.e. Pq

1 , where

P1(t) :=
∑

0≤s≤t

∥∥M1(s)−M1(s
−)
∥∥2
−1,M

=
∑

0≤s≤t

∥∥U(s)−U(s−)
∥∥2
−1,M

=
1

N2

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ) ∥θ∥
2
−1,M N1(ds, dρ,dθ).
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First,

P1(t)
q =

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ)

[(
Q(s−) +

1

N2
∥θ∥2−1,M

)q

−Q(s−)q
]
N1(ds, dρ,dθ).

Using the inequality (x+ a)q − xq ≲ axq−1 + aq from Proposition 4.1 in the appendix we deduce

Pq
1 (t) ≤

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ)

[
1

N2
∥θ∥2−1,M P1(s

−)q−1 +
1

N2q
∥θ∥2q−1,M

]
N1(ds, dρ, dθ).

Bounding ∥θ∥2(q−1)
−1,M from the last term by 1/Mq−1 thanks to Proposition 2.6,

P1(t)
q ≲

1

N2

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ) ∥θ∥
2
−1,M P1(s

−)q−1 N1(ds, dρ, dθ)

+
1

N2qMq−1

∫ t

0

∫
R+×T

1ρ≤ν1(U(s−),V(s−),θ) ∥θ∥
2
−1,M N1(ds, dρ, dθ).

Taking the expectation and using (29) and M ≥ 1,

E[P1(t)
q] ≲

1

N
E

[∫ t

0

(1 + ∥U(s)∥22,M + ∥V(s)∥22,M )P1(s)
q−1 ds

]
+

1

N2q−1
E

[∫ t

0

(1 + ∥U(s)∥22,M + ∥V(s)∥22,M ) ds

]
.

Since P1 is non-decreasing,

E[P1(t)
q] ≲

1

N
E

[
P1(t)

q−1

∫
Qt,M

1 +U2 +V2

]
+

1

N2q−1
E

[∫
Qt,M

1 +U2 +V2

]
.

This ends the proof for q = 1 (i.e. p = 2). For q > 1, using Young’s inequality xy ≲ (εx)
q

q−1 +(y/ε)q,

E[P1(t)
q] ≲ ε

q
q−1 E[P1(t)

q] +

(
ε−q

Nq
+

1

Nq

)
E

[(∫
Qt,M

1 +U2 +V2

)q]
+

1

N (2q−2) q
q−1

.

Fixing ε > 0 small enough to absorb E[P1(t)
p] from the right-hand side in the left-hand side, we get

E[P1(t)
q] ≲

1

Nq
E

[(∫
Qt,M

1 +U2 +V2

)q]
+

1

N2q

Since N ≥ 1 and ∫
Qt,M

1 +U2 +V2 ≤ t+ |||U|||2t,M + |||V|||2t,M ,

this concludes the proof.
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3.3 Large deviations estimates for births and deaths
In this section, we control the number of births and deaths along time together with the correspond-
ing rates cumulated over time. The first step is to compare the number of jumps of interest to their
cumulative intensity over time, when time is becoming large. We provide large deviations estimates
for the gap, for general jump Markov processes, which can be of independent interest. We then
apply it for our framework.

We consider a general jump process Markov X on a discrete countable space E and write ν(x, y)
the jump rate from x to y, with ν(x, x) = 0 by convention. Our aim is to control terms of the form

IA(t) =

∫ t

0

νA(Xs) ds,

where A is a subset of the set of transitions {(x, y) : x ∈ E, y ∈ E, x ̸= y} and

νA(x) =
∑

(x,y)∈A

ν(x, y)

is the total rate of transitions of type A when the process is in state x. The process IA term
quantifies the cumulative transition rates of type A along trajectories of X. It appears in the semi
martingale decomposition of jump Markov processes. The purpose of this subsection is to prove
that this term is close to the cumulative number of transitions of type A, defined by :

NA(t) =
∑
s≤t

1(Xs−,Xs)∈A.

More precisely, we prove that IA and NA have to be comparable with a great probability as soon as
one of them is large, in the following sense. We consider the times when NA or IA is larger than a
given value K :

IKA = {t ∈ R+ : max(NA(t), IA(t)) ≥ K}

and prove the following large deviation estimate. This estimate does not need assumption on the
ergodicity and asymptotic behavior of the process.

Proposition 3.4. There exists two universal constants c, C such that for all ε ∈ (0, 12 ) and K > 0,

P
(
∃t ∈ IKA : |NA(t)− IA(t)| ≥ εIA(t)

)
≤ C

(
1 +

1

ε3K

)
e−cε2K .

We first prove this result for Poisson process and then extend it by using the suitable time
change. Indeed, the identity

YIA(t) = X(t)

defines a jump Markov process Y as soon as X does not reach a point where νA vanishes. Moreover
the process counting the jumps of Y in A is a Poisson process with parameter 1. Authorizing νA to
vanish requires an additional approximation argument and a more involved time change, see the
proof below.
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Proof. We first consider the case when X = P is a Poisson process with parameter 1. The
jumps of P are of size 1 and counting all its jumps J = {(n, n + 1) : n ≥ 0} until time t
yields the value of the process at time t : P (t) = NJ(t). Moreover νJ = 1 and IJ(t) = t and
IKJ = {t ∈ R+ : P (t) ≥ K} ∪ [K,∞). We first estimate

P(IKJ ∩ [0, (1− ε)K] ̸= ∅) ≤ P(P ((1− ε)K) ≥ K) ≤ e−cε2K (31)

using a classical large deviation estimate for Poisson random variable, see for instance Theorem 1.1
in [3]. Second, we split the remaining time interval

[(1− ε)K,∞) =

∞⋃
j=0

[tj , tj+1], where tj := βj(1− ε)K

and
β =

1

2

{
1 + min

(
1 + ε

1 + ε/2
,
1− ε/2

1− ε

)}
∈
(
1,min

(
1 + ε

1 + ε/2
,
1− ε/2

1− ε

))
.

This choice of β and monotonicity of P implies for any t ∈ [tj , tj+1],

{P (t) ≤ (1− ε)t} ⊂ {P (tj) ≤ (1− ε)tj+1} ⊂ {P (tj)− tj ≤ εtj/2}

and
{P (t) ≥ (1 + ε)t} ⊂ {P (tj+1) ≥ (1 + ε)tj} ⊂ {P (tj+1)− tj+1 ≥ εtj/2}.

Combining these inclusions of events ensures that

{∃t ∈ [(1− ε)K,∞) : |P (t)− t| ≥ εt} ⊂
∞⋃
j=0

{|P (tj)− tj | ≥ εtj/2}.

We can use again large deviation (tail) estimate for Poisson law and get

P(∃t ∈ [(1− ε)K,∞) : |P (t)− t| ≥ εt)

≤
∞∑
j=0

P(|P (tj)− tj | ≥ εtj/2) ≤
∞∑
j=0

e−cε2tj ≲
1

ε2t0 lnβ
e−cε2t0 ,

where ≲ means here that the constant is universal (it depends neither on K nor on ε) and this
inequality comes from the following computation for α > 0 and β > 1, using the change of variables
y = αβx,

∞∑
j=0

e−αβj

≤
∫ ∞

−1

e−αβx

dx =
1

lnβ

∫ ∞

α/β

e−y

y
dy ≤ β

α lnβ

∫ ∞

α/β

e−y dy =
β

α lnβ
e−α/β .

Combining this estimate with (31) and using t0 lnβ ≳ εK yields the expected result for Poisson
process :

P(∃t ∈ IKJ : |P (t)− t| ≥ εt)

≤ P(IKJ ∩ [0, (1−K)ε] ̸= ∅) + P(∃t ∈ [(1− ε)K,∞) : |P (t)− t| ≥ εt)

≲

(
1 +

1

ε3K

)
e−cε2K . (32)
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We now prove the result for any jump process X and set of transitions A such that infx∈E νA(x) > 0.
In that case, IA(t) =

∫ t

0
νA(Xs) ds increases continuously and at least linearly, thus realizing a

bijection from [0,∞) into [0,∞) and we define its inverse function

τA(t) = I−1
A (t) = inf{u ∈ R+ :

∫ u

0

νA(Xs) ds ≥ t}.

The proof now relies on the fact that the process P defined for t ≥ 0 by

P (t) = NA(τA(t))

is a Poisson process with parameter 1, see for instance Chapter 6 in [18]. Then P (u) = NA(t) with
u = IA(t) and

{∃u ∈ [0,K] ∪ P−1([K,∞)) : |P (u)− u| ≥ εu} = {∃t ∈ IKA : |NA(t)− IA(t)| ≥ εIA(t)}.

Then we can use (32) for the left hand side and control the right hand side and get

P(∃t ∈ IKA : |NA(t)− IA(t)| ≥ εIA(t)) ≲

(
1 +

1

ε3K

)
e−cε2K . (33)

To conclude the proof, we need to deal with the case when infx∈E νA(x) = 0, which will be useful
latter. For that purpose, we introduce a new Poisson process Pα with parameter α > 0, independent
of X. We consider the jump Markov process (X,Pα) in E × N and consider the following set of
transitions

B = {((x, n), (y, n)) : (x, y) ∈ A,n ≥ 0} ∪ {((x, n), (x, n+ 1)) : x ∈ E,n ≥ 0},

which means that either the first coordinate X makes a jump in A or the second coordinate Pα

jumps. We observe that νB(x, n) = νA(x) + α for any (x, n) ∈ E × N. Thus, for this jump Markov
process (X,Pα), inf(x,n)∈E×N νB(x, n) ≥ α > 0 and we can invoke (33). We get for any T ≥ 0,

P(∃t ∈ IKB ∩ [0, T ] : |NB(t)− IB(t)| ≥ εIB(t)) ≲

(
1 +

1

ε3K

)
e−cε2K . (34)

Observe that the right hand side does not depend on α or T > 0. We also recall that NA(t) =∑
s≤t 1(Xs−,Xs)∈A and here NB(t) =

∑
s≤t 1(Xs−,Xs)∈A + 1Pα(s−)̸=Pα(s),

NB(t) = NA(t) + Pα(t), IB(t) = IA(t) + αt

and
IKB ∩ [0, T ] = {t ∈ [0, T ] : max(NA(t) + Pα(t), IA(t) + αt) ≥ K}.

Adding that Pα converges to 0 in D([0, T ],N) and similarly (αt)t∈[0,T ] converges uniformly to 0 in
[0, T ] as α tends to 0, we can let α go to zero in (34) and get

P(∃t ∈ IKA ∩ [0, T ] : |NA(t)− IA(t)| ≥ εIA(t)) ≲

(
1 +

1

ε3K

)
e−cε2K .

Letting T go to infinity ends the proof.
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A direct consequence of this estimate is that the distribution of NA can be controlled by IA,
which induces a bound on the moments of NA expressed with analogue moments of IA

We are now using the previous estimates for the jump Markov process X = (UM,N ,VM,N )
describing the evolution of species. We recall from the first part of Hypothesis 3 ii), that there
exists a, c > 0 and α ∈ (0, 1) such that for any u, v ≥ 0,

b1(u, v) ≤ ρ0 + αd1(u, v). (35)

It will allow us to control births terms by deaths terms. Keeping the notation above, we consider
the renormalized cumulated intensity of births of the first species

IM,N
B (t) =

1

M

∫ t

0

(
M∑
i=1

UM,N
i (s) b1(U

M,N
i (s), VM,N

i (s))

)
ds.

Similarly the deaths are evaluated by

IM,N
D (t) =

1

M

∫ t

0

(
M∑
i=1

UM,N
i (s) d1(U

M,N
i (s), VM,N

i (s))

)
ds.

We observe that the death term ID dominates the birth term IB , due to the domination of b by d
coming from (35), so the delicate part is the control of ID. Using the previous result, ID can be
related to the number of deaths, while there cannot be too many deaths. Indeed this would require
a comparable number of births in the first place but for large populations the hypothesis on birth
and death rates prevents the births to compensate the deaths. Combining these arguments, we can
prove the following large deviation estimate. We only focus here on the first species. An analogous
result holds for the second species and more general structured population models.

Proposition 3.5. Assume (35). Then, there exists constants t1 > 0 and κ > 1 and γ ∈ (0, 1) such
that for all M,N ≥ 1 and for any K0 ≥ 1 and for any initial condition satisfying [UM,N

0 ]M ≤ K0

a.s., we have

P
(
IM,N
B (t1) + IM,N

D (t1) ≥ κK0

)
+ P

(
sup
s≤t1

[UM,N (s)]M ≥ κK0

)
≲ γK0MN .

Moreover, the constant behind ≲ depends only on ρ0, α and not on K0,M or N .

We observe in the proof that κ can be chosen large enough, and the constant behind ≲ decreases
with respect to κ.

Proof. Let us consider NB (resp. ND) the process counting the number of births (resp. deaths)
along time for the first species U. To be alive or die at some time, an individual has to be born
before or to already exist at the initial time, so for any t ≥ 0,

max(ND(t),MN [U(t)]M ) ≤ NB(t) +MN [U0]M ≤ NB(t) +MNK0 a.s. (36)

for any initial condition satisfying [U0]M ≤ K0. Moreover, applying (35) to the process of population
densities and integrating it along time yields

IB(t) ≤ αID(t) + ρ0

∫ t

0

[U(s)]M ds ≤ αID(t) + ρ0t

(
NB(t)

MN
+K0

)
a.s. (37)
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since NB is non decreasing. We need to control the tail of NB and the other bounds will follow
using the two previous inequalities, together with the link between ID and ND obtained above via
large deviations estimates. To control NB , we split its tail as follows

{NB(t) ≥ κK0MN} ⊂ At,ε,κ ∪Bt,ε,ϱ,κ ∪ Ct,ϱ,ε ∪Dt,ε,κ (38)

where t, ϱ, κ are positive real numbers and ε ∈ (0, 1) that will be fixed later and

At,ε,κ = {NB(t) ≥ κK0MN ; NB(t) ≥ (1 + ε)MNIB(t)}
Bt,ε,ϱ,κ = {NB(t) ≥ κK0MN ; NB(t) ≤ (1 + ε)MNIB(t) ; ID(t) < ϱK0}
Ct,ε,κ = {NB(t) ≥ κK0MN ; NB(t) ≤ (1 + ε)MNIB(t) ; MNID(t) ≤ (1 + ε)ND(t)}
Dt,ϱ,ε = {ID(t) ≥ ϱK0 ; MNID(t) ≥ (1 + ε)ND(t)} .

Let us deal with these four terms. Roughly, the estimates for A and D will come from large
deviations estimates of Proposition 3.4, while the two other will be due to (36) and (37). First,
using Proposition 3.4 for births of U with K = κK0MN ensures that for any t ≥ 0, κ > 1 and
N,M ≥ 1 and K0 > 0,

P (At,ε,κ) ≤ cε,κ,K0
γK0MN
ε,κ ,

where γε,κ ∈ (0, 1) and cε,κ,K0 = C
(
1 + 1/(ε3κK0)

)
. Furthermore, using (37), we observe that

{NB(t) ≤ (1 + ε)MNIB(t)}
⊂ {NB(t)(1− (1 + ε)tρ0) ≤ (1 + ε)(αMNID(t) + tρ0MNK0)} .

Then
Bt,ε,ϱ,κ ⊂ {κ(1− tρ0 − εtρ0) ≤ (1 + ε)(αϱ+ tρ0)},

which ensures that

Bt1,ε,ϱ,κ = ∅, for t1 =
1−

√
α

ρ0
, ϱ =

κ
√
α−ε(1−

√
α)

1+ε − 1 +
√
α

2α

soon as ϱ > 0, i.e. for any κ ∈ (0,∞) large enough and ε ∈ (0, 1) small enough. Furthermore,
combining (36) and (37) yields

Ct1,ε,κ ⊂
{
NB(t1) ≥ κK0MN ;

(
1

1 + ε
− ρ0t1 − α(1 + ε)

)
NB(t1) ≤ (ϱ0t1 + α(1 + ε))MNK0

}
.

Since α < 1, 1− ρ0t1 =
√
α > α and we can also choose ε ∈ (0, 1) (small enough) and then κ > 0

(large enough) such that

1

1 + ε
− ρ0t1 − α(1 + ε) >

ρ0t1 + α(1 + ε)

κ
,

which forces
Ct1,ε,κ = ∅.

Finally using again Proposition 3.4, but now for death events, ensures that

P (Dt1,ϱ,ε) ≤ cε,ϱ,K0
γK0MN
ε,ϱ .

Recalling (38) and gathering the previous estimates for A,B,C,D proves the expected result for
NB(t1) and ends the proof.
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Corollary 3.6. Let K0 ≥ 1. Then, there exists c, d, C > 0 and γ ∈ (0, 1) such that for all M,N ≥ 1

and any initial condition UM,N
0 ,

P

(
sup
s≥0

{(
IM,N
B (s) + IM,N

D (s) + [UM,N (s)]M

)
e−cs

}
≥ d

)
≤ C

(
P([UM,N

0 ]M ≥ K0) + γMN
)
.

Moreover, the constants c, d, C, γ depend only on ρ0, α,K0 .

Proof. We use t1 > 0 and κ > 1 coming from the previous proposition and consider the increments
of IB and ID :

∆k = IB((k + 1)t1)− IB(kt1) + ID((k + 1)t1)− ID(kt1).

The proof involves the first time when a deviation is observed. By Markov property at time kt1 for
k ≥ 0, Proposition 3.5 ensures that for any k ≥ 0,

P

({
∆k ≥ κk+1K0

}
∪

{
sup

s∈[kt1,(k+1)t1]

[U(s)]M ≥ κk+1K0

} ∣∣∣∣ [U(kt1)]M ≤ κkK0

)
≲ γκ

kK0MN .

As κ > 1 and γ < 1, the right hand is summable for k ≥ 0 and its sum is dominated by γK0MN . We
get, by total probability formula,

P

(
∃k ≥ 0 such that ∆k ≥ κk+1K0 or sup

s∈[kt1,(k+1)t1]

[U(s)]M ≥ κk+1K0

)
≤ P([U0]M ≥ K0)

+
∑
k≥0

P

({
∆k ≥ κk+1K0

}
∪

{
sup

s∈[kt1,(k+1)t1]

[U(s)]M ≥ κk+1K0

}
; [U(kt1)]M ≤ κkK0

)
≲ P([U0]M ≥ K0) + γK0MN .

Adding that for any n ≥ 0 and t ∈ [nt1, (n+ 1)t1], by monotonicity of IB , ID,

(IB(t) + ID(t))e−ct ≤
n∑

k=0

∆ke
−ckt1 , sup

s≥0
[U(s)]Me

−cs ≤ max
k=0,...,n

sup
s∈[kt1,(k+1)t1]

[U(s)]Me
−ckt1

yields the result.

3.4 Quantitative estimates and proof of Theorem 3
We can now quantify the gap between the stochastic process and the crossed diffusion PDE :

ZM,N = UM,N − ûM , WM,N = VM,N − v̂M ,

where (u, v) ∈ L∞(QT ) ∩ L2([0, T ];H3(T)) is solution of (2) satisfying the smallness condition (6)
and (û, v̂) is given by (17). The semi martingale decomposition of UM,N in (24)-(25) can be written
as follows

UM,N (t) = UM,N
0 +

∫ t

0

[∆M (µ1(U
M,N (s),VM,N (s))UM,N (s))]

+R1(U
M,N (s),VM,N (t))ds+MM,N

1 (t),
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where we recall that MM,N
1 is a (square integrable) martingale given in (26). We are now in position

to apply our stability result (Proposition 2.10) and use martingale inequalities and large deviations
estimates of the previous subsection to evaluate the gaps ZM,N and WM,N .

Proposition 3.7. Assume that Hypothesis 1, 2 and 3 hold and let p ∈ [2, 2p0/3). Then there exists
c > 0 and (δ′M )M going to 0 such that for any T ≥ 0 and M,N ≥ 1,

E[|||ZM,N |||pT,M + |||WM,N |||pT,M ] ≲ eexp(cT )E

[∥∥∥ZM,N
0

∥∥∥p
−1,M

+
∥∥∥WM,N

0

∥∥∥p
−1,M

]
+ eexp(cT )

(
δ′M +

1

N
p
4

E[1 + |||UM,N |||pT,M + |||VM,N |||pT,M ]

)
. (39)

Furthermore,

E[|||UM,N |||pT,M + |||VM,N |||pT,M ] ≲ eexp(cT )E

[∥∥∥UM,N
0

∥∥∥p
−1,M

+
∥∥∥VM,N

0

∥∥∥p
−1,M

]
.

Proof. Proposition 2.10 applied to Z and U yields

|||Z|||2T,M + |||W|||2T,M ≲ eΛ(T )
(
∥Z0∥2−1,M + ∥W0∥2−1,M + δM + ∥H1∥L∞

T
+ ∥H2∥L∞

T

)
, (40)

where
Λ(T ) ≲

∫
QT,M

1 +U+V + d1(U,V)2 + d2(U,V)2,

and H1 (resp. H2) have been defined in (27). Let us first control Λ(T ) using Hypotheses 3 ii):

Λ(T ) ≲
∫
QT,M

1 +U(1 + d1(U,V)) +V(1 + d2(U,V))

≲ T + T sup
0≤s≤T

[U(s)]M + T sup
0≤s≤T

[V(s)]M +
(
I1D(T ) + I2D(T )

)
,

where
I1D(T ) =

∫
QT,M

Ud1(U,V) and I2D(T ) =

∫
QT,M

Vd2(U,V).

Let K0 be given by Hypotheses 3 i). We can invoke Corollary 3.6 both for the processes (U, I1D)
and for (V, I2D) to control the four terms on the right hand side with high probability. This proves
the existence of c, C > 0 and γ ∈ (0, 1) such that for any T ≥ 0 and M,N ≥ 1,

P(Λ(T ) ≥ C exp(cT )) ≲ P([UM,N
0 ]M ≥ K0) + γMN .

Since K0 is constant and γMN ≲ (MN)−p0 ≲M−p0 , Hypotheses 3 i) yields

P(Λ(T ) ≥ C exp(cT )) ≲
1

Mp0
.

Then, by Hölder’s inequality, for all q ≥ 1,

E
[
1Λ(T )≥C exp(cT )|||Z|||pT,M

]
≤ P

(
Λ(T ) ≥ C exp(cT )

)1/q′
E[|||Z|||qpT,M ]1/q

≲
1

Mp0/q′

(
|||û|||qpT,M + E[|||U|||qpT,M ]

)1/q
,
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where 1/q′ + 1/q = 1. The last term of the right hand side can be bounded thanks to Corollary 2.5
and Proposition 3.1 when qp < p0. Using also ∥U(s)∥1,M = [U(s)]M , we obtain

E[1Λ(T )≥C exp(cT )|||Z|||pT,M ] ≲
1

Mp0/q′

(
∥u∥qp∞ + (1 + TM)qp/2E[sup

s≤T
∥U(s)∥qp1,M ]

)1/q

≲Mp/2−p0/q
′
ecT ,

for c > 0 which allows to absorb the T p/2. Since p < 2p0/3, we can now choose q ∈ (p0/p, 1/(1−
p/2p0)). Then qp < p0 and p/2 < p0/q

′, so that the right hand side of the last estimate goes to zero.
This provides the expected estimate on the gap Z on the event {Λ(T ) ≥ C exp(cT )} and we know
consider the complementary event.

We elevate the a.s. estimate (40) to the power p/2. Taking then expectation and bounding
E(∥Hi∥L∞

T
) thanks to Lemma 3.3, we obtain

E
[
1Λ(T )<C exp(cT )(|||Z|||pT,M + |||W|||pT,M )

]
≲ e

p
2C exp(cT )

(
E[∥Z0∥p−1,M + ∥W0∥p−1,M ] + δ

p/2
M +

(
1 + T 2

N

) p
4

E[1 + |||U|||pT,M + |||V|||pT,M ]

)
.

Gathering the bounds for the event A and its complementary event and observing that (1 + T 2)
p
4 ≲

exp(exp(cT )) ends the proof of (39).

We can now apply (39) to compare (U,V) the null solution (u, v) = (0, 0). In this case, r = 0,
i.e. δM = 0, and (Z,W) = (U,V). We obtain

E[|||U|||pT,M+|||V|||pT,M ] ≲ eexp(cT )

(
E[∥U0∥p−1,M + ∥V0∥p−1,M ] +

1

N
p
4

E[1 + |||U|||pT,M + |||V|||pT,M ]

)
.

For N large enough, the ||| · |||T,M norms from the right-hand side can be absorbed in the left-hand
side. Recalling that Hypothesis 3 i) bounds the moments of the initial condition concludes the
proof.

We are now in position to prove the following approximation result, which implies Theorem 3 for
p = 2.

Theorem 4. Assume that Hypotheses 1, 2 and 3 hold and let p ∈ [2, 2p0/3). Then, there exists
a sequence (δM )M going to 0 and a constant c > 0 such that the following estimate holds for any
T ≥ 0 and N,M ≥ 1,

E
[
|||πM (UM,N )− u|||pT + |||πM (VM,N )− v|||pT

]
≲ eexp(cT )

(
DM,N

0,p + δM +
1

Np/4

)
,

where δ′M goes to 0 as M tends to infinity and

DM,N
0,p = E

[∥∥∥πM (UM,N
0 )− u0

∥∥∥p
H−1(T)

+
∥∥∥πM (VM,N

0 )− v0

∥∥∥p
H−1(T)

]
.

38



Proof. Proposition 3.7 ensures that

E[|||Z|||pT,M + |||W|||pT,M ]

≲ eexp(cT )

(
E
[
∥Z0∥p−1,M + ∥W0∥p−1,M

]
+ δ′M +

1

N
p
4

E[1 + ∥U0∥p−1,M + ∥V0∥p−1,M ]

)
,

which can be reduced using the inequality ∥·∥−1,M ≲ ∥·∥1,M from Proposition 2.4 and the uniform
bound on moments of the ∥·∥1,M norm implied by Hypothesis 3 i) to

E[|||Z|||pT,M + |||W|||pT,M ] ≲ eexp(cT )

(
E
[
∥Z0∥p−1,M + ∥W0∥p−1,M

]
+ δ′M +

1

N
p
4

)
.

Then, Proposition 4.5 from the appendix gives

|||πM (U)− u|||T ≲ |||Z|||T,M + δ′′M ,

∥Z0∥−1,M ≲ ∥πM (U0)− u0∥H−1(T) + δ′′M ,

with δ′′M −→
M→∞

0 and similar inequalities for the second species. It concludes the proof.

4 Appendix

4.1 Elementary inequalities
Proposition 4.1. Let p ≥ 1. There exists a constant Cp depending only on p such that for all
x, ε ≥ 0 the following inequalities hold:

(i) If x ≥ ε, xp − (x− ε)p ≤ Cpεx
p−1,

(ii) (x+ ε)p − xp ≤ Cpεx
p−1 + Cpε

p,

(iii) If x ≥ ε and moreover p ≥ 2, then (x+ ε)p − xp ≤ xp − (x− ε)p + Cpε
2xp−2.

Proof. For the first inequality, write

xp − (x− ε)p = p

∫ x

x−ε

yp−1 dy ≤ p

∫ x

x−ε

xp−1 dy ≤ pεxp−1.

The second one can then be deduced from the first one. For the third, if p ≥ 2 then using the first
inequality

(x+ ε)p − xp − (xp − (x− ε)p) = p

∫ x

x−ε

(
(y + ε)p−1 − yp−1

)
dy

≤ p

∫ x

x−ε

(p− 1)ε(y + ε)p−2 dy

≤ p(p− 1)ε

∫ x

x−ε

(x+ ε)p−2 dy ≤ p(p− 1)2p−2ε2xp−2,
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which ends the proof in the case p ≥ 2. If p ∈ [1, 2), the proof is similar: instead of y+ε)p−1−yp−1 ≤
(p− 1)ε(y+ ε)p−2 we have y+ ε)p−1 − yp−1 ≤ (1− p)εyp−2, which can then be dragged through the
previous successive inequalities to get

(x+ ε)p − xp − (xp − (x− ε)p) ≤ Cpε
2(x− ε)p−2.

If x ≥ 2ε, this implies

(x+ ε)p − xp − (xp − (x− ε)p) ≤ Cpε
2
(
x− x

2

)p−2

= Cpε
2xp−2.

If ε ≤ x ≤ 2ε, we actually have

(x+ ε)p − xp − (xp − (x− ε)p) ≤ (x+ ε)p + (x− ε)p ≤ (3ε)p + εp ≤ (3p + 1)ε2xp−2,

which concludes the proof.

4.2 Sobolev spaces and Poisson equation on the torus
We collect in this short paragraph classical results about Sobolev spaces and the Poisson equation
considered on the torus. Recall that any periodic distribution f ∈ D ′(Td) decomposes

f =
∑
k∈Zd

ck(f)ek,

where ek : x 7→ e2iπk·x and ck(f) := ⟨f, ek⟩.

Definition 4.1. For s ∈ R, we define Hs(Td) as the set of periodic distributions f such that

∥f∥Hs(Td) :=

∑
k∈Zd

|ck(f)|2(1 + |k|2)s
1/2

< +∞.

Equipped with ∥ · ∥Hs(Td), Hs(Td) is a Hilbert space. The closed subspace of mean-free elements of
Hs(Td) is the kernel of the linear form f 7→ c0(f) := [f ] and is denoted Hs

m(Td).

Note that ∥·∥H0 = ∥·∥L2 and ∥·∥Hs ≤ ∥·∥Hr for s ≤ r. In particular, ∥·∥H−1 ≤ ∥·∥L2 . With this
functional setting at hand we recall the following standard facts for Poisson’s equation:

Proposition 4.2. Let f ∈ H−1
m (Td) a mean-free function. Then, there exists a unique mean-free

function ϕ ∈ H1
m(Td), also denoted ∆−1f , solution of ∆ϕ = f . Moreover, ∥∇ϕ∥L2(Td) = ∥f∥H−1(Td).

If f ∈ Hk
m(Td) for a k ∈ N, then ∆−1f ∈ Hk+2

m (Td) and the application f 7→ ∆−1f is continuous
Hk

m(Td) −→ Hk+2
m (Td). In particular, if f is smooth then so is ∆−1f .

From this proposition we see that ∇∆−1 induces an isometry from H−1
m (Td) to L2(Td), so that

using a straightforward integration by parts we have the following expression for the H−1(Td)
inner-product of two elements f and g of H−1(Td)m

⟨f, g⟩H−1 = ⟨∇∆−1f,∇∆−1g⟩L2 = −⟨f,∆−1g⟩L2 .
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Of course, this formula extends to the whole H−1(Td) after adding the constant components so that
for any f, g ∈ H−1(Td) there holds,

⟨f, g⟩H−1(Td) = [f ][g]− ⟨f − [f ],∆−1(g − [g])⟩L2 .

This last expression of the H−1(Td) inner-product motivates the following definition of inner-product
on ℓ2(Td

M )
⟨u,v⟩−1,M = [u]M [v]M − ⟨u− [u]M ,∆

−1
M (v − [v]M )⟩−1,M .

Lastly, for d = 1, defining for h ≠ 0 and f ∈ D ′(T) the operator ∆hf := h−2(τhf + τ−hf − 2f), we
have (see for instance [4, Subsection 6.2]) that:

Proposition 4.3. For f ∈ H2(T), we have∥∆hf∥L2(T) ≤ ∥f∥H2(T) and in L2(T),

∆hf −→
h→0

∆f.

4.3 A non-linear Grönwall lemma
Lemma 4.4. Let ψ, ϕ : R+ → R+ be continuous by parts, K0 ≥ 0, a ∈ L∞

loc(R+) et b ∈ L1
loc(R+):

ψ(t) + ϕ(t) ≤ K0 +

∫ t

0

[a(s)ψ(s) + b(s)ψ(s)1/2] ds

Then:
sup
s≤t

ψ(s) + ϕ(t) ≤ 2e∥a∥L1([0,t])

(
K0 + ∥b∥2L1([0,t])

)
.

Proof. Set f(t) = K0 +
∫ t

0
[a(s)ψ(s) + b(s)ψ(s)1/2]ds. Then ψ(t) ≤ f(t), so f ′(t) ≤ a(t)f(t) +

b(t)f(t)1/2. Dividing on both sides by y(t) := f(t)1/2,

2y′(t) ≤ a(t)y(t) + b(t).

The classical Grönwall lemma then gives

y(t) ≤ y(0)e
1
2

∫ t
0
a +

1

2

∫ t

0

e
1
2

∫ t
s
ab(s) ds,

(ψ(t) + ϕ(t))1/2 ≤ f(t)1/2 ≤ y(t) ≤ e
1
2∥a∥L1([0,t])

(
K

1/2
0 +

∫ t

0

b(s) ds

)
.

Squaring this inequality,

ψ(t) + ϕ(t) ≤ 2e∥a∥L1([0,t])

(
K0 + ∥b∥2L1([0,t])

)
,

hence the result by taking the supremum.
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4.4 Interpolation operators
The goal of this appendix is to prove the following lemma, which is used to translate estimates on
the discrete problem to estimates in the continuous space at the end of the proofs of Theorems 2
and 3:

Proposition 4.5. Let u ∈ L2([0, T ];H3(T)) a solution of the SKT system (2), uM ∈ C([0, T ], ℓ2(TM ))
a sequence of functions such that supM ∈ N

∥∥uM (0)
∥∥
2,M

< ∞. Setting ζM = πM (uM ) − u and
zM = uM − ûM , there exists a sequence δM depending only on u and supM ∈ N

∥∥uM (0)
∥∥
2,M

such
that δM −→

M→∞
0 and

|||ζM |||T ≲ |||zM |||T,M + δM .∥∥zM (0)
∥∥
−1,M

≲
∥∥ζM (0)

∥∥
H−1(T)

+ δM

To do so, we will rely on estimates for the operator πM , which has already been studied in [4],
Propositions 2 and 5:

Proposition 4.6. For all u ∈ ℓ2(TM ),

∥πM (u)∥L2(T) ≤ ∥u∥2,M .

Moreover, we have a uniform equivalence

M ∥πM (u)∥H−1(T) + ∥πM (u)∥L2(T) ∼M ∥u∥−1,M + ∥πM (u)∥L2(T) .

More specifically, we will use the following consequence of these inequalities:

Corollary 4.7. For all u ∈ L2([0, T ]× TM ),

|||πM (u)|||T ≲ |||u|||T,M .

Proof. The uniform equivalence gives, for all v ∈ ℓ2(TM ),

∥πM (v)∥H−1(T) ≲ ∥v∥−1,M +M−1 ∥πM (v)∥L2(T) .

We then use ∥πM (v)∥L2(T) ≤ ∥v∥2,M ≤M ∥v∥−1,M , which gives ∥πM (v)∥H−1(T) ≲ ∥v∥−1,M .
Therefore,

sup
s≤T

∥πM (u(s))∥2H−1(T) ≲ sup
s≤T

∥u(s)∥2−1,M ≤ |||u|||2T,M .

For the L2 part, ∫ T

0

∥πM (u(s))∥2L2(T) ds ≤
∫ T

0

∥u(s)∥22,M ds ≤ |||u|||2T,M ,

hence the result.

Proof of Proposition 4.5. We decompose

ζM = πM (uM − ûM ) + πM (ûM )− u = πM (zM ) + πM (ûM )− u.

Corollary 4.7 yields the following upperbound:

|||ζM |||T ≲ |||zM |||T,M + |||πM (ûM )− u|||T,M .

To prove the first part of the proposition, there remains to see that the last term converges to 0.
This is ensured by Lemma 6.2.10 of [1]:
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Lemma 4.8. Let f ∈ H2(T). The two following inequalities hold:∥∥∥f − πM (f̂M )
∥∥∥
L2(T)

≲M−2 ∥f∥H2(T) ,∥∥∥f − πM (f̂M )
∥∥∥
H−1(T)

≲M−2 ∥f∥H2(T) .

This lemma implies |||πM (ûM )− u|||T,M ≲M−2 ∥u∥L∞
T H2 . Adding that u ∈ L∞([0, T ];H2(T)),

this end the proof of the first part.
For the second part, by Proposition 4.6∥∥zM (0)

∥∥
−1,M

≲
∥∥πM (zM (0))

∥∥
H−1(T)

+M−1
∥∥πM (zM (0))

∥∥
L2(T)

≤
∥∥ζM (0)

∥∥
H−1(T)

+
∥∥πM (ûM0 )− u0

∥∥
H−1(T)

+M−1
∥∥zM (0)

∥∥
2,M

.

Moreover, Lemma 4.8 ensures that
∥∥πM (ûM0 )− u0

∥∥
H−1(T)

goes to 0. Bounding
∥∥zM (0)

∥∥
2,M

by
∥u∥∞ + supM∈N

∥∥uM (0)
∥∥
2,M

ends the proof.

4.5 A discrete duality lemma
The following duality lemma is used for the proof of Lemma 2.1 in Section 2. It is proved in [4],
Lemma 4.14, writing x = x′S :

Lemma 4.9. Let µ, f, x ∈ L∞([0, T ] × TM ) with µ uniformly lower bounded in space and time
by some constant α > 0, and xJ(t) =

∑m
k=1 1t≥tkak piecewise constant function on [0, T ]. Let

z0 : TM → R. Assume that there is a C1 piecewise function z taking values in values in RM and
solution for t ≥ 0 of

z(t) = z0 +

∫ t

0

(∆M [z(s)µ(s) + f(s)] + x(s)) ds+ xJ(t).

Then, for any T ≥ 0,

∥z(t)∥2−1,M +

∫
QT,M

µz2 ≤ ∥z0∥2−1,M +

∫ t

0

[z(s)]2[µ(s)] ds+
1

α

∫
QT,M

f2

+ 2

∫ t

0

⟨z(s), x(s)⟩−1,M ds+

m∑
k=1

∥ak∥2−1,M + 2

m∑
k=1

⟨z(t−k ), ak⟩−1,M .
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