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Abstract

We study a density-dependent Markov jump process describing a population where each
individual is characterized by a type, and reproduces at rates depending both on its type
and on the population type distribution. We are interested in the empirical distribution
of ancestral lineages in the population process. First, we exhibit a time-inhomogeneous
Markov process, which allows to capture the behavior of a sampled lineage in the population
process. This is achieved through a many-to-one formula, which relates the expected value
of a functional evaluated over the lineages in the population process to the expectation
of the functional evaluated along this time-inhomogeneous process. This provides a direct
interpretation of the underlying survivorship bias, as illustrated on a minimalistic population
process. Second, we consider the large population regime, when the population size grows
to infinity. Under classical assumptions, the population type distribution converges to a
deterministic limit. Here, we focus on the empirical distribution of ancestral lineages in
this large population limit, for which we establish a many-to-one formula. Using coupling
arguments, we further quantify the approximation error which arises when sampling in this
large population approximation instead of the finite-size population process.

Keywords. Interactions; Markov jump process; population process; many-to-one formula;
large population limit.

1 Introduction

When considering population processes arising in various fields such as population genetics or
epidemiology, the study of ancestral lineages may provide crucial information. For instance,
such lineages yield insight on epidemic spread through contamination chains [15], or on the
evolution of a trait of interest under selection [12]. As a consequence, several methods have
been developed to finely characterize those lineages. On the one hand, a classical approach is to
consider a backward-in-time process which reconstructs the genealogy by moving back from time
t to time 0, and which is related to the initial population process by duality [9, 2, 21, 13, 15]. On
the other hand, there also exists a forward-in-time approach which relies on a second population
process, with one distinguished individual (the spine) whose lineage behaves as the lineage of a
sampled individual in the original process.

More precisely, these spinal constructions have originally been introduced for branching
processes, using an appropriate change in probability. The key to the construction of the spinal
process is that the reproduction rates of the spine are biased towards leaving more numerous
descendants than other individuals. This leads to the emergence of size-biased distributions,
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which accurately depict the survivorship bias induced by sampling. Generally speaking, the
obtained spinal construction has several strengths. Notably, it allows to establish many-to-
one formulas (e.g. [20, 17, 18, 19]), which are closely related to Feynman-Kac path equations
[14, Sections 1.3 and 1.4.4]. Many-to-one formulas translate the expected value of a functional
evaluated over the lineages in the branching process, into the expectation of the functional
evaluated along the spine, whose trajectories are exponentially weighted to capture the growth of
the population. If the exponential weight is deterministic, this immediately implies a numerical
advantage for computing such averages through Monte-Carlo simulations. Indeed, simulations
of the spine are numerically affordable, whereas simulations of the whole genealogical tree in the
original branching process can be numerically challenging due to exponential growth [24]. Also,
spinal constructions have proven an effective way of establishing classical key results on branching
processes, such as the Kesten Stigum theorem [20, 17]. More recently, the semi-group associated
to the spinal construction has proven a successful tool in the analysis of non-conservative semi-
groups, extending its applications beyond branching processes [5, 6].

While many models for population dynamics arising, for instance, in biology and epidemi-
ology do not satisfy per se the branching approximation, a classical approach is to consider
regimes in which the population process can be well approached by a branching process, using
coupling arguments. For example, in epidemiology, it is well-known that at the beginning of
an epidemic, the tree of infections can be captured by a branching process which neglects the
depletion in susceptible individuals [3]. Similarly, in order to analyze the lineage of a uniformly
sampled individual in a population which is subject to evolution under a changing environment,
[12] consider the stationary regime. However, such branching approximations are restricted to
specific parts of the dynamics of interest only; see for instance [8] and [7] for details in the case
of epidemic models and invasion processes.

In order to address this limitation, there have been developments towards capturing the
ancestral lineage of a sampled individual, as well as the whole genealogical tree, in populations
with interactions. Recently, a spinal construction has been developed for this setting, focusing
on multi-type processes with discrete type space [4]. The general idea consists in biasing the
reproduction rates of the process, both along the spine and outside of it, according to a posi-
tive function ψ of the reproducing particle’s trait x and the population’s type composition z.
Intuitively, ψpx, zq can be regarded as the individual’s reproductive value or long-term fertility.
Hence, when the spine reproduces, offspring with higher values of ψ given the population state
are favored, while the offspring of individuals outside of the spine are biased towards rendering
the population more favorable for the spine. This spinal construction has since been extended
to include more general type spaces [23]. It further has served to study the convergence of
genealogies of density-dependent branching processes to the Kingman coalescent, establishing a
connection with backward-in-time approaches [1].

In this paper, we focus on the empirical type distribution of ancestral lineages (ψ “ 1), which
arguably corresponds to the most natural and naive sampling strategy. In particular, we aim
to capture the underlying survivorship bias. Notably, in the many-to-one formula associated to
the aforementioned ψ-spine, spinal trajectories are penalized by an exponential weight which is
generally stochastic. Thus the interpretation of the survivorship bias embodied by this spinal
process is not straightforward, as this penalization needs to be taken into account. In addi-
tion, Monte-Carlo estimations of the many-to-one formula become delicate as rare trajectories
may have a tremendous impact. As a consequence, we aim at proposing an alternative spinal
construction, whose associated many-to-one formula does not require exponential weighting of
trajectories. This is achieved by a time-inhomogeneous spinal process, inspired from a similar
auxiliary process which captures the lineage of a uniformly sampled individual in a branching
process with large initial population [22].

Further, a natural regime to consider is the large population limit K Ñ `8. Under classical
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assumptions, several large population approximations can frequently be established. Indeed,
these approximations may be more prone to mathematical analysis than the original population
process. From a numerical point of view, simulating large population approximations is often
less expensive than individual-based models for large population sizes, both in terms of com-
putation time and memory. For instance, numerically evaluation of the ψ-spine many-to-one
formula requires simulations of the spinal population process, which is computationally expen-
sive for large population sizes. As a consequence, it is natural to develop approximate sampling
strategies, which allow to sample directly in those large population approximations. Building
on the large population approximation of the empirical distribution of ancestral lineages [4], we
establish a many-to-one formula for sampling in the deterministic large population limit with
our time-inhomogeneous spinal process. Finally, we quantify the approximation error which is
made by sampling in the large population limit instead of the original population process.

This paper is structured as follows. The population process of interest is defined in Section
2. In Section 3, we introduce a new spinal construction, whereas Section 4 focuses on sampling
in the large population limit. Finally, Section 5 presents a discussion on our results.

2 The population process

We consider a structured population, where each individual has a type x P X , and we assume
for convenience that the type space X is finite. The number of individuals of type x in the
population is referred to as zx, and the corresponding vector z describes the composition of the
population. Here, we will assume that the population size cannot exceed K individuals (carrying
capacity, absence of demographic births and deaths, etc.). Thus

z P ZK “ tz P pN Y t0uqX : ∥z∥1 ď Ku.

Further, individuals will reproduce at rates depending on their type and the current popula-
tion state. More precisely, an individual of type x may be replaced by an offspring k “ pky, y P

X q P ZK , meaning that the individual dies and for any y P X , ky individuals of type y are born.
This occurs at rate τkpx, zq. We suppose τpx, zq “

ř

k τkpx, zq ă 8 for all x P X and z P ZK .
Further, let pepxq : x P X q be the canonical base of ZK , in the sense that for x P X , the only
non-zero component of epxq is its x component which equals one. Then, as the population size
is bounded by K,

τkpx, zq “ 0 if ∥z ` k ´ epxq∥1 ą K.

In order to keep track of the genealogy, we will make use of the Ulam-Harris-Neveu notations.
Let U “

Ť

kě1Nk, then u “ pu1, . . . , ukq P U represents the uk-th descendent of pu1, . . . , uk´1q

and for u, v P U we write u ľ v if v is an ancestor of u . The type of u P U will be called xu. Hence
when an individual u is replaced by its offspring k, the new individuals are pu, 1q, . . . , pu, ∥k∥1q

and we need to decide the type of each descendent. We thus consider a probability distribution
Qk on

Xk “ tx P X ∥k∥1 : @x P X ,#ti : xi “ xu “ kxu,

and pxpu,iq : i P J1, ∥k∥1Kq is distributed as Qk.
Let us now introduce the stochastic process of interest. Intuitively, it corresponds to describ-

ing the set of individuals alive and their types, at each time t ě 0. We start from an initial set
of individuals Gp0q “ g Ă N, and the population will evolve as explained above. At each time
t, let Gptq Ă U be the set of individuals alive. The process of interest pXptq, t ě 0q is a Markov
jump process with càdlàg trajectories, which for t ě 0 tracks the individuals alive at time t,
and their types. In particular, notice that there cannot be explosion, since there are at most K
individuals reproducing at rate less than maxxPX ,zPZK

τpx, zq, which is a finite bound as X and

3



ZK are finite sets. Finally, Zptq “ zpXptqq yields the composition of the population at time t,
and for u P Gptq and s ď t, xupsq stands for the type of the unique ancestor of u alive at time s.

Let us end this section by introducing some notation. Define the set

SK “ tpx, zq P X ˆ ZK : zx ě 1u.

For any z P ZK , we consider an (arbitrary) labeling gpzq Ă N of individuals, and for x such that
zx ą 0, we fix ux P gpzq of type x. We designate the corresponding population state by Xpzq.
We let Ez and Pz designate the expectation and probability conditionally on Xp0q “ Xpzq. With
these notations,

Mtfpx, zq “ Ezr
ÿ

uPGptq,uľux

fpxuptq, Zptqqs

is a semi-group whose generator G is defined by its action on functions f : SK Ñ R`:

@px, zq P SK , Gfpx, zq “
ÿ

kPZK

τkpx, zq

˜

ÿ

yPX
kyfpy, z ` k ´ epxqq ´ fpx, zq

¸

`
ÿ

yPX
kPZK

pzy ´ 1tx“yuqτkpy, zqpfpx, z ` k ´ epyqq ´ fpx, zqq.
(1)

We are now ready to turn to the study of the empirical distribution of ancestral lineages.

3 Survivorship bias and the empirical distribution of ancestral
lineages

In this section, our aim is to propose a many-to-one formula without stochastic penalization
of spinal trajectories, in an effort to gain insight inon the survivorship bias. In order to do
so, we will introduce a time inhomogeneous spinal construction. This approach is inspired by
[22]. While we are particularly interested in the empirical distribution of ancestral lineages, the
results obtained in this Section hold for a large class of sampling strategies, and are thus stated
in a general setting.

3.1 A many-to-one formula

Consider a positive function ψ on X ˆ ZK . As it is kept fixed, dependence on ψ is not explicit
in our notations for readability. Define the following application m on SK ˆ r0, ts:

mpx, z, tq “ Ezr
ÿ

uPGptq
uľux

ψpxuptq, Zptqqs. (2)

Notice that, by the Markov property, for s P r0, ts,

mpx, z, t´ sq “ E

»

—

—

–

ÿ

uPGptq
uľux

ψpxuptq, Zptqq

ˇ

ˇ

ˇ

ˇ

ˇ

Xpsq “ Xpzq

fi

ffi

ffi

fl

.

In words, mpx, z, t ´ sq corresponds to the ψ-weighted average of the types of individuals alive
at time t who descend from a given individual of type x at time s, given that at time s, the
population was in state z. For instance, if ψ “ 1, this yields the average number of individuals
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alive at time t, who descend from an individual of type x at time s when the population was in
state z.

Let us now introduce the time-inhomogeneous spinal process, which allows to capture the
behavior of the ancestral lineage of a ψ-weighted sample of the population process. For t ě 0
fixed, we will consider the time-inhomogeneous Markov process pY ptqpsq, ζptqpsqqsďt defined as
follows. The main idea is to follow the type Y ptq of a distinguished individual, which will be
referred to as spine in analogy to classical spinal constructions. At time s ď t, when of type x in
a population of state z, the spine is replaced by offspring k and switches to type y (i.e. among
its offspring k, one individual of type y is chosen to become the new spine) with rate

ρ
ptq
y,kps, x, zq “ τkpx, zqky

mpy, z ` k ´ epxq, t´ sq

mpx, z, t´ sq
. (3)

In other words, compared to the original process, at any time s ď t, transitions along the
distinguished lineage are biased in favor of those which lead to a larger ψ-average offspring at
the final time t. However, due to the density-dependence of division rates, it is necessary to
keep track of the population state ζptq. Again, transitions need to be biased, in order to account
for the modified behavior of the distinguished individual when compared to the original process.
As a consequence, when the population is in state z and the spine is of type x at time s ď t,
individuals of type y other than the spine is replaced by offspring k at rate

pρ
ptq
k ps, y, x, zq “ τkpy, zq

mpx, z ` k ´ epyq, t´ sq

mpx, z, t´ sq
. (4)

Here, the bias favors those transitions which lead to a more favorable environment for the spine,
i.e. a population composition in which the ψ-average of the spine’s offspring is high.

We will now characterize pY ptqpsq, ζptqpsqqsďt as the unique solution of a stochastic differential

equation. In order to do so, we let Y ptqpsq P tepxq : x P X u for any s P r0, ts, where Y ptqpsq “ epxq

means that the spine is of type x. Define E “ R` ˆ SK , and consider two independent Poisson

point processes Q and pQ on R` ˆ E, of density dr b dθ b npdy, dkq where dr, dθ designate the

Lebesgue measure and n the counting measure on SK . Here, we assume that Q and pQ are
defined on the same probability space as and independently from pY ptqp0q, ζptqp0qq, whose law is
supposed to be given. Then, for any s P r0, ts,

Y ptqpsq “ Y ptqp0q `

ż s

0

ż

E

1!
θďρ

ptq

y,kpr,Y ptqpr´q,ζptqpr´qq

)pepyq ´ Y ptqpr´qqQpdr, dθ, dy, dkq,

ζptqpsq “ ζptqp0q `

ż s

0

ż

E

1!
θďρ

ptq

y,kpr,Y ptqpr´q,ζptqpr´qq

)pk ´ Y ptqpr´qqQpdr, dθ, dy, dkq

`

ż s

0

ż

E

1#
θďpζ

ptq
y pr´q´1

tY ptqpr´q“yu
qpρ

ptq

k pr,y,Y ptqpr´q,ζptqpr´qq

+pk ´ epyqq pQpdr, dθ, dy, dkq.

(5)

Remark 3.1. Throughout the following, in order to simplify notations, we will make no distinc-
tion between the sets X and tepxq : x P X u, based on the natural bijection between the two sets.
For example, Y ptqpsq “ x is equivalent to Y ptqpsq “ epxq. Similarly, to every real-valued function
f on SK , we assign a function f̂ on tepxq : x P X u by f̂pepxqq “ fpxq, the application f ÞÑ f̂
being a bijection between the sets of real-valued functions on SK and on tepxq : x P X u. Thus,
we will always consider Y ptq to take values in the Skorokhod space Dpr0, ts,X q, unless mentioned
otherwise.

Our first result shows that the process pY ptqpsq, ζptqpsqqsďt is now well defined, and addition-

ally provides its semi-group Rptq “ pR
ptq
r,s, r ď s ď tq. We recall that the latter is characterized

by its action on non-negative functions f on SK : for r ď s ď t and px, zq P SK ,

Rptq
r,spx, zq “ ErfpY ptqpsq, ζptqpsqq|pY ptqprq, ζptqprqq “ px, zqs.
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Proposition 3.2. Equation (5) admits a unique strong solution pY ptq, ζptqq in the Skorokhod
space Dpr0, ts,SKq. Its semi-group Rptq satisfies:

@0 ď r ď s ď t, Rptq
r,s “ e

şs
r A

ptq
τ dτ , (6)

where the operator Aptq is characterized by its action on non-negative functions f on SK . For
any s P r0, ts and px, zq P SK ,

Aptq
s fpx, zq “ mpx, z, t´ sq´1 pGpmp¨, t´ sqfp¨qqpx, zq ´Gpmp¨, t´ sqqpx, zqfpx, zqq . (7)

Notice that the operator Aptq corresponds to the generator of the semi-group Rptq. As our

state space SK is finite, A
ptq
τ can be represented as a matrix, whose elements correspond to

the instantaneous transition rates at time τ which can be recovered by taking f “ 1tpy,vqu for

py,vq P SK . In particular, this ensures that the generator Aptq uniquely characterizes the semi-
group Rptq, and thus the Markov process pY ptq, ζptqq. The proof of the proposition is postponed
to Section 3.2.

We are now ready to state our main result. With slight abuse of notation, Ex,z will designate
the expectation conditionally on the event pY ptqp0q, ζptqp0qq “ px, zq.

Theorem 3.3. For any t ě 0 and any measurable function F : Dpr0, ts,SKq Ñ R`, for any
z P ZK ,

Ezr
ÿ

uPGptq

ψpxuptq, ZptqqF ppxupsq, Zpsqqsďtqs “
ÿ

xPX
zxmpx, z, tqEx,zrF ppY ptqpsq, ζptqpsqqsďtqs. (8)

This result shows that the reproduction rates defined in Equations (3) and (4) yield the
appropriate survivorship bias: reproduction events are favored if and only if they increase the
ψ-average of the offspring at sampling time. In particular, the survivorship bias may thus be
computed explicitly, giving access to a more precise interpretation. This will be illustrated in
Section 3.3.

Remark 3.4. Before proceeding to the proof of Theorem 3.3, let us compare the obtained
ψ-auxiliary process with the ψ-spine [4]. First, notice that both constructions are similar in
spirit, as the former relies on the h-transform, whereas the latter may be regarded as a time-
inhomogeneous m-transform. Second, in the special case where ψ is an eigenfunction of the
generator G introduced above, a brief computation shows that as expected, Equation (8) amounts
to the Feynman-Kac formula of [4, Proposition 1].

3.2 Proofs

The general idea is to proceed as follows. We start by establishing Proposition 3.2, and com-
pute the generator Aptq of the time-inhomogeneous spinal process. Next, we introduce a time-
inhomogeneous semi-group corresponding to the left-hand side of Equation (8) renormalized by
m, and show that its generator is equal to Aptq. As mentioned previously, the considered state
space being finite, the generator uniquely characterizes the time-inhomogeneous semi-group.
This finally allows to establish the many-to-one formula of Theorem 3.3.

3.2.1 Existence and uniqueness of the ψ-auxiliary process

We first establish Proposition 3.2, ensuring that the ψ-auxiliary process is well defined. We start
with a technical lemma.
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Lemma 3.5. For any t ě 0, for any px, zq P SK , the function s ÞÑ mpx, z, t´sq is differentiable
on p0, tq, and we have:

Bsmpx, z, t´ sq “ ´Gpmp¨, t´ sqqpx, zq.

Proof. Let px, zq P SK . Showing that t ÞÑ mpx, z, tq is differentiable on R` and computing its
derivative is sufficient, as the desired result follows by composition. Let t ě 0 and h ą 0. The
Markov property ensures that

mpx, z, t` hq “ Ezr
ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, tqs.

For i ě 1, Let Ti be the time of the i-th jump of the population process. Then on the one hand,
if T1 ą h, then the population at time h is identical to the population at time 0, and thus:

mpx, z, t` hq “ Ezr
ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, tq1tT1ăhus `mpx, z, tqPzpT1 ą hq.

Similarly, on the event tT1 ă h ă T2u, Zphq “ ZpT1q whence

Ezr
ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, tq1tT1ăhus “ aphq ` bphq,

where
aphq “ Ezr

ÿ

uPGphq

uľuxp0q

mpxupT1q, ZpT1q, tq1tT1ăhăT2us,

bphq “ Ezr
ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, tq1tT2ăhus.

As a consequence, we obtain that

mpx, z, t` hq ´mpx, z, tq “ Aphq `Bphq, (9)

with Aphq “ aphq ´mpx, z, tqPzpT1 ă h ă T2q and Bphq “ bphq ´mpx, z, tqPzpT2 ă hq.
Let us first focus on Bphq. For any t ě 0 and py,vq P SK , it holds that mpy,v, tq ď K ∥ψ∥8.

As SK is a finite set, it follows that there exists a constant c ą 0 such that

Bphq ď cPzpT2 ă hq.

For v P ZK , let us write Λpvq “
ř

yPX
ř

kPZK
vyτkpy,vq for the total jump rate in a population

whose type distribution is given by v. In particular, Λ is bounded on ZK . Using the law of T1
given Zp0q “ z and the law of T2 ´ T1 given T1 and ZpT1q, we then obtain:

PzpT2 ă hq “

ż h

0
e´Λpzqt1

ÿ

yPX
kPZK

zyτkpy, zq

ż h´t1

0
Λpz ` k ´ epyqqe´Λpz`k´epyqqt2dt2dt1 ď

∥Λ∥28
2

h2.

We deduce that
Bphq

h
ÝÝÝÝÑ
hÑ0`

0. (10)
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Let us now focus on Aphq. Proceeding in the same way, we have

Aphq “

ż h

0

e´Λpzqt1e´Λpz`k´epxqqph´t1qdt1
ÿ

kPZK

τkpx, zq
ÿ

yPX
kypmpy, z ` k ´ epxq, tq ´mpx, z, tqq

`
ÿ

yPX
kPZK

ż h

0

e´Λpzqt1e´Λpz`k´epyqqph´t1qdt1 τkpy, zqpmpx, z ` k ´ epyq, tq ´mpx, z, tqq,

from which it follows that

Aphq

h
ÝÝÝÝÑ
hÑ0`

ÿ

kPZK

τkpx, zq

˜

ÿ

yPX
kympy, z ` k ´ epxq, tq ´mpx, z, tq

¸

`
ÿ

yPX
kPZK

pzy ´ 1tx“yuqτkpy, zqpmpx, z ` k ´ epyq, tq ´mpx, z, tqq.
(11)

As a consequence, right differentiability of t ÞÑ mpx, z, tq is established by Equations (9), (10)
and (11), and its right derivative is given by the right-hand side of Equation (11). As this
corresponds to a continuous function on R`, we deduce that t ÞÑ mpx, z, tq is differentiable on
R` (see e.g. Corollary 1.2 of Chapter 2 in [26]) and

d

dt
mpx, z, tq “

ÿ

kPZK

τkpx, zq

˜

ÿ

yPX
kympy, z ` k ´ epxq, tq ´mpx, z, tq

¸

`
ÿ

yPX
kPZK

pzy ´ 1tx“yuqτkpy, zqpmpx, z ` k ´ epyq, tq ´mpx, z, tqq.

This concludes the proof.

We are now ready to establish the desired result.

Proof of Proposition 3.2. The proof is decomposed in three steps, establishing (i) existence and
(ii) uniqueness of the solution to Equation (5) by classical arguments, before (iii) characterizing
the associated semi-group Rptq.

For ease of notation, throughout the proof, for 0 ď s ď t we let Yptqpsq “ pY ptqpsq, ζptqpsqq.

(i) Existence. First, notice that by assumption on τpx, zq for px, zq P SK and continuity of

m, both applications ρ
ptq
y,k and ρ̂

ptq
k are bounded for any y P X and k P ZK . As a consequence,

existence of at least one solution to Equation (5) is ensured, as the associated sequence of jump
times pTkqkě0 cannot admit an accumulation point on R`.

(ii) Uniqueness. Subsequently, in order to establish uniqueness, let us show by induction
that for any k ě 0 such that Tk ď t, pTk,YptqpTkqq is entirely determined by pYptqp0q, Q, pQq.
As T0 “ 0, initialization of the induction argument is immediate. If the property holds for
k ě 1, then by construction, Tk`1 only depends on pTk,YptqpTkq, Q, pQq. Similarly, given Tk`1

and the corresponding atoms Ak`1 and pAk`1 of Q and pQ, it is clear that YptqpTk`1q is fixed
by pTk`1, Ak`1, pAk`1,YptqpTkqq. The desired conclusion thus is a consequence of the induction
hypothesis.

(ii) Characterization of Rptq. In order to establish Equation (6), it is sufficient to show that
for any non-negative function f on SK and px, zq P SK , the function

τ ÞÑ Rptq
s,τfpx, zq “ ErfpYptqpτqq|Yptqpsq “ px, zqs

8



is right differentiable at τ “ s. Indeed, it then follows that Equation (6) holds with the operator
Aptq defined by

@f : SK Ñ R` @px, zq P SK , Aptq
s fpx, zq “ lim

hÑ0`

1

h

´

R
ptq
s,s`hfpx, zq ´ fpx, zq

¯

. (12)

As we will see, computing the right-hand side of Equation (12) leads to Equation (7).
Let f : SK Ñ R` and px, zq P SK . We introduce the following notations. For any py,kq P SK

such that τkpx, zq ą 0,

dy,kfpx, zq “ fpy, z ` k ´ epxqq ´ fpx, zq.

Further, for any y P X such that zy ą 0 and k P ZK such that τkpy, zq ą 0, let

pdy,kfpx, zq “ fpx, z ` k ´ epyqq ´ fpx, zq.

Equation (5) then ensures that, on the event Yptqpsq “ px, zq, we have for any h P r0, t´ ss:

fpYptqps` hqq ´ fpx, zq “

ż s`h

s

ż

E
1!

θďρ
ptq

y,kpr,Yptqpr´qq

)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq

`

ż s`h

s

ż

E
1"

θďpζ
ptq
y pr´q´1

tY ptqpr´q“yu
qpρ

ptq

k pr,y,Yptqpr´qq

*

pdy,kfpYptqpr´qq pQpdr, dθ, npdy, dkqq.

Notice that, for instance,

Er

ż s`h

s

ż

E
1!

θďρ
ptq

y,kpr,Yptqpr´qq

)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq|Yptqpsq “ px, zqs

“ Er

ż s`h

s

ÿ

py,kqPSK

ρ
ptq
y,kpr,Yptqprqqdy,kfpYptqprqqdr|Yptqpsq “ px, zqs.

On the one hand, almost surely,

lim
hÑ0`

1

h

ż s`h

s

ÿ

py,kqPSK

ρ
ptq
y,kpr,Yptqprqqdy,kfpYptqprqqdr “

ÿ

py,kqPSK

ρ
ptq
y,kps,Yptqpsqqdy,kfpYptqpsqq.

On the other hand, as mentioned at the beginning of the proof,

}ρptq}8 “ max
sPr0,ts,py,kqPS,px,zqPSK

ρ
ptq
y,kps, x, zq ă 8.

Further, as SK is a finite set, }f}8 “ maxpx,zqPSK
fpx, zq ă 8. Thus, for any h P r0, t´ ss,

1

h

ż s`h

s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

py,kqPSK

ρ
ptq
y,kpr,Yptqprqqdy,kfpYptqprqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dr ď 2CardpSKq}ρptq}8}f}8 ă 8.

Taken together, we obtain by dominated convergence:

1

h
Er

ż s`h

s

ż

E
1!

θďρ
ptq

y,kpr,Yptqpr´qq

)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq|Yptqpsq “ px, zqs

ÝÝÝÝÑ
hÑ0`

ÿ

py,kqPSK

ρ
ptq
y,kps, x, zqdy,kfpx, zq.

The other terms arising on the right-hand side of Equation (12) can be treated analogously.
This leads to the desired result.
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3.2.2 Proof of the many-to-one formula

We are now ready to turn to the proof of Theorem 3.3, which comprises several steps. Let t ě 0,

and start by introducing the time-inhomogeneous semi-group of interest P ptq “ pP
ptq
r,s , r ď s ď tq

through its action on applications f : SK Ñ R`. For s ď t, uxpsq will designate a chosen
individual of type x in Gpsq, if it exists. For any px, zq P SK and 0 ď r ď s ď t,

P ptq
r,s fpx, zq “ mpx, z, t´ rq´1Er

ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqfpxupsq, Zpsqq|Xprq “ Xpzqs. (13)

Lemma 3.6. pP
ptq
r,s , r ď s ď tq defines a conservative, time-inhomogeneous semi-group acting

on the set of functions tf : SK Ñ R`u.

Proof. The conservativity of P ptq follows directly from Equation (13) applied to f ” 1, which
shows that P ptq1 ” 1.

Let us now turn to the inhomogeneous semi-group property. Let r ď τ ď s ď t, and consider
f : SK Ñ R` and px, zq P SK . Throughout the proof, we let X0 “ Xpzq. By definition of the
semi-group,

P ptq
r,s fpx, zq “ mpx, z, t´ rq´1Er

ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqfpxupsq, Zpsqq|Xprq “ X0s

“ mpx, z, t´ rq´1Er
ÿ

vPGpτq

vľuxprq

ÿ

uPGptq
uľv

ψpxuptq, Zptqqfpxupsq, Zpsqq|Xprq “ X0s

P ptq
r,s fpx, zq “ mpx, z, t´ rq´1Er

ÿ

vPGpτq

vľuxprq

gpxvpτq, Zpτqq|Xprq “ X0s,

(14)

where we define the function g : SK Ñ R` by

gpx, zq “ Er
ÿ

uPGptq
uľuxpτq

ψpxuptq, Zptqqfpxupsq, Zpsqq|Xpτq “ X0s.

Notice that, for any measurable function G : Dpr0, τ s,SKq Ñ R`,

Er
ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqmpxupτq, Zpτq, t´ τq´1Gppxupσq, Zpσqqσďτ qq|Xprq “ X0s

“ Er
ÿ

vPGpτq

vľuxprq

Er
ÿ

uPGptq
uľv

ψpxuptq, Zptqq|Xpτqsmpxvpτq, Zpτq, t´ τq´1Gppxvpσq, Zpσqqσďτ qq|Xprq “ X0s

“ Er
ÿ

vPGpτq

vľuxprq

Gppxvpσq, Zpσqqσďτ qq|Xprq “ X0s.

(15)

Applying this equality to Gppxvpsq, Zpsqsďτ q “ gpxpτq, Zpτqq finally yields the desired semi-
group property:

P ptq
r,s fpx, zq “ P ptq

r,τP
ptq
τ,sfpx, zq.

This concludes the proof.

Let us now compute the generator of pP
ptq
r,s , r ď s ď tq.

Lemma 3.7. Let t ě 0. The generator of the semi-group pP
ptq
r,s , r ď s ď tq is pA

ptq
s , s ď tq.
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Proof. Consider f : SK Ñ R`. Let px, zq P SK and t ě 0. For any 0 ď s ď t and h ą 0 such
that s` h ď t, it follows from Equation (15) and the Markov property that

P
ptq
s,s`hfpx, zq “ mpx, z, t´ sq´1Ezr

ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, t´ ps` hqqfpxuphq, Zphqqs.

Using Lemma 3.5 as well as the fact that SK is a finite set, we obtain the following Taylor
expansion:

mpx, z, t´ sqP
ptq
s,s`hfpx, zq “ Ezr

ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, t´ sqfpxuphq, Zphqqs

` hEzr
ÿ

uPGphq

uľuxp0q

Bsmpxuphq, Zphq, t´ sqfpxuphq, Zphqqs ` ophq.

As a consequence,

mpx, z, t´ sq
P

ptq
s,s`hfpx, zq ´ fpx, zq

h
“ Ezr

ÿ

uPGphq

uľuxp0q

Bsmpxuphq, Zphq, t´ sqfpxuphq, Zphqqs

` h´1
´

Ezr
ÿ

uPGphq

uľuxp0q

mpxuphq, Zphq, t´ sqfpxuphq, Zphqqs ´mpx, z, t´ sqfpx, zq

¯

` ϵphq,

where ϵphq is such that limhÑ0` ϵphq “ 0. We thus obtain that

lim
hÑ0`

P
ptq
s,s`hfpx, zq ´ fpx, zq

h
“ mpx, z, t´ sq´1 pGpmp¨, t´ sqfp¨qqpx, zq ` Bsmpx, z, t´ sqfpx, zqq ,

where we recall that G is defined by (1). Lemma 3.5 yields the desired result.

We finally are ready to establish Theorem 3.3. The proof follows the lines of [22], it is thus
only outlined here and we refer to Appendix A for detail.

Proof of Theorem 3.3. Lemma 3.7 implies that the semi-groups P ptq andRptq are identical. Using
an induction argument, it follows that Equation (8) holds for

F ppxpsq, zpsqqsďtq “

k
ź

j“1

fjpxpsjq, zpsjqq,

where k ě 1, 0 ď s1 ď ¨ ¨ ¨ ď sk ď t and f1, . . . , fk : SK Ñ R`. A monotone class argument
finally allows to extend the result to any measurable function F : Dpr0, ts,SKq Ñ R`.

3.3 An application to the empirical distribution of ancestral lineages in a
density-dependent population

Let us end this section by illustrating how the time-inhomogeneous spinal process may be used
to gain insight on survivorship bias.

Generally speaking, in order to make use of the time-inhomogeneous spinal process, the key
is the computation of m. The set SK being of finite dimension d, Lemma 3.5 implies that m
is characterized as the unique solution of a linear system of ODEs. More precisely, with slight
abuse of notation, let G designate the matrix form of generator G defined by Equation (1). It

11



then follows from Lemma 3.5 that for t ě 0, the vector mptq “ pmpx, z, tq : px, zq P SKq is given
by

mptq “ eGtψ.

While this implies that m can always be computed numerically, there are cases for which an
analytical expression of m is achievable. In particular, assume that G is diagonalizable, with
linearly independent eigenvectors v1, . . . , vd associated to eigenvalues λ1, . . . , λd. Then

mptq “

d
ÿ

k“1

cke
λktvk,

where the constants c1, . . . , cd are such that mp0q “ ψ. Throughout the following, we will make
use of this observation in order to compute the reproduction rates of the time-inhomogeneous
spinal process.

Let us illustrate the computation of the time-inhomogeneous spinal process on a toy model
describing a population of at most two particles, which at each time are either of type A or B.
Indeed, while computations are achievable for larger populations and state spaces, we restrict
ourselves to this minimalistic population in order to keep SK small, so that we can exhibit and
comment all transition rates of the time-inhomogeneous spinal process. Our population is thus
described by z “ pzA, zBq, where zx counts the number of particles in state x.

The particles behave as follows. If the population corresponds to a single particle of type
A, the latter may give birth to another particle of the same type at rate b. Whenever there are
two particles of type A, each may die due to competition at rate a, or escape competition by
switching to state B at rate cA. Finally, a particle of type B can only switch back to state A, at
rate cB. Throughout the following, we assume that b “ a and cA “ cB, for ease of computation.
In other words, the state space of the population with a distinguished particle is described by
the ordered set tpA, 1, 0q, pA, 2, 0q, pA, 1, 1q, pB, 1, 1qu, and the dynamics are characterized by
four reproduction rates :

τp2,0qpA, 1, 0q “ τp0,0qpA, 2, 0q “ b, and τp0,1qpA, 2, 0q “ τp1,0qpB, 1, 1q “ c.

In this case, the generator G takes the matrix form

G “

¨

˚

˚

˝

´b 2b 0 0
b ´2pb` cq c c
0 c ´c 0
0 c 0 ´c

˛

‹

‹

‚

.

In particular, G is diagonalizable, with non-positive eigenvalues as the population size is bounded.
Hencem can be computed as mentioned previously. For instance, in the case ψ “ 1 “ p1, 1, 1, 1q,
we obtain that

mptq “
4

5

¨

˚

˚

˝

2
1
1
1

˛

‹

‹

‚

´
λ´

10
?
∆
e´

λ`t

2

¨

˚

˚

˚

˝

´ ´3b`3c´
?
∆

2c

´ ´3b`c`
?
∆

2c
1
1

˛

‹

‹

‹

‚

`
λ`

10
?
∆
e´

λ´t

2

¨

˚

˚

˚

˝

´ ´3b`3c`
?
∆

2c

´ ´3b`c´
?
∆

2c
1
1

˛

‹

‹

‹

‚

,

with ∆ “ 9b2 ` 9c2 ´ 2bc and λ˘ “ 3b` 3c˘
?
∆.

It thus is possible to explicitly compute the reproduction rates of the time-inhomogeneous
spinal process by Equations (3) and (4). For example, assume that sampling occurs at time t.
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Figure 1: Time-inhomogeneous reproduction rates of the spine (blue, top) and outside of the
spine (orange, bottom). Red dotted lines indicate the unbiased transition rates. Parameters:
t “ 3, b “ 1, c “ 2.

If at time s, the spine is the sole particle alive and of type A, it gives birth to a second particle
of type A at rate

ρ
ptq
A,p2,0q

ps,A, 1,0q “ 2b
mpA, 2, 0, t´ sq

mpA, 1, 0, t´ sq

“ 2b
16c

?
∆ ` λ´p3b` c`

?
∆qe´

λ`pt´sq

2 ´ λ`p3b` c´
?
∆qe´

λ´pt´sq

2

32c
?
∆ ` λ´p´3b` 3c´

?
∆qe´

λ`pt´sq

2 ´ λ`p´3b` 3c`
?
∆qe´

λ´pt´sq

2

.

The other reproduction rates of the time-inhomogeneous spinal process process can be computed
analogously.

Figure 1 illustrates the reproduction rates of the ψ-auxiliary process for the (arbitrary)
parameter choice t “ 3, b “ 1 and c “ 2. Recall that in the original process, the sum of the
weights ψ of the descendants of a given particle is maximal if the latter has two descendants
alive at time t, when sampling occurs. Hence, both the birth rate of the spine (panel a) and the
death rate of the other particle (panel d) are inflated, as the latter needs to die for the spine
to be able to give birth. In addition, whenever there are two particles, transitions from state A
to state B are favored (panels b, e), whereas transitions from state B to state A are repressed
(panels c, f). In other words, when the population is of size two, the auxiliary process favors
the population state p1, 1q, thus limiting the competitive pressure exerted on the spine.

This illustrates our contributions on capturing the survivorship bias associated to (uniform)
sampling in density-dependent populations of bounded size.

4 Empirical distribution of ancestral lineages in large popula-
tions

In this section, we are interested in empirical distribution of ancestral lineages in large popula-
tions, corresponding to the case ψ “ 1. Indeed, when the population size K grows to infinity,
the population trait distribution converges under classical assumptions to a deterministic limit
z, characterized as the unique solution of a dynamical system. Here, we show that it is possible
to sample in the limit z with a time-inhomogeneous spine construction, analogously to Theorem
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3.3. In addition, we quantify the approximation error made by sampling in the large population
limit instead of the original finite-size population process.

4.1 Many-to-one formula and speed of convergence

We first consider the large population limit of the population process. Let D “ CardpX q and

Z “ tz P r0, 1sD : }z}1 ď 1u.

Let pτk,k P NDq be a family of continuous bounded functions τk : X ˆ Z Ñ R` such that the
set J “ tpx,kq P X ˆ ND : τkpx, ¨q ‰ 0u is finite.

ForK ě 1, consider the population process XK where an individual of type x in a population
of composition z P ZK is replaced by offspring k at rate τkpx, z{Kq. For the population size to
be bounded by K, this imposes the following condition:

@K ě 1,@px,kq P J,@z P ZK , τkpx, z{Kq “ 0 if }z ` k ´ epxq}1 ě K. (16)

Notice that for instance, classical epidemic models satisfy this condition, as population size is
often kept constant. Letting ZK “ ZpXKq{K then ensures that ZKptq P Z almost surely, for
every t ě 0.

Introducing the large population limit of the population process requires some notations.
Consider a given sequence of initial conditions px, zKqKě1 such that for any K, zK P ZK{K,
zKx ě 1{K and limKÑ8 zK “ z P Z. Define Apzq “ pAx,ypzqqx,yPX for z P Z by Ax,ypzq “
ř

kpky ´ 1tx“yuqτkpx, zq. Throughout the section, we work under the following assumption.

Assumption 4.1. For every px,kq P J , τkpx, ¨q is Lipschitz continuous on Z.

In particular, z ÞÑ Apzq is Lipschitz continuous on Z and there exists a unique solution z to
the differential equation

z1ptq “ zptqApzptqq, zp0q “ z. (17)

Then ZK converges uniformly in probability to z on finite time intervals [16, Theorem 3.1,
Chapter 11].

Let us turn to sampling in the large population limit with the inhomogeneous spinal con-
struction. Generally speaking, the idea is that the impact of the spine on the spinal population
becomes negligible in the large population limit, so that in large populations, ζptq is well ap-
proximated by z. As a consequence, only the dynamics of the spinal individual need to be
described.

Let S “ X ˆ Z, and define the following operator G acting on differentiable functions
f : S Ñ R. For any px, zq P S,

Gfpx, zq “
ÿ

k

τkpx, zqxk ´ epxq, fp¨, zqy `
ÿ

k,y

zyτkpy, zqxk ´ epyq,∇zfpx, zqy.

Consider a family of functions m : X ˆ Z ˆ R` Ñ R` characterized by the following system of
partial differential equations.

For all x P X , for almost every t ě 0 and z P Z,
Btmpx, z, tq “ Gpmp¨, tqqpx, zq,

and for any px, zq P S, mpx, z, t “ 0q “ 1.

(18)

While existence of at least one solution will be established below, we require some additional
Assumptions on the solutions to Equation (18).
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Assumption 4.2. The system of partial differential equations given by Equation (18) admits a
unique positive solution, which further is differentiable on X ˆ Z ˆ R`.

We are now ready to define the inhomogeneous spinal process. We want to sample at time
t ą 0 in a population of initial condition z P Z. At time s ď t, the population is of composition
zpsq, and the spine behaves as follows. Given its type x, it is replaced by offspring k and become
of type y at rate

ρ
ptq
k,ypx, zpsq, sq “ τkpx, zpsqqky

mpy, zpsq, t´ sq

mpx, zpsq, t´ sq
.

We designate by Υptq the time-inhomogeneous Markov process which keeps track of the type
along the spine. It can be characterized as the unique strong solution to an SDE, analogously to
Equation (5). Consider a family of independent Poisson Point Processes pQj , j P Jq of intensity
the Lebesgue measure on R2

`. The process pΥptq, zq then is characterized as follows: for any
s P r0, ts, for any initial condition px, zq P S,

z1psq “ zpsqApzpsqq, zp0q “ z,

Υptqpsq “ epxq `
ÿ

k,yPJ

ż t

0

ż `8

0
1!

θďρ
ptq

k,ypΥptqpu´q,zpuq,uq

)pepyq ´ epΥptqpu´qqqQk,ypdu, dθq.
(19)

Further, the semi-group associated to the process pΥptq, zq is defined by its action on functions
f P L8pSq: for r ď s ď t and px, zq P S,

Rptq
r,sfpx, zq “ ErfpΥptqpsq, zpsqq|pΥptqprq, zprqq “ px, zqs.

The following Proposition ensures that pΥptq, zq is well defined, and characterizes the gener-
ator of its semi-group.

Proposition 4.3. Consider Assumptions 4.1 and 4.2. Equation (19) admits a unique strong
solution pΥptq, zq in Dpr0, ts,X q ˆ C1pr0, ts,Zq. In addition, its semi-group Rptq is a time-
inhomogeneous semi-group of bounded linear operators on L8pSq, whose generator Aptq is char-
acterized by its action on functions f P C1pSq as follows. For s ď t and px, zq P S,

Aptq
s fpx, zq “ mpx, z, t´ sq´1 pGpmp¨, t´ sqfp¨qqpx, zq ´ Gmp¨, t´ sqpx, zqfpx, zqq . (20)

The proof of Proposition 4.3 follows the same steps as the proof of Proposition 3.2. We refer
to Appendix B for detail.

Our main contribution lies in upcoming Theorem 4.5, which provides a many-to-one formula
for sampling in the large population limit and quantifies the associated speed of convergence. It
relies on the following Assumption.

Assumption 4.4. The generator Aptq characterizes a unique time-inhomogeneous semi-group
of bounded linear operators on L8pSq.

For example, this assumption is satisfied in the case of strongly continuous semi-groups [26,
Chapter 1].

Throughout the following, we let Ex,z denote the expectation conditionally on pΥptqp0q, zp0qq “

px, zq. Finally, we introduce the function set

L “

!

F : Dpr0, ts,X q ˆ Dpr0, ts,Zq Ñ R bounded s.t. DL : @x P Dpr0, ts,X q, @z1, z2 P Dpr0, ts,Zq,

|F ppxpsq, z1psqqsďtq ´ F ppxpsq, z2psqqsďtq| ď L sup
sPr0,ts

}z1psq ´ z2psq}1

)

.

We are now ready to state the main result of this Section.
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Theorem 4.5. Consider Assumptions 4.1, 4.2 and 4.4. Let t ą 0 and F P L. For any z P Z,
there exists C ą 0 such that for any K ě 1,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

K
EzK

»

–

ÿ

uPGptq

F ppxupsq, ZKpsqqsďtq

fi

fl ´
ÿ

xPX
zxmpx, z, tqEx,z

”

F ppΥptqpsq, zpsqqsďtq

ı

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

K1{4
.

This theorem shows that the spinal process pΥptq, zq indeed captures the typical lineage of a
sampled particle in the large population limit z. Further, if one samples in the large population
limit instead of a population whose size is of order K, the approximation error is at most of
order K´1{4.

4.2 Proofs

In order to establish Theorem 4.5, we proceed in two steps. First, we show that pΥptq, zq indeed
provides a many-to-one formula for sampling in the large population limit. Analogously to the
proof of Theorem 3.3, we identify Rptq with an appropriate time-inhomogeneous semi-group
derived from the large population limit of the homogeneous spine construction, which is well
established [4]. In particular, this step relies on Assumptions 4.2 and 4.4. Second, we couple the
homogeneous spine with its large population limit, and control the approximation error of the
spinal population by its deterministic limit. If this error is small with high probability, then the
homogeneous spine and its large population approximation are likely to coincide over finite time
intervals. This finally allows to control the approximation error in the many-to-one formula,
both of the homogeneous and inhomogeneous spinal constructions.

4.2.1 Many-to-one formula in the large population limit

Now that pΥptq, zq is well defined, our aim is to establish a many-to-one formula connecting
it to sampling in the large population limit. In order to achieve this, we make use of the
homogeneous spine construction introduced by [4], as it will allow us to properly characterize
the inhomogeneous semi-group associated to a uniform sample in the large population limit.

The homogeneous spine construction. In this paragraph, we briefly introduce the ho-
mogeneous spine construction [4], as the proof of Theorem 4.5 builds on it. We first focus on
populations of finite size. For ψ “ 1, individuals other than the spine behave exactly as in the
original population process. Whenever the spine is of type x in a population of type distribution
z P Z such that zx ą 0, it is replaced by offspring k and becomes of type y at rate kyτkpx, zq.

For convenience, we introduce a slight change in the type space allowing us to derive an
equation for the spinal population which does not depend on Y K . More precisely, the type
space now becomes X ˚ “ t0, 1u ˆ X . An individual of type p0, xq P X ˚ corresponds to an
individual of type x which is not the spine, whereas an individual is of type p1, xq P X ˚ if it
is the spine and of type x. We let ζK “ pζKi,x, pi, xq P X ˚q designate the corresponding type

distribution of the spinal population. Finally, we define ζK
ˇ

ˇ

X “ ppζK
ˇ

ˇ

X qx, x P X q by

`

ζK
ˇ

ˇ

X
˘

x
“ ζK1,x ` ζK0,x @x P X .

Throughout the following, with slight abuse of notation, we write τkpx, zq instead of τkpx, z|X q

for clarity.
For px,kq P J and px,k, yq P J˚ “ tpx,k, yq : px,kq P J,ky ą 0u, we let

h0px,kq “
ÿ

yPX
pky ´ δxy qep0, yq and h1px,k, yq “

ÿ

wPX
pkw ´ 1ty“wuqep0, wq ` ep1, yq ´ ep1, xq.
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Finally, any initial condition py, zKq P X ˆ ZK{K becomes py, zK0 q with

zK0 “
1

K
ep1, yq `

ÿ

xPX

ˆ

pzKqx ´
1

K
1tx“yu

˙

ep0, xq.

Given a family of independent Poisson Point Processes pQj , j P JYJ˚q of intensity the Lebesgue
measure on R2

`, the process pY K , ζKq can then be defined as follows:

Y Kptq “ epy0q `
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tY Kps´q“x,θďkyτkpx,ζKps´qqupepyq ´ epxqqQx,k,ypds, dθq,

ζKptq “ zK0 `
1

K

ÿ

px,k,yqPJ˚

h1px,k, yq

ż t

0

ż `8

0

1tθďKζK
1,xps´qkyτkpx,ζKps´qquQx,k,ypds, dθq

`
1

K

ÿ

px,kqPJ

h0px,kq

ż t

0

ż `8

0

1tθďKζK
0,xps´qτkpx,ζKps´qquQx,kpds, dθq.

(21)

The large population limit of the homogeneous spinal process is derived as follows. Let
pY K , ζKq be the spine construction with initial condition px, tKzu{Kq in a population of size K.
Then [4, Proposition 7] ensures that pY K , ζKqKě1 converges in law, on finite time intervals, to
pΥ, zq where z is the unique solution to (17), and Υ is a time-inhomogeneous X -valued Markov
jump process which, at time t, transitions from x to y at rate

ÿ

k

τkpx, zptqqky
ψpy, zptqq

ψpx, zptqq
.

In particular, the many-to-one formula associated to sampling in the large population limit relies
on an exponential weighting of spinal trajectories, as expected. For px, zq P X ˆ Z, let

λpx, zq “
ÿ

k:px,kqPJ

p}k}1 ´ 1qτkpx, zq.

For t ě 0, define

Wptq “ exp

ˆ
ż t

0
λpΥpsq, zpsqqds

˙

.

With these notations, [4, Proposition 7] provides the following many-to-one formula:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

K
EzK

»

–

ÿ

uPGptq

F ppxupsq, ZKpsqqsďtq

fi

fl ´
ÿ

xPX
zxEx,z rWptqF ppΥpsq, zpsqqsďtqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÝÝÝÝÑ
KÑ8

0. (22)

We will now make use of the homogeneous spinal process and its large population limit to
establish Theorem 4.5.

Outline of the proof of Theorem 4.5. The connection between the homogeneous spine
construction and Theorem 4.5 is the following. Define the time-inhomogeneous semi-group Pptq

acting on functions f P L8pSq by: for any 0 ď r ď s ď t and px, zq P S,

Pptq
r,sfpx, zq “ mpx, z, t´ sq´1E

”

e´
şt
r λpΥpuq,zpuqqdufpΥpsq, zpsqq

ˇ

ˇ

ˇ
Υprq “ x, zprq “ z

ı

.

We start by showing that the semi-groups Pptq andRptq are identical, which relies on Assumptions
4.2 and 4.4, leading to the following proposition.

17



Proposition 4.6. For any t ě 0 and any measurable function F : Dpr0, ts,X q ˆ C1pr0, ts,Zq Ñ

R`, for any z P ZK ,

Ex,zrWptqF ppΥpsq, zpsqqsďtqs “ mpx, z, tqEx,zrF ppΥptqpsq, zpsqqsďtqs. (23)

In particular, Equation (22) thus implies

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

K
EzK

»

–

ÿ

uPGptq

F ppxupsq, ZKpsqqsďtq

fi

fl ´
ÿ

xPX
zxmpx, z, tqEx,zrF ppΥptqpsq, zpsqqsďtqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÝÝÝÝÑ
KÑ8

0. (24)

It then remains to quantify the speed of convergence, which will be achieved in Section 4.2.2.

Preliminaries. We start by establishing some preliminary results, which will be useful through-
out the remainder of the proofs.

Let us define mΥ : S ˆ R` as follows:

mΥpx, z, tq “ Ex,zrWptqs.

Notice that choosing F “ 1 shows that for Proposition 4.6 to hold, mΥ must satisfy Equation
(18), as the desired equality then follows by Assumption 4.2. In order to proof this, we proceed
in two steps. First, we will show that for any x P X and t ě 0, z ÞÑ mΥpx, z, tq is Lipschitz
continuous. Rademacher’s theorem then ensures that this application is differentiable almost
everywhere. Second, we compute BtmΥpx, z, tq to show that mΥ indeed solves Equation (18).

In order to achieve Lipschitz continuity of z ÞÑ mΥpx, z, tq, we want to control the difference
between trajectories of pΥ, zq whose population composition starts in different initial conditions.
We thus first control the distance between two solutions of dynamical system (17). Throughout
the following, we write ϕpt, zq for the solution to Equation (17) evaluated at time t.

Lemma 4.7. Let t ě 0. Under Assumption 4.1, there exists Cptq ą 0 such that

@z1, z2 P Z, sup
sPr0,ts

}ϕps, z1q ´ ϕps, z2q}1 ď Cptq}z1 ´ z2}.

The result is classical for dynamical systems, and is included in Appendix C for completeness.
We next want to show that controlling the difference in population composition is actually

sufficient to control the probability that the spinal processes grow apart, in final time. This is
achieved by a coupling argument.

Let ζ1 and ζ2 be two population processes in Dpr0, ts,Zq defined on the same probability space
pΩ,F ,Pq. Consider a family of independent Poisson Point Processes pQj , j P J˚q of intensity
the Lebesgue measure on R2

`, which is also defined on Ω, and for y0 P X let

Y1ptq “ epy0q `
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0
1tY1ps´q“x,θďkyτkpx,ζ1ps´qqupepyq ´ epxqqQx,k,ypds, dθq,

Y2ptq “ epy0q `
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0
1tY2ps´q“x,θďkyτkpx,ζ2ps´qqupepyq ´ epxqqQx,k,ypds, dθq.

Notice that Yjptq corresponds to the dynamics of the spine, given that the population composition
is provided by ζj , for j P t1, 2u. For instance, if ζ1 “ ϕp¨, z1q, we have pY1, ζ1q “ pΥ, zq with
initial condition py0, z1q.

18



Lemma 4.8. Let t ą 0, and assume that there exist two positive sequences pεKq and pαKq such
that for every K ě 1,

P

˜

sup
sPr0,ts

}ζ1psq ´ ζ2psq}1 ě εK

¸

ď αK . (25)

Under Assumption 4.1, there exists a constant Cptq ą 0 such that for every K ě 1,

Pp@s P r0, ts, Y1psq “ Y2psqq ě 1 ´ CptqpαK ` εKq.

Proof. We are interested in the first instant TK at which Y1 differs from Y2:

TK “ inftt ě 0 : Y1ptq ‰ Y2ptqu.

Let K ě 1. For two sets A and B, we let A∆B designate their symmetric difference. For
px,k, yq P J˚, px1, zq P S and θ ą 0, define the event

Ex,k,ypθ, y, zq “ tx1 “ x, θ ď kyτkpx, zq.u

Notice that, by the coupling of Y1 and Y2,

tTK ě tu Ě

$

&

%

TK ě t,
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y2ps´q,ζ2ps´qquQx,k,ypds, dθq “ 0

,

.

-

Ě

$

&

%

TK ě t,
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y1ps´q,ζ2ps´qquQx,k,ypds, dθq “ 0

,

.

-

tTK ě tu Ě

$

&

%

ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y1ps´q,ζ2ps´qquQx,k,ypds, dθq “ 0

,

.

-

.

Let D “ tpy,kq : Dx P X s.t. px,kq P J,ky ą 0u. Recall from Assumption 4.1 that for any
px,kq P J , τkpx, ¨q is Lx,k-Lipschitz continuous. Let L “ maxpx,kqPJ }k}1Lx,k. We introduce the
event

AK “

#

max
py,kqPD

sup
sPr0,ts

ky|τy,kpY1psq, ζ1psqq ´ τy,kpY1psq, ζ2psqq| ă LεK

+

.

It follows that

PpTK ď tq ď PpAK ,
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y1ps´q,ζ2ps´qquQx,k,ypds, dθq ě 1q

` PpAC
Kq.

(26)

First, we may notice that Assumption 4.1 ensures that

AC
K Ď t sup

sPr0,ts
}ζ1psq ´ ζ2psq}1 ě εKu,

from which we deduce by Equation (25) that

PpAC
Kq ď αK . (27)

Second, on the event AK , it holds that for any θ ě 0 and px,k, yq P J˚,

Ex,k,ypθ, Y1ps´q, ζ1ps´qq∆Ex,k,ypθ, Y1ps´q, ζ2ps´qq

Ď tθ P rkyτkpY1ps´q, ζ1ps´qq ´ LεK ,kyτkpY1ps´q, ζ1ps´qq ` LεKsu.
19



As a consequence,

!

AK ,
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y1ps´q,ζ2ps´qquQx,k,ypds, dθq ě 1
)

Ď

!

ÿ

px,k,yqPJ˚

ż t

0

ż `8

0

1tθPrkyτkpY1ps´q,ζ1ps´qq´LεK ,kyτkpY1ps´q,ζ1ps´qq`LεK suQx,k,ypds, dθq ě 1
)

.

Hence, Markov’s inequality leads to

PpAK ,
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0
1tEx,k,ypθ,Y1ps´q,ζ1ps´qq∆Ex,k,ypθ,Y1ps´q,ζ1psqquQx,k,ypds, dθq ě 1q

ď Er
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0
1tθPrkyτkpY1ps´q,ζ1ps´qq´LεK ,kyτkpY1ps´q,ζ1ps´qq`LεK suQx,k,ypds, dθqs

ď CtεK ,

(28)

with C “ 2LCardpJ˚q. Injecting Inequalities (27) and (28) into Equation (26) concludes.

We are now ready to establish Lipschitz continuity of mΥ.

Lemma 4.9. For any T ě 0, for any x P X , the application pz, tq ÞÑ mΥpx, z, tq is Lipschitz
continuous on Z ˆ r0, T s.

Proof. Let T ą 0, x P X and z1, z2 P Z. We apply Lemma 4.8 to ζ1 “ ϕp¨, z1q and ζ2 “ ϕp¨, z2q

which according to Lemma 4.7 satisfy Equation (25) with εK “ Cptq}z1 ´ z2} and αK “ 0. In
this case, for j P t1, 2u, pYj , ζjq “ pΥ, zq with initial condition Υp0q “ y0 and zp0q “ zj . For
clarity, for j P t1, 2u, we thus write pΥj , zjq for the spinal constructions with initial condition
px, zjq defined on the same probability space such that

PpDs P r0, ts,Υ1psq ‰ Υ2psqq ď Cptq}z1 ´ z2}1.

Throughout the following, Cptq designates a positive constant whose value may vary from
line to line, but which only depends on t. For t1, t2 P r0, T s and z1, z2 P Z, we thus obtain:

|mΥpx, z1, t1q ´ mΥpx, z2, t2q| “

ˇ

ˇ

ˇ
E
”

e
şt1
0 λpΥ1psq,z1psqqds ´ e

şt2
0 λpΥ2psq,z2psqqds

ı
ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ
E
”

e
şt1
0 λpΥ1psq,z1psqqds ´ e

şt2
0 λpΥ1psq,z2psqqds

ıˇ

ˇ

ˇ

` CptqPpDs P r0, ts,Υ1psq ‰ Υ2psqq

ď E
”ˇ

ˇ

ˇ
e
şt1
0 λpΥ1psq,z1psqqds ´ e

şt2
0 λpΥ1psq,z1psqqds

ˇ

ˇ

ˇ

ı

` E
”
ˇ

ˇ

ˇ
e
şt2
0 λpΥ1psq,z1psqqds ´ e

şt2
0 λpΥ1psq,z2psqqds

ˇ

ˇ

ˇ

ı

` CpT q}z1 ´ z2}1.

where the last inequality follows from Lemma 4.7. Recall that λ is bounded. Thus t ÞÑ

exp
´

şt
0 λpΥ1psq, z1psqqds

¯

is Lipschitz continuous on r0, T s, for a Lipschitz constant which can

be chosen to be independent of x and z. Hence

E
„ˇ

ˇ

ˇ

ˇ

exp

ˆ
ż t1

0
λpΥ1psq, z1psqqds

˙

´ exp

ˆ
ż t2

0
λpΥ1psq, z1psqqds

˙ˇ

ˇ

ˇ

ˇ

ȷ

ď CpT q|t2 ´ t1|.
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Further, by Lipschitz continuity of λ, the following inequality holds almost surely:
ˇ

ˇ

ˇ
e
şt2
0 λpΥ1psq,z1psqqds ´ e

şt2
0 λpΥ1psq,z2psqqds

ˇ

ˇ

ˇ

ď CpT q

ˇ

ˇ

ˇ

ˇ

ż t2

0
λpΥ1psq, z1psqqds´

ż t2

0
λpΥ1psq, z2psqqds

ˇ

ˇ

ˇ

ˇ

ď CpT q sup
sPr0,T s

}z1psq ´ z2psq}1

ď CpT q}z1 ´ z2}.

This concludes the proof.

We are now ready to establish the desired result.

Lemma 4.10. mΥ is a solution to Equation (18).

Proof. Lemma 4.9 ensures by Rademacher’s theorem that for any x P X , the application z ÞÑ

mΥpx, z, tq is differentiable for almost every t ě 0 and z P Z. We thus consider t, z such that
mΥ is differentiable at px, z, tq, for any x P X .

Start by noticing that for h ą 0,

mΥpx, z, t` hq “ Ex,z rWphqmpΥphq, zphq, tqs .

Let T1 and T2 designate the times of the first and second reproduction event, respectively.
Then

mΥpx, z, t` hq “ Ex,z

“

Wphq1tT1ąhu

‰

mpx, zphq, tq

` Ex,z

“

WphqmpΥphq, zphq, tq1tT1ďhăT2u

‰

` Ex,z

“

WphqmpΥphq, zphq, tq1tT2ďhu

‰

.

Since mΥ is differentiable in z at pt, zq, we may now proceed as in the Proof of Proposition 4.3
to show that

lim
hÑ0`

1

h
pmΥpx, z, t` hq ´ mΥpx, z, tqq “ GpmΥp¨, tqqpx, zq.

This concludes the proof.

Many-to-one formula. Let us now focus on the characterization of Pptq.

Proposition 4.11. Pptq is a time-inhomogeneous, conservative semi-group of bounded linear
operators on L8pSq whose generator is Aptq, as defined in Equation (20).

Proof. Start by noticing that it follows from Assumption 4.2 and Lemma 4.10 that for any
0 ď r ď s ď t, for any px, zq P S,

Pptq
r,s1px, zq “

mΥpx, z, t´ rq

mpx, z, t´ rq
“ 1.

In addition, it is clear that Pptq
r,s is a linear operator on L8pSq such that }Pptq

r,sf} ď }f}8.
Let us establish the semi-group property, i.e. we want to show that for any 0 ď r ď τ ď s ď t,

Pptq
r,τPptq

τ,s “ Pptq
r,s .

Throughout the proof, we write Y “ pΥ, zq. Let f P L8pSq. For t1 ě t2, define

Wpt1, t2q “ exp

ˆ
ż t2

t1

λpYpuqqdu

˙

.
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Be definition, we have for px, zq P S,

mpx, z, t´ rqPptq
r,τPptq

τ,sfpx, zq “ ErWpr, tqPptq
τ,sfpYpτqq|Yprq “ px, zqs

“ ErWpr, tqmpYpτq, t´ τq´1ErWpτ, tqfpYpsqq|Ypτqs|Yprq “ px, zqs.

Notice that
Wpr, tq “ Wpr, τqWpτ, tq.

Designate by pFs, s ě 0q the natural filtration associated to Y. As Wpr, τq is Fτ -measurable, we
obtain that

mpx, z, t´ rqPptq
r,τPptq

τ,sfpx, zq “ ErWpτ, tqmpYpτq, t´ τq´1ErWpr, tqfpYpsqq|Ypτqs|Yprq “ px, zqs.

Further, it follows from Lemma 4.10 that ErWpτ, tq|Ypτqs “ mpYpτq, t´ τq. Since Fr Ď Fτ , this
finally leads to

mpx, z, t´ rqPptq
r,τPptq

τ,sfpx, zq “ ErWpr, tqfpYpsqq|Yprq “ px, zqs,

as desired.
It remains to compute the generator of Pptq. Let 0 ď s ď s ` h ď t and px, zq P S. As

Fs Ď Fs`h, we have

mpx, z, t´ sqPptq
s,s`hfpx, zq “ ErWps, tqfpYps` hqq|Ypsq “ px, zqs

“ ErWps, s` hqmpYps` hq, t´ s´ hqfpYps` hqq|Ypsq “ px, zqs.

Let gpx, z, sq “ fpx, zqmpx, z, t´ sq. With this notation, we have

mpx, z, t´ sqpPptq
s,s`hfpx, zq ´ fpx, zqq

“ ErWps, s` hqgpYps` hq, s` hq|Ypsq “ px, zqs ´ gpx, z, sq.

By Assumption 4.2, the application pz, sq ÞÑ gpx, z, t ´ sq is differentiable on Z ˆ r0, ts. As a
consequence, we may proceed as in the proof of Proposition 4.3 to show that

lim
hÑ0`

mpx, z, t´ sqpPptq
s,s`hfpx, zq ´ fpx, zqq “ Gpmp¨, t´ sqfp¨qqpx, zq ´ Gmp¨, t´ sqpx, zqfpx, zq.

This concludes the proof.

We are finally ready to establish Proposition 4.6.

Proof of Proposition 4.6. Propositions 4.3 and 4.11 ensure thanks to Assumtion 4.4 that the
semi-groups Pptq and Rptq are identical. Hence Equation (23) holds for

F : Dpr0, ts,X q ˆ C1pr0, ts,Zq Ñ R
pypsq, zpsqqsďt ÞÑ fpY psq, zpsqq,

with s P r0, ts and f P L8pSq given. As in the Proof of Theorem 3.3, this suffices to conclude
by induction and using a monotone class argument.
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4.2.2 Speed of convergence

It remains to quantify the speed of convergence in Equation (24). Notice that according to
Proposition 4.6, is is identical to the speed of convergence in Equation (22). By coupling the
homogeneous spine in a population of size K to its large population limit, we are able to provide
the following result.

Proposition 4.12. Let t ą 0 and F P L. There exists C ą 0 such that for any sequence
pεKqKě0 of positive real numbers, for any K ě 1, letting δK “ CpεK `K´1{2ε´1

K q,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

EzK

»

–

ÿ

uPGptq

F ppxupsq, ZKpsqqsďtq

fi

fl ´
ÿ

xPX
zxEx,z rWptqF ppΥpsq, zpsqqsďtqs

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď δK .

Combining Equation (22) with Proposition 4.6 and 4.12 for εK “ K´1{4 finally yields The-
orem 4.5.

Let us start by establishing the following Lemma which quantifies the approximation error
of the spinal population process by its large population limit.

Lemma 4.13. Let t ą 0. Under Assumption 4.1, there exists Cptq ą 0 such that for every
K ě 1 and εK ą 0,

P

˜

sup
sPr0,ts

}ζKpsq ´ zpsq}1 ě εK

¸

ď
Cptq

?
KεK

.

Proof. Let us define the large population limit z on the same state space X ˚ as ζK . For any
t ě 0,

zptq “ z0 `
ÿ

px,kqPJ

h0px,kq

ż t

0
z0,xpsqτkpx, zpsqqds, (29)

with z0 “
ř

xPX zxep0, xq and z the initial condition in Equation (17). In particular, z1,xptq “ 0
for any x P X and t ě 0, as expected since the spine becomes negligible as population size grows
large.

In order to control our quantity of interest }ζK ´ z}1, we introduce some notation. For
px,kq P J , let

rQx,kpds, dθq “ Qx,kpds, dθq ´ ds dθ

be the compensated martingale-measure associated to Qx,k, and consider the following martin-
gale:

MK
x,kptq “

}h0px,kq}1

K

ż t

0

ż `8

0
1tθďKζK0,xps´qτkpx,ζKps´qqu

rQx,kpds, dθq.

Finally, let

MKptq “
ÿ

px,kqPJ

MK
x,kptq,

AKptq “

›

›

›
zK0 ´ z0 `

ÿ

px,kqPJ

h0px,kq

ż t

0
pζK0,xpsqτkpx, ζKpsqq ´ z0,xpsqτkpx, zpsqqqds

›

›

›

1
,

BKptq “

›

›

›

1

K

ÿ

px,k,yqPJ˚

h1px,k, yq

ż t

0

ż `8

0
1tθďKζK1,xps´qkyτkpx,ζKps´qquQx,k,ypds, dθq

›

›

›

1
.

With these notations, Equations (21) and (29) ensure that, for any t ě 0

}ζKptq ´ zptq}1 ď MKptq `AKptq `BKptq.
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We thus turn to controlling MK , AK and BK over any given interval r0, ts.
Start by noticing that, for any px,kq P J ,MK

x,k is square integrable. Indeed, as τk is bounded

and }ζK}1 ď 1 by definition, there exists a positive constant cpx,kq such that, for any K ě 1,

E

«

ż t

0

ż `8

0

ˆ

}h0px,kq}1

K
1tθďKζK0,xpsqτkpx,ζKpsqqu

˙2

dθds

ff

ď
tcpx,kq

K
.

It follows that its quadratic variation is given by

xMK
x,kyptq “

ż t

0

}h0px,kq}21

K
ζK0,xpsqτkpx, ζKpsqqds.

MK thus is itself a square integrable martingale, and Doob’s inequality shows that there
exists a positive constant κ such that

E

«

sup
sPr0,ts

pMKpsqq2

ff

ď κ
ÿ

px,kqPJ

ErxMK
x,kyptqs. (30)

Since J is a finite set, it follows that there exists a positive, finite constant c “ κ
ř

x,k cpx,kq

such that, for any K ě 1,

E

«

sup
sPr0,ts

pMKpsqq2

ff

ď
tc

K
.

Noticing that MK ě 0 almost surely, Cauchy-Schwarz inequality finally leads to

E

«

sup
sPr0,ts

MKpsq

ff

ď

c

tc

K
.

Let us now turn to AK . By definition, there exists a finite constant c ą 0 such that, for any
K ě 1,

}zK0 ´ z0}1 ď
c

K
.

Since further the set J is finite and τkpx, ¨q is Lipschitz-continuous according to Assumption 4.1,
there exists c1 ą 0 such that, for any K ě 1,

sup
sPr0,ts

AKpsq ď
c

K
`

ÿ

px,kqPJ

}h0px,kq}1

ż t

0
|ζK0,xpsqτkpx, ζKpsqq ´ z0,xpsqτkpx, zpsqq|ds

ď
c

K
` c1

ż t

0
}ζKpsq ´ zpsq}1ds.

In particular, we obtain that for any K ě 1,

E

«

sup
sPr0,ts

AKpsq

ff

ď
c

K
` c1

ż t

0
E

«

sup
uPr0,ss

}ζKpuq ´ zpuq}ds

ff

. (31)

Finally, notice that it follows from Equation (21) that for any t ě 0 and x P X , we have
ζK1,x ď K´1 almost surely. As further the set J˚ is finite and the reproduction rates bounded,
there exists a finite, non-neagtive constant c such that, for any K ě 1,

E

«

sup
sPr0,ts

BKpsq

ff

ď
ÿ

px,k,yqPJ˚

}h1px,k, yq}1E
„
ż t

0
ζK1,xpsqkyτkpx, ζKpsqqds

ȷ

ď
tc

K
. (32)
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Combining Equations (30), (31) and (32) yields the existence of finite, non-negative constants
c1ptq and c2 such that, for any K ě 1,

E

«

sup
sPr0,ts

}ζKpsq ´ zpsq}1

ff

ď
c1ptq
?
K

` c2

ż t

0
E

«

sup
uPr0,ss

}ζKpuq ´ zpuq}1

ff

ds.

Hence, by Gronwall’s Lemma, there exists Cptq such that, for any K ě 1,

E

«

sup
sPr0,ts

}ζKpsq ´ zpsq}1

ff

ď
Cptq
?
K
.

The conclusion follows from Markov’s inequality.

Next, we focus on quantifying how well Υ approaches Y K , yielding the approximation error
associated to replacing pY K , ζKq by pΥ, zq on finite time intervals. In order to achieve this, we
couple Υ and Y K , by defining Υ as the unique strong solution to an SDE driven by the same
family of Poisson Point Processes pQx,k,y, px,k, yq P J˚q as in Equation (21):

Υptq “ epy0q `
ÿ

px,k,yqPJ˚

ż t

0

ż `8

0
1tΥps´q“x,θďkyτkpx,zpsqqupepyq ´ epxqqQx,k,ypds, dθq.

We are now ready to state our result.

Lemma 4.14. Let t ą 0. Under Assumption 4.1, there exists a constant Cptq ą 0 such that for
every K ě 1 and εK ą 0, letting αK “ p

?
KεKq´1,

Pp@s P r0, ts, Y Kpsq “ Υpsq and }ζKpsq ´ zpsq}1 ď εKq ě 1 ´ CptqpαK ` εKq.

Proof. Consider Lemma 4.8 with ζ1 “ ζK and ζ2 “ z, i.e. pY1, ζ1q “ pY K , ζKq and pY2, ζ2q “

pΥ, zq. Thanks to Lemma 4.13, we thus obtain that

PpDt ď t : Y Kptq ‰ Υptqq ď cptqαK ` CtεK . (33)

The conclusion follows by combining Lemma 4.13 and Equation (33).

In order to simplify notations, for any function G : Dpr0, ts,X q ˆ Dpr0, ts,Zq Ñ R as well as
càdlàg trajectories pxpsqqsďt in X and pzpsqqsďt “ pzi,xpsqqpi,xqPX˚,sďt in Z2, we let

Gppxpsq, zpsqqsďtq – Gppxpsq, z|X psqqsďtq.

We are now ready to establish the main result.

Proof of Proposition 4.12. Throughout the proof, we write YK “ pY K , ζKq for the spinal con-
struction in the initial population process, and Y “ pΥ, zq for the spinal process in the large
population limit.

Let t ě 0 and F P L. It follows from Theorem 1 in [4] that

EzK

»

—

—

–

ÿ

uPGptq,
uľux

F ppxupsq, ZKpsqqsďtq

fi

ffi

ffi

fl

“ E
“

HppYKpsqqsďtq
‰

,

where
HppYKpsqqsďtq “ e

şt
0 λpYKpsqqdsF ppYKpsqqsďtq.
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As J is a finite set, Equation (16) and Assumption 4.1 imply that H P L. In other words,
there exists a constant M depending on t and F such that for any x P Dpr0, ts,X q,

|Hppxpsq, ζKpsqqsďtq ´Hppxpsq, zpsqqsďtq| ď M sup
sPr0,ts

}ζKpsq ´ zpsq}1. (34)

Consider the event

AK “
␣

@s P r0, ts, Y Kpsq “ Υpsq and }ζKpsq ´ zpsq}1 ď εK
(

.

We have

Er|HppYKpsqqsďtq ´HppYpsqqsďtq |s ď Er|HppYKpsqqsďtq ´HppYpsqqsďtq |1AK
s

` Er|HppYKpsqqsďtq ´HppYpsqqsďtq |1AC
K

s

On the one hand, it follows from the definition of AK and Equation (34) that

Er|HppYKpsqqsďtq ´HpYpsqqsďtq |1AK
s ď MεK .

On the other hand, the boundedness of H and Lemma 4.14 imply the existence of a constant c
such that

Er|HppYKpsqqsďtq ´HppYpsqqsďtq |1AC
K

s ď cpαK ` εKq.

Taken together, we thus obtain existence of a constant C such that

Er|HppYKpsqqsďtq ´HppYKpsqqsďtqs ď CpαK ` εKq.

This concludes the proof.

5 Discussion

First, we have introduced a time-inhomogeneous spinal process allowing to gain insight on the
survivorship bias associated to any sampling weight ψ.

Indeed, the corresponding many-to-one formula does not require stochastic weighting of
trajectories. This implies that the bias of reproduction rates relying on the applicationm defined
in Equation (2) accurately depicts the survivorship bias. In addition, the stochastic exponential
weight associated to the many-to-one formula for the homogeneous spinal process implies that
rare trajectories may have tremendous impact, making Monte-Carlo estimations delicate. As a
consequence, the time-inhomogeneous spinal process may facilitate the numerical evaluation of
the many-to-one formula. However, due to the time-inhomogeneity, simulating trajectories of
the time-inhomogeneous spinal process through standard algorithms may be expensive in terms
of computation time [28].

A desirable extension of Theorem 3.3 consists in capturing the whole tree, instead of being
restricted to the type evolution along sampled lineages. We expect this to be achievable, using a
classical induction argument [4][Theorem 1]. In addition, one may be interested in sampling more
than one individual, in the spirit of many-to-one formulas for forks in branching processes [22].
A possible strategy for achieving this would be a double spine construction. More precisely,
one may augment the type space of the spinal process to distinguish spinal and non-spinal
individuals, and then consider the spinal process associated to (re-)sampling in this population
process.

Second, under appropriate assumptions, we have focused on sampling in the deterministic
large population limit, and quantified the associated approximation error. In particular, the
process describing the spine’s offspring then corresponds to a time-inhomogeneous multi-type
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branching process whose reproduction rates depend on a changing environment, given by z. If
we assume that z admits a stable equilibrium, then starting from this equilibrium, the offspring
is described by a classical multi-type branching process [12].

A natural perspective of our work is to extend our results on the empirical distribution of
ancestral lineages in the large population limit over longer time scales. In order to achieve this,
we need some control of the form:

P

˜

sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ě εK

¸

ď αK ,

with εK and αK converging to zero and tK growing to infinity, as K grows large. We consider
expecting such control to be reasonable. Indeed, it corresponds to understanding and controlling
the fluctuations of the finite-population process ζK around its deterministic limit, which is a
well studied question with several classical regimes: Gaussian fluctuations for εK “ OpK´1{2q,
which are related to the diffusion approximation, moderate deviations with εK “ OpK´pq for
p P p0, 1{2q and large deviations where εK “ Op1q [11, 25, 27]. In particular, moderate and
large deviations appear to be interesting regimes, as they allow to consider longer time scales.
Nevertheless, in the case of the spinal population process, they are not immediate, due to a
boundary problem arising from the fact that the spinal individual becomes negligible in large
populations. As a consequence, these considerations are left for a futur work.
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A Detail on the proof of Theorem 3.3

Throughout this proof, for readability, we will make use of the following notations. On the one
hand, for t ě 0 and u such that there exists v P Gptq satisfying u ľ v, let

Xuptq “ pxuptq, Zptqq.

Similarly, for 0 ď s ď t, we let

Yptqpsq “ pY ptqpsq, ζptqpsqq.

Let us start by showing that Equation (8) holds for F ppxpsq, zpsqqsďtq “
śk

j“1 fjpxpsjq, zpsjqq

where k ě 1, 0 ď s1 ď ¨ ¨ ¨ ď sk ď t and f1, . . . , fk : SK Ñ R`.
This part of the proof proceeds by induction. For k ě 1, let Hk be the property that for any

0 ď s1 ď ¨ ¨ ¨ ď sk ď t and f1, . . . , fk : SK Ñ R`,

Ezr
ÿ

uPGptq, uľuxp0q

ψpXuptqq

k
ź

j“1

fjpXupsjqqs “ mpx, z, tqEx,zr

k
ź

j“1

fjpYptqpsjqqs.

Let us turn our attention to the initialization step. As SK is a finite set, a semi-group
acting on non-negative functions on SK is uniquely characterized by its generator. Thus Lemma
3.7 implies that the semi-groups P ptq and Rptq are identical. Hence for any s P r0, ts and
f : SK Ñ R`, Equation (13) becomes

Ezr
ÿ

uPGptq, uľuxp0q

ψpXuptqqfpXupsqqs “ mpx, z, tqR
ptq
0,sfpx, zq.

This exactly corresponds to H1 by definition of Rptq.
Suppose now that Hk´1 is true for k ą 1, and let us show that Hk follows. Consider functions

f1, . . . , fk : SK Ñ R` and 0 ď s1 ď ¨ ¨ ¨ ď sk ď t. Notice that

Ezr
ÿ

uPGptq
uľuxp0q

ψpXuptqq

k
ź

j“1

fjpXupsjqqs “

Ezr
ÿ

uPGpsk´1q

uľuxp0q

k´1
ź

j“1

fjpXupsjqqEr
ÿ

vPGptq
vľuxupsk´1q

ψpXuptqqfkpXvpskqq|Xpsk´1q “ XpXupsk´1qqss.
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As for H1, equality of P ptq and Rptq leads to:

Ezr
ÿ

uPGptq
uľuxp0q

ψpXuptqq

k
ź

j“1

fjpXupsjqqs “

Ez

”

ÿ

uPGpsk´1q

uľuxp0q

mpXupsk´1q, t´ sk´1q

k´1
ź

j“1

fjpXupsjqqErfkpYptqpskqq|Yptqpsk´1q “ Xupsk´1qs

ı

.

Equation (15) allows to rewrite this as:

Ezr
ÿ

uPGptq
uľuxp0q

ψpXuptqq

k
ź

j“1

fjpXupsjqqs “

Ez

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq

k´1
ź

j“1

fjpXupsjqqErfkpYptqpskqq|Yptqpsk´1q “ Xupsk´1qs

ı

.

Finally, Hk´1 yields:

Ezr
ÿ

uPGptq
uľuxp0q

ψpXuptqq

k
ź

j“1

fjpXupsjqqs

“ mpx, z, tqEx,zr

k´1
ź

j“1

fjpYptqpsjqqErfkpYptqpskqq|Yptqpsk´1qss

“ mpx, z, tqEx,zr

k
ź

j“1

fjpYptqpsjqqs.

This concludes the induction argument.
In order to obtain the desired result, we will reason using the monotone class theorem. Let

us introduce the set

I “

#

k
č

j“1

tx P Dpr0, ts,SKq : xpsjq P Bju, k P N, sj P r0, ts, Bj P PpSKq

+

where PpSKq is the set of subsets of SK . The set I is a π-system, which induces the Borel
σ-algebra BpDpr0, ts,SKqq on the Skorokhod space Dpr0, ts,SKq (Theorem 12.5 in [10]). Further,
define

M “ tB P BpDpr0, ts,SKqq : Equation (8) is satisfied for F “ 1Bu.

M is a monotone class which contains I according to our induction argument. It thus fol-
lows from the monotone class theorem that M “ BpDpr0, ts,SKqq. In other words, for any
B P BpDpr0, ts,SKqq, Equation (8) is satisfied for F “ 1B. As a consequence, Equation (8)
holds for any positive measurable function F : Dpr0, ts,SKq Ñ R` as there exists an increas-
ing sequence of simple functions converging pointwise to F , from which the result follows by
monotone convergence.

B Proof of Proposition 4.3

In order to see that the process pΥptq, zq is well defined on r0, ts, start by noticing that existence
and uniqueness of z P C1pR`q follows from the Cauchy-Lipschitz theorem and Assumption 4.1.
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Further, Equation (16) implies that System (17) is positively invariant in Z: zp0q P Z implies
that zpsq P Z for any s ě 0.

It remains to focus on existence and uniqueness of Υptq, given z. This can be achieved
through similar arguments as for steps (i) and (ii) in the proof of Proposition 3.2. Indeed, notice
that Assumption 4.2 ensures that for any x P X , mpx, ¨q is positive and continuous on Z ˆ r0, ts.

It thus is bounded from below by a positive constant, and the reproduction rates ρ
ptq
k,y are also

bounded.

We now turn to characterizing the associated semi-group Rptq. It is clear that for any

0 ď r ď s ď t, Rptq
r,s is a linear operator on L8pSq. Further,

@f P L8pSq, }Rptq
r,sf}8 ď }f}8.

Thus, Rptq
r,s : L8pSq Ñ L8pSq and its operator norm equals one, as Rptq

r,s1 “ 1.
Let us finally compute the generator of Rptq: we want to show that for any f P C1pSq, s ď t

and px, zq P S,
lim

hÑ0`

1

h

´

Rptq
s,s`hfpx, zq ´ fpx, zq

¯

“ Aptq
s fpx, zq.

Fix s and define T1 and T2 as the times of the first and second reproduction events after
time s. By definition, we have

Rptq
s,s`hfpx, zq “ Aphq `Bphq ` Cphq,

where
Aphq “ ErfpΥptqps` hq, zps` hqq1tT1ąhu|Υptqpsq “ x, zpsq “ zs,

Bphq “ ErfpΥptqps` hq, zps` hqq1tT1ďhăT2u|Υptqpsq “ x, zpsq “ zs,

Cphq “ ErfpΥptqps` hq, zps` hqq1tT2ďhu|Υptqpsq “ x, zpsq “ zs.

On the event tT1 ą hu, it holds that Υptqps ` hq “ x. Further, for px, zq P S and s P r0, ts, let

Λptqpx, z, sq “
ř

k,y ρ
ptq
k,ypx, z, sq. It follows that

PpT1 ą h|Υptqpsq “ x, zpsq “ zq “

ż `8

h
Λptqpx, zps` t1q, s` t1qe´

şt1
0 Λptqpx,zps`uq,s`uqdudt1

“ e´
şh
0 Λptqpx,zps`uq,s`uqdu,

from which it follows by the chain rule that

lim
hÑ0`

1

h
pAphq ´ PpT1 ą h|Υptqpsq “ x, zpsq “ zqfpx, zqq

“ lim
hÑ0`

PpT1 ą h|Υptqpsq “ x, zpsq “ zqpfpx, zps` hqq ´ fpx, zpsqq

“
ÿ

k,y

zyτkpy, zqx∇zfpx, zq,k ´ epyqy.

Let us turn to the case tT1 ď h ă T2u. For k P Nd and y P X , we can compute the probability
that the spine is replaced by offspring k and becomes of type y at T1, and does not reproduce
anymore until time s` h:

P
ptq
k,yphq “

ż h

0
ρptqpx, zps` t1q, s` t1qe´

şt1
0 Λptqpx,zps`uq,s`uqdue

´
şh
t1

Λptqpy,zps`uq,s`uqdu
dt1.
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Hence
PpT1 ď h ă T2|Υptqpsq “ x, zpsq “ zq “

ÿ

k,y

P
ptq
k,yphq,

and
Bphq “

ÿ

k,y

P
ptq
k,yphqfpy, zps` hqq.

In particular, P
ptq
k,y satisfies

lim
hÑ0`

1

h
P

ptq
k,yphq “ ρ

ptq
k,ypx, z, sq.

Thus, by continuity of z,

lim
hÑ0`

1

h
pBphq ´ PpT1 ď h ă T2|Υptqpsq “ x, zpsq “ zqfpx, zqq “

ÿ

k,y

ρ
ptq
k,ypx, z, sqpfpy, zq ´ fpx, zqq.

Finally, a similar computation yields that there exists C ą 0 such that

PpT2 ď h|Υptqpsq “ x, zpsq “ zq ď Ch2.

As f P C1pSq and S is a closed set, f is bounded, which implies

|Cphq ´ PpT2 ď h|Υptqpsq “ x, zpsq “ zqfpx, zq| ď 2}f}8PpT2 ď h|Υptqpsq “ x, zpsq “ zq

ď 2}f}8Ch
2 ÝÝÝÝÑ

hÑ0`
0.

This concludes the proof.

C Proof of Lemma 4.7

By definition, for any z P Z,

ϕpt, zq “ z `

ż t

0
ϕpz, sqApϕpz, sqqds.

As } z}1 ď 1 and A is Lipschitz continuous on Z according to Assumption 4.1, it follows that
z ÞÑ zApzq is Lipschitz continuous as well. Thus, there exists L ą 0 such that

}ϕps, z1q ´ ϕps, z2q}1 ď }z1 ´ z2}1 ` L

ż s

0
}ϕpu, z1q ´ ϕpu, z2q}1du.

Hence

sup
sPr0,ts

}ϕps, z1q ´ ϕps, z2q}1 ď }z1 ´ z2}1 ` L

ż t

0
sup

σPr0,us

}ϕpσ, z1q ´ ϕpσ, z2q}1du.

The conclusion follows from Gronwall’s lemma.
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