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Asymptotic properties of maximum composite likelihood estimators for

max-stable Brown-Resnick random fields over a fixed-domain

Nicolas CHENAVIER* and Christian Y. ROBERT

March 7, 2025

Abstract

Likelihood inference for max-stable random fields is in general impossible because their finite-dimensional
probability density functions are unknown or cannot be computed efficiently. The weighted composite
likelihood approach that utilizes lower dimensional marginal likelihoods (typically pairs or triples of
sites that are not too distant) is rather favored. In this paper, we consider the family of spatial max-
stable Brown-Resnick random fields associated with isotropic fractional Brownian fields. We assume
that the sites are given by only one realization of a homogeneous Poisson point process restricted to
C = (—1/2,1/2)? and that the random field is observed at these sites. As the intensity increases, we
study the asymptotic properties of the composite likelihood estimators of the scale and Hurst parameters
of the fractional Brownian fields using different weighting strategies: we exclude either pairs that are
not edges of the Delaunay triangulation or triples that are not vertices of triangles.

Keywords: Brown-Resnick random fields, Composite likelihood estimators, Fixed-domain asymp-

totics, Gaussian random fields, Poisson random sampling, Delaunay triangulation.

AMS (2020): 62G32, 62M30, 60F05, 62H11.

1 Introduction

Gaussian random fields are widely used to model spatial data because their finite-dimensional distribu-
tions are only characterized by the mean and covariance functions. In general it is assumed that these
functions belong to some parametric models which leads to a parametric estimation problem. When

extreme value phenomena are of interest and meaningful spatial patterns can be discerned, max-stable
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random field models are preferred to describe such phenomena. However, likelihood inference is chal-
lenging for such models because their corresponding finite-dimensional probability density functions are
unknown or cannot be computed efficiently. In this paper we study composite likelihood estimators in a
fixed-domain asymptotic framework for a widely used class of stationary max-stable random fields: the
Brown-Resnick random fields. As a preliminary, we provide brief reviews of work on maximum likeli-
hood estimators and on composite likelihood estimators for Gaussian random fields under fixed-domain

asymptotics and present max-stable random fields with their canonical random tessellations.

1.1 Maximum likelihood estimators for Gaussian random fields under fixed-
domain asymptotics

The fixed-domain asymptotic framework, also called infill asymptotics ([11, 33]), corresponds to the case
where more and more data are observed in some fixed bounded sampling domain (usually a region of
R?, d € N,). Within this framework, the maximum likelihood estimators (MLE) of the covariance
parameters of Gaussian random fields have been deeply studied in the last three decades.

It is noteworthy that two types of covariance parameters have to be distinguished: microergodic and
non-microergodic parameters. A parameter is said to be microergodic if, for two different values of it,
the two corresponding Gaussian measures are orthogonal [25, 33]). It is non-microergodic if, even for
two different values of it, the two corresponding Gaussian measures are equivalent. Non-microergodic
parameters cannot be estimated consistently under fixed-domain asymptotics. Moreover, there are no

general results on the asymptotic properties of the microergodic MLE.

1.2 Maximum composite likelihood estimators for Gaussian random fields

under fixed-domain asymptotics

From a theoretical point of view, the maximum likelihood method is the best approach for estimating the
covariance parameters of a Gaussian random field. Nevertheless, the evaluation of the likelihood function
under the Gaussian assumption requires a computational burden of order O(n®) for n observations
(because of the inversion of the nxn covariance matrix), making this method computationally impractical
for large datasets. The composite likelihood (CL) methods rather use objective functions based on
the likelihood of lower dimensional marginal or conditional events [34]. These methods are generally
appealing when dealing with large data sets or when it is difficult to specify the full likelihood, and provide
estimation methods with a good balance between computational complexity and statistical efficiency.
There are few results under fixed domain asymptotics for maximum CL estimators (MCLE) for
Gaussian random fields. They are all obtained in the case d = 1. The problem of estimating the co-
variance parameters of a Gaussian process with an exponential covariance function was studied by [1].
They showed that the weighted pairwise maximum likelihood estimator of the microergodic parameters
can be consistent, but also inconsistent, according to the objective function; e.g. the weighted pair-
wise conditional maximum likelihood estimator is always consistent (and also asymptotically Gaussian).
Meanwhile, [2] considered a Gaussian process whose covariance function is parametrized by variance,
scale and smoothness parameters. They focused on CL objective functions based on the conditional
log likelihood of the observations given the K (resp. L) observations corresponding to the left (resp.
right) nearest neighbor observation points. They examined the case where only the variance parameter
is unknown and the case where the variance and the spatial scale are jointly estimated. In the first

case they proved that for small values of the smoothness parameter, the composite likelihood estimator



converges at a sub-optimal rate and they showed that the asymptotic distribution is not Gaussian. For

large values of the smoothness parameter, they proved that the estimator converges at the optimal rate.

1.3 Fixed-domain asymptotics for non-Gaussian random fields

To the best of our knowledge, there are a few papers that study MLE or MCLE for non-Gaussian
random fields under fixed-domain asymptotics. For example, [28] proposed approximate maximum-
likelihood estimation for diffusion processes (d = 1) and provided closed-form asymptotic expansion for
transition density. But diffusion processes may not be generalized for d > 2.

Other papers rather considered variogram-based or power variation-based estimators. A random field
of the form g (X), where g : R—R is an unknown smooth function and X is a real-valued stationary
Gaussian field on R? (d = 1 or 2) whose covariance function obeys a power law at the origin, is
considered in [5]. The authors addressed the question of the asymptotic properties of variogram-based
estimators when g (X) is observed instead of X under a fixed-domain framework. They established that
the asymptotic distribution theory for nonaffine g is somewhat richer than in the Gaussian case (i.e.
when ¢ is an affine transformation). Although the variogram-based estimators are not MLE or MCLE,
this study shows that their asymptotic properties can differ significantly from the Gaussian random field
case.

A particular class of max-stable processes (d = 1) was studied in [30] : the class of simple Brown-
Resnick max-stable processes whose spectral processes are continuous exponential martingales. The
author developed the asymptotic theory for the realized power variations of these max-stable processes,
i.e., sums of powers of absolute increments. Under a fixed-domain asymptotic setting, a biased central
limit theorem was obtained, where the bias depends on the local times of the differences between the

logarithms of the underlying spectral processes.

1.4 Max-stable random fields

Max-stable random fields appear as the only possible non-degenerate limits for normalized pointwise
maxima of independent and identically distributed (i.i.d.) random fields with continuous sample paths
(see e.g. [15]). The one-dimensional marginal distributions of max-stable fields belong to the parametric
class of Generalized Extreme Value distributions. Since we are interested in the estimation of parameters
characterizing the dependence structure, we restrict our attention to max-stable random fields n =

(n(z))zex on X CR? with standard unit Fréchet margins, that is, satisfying
Pn(z) <zl =exp(—27"), for all x € X and z > 0.

The max-stability property has then the simple form
" d
nt\/mi =0
i=1

where (1;)1<i<n are i.i.d. copies of n, \/ is the pointwise maximum, and 2 denotes the equality of finite-
dimensional distributions. Max-stable random fields are characterized by their spectral representation

(see e.g., [14], [22]): any stochastically continuous max-stable process n can be written as

n(x) = \/ U;Yi(x), rek, (1.1)

i>1



where (U;);>1 is the decreasing enumeration of the points of a Poisson point process on (0, +oc0) with
intensity measure u~2du, (Y;);>1 are i.i.d. copies of a non-negative stochastic random field Y on X such
that E[Y (x)] =1 for all z € X, the sequences (U;);>1 and (Y;);>1 are independent.

The spectral representation (1.1) makes it possible to construct a canonical tessellation of X as in
[18]. We define the cell associated with each index ¢ > 1 by C; = {z € X : U;Yi(z) = n(z)}. It is a
(possibly empty) random closed subset of X and each point € X belongs almost surely (a.s.) to a
unique cell (the point process {U;Y;(z)};>1 is a Poisson point process with intensity u~2du so that the
maximum 7(x) is almost surely attained for a unique index ). It is noteworthy that the terms cell and
tessellation are meant in a broader sense than in Stochastic Geometry where they originated. Here, a
cell is a general (not necessarily convex or connected) random closed set and a tessellation is a random
covering of X by closed sets with pairwise disjoint interiors.

Likelihood inference is challenging for max-stable random fields because their finite-dimensional prob-
ability density functions are unknown or cannot be computed efficiently. A composite-likelihood approach
was proposed in [29], but the discussion on the asymptotic properties of the estimators was limited to

cases where the data sites are fixed and where a large number of i.i.d. data replications is available.

1.5 Contributions of the paper

In this paper, we consider the class of spatial max-stable Brown-Resnick random fields (d = 2) associated
with isotropic fractional Brownian random fields as defined in [27]. Because the sites where the random
fields are observed are very rarely on grids in practice, we considered a random sampling scheme. We
assume a Poisson stochastic spatial sampling scheme and use the Poisson-Delaunay triangulation to
select the pairs and triples of sites with their associated marginal distributions that will be integrated
into the CL objective functions (we exclude pairs that are not edges of the Delaunay triangulation or
triples that are not vertices of triangles of this triangulation). Note that using the Delaunay triangulation
is relatively natural here since we only use the distributions of pairs and triples. Moreover, the Delaunay
triangulation appears to be the most “regular” triangulation in the sense that it is the one that maximises
the minimum of the angles of the triangles.

We study for the first time the asymptotic properties of the MCLEs of the scale and Hurst parameters
of the max-stable Brown-Resnick random fields under fixed domain asymptotics (for only one realization
of a Poisson point process). Pairwise and triplewise CL objective functions (considering all pairs and
triples) have been proposed for inference for max-stable processes, but the properties of the MCLE are
only known when the sites are fixed and when there is a large number of independent observations over
time of the max-stable random field (see, e.g., [3, 12, 24]). Note that the tapered CL estimators for max-
stable random field excluding pairs that are at a too large distance apart have also been studied in [31]
(here again with independent time observations), but this is the first time that a Delaunay triangulation
is used to select the pairs and triples.

Understanding the asymptotic properties of the MCLEs under a fixed-domain asymptotic framework
is very important in practice in order to know whether or not the limit distributions of these estimators
are the same as in the case where there are several independent time observations. The statistician
may only have one realization of the max-stable process at disposal, or may decide to approximate the
realization of a max-stable process using pointwise maxima based on several observations of a process
belonging to the domain of attraction of this max-stable process. Regardless, considering a fixed window

is a major difficulty, as no mixing property can be directly exploited.



To derive the asymptotic properties of the MCLEs, we use results obtained in [§8] and [9]. In [§]
we considered sums of square increments of an isotropic fractional Brownian field based on the edges
of the Delaunay triangles and provided asymptotic results using Malliavin calculus (see Theorem 1 in
[8]). In [9] we considered sums of square increments of the pointwise maximum of two independent
isotropic fractional Brownian fields and showed that the asymptotic behaviors of the sums depend on
the local time at the level 0 of the difference between the two fractional Brownian fields and no more
on the Gaussian limits of the sums of square increments of each isotropic fractional Brownian field (see
Theorem 2 in [9]). In this paper we generalize this result to the max-stable Brown-Resnick random
field which is built as the pointwise maximum of an infinite number of isotropic fractional Brownian
fields (see Theorem 3). Using approximations of the pairwise and triplewise CL objective functions, we
then derive the asymptotic properties of the MCLEs (see Theorem 6). The rates of convergence of the
estimators as well as their limit distributions are not standard and are specific to the structure of the
max-stable process. It is important to identify them in order to avoid using the Gaussian distributions
typically obtained with data from multiple time observations.

It is noteworthy that we only consider isotropic fractional Brownian fields with Hurst index in (0, 1/2)
as in [8] and [9]. This is not a very restrictive constraint since almost all empirical studies that use the

spatial Brown-Resnick random field obtain estimates in this interval (see e.g. [12, 13, 19, 20]).

Our paper is organized as follows. In Section 2 we present the family of stationary Brown-Resnick
random fields introduced in [27], then we review some established concepts related to the Delaunay
triangulation, and we end with the definition of the local time between two independent and identically
distributed fractional Brownian random fields. In section 3, we first study the asymptotic distributions
of the “normalized” increments of the logarithm of the Brown-Resnick random field based on pairs
and triples of sites as the distances between sites tend to zero. We then provide asymptotic results
for squared increment sums of the max-stable Brown-Resnick random field. In Section 4, we introduce
the randomized sampling scheme and define the CL estimators of the scale and Hurst parameters.
The asymptotic properties of the MCLEs for these parameters are then given. The proofs and some

intermediate results are deferred to Section 5 and Section 6.

2 Preliminaries

2.1 Max-stable Brown-Resnick random fields

In this paper we are concerned with the class of max-stable random fields known as Brown-Resnick
random fields introduced in [27]. This class of random fields is based on Gaussian random fields with
linear stationary increments. Recall that a random process (W (z)),cga is said to have linear stationary
increments if the law of (W (x4 x) — W (x0)),cge does not depend on the choice of o € R%. A
prominent example is the isotropic fractional Brownian field where W (0) = 0 a.s. and semi-variogram

e b (W (@) _ 0[]
Yy = T (2.1)

for some a € (0,2) and 02 > 0, where ||z| is the Euclidean norm of z. The parameter o is called the

scale parameter while « is called the range parameter (H = «/2 is also known as the Hurst parameter

and relates to the Holder continuity exponent of W). It is noteworthy that W is a self-similar random



field with linear stationary increments as presented in Definition 3.3.1 of [10] and it differs from the
fractional Brownian sheet which is a self-similar random field with stationary rectangular increments
(see e.g. Section 3.3.2 of [10]).

The Brown-Resnick random field is the max-stable random field 7 such that the random field Y given

in the spectral representation (1.1) has the following form
Y (2)=exp(W(2) =7 (2)), a€R% (2.2)

where W is an isotropic fractional Brownian field. With this choice, the max-stable random field 7 is

stationary while W is not but has (linear) stationary increments (see [27]).

2.2 Delaunay triangulation

In this section, we recall some known results on Poisson-Delaunay triangulations.

Let Py be a Poisson point process with intensity N in R2. The Delaunay triangulation Del(Py) is
the unique triangulation with vertices in Py such that the circumball of each triangle contains no point
of P in its interior, see e.g. p. 478 in [32]. Such a triangulation is the most regular one in the sense that
it is the one which maximises the minimum of the angles of the triangles.

To define the mean behavior of the Delaunay triangulation (associated with a Poisson point process
Py of intensity 1), the notion of typical cell is defined as follows. With each cell C' € Del(P;), we associate
the circumcenter z(C) of C. Now, let B be a Borel subset in R? with area a(B) € (0,00). The cell

intensity B2 of Del(Py) is defined as the mean number of cells per unit area, i.e.

By = ——E[|{C € Del(P,) : 2(C) € BY|],

a(B)
where | - | denotes the cardinality. It is well-known that 3 = 2, see e.g. Theorem 10.2.9. in [32]. Then,
we define the typical cell as a random triangle C with distribution given as follows: for any positive

measurable and translation invariant function g : Ko — R,

E[g(C)] = ——-F S g0,

B2a(B) | epabrrsicren

where Ky denotes the set of convex compact subsets in R?, endowed with the Fell topology (see Section
12.2 in [32] for the definition). The distribution of C has the following integral representation (see e.g.
Theorem 10.4.4. in [32]):

E[g(C)] = (13/00C /(81)3 7“367"T2a(A(u1,uz,U3))g(A(7‘u1,ruQ,TU3))a(du1)U(duz)a(dug)dr, (2.3)

where S! is the unit sphere of R? and o is the spherical Lebesgue measure on S! with normal-
ization o (Sl) = 2. In other words, C is equal in distribution to RA(U;y,Us,Us), where R and

—7\'7'2

(U1,Us,Us) are independent with probability density functions given respectively by 27m2r3e and
a(A(uy,uz,uz))/(1272).

In a similar way, we can define the notion of typical edge. The edge intensity /51 of Del(Py) is defined
as the mean number of edges per unit area and is equal to 8; = 3 (see e.g. Theorem 10.2.9. in [32]).

The distribution of the length of the typical edge is the same as the distribution of D = R||U; — Us|.



Its probability density function fp satisfies the following equality

PID < :/Z fo(d)dd
0
— 7?:/000 /(s1) e ™ a(A(ur, us, e[ fJus — 2| < €] o(dus)o (duz)dr, (2.4)

where e; = (1,0) and ¢ > 0. Following Eq. (2.3), a typical couple of (distinct) Delaunay edges with
a common vertex can be defined as a 3-tuple of random variables (D1, D3, ©), where Dy, Dy > 0 and

© € [-7, 5), with distribution given by

1 [ 2
P[(Ds, Ds,©) € B] = 6/ / e a( A(us, uz, us))
0 (S1)
x I[(r|jus — uz||, 7||ug — u1]|, arcsin (cos(0y, u,/2))) € Blo(du)o(dug)o(dug)dr,

where 6., ., is the measure of the angle (u1,u2) and where B is any Borel subset in R% x [—5, Z).

The random variables D1, Dy (resp. ©) can be interpreted as the lengths of the two typical edges (resp.
as the angle between the edges). In particular, the length of a typical edge is equal in distribution to
D = R||Us — U;|| with distribution given in Eq. (2.4).

Throughout the paper, we identify Del(Py) to its skeleton and consider the window C := (—1/2,1/2]%.
When 21,29 € Py are Delaunay neighbors, we write x1 ~ x5 in Del(Py). For a Borel subset B in R?,

we denote by En B the set of couples (21, z2) such that the following conditions hold:
z1 ~x9 in Del(Py), 1 € B, and z1 = o,

where =< denotes the lexicographic order. When B = C, we simply write Ey c = En. For a Borel
subset B in R?, let DTy g be the set of triples (x1, 2, x3) satisfying the following properties

A(z1,x9,23) € Del(Py), 1 € B, and x; <9 < x3,

where A(x1,z2,23) is the convex hull of (21, z2,z3). When B = C, we simply write DTy ¢ = DIy.

2.3 Local time

Let WM and W® be two independent and identically distributed fractional Brownian random fields in
R?, with semi-variogram given by (2.1), and let

WD (2) =W (2) =W (z), zeR2

To measure the portion of the square C = (—1/2,1/2]? for which the two random fields coincide, the

notion of local time is introduced as follows. Let v(2\D be the occupation measure of W\ over C, i.e.
v\ (4) = / I [W@\l) (x) € A} dz,
Cc
for any Borel measurable set A C R. Observe that, for any s,t € [0, 1],

A(s,t) :=E [(W@\l) (s) — WD (t))z] =207 ||s — t]|* .



Because [(A(s,t))~1/2ds is finite for all ¢ € C, it follows from Section 22 in [21] that the occupation
measure v(?\) admits a Lebesgue density. The local time at level £ is then defined as
dy(2\D)

dl

LW(2\1) (6) =

An immediate consequence of the existence of the local time is the occupation time formula, which states
that

/ (WD (2))dz = / 0(0) Ly (£) de
C R

for any Borel function g on R. Adapting the proof of Lemma 1.1 in [26], we can easily show that, for
any / € R,

2
Ly (£) = lim ! ————exp < (W(Q\l) (z) — K) ) dz
e 2

e—0 o2me
or
L = WD (2)—0) 9.
wew () = o Mlgloo/[M M]/ dzdg, (2.5)

where the limits hold in LZ2.

3 Increments of a Brown-Resnick random field

Let (n(7)),cr> be a max-stable Brown-Resnick random field defined as n(x) = \/,-, U;Y;(x) for any
z € R?, where (U;);>1 is the decreasing enumeration of points of a Poisson point proce;s on (0, +00) with
intensity measure u?du, and (Y;);>1 are i.i.d. copies of the random field Y introduced in (2.2). The
underlying process (W (z)), g from (2.2) is an isotropic fractional Brownian field satisfying W (0) = 0
a.s. and 7 (z) = var (W (z)) /2 = o2 ||z||* /2 for some a € (0,1) and o2 > 0.

3.1 Asymptotic distributions of normalized increments

3.1.1 Single increments

Let 21,72 € R? be two (distinct) sites and denote by dy o = |72 — x1]| the distance between these sites.
Let 21,20 € Ry, a = 0d®/?, u = log(z2/2)/a and v (u) = a/2 4+ u. It is well known that the joint
probability distribution function of (n (x1),n (z2)) is given by (see e.g. [24])

Fyy 2y (21,22) = Pn(21) < 21,1 (22) < 22] = exp (= Vi, 5 (21, 22)) (3.1)
where ) .
Vﬁ?hxz (21322) =— (U (u))+7q) (U (_u))a Z1,%2 > 0.
21 Z2

Here ¢ denotes the cumulative distribution function of the standard Gaussian distribution. The term
V1,2, 1s Teferred to as the pairwise exponent function.
Let us now consider the “normalized” (linear) increments of the logarithm of the Brown-Resnick

random field

1
U, = — 75 log (1 (x2) /1 (21)). (3.2)
o*dL2

The following proposition provides the conditional and marginal distributions of Ué??m and allows us to

deduce that it has asymptotically a standard Gaussian distribution as the distance d tends to 0. Such



a result generalizes Proposition 3 in [30].

Proposition 1 Let z1, o be two (distinct) points in R? and dq o = ||z — z1]].

1) The conditional distribution of Ué"’w giwen 1 (x1) =n > 0 is characterized by
1,%2 Ui Ui

1 /2
P |:Ua£?177)$2 < U’ n (501) = T]:| = exXp (_,’7 |:V$1,$2(1760d1'2 u) - 1i|> o (U (u)) ) u € R7

and its unconditional distribution by

P@W g@: () ueR.

Vs (1,7 885)
(i) Moreover,
mnppw <4=¢w, ueR.

X1, —
d172—>0 12

The fact that the asymptotic distribution of U (as dj 2 tends to 0) is a standard Gaussian distribution
is not a surprise since the probability that z; and x5 belong to the same cell of the canonical tessellation
of the max-stable random field tends to 1. Indeed, in a common cell, the values of the max-stable random

field are generated by the same isotropic fractional Brownian random field.

3.1.2 Pairs of increments

Let us now consider three (distinct) sites z1,z2,73 € R? and denote by di 2 = |z2 — 1], di3 =
lxs — z1||, da,3 = ||xs — x2| the distances between two different sites. Let 21,292,235 € Ry and, for
i,j =1,2,3 such that i # j, let a; ; = ad%z,
probability distribution function of (1 (x1),n (z2),n (z3)) is given by (see e.g. [24])

Uj,5 = log(zj/zi)/am and V4,5 (U) = ai,j/2 + Uj,j- The jOiIlt

Foy zoms (21,22, 23) =P (1) < 21,m (22) < 29,1 (23) < 23]

= exp (_le,xz,ajg (Zl, 22, Z3)) ) (33)

where

1 1 R
V117$2,13 (Zlv 22, Z3) = —@2 VL2 (UI,z) 3 !
21 v1,3 (u1,3) R 1
1 — 1 R
t—, V1,2 ( U172) , 2
22 v2.3 (u2,3) Ry 1
1 v —u 1 R
L L, 1,3 (—u13) : 3 (3.4)
23 vg,3 (—u2,3) R; 1
d¥, +df s — d¥ d¥, +dS . — d¥ dfa +dS . — d¥
1,2 Tdy s —dgs R, - G2t das —dis R st das — iy

o 9 2 — o ) 3 — o
2(d1,2d13) /2 2 (d1,2d2,3) /2 2(d1,3da3) /2

Here @5 (o,3) denotes the bivariate cumulative distribution function of the centered Gaussian distribu-

with

tion with covariance matrix X.
The following proposition provides the conditional and marginal distributions of (Ué:’?m, Um(?,)u and
allows us to deduce that it has asymptotically a bivariate Gaussian distribution as the distances d; 2

and d; 3 tend to 0 proportionally.



Proposition 2 Let z1, @2, x3 be three (distinct) points in R? and d; j = ||z; — x4, i # j.

(i) The conditional distribution of (Ugg?,)me;g??m) given n (z1) =mn > 0 is characterized by

1 o/ /2,
P |:U1(?717,)£2 < ug, U’S‘?,)’I'g < U3’77 (351) = 77} = €exp <77 |:V9617r2,$3(17 €Ud1'22u2760d1’32u3) - 1})

1 R
X q)Q 12 (UZ) ; ! ) Uy, U2 € R»
V1,3 (’U,g,) Rl 1
and its marginal distribution by

, ((’ULQ (u2)> ' < 1 Rl))
v U ! R 1
P |:Uw(717)12 S Uz, U(W) S U3:| = 13 ( 3) 1

1,23 /2 /2
od uy _od us3
le,wzaws(lve 12 ,eo s )

, u1, us € R.

(i) If d;; = dd; j for some & >0, where d; ;, i # j, is fized, then
. Uug 1 Rl
;I_I;%P [Uag?,)zz < ug, Uag?,):rg < U3} =P <<U3> ) (Rl 1 >> ’ ui,uz € R,

Ry = 62(11,2 :F dii,?a _5/%3.
2 (d1,2d1,3)

The comment concerning the asymptotic distribution of Ué’]?m also holds for (Ué??ww Ué’])m) The

where

probability that z1, 2 and 3 belong to the same cell of the canonical tessellation of the max-stable

random field tends to 1 as § tends to 0. Therefore the vector (Ua(c?,)w27 Ua(ff)xs) tends to have the same

distribution as the vector of normalized linear increments of an isotropic fractional Brownian random
field.

3.2 Asymptotic distributions of squared increment sums for the max-stable
Brown-Resnick random field

Let us define, for k # j > 1,
Znj (%) = Zy (x) — Zj (2) z € R?,

where
Z; (x) = logU; + log Y;(z), z € R?.

In the same spirit as [18], we build a random tessellation (Cy,;), - 5, of C:=(-1/2, 1/2)2, with
Cr,;=q2€C:Z;(x) /\Zj () > \/ Zi () p. (3.5)
i#j.k

If Cy ; # @, we define for any Borel subset A of R the occupation measure of Zj, ; over Cy ; by

Ck,j

10



The associated local time at level 0 is given by Lz, , (0) := d”i;\j) (0). If Cy; = @, welet Lz, , (0) :=0.

Let Ué??m be the (normalized) increment as defined in (3.2). We define two square increment sums

as follows:
1
v ( U )2 1)
2,N quiQT jz: ( 1,2)
(z1,22)EEN
() ! O 1 R o,
Vn = —_— . .—_ ( Uzﬂm Um?z’ ) x1,T2,T3 1,72 _9 7
37N A/ |DTN‘ Z 1 s er xr2,Tr3 1 Uag’;]?ajg
(I1,$2,ZE3)EDTN s b2,
where Qe 4 do &0
1,2 1,3 Q23
le,mg,m;; = = /2 7 (36)
2(d1,2d13)
with di 3 = ||zg — 1] > 0 and da3 = ||x3 — x2|| > 0. The above terms naturally arise in the study of

the asymptotic properties of the estimators presented in Section 4.

The following theorem characterizes the asymptotic distributions of VQ(Z’\), and VS(W).

Theorem 3 Let a € (0,1). Then, as N — oo,

V3 . (o-a P
?N . )/4‘/2(3\)’ v ZZ Lz, (0)

Jj>1k>j

V2 oa P

TN ¢ )/4‘/3(77\)’ Vs ZZLZW (0).
Jj>1k>j

In the above theorem we have assumed that o € (0,1) whereas, in general, o € (0,2). Such an
assumption is important and comes from fact that, in its proof, we applied two central limit theorems
derived in [8] which only work for o < 1.

Theorem 3 generalizes Theorem 2 in [9] to the max-stable Brown-Resnick random field which is built
as the pointwise maximum of an infinite number of isotropic fractional Brownian fields. It can be noted
that there is an a.s. finite number of local times Lz, (0), j > 1 and k > j, which are positive. This is

related to the fact that there is an a.s. finite number of non-empty cells of the canonical tessellation in
C.

Remark 1 Using the Slivnyak-Mecke formula (see e.q. Theorem 3.2.5 in [32]) and the same arguments
as in the proof of Proposition 3 in [30], we can state that

s (0% 1 «
porll s (o) cwe o]
(I1,$2)EEN

with
= /0 wip(u) [1/2 — & (u) — ud (u) & (u) /p(w)] du = —0.094,

As a consequence we deduce that cy, is negative.

11



4 The weighted CL approach

We now assume that the sites where the Brown-Resnick random field is observed are given by a realization
of a homogeneous Poisson point process of intensity N in R2, denoted by Py, which is independent of
the Brown-Resnick random field. Recall that C = (—1/2,1/2]? denotes the square where we consider

the sites for the observations of the max-stable random field.

4.1 The weighted CL objective functions and the CL estimators

The distribution of (1 (z1),7n (z2)) is absolutely continuous with respect to the Lebesgue measure on
(R, )2. Its density function satisfies

0

82’1822 le,mg (21,22) ) 21, %2 S R+7

forws (21,22) =
where Fy, ., (21,22) is given in (3.1). For any a € (0,2), 0 > 0 and z1, 22 € Ry, this joint density
function is a differentiable function with respect to (a, ). The (tapered) pairwise CL objective function
is then defined as
bon(0)= S 108 farms (0(@1) 1 (22)).
(z1,22)€EEN
The distribution of (n(x1),n (z2),n(x3)) is absolutely continuous with respect to the Lebesgue
measure on (R, )3. Its density function satisfies

0

le,xz,xg (217227 Zd) = 82182’2823 le,xQ,xg (Zl7 22723) s 21,%22,23 € R+7

where Fy, 4, 05(21, 22, 23) is given in (3.3). For any a € (0,2), 0% > 0 and 21, 22,23 € R, this joint
density function is a differentiable function with respect to («, o). The (tapered) triplewise CL objective
function is then defined as

eS,N (07 a) = Z log f:m,:z:z,:cz (77 (1'1) ) 7 (w2) ) 7 (153)) :

(z1,22,23)€DTN

Thereby, in the CL objective functions, we exclude pairs that are not edges of the Delaunay trian-
gulation or triples that are not vertices of triangles of this triangulation. Restricting the CL objective
functions to the most informative pairs and triples for the estimation of the parameters does not modify
the approach that follows, but allows us to simplify the presentation and the proofs.

From Section 4.4 of [16], we know that, independently of o and o, there exist families of positive
functions (lu;,22),, syerz 204 (loy2,25) ) 2y saerz With Loy, R? —» R and Iy, 4, 2, : R® =& R such
that the following Lipschitz conditions hold: for any 1,09 > 0 and ay, as € (0,2)

Jo1,s (21, 22; (02, 2))

lo
& fwl,zg (Zla 223 (0’170(1))

\ < lovan (1,72) (J02 — 0| + oz — )

and
f:cl,zQ,zg (Zla 22, 23 (027 012))

Jo1,20,05 (21, 22, 23; (01, 1))

log

‘ <y o ws (215, 22,25) (|o2 — 01| + |2 — 1) .

Let us denote by (0g, ) the true parameters. We assume that oy belongs to a compact set S, of Ry
and that «g belongs to a compact set S, of (0,1). In what follows, we assume that one of the parameters

is known and explain how we define the MCLEs for the other parameter.
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When « is assumed to be known, the pairwise and triplewise maximum (tapered) CL estimators of

09, denoted by 6; n, are respectively defined as a solution of the maximization problems

45 ) ; j = 2,3.
max iy (7,00), J

When oy is assumed to be known, the pairwise and triplewise maximum (tapered) CL estimators of «p,

denoted by &; n, are respectively defined as a solution of the maximization problems

max {; n (09, ), ji=2,3.
a€S,

Note that the solutions of these maximization problems become unique as N — oo. This can be viewed
from the first-order optimality conditions and the asymptotic approximations of the score functions

obtained in Propositions 4 and 5.

4.2 Asymptotic score functions

4.2.1 The pairwise case

The following proposition provides the asymptotic contributions of the pair (n(x1),n(z2)) to the pairwise

score functions.

Proposition 4 Letu € R be fized. Let x1,x5 € R? and 2y, zp € Ry be such that d=*/?c~'log (z2/21) =
u, where d = ||z — x1]| > 0. Then

.0 1,,
il_r%aio_k)gfwhwz (Z17Z2) = ; (u - 1) ’
lim L9 log f: (z1,22) = 1 (u®—1)
d—0 log d dav Ttz AT 2 '

The asymptotic score contributions of a pair are therefore proportional to (u2 — 1). Further, u
will be replaced by the normalized increment of log () which has asymptotically a standard Gaussian
distribution as stated in Proposition 1. This fact ensures that the asymptotic score contributions are

asymptotically unbiased.

4.2.2 The triplewise case

The following proposition provides the asymptotic contributions of the triple (n (z1),7n (z2),n (x3)) to

the triplewise score functions.

Proposition 5 Let us,u3s € R and d; j, i # j, be fized. Let x1,72,23 € R? and z1, 22,23 € Ry be such
that
6*“/2611_,;/20*1 log (z2/21) = uz and 570‘/2d1_§/2cr*1 log (23/21) = us,

with §dy 2 = ||z — x1]|, 0d1 3 = ||x3 — 21]|, dda,3 = ||z — x2| for some § > 0. Then

—1
1 Ry U2
(uz U3><R1 1) <U3>_27
L 1R\
li 2 f = 1 w ]2
N og s B (08 forseaes (21,22, 25) 2 ( o ) < Ry 1 ) ( us )

13

.0
(%I_I{(l)%logth:Cz,x;; (21722,23) =

SHE
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The asymptotic contributions of a triple are therefore proportional to a quadratic function of (ug, us3).
Further, us and us will be replaced by normalized increments of log (1) over a triangle of the Delaunay
triangulation which have asymptotically a bivariate standard Gaussian distribution with correlation
coefficient R7, as stated in Proposition 2. We can also conclude that the asymptotic score contributions
are asymptotically unbiased.

If we let 6—/2d 5 a/2 ~log (21/29) = 1y and 6~°/2d; a/2 ~Llog (23/22) = i3 with fixed 1y, i3 € R,

we also get

1
o 1 L 1 Ry Uy
hrr(l)a—logfm wo,zs (21, 22,23) = p ( Uy U ) ( Ry 1 ) ( s ) -2

In particular, an invariance property with respect to the choice of the order of the points 1, x2 and 3

holds for the triplewise score functions. However, it will be necessary to order these points later.

4.3 Asymptotic properties of the MCLEs

We are now able to present the asymptotic properties of 612}N and &; n for j =2,3.

Theorem 6 Assume that og belongs to the interior of a compact set of Ry, and that ag belongs to
the interior of a compact set of (0,1). Recall that Ex denotes the set of edges (x1,x2) in the Delaunay
triangulation, with x1 € C. Then, as N — oo,

V3 (2 a0)/d (4
? |EN|N (2-0)/4 (0’%7 —00 _>CV2JOZZLZk\]

j>1k>j5
V3 (o R
5 VIENIN (2=00)/1og(N) (G2, — a0) = —cv >3 Ly, (0
j21k>j5

and

V2 (2 .
5 VIENINTC=0/4 (63— 08) S evyo DY Lay,, (0)

J21k>j

V2 (9 X P
- VIENIN (204 1og(N) (G358 — a0) = —cvy D Y Lz, (0)

J>1k>j

Several important points have to be highlighted. First, the MCLEs of 02 and ag (when the other
parameter is known) are consistent in our infill asymptotic setup. They have rates of convergence pro-
portional to N@o/4 for 6%1]\, and log (N) N@o/4 for G, v that differ from the expected rates of convergence
N'/2 and log (N) N'/2 as in [35] for the isotropic fractional Brownian field. Second the type of conver-
gence is in probability. The random variables appearing in the limits in Theorem 6 are proportional to a
sum of local times. However these local times have unknown distributions and they cannot be estimated
from the data since the underlying random fields (Y;);>1 and the point process (U;);, are not observed.
In particular, if the spatial data are only observed for a single date, the Gaussian ap}roximation for the
MCLEs given in [29] (when several independent replications over time of the spatial data are available)
should not be used.

Second, let W) and W®) be two independent and identically distributed fractional Brownian ran-

dom fields with semi-variogram given by (2.1). According to Corollary 3.4 in [6], the Hausdorff dimension
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of {x € R? : W (2) = WP ()} is 2 — ¢, with a € (0,1). We think that such a result could be ex-

27
tended for a Brown-Resnick random field n. More precisely, the Hausdorff dimension of the boundaries

of the cells associated with 7 should also be 2 — 3. In the particular case where o = 2, this result is
true. Indeed, if so, the tessellation associated with 7 is a Laguerre tessellation [18] and therefore the
boundaries of the cells are of dimension 1.

Third, note that Theorem 6 establishes that the estimators 63 y and 63 5 share the same rate of
convergence to o2 as well as the same limit in probability (up to a coefficient). A careful reading of the
proofs shows that the local time terms are the same (up to a coefficient) and that a linear combination
of the two estimators (which removes local time terms) would give an estimator with a classical rate of
convergence and a Gaussian limit distribution. This study has been left for future work, as it would
require fairly lengthy additional developments.

Fourth, the problem of joint parameter estimation of (O’S,Olo) is considerably more difficult with a
random sampling scheme. The study on a deterministic and regular grid seems a reasonable objective.
It is expected that the respective rates of convergence will be modified into N*°/4/log (N) and N®o/4

as it may be intuited from [4] in the case of a fractional Gaussian process (d = 1).

5 Proofs

5.1 Proof of Proposition 1

(i). Since Ug?mz = o1 d=*/?1log(n (z2) /n (x1)) with d = ||z — 1|, we have, for any real number u and
for any z; > 0,
P U, < uly(@1) = 21| = Pl (@2) < 22l (21) = 2],

d

with 2o = 2,e%74""* . Because (1 (7)) ,cr2 18 a stationary random field, we also have

Pln(22) < 220 (1) = 21] =P (w2 — 21) < 210 (0) = 21] .

According to Proposition 4.2 in [17], we know that

Py (22 —21) < 210 (0) = 21]

= exp (—E

We provide below explicit representations of the terms of the right-hand side. First, because Y (0) = 1

<Y(CC2 —a1) Y(O)) 1) E []I |:Y(l‘2 — 1) < Y(O)] y(o)] :
+

22 Z1 %) 21

a.s., we have

E [11 [Y(“ —) ¢ Y(O)] Y(O)} —p M < 1]

Z2 21 Z2 ]

—P _GW(IZ*Il)*V(ﬂJz*Il) <2
=

W(.’L‘Q —.”L'l) 272 7(-772 _-751)

- :\/27@2 — 1) = \/2’7(;2 — 1) o8 (Zl> " 2] 7
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and where y(z) is given in (2.1). Since W(xe — z1) ~ N(0,2v(xz2 — x1)) and since 2y(zy — x1) =

P <01d0‘/2 log (22) + 10d0‘/2)
21 2

1
i) (u + 20d0‘/2> ,

0?||ry — 21]|* = 02d*, we deduce that

. {1{ {Y(mg —m) _ Y(O)] Y(O)}

22 21

with u = 0~ 1d~*/?log(22/21). Moreover,

(Fe 2 ) [ =n (T2 Lo

:E[maX{Y(xg—x1)7Y(0)}_1}

zZ2 21

1
= Vo,5—21(21,22) — —
Z1
1
= V:vl,:vz(zl722) -
21
1 o
- L (V™) 21),
21

E

where the last line comes from the fact that V,, 5, is a homogeneous function of order —1. We conclude
that

1 a/2
P UM, <uln(z)= zl} = @ (v (u))exp <_z (fowz(laeuad ") - 1>)
1

which gives the conditional distribution of Uﬁ?)xz To obtain the marginal distribution of U;??xz, we

write

P (U, <u| =E [P[US,, <uln(z)]].

T1,T T1,T

Since 1/n (z1) has a standard exponential distribution, we get

1 _jo/2
p[U(n) <u}: ® (u+ z0d 2)
thm(lveu{rda/ )

Z1,L2 —

(i1). Tt follows from (i) that

lim P [U(") < u} -

xr1,T
d—0 Ltz

5.2 Proof of Proposition 2

(i). We follow the same lines as in the proof of Proposition 1. For any real numbers uy, us and for any

z1 > 0, we have

P UM, < ua, U, < usln(21) = 21| =Py (22) < 22, (23) < 23]n (1) = 1],

Z1,L3 —

a/2

. Lod®/? . .
with 25 = 212742 and z3 = 21"7%5 . Because (7 (2)),cg> is a stationary random field, we also have

Pln(z2) < 22,1 (23) < 230 (21) = 21] = P (22 — 21) < 22,1 (23 — 21) < 23[0 (0) = 21].
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According to Proposition 4.2 in [17], we know that

Pl (22 — 1) < 22,m (23 — 21) < 23]7 (0) = z1]

= exp —E ITlaXM—i P maxw<i
=23 Z 21) 4 i=2.,3 2 =5

We provide below an explicit representation of the term of the right-hand side. First, we write

Plmgg ) < L] p)| Hem) o, P )
i=2,3 2 2z 2y(zy — x1) m
where
1 J—
vz_log<22)+ M—“Q—F Uda/2
2y(xy — 1) 21 2
and
1 23 V(zg — 1) L a2
Vaq = 710 i + — e =u + 70—d ?
3 7 (25 — o1 g<z1> B 3T 593

with v(x) given in (2.1).
W(wg—l‘l) W(.’L‘g—.’l)l)
V2y(@a—z1) /2v(xs—w1)

Since the distribution of the random vector ( ) is a centered Gaussian distri-

1 R
bution with covariance matrix (R 11> , we have
1

Y (z; — 1 &y 1 R
P [max 7(1: 71) < ] = 0y uz + U a/2 , ! .
i=2,3 2 21 ug + od R 1

Moreover, following the same lines as in the proof of Proposition 1, we have

Y i — 1 1 o <~
4

1=2,3 Zi 21 21

1 /2 /2
ugod ugod
Z (Vﬁclﬂczﬂcs(l’e 272 ) € 37%3 ) - 1) :

. . /2 /20 .. .
An explicit formula of the exponent measure Vo 4,2, .05z, (1, %2792 ¢"39%37) is given in Eq. (3.4).

The above computations imply

P [U(n) < ug, Ué’{)z3< uz|n (z1) = Zl]

a/2
1 « o
= D v Ud(x/Q ; i X eXp <_1 (Vm,m,zg (Leadlé “2e d17/32u3) — 1)) .
U3+ Ud Rl 1 z1

This gives the conditional distribution of (UI(??IZ,UI(IJ?,) Using the fact that 1/n(x;) has a standard
exponential distribution, we obtain the marginal distribution of (U{"a,, Uiy, ):

>, (( <uz>> | (1 R>>
IP’[U(”) < uy, UM <u3] _ v13 (us) Ry 1

x T1,3 — 2 2 .
1,%2 13 V. (1 ad‘f/z U2 ad?é us)
@1,w2,23\ 1, € €0
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(Z’L) If d1’2 = (5(?1’2, d1’3 = (5(?1’3, d2’3 = (5(?2’3 then

P u2 . 1 él
2 us , Rl 1
2 S uz, Ua(:?) < ’LL3:| ==

,xy — So /2 /2"
. upo§/2d5 uzade/2dy,
hm(;ﬂo %@2*%,13*11(176 2 b2,e 2 L3 )

lim P |U"

)
5§—0 *1,Z

Moreover, we have

. a/2 ja/2 a/2 jo/2 Us 1 Ry
lim V07$2—$1,£3—$1 (17 eugoé iz ’eugaé s ) =@ I =
6—0 us Ry 1

U2 1 R U3 1 R
- . 2 - - 3
+ &y d‘i/32u37di/22ug ) R 1 + oo d?yézugfd?/;uz 5 R 1 y
— 2 - o /2 3
dy's 2,3

where Ry and Rj3 are defined in the same spirit as Ry and Rs by replacing d; ;j by a?zj With standard
computations, we can show that the last term equals 1. This concludes the proof of Proposition 2.
5.3 Proof of Theorem 3

5.3.1 Proof for VQ(?\),

Let Hy(u) := u? — 1 be the Hermite polynomial of degree 2 so that

v,

)

H, (UD,,).

eliDY
‘EN| (z1,22)EEN

To deal with the right-hand side, we write

HQ(U(") ) = H, (U(n) + w) _oym 7 (z2) =y (1)  (y(22) =y (21))? (5.1)

B |22 — 3?1||0l/2 e |z2 — 331||a/2 o2 oz — @[|* 7

where «(z) is as in (2.1). The sums over (z1,22) € En of the two last terms are negligeable compared
to N2=®)/4_ Indeed, according to Lemma 7 (i), we know that

1 )3 (v (x2) =y (21))* _ Os (N*”“/Q)

[EN| 02 |z — 2|

(z1,22)EEN

and therefore

N—(2-a)/4 1 Z (7 () — v (21))? — Op (N3a/471) .

2 _ «
N |

Moreover, since

(z1,72)EEN

v (z2) =7 (@)l _ g S B [Um)

} Iy (22) — v (71)]
a/Q xT1,T2
o [|z2 — x|

o ||z — 1| */?

(z1,72)EEN

< CE Z |7 (72) — v (71)]

(z1,72)EEN
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we deduce from Lemma 7 (i) that

L Z U(ﬂ) M — OL1 (N—1+a/4)

xr1,T /2
= (z1,22)€EN o w2 — 21| /
and consequently that
1 _
N S o, T o, (v Bo
BN e o laa =]

We deal below with the first term of the right-hand side of (5.1). To do it, we write

H, <U§§’?m + W) = Hy (W [log (ZEZ;) +(y(@2) =7 (xl))D :

Because
logn(z) = \/ Z; (x) = \/ (log Ui + W; (z)) — 7 (x),
i>1 i>1
we have
Y (w2) — v (1)
R
ollwe — x|

= ZH \/ Z,L' (.561) 1‘1 \/ Z IQ 332) H2 (U;Y‘gg)

i>1 |i>1 i>1

Zpj (1)
+ZZ}1 \/ Zi(x1) = Z; (x1) \/ Zi (x2) = Zy (z2) | Ha (Uggm“g) + ——8 |(x/2> ’

J>1k#j  |i>1 i>1 o ||lze — 21

where, for any distinct points x1, 25 € R? and for any fractional Brownian field with semi-variogram as

n (2.1),
gw - b (W (x2) = W (21))

e o||ey — @2

denotes the normalized increment between x; and zo w.r.t. W. This gives

(o, + 2220) 5 ) o)
xr

o [lx2 i>1 |i>1

+ZZ]I \/ Zi(x1) = Zj (x1), \/ Zi(12) = Zk (z2)

i>1k#5  |i>1 i>1

Zi\q (x )
x(&(%ﬁh—“ﬂlbg—HJW%D>
ol|ze — 21|

We re-write the term appearing in the double sums over j > 1, k # j, by considering two cases: the

first one is when z; and x2 belongs to the same cell, namely Cy ; (see Eq. (3.5) for its definition) and
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the second one deals with the complement. To do it, we write

\/ Z; (371) 3;‘1 \/ Z 1‘2 =7 .’L‘Q) ]I[J?l,l‘g S Ck,j]
i>1 i>1

=1[Z; (x1) = Zy (21) , Zi (x2) = Zj (22)] L [z1, 22 € C 5]

Zng () o Zni @) sy v

|a/2 - ‘a/z = T %1,T2 1,22

H[aﬂl,:@ S de} R

k)
o ||lw2 — @] o ||lze — 21|

where the last line comes from the fact that

RV IV AN

Z1,T2 T1,T2°

Zk (xg) > Zj (Ig) — oz =
o |lze — @
Now, for any function measurable function f : R — R, we define a function v in the same way as in

Section 3 of [9] as
Vs (zyw)=(fly+w) = f@)lfz—y<w <0+ (fle—w) - f@II0<w<z-y. (52

Taking f = Ha, we get

jia (U,EZ’?M +M> N1\ Zi(x1) = Zj (1) | Ha (U;f‘;g)

ollwe — x| i>1 |i>1

+ 3N My, @ € Cr ) W, (UYL, U, Zyo (1) / (0d5))
j>1k>j

—l—ZZH \/ Z; (.%'1) = Zj (.’171) R \/ Z; (1‘2) =7 (,’L‘Q) ,T1 Or Ty ¢ Ck’j

J>1k#£j  |i>1 i>1

Zi\i (x .
X <H2 (U;YY;; LD 1)a ) — H, (U%i)) .

o ||za — x1]|*?

Three cases appear in the above expression and are discussed below. The first one is when only one
trajectory (the j-th) is considered, the second one deals with the case of two trajectories (the j-th
and the k-th) and the last one concerns an arbitrarily large number of trajectories. For the first one,
we consider the canonical tessellation of the max-stable random field 7, i.e. the collection of cells
C; ={x € R*: Z;(z) = logn(z)}, j > 1. Notice that the set Zc = {j > 1: CNC; # 0} is a.s finite.
Adapting the proof of Theorem 1 in [8], we can easily show that, for any j € Z¢,

= 3 [xIGCmC]HQ(U(W)EN(0,0—3,2|Cmcj|),

/ XT1,T2
|EN| (z1,22)EEN
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for some 0‘2, > (0. This gives
2

T 2y BV At =2t 1 (0612)

,x2)EEN j>1 i>1

23

j>1 N1 (z1,22)€EN

> Tmecnc)H (UW))| BN (0,0%).

1,22

To deal with the second term, we consider the tessellation (Cy ;), £i>10 where Cy, ; C C is defined in Eq.
(3.5). Notice also that the set Jc = {(k,j) : Ci,; # 0} is a.s. finite. Adapting the proof of Proposition
1 in [9], we can prove that, for any (k,j) € Jc,

NI | .
YN/ ST U, (UMD, UM Zi j(21) [ (0dy )L [, 22 € Cr ]

/ Tr1,T2? T1,Tr2?
3 |EN| (:Dl,wz)EEN 7

P
- CVZLZk\j (0) )

where dy 2 = ||z2 — x1|| and ¢y, is a constant. Taking the sums over j and k, this shows that

V3 - (-a)/a

e S S Y wn, 0, U, Zin (1) /(0dS ) 2y, 2 € Cy)
3 (931 r2)EEN J21 k>j
P
v Z Z Lz, (0)

j>1k>j5

as N goes to infinity.

For the third case, we notice that the event

\/ Z;i (1) = Zj (1) \/ Zi(x2) = Zi (x2) ,21 or x2 & Cy ;

i>1 i>1

has a small probability as N — oo. Indeed, since x; and x9 are closer and closer as N — oo, it is more
likely that the second largest path in 2y is the one that maximises in xo. If 21 (e.g.) does not belong
to Cy,;, then there is another path, say the [-th, which takes the second largest value in z;; such a
configuration is less likely than if it was the one that maximises in o, i.e. the k-th. Using the above

observations, we can show that

]\7—(2—00/4ﬁ Z Z Z]I \/ Z; (1) r1), \/ Zi (12) = Z (z2)

zl 12 GEN j>1 k#jg i>1 i>1

Zini (T .
x I [1’1 or To ¢ de} (HQ (Uéy;g + k\j(l)a/2> - H2 (U;y%g))
0 [lze — z4]|

converges to 0 in probability. Therefore

V3 o .
GNTE e Y U B e Y Y L, 0)
(z1,22)EEN Jj>1k>j
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. : (n)
This together with (5.1) concludes the proof of Theorem 3 for V,'y.

5.3.2 Proof for 1/3(?\),

We proceed in the same spirit as the proof for VQ(Z\),. First, we write
-1
1 ; : 1 Rejmpe UL
V== > | (e vlk) ( R pe ) < s | =2
| N‘ (21,22,23)EDTN T1,T2,23 1,73
1
=——— Y e (HeUD) + Ha(US,) ~ 2Re, 0, UL, UL )
|DTN‘ (z1,22,23)€DTN T1,T2,T3
1
= |TT‘ Z (Ugg?)mv Ug] @3 Rmum,ra) )
N1 (@1 ,22,25)€ DT

where Ry, 2,4, 18 given in Eq. (3.6). For any (z1,z2,23) € DTN, we have

Ha(UL0,) = 30 |V 2 o) = 2 ()| 2 (UL1)

i>1 |i>1

/2
+ 3N M1, @, 25 € Ci ] O, (U2, UNE) Zo j(w1) [ (0d5))

i>1k>j
/2
+ 33 " Mfan, 22 € Cryows ¢ Coyl O, (UYL, USYS), Zi j(20) ) (0d75))
i1 k>j

—|—ZZ]I \/Zi(:vl) (z1) \/Z (x2) = Zj (x2) , 21 or 2 ¢ Cy 5

i>1k#£5 |i>1 i>1

> <H2 <U(‘1/Vk2) + Z’“\J(x1)> — Hy (U(Wj))>
T1,% a/2 T1,T2
o f|lwe — 1|

Y ) 7 (z2) — v (21) _ (7 (z2) = v (21))?
T1,T2 /2 2 _ @
o |lze — 21 02 ||x2 — z1]]

and

I1I2 ZH \/Z .’[1 ] 1'1) Uz(lﬂ/mg

g>1 |i>1

+ 3N My, @, 25 € Cy] W (UYL, U, Zy (1) /(05 5))
i>1k>j

+ 3N Mar, a0 € Cryjows & Cr ) (UMW), UNE), Zin j(a1) [ (0d5 )
21 k>j

+ZZH \/ Zi(w) = 2Z; (ml)’\/ Z;i(x2) = Zk (x2) ;21 Or 73 ¢ Cy 5 Zk\]—(xl)a

2

J>1k#j  |i>1 i>1 0 ||z — 21| /
v (@2) =y (=)
o ||z — 1| */?
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In what follows, for any —1 < R < 1, we denote in the same way as in Section 3 of [9] by € the following

function

1

= 7=z Wi (ur,v1,w1) + W, (uz, v, w2)]

Q(u1,v1, uz, v2, w1, w2; R)
R
— 2@‘1’[ (ul,vl,wl) U, (U27U2,’LU2)

-2 [Ul\Ifj (Ug,vg,’wz)-l-llg‘l/[ (ul,vl,wl)]]l[w1< 0]

_R
1-R?

-2 [1)1\1/] (UQ,U2,U/2)—|—’UQ\III (ul,vl,wl)]ﬂ[w1> OL

_R
1- R

with I (u) = u for all uw € R. This gives

1,227 7 1,237

H, (U(n) Um 'R:cl,xz,xg)

=31\ Zi(21) = Z; (x1) | Hy (Ux%l, Ué?,/:il;Rzl,m,zs)

j>1 |i>1
+ Z Z I [1‘1, To,x3 € CkJ‘]

21 k>j
x QUMD UMD UMW) UMW) 74, 5(20)/(0d55), Zing (€1) /(0455 ); Ry oavy)

x1,T2? 7 T1,X37 T T1,T27 7 T1,T3)

1 1 2 3
+ 1— RQ (Nﬂgl?ﬂﬂzyllz + NI(I?IZ#L’ZS + Nﬂgl?ﬂf27$3> ’
z1,T2,T3

where

Né}?m27m3 = ZZH \/ Zz (ml) = Zj (1’1) s \/ Zl (ifz) = Zk (QCQ) , L1 O X2 ¢ Ck,j

i>1k#5  |i>1 i>1

x < 2 < w(hwkz) +—| a/2> - 42 ([1(1,%2))

ol|lze — x|

+ ZZH \/ Zl (ZEl) = Zj (%1) s \/ Zl (2133) = Zk (1’3) , X1 O I3 ¢ Ck,j

J>1k#j  |i>1 i>1

Zni (x
- <H2 (U”E%S) y Dl 1)a/2> e (Uﬂ%i»
o ||lzs — 1|

+3 "3 Ifwr, s € Cryyws & Cry) Wiy (U, USYE), Zy s (20) /(0d))

i>1k>g
+3 3 1w, 5 € Cryywa & Cry) Wiy (U, UNYE), Zy s (21) [ (0d))
i>1k>j

+ZZ]I \/ Zl (1‘1) = Zj ($1),SC1,I’2 S Ckvj,ll'g ¢ Ck,j

j>1k>j |i>1

x U (UWD) yWe) Zk\j(xl)/(adif))U(W’)

T1,T2? 7 T1,T27 Z1,T3
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and

N (U(n) R U ) v (x2) =y (x1) (v (x2) =y (21))?
x1,T2,T3 T1,T2 T1,T2,T3~ 21,T3 o ||.I2 _ x1||a/2 0—2 ||£U2 _ x1||a
v(z3) = (1)  (y(xs) —v(21))?
-2 (U:E? x3 RI1,$2,I3U£??z2> -

ollws —ay|*? 0% llws —a]®
LoR (7 (w2) =7 (21)) (v (23) — v (21))
Z1,T2,T3 a/2 /2
o l|lwe —z||™" ollws — @

and

w17z27w3 = ZZH \/ Z xl j (.’171) y \/ Zi (.132) = Zk (1‘2) , L1 O To ¢ Ck)j
i>1k#£5 |i>1 i>1
(W;)
Uz, i
1,22 a/2Zk\j (131)
o |xg — 21|
+ ZZH \/ Zz (.Tl) iL’l \/ Z .’ﬂg Zk 1'3) I1 Or I3 ¢ Ck,j
i>1k#j  |i>1 i>1
HE
1,73 N Zk\j (331)
o [|x2 — 21|
YT Vis1Zi (v1) = Zj (21), Vs Zi (v2) = Zy (22) , Vi1 Zi (23) = Zpr (23),
i i x1 or 29 ¢ Cp 4,21 or 3 ¢ Cp 5
Zk\j (.’L‘l) Zk’\j (1‘1)

a/2 a/2
ollwe — 21" o |lws — @]
+ ZZ Z H[Jil,zlig S de,xg ¢ Chj]]l[ilil,fbg c Ck/J,xQ ¢ Cr ]

JZVk# K #]

T1,T2?

) W (UMW) UMW) WD (21) ) (0d )0 1 (UNY), UWE) WD (1) (0d$ ).

Proceeding in the same spirit as the proof for V2(,7J7\)7 and adapting the proof of Theorem 1 in [8], we
can show that, for « € (0,1), as N — oo,

1

L W) (W),
I, S Y1V Ziw) =2 ()| B (U UWi). R

D 2
x1,T27 7 X1,T2? 901,902,13) _>N(0aUV3)a
z1,x2,23)EDTN 721 i>1

for some of, > 0. Using the same type of arguments as in the proof for VQ(TJ]\), and adapting the proof of
Proposition 1 in [9], we can also show that, for @ € (0,1), as N — oo

V2 eay L

9 \/l‘DiT . IZZ ZZH xr1,T2,T3 € Ck)J]

:I,"; €EDTN 721 k>j

a/2 /2
x QU UMW) UWE) UV Zy s(20) [ (0d55), Ziy (1)) (0d55); Ry o)

E) Cyy Z Z sz\j (0)

§>1k>j
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Finally, we use the same type of arguments as in the proof for Vz(?\), to derive that

V2 a1 3 [Nu) LNO LN 20

2 |DT | T1,T2,T3 x1,T2,T3 T1,T2,T3
N1 (@1,22,03)€DTy

and to conclude.
5.4 Proof of Proposition 4
Recall that a = 0d®/?, u = log(22/21)/a and v (u) = a/2 + u (see Section 3.1.1). Since

Pl (21) < 21,m (22) < 22] = exp(=Va, 2, (21, 22)),

we have

Jo1,20 (21, 22) = exp(—=Va, 2, (21, 22)) X ( -

anl,wz (217 Z2) anl,Iz (217 Z2) 82VLE1,ZE2 (Z].) 22))

321 (922 821822

The derivatives appearing in the above expression can be interpreted as follows: the second derivative
of the exponent measure deals with the case where x1 and x5 are in the same cell of the canonical
tessellation, whereas the product of the first derivatives deals with the opposite case. As d tends to

0, the probability that x; and x5 are in the same cell of the canonical tessellation tends to 1, and

0?Vy, 25 (21, 22) /021022 becomes the dominant term as observed in Remark 2.

The exponent measure can be expressed as
1

Var ws (21, 22) = " (CI) (v(u)) +e P (v (fu))) .

Taking the derivative with respect to z1, zo and using the facts that ¢'(x) = —zp(z), where ¢ is the

density function of the standard Gaussian distribution, and that v(u) = a — v(—u), we get

anl,wz (Zl,Zg) 1

821 = 2‘4(”)7
Tesln®) % hw),
82V$1’x2(21,22> o 1
82182’2 B _EC(U%
where
Au) =2 (v(u)+ %@ (v(u) = —e" o (v(-u)),
B (u) = ® (u(~w) + ~p (v (~u) ~ ~e"p (0 (w),
C () = e (v (~u) o (v (w)) + e~ () i (v (~)
Therefore
fo1 w0 (71, 22) = exp (—Zl {(IJ (v (u) + e (v (—u))}) x (146—2auA (w) B (u) + i?)
1 21 21
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Hence we have
10g fuy 05 (21, 22) = lefl {® (v(u) +e @ (v(—u))} +log (e 2™ A (u) B (u) + z:C (u)) — 4log 1.

Proof for the derivative with respect to o. To deal with the derivative with respect to o, we use the

following equalities

Pl 8 es(2) = o, 2L, 2T
na B0 21 g
This gives
Olog fwlavzz(zl’@) _ _Zil% {ip (v (W) v (—u) + e~ (v (—u)) v (u)}
T o <e—2w (3‘25“)3@ AW agi“)) i ‘90&5“)) (5.4)
with
3?5_“) - % <<p (v () v (—) (1 - év (u)> + ée*““w(v (—u))v (—u)v (U>)
(e - e o)
OB ()

11 _.. —au
S0 e (0 () (0 () + e () o (0 (u)
Here, for two functions ¢(-) and b(-) of a, we write ¢ = o(b) (resp. ¢ = O(b)) if c(a)/b(a) — 0
(resp. |c(a) /b(a)| < C for some positive constant C'). Moreover, we write b ~0 € ifb(a)/c(a) — 1.
a—

As d — 0 or equivalently as a — 0, we have (using the fact that p(—u) = ¢(u))

Q) = @+ +ola),  v(-u) = (u)+ T (u) +ofa)
p() = ¢ (1-Futo@), ¢@(-u)=p@ (1+u+o).
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We deal below with each term of Eq. (5.4). First, we notice that

a

e (0) v(-u) = ¢ (u) (1= Juto(@)) (5~ u) +o@)

= —up (u) (1 - g (wtu™) + 0(‘1)) +ole)

and that
e w(-w)v() = (1—auto(a))e(u) (1+ Su+o(a)) (5 +u)
= up(u) (1 + g (—u+u™t) + o(a)) + o(a).
Therefore

This implies that

Secondly, we have

Au) = é (a@ (u) + ¢ (u) (1 Lt 0(a)> —(1—au+o(a)) e (u) (1 + ot o(a)) + 0(a)>

2 2
=® (u) + o(1),
B(u) = é (a‘I) (—u) + ¢ (u) (1 + %u + o(a)) — (1+au+o(a)) ¢ (u) (1 — gu + o(a)) + o(a))
=& (—u)+o(1)

which gives

C(u) = a% (1 —au+o(a))
x (—ue () (1= Su+o(@)) + 5 () +o(a) + up (u) (1= Su+o0(a)) + S (u) +o(a))
= égp (u) +O(1).

The above computations give that

e 2" A(u)B(u) 4+ 2.C(u) ~ zlgo(u)'

a—0 a
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Thirdly, we have

PP 1o 3 ) (3-2)
+ é (1—au+o(a)) e (u) (1 + gu + o(a)) ((;)2 — u2)
. (go (u) (1 - %u + 0(a)> —(I—au+o(a))p(u) (1 + %u + o(a))) .

a

It can easily be shown that the last term is O(1) and therefore that oa’g((,u) = O(1). In a similar way,

we also have aag—f’“) = O(1). Moreover,

oPO e [ulue (v ) (1= () + e~ ul=w)p (o) (1 o2 ()]
2™ (o= (o(u)) + e o) (v( 1))

and after some simple calculations

Therefore

do
Finally, we obtain from Eq. (5.4) that

Oo 0o  a—0 oa

o—2au <8A(u) Blu) + Au) 0B (u)) 4 oC (u) 1

310g f:v1,m2 (21722) — ’LL2 — 1
60- a—0 g

This concludes the proof.

Proof for the derivative with respect to . To deal with the derivative with respect to «, we use the

following equalities

da _ logd dl/a _ logdl Ov(u) logd  logd _ logd

90 2 Y Toa 2 4 da g 0T U=y v,
and

Ov(—u) logd
= (u).
foJe! 2
Notice that the above equalities are the same as in Eq. (5.3) except that the derivative over
o (resp. the term 1) is replaced by the derivative over « (resp. by the term %). Therefore

L990g fo, 25 (21, 20) = %e% 10g fuy .2, (21, 22). It follows from the same lines as above that

1
log fail,a:z (2172'2) = log f$1,$2 (21722) - 5(“2 - 1)

I 7

im — — lim —
d—0 logd da 2 d—0 Jo
Remark 2 In the above computations, we have proved that the term % log fuy 2, (21, 22) can be approzx-
imated by

0 0V, 2 (21, 22)
L yog (- Lttt 22) )
oo 0210729

as d— 0.
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5.5 Proof of Proposition 5

Proof for the derivative with respect to o. In the same spirit as in the proof of Proposition 4, the likelihood
can be approximated by only considering the term involving the third derivative of the exponent measure
corresponding to the event where all three points are in the same cell of the canonical tessellation. More
precisely, similarly to Remark 2, we have

5 i) ( aSvml,zQ,zg(zl,z2,23)>

— 1o 21,%22,%23) ~ S— 1o
do gfx1,127133< 1, =2 3) 5§—0 Oo & 62’182’2823

No further details are given for these equivalences, but they can be obtained using the same arguments
as in the proof of Proposition 4.
From Appendix B.4 in [16], we have
ok 1

821622823 1,22, 3( ? ? )

a1,3v1,3 (u1,3) ’ [(a172)2 + (OL1,3)2 — (a2,3)2] /2 (31,3)2 ’

where @9 (-;X) is the probability density function of a centered bivariate Gaussian distribution with
covariance matrix ¥ and, for 4,j = 1,2,3 such that ¢ # j, a; ; = 0—5&/2d?7§27 wi; = log(z;/2)/ai; and
v (u) = a; /2 + w; ;. We deduce that

222923

83

Vai,20,2 (21 %) 23)
821822823 D2t ’ ’

B 1 1 o V1,2 (U1,2) . I B

= — 9 5
222023 a1 201 3 v1,3 (u1,3) Ry 1

— _ie—m,zulge—al,sul,s ;4102 U1,2 (ul’Q) ; 1 Rl .
24 a1,201,3 v1.3 (u1,3) Ry 1

83
1 ~— 3 a_ o Vzi,xo,x3 ) 5 A0
o8 ( 821822323‘/ bE (21 =2 23))

1
= —4log (z1) — a1 2u1,2 — a1,3u1,3 — log (a1 2a1,3) — 5 log (1 — R}) — log(27)
-1
1 ( vis (1) v1s(urs) ) 1 R v1,2 (u1,2)
— 5| vi2(u12) wviaz(uis :
2 R 1 v1,3 (u1,3)

0 1 0 1

9 Vi (ig) = —vij (—uig) and  —-ai; = —aij,

Therefore we have

Since
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we deduce that

0 lo o Vi ( )
05 — oA o Vai,xe,x3\21, 22, 2
9o 8 021029025 “1rTa T 7273
1
= —aiUi2 —ai1,3ui1,3 — 2 - W (1)1,2 (U1,2) - Rlv1,3 (U1,3)) V1,2 (*Ul,z)
—
1

- 17]%2 (’01,3 (U1,3) - R1111,2 (U1,2)) V1,3 (—Ul,s) .
—

As d — 0, we get

0 (_83‘/;1}12)933(21,22,23)

—1
080 8 021029023

1
> — =2+ T2 [(u1,2 — Riua,z) ur2 + (u1,3 — Riug 2) u1,3)
1

1
= -2+ — 3 (<U1’2)2 — 2R1U1)2U1’3 =+ (U1’3>2) .
1~ R’

Proof for the derivative with respect to o. The result is derived in the same way as for ¢ noting that

0 log dd;_; 0 log dd;_;
%’U@j (ULJ') = B) J Vi,5 (*ui,j) and %am = B) J Qj,j5.

5.6 Proof of Theorem 6

Adapting the proof of Proposition 4, we can show that for any pairs (z1,x2),

ok funs Cra) _ Ly g0
Jo o
810gfa:1 To (21722) 1Og”$2 —1‘1” 2
) — —olire i -1
o 5 [u +0 (a,u)] ,

where
k
<
10 (a,u)] < Ck:r(r)laxk (lu] +a)” a,

s RO

a=o|xy— x1||0‘/2, u = log(z2/21)/a, ko € N.. We also have

k}o k
0(a,u)] <C3 Y fufat+id,

k=0 j=0

For triples (z1,z2,x3), we have

-1
1 T1,T2,T ) <2 1 1 R a
UCTAPTRCE Y R “3)<R ) (“2>—2+ea<a,u2,u3>
1

oo o u3

—1
01 T1,T2,T s <2 log ¢ 1 R —
criptnm) () (18 ) () i),

Jda 2 R1 1 us
where
00 (@u)| < C max (lua| V|us| + [|@])* @],
k=0,...,ko
0, (@u)] < C max (Jus|V |ug| + [|@])" [|d] .
k=0,...,ko
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Wlth k‘() (S N*7 6 = (a172, 0,1’3, agyg), ai,j = 05(1/2 ||1'] — QL'iHa/Q, U = IOg(ZQ/Zl)/alg and us = log(23/zl)/a13.

5.6.1 Proofs for 63 y and &y n

(i). When « is assumed to be known, the maximum (tapered) CL estimator of o, 62 v, satisfies

Oy N (Ga N, ) Z 0log fu, 2, (0 (71) ;1 (22))

Oo - oo =0

(z1,22)EEN 0=62.N

Therefore we have

> (o -1)+

(z1,z2)EEN

A « o
0 (0’2,]\[ ||J}2—JJ1|| /2,7A Ué??:m) =0
02,N

(z1,22)EEN

with

We have equivalently

(Gon)? =0 | s S (U,

= ST Evl
(02’N) ‘ N| (z1,72)EEN
1 ) N2 1 A a2 O (m)
T Z ((anx ) 71)4»7 Z 0 UQNHI27'$1” 7A7U:cn:c .
|EN 1,L2 |EN| ) Oa N 1,L2
(z1,22)EEN (z1,72)EEN ’
Note that
p ko k ]
\e (a—g,N s — ]2, &U;??m) <O D NUL Il — a2
2,N k=0 j=0
and

NI S e U A el BN DI R A

T1,T2
(z1,22)EEN (z1,22)EEN

according to Proposition 8. Moreover, it follows from Lemma 7, that as N — oo

E > e — || B2 N (et 1=)a/2

(z1,22)EEN
We can deduce that
1 . o P
TEx] O i | )
N (z1,22)€EEN 92,N
From Theorem 3, we have
1
TEn UM, 51,
N (z1,22)EEN
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Since o2 belongs to a compact set, this shows that (&271\;)2 552 By Theorem 3, we have

3
£N (2— a)/4v(17 LA ZZLZMJ

3
i>1k>j

Moreover, by using Proposition 8, we can also prove that

0'2,N ’

1
?\7—(2—&)/4 E
V |-EN|

(z1,72)€EEN

Since

B TBNIN - (0.0)° = o)

—1
1 1 V3 C(2—a
_ . - Z (Ué?)x2)2 5 /|EN|N (2—a)/4

2
(62,n) ‘EN|(961,562)6EN
1
x [ﬁ > (W)

N (z1,22)EEN
1 2 g
- 0 _ a/ 7(](77) }

+|EN\ 2 ‘(UzNH@ il "o N )L

(z1,22)EEN

it follows that

3
g\/ |EN‘N_(2_O¢)/4 ((GA'Q’N)Q - 0'2) g 0'20\/2 ZZLZ’C\J' (0)

J>1k>)

(i1). When o is assumed to be known, the maximum (tapered) CL estimators of «, Ga, n, satisfies

8€27N (07 &Q,N) _ Z alogfl1,w2 (77 (.131) an(IQ))
Oa O

(z1,22)EEN

Therefore we have

Z log dl,g (67(5‘2’1\’70‘) 10gd1,2(U3(27177)x2)2 o 1)

(z1,72)EEN

+ ) logdif (0 ey — 1|2 e (@2 e osdia/ 2y () ) =0

T1,T2
(z1,22)EEN

Given a realization of Py, let 1 be a point chosen with respect to the uniform distribution in P, NCy
and let x5 be a neighbor of x; in the Delaunay triangulation which is chosen randomly, with the property
that 1 =< 9. Then d(N) = N1/2d1 2 has the same distribution as the typical Delaunay edge. Since
dg) = Op (1) and max(z, z,)eBy d 2 = Op (log N) (see e.g. [23] or [7]), we deduce that

1 1
logdi 2 = —§logN—|—logdg) = —§IOgN+O]p (loglog N) .
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Hence, we have

Do logdiy (et (), )7 - 1)

(z1,22)EEN

1 & —a) log op

= _ilogN(l + op (1)) Z (6( 2,v—a)log N(1+ L(l))/2(U£717’)x2)2 - 1)

(z1,x2)EEN

1 5 1

_ = (&2,n—a)log N(1+op(1))/2 _ = (n) 2 _

= —3 o NIEw|(1+0p (1)) | eltnn e boa Vit o S (Ui, -1

(z1,22)EEN
and

> logdiaf (o flzy — a2 e @n a2y ) )

T1,T2
(z1,22)EEN
1 0/2 (G e
= —5logN(1+0p (1)) Y 9(a||x2—x1H /2 eldz a>1°gN<1+ow<1>>/4U;;v,>x2).
(a:l,ajz)EEN

We deduce that

o6, —a) log N(14op(1))/2_1 S w1

FE x1,T2
| N‘ (z1,72)EEN
1 .
=+ X ¢ (7 llza = 1]|*/?, el@an—edoa N+or /a0 Y (5.5)
N ({L’l,mg)EEN
Since
‘9 (U 2 — @1[|%/?, elazn—a)log N(1+0P(1))/4U£117’)x2>‘
ko k .
< Oeko\az,N*a\ log N(14o0p(1))/4 Z Z |U:£71],)z2 |J ||302 i x1||(k+1fg)a/2 ,
k=0 j=0

and (according to Proposition 8)

ko k
1 y i
T L 2 U e — | S,

(ail,Iz)EEN k=0 j=0

and .
P
[Bn] U, =1,
N (:D17:E2)€EN
we deduce that

|d2,N — a| logN ﬂ 0.
From Eq. (5.5), we have

1
14 = (Gon —a)logN(1+o0p (1) ) = (um )2 -1
2\ |En| 1,%2
(z1,22)EEN

1 a/2
SOt W) S 0(ole—nV UL
N (z1,22)EEN



and
a/2 —
W Z 9(0’”.172—.1'1” / 7Ua(:717,):p2) :O]p (N 0{/2)
(z1,22)EEN

It follows that

1,. 1 e
SN —a)log N +op (1) =~ 3 (@,,)2 = 1) +0p (N-22).
(z1,22)EEN

In the same spirit as we did for (G2 x)?, we conclude that

V3 (o A
& VIENIN (2=0)/41og(N) (Gay — @) = —cv DY Lz, (0).

J21k>j

5.6.2 Proof for &371\7 and 5437]\[

We use the same type of reasoning as in the proofs for &2 x and & n.

6 Technical lemmas

6.1 Some additional bounds

Lemma 7 (i) There exists a positive constant C' such that, for any N > 0,

El Y fea—a)*| <ONV2
(xz1,22)EEN

(ii) As N — oo, we have

1 3 (v (w2) =y (21))* _ Op (N*”C‘/Q) .

(e
|EN| (SraD B |2 — 4|

Proof of Lemma 7. (i). For any distinct points x1,xs, 3,24 € R? such that ; < 25 and 23 < x4,
and any N > 0, let

po,n (21,22, 23, 24) = Px1 ~ 29, 23 ~ x4 in Del(Py U {21, 22,23, 24}) and 21 < 29, x3 < 24].

It follows from the Slivnyak-Mecke formula that

E Z ||.132 — .T1||a = N2/ ||J)2 — $1||ap27]v (.131,.2?2) dl‘ldl‘g
01XR2

(z1,22)EEN

— N_a/2/ ||£E2 — x1||ap271 (.’El,xg) dxldl'z
CNXR2

:_lea/?/ |@2]|* pa,1 (0, 22) dws.
R2

According to Lemma 7 in [8], we know that for any x5 € R?,

po1 (0,2) < C||zo||2e~ Fl122IF,
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Therefore

El > |loa—m|*] SONY2

(z1,22)EEN
(). Let
Y (v (22) = 7 (21))?
NN R
(z1,z2)€EN 2 !
We have
a a\2
E[l'n] = CN_(X/2_1/ (e ||£U1(|l ) P21 (21, 22) dzidas
CnXxR2 |22 — 21|
)2 + yol|* — [lya [|*)?
— ON-°/? 1/ </ (ly1 + 2l a||2/1|| ) - (yl,y1+y2)dy2> dy,.
cy \Jr2 lly2]]
Note that

e according to Lemma 7 in [8], for any y;,y2 € R?
— T || 2
P21 (Y191 + y2) < Cllya|Pe” 7112117,
e when y; is fixed,

v+ y2|* = [Jyi]|*)? 2—
(I I all [ C lll>
|2l lly2ll—0

which is locally integrable in 0.

Thus

P21 (Y1, y1 + y2) dyo

/ (lyr + w2ll™ = llya1*)?
R? ly2l®
is well defined for any y;.

Moreover, for ||y; || large enough, we have

(lys + w2ll™ = llwall*)?
[y

< Oy

and, for any ¢ > 0,
/ 32 [I** 72 dyr = O (N®).
Cn\B(0,¢)

We can easily show that E[I'y] = O (N —lta/ 2) and consequently, thanks to Markov’s inequality, that
T'ny =0p (N_H'Q/Q). Because |En|/N i 1, we deduce that

Ly Gl g ()

E _ o
Bxl, 2=, o2l
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6.2 Uniform bounds for the moments of |U{",, 7

Proposition 8 For any p > 1, there exists a positive constant Cp, < 0o such that

sup E [|U(’7) |p} < Cp.

) T1,T2
r1,c2€ER

Proof of Proposition 8. Let m, = E[|X|?], where X has standard Gaussian distribution. By

Proposition 1 and Proposition 3 in [30], there exists ¢ > 0 such that

sup E[[UW,, 1] < 2my.
lw2—z1]| <6

Moreover

o—1|logn(z1)|? + |log n(z2)|?

m |p
Uzt e, [P < 2 a2

T1,%2

o? ||xg — 21|

Because log 77(x) has a Gumbel distribution for any = € R?, we deduce that

sup E [|U(") ‘p} < 5ol

ZT1,T2
llzo—z1/>6 ’
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