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Abstract

We study a density-dependent Markov jump process describing a population where each
individual is characterized by a type, and reproduces at rates depending both on its type
and on the population type distribution. We are interested in the empirical distribution
of ancestral lineages in the population process. First, we exhibit a time-inhomogeneous
Markov process, which allows to capture the behavior of a sampled lineage in the population
process. This is achieved through a many-to-one formula, which relates the expected value
of a functional evaluated over the lineages in the population process to the expectation
of the functional evaluated along this time-inhomogeneous process. This provides a direct
interpretation of the underlying survivorship bias, as illustrated on a minimalistic population
process. Second, we consider the large population regime, when the population size grows
to infinity. Under classical assumptions, the population type distribution converges to a
deterministic limit. Here, we focus on the empirical distribution of ancestral lineages in
this large population limit, for which we establish a many-to-one formula. Using coupling
arguments, we further quantify the approximation error which arises when sampling in this
large population approximation instead of the finite-size population process.

Keywords. Interactions; Markov jump process; population process; many-to-one formula;
large population limit.

1 Introduction

When considering population processes arising in various fields such as population genetics or
epidemiology, the study of ancestral lineages may provide crucial information. For instance,
such lineages yield insight on epidemic spread through contamination chains [15], or on the
evolution of a trait of interest under selection [12]. As a consequence, several methods have
been developed to finely characterize those lineages. On the one hand, a classical approach is to
consider a backward-in-time process which reconstructs the genealogy by moving back from time
t to time 0, and which is related to the initial population process by duality [9, 2, 21, 13, 15]. On
the other hand, there also exists a forward-in-time approach which relies on a second population
process, with one distinguished individual (the spine) whose lineage behaves as the lineage of a
sampled individual in the original process.

More precisely, these spinal constructions have originally been introduced for branching
processes, using an appropriate change in probability. The key to the construction of the spinal
process is that the reproduction rates of the spine are biased towards leaving more numerous
descendants than other individuals. This leads to the emergence of size-biased distributions,
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which accurately depict the survivorship bias induced by sampling. Generally speaking, the
obtained spinal construction has several strengths. Notably, it allows to establish many-to-
one formulas (e.g. [20, 17, 18, 19]), which are closely related to Feynman-Kac path equations
[14, Sections 1.3 and 1.4.4]. Many-to-one formulas translate the expected value of a functional
evaluated over the lineages in the branching process, into the expectation of the functional
evaluated along the spine, whose trajectories are exponentially weighted to capture the growth of
the population. If the exponential weight is deterministic, this immediately implies a numerical
advantage for computing such averages through Monte-Carlo simulations. Indeed, simulations
of the spine are numerically affordable, whereas simulations of the whole genealogical tree in the
original branching process can be numerically challenging due to exponential growth [24]. Also,
spinal constructions have proven an effective way of establishing classical key results on branching
processes, such as the Kesten Stigum theorem [20, 17]. More recently, the semi-group associated
to the spinal construction has proven a successful tool in the analysis of non-conservative semi-
groups, extending its applications beyond branching processes [5, 6].

While many models for population dynamics arising, for instance, in biology and epidemi-
ology do not satisfy per se the branching approximation, a classical approach is to consider
regimes in which the population process can be well approached by a branching process, using
coupling arguments. For example, in epidemiology, it is well-known that at the beginning of
an epidemic, the tree of infections can be captured by a branching process which neglects the
depletion in susceptible individuals [3]. Similarly, in order to analyze the lineage of a uniformly
sampled individual in a population which is subject to evolution under a changing environment,
[12] consider the stationary regime. However, such branching approximations are restricted to
specific parts of the dynamics of interest only; see for instance [8] and [7] for details in the case
of epidemic models and invasion processes.

In order to address this limitation, there have been developments towards capturing the
ancestral lineage of a sampled individual, as well as the whole genealogical tree, in populations
with interactions. Recently, a spinal construction has been developed for this setting, focusing
on multi-type processes with discrete type space [4]. The general idea consists in biasing the
reproduction rates of the process, both along the spine and outside of it, according to a posi-
tive function v of the reproducing particle’s trait x and the population’s type composition z.
Intuitively, ¢ (x,z) can be regarded as the individual’s reproductive value or long-term fertility.
Hence, when the spine reproduces, offspring with higher values of ¢ given the population state
are favored, while the offspring of individuals outside of the spine are biased towards rendering
the population more favorable for the spine. This spinal construction has since been extended
to include more general type spaces [23]. It further has served to study the convergence of
genealogies of density-dependent branching processes to the Kingman coalescent, establishing a
connection with backward-in-time approaches [1].

In this paper, we focus on the empirical type distribution of ancestral lineages (¢ = 1), which
arguably corresponds to the most natural and naive sampling strategy. In particular, we aim
to capture the underlying survivorship bias. Notably, in the many-to-one formula associated to
the aforementioned 1-spine, spinal trajectories are penalized by an exponential weight which is
generally stochastic. Thus the interpretation of the survivorship bias embodied by this spinal
process is not straightforward, as this penalization needs to be taken into account. In addi-
tion, Monte-Carlo estimations of the many-to-one formula become delicate as rare trajectories
may have a tremendous impact. As a consequence, we aim at proposing an alternative spinal
construction, whose associated many-to-one formula does not require exponential weighting of
trajectories. This is achieved by a time-inhomogeneous spinal process, inspired from a similar
auxiliary process which captures the lineage of a uniformly sampled individual in a branching
process with large initial population [22].

Further, a natural regime to consider is the large population limit K — +00. Under classical
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assumptions, several large population approximations can frequently be established. Indeed,
these approximations may be more prone to mathematical analysis than the original population
process. From a numerical point of view, simulating large population approximations is often
less expensive than individual-based models for large population sizes, both in terms of com-
putation time and memory. For instance, numerically evaluation of the -spine many-to-one
formula requires simulations of the spinal population process, which is computationally expen-
sive for large population sizes. As a consequence, it is natural to develop approximate sampling
strategies, which allow to sample directly in those large population approximations. Building
on the large population approximation of the empirical distribution of ancestral lineages [4], we
establish a many-to-one formula for sampling in the deterministic large population limit with
our time-inhomogeneous spinal process. Finally, we quantify the approximation error which is
made by sampling in the large population limit instead of the original population process.

This paper is structured as follows. The population process of interest is defined in Section
2. In Section 3, we introduce a new spinal construction, whereas Section 4 focuses on sampling
in the large population limit. Finally, Section 5 presents a discussion on our results.

2 The population process

We consider a structured population, where each individual has a type x € X, and we assume
for convenience that the type space X is finite. The number of individuals of type x in the
population is referred to as z,, and the corresponding vector z describes the composition of the
population. Here, we will assume that the population size cannot exceed K individuals (carrying
capacity, absence of demographic births and deaths, etc.). Thus

zeZx ={ze (Nu{0})?":|z|, < K}.

Further, individuals will reproduce at rates depending on their type and the current popula-
tion state. More precisely, an individual of type x may be replaced by an offspring k = (k,,y €
X) € Zk, meaning that the individual dies and for any y € X, k,, individuals of type y are born.
This occurs at rate 7 (x,z). We suppose 7(z,z) = >, 7k(z,2) < oo for all z € X and z € Zg.
Further, let (e(x) : € X') be the canonical base of Z, in the sense that for x € X, the only
non-zero component of e(z) is its  component which equals one. Then, as the population size
is bounded by K,

v(z,z) =0 if ||z+k—e(z)|; > K.

In order to keep track of the genealogy, we will make use of the Ulam-Harris-Neveu notations.
Let U = U=y N, then u = (ug,...,u) € U represents the uy-th descendent of (ug,...,up_1)
and for u,v € U we write u > v if v is an ancestor of u . The type of u € U will be called x,. Hence
when an individual u is replaced by its offspring k, the new individuals are (u,1),..., (v, |[k|;)
and we need to decide the type of each descendent. We thus consider a probability distribution
Qx on

X = {xe Xl ve e X #{i % = 2} = k),

and (w4 : i € [1,|k[[{]) is distributed as Q.

Let us now introduce the stochastic process of interest. Intuitively, it corresponds to describ-
ing the set of individuals alive and their types, at each time ¢t > 0. We start from an initial set
of individuals G(0) = g < N, and the population will evolve as explained above. At each time
t, let G(t) = U be the set of individuals alive. The process of interest (X (t),t = 0) is a Markov
jump process with cadlag trajectories, which for ¢ > 0 tracks the individuals alive at time ¢,
and their types. In particular, notice that there cannot be explosion, since there are at most K
individuals reproducing at rate less than maxgex zez, 7(2,2), which is a finite bound as X and
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Z are finite sets. Finally, Z(t) = z(X (t)) yields the composition of the population at time ¢,
and for u € G(t) and s < ¢, z,,(s) stands for the type of the unique ancestor of u alive at time s.
Let us end this section by introducing some notation. Define the set

Sk ={(z,2) e X x Z : 2, = 1}.

For any z € Zk, we consider an (arbitrary) labeling g(z) < N of individuals, and for « such that
z, > 0, we fix u, € g(z) of type . We designate the corresponding population state by X(z).
We let E, and P, designate the expectation and probability conditionally on X (0) = X(z). With
these notations,

Mtf(x7z) = Ez[ Z f(xu(t)7 Z(t))]

ueG(t),u>ug

is a semi-group whose generator G is defined by its action on functions f : Sg — Ry:

V(z,z) e Sk, Gf(x,z)= Z Tk (7, 2) (Z kyf(y,z+k—e(x)) — f(x,z))

keZy yeX

+ 2 (Zy - 1{$:y})7—k(y7 Z)(f(fE,Z +k — e(y)) - f(:cv Z))
yeX
kEZK

(1)

We are now ready to turn to the study of the empirical distribution of ancestral lineages.

3 Survivorship bias and the empirical distribution of ancestral
lineages

In this section, our aim is to propose a many-to-one formula without stochastic penalization
of spinal trajectories, in an effort to gain insight inon the survivorship bias. In order to do
so, we will introduce a time inhomogeneous spinal construction. This approach is inspired by
[22]. While we are particularly interested in the empirical distribution of ancestral lineages, the
results obtained in this Section hold for a large class of sampling strategies, and are thus stated
in a general setting.

3.1 A many-to-one formula

Consider a positive function ¥ on X x Zx. As it is kept fixed, dependence on ¥ is not explicit
in our notations for readability. Define the following application m on S x [0, t]:

m(z,z,t) Z W(xy(t), Z(1))]. (2)

uEG ()

U>=Ug

Notice that, by the Markov property, for s € [0, ],

m(z,z,t—s) =B | > d(a(t), Z(1)|X(s) = X(z)
ueG(t)
U>Uy
In words, m(z,z,t — s) corresponds to the 1-weighted average of the types of individuals alive
at time ¢ who descend from a given individual of type x at time s, given that at time s, the
population was in state z. For instance, if ¥ = 1, this yields the average number of individuals
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alive at time ¢, who descend from an individual of type = at time s when the population was in
state z.

Let us now introduce the time-inhomogeneous spinal process, which allows to capture the
behavior of the ancestral lineage of a 1-weighted sample of the population process. For ¢t = 0
fixed, we will consider the time-inhomogeneous Markov process (Y (s), () (s))s<; defined as
follows. The main idea is to follow the type Y®) of a distinguished individual, which will be
referred to as spine in analogy to classical spinal constructions. At time s < t, when of type z in
a population of state z, the spine is replaced by offspring k and switches to type y (i.e. among
its offspring k, one individual of type y is chosen to become the new spine) with rate

(t) _ m(y,z +k —e(x),t —s)
Py x (8@, 2) = T (x,2)k, o P —

3)

In other words, compared to the original process, at any time s < ¢, transitions along the
distinguished lineage are biased in favor of those which lead to a larger i-average offspring at
the final time ¢. However, due to the density-dependence of division rates, it is necessary to
keep track of the population state (). Again, transitions need to be biased, in order to account
for the modified behavior of the distinguished individual when compared to the original process.
As a consequence, when the population is in state z and the spine is of type = at time s < t,
individuals of type y other than the spine is replaced by offspring k at rate

~(t) _ m(as,z—kk—e(y),t—s)
P (Svya z, Z) - Tk(yv Z) m(x,z,t — S) . (4)

Here, the bias favors those transitions which lead to a more favorable environment for the spine,
i.e. a population composition in which the i-average of the spine’s offspring is high.

We will now characterize (Y®)(s), () (s))s<; as the unique solution of a stochastic differential
equation. In order to do so, we let Y®)(s) € {e(z) : x € X} for any s € [0,t], where Y ) (5) = e(x)
means that the spine is of type . Define £ = R, x Sk, and consider two independent Poisson
point processes () and @ on Ry x E, of density dr ® df ® n(dy,dk) where dr,df designate the
Lebesgue measure and n the counting measure on Si. Here, we assume that () and @ are

defined on the same probability space as and independently from (Y ®)(0),¢®(0)), whose law is
supposed to be given. Then, for any s € [0, ¢],

Y(t)( Y(t) f f P (rY D (r ), 4<t>(r7))}(e(3/) — v (r=))Q(dr, do,dy, dk),
() —yY®(p_
¢ (s) J f 0<p®) (r,Y (O (r )’C(t)(ri))}(k Y (r—))Q(dr,do, dy, dk) (5)

+f J 1 (k — e(y))Q(dr, d, dy, dk).
0 Je {K(Cét)(T*)*l{yu)“.,):y})ﬁff)(ny’Y(”(T*),C(”(T*))}

Remark 3.1. Throughout the following, in order to simplify notations, we will make no distinc-
tion between the sets X and {e(x) : x € X'}, based on the natural bijection between the two sets.
For example, Y (s) = x is equivalent to Y I (s) = e(z). Similarly, to every real-valued function
f on Sk, we assign a function f on {e(z) : x € X} by f(e(:n)) = f(x), the application f — f
being a bijection between the sets of real-valued functions on Sk and on {e(z) : x € X}. Thus,
we will always consider Y®) to take values in the Skorokhod space D([0,t], X), unless mentioned

otherwise.

Our first result shows that the process (Y (s), () (s))4<; is now well defined, and addition-
ally provides its semi-group R®) = ( 52, r < s < t). We recall that the latter is characterized
by its action on non-negative functions f on Sk: for r < s <t and (z,2z) € Sk,

RO (x,2) = E[f (YD (s),¢D(s)|(YD (), D (r)) = (z,2)].
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Proposition 3.2. Equation (5) admits a unique strong solution (Y®),¢®) in the Skorokhod
space D([0,t], Sk ). Its semi-group R®) satisfies:
) _ . AS-t)dT
VOSr<s<t, Ry;=er ) (6)

where the operator A® is characterized by its action on non-negative functions f on Sg. For
any s € [0,t] and (z,z) € Sk,

AV f(x,2) = m(z,2,t = ) (G(m(-,t = 8)f())(@,2) = G(m(-,t = 5))(z,2) f(2,2)) . (7)

Notice that the operator A® corresponds to the generator of the semi-group R®. As our

state space Sk is finite, A(Tt) can be represented as a matrix, whose elements correspond to
the instantaneous transition rates at time 7 which can be recovered by taking f = 1y, ) for
(y,v) € Sk. In particular, this ensures that the generator A® uniquely characterizes the semi-
group R® and thus the Markov process (Y(t), ¢ (t)). The proof of the proposition is postponed

to Section 3.2.

We are now ready to state our main result. With slight abuse of notation, E,, , will designate
the expectation conditionally on the event (Y ®)(0),¢®(0)) = (z,2).

Theorem 3.3. For any t > 0 and any measurable function F : D([0,t],Skx) — Ry, for any
Z €< ZK,

E [ D) ¢(@a(t), Z())F((@u(s), Z(s))se)] = Y zaml(e, 2, )Ee o [F((Y (), ¢V ())s<)]. (8)

ueG(t) reX

This result shows that the reproduction rates defined in Equations (3) and (4) yield the
appropriate survivorship bias: reproduction events are favored if and only if they increase the
-average of the offspring at sampling time. In particular, the survivorship bias may thus be
computed explicitly, giving access to a more precise interpretation. This will be illustrated in
Section 3.3.

Remark 3.4. Before proceeding to the proof of Theorem 5.3, let us compare the obtained
Y-auziliary process with the -spine [4]. First, notice that both constructions are similar in
spirit, as the former relies on the h-transform, whereas the latter may be regarded as a time-
inhomogeneous m-transform. Second, in the special case where ¥ is an eigenfunction of the
generator G introduced above, a brief computation shows that as expected, Equation (8) amounts
to the Feynman-Kac formula of [4, Proposition 1].

3.2 Proofs

The general idea is to proceed as follows. We start by establishing Proposition 3.2, and com-
pute the generator A® of the time-inhomogeneous spinal process. Next, we introduce a time-
inhomogeneous semi-group corresponding to the left-hand side of Equation (8) renormalized by
m, and show that its generator is equal to A® - As mentioned previously, the considered state
space being finite, the generator uniquely characterizes the time-inhomogeneous semi-group.
This finally allows to establish the many-to-one formula of Theorem 3.3.

3.2.1 Existence and uniqueness of the y-auxiliary process

We first establish Proposition 3.2, ensuring that the y-auxiliary process is well defined. We start
with a technical lemma.



Lemma 3.5. For anyt > 0, for any (x,z) € Sk, the function s — m(zx,z,t—s) is differentiable
on (0,t), and we have:
osm(xz,z,t —s) = —G(m(-,t — s))(x, z).

Proof. Let (x,z) € Skg. Showing that t — m(z,z,t) is differentiable on R, and computing its
derivative is sufficient, as the desired result follows by composition. Let ¢ = 0 and h > 0. The
Markov property ensures that

m(z,z,t+h) =Eg[ Y| mlwu(h), Z(h),1)].

For i > 1, Let T; be the time of the i-th jump of the population process. Then on the one hand,
if 71 > h, then the population at time A is identical to the population at time 0, and thus:

m(x, z,t + h) = EZ[ Z m(xu(h), Z(h)7 t)]-{T1<h}] + ’I’)’L(JZ‘, z, t)PZ(Tl > h)
ueG(h)
u>ug (0)

Similarly, on the event {T}1 < h < Ts}, Z(h) = Z(T1) whence

E,[ D, m(zu(h), Z(h), 1)L, <ny] = a(h) + b(h),

ueG(h)
u>ug(0)
where
a(h) = E,[ Z m(zy(T1), Z<T1)7t>1{T1<h<T2}]a
ueG(h)
u>ug (0)
b(h) = EZ[ Z m(xu(h)7Z(h)7t)1{T2<h}]
ueG(h)
u>ug (0)

As a consequence, we obtain that
m(z,z,t + h) —m(z,z,t) = A(h) + B(h), 9)

with A(h) = a(h) — m(x,z,t)P,(T1 < h < T) and B(h) = b(h) — m(z,z,t)P,(T> < h).
Let us first focus on B(h). For any ¢t > 0 and (y,Vv) € Sk, it holds that m(y,v,t) < K [|¢|| ..
As Sk is a finite set, it follows that there exists a constant ¢ > 0 such that

B(h) < cP,(Ty < h).

For v € Zk, let us write A(v) = ZyeX ZkeZK vy Tk (y, v) for the total jump rate in a population
whose type distribution is given by v. In particular, A is bounded on Zk. Using the law of T}
given Z(0) = z and the law of Ty — T given T} and Z(T}), we then obtain:

h h—t1 A 2
P,(To < h) = J e~ A2 Z zka(y,z)J Az + k — e(y))e Akt g dt) < H2”00h2.
0 yeX 0
kEZK
We deduce that B



Let us now focus on A(h). Proceeding in the same way, we have

h
A(h) :J e~ M@t g A(z+k—e(@))(h—t1) gy, Z e, 2 Z k,(m(y,z + k — e(x),t) — m(z,2z,1))
0 keZx yex

+ > f M@t o= Azrk—e W)=t gt 7 (y, z)(m(z, 2 + k — e(y), t) — m(x, 2, 1)),

yeX
kEZK

from which it follows that

A;h);:o—: Z Tx(x,z (Z k,m(y,z + k —e(z), t)—m(:z:,Z,t)>

keZk yeX (11)
+ Z (Zy - 1{J:=y})7-k(y7 Z)(m(l‘, z+k-— e(y)v t) - m(x7 z, t))
Kz

As a consequence, right differentiability of ¢ — m(z,z,t) is established by Equations (9), (10)
and (11), and its right derivative is given by the right-hand side of Equation (11). As this

corresponds to a continuous function on Ry, we deduce that ¢t — m(z,z,t) is differentiable on
R, (see e.g. Corollary 1.2 of Chapter 2 in [26]) and

%m(m z,t) = 2 k(2,2 <Z k,m(y,z + k — e(z), t)—m(m,z,t))

keZi yeX

+ ) (2 - Loy 2)(m(z,z + k - e(y), £) — m(z,2,1)).
yeX
kGZK

This concludes the proof. ]
We are now ready to establish the desired result.

Proof of Proposition 3.2. The proof is decomposed in three steps, establishing (i) existence and
(ii) uniqueness of the Solutlon to Equation (5) by classical arguments, before (iii) characterizing
the associated semi-group R(*).

For ease of notation, throughout the proof, for 0 < s <t we let Y (s) = (Y®)(s), ¢V (s)).

(i) Existence. First, notice that by assumption on 7(z,z) for (z,z) € Sk and continuity of
m, both applications pl(f’i{ and ﬁl({t) are bounded for any y € X and k € Zx. As a consequence,
existence of at least one solution to Equation (5) is ensured, as the associated sequence of jump

times (T))k>0 cannot admit an accumulation point on R .

(ii) Uniqueness. Subsequently, in order to establish uniqueness, let us show by mductlon
that for any k > 0 such that T}, < t, (Tg, Y)(T})) is entirely determined by (Y®(0),Q, Q)
As Ty = 0, initialization of the induction argument is 1mmed1ate If the property holds for
k =1, then by construction, Ty, only depends on (Tj,Y ®(T3), Q, Q) Similarly, given T4
and the corresponding atoms Ay, and Ak+1 of () and Q, it is clear that Y(® (Ty+1) is fixed
by (Tk+1, Ak+1, Ak+1, yY® (Tx)). The desired conclusion thus is a consequence of the induction
hypothesis.

(ii) Characterization of R®). In order to establish Equation (6), it is sufficient to show that
for any non-negative function f on Sk and (z,z) € Sk, the function

7~ R f(x,2) = E[f (Y (7)Y (s) = (z,2)]
8



is right differentiable at 7 = s. Indeed, it then follows that Equation (6) holds with the operator
A® defined by

Vi Sk =R V(ma) e Sk, AL S = tm (RO fn) - fma) . (12)

As we will see, computing the right-hand side of Equation (12) leads to Equation (7).
Let f: Sk — Ry and (z,2z) € Sk. We introduce the following notations. For any (y,k) € Sk
such that 7 (z,z) > 0,

ay,kf(xvz) = f(yaz + k — e(:c)) - f(iU,Z)-
Further, for any y € & such that z, > 0 and k € Zx such that 7(y,z) > 0, let
Sy,kf(;UvZ) = f(ac,z +k— e(:U)) - f(l’,Z).

Equation (5) then ensures that, on the event Y*)(s) = (z,2), we have for any h € [0, — s]:
s+h
FOYO (s + 1) = f(w,2) ‘[ ‘[ <00 oy Owie (YO (r=))Q(dr, db. m{dy., k)

s+h -
+ 1 2,1 f (YO (r=))Q(dr, dO, n(dy, dk)).
L JE {e<<<§”(r—>—1{ym<r7>=y})ﬁf?(r,y,ww(r—))} i (V= (k)

Notice that, for instance,
s+h
J J 0<p (t) rY(t)(r }ayka(Y(t) (T—))Q(dT‘, d97n(dya dk))‘Y(t)(s) = (x7z)]

f S YO ()0, 4 f (YO (1) dr YO (s) = (z,2)].

y k ESK
On the one hand, almost surely,
i [N S YOO =Y Al YOO (5)
5 (yk)eSk (y,k)ESK
On the other hand, as mentioned at the beginning of the proof,

®)) = max pgﬁ((s,x,z) < .

Hp s€[0,t],(y,k)eS,(x,2)eSK

Further, as Sk is a finite set, | f|o = max(; )es, f(z,2) < 0. Thus, for any h e [0, — 5],

1 s+h
TS A YO0, (00| dr < 2Card(Si) e <
s (yvk)e‘SK

Taken together, we obtain by dominated convergence:

s+h
Ef f (r— ))} y,kf(Y(t)(r—))Q(dr, de,n(dyjdk))w(t)(s) — (2,2)]
— (t)
POty gesk Py a5 2,20y 1 (2, 2).

The other terms arising on the right-hand side of Equation (12) can be treated analogously.
This leads to the desired result. ]
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3.2.2 Proof of the many-to-one formula

We are now ready to turn to the proof of Theorem 3.3, which comprises several steps. Let t = 0,
and start by introducing the time-inhomogeneous semi-group of interest P(*) = (Pr(,ts), <s<t)
through its action on applications f : Sxg — Ri. For s < ¢, u,(s) will designate a chosen
individual of type z in G(s), if it exists. For any (z,z) € Sk and 0 < r < s < t,

P f(x,2) = m(z,z,t =) B[ Y w(ma(t), Z(0) f(za(s), Z(s)| X (r) = X(z)].  (13)
ueG(t)
u>ug (1)

Lemma 3.6. (Pr(fs),r < s < t) defines a conservative, time-inhomogeneous semi-group acting
on the set of functions {f : Sk — Ry }.

Proof. The conservativity of P®) follows directly from Equation (13) applied to f = 1, which
shows that P(M1 = 1.

Let us now turn to the inhomogeneous semi-group property. Let r < 7 < s < ¢, and consider
f: Sk — Ry and (z,z) € Sg. Throughout the proof, we let Xy = X(z). By deﬁmtlon of the
semi-group,

Prg,ts.)f(xﬂ Z) = m(x,z,t - r)_lE[ Z w(xu(t)7 Z(t))f(xu(8)7 Z(S))‘X(T) = %0]

ueG(t)
u>ug(r)
m(z,z,t—r) "Bl YT Y w(@u(t), Z(1) f(wu(s), Z() X (r) = Xo
veG(7) ueG(t) (14)
vxug(r) uzv
P f(x,2) = m(w,z,t —r) B[ Y glz(7), Z(7))|X (r) = Xo),
where we define the function g : S — R by
Z P(au(t), Z2@)) f(zu(s), Z(5))|X(T) = Xo].
Notice that, for any measurable function G : D([0, 7], Sx) — Ry,
E[ Y, ¢(u(t), Z)m(u(r), Z(7),t = 7) 7' G((2u(0), Z(0))o<r))| X (r) = Xo]
ueG(t)
u>ug (r)
=E[ Y E[)] w T (t X(D)]m(wy (1), Z(7),t = 7) 7 G((20(0), Z(0))o<r )X (r) = Xo]
veG(7) ueG(t (15)

V=g (7) U>U

=E[ ) Gl(x(0), Z(0)o<r))IX(r) = Xo].
veG(T)
v>=ug (1)

Applying this equality to G((zy(s), Z(8)s<r) = g(x(7), Z(7)) finally yields the desired semi-
group property:
This concludes the proof. O
Let us now compute the generator of (Pr(ts) v <s<t).

Lemma 3.7. Lett > 0. The generator of the semi-group (Pﬁfs),r < s<t)is (Agt), s < t).
10



Proof. Consider f : Sg — Ri. Let (2,2) € Sk and t > 0. For any 0 < s < ¢ and h > 0 such
that s + h < t, it follows from Equation (15) and the Markov property that

ueG(h)
u>ug(0)

Using Lemma 3.5 as well as the fact that Sk is a finite set, we obtain the following Taylor
expansion:

m(z,z,t — s)PL)_, f(x,2) = Bo[ Y m(zu(h), Z(h),t — 5)f (wu(h), Z(R))]
ueG(h)
u>ug (0)

+ BE,[ Y dsm(wu(h), Z(h),t — ) f(zu(h), Z(h))] + o(h).
ueG(h)
u>ug(0)

As a consequence,

Ps(f5)+hf(x7 Z) - f(I',Z)
h

=E.[ ). dsm(zu(h), Z(h),t — 8)f(zu(h), Z(h))]

m(z,z,t — s)

ueG(h)
u>ug (0)
+ ! (Ez[ N m@a(h), Z(h),t — 8)f(@u(h), Z(R)] — m(z, 2.t — 5) (=, z)) +e(h),
ueG(h)
u>ug (0)

where €(h) is such that limy_,o4 €(h) = 0. We thus obtain that

Pl (,2) — (o 2)

pont 5 = m(z,z,t — )" (G(m(,t — 5)f()(x,2) + dsm(x,2,t — 5)f(2,2)),

where we recall that G is defined by (1). Lemma 3.5 yields the desired result. O

We finally are ready to establish Theorem 3.3. The proof follows the lines of [22], it is thus
only outlined here and we refer to Appendix A for detail.

Proof of Theorem 3.3. Lemma 3.7 implies that the semi-groups P®) and R®) are identical. Using
an induction argument, it follows that Equation (8) holds for

k
F((x(s),2(5))s<0) = | | fi(@(s),2(55),
j=1

where £k > 1,0 < s1 < --- < s <tand f,...,fr : Sk — Ry. A monotone class argument
finally allows to extend the result to any measurable function F': D([0,t],Sk) — R. O

3.3 An application to the empirical distribution of ancestral lineages in a
density-dependent population

Let us end this section by illustrating how the time-inhomogeneous spinal process may be used
to gain insight on survivorship bias.
Generally speaking, in order to make use of the time-inhomogeneous spinal process, the key
is the computation of m. The set Sk being of finite dimension d, Lemma 3.5 implies that m
is characterized as the unique solution of a linear system of ODEs. More precisely, with slight
abuse of notation, let G designate the matrix form of generator G defined by Equation (1). It
11



then follows from Lemma 3.5 that for ¢ > 0, the vector m(t) = (m(z,z,t) : (z,2) € Sk) is given
by
m(t) = el

While this implies that m can always be computed numerically, there are cases for which an
analytical expression of m is achievable. In particular, assume that G is diagonalizable, with
linearly independent eigenvectors vy, ..., vq associated to eigenvalues A1, ..., Ay. Then

d
m(t) = Z cpetoy,
k=1

where the constants ¢y, ..., cq are such that m(0) = 1. Throughout the following, we will make
use of this observation in order to compute the reproduction rates of the time-inhomogeneous
spinal process.

Let us illustrate the computation of the time-inhomogeneous spinal process on a toy model
describing a population of at most two particles, which at each time are either of type A or B.
Indeed, while computations are achievable for larger populations and state spaces, we restrict
ourselves to this minimalistic population in order to keep Sk small, so that we can exhibit and
comment all transition rates of the time-inhomogeneous spinal process. Our population is thus
described by z = (z4,zp), where z; counts the number of particles in state x.

The particles behave as follows. If the population corresponds to a single particle of type
A, the latter may give birth to another particle of the same type at rate b. Whenever there are
two particles of type A, each may die due to competition at rate a, or escape competition by
switching to state B at rate c4. Finally, a particle of type B can only switch back to state A, at
rate cg. Throughout the following, we assume that b = a and c4 = ¢p, for ease of computation.
In other words, the state space of the population with a distinguished particle is described by
the ordered set {(A,1,0),(A4,2,0),(A,1,1),(B,1,1)}, and the dynamics are characterized by
four reproduction rates :

T(2,0) (A7 170) = T(0,0) (A7 270) = b? and T(0,1) (A7 27 0) = T(1,0) (37 17 1) =C.

In this case, the generator G takes the matrix form

-b 2b 0 0
b —20b+¢) ¢ ¢
G = 0 c —c 0
0 c 0 —c

In particular, G is diagonalizable, with non-positive eigenvalues as the population size is bounded.
Hence m can be computed as mentioned previously. For instance, in the case ¢ =1 = (1,1,1,1),
we obtain that

2 _ =3b+3c=+/A _ =3b+3ctVA
2 2
(t) 411 A _ A4t _M )\+ _ At _ﬂ VA
mit) = ¢ — 7=t 2 2c + e 2 2c ,
511 10vVA 1 10vV/A 1
1 1 1

with A = 9% + 9¢? — 2bc and Ay = 3b + 3¢ + VA.
It thus is possible to explicitly compute the reproduction rates of the time-inhomogeneous
spinal process by Equations (3) and (4). For example, assume that sampling occurs at time ¢.

12
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Figure 1: Time-inhomogeneous reproduction rates of the spine (blue, top) and outside of the
spine (orange, bottom). Red dotted lines indicate the unbiased transition rates. Parameters:
t=3,b=1c=2.

If at time s, the spine is the sole particle alive and of type A, it gives birth to a second particle
of type A at rate

(t) _ m(A72707t - S)
PA,(2,0)(S’A’ 1.0) = 2bm(A, 1,0,t — s)
Ay (t—s) A_(t—s)
166VA + A_(3b+ ¢+ VA)e 7 — A (3b+c— VA)e 3

=2b

_/\+(t—s) A_(t—s) °

32eV/ A+ A (=3b+3c—VA)e "2 = A (=3b+3c+VA)e 2

The other reproduction rates of the time-inhomogeneous spinal process process can be computed
analogously.

Figure 1 illustrates the reproduction rates of the i-auxiliary process for the (arbitrary)
parameter choice t = 3, b = 1 and ¢ = 2. Recall that in the original process, the sum of the
weights ¢ of the descendants of a given particle is maximal if the latter has two descendants
alive at time ¢, when sampling occurs. Hence, both the birth rate of the spine (panel a) and the
death rate of the other particle (panel d) are inflated, as the latter needs to die for the spine
to be able to give birth. In addition, whenever there are two particles, transitions from state A
to state B are favored (panels b, e), whereas transitions from state B to state A are repressed
(panels ¢, f). In other words, when the population is of size two, the auxiliary process favors
the population state (1, 1), thus limiting the competitive pressure exerted on the spine.

This illustrates our contributions on capturing the survivorship bias associated to (uniform)
sampling in density-dependent populations of bounded size.

4 Empirical distribution of ancestral lineages in large popula-
tions

In this section, we are interested in empirical distribution of ancestral lineages in large popula-
tions, corresponding to the case ¢ = 1. Indeed, when the population size K grows to infinity,
the population trait distribution converges under classical assumptions to a deterministic limit
z, characterized as the unique solution of a dynamical system. Here, we show that it is possible
to sample in the limit z with a time-inhomogeneous spine construction, analogously to Theorem
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3.3. In addition, we quantify the approximation error made by sampling in the large population
limit instead of the original finite-size population process.

4.1 Many-to-one formula and speed of convergence

We first consider the large population limit of the population process. Let D = Card(X’) and
Z={ze[0,1]" : |z|; < 1}.

Let (1, k € NP) be a family of continuous bounded functions 7 : X x Z — R, such that the
set J = {(z,k) € X x NP : i (z,-) # 0} is finite.

For K > 1, consider the population process X where an individual of type z in a population
of composition z € Zf is replaced by offspring k at rate 7 (z,z/K). For the population size to
be bounded by K, this imposes the following condition:

VK > 1,V(z,k) € J,Vze Zx, mx(z,z/K)=0if |z+k —e(z)|1 = K. (16)

Notice that for instance, classical epidemic models satisfy this condition, as population size is
often kept constant. Letting ZX = Z(XX)/K then ensures that ZX(t) € Z almost surely, for
every t = 0.

Introducing the large population limit of the population process requires some notations.
Consider a given sequence of initial conditions (z,z®)x>; such that for any K, z¥ € Zx/K,
zK > 1/K and limg_,, 2% = z € Z. Define A(z) = (A;4(2))zyex for z € Z by A, (z) =
2k(ky — L—y)7k(, z). Throughout the section, we work under the following assumption.

Assumption 4.1. For every (z,k) € J, 7(z,-) is Lipschitz continuous on Z.

In particular, z — A(z) is Lipschitz continuous on Z and there exists a unique solution z to
the differential equation

2(t) = 2(t)A(2(t)), 2(0) = =z. (17)

Then ZX converges uniformly in probability to z on finite time intervals [16, Theorem 3.1,
Chapter 11].

Let us turn to sampling in the large population limit with the inhomogeneous spinal con-
struction. Generally speaking, the idea is that the impact of the spine on the spinal population
becomes negligible in the large population limit, so that in large populations, ¢() is well ap-
proximated by z. As a consequence, only the dynamics of the spinal individual need to be
described.

Let S = X x Z, and define the following operator G acting on differentiable functions
f: S —R. For any (z,z) €S,

gf((IZ, Z) = Z Tk(.CC, Z)<k - e(x)7 f(? Z)> + Zzka(yv Z)<k - e(:y)? sz(l’, Z)>
k

k,y

Consider a family of functions m : X x Z x Ry — Ry characterized by the following system of
partial differential equations.

For all x € X, for almost every t > 0 and z e Z,
om(z, z,t) = G(m(-1))(x,2), (18)
and for any (z,z) e S, wm(z,z,t=0)=1.

While existence of at least one solution will be established below, we require some additional
Assumptions on the solutions to Equation (18).

14



Assumption 4.2. The system of partial differential equations given by Equation (18) admits a
unique positive solution, which further is differentiable on X x Z x R,.

We are now ready to define the inhomogeneous spinal process. We want to sample at time
t > 0 in a population of initial condition z € Z. At time s < t, the population is of composition
z(s), and the spine behaves as follows. Given its type z, it is replaced by offspring k and become

of type y at rate
m(ya Z(S), t— S)

m(z,2(s),t —s)

We designate by T the time-inhomogeneous Markov process which keeps track of the type
along the spine. It can be characterized as the unique strong solution to an SDE, analogously to
Equation (5). Consider a family of independent Poisson Point Processes (Q;,j € J) of intensity
the Lebesgue measure on Ri. The process (T(t),z) then is characterized as follows: for any

€ [0,¢], for any initial condition (z,z) € S,

P (@, 2(5), 8) = ne(x, 2(s))ky

2 (s) = 2(8)A(2(s)) =z,

+oo
T0(s) = f f 0 ) (008) (T () ey e ).

k,yeJ

(19)

Further, the semi-group associated to the process (Y®), z) is defined by its action on functions
feL®(S): forr < s<tand (z,2z) €S,

R f(w,2) = E[F(YO(s), 2(s)(TO (1), 2(r)) = (2, 2)].

The following Proposition ensures that (T(t), z) is well defined, and characterizes the gener-
ator of its semi-group.

Proposition 4.3. Consider Assumptions /.1 and 4.2. Equation (19) admits a unique strong
solution (Y®), z) in D([0,t], X) x CY([0,t], Z). In addition, its semi-group R is a time-
inhomogeneous semi-group of bounded linear operators on L*(S), whose generator AW s char-
acterized by its action on functions f € C1(S) as follows. For s <t and (z,2z) € S,

AV f(x,2) = m(z,2,t — 5)7" (Gm(-,t = 5)f(-))(2,2) — Gm(-,t — 5)(z,2) f (2,2)) - (20)

The proof of Proposition 4.3 follows the same steps as the proof of Proposition 3.2. We refer
to Appendix B for detail.

Our main contribution lies in upcoming Theorem 4.5, which provides a many-to-one formula
for sampling in the large population limit and quantifies the associated speed of convergence. It
relies on the following Assumption.

Assumption 4.4. The generator AW characterizes a unique time-inhomogeneous semi-group
of bounded linear operators on L*(S).

For example, this assumption is satisfied in the case of strongly continuous semi-groups [26,
Chapter 1].

Throughout the following, we let E, , denote the expectation conditionally on (T®(0), 2(0)) =
(x,z). Finally, we introduce the function set

£= {F :D([0,t], X) x D([0,¢], Z) — R bounded s.t. 3L : Ya € D([0,¢], X), Vz1,22 € D([0,1], Z),

[F((2(s),21(5))s<t) = F((2(s),22(s))s<t)| < L sup |z (s) —22(8)H1}~

s€l0,t]

We are now ready to state the main result of this Section.
15



Theorem 4.5. Consider Assumptions 4.1, 4.2 and 4.4. Lett >0 and F € £. For any z € Z,
there exists C' > 0 such that for any K > 1,

1
K

C
K1/4°

By | 3 Fl(@a(s), Z5(9)szt) | = X, 2em(a, 2,0 [T (s), 2(s))ecr) || <

ueG(t) TeX

This theorem shows that the spinal process (T(t), z) indeed captures the typical lineage of a
sampled particle in the large population limit z. Further, if one samples in the large population
limit instead of a population whose size is of order K, the approximation error is at most of
order K—/4.

4.2 Proofs

In order to establish Theorem 4.5, we proceed in two steps. First, we show that (T(t), z) indeed
provides a many-to-one formula for sampling in the large population limit. Analogously to the
proof of Theorem 3.3, we identify R(") with an appropriate time-inhomogeneous semi-group
derived from the large population limit of the homogeneous spine construction, which is well
established [4]. In particular, this step relies on Assumptions 4.2 and 4.4. Second, we couple the
homogeneous spine with its large population limit, and control the approximation error of the
spinal population by its deterministic limit. If this error is small with high probability, then the
homogeneous spine and its large population approximation are likely to coincide over finite time
intervals. This finally allows to control the approximation error in the many-to-one formula,
both of the homogeneous and inhomogeneous spinal constructions.

4.2.1 Many-to-one formula in the large population limit

Now that (Y®), z) is well defined, our aim is to establish a many-to-one formula connecting
it to sampling in the large population limit. In order to achieve this, we make use of the
homogeneous spine construction introduced by [4], as it will allow us to properly characterize
the inhomogeneous semi-group associated to a uniform sample in the large population limit.

The homogeneous spine construction. In this paragraph, we briefly introduce the ho-
mogeneous spine construction [4], as the proof of Theorem 4.5 builds on it. We first focus on
populations of finite size. For ¢ = 1, individuals other than the spine behave exactly as in the
original population process. Whenever the spine is of type x in a population of type distribution
z € Z such that z, > 0, it is replaced by offspring k and becomes of type y at rate k, 7 (x,z).
For convenience, we introduce a slight change in the type space allowing us to derive an
equation for the spinal population which does not depend on YX. More precisely, the type
space now becomes X* = {0,1} x X. An individual of type (0,2) € X* corresponds to an
individual of type z which is not the spine, whereas an individual is of type (1,z) € X™* if it
is the spine and of type . We let (¥ = ( Z{;, (i,z) € X*) designate the corresponding type

distribution of the spinal population. Finally, we define (¥ ¥ = ((¢¥] )z T € X) by

(Fla), =G + Gl Voe .

Throughout the following, with slight abuse of notation, we write 7 (z,z) instead of 7x(z, z| )
for clarity.
For (z,k) € J and (z,k,y) € J* = {(z,k,y) : (z,k) € J, ky, > 0}, we let

ho(z,k) = > (ky — 67)e(0,y) and hy(z,k,y) = > (K — 1y—yy)e(0,w) + e(1,y) — e(1, z).
yeX weX
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Finally, any initial condition (y,z") € X x Zx/K becomes (y,z{) with
zZy = le(l y) + 2 ("), — i1{ —yy | €(0, ).
K zeX K 7

Given a family of independent Poisson Point Processes (Q;,j € J uJ*) of intensity the Lebesgue
measure on ]Ri, the process (Y5, (%) can then be defined as follows:

400
YK(t) =e(yo) + f J Ly (so)=e,0<ky me(z, K (s— ))}( e(y) — e(x))Quxy(ds, db),
(1 k y eJ*
K K 1 +o0
¢t (t) =2y + K Z hi(z, k, y)J f ]-{OSKCf(m(S—)kyrk(x7<K(s_))}Qx’k’y(d57da) (21)
(z,k,y)eJ* o Jo ,
+00
2 hO x, k J J. 1{9<K( 7 (z,¢K (s— }Qm’k<d37d9).
(z,k)eJ

The large population limit of the homogeneous spinal process is derived as follows. Let
(Y X ¢5) be the spine construction with initial condition (z,|Kz|/K) in a population of size K.
Then [4, Proposition 7] ensures that (Y (%)~ converges in law, on finite time intervals, to
(Y, z) where z is the unique solution to (17), and T is a time-inhomogeneous X-valued Markov
jump process which, at time ¢, transitions from x to y at rate

ZTk z, 2(t Wy Z(t))

In particular, the many-to-one formula associated to sampling in the large population limit relies
on an exponential weighting of spinal trajectories, as expected. For (z,z) € X x Z, let

Mz,z) = Y (kI — (e, 2).
k:(z,k)eJ

For ¢ > 0, define t
W(t) = exp <J AT (s), z(s))ds> .

0

With these notations, [4, Proposition 7] provides the following many-to-one formula:

—0.  (22)

K |: Z F((zu(s), Z )s<t) ] 2 Z. Ky g JE((Y(s), 2(5))s<t)]

ueG(t) zeX

We will now make use of the homogeneous spinal process and its large population limit to
establish Theorem 4.5.

Outline of the proof of Theorem 4.5. The connection between the homogeneous spine
construction and Theorem 4.5 is the following. Define the time-inhomogeneous semi-group P
acting on functions f € L®(S) by: for any 0 < r < s <t and (z,z) € S,

PO f () = (e, 7,1 — )7 E e SATOD®F0(5), () [T(r) = 2, 2(r) = 2]

We start by showing that the semi-groups P®) and R(®) are identical, which relies on Assumptions
4.2 and 4.4, leading to the following proposition.
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Proposition 4.6. For anyt > 0 and any measurable function F : D([0,t],X) x C1([0,t], Z) —
R4, for any z € 2y,

E: oW F((Y(s), 2(5))s<e)] = m(z, 2, )Es o[F(TW(s), 2(5))s<0)]. (23)

In particular, Equation (22) thus implies

%EZK [ D) Fl(@a(s), 25(5))set) | = ) zom(@, 2, )Ee o[ F(YW (5), 2(5)s<t)]| —— 0. (24)

K—oo
ueG(t) TzeX

It then remains to quantify the speed of convergence, which will be achieved in Section 4.2.2.

Preliminaries. We start by establishing some preliminary results, which will be useful through-
out the remainder of the proofs.
Let us define my : § x Ry as follows:

my (2,2, 1) = Eq,[W(1)].

Notice that choosing F' = 1 shows that for Proposition 4.6 to hold, my must satisfy Equation
(18), as the desired equality then follows by Assumption 4.2. In order to proof this, we proceed
in two steps. First, we will show that for any x € X and t > 0, z — my(z,2,t) is Lipschitz
continuous. Rademacher’s theorem then ensures that this application is differentiable almost
everywhere. Second, we compute dymvy(z,z,t) to show that my indeed solves Equation (18).

In order to achieve Lipschitz continuity of z — my(z,z,t), we want to control the difference
between trajectories of (T, z) whose population composition starts in different initial conditions.
We thus first control the distance between two solutions of dynamical system (17). Throughout
the following, we write ¢(t,z) for the solution to Equation (17) evaluated at time ¢.

Lemma 4.7. Let t = 0. Under Assumption /.1, there exists C(t) > 0 such that

Vz1,29 € Z, Sl[lp] lp(s,21) — @(s,22)[1 < C(t)||lz1 — z2||-
se(0,t

The result is classical for dynamical systems, and is included in Appendix C for completeness.

We next want to show that controlling the difference in population composition is actually
sufficient to control the probability that the spinal processes grow apart, in final time. This is
achieved by a coupling argument.

Let ¢; and (3 be two population processes in D([0, t], Z) defined on the same probability space
(2, F,P). Consider a family of independent Poisson Point Processes (Q;,j € J*) of intensity
the Lebesgue measure on Ri, which is also defined on 2, and for yy € X let

+oo
}/i(t) = e(yo) Z J J 1{Y1 —)=z,0<ky i (x,{1(s5— ))}( ( ) e(x))Qx,k,y(dsvde)a

(z.k,y)e*

+00
Yalt) = e(wo) + Y f f Ly o)ty (oca(oy (€() — €(2)) Qa1 (ds, dB).

(z,k,y)eJ*

Notice that Y} () corresponds to the dynamics of the spine, given that the population composition
is provided by (j, for j € {1,2}. For instance, if (; = ¢(-,21), we have (Y1,(1) = (T, 2) with
initial condition (yo,z1).
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Lemma 4.8. Let t > 0, and assume that there exist two positive sequences (i) and (o) such
that for every K > 1

P < sup [C1(s) — Ga(s)[1 = K) < ak. (25)

s€[0,t]

Under Assumption j.1, there exists a constant C(t) > 0 such that for every K > 1
P(Vs € [0,t],Y1(s) = Ya(s)) = 1 — C(t)(ak + k).
Proof. We are interested in the first instant Tk at which Y; differs from Yas:
Tk =inf{t > 0:Yi(t) # Ya(t)}.

Let K > 1. For two sets A and B, we let AAB designate their symmetric difference. For
(z,k,y) € J*, (¢/,2z) € S and € > 0, define the event

gx’kvy(97 y? Z) = {x, = my 9 < kka(x, Z)}
Notice that, by the coupling of Y7 and Ya,

+o0
J f L, sy (0,Y1(5-),G1 (5—) AEs 1e.y (8, Y2 (5—),a (s—)} Qa k,y (ds, dB) = 0
(z,k,y)eJ*

{TK Zt} ) {TK>

+0o0
2> {TK =1, J f Lie, 1, (0,1 (5=),C1 (5= ) A sy (8,Y1 (5—),Ca(s—))) R ke y (dS, dO) = 0}

(lky)EJ*
+0o0
{Tk =t} 2 { J J Lig, 10, (0,Y1(5—).C1 (5 ) Aty (8,Y1 (5—),Ca(s—))) R ke y (dS, dO) = 0}
(z,k,y)eJ*

Let D = {(y,k) : 3z € X s.t. (z,k) € J, k, > 0}. Recall from Assumption 4.1 that for any
(z,k) € J, Ti(w,-) is Ly k-Lipschitz continuous. Let L = max(, ey [kll1Lex. We introduce the
event

A = { max_ sup ky|ry i(Yi(s), i (5)) = Tpx(Vi(5), Go(s))] < Lex}.
(¥.K)ED se0,¢]

It follows that

+oo
P(Tk <t) <P(Ax, ), JJ L, 1y (0, (52),C1 (5= ) Al 1y (6,3 (5-),Ca(5-))} Qo (ds, dO) = 1)

(z,k,y)eJ*
P(AS).
(26)
First, we may notice that Assumption 4.1 ensures that
AZ < {sup [Gi(s) = G(s)h > exch
s€[0,t]
from which we deduce by Equation (25) that

P(A%) < ak. (27)

Second, on the event A, it holds that for any 6 > 0 and (z,k,y) € J*,

Eatey(0,Y1(5=), C1(s—)) Al sy (0, Yi(s—), Ca(s—))

< {0 € [kym(Yi(s—), Cu(s-)) 19L5K7ky7k( 1(5=)Gu(s=)) + Lek ]}



As a consequence,

+0
{AK, Z J J L, 10 (0.Y1 (50,1 (5—)) AL sy (0,Y1 (s—) o (s—))} @ Ky (ds, dO) = 1}

(z,k,y)eT*

~+00
E{ J f Loeqic, mc(vi (s-).¢1 (52) ~ Lere Jey mie (Vi (=) .61 (s-)) +L€K]}Q’rky(ds df) = }
(z,k,y)e*

Hence, Markov’s inequality leads to

+00
(AK7( kZ *f J {gacky 0,Y1(5—),C1(5—)) A& k,y(0,Y1(5—),(1(s)) }kay(ds d@) )
z.k,y)e]

+00
< E[ f f Ligeikyne(vi (s=),¢1 (5=)) — Le e ky e (Ya (s—),C1 (s—)) + Le xc] }kay(ds do)]
(z,k,y)e*

< Ct&K,

(28)

with C' = 2LCard(J*). Injecting Inequalities (27) and (28) into Equation (26) concludes. [
We are now ready to establish Lipschitz continuity of my.

Lemma 4.9. For any T > 0, for any z € X, the application (z,t) — my(x,2,t) is Lipschitz
continuous on Z x [0,T].

Proof. Let T > 0, x € X and z1,2z2 € Z. We apply Lemma 4.8 to (; = ¢(+,21) and (3 = ¢(-,22)
which according to Lemma 4.7 satisfy Equation (25) with ex = C(t)|z1 — 22| and ax = 0. In
this case, for j € {1,2}, (Y},{;) = (Y, 2) with initial condition Y(0) = yo and 2(0) = z;. For
clarity, for j € {1,2}, we thus write (Y;, z;) for the spinal constructions with initial condition
(x,z;) defined on the same probability space such that

P(3s € [0,¢], T1(s) # Ta(s)) < CO(t)|z1 — 221

Throughout the following, C(t) designates a positive constant whose value may vary from
line to line, but which only depends on ¢. For ¢, € [0,T] and z;, 29 € Z, we thus obtain:

lmy(2,2z1,t1) — my(z,22,12)| = ‘E[ Jo! A1 () 21 (s))ds _ 6882 )‘(YZ(S)’ZQ(S))dS]

< ‘E [630 (T1(s),21(s))ds _ §¢ )\(Tl(s),zz(s))ds]

]
]

where the last inequality follows from Lemma 4.7. Recall that A is bounded. Thus ¢t —
exp <Sé A(Y1(s), zl(s))ds> is Lipschitz continuous on [0, T], for a Lipschitz constant which can
be chosen to be independent of z and z. Hence

E [ exp (f A(T1(s), zl(s))ds> — exp (f A(T1(s), zl(s))ds) H < C(T)|ts — 1],

0 0

+ C(t)P(3s € [0,t], T1(s) # T2(s))
<E Hes(t)l A(Y1(s),21(s))ds 6’582 MTY1(s),21(s))ds

IR Hegg? MT1(9),21(9))ds _ 5% M(X1(s),22(s))ds

+ C(T)Hz1 — Z2H1.
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Further, by Lipschitz continuity of A, the following inequality holds almost surely:

‘6532 MY 1(s),21(s))ds _ 562 A(T1(s),22(s))ds

%)

< (1) fo A(T1(s), 21(s))ds — fo AT (s), z2(s))ds
<CO(T) sup |21(s) = 22(s) 1

< O(T) |21 - 2.

This concludes the proof.

We are now ready to establish the desired result.
Lemma 4.10. my is a solution to Equation (18).

Proof. Lemma 4.9 ensures by Rademacher’s theorem that for any « € X, the application z —
my(z,z,t) is differentiable for almost every ¢ = 0 and z € Z. We thus consider ¢,z such that
my is differentiable at (z,z,t), for any = € X.

Start by noticing that for h > 0,

my(z,z,t+ h) = Ey , [W(h)m(Y(h), z(h),t)].

Let T1 and T5 designate the times of the first and second reproduction event, respectively.

Then
my (z,2,t + h) = Egp [W(h) gy =y | m(z, 2(h), t)

+Ezz [W(h)m(T(h)’ z(h), t)l{T1<h<T2}]
+ o [W(H)m(T (h), 2(h), ) Liz,<ny] -

Since my is differentiable in z at (¢,z), we may now proceed as in the Proof of Proposition 4.3
to show that

lim. %(my(m, 2.t + h) — wmr(2,2,4)) = G(mr(-1)(2,2).

This concludes the proof. ]

Many-to-one formula. Let us now focus on the characterization of P®).

Proposition 4.11. P s a time-inhomogeneous, conservative semi-group of bounded linear
operators on L°(S) whose generator is AY), as defined in Equation (20).

Proof. Start by noticing that it follows from Assumption 4.2 and Lemma 4.10 that for any
0<r<s<t,forany (x,2) €S,

P(t 1(1, Z) _ my(x,z,t—r)

T8

= 1.
m(x,z,t—r)

In addition, it is clear that Pﬁts) is a linear operator on L*(S) such that HP&? I < | flloo-
Let us establish the semi-group property, i.e. we want to show that forany 0 < r <7 < s < t,

PP =P
Throughout the proof, we write Y = (T, z). Let f € L®(S). For t; > to, define

Wk, ts) = exp ( L t A(Y(u))du) |
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Be definition, we have for (z,z) € S,

3
—~
8
\.N

~

|

3
S~—
3
33
S
W
=
&

N

) = EDV(r, t) PEF(Y(1))[Y(r) = (2,2)]
= EDW(r, im(Y(r),t = 1) EV(r ) f(Y(s) Y (D]Y (r) = (z,2)].

Notice that
W(r,t) = W(r,7)W(T,t).

Designate by (Fs, s = 0) the natural filtration associated to Y. As W(r, 1) is Fr-measurable, we
obtain that

m(z,z,t — )PP f(2,2) = E]V(r, )m(Y(r), t —7)EIV(r, ) f(Y(s)[Y(D]IY(r) = (2, 2)].

Further, it follows from Lemma 4.10 that E[W(r,t)|Y(7)] = m(Y(7),¢ — 7). Since F, < F;, this
finally leads to

m(z,z,t — )PP f(2,2) = E]V(r, 1) f(Y())|Y(r) = (2,2)],

T

as desired.
It remains to compute the generator of P). Let 0 < s < s+ h < t and (z,z) € S. As
Fs € Fsin, we have

m(z,2,t — $)PLL,, f(x,2) = BIW(s,6) [(Y(s + h))[Y(s) = (,2)]
=EW(s,s + hym(Y(s + h),t —s—h)f(Y(s+ h))|Y(s) = (x,2)].

Let g(x,2z,s) = f(x,z)m(x,z,t — s). With this notation, we have

m(z,z,t - s)(P\),, f(z,2) — f(x,2))

=EW(s,s+ h)g(Y(s+ h),s + h)|Y(s) = (z,2)] — g(x, z,s).

By Assumption 4.2, the application (z,s) — g(z,z,t — s) is differentiable on Z x [0,t]. As a
consequence, we may proceed as in the proof of Proposition 4.3 to show that

lim m(x,z,t— s)(P£f3+hf(x,z) — f(z,2)) = G(m(-,t —s)f("))(x,z) — Gm(-,t — s)(x,2) f(x,2).

h—0+
This concludes the proof. O
We are finally ready to establish Proposition 4.6.

Proof of Proposition 4.6. Propositions 4.3 and 4.11 ensure thanks to Assumtion 4.4 that the
semi-groups P and R®) are identical. Hence Equation (23) holds for

F:D([0,t],X) x C'([0,t], 2) -» R
(y(s), 2(s))s<t = f(Y(5), 2(5)),

with s € [0,¢] and f € L®(S) given. As in the Proof of Theorem 3.3, this suffices to conclude
by induction and using a monotone class argument. O
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4.2.2 Speed of convergence

It remains to quantify the speed of convergence in Equation (24). Notice that according to
Proposition 4.6, is is identical to the speed of convergence in Equation (22). By coupling the
homogeneous spine in a population of size K to its large population limit, we are able to provide
the following result.

Proposition 4.12. Lett > 0 and F' € £. There exists C > 0 such that for any sequence
(ex)K=0 of positive real numbers, for any K > 1, letting 0 = C(eg + K_l/gsf}l),

E,x [ Z F(<xu(3)aZK(3>)s<t) - Z 2By, W) F((Y(5), 2(5))s<t)]| < Ok

ueG(t) TEX

Combining Equation (22) with Proposition 4.6 and 4.12 for e = K~/ finally yields The-
orem 4.5.

Let us start by establishing the following Lemma which quantifies the approximation error
of the spinal population process by its large population limit.

Lemma 4.13. Let t > 0. Under Assumption /.1, there exists C(t) > 0 such that for every
K>1andeg >0,

P (521[33] 1K (s) — 2(s)]1 = EK) < %”K

Proof. Let us define the large population limit z on the same state space X* as (. For any
t =0,

t
() =20+ Y, ho(z,k) fo 20.2(8) 1 (2, 2(s))ds, (29)

(z,k)eJ

with Zg = ), .y 22€(0, z) and z the initial condition in Equation (17). In particular, z; ,(t) = 0
for any z € X and ¢t > 0, as expected since the spine becomes negligible as population size grows
large.
In order to control our quantity of interest |¢(® — z|;, we introduce some notation. For
(x,k) € J, let
Qux(ds, df) = Quy(ds,df) — ds df

be the compensated martingale-measure associated to @, k, and consider the following martin-

gale:
|70,

ME (1) < ol Kl (* 7 5. s )
- K o Jo THSKGL (somelw (R (s-)) w5, B8

z,k

Finally, let

ME(t) = >, M),

(z,k)eJ
t
AR @) = o ~m+ Y ho(wK) f (685 (5)mel, ¢ (9)) = 20(s) el 2(5)))ds
(z.k)e] 0
K 1 t 40
BE) == Y m@ky) f f L0 K (o eyl (o)) @t (5, 40)|
(z,k,y)eJ* 0.Jo ,

With these notations, Equations (21) and (29) ensure that, for any ¢ > 0

[65 () = 2B < MR (t) + AR (1) + BE(1).
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We thus turn to controlling M, AKX and BX over any given interval [0, t].
Start by noticing that, for any (z,k) € J, M fk is square integrable. Indeed, as 7 is bounded

and |¢¥|; < 1 by definition, there exists a positive constant c¢(z,k) such that, for any K > 1,

L[ Thota X))y ) o
E[JOL (K1{9<K<§fx(s)fk(a¢7<1{(s))}> dods | < e

It follows that its quadratic variation is given by

t T 2
et = [ OB (oymge ¢ sy

M¥ thus is itself a square integrable martingale, and Doob’s inequality shows that there
exists a positive constant k such that

E [ sup (MK(S))2] <k Y, E[{MEO®)]. (30)
(z

se [O,t] ,k)E]

Since J is a finite set, it follows that there exists a positive, finite constant ¢ = k), c(x,k)
such that, for any K > 1,

E | sup (M%(s))? St—c.
se[0,t] K

Noticing that M* > 0 almost surely, Cauchy-Schwarz inequality finally leads to

te
E| sup ME(s)| <4/ —.
Le[o,t] ( )] K

Let us now turn to AX. By definition, there exists a finite constant ¢ > 0 such that, for any

K=>1,
_K - c
Zy —Z < .
120" — %ol < 4
Since further the set J is finite and 7 («, -) is Lipschitz-continuous according to Assumption 4.1,

there exists ¢/ > 0 such that, for any K > 1,

t
sp AK(s) < S+ ) Jho(a K| j G (5l O () — 200 () 2(3)) | ds
se[0,4] K (=Be 0

t
<o+ c’fo ICE (5) — 2(s)]1ds.

In particular, we obtain that for any K > 1,

s€[0,t]

E [ sup A% (s) , aP
u€e[0,s

<+ c'f E [ sup (5 (u) — z(u)|ds] | (31)

Finally, notice that it follows from Equation (21) that for any ¢ > 0 and x € X, we have
Cfx < K~! almost surely. As further the set J* is finite and the reproduction rates bounded,
there exists a finite, non-neagtive constant ¢ such that, for any K > 1,

< ¥ Imtkohe| [ el o)< g 6

(z.k,y)e*

E | sup BX(s)

s€[0,t]
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Combining Equations (30), (31) and (32) yields the existence of finite, non-negative constants
c1(t) and cg such that, for any K > 1,

E | sup [¢"(s) —z(s)|h | < ) +C2JtE sup ¢ (u) = 2(u)]1 | ds
se[0,4] S VK 0 |uel0.s] '

Hence, by Gronwall’s Lemma, there exists C(t) such that, for any K > 1,

c(t)
E | sup [¢"(s) —2(s)|1| < ==
Le[o,t] VK
The conclusion follows from Markov’s inequality. O

Next, we focus on quantifying how well T approaches Y X, yielding the approximation error
associated to replacing (YX, (%) by (T, 2) on finite time intervals. In order to achieve this, we
couple T and Y, by defining T as the unique strong solution to an SDE driven by the same
family of Poisson Point Processes (Q k.y, (¢, k,y) € J*) as in Equation (21):

t +00
T(t) = e(wo) + 3 f f 1m0ty (o) (€(8) — €(2)) Qe (ds, ).
(z,k,y)eJ* 0Jo

We are now ready to state our result.

Lemma 4.14. Lett > 0. Under Assumption 4.1, there exists a constant C(t) > 0 such that for
every K =1 and e > 0, letting ax = (VKeg) ™1,

P(Vs € [0,t], YE(s) = T(s) and | (s) — 2(s)|1 < ex) =1 — C(t)(ak + k).

Proof. Consider Lemma 4.8 with ¢; = ¢ and G = z, i.e. (Y1,¢() = (Y5, ¢K) and (Ya, () =
(Y, z). Thanks to Lemma 4.13, we thus obtain that

P(3t <t:YE(t) # Y(t)) < c(t)ag + Cteg. (33)

The conclusion follows by combining Lemma 4.13 and Equation (33).
O

In order to simplify notations, for any function G : D([0,¢], X) x D([0,¢], Z) — R as well as
cadlag trajectories (z(s))s<¢ in X and (2(s))s<t = (i (5)) (1 p)exs s<t 0 22, we let

G((2(s),2(s))s<t) = G((2(s), 2| x (5))s<t)-

We are now ready to establish the main result.

Proof of Proposition 4.12. Throughout the proof, we write Y& = (Y ¢K) for the spinal con-
struction in the initial population process, and Y = (T, z) for the spinal process in the large
population limit.

Let ¢t > 0 and F € £. It follows from Theorem 1 in [4] that

Euc | Y, Fl(wa(s), Z25(s)s<e) | = E[H(Y™(5))s<0)]

ueG(t),
U>=Ug

where )
H((Y(8))sr) = o 6 oYK (5)) ).
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As J is a finite set, Equation (16) and Assumption 4.1 imply that H € £. In other words,
there exists a constant M depending on ¢ and F' such that for any = € D([0,¢], X),

[H ((2(s), (" (5))s<t) — H((2(5), 2(5))s<e)| < M sup [[¢¥(s) = 2(5) 1. (34)

se[0,t]
Consider the event
A = {Vs€[0,t],Y5(s) = Y(s) and ||("(s) — z(s)|1 < ex} .
We have

E[H((Y*(s))s<t) = H((Y(5))s<t) 1 < E[H (Y™ (5))s<e) — H((Y(5))s<t) [La]
+E[H (Y (5))s<t) — H((Y(5))s<e) [1ac]

On the one hand, it follows from the definition of Ax and Equation (34) that
E[|H((Y" (5))s<t) — H(Y(s))s<t) [1a,] < Mex.

On the other hand, the boundedness of H and Lemma 4.14 imply the existence of a constant ¢
such that
E[|H((Y™(s))s<t) — H((Y(s))s<t) Lag] < clak +ex).

Taken together, we thus obtain existence of a constant C' such that
E[|H((Y"(5))s<t) — H((Y*(5))st)] < Clak + k).

This concludes the proof. ]

5 Discussion

First, we have introduced a time-inhomogeneous spinal process allowing to gain insight on the
survivorship bias associated to any sampling weight .

Indeed, the corresponding many-to-one formula does not require stochastic weighting of
trajectories. This implies that the bias of reproduction rates relying on the application m defined
in Equation (2) accurately depicts the survivorship bias. In addition, the stochastic exponential
weight associated to the many-to-one formula for the homogeneous spinal process implies that
rare trajectories may have tremendous impact, making Monte-Carlo estimations delicate. As a
consequence, the time-inhomogeneous spinal process may facilitate the numerical evaluation of
the many-to-one formula. However, due to the time-inhomogeneity, simulating trajectories of
the time-inhomogeneous spinal process through standard algorithms may be expensive in terms
of computation time [28].

A desirable extension of Theorem 3.3 consists in capturing the whole tree, instead of being
restricted to the type evolution along sampled lineages. We expect this to be achievable, using a
classical induction argument [4][Theorem 1]. In addition, one may be interested in sampling more
than one individual, in the spirit of many-to-one formulas for forks in branching processes [22].
A possible strategy for achieving this would be a double spine construction. More precisely,
one may augment the type space of the spinal process to distinguish spinal and non-spinal
individuals, and then consider the spinal process associated to (re-)sampling in this population
process.

Second, under appropriate assumptions, we have focused on sampling in the deterministic
large population limit, and quantified the associated approximation error. In particular, the
process describing the spine’s offspring then corresponds to a time-inhomogeneous multi-type
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branching process whose reproduction rates depend on a changing environment, given by z. If
we assume that z admits a stable equilibrium, then starting from this equilibrium, the offspring
is described by a classical multi-type branching process [12].

A natural perspective of our work is to extend our results on the empirical distribution of
ancestral lineages in the large population limit over longer time scales. In order to achieve this,
we need some control of the form:

P ( sup (% (s) = 2(s)|1 = €K> S oK,

SE[O,tK]

with ex and ax converging to zero and tx growing to infinity, as K grows large. We consider
expecting such control to be reasonable. Indeed, it corresponds to understanding and controlling
the fluctuations of the finite-population process (¥ around its deterministic limit, which is a
well studied question with several classical regimes: Gaussian fluctuations for e = O(K~1/2),
which are related to the diffusion approximation, moderate deviations with ex = O(K~P) for
p € (0,1/2) and large deviations where ex = O(1) [11, 25, 27]. In particular, moderate and
large deviations appear to be interesting regimes, as they allow to consider longer time scales.
Nevertheless, in the case of the spinal population process, they are not immediate, due to a
boundary problem arising from the fact that the spinal individual becomes negligible in large
populations. As a consequence, these considerations are left for a futur work.
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A Detail on the proof of Theorem 3.3

Throughout this proof, for readability, we will make use of the following notations. On the one
hand, for t > 0 and u such that there exists v € G(t) satisfying u > v, let

Xu(t) = (:Eu(t)’ Z(t))
Similarly, for 0 < s < t, we let
¥O(s) = (Y0(s),¢0(s)).

Let us start by showing that Equation (8) holds for F'((z(s),z(s))s<t) = H?Zl fi(x(s5),2(s5))

where k > 1,0<s1 <---<sg<tand fi,..., fr: Sk = R,.
This part of the proof proceeds by induction. For k > 1, let Hy be the property that for any
0<si<---<spg<tand f1,...,fr: Sk — Ry,

k k
Bl Y ¢(xu(t>)111fj(xu<5j>)] m(z,2, t)E H
L o

ueG(t), u>ug(0)

Let us turn our attention to the initialization step. As Sk is a finite set, a semi-group
acting on non-negative functions on Sk is uniquely characterized by its generator. Thus Lemma
3.7 implies that the semi-groups P®) and R® are identical. Hence for any s € [0,¢] and
f: Sk — R4, Equation (13) becomes

B[ Y o(Xu®)f(Xu(s)] = m(z,2, )RS f(z,2),

ueG(t), u>uz(0)
This exactly corresponds to H; by definition of R®).

Suppose now that Hy_q is true for k£ > 1, and let us show that Hy, follows. Consider functions
fi,oo o, e : Sk > Ry and 0 < s; < --- < s, < t. Notice that

k
Z¢ )Hfj(x (s;)] =
j=1

ueG(t
u>u,(0)
Dy ﬂfj Bl Y] (K ()fe(Ku(s)X (s61) = XKulsn-)]]
ueG(sk 1)J veG(t)
u>ug (0) VEUzy (sp_q)
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As for Hy, equality of P® and R® leads to:

k
Z 1/1 )nfj(x (s;))] =
j=1

ueG(t
US> Uy (0)

Ez[ D mXu(se1),t — sk Hfa s DE[fr(Y (s1)) Y (Sk—l):Xu(Sk—l)]]~

ueG(Sk—1)
u>ug(0)

Equation (15) allows to rewrite this as:

k
El Y o, () [ ] f5(Xuls
j=1

ueG(t)
u>ug(0)

k—1
Bl X w u(0) TT £ (s DELA(Y O (s1) YO (5p1) = Ka(sp1)] |-
ueG(t J=1

u>u,(0)

Finally, Hy_1 yields:

k
Eal 3 (X (0) [T 5 (Kuls,))]

ueG(t) j=1
u>ug(0)
k—1
= m(,2,0)Ba[ [ [ (YO (s))ELfk(Y? (51)) Y (s1-1)]]
j=1
k
= m(z, 2, 1) B[] | £;(Y0(55))]
j=1

This concludes the induction argument.
In order to obtain the desired result, we will reason using the monotone class theorem. Let
us introduce the set

k
I = {ﬂ{x e D([0,t],Sk) : x(s;) € B;j}, ke N, s; € [0,t], B; € P(SK)}
j=1

where P(Sk) is the set of subsets of Sg. The set I is a m-system, which induces the Borel
o-algebra B(ID([0,t],Sk)) on the Skorokhod space ID([0, t],Sk) (Theorem 12.5 in [10]). Further,
define

M = {B e B(D([0,t],Sk)) : Equation (8) is satisfied for F' = 1g}.

M is a monotone class which contains I according to our induction argument. It thus fol-
lows from the monotone class theorem that M = B(ID([0,¢],Sk)). In other words, for any
B € B(D([0,t],Sk)), Equation (8) is satisfied for FF = 1g. As a consequence, Equation (8)
holds for any positive measurable function F' : ID([0,¢],Sx) — Ry as there exists an increas-
ing sequence of simple functions converging pointwise to F', from which the result follows by
monotone convergence.

B Proof of Proposition 4.3

In order to see that the process (Y®), 2) is well defined on [0, ], start by noticing that existence
and uniqueness of z € C!(R,) follows from the Cauchy-Lipschitz theorem and Assumption 4.1.
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Further, Equation (16) implies that System (17) is positively invariant in Z: 2(0) € Z implies
that z(s) € Z for any s > 0.

It remains to focus on existence and uniqueness of Y®) given z. This can be achieved
through similar arguments as for steps (i) and (ii) in the proof of Proposition 3.2. Indeed, notice
that Assumption 4.2 ensures that for any x € X', m(z, -) is positive and continuous on Z x [0, ].

(t)

It thus is bounded from below by a positive constant, and the reproduction rates p, , are also
bounded.

We now turn to characterizing the associated semi-group R®. Tt is clear that for any
0<r<s<t, R% is a linear operator on L*(S). Further,

VFeL®(S), IRl <[ f]e-

Thus, Rq(nt?g : L®(S) — L*(S) and its operator norm equals one, as Rggl = 1.
Let us finally compute the generator of R®): we want to show that for any f € CL(S), s <t
and (z,z) € S,

lim 1 <Rg+h (x,2) — f(w,z)) = AW f(x, 2).

h—0+ h

Fix s and define 77 and 75 as the times of the first and second reproduction events after
time s. By definition, we have

¢

RO (2,2) = AR) + B(h) + C(h),

where

A(h) = E[f(YD (s + h), 2(s + 7))Lz, =y T (s5) = 2, 2(5) = 2],
B(h) = E[f(YW(s + h), 2(s + h)) L gy cnersy | TV (5) = 2, 2(5) = 2],
C(h) = E[f (YW (s + h), (s + 1) Lip,<ny | TP (s) = 2, 2(s) = 2].

On the event {T} > h} it holds that T® (s + h) = z. Further, for (z,z) € S and s € [0, ], let
A (2,2,5) = Yky pky(m z,s). It follows that

+00 "
P(Ty > h|YD(s) =z,2(s) =2) = |  AD(z,2(s + t1), 5+ t1)e S0 AV (@zlstu).stu)dugy
h

—SO AD (z,2(s+u),s+u)du
)

from which it follows by the chain rule that
lim %(A(h) BTy > hYD(s) = 2, 2(s) = 2) f (2, 2))
= lim P(Ty > WY W (s) = 2, 2(s) = 2)(f(x, 2(s + 1)) = f (2, 2(s))
—0+

2y (Y, 2)(Vof (,2), k — e(y)).

k,y

Let us turn to the case {T1 < h < Ty}. Fork e N? and y € X, we can compute the probability
that the spine is replaced by offspring k and becomes of type y at 17, and does not reproduce
anymore until time s + h:

)

h
Pﬁt) (h) = f Oz, 2(s +t1),s + t1)e =5 AO @l sturdug = I MO, sty gy
0
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Hence
and

)

” satisfies

In particular, Plit

.1 @ t
Jim =B (h) = pii (.2, 5).

Thus, by continuity of z,
lim —(B(h) —P(Ty < h < T[T (s) = w,2(s) = 2)f(2,2) = . i) (2,2, 5) ( (4. 2) — f(2,72)).
ky
Finally, a similar computation yields that there exists C' > 0 such that
P(Ty < h|YW(s) = z, 2(s) = z) < Ch?.
As f € CH(S) and S is a closed set, f is bounded, which implies

|C(h) = P(Ty < h[ YO (s) = &,2(s) = 2) f(x,2)|

This concludes the proof.

C Proof of Lemma 4.7
By definition, for any z € Z,
t
ot.2) = 2+ | (94002 5)is.

As | z|; <1 and A is Lipschitz continuous on Z according to Assumption 4.1, it follows that
z — zA(z) is Lipschitz continuous as well. Thus, there exists L > 0 such that

[o(s,21) — d(s,22)[1 < |22 — 221 + LL |¢(u,z1) — d(u, 22)|1du.

Hence

t
sup [¢(s,z1) — ¢(s,22)|1 < |21 — z2/1 + LJ sup |¢(0,21) — ¢(0, z2)|1du.
s€[0,t] 0 o€[0,u]

The conclusion follows from Gronwall’s lemma.
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