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Minimizing Measurement-Induced Errors in
Viscoelastic MR Elastography

Samuel Kurtz*, Bertrand Wattrisse, and Elijah E. W. Van Houten

Abstract—The inverse problem that underlies Magnetic
Resonance Elastography (MRE) is sensitive to the mea-
surement data and the quality of the results of this tissue
elasticity imaging process can be influenced both directly
and indirectly by measurement noise. In this work, we apply
a coupled adjoint field formulation of the viscoelastic consti-
tutive parameter identification problem, where the indirect
influence of noise through applied boundary conditions
is avoided. A well-posed formulation of the coupled field
problem is obtained through conditions applied to the
adjoint field, relieving the computed displacement field
from kinematic errors on the boundary. The theoretical
framework for this formulation via a nearly incompressible,
parallel subdomain-decomposition approach is presented,
along with verification and a detailed exploration of the
performance of the methods via a numerical simulation
study. In addition, the advantages of this novel approach
are demonstrated in-vivo in the human brain, showing the
ability of the method to obtain viable tissue property maps
in difficult configurations, enhancing the accuracy of the
method.

Index Terms— Boundary conditions, inverse problems,
magnetic resonance elastography (MRE), reconstructive
imaging.

[. INTRODUCTION

OFT tissue viscoelastic properties are efficient biomarkers

for clinical diagnosis [1], classification [2] or therapeutic
monitoring [3]. Estimations of in-vivo constitutive parameters
within a region of interest can be obtained using Mag-
netic Resonance Elastography (MRE) [4]. Over the past two
decades, this non-invasive technique has been applied to a
wide range of tissues [5], [6], [7] using different sources
of excitation [8], [9] and investigating various mechanical
properties [10], [11], [12]. A major advantage of MRE is its
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ability to provide quantitative material property estimates via
different reconstruction processes, typically classified in two
categories: direct and iterative methods [13]. Direct methods
solve a linear minimization problem relying on the measured
wave field to estimate material properties such as shear mod-
ulus [14], [15], [16]. The linear relation between the desired
constitutive parameters and the deformation components of
the governing equations guarantees uniqueness of the solution
and fast computation. Variational formulations using virtual
fields [17] have been developed to reduce dependence on
noise [18]. However the differentiation of the motion data
makes these methods dependent on the measurement quality
and the associated data regularization methods.

Iterative methods, often referred to as nonlinear inver-
sion (NLI), aim to provide a computed displacement field
respecting the mechanical governing equations that replicates
the noisy measured motion and allows the solution of a
constrained minimization problem commonly represented by a
least-squares objective function. The NLI method follows from
a Lagrangian partial differential equation (PDE) used to derive
a difference-driven forward problem comparing measured and
computed displacement fields. One prominent NLI algorithm
is a 3D parallel subdivision finite element scheme, called the
subzone approach, based on a division of the global imaging
problem into small, overlapping subdomains leading to local
and global convergence and significantly reducing computation
time [19]. In NLI methods, a reconstruction iteration firstly
solves the forward problem (FP) for a given set of constitutive
parameters to calculate the associated displacement field, and
pressure field, for certain formulations. The algorithm then
updates the material properties based on the gradient of the
objective function. Numerous constitutive models supported
by this algorithm have been developed, including linear elas-
tic [20], viscoelastic [21] and poroelastic [22] formulations.
Anisotropy has also been recently investigated for fibrous
structures [23], [24]. Gradient computation was originally
done with the Gauss-Newton method and has been extended to
conjugate gradient and quasi-Newton methods [25]. Inversion
stability is supported by the subzone overlap, which acts as
a spatial filter [26], and total variation minimization [27] can
also be applied.

Gradient calculation is performed efficiently using the
adjoint equations of the forward problem for material property
updates [28]. For linear viscoelastic models, the represen-
tative discretized FP is self-adjoint, thus requiring a single
matrix inversion to compute both the calculated and adjoint
displacement fields, considerably reducing computation time.



A generalized adjoint method has been applied to NLI by
Tan et al. for various mechanical models and gradient-based
methods [29]. “Equilibrium-driven” and “difference-driven”
equations developed in this adjoint model lead to a single, self-
adjoint matrix, made invertible by the application of Dirichlet
type boundary conditions, and referred to as the Displacement
Field Condition (DFC) in this work, to solve the FP.

In the subzone NLI formulation, the kinematic field in the
MRE PDE is driven by boundary conditions (BCs) obtained
everywhere on the subzone boundary from the available
displacement measurements. Assuming no significant inter-
nal pressure sources at the frequency of the applied tissue
vibration, the Dirichlet BCs provide a suitable set of data
for a well-posed solution to the FP. However, measured error
introduced through these BCs may violate equilibrium due
to their experimental nature, and additional regularization
terms are required to stabilize the results of the mechani-
cal property reconstruction process. In MRE, noise is often
considered to be Gaussian based on its Magnetic Resonance
Imaging (MRI) origins [30], and it is regularized by smooth-
ing techniques. A recent study characterizing MRE-specific
noise found image, physiological and vibration sources and
concluded that their correlated nature increases error in NLI
reconstructions [31]. The impact of displacement uncertainties
in NLI-type gradient-based methods is almost entirely due to
their indirect influence via the BCs of the FP, rather than their
direct influence via the minimized objective function [32].

The goal of the method presented in this paper is to reduce
the sensitivity to noisy BCs in the NLI-MRE problem. Inver-
sion techniques that do not require BCs for the FP have been
developed with promising results on numerical and phantom
data. The Coupled Adjoint-State Equation describes a BC-free
inverse elasticity problem based on the adjoint computation
of the gradient by coupling solution of the displacement and
adjoint field problems, leading to a system where the necessary
BCs are applied uniquely to the adjoint field, a formula-
tion referred to as the Adjoint Field Condition (AFC) in
this work [33]. Moreover the Modified Error in Constitutive
Equation approach introduces a “dynamically admissible”
stress field as an independent variable in its functional to
describe the discrepancy with the “kinematically admissible”
strain field [34]. This method has been applied to viscoelastic-
ity [35] as well as elastodynamics [36]. In this context, a direct
material updating approach replaces gradient-based method by
an analytical formulation of the constitutive parameters from
the calculated stress and strain fields [37].

In this work, we develop and implement a novel formulation
of the subzone NLI-MRE formulation for nearly incompress-
ible viscoelastic materials based on previously demonstrated
coupled approaches for the DFC and AFC. We apply this novel
formulation to quantitative NLI-MRE analysis and investigate
the efficiency of this approach with specific applications to
simulated and in-vivo data.

Section II describes the mathematical framework developed
to formulate the coupled Adjoint Field Condition (AFC),
where BCs are uniquely applied to the adjoint field. The details
of a MRE-inspired simulation study used for the validation
of the method are also presented. Section III quantifies AFC

vs DFC comparisons. Firstly, numerical results are focused
on three important parameters for NLI-MRE reconstruction:
noise, spatial resolution and initial guess. Afterwards, in-vivo
brain reconstructions are presented to apply the method to
real experimental data. Finally, the computational costs of the
method are analyzed.

[I. METHODS
A. Forward Problem

1) Strong Form of the Forward Problem: The time-harmonic
equilibrium equation for the complex displacement field, i,
in a domain 2 is given as

-

V.o=-0’pii inQ (1)

where ¢ is the Cauchy stress tensor over €2; p is the density
and o is the actuation frequency. Considering soft tissue as a
linear viscoelastic and nearly incompressible continuum and
ignoring the effects of anisotropy [38] and pre-stress [39],
a mixed displacement-pressure formulation is used [29].

V- (GWii + Y i)—pl) =—w’pii inQ,
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where G is the complex shear modulus; K is the complex
bulk modulus; p is a pressure term; and [ is the identity tensor.
The material properties set can be described as § = (G, K, p).
The nearly incompressible condition leads to K >> G whereas
Vi — 0.

In general, direct formulations introduce the partition of the
boundary, I', of the domain, €2, into regions, I'p and Iy,
respectively representing the portions of the surface described
by known displacements or surface tractions. BCs are

=1y on Ty, 3)

where il is the prescribed displacement on I'p while 7 is the
traction acting on surface I' y, with a normal outward unit vec-
tor 1. Considering the lack of force measurement techniques
for in-vivo situations, we will consider that I'y = @. The
strong form of the FP described by (2) and (3) then requires
measurements of the 3 displacement components on all the
boundaries (i.e. ' = I'p) in order to be well-posed. Measured
displacements include experimental uncertainty, which can
contradict the equilibrium conditions defined by (2). To avoid
this contradiction, we introduce a specific formulation that
does not depend on (3).

2) Weak Form of the Forward Problem: We introduce the
space functions, U(0) = u(®), p())T and W = (w, ¢)7,
to act as the trial and the test functions, respectively, used
to develop the weak formulation of the FP [28]. Here, w are
the test displacements, chosen to be zero on I', and ¢ the test
pressure. The goal is to calculate the displacement field # for a
given set of material parameters 6. In the case where I'y = 0,
the FP weak form is given by the functional A, such that

AW, U@®);6)=0 4)
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The viscoelastic FP defined in (5) is self-adjoint, meaning
that A(U(9), W;60) = A(W,U(®);0). This functional plays
the role of a constraint in the MRE identification problem.
The NLI quadratic objective function & is defined as the
least-squares error between the calculated, material dependent,

complex valued displacement field, iZ(6), and the measurement
field, u,,

L[ . - - _
eU®) =7 /Q W(0) — i) GO) — i) dQ,  (6)

where xfy is the hermitian product of x and y. The
Lagrangian combining the least squares functional (6) and the
constraint associated with the FP (5) is given by

LW, U(©);0) =2U®)) + AW, U®):0), )

where W can be considered as a Lagrange multiplier in (7).
Optimal conditions are computed from (7) by means of
the directional derivatives, defined as the Géateaux derivative
Fl(8x) = j—gF(x + €8x)|e=0, With respect to U, W and 6.
The variation of L, L', is then given as

L'=Ly(8U) + Ly (8W) + Ly(86). (®)

Considering variations §W and integrating A(W, U(0); 0)
by parts, the optimal condition L}, (8W) = 0 leads to the
equilibrium-driven problem

/ [—V - G(Vii + VTii) + Vp — o?pii] - %
o Yu+¥
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Similarly, the optimal condition L};(8U) = 0 leads to the
difference-driven problem

[ 1@ =" — 916 + "1+ Vg — o] 8
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Lot Y

Adl = 0. (10)

Finally, the gradient for the inverse problem to determine the
optimal material properties is obtained from the condition
L’9(59) = 0, where, for w and u given by (10) and (9),
respectively, such that L}, (8U) = L}, (8W) = 0, we have

Lg(&Q):L’:CDg(U(Q))—A’G(W, U;80)=0. (11
Here, as with most MRE cases, we will consider only recon-
struction of the complex shear modulus, G, such that the
gradient of the objective function, gg, is given by

g6 =<I>’9(U(9))=/ (Vii + Vi) : Vi dQ. (12)
G T WY

The following sections describe two different approaches
for solving the adjoint FP defined by the equilibrium-driven
problem (9) and difference-driven problem (10). The classical
approach, previously detailed in [29] and referred to as the
Displacement Field Condition (DFC), aims to perform a
sequential resolution, using the displacement field # obtained
by the equilibrium-driven problem to solve the difference-
driven problem. A novel approach, referred to as the Adjoint
Field Condition (AFC), aims to couple the solve of the two
problems to remove the biased boundary conditions on the
displacement field .

3) Displacement Field Condition: The DFC approach to the
FP first solves the equilibrium-driven problem to calculate the
trial functions # and p, denoted in the space Up such as

Up ={U = (i, p)li € H (), p € H ()},

i =i, on I}

13)

The problem associated to (9) and the Dirichlet condition in (3)
is
V- (G(Vii + VTii)—pD) + o?pii =0 in Q,
-~ . p = = )
A\ —=0 Q, 14
u+ e in (14)
U= on T.
The difference-driven problem aims to calculate the trial
functions w and ¢, denoted in the space Wp such as
Wp = (W = (@, ¢)lw e H'(Q),q € H (),
(15)
Here, the calculated displacement # in (13) is used with (10)
to calculate

V- (G + V) —qD) + ?pth = ii — iiyy in 2,
- R _q - - .
V. — =0 in €2,
wﬁ—i— %
w=0 on I
(16)

A detailed description of the discretized terms contained
in (14), (16) and the corresponding gradient calculations is
found in [29].

4) Adjoint Field Condition: The trial and test solution function
spaces of the AFC approach, denoted respectively as i/ 4 and
W4 are

Ua={U = (@, p)li € H'(Q), p € H'(Q),
Wa={W =@, qlweH (Q),qeH ),

W =0 on T}. (17
The test function thus respects W = 0 on I', such that the
boundary terms in (9) and (10) can be ignored. While # and
w are defined in a similar space, the system composed of (9)
and (10) has no specified BCs on the displacement field, i,
contrary to the DFC approach in (14).

The Euler-Lagrange equations that define the coupled for-
ward problem are obtained directly from (9) and (10), such
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that

i — [V (G + V) —qD) + &’ pid] = iiy, in L,
Vb + % =0 in €2,
V- (G(¥ii + YT ii)—pD) + o pii = 0 in Q,
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V. L Q,

u -+ I n
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(18)

These coupled FP equations, referred to as the AFC, are
implemented and solved via a finite element method model.
One possible system representing this formulation is

[Al{x} = {f}, (19)
given by the Hermitian block matrix
1] 0] [KI7 —?M] [Ap]H
(A] = [0] [0] [Apl7 [Aq]7
K] — 0?M]  [Ap] [0] o1 |’
[Ap] [Ad] [0] [0]
(20)

with [K] the stiffness matrix, [M] the mass matrix, [Ap] and
[Aq] matrices related to pressure terms, and [I] the identity

matrix. The solution vector is given as

{u}
_ U] _]ip
{"}‘{{W}]‘ w) [ @b
{q}
and the right-hand-side vector is given as
{um}
_] 0
M=1 101 22)
{0}

with {u} and {p} the main displacement and pressure dis-
cretized fields grouped by {U}, {w} and {q} the adjoint
displacement and pressure discretized fields grouped by {W},
and {up,} the measurement field.

The matrix factorization is performed by the MUMPS
library [40]. Once {U} and {W} are obtained from the solution
of (19), variations w.r.t. material properties leads to the dis-
cretized form of the gradient described by (12) [41]. A detailed
description of the discretized terms contained in (18) and the
corresponding gradient calculations is found in [29].

B. Simulation Study Description

A simulation study is developed to show the effectiveness of
the subzone AFC formulation. Reconstructions are performed
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Fig. 2. NRMSE of the reconstructed shear stiffness (a) and damping ratio
(b) using DFC (blue) and AFC (red) approaches for different averaged
OSS-SNR. The homogeneous guess line is the NRMSE error consid-
ering a completely homogeneous reconstruction defined by a volume
ratio of the inclusion and matrix parameter values. Note that the volume
fraction of the inclusion only represents 3.7% of the reconstruction mesh
nodes, explaining low values of homogeneous guess.

on a MRE inspired, full-field, 3D viscoelastic solid. We con-
sider a 10 cm cubic block with a stiff 3 cm cubic inclusion
off-centered by [0,1,-1] cm relative to the center of the
surrounding block. In order to generate multi-directional shear
waves within the domain, a prescribed tangential, uniaxial,
harmonic displacement of 1 um amplitude is applied to every
face of the block at an actuation frequency of 70 Hz.

Both matrix and inclusion materials have homogeneous,
isotropic, nearly incompressible viscoelastic properties defined
by their complex shear modulus G = G’ +iG” and bulk mod-
ulus K. For the purpose of easier interpretation, we consider
the following material properties

2|G|2 G’

_ A0 e S 23
L= Grrie M= o 23)

where p is the real-valued dynamic shear stiffness associated
with the time-harmonic shear wave, and & is the viscoelastic
damping ratio. The target viscoelastic shear stiffness and
damping ratio for the matrix material are respectively set
to uM: = 3 kPa; &M = 20%, with the inclusion material
properties set as ,uief = I.SM?gf; Erlef = O.75$reN{c. Matrix and
inclusion materials are nearly incompressible, with Poisson’s
ratio v = 0.495, and have a homogeneous mass density,
o = 1000 kg.m 3.

Complex numerical “measurements” are generated by a
finite element simulation using COMSOL Multiphysics®
(v. 4.1, COMSOL AB, Stockholm, Sweden). The time-
harmonic formulation is implemented by a solid mechan-
ics module stationary solver with an added inertial
term pw?ii. Material viscosity is introduced by complex valued

modulus G. The target material parameters were (i) dis-
cretized by a quadratic tetrahedral (TET10) 10° element mesh;
(ii) interpolated to a regular grid used to construct a coarser
reconstruction mesh using 6720 quadratic hexahedral (HEX27)
elements; and (iii) corrupted by a random noise. Consistent
with experimental measurement data, real and imaginary com-
ponents of the displacement must suffer perturbations coming
from equivalent, yet uncorrelated distribution laws [42]. For
the k™ component of the interpolated displacement iy =
i), + iy, 8ty and 8i; are respectively the real and imaginary
components of the perturbation. These perturbations allow
the definition of the k" component of the noisy interpolated
displacement, #y, as

Uy = iy + ity + i (it + 8ity). (24)
These perturbations are given as
R R
8it, = max(it') ——=ry and 8t} = max(@’)———qr (25)

where r; and g are normal random variables with zero mean
and unit variance; SNRy, is a signal-to-noise ratio based on
the maximum value of the displacement field. In several MRE
studies e.g., [11] and [23], the percentage of artificial SNR
is based on mean displacement values, rather than maximum
values, limiting direct comparison of noise levels with this
work. For each dataset with added noise, the calculated metric
to quantify the error is the octahedral shear strain-based SNR
(OSS-SNR) [43], where

0SS(2)

OSS-SNR = —>/
0SS (5ii)

(26)

Note that this definition is somewhat different from the
OSS-SNR formulation used for in-vivo applications which
is based on the upper harmonics of the Fast Fourier Trans-
form, limiting direct comparison of OSS-SNR levels observed
here (in-silico) and in-vivo. Noisy displacement datasets are
converted to mechanical property maps using the DFC and
AFC formulations of the subzone NLI algorithm. Material
properties are reconstructed on a mesh based on the mea-
surement, isotropic 2.94 x 2.94 x 2.94 mm?> grid. A 4.4 mm
cubic 3D Gaussian filter was applied on the reconstructed
properties [25]. The parallel computations are carried out on
the Beluga and Narval computing clusters managed by The
Digital Research Alliance of Canada. In this study, p and &
are updated iteratively via reconstruction of G’ and G”. Initial
constitutive parameters, referred to as the initial guess, are
assumed homogeneous. The initial shear stiffness, (¢, is varied
in the following study, while the initial damping ratio is set
as & = 0.9 .

The time-harmonic inverse problem quality is highly depen-
dent on the wave description available in the identification
domain. A key parameter in the NLI approach reconstruction
is the size of the subzone [44], described in this work by
the block material’s mechanical wavelength to subzone size
ratio AM /L. A large subzone size, denoted by smaller values
of AM/Lz, generally increases the resolution of the shear
wave, at the cost of increased computational time.
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I1l. VERIFICATION
A. Simulation Study: Noise Sensitivity

For this study, we reconstruct 180 data instances, with
OSS-SNR ranging from 1.28 to 14. Initial shear stiffness was
set as 'U“O/'U“]I‘Q/[EF = 1 and the subzone size was fixed by
AM /L7 = 1. Reconstructions using both AFC and DFC for-
mulations were performed. Reconstruction quality is evaluated
using the Normalized Root Mean Square Error, NRMSEy =

IX—XgreFll
NXrEFII
w or &. Errors were plotted relative to OSS-SNR for each

problem type (DFC or AFC).

Fig. 1 provides a qualitative overview of results from this
identification test. For low levels of noise, estimated material
properties are correctly recovered for both AFC and DFC.
A high level of noise makes the wave-like nature of the
displacement field difficult to visualize. The loss of this
wavelength signal impacts the OSS-SNR and the quality of
the material property reconstruction. In this situation, the
DFC identification process over-estimates the shear stiffness
and under-estimates the damping ratio, associating the noisy
motion data to a rigid, nearly elastic medium. The AFC
estimations remain accurate around a reasonable range of
values for both properties. Locally stiff regions associated
with the inclusion are detectable. Material properties identified
by AFC over the represented slice have a larger variance at
an OSS-SNR level of 2.04 than an OSS-SNR level of 1.28,
illustrating this trend.

Fig. 2 demonstrates the quantitative sensitivity to noise
of the mechanical properties identification. AFC and DFC

, where X is the identified material property field,

have similar results for shear stiffness estimation at OSS-SNR
levels greater than 7. However, below this level, DFC NRMSE
rises exponentially with decreasing of OSS-SNR, due to
over-estimation of stiffness and under-estimation of damping
ratio, whereas AFC NRMSE increases roughly linearly with
noise. For OSS-SNR levels lower than 2, NRMSE decreases
slightly for the AFC formulation. This observation can be
associated with the reduced variance in the identified prop-
erties at these low signal levels. As OSS-SNR levels of 3 and
lower, stiffness identification accuracy of AFC stays close to
the homogeneous guess associated with the block modulus.

B. Simulation Study: Effects of Reconstruction
Parameters

The reconstruction problem is considered for 4 instances of
OSS-SNR from 1.28 to 10.45, covering a range of data quality
scenarios. Distribution profiles of the reference-normalized
identified properties in the full domain represent the recon-
struction accuracy and the associated impact of the varied
reconstruction parameters. Reconstructed properties through
the center of the inclusion along a line in the x-axis are also
analyzed. First, the initial guess is set as g/ /‘L[I‘Q/IE 7 =1 and
subzone size is varied, AM /Lz = [0.67; 1]. Second, subzone
sizes are set to AM /L7 = 1, to investigate initial guess impact
using two sets of initial shear stiffness: “‘O/H‘%EF =[0.7; 1.5].

Fig. 3 shows that property reconstruction results roughly
follow a normal distribution. Subzone size has an impact on
the DFC based identification process with noisy data. Esti-
mated material properties profiles have Gaussian distributions
and are similar for both AFC and DFC at high OSS-SNR
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TABLE |
AVERAGE NORMALIZED RECONSTRUCTED PARAMETERS ON THE
INCLUSION REGION FOR 2 SUBZONE SIZE SETS
AND 4 OSS-SNR SETs UsING AFC

OSS-SNR MM /Ly pl/pkee  €1/&hcr
10.45 L0 0.88 .10
10.45 0.67 0.90 1.09
3.93 1.0 0.85 1.11
3.93 0.67 0.88 1.09
2.04 1.0 0.78 1.02
2.04 0.67 0.84 L12
1.28 1.0 0.72 1.19
1.28 0.67 0.75 1.16

levels. Lower signal leads to stiffer mean and higher variance
in the DFC identified properties. DFC results at 2.04 OSS-
SNR show that reconstructed properties are more scattered for
a smaller subzone size, demonstrating that inaccuracy in the
identification process is highly related to subzone resolution
when BCs are involved.

The same level of noise using AFC provides correct mean
values and distribution profiles, indicating a reduced global
impact of subzone size for the AFC formulation. In order to
evaluate the heterogeneity detection, Fig. 4 shows, along a
representative line, the sensitivity of AFC identified properties
to different levels of noise and subzone sizes. As expected,
accuracy decreases as the noise increases. Reconstructed
property values for larger subzones, AM /L; = 0.67, show

TABLE Il
AVERAGE NORMALIZED RECONSTRUCTED PARAMETERS ON THE
INCLUSION REGION FOR 2 INITIAL GUESS SETS
AND 4 OSS-SNR SETs UsING AFC

OSS-SNR NO/N%EF “I/N{zEF 51/5111151:
10.45 0.7 0.88 1.10
10.45 1.5 0.88 1.10
3.93 0.7 0.85 1.11
3.93 1.5 0.85 1.10
2.04 0.7 0.78 1.02
2.04 1.5 0.78 1.02
1.28 0.7 0.71 1.12
1.28 1.5 0.83 1.37

slightly better accuracy than smaller subzones at each SNR
level, with a more pronounced effect at higher noise levels.
Focusing on the whole inclusion, Table I provides a quantita-
tive evaluation of this observation. While identified parameters
in this region using AFC are closer to the reference values for
larger subzones, differences between the two subzones size
reconstructions never exceed 10%.

Fig. 5 shows that both AFC and DFC identified material
properties provide similar mean and distribution profiles for
OSS-SNR levels above 3, regardless of the initial guess. For
lower levels of OSS-SNR, DFC results start to diverge from
AFC results significantly. For OSS-SNR of 1.28, the scatter
profiles of AFC results are similar but the mean value of
the over-estimated initial shear modulus is superior than the
under-estimated one, illustrating the indeterminate nature of
the inverse problem in this low signal condition. Table II shows
that these global observations for AFC are identical in the
inclusion region and thus that the initial guess has a minor
impact on the heterogeneity detection.

C. In-Vivo Brain Study

Data from a healthy, young adult brain, used in a recent
study from Smith et al. [24], are investigated via AFC and
DFC NLI-MRE reconstructions. Considered data include a
high SNR data set from an anterior-posterior (AP) excitation
and a low SNR set from a left-right (LR) excitation. Visual
and quantitative comparisons between reconstructed parame-
ters are provided comparing AP and LR data and AFC and
DFC based reconstruction. Retaining a similar subzone NLI
parametrization as used in the original study, reconstructed
material properties maps are recovered on an isotropic 2.0 x
2.0 x 2.0 mm? grid, using both AFC and DFC formulations.
Subzone are set on an isotropic 20 x 20 x 20 mm?> grid with
a 15% overlap. Initial parameters are set as puo = 3.3 kPa,
& = 18%, K = 1.68 MPa and p = 1000 kg.m™>.
A 3.0 mm large Gaussian filter was applied to the recon-
structed properties. Variations in the results due to excitation
(and thus SNR) are analyzed with absolute mean dif-
ference (MD) and NRMSE of the reconstructed AP and
LR data.

Fig. 6 shows that the AFC formulation provides more
precise MRE reconstruction results across different signal
levels. The AP shear stiffness reconstructions using DFC and
AFC are in good agreement. The DFC reconstruction of the
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estimates for the OSS-SNR level of 1.28 are out of figure window in (a,c).
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Fig. 6. A representative slice of the T2 weighted image, real part of the out of plane displacement field, distributed OSS-SNR, estimated shear
stiffness and damping ratio using AFC and DFC formulations for the anterior-posterior (AP) and left-right (LR) data.

LR data suffers from an over-estimated, asymmetrical region
related to a drop in SNR, while AFC reconstruction avoids
this increase in shear stiffness in the affected region. Other
regions with better local SNR show good similarities between
LR reconstructions using DFC and AFC, as well as a good
similarity between AP and LR datasets using AFC. Table III
indicates that the mismatch for both stiffness and damping

ratio reconstructions is reduced by roughly half with AFC
based reconstructions.

D. Simulation Time

In the DFC formulation, two forward resolutions are
required: the force-driven problem provides space function
solutions that are used for the difference-driven problem.
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TABLE IlI
AVERAGE DIFFERENCES BETWEEN AP AND
LR RECONSTRUCTED PARAMETERS

|éap — ELR| (%)

47.0
22.3

|pap — prr| (kPa)

DFC
AFC

0.686
0.365

Although these problems are different, the underlying PDEs
are self-adjoint (for viscoelastic materials), such that they share
the same discretization matrix and only one LU factorization is
required. Using a Gaussian substitution, computational cost is
mainly driven by this factorization stage, estimated for a n x n
matrix with a bandwidth of bp to be O(b%)n) [45]. Because of
the displacement-pressure formulation of the incompressibility
condition, average bandwidth is difficult to predict and here
is set to respect bp = n*? with ap € [0, 1]. The novel
AFC formulation includes both space and test functions, thus
matrix size is doubled and computation cost is estimated to be
0(2b%n), with the bandwidth b4 = (2n)*4 again determined
by aa € [0, 1].

In this simulation study, the forward problem size is related
to the number of unknown degrees of freedom, u and p,
defined as N, which is loosely controlled by the subzone
size. Forward problem sizes ranging from N = 500 to N =
7500 are studied and computation times for both DFC and
AFC approaches are fitted by a power law. Fig. 7 shows that
computational time correctly fits with the number of unknowns
for both approaches (R? > 0.98). Computational time of the
AFC formulation is roughly 10 times longer than the DFC.
Average bandwidth determined by regression of AFC and DFC
results scales to ¢4 = 0.41 and ap = 0.53, respectively. The
difference in computational time decreases with the size of
problem given that ap > a4, i.e. the AFC matrix is sparser
than the DFC matrix.

IV. DiscuUssION

Simulation and in-vivo applications show that the coupled,
BC-free formulation of the FP provides a significant improve-
ment of the subzone NLI algorithm, considering typical in-vivo
MRE conditions.

We demonstrate that avoiding the indirect introduction
of measurement noise through BCs into the NLI-MRE

reconstruction process improves the accuracy of the recon-
structed viscoelastic material properties in low SNR cases.
This result offers a new SNR threshold for MRE treated
by the subzone NLI method, and other related methods.
Previous studies using the generalized adjoint formulation of
this algorithm were based on a strain-based signal-to-noise
ratio equal to 3 [46]. In this study, reconstructions error using
this novel AFC formulation was lower than error based on the
previous DFC formulation at this threshold, indicating that it
could be removed, although the sensitivity to heterogeneities
is still related to the SNR level.

The question of subzone size was investigated by comparing
results with varying ratios of mechanical wavelength and
subzone size. In agreement with previous studies of this
parameter [44], our analysis recovers the “zone size effect”
previously observed in the identified material moduli under
high noise levels, when using the previous BC-based approach
(DFC) and shows how the novel BC-free formulation (AFC)
provides accurate results, regardless of noise level, for a
subzone size equal to the mechanical wavelength. Considering
that zone size plays an important role in the subdomain
based inverse problem due to computational time and memory
limitations, this novel formulation offers a robust and stable
approach to the subzone based NLI algorithm.

All the simulation results based on AFC demonstrate a
sensitivity to material heterogeneity, although the accuracy of
the stiffness and damping characterization remains related to
SNR. This result demonstrates the effectiveness of the novel
formulation for repeatable assessment of material properties
even in varying levels of SNR.

We also investigate effects of initial guess for the reconstruc-
tion processes. Overall error due to initial shear stiffness was
reduced by the AFC based reconstruction process, showing
that AFC remains sensitive to signal, regardless of the noise
level. We observed that error in the model induced by a bad
initial guess only impacts the mean value of the reconstructed
properties, while the variance in the final solution is less
affected. This result is associated with a change in convexity
of the error functional around the expected minimum at high
noise levels. Identification results starting from opposing initial
guesses could provide broader characterization of the property
estimate and its variance.

Preliminary in-vivo brain reconstructions confirm the sim-
ulation results. The novel formulation recovers similar values
and variance in reasonable SNR regions while reducing the
problematic over-estimation of the shear stiffness caused by
the drop of signal in the DFC formulation. The mismatch
between reconstructions from two different excitations (AP
and LR) was significantly reduced with the AFC formulation.
Considering that the anisotropy of such structures leads to
less than 20% of difference between AP and LR reconstruc-
tions [38], this result demonstrates excellent reproducibility for
real MRE data. This outcome makes possible the use of NLI
for low SNR situations such as pre-clinical MRE studies [47].
Further works could consider the detection of smaller hetero-
geneities by decreasing the regularization parametrization in
accordance to this increased stability.

Finally, solving for both the displacement and adjoint fields
in a single operation increases the computational time of the



forward problem while other operations of the NLI algorithm
such as gradient computation or the subzone filtering remain
unchanged. Based on numerical results previously presented,
a practical approach to reduce this constraint while ensuring
decent reconstructions would be to compute using smaller
subzones.

V. CONCLUSION

An efficient algorithm of the adjoint-based forward problem
for the nearly incompressible viscoelastic MRE inversion
problem is presented. The force-driven and the difference-
driven problems are formulated by a unique discrete operation
where boundary terms are no longer required in the force-
driven problem. Thus, the equilibrium PDE is satisfied without
the use of experimental measurements that may violate the
kinematic admissibility condition. Simulation and in-vivo brain
reconstructions examples confirm that this novel formulation
broadly enhances the performance of the subzone based
NLI-MRE problem in low SNR cases and reduces the depen-
dence on the initial guess and problem size in these cases.
This approach is readily extensible to more suitable tissue
mechanics models such as those used for anisotropic fibrous
tissues [23].
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