
HAL Id: hal-04970788
https://hal.science/hal-04970788v1

Submitted on 28 Feb 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Vanishing of quadratic Love numbers of Schwarzschild black
holes

Simon Iteanu, Massimiliano Maria Riva, Luca Santoni, Nikola Savić, Filippo
Vernizzi

To cite this version:
Simon Iteanu, Massimiliano Maria Riva, Luca Santoni, Nikola Savić, Filippo Vernizzi. Vanishing
of quadratic Love numbers of Schwarzschild black holes. Journal of High Energy Physics, 2025,
⟨10.1007/JHEP02(2025)174⟩. ⟨hal-04970788⟩

https://hal.science/hal-04970788v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


J
H
E
P
0
2
(
2
0
2
5
)
1
7
4

Published for SISSA by Springer

Received: October 14, 2024
Accepted: December 25, 2024
Published: February 26, 2025

Vanishing of quadratic Love numbers of Schwarzschild
black holes

Simon Iteanu ,a,b Massimiliano Maria Riva ,c,d Luca Santoni ,b Nikola Savić e

and Filippo Vernizzi e

aEcole Normale Supérieure de Lyon, Laboratoire de Physique,
Lyon F-69342, France

bUniversité Paris Cité, CNRS, Astroparticule et Cosmologie,
10 Rue Alice Domon et Léonie Duquet, F-75013 Paris, France

cDeutsches Elektronen-Synchrotron DESY,
Notkestr. 85, 22607 Hamburg, Germany

dDepartment of Physics, Center for Theoretical Physics, Columbia University,
New York, 538 West 120th Street, NY 10027, U.S.A.

eUniversité Paris-Saclay, CNRS, CEA, Institut de Physique Théorique,
91191 Gif-sur-Yvette, France

E-mail: simon.iteanu@ijclab.in2p3.fr, mr4533@columbia.edu,
santoni@apc.in2p3.fr, nikola.savic@ipht.fr, filippo.vernizzi@ipht.fr

Abstract: The induced conservative tidal response of self-gravitating objects in general
relativity is parametrized in terms of a set of coefficients, which are commonly referred to
as Love numbers. For asymptotically-flat black holes in four spacetime dimensions, the
Love numbers are famously zero in the static regime. In this work, we show that this
result continues to hold upon inclusion of nonlinearities in the theory for Schwarzschild
black holes. We first solve the quadratic Einstein equations in the static limit to all orders
in the multipolar expansion, including both even and odd perturbations. We show that
the second-order solutions take simple analytic expressions, generically expressible in the
form of finite polynomials. We then define the quadratic Love numbers at the level of the
point-particle effective field theory. By performing the matching with the full solution in
general relativity, we show that quadratic Love number coefficients are zero to all orders
in the derivative expansion, like the linear ones.

Keywords: Black Holes, Classical Theories of Gravity, Effective Field Theories

ArXiv ePrint: 2410.03542

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP02(2025)174

https://orcid.org/0000-0003-0619-5956
https://orcid.org/0000-0001-6050-2123
https://orcid.org/0000-0001-9319-6054
https://orcid.org/0009-0004-4220-5773
https://orcid.org/0000-0003-3426-2802
mailto:simon.iteanu@ijclab.in2p3.fr
mailto:mr4533@columbia.edu
mailto:santoni@apc.in2p3.fr
mailto:nikola.savic@ipht.fr
mailto:filippo.vernizzi@ipht.fr
https://doi.org/10.48550/arXiv.2410.03542
https://doi.org/10.1007/JHEP02(2025)174


J
H
E
P
0
2
(
2
0
2
5
)
1
7
4

Contents

1 Introduction 1

2 Static quadratic perturbations 4
2.1 Metric parametrization and gauge choice 5
2.2 Linear perturbations 6
2.3 Quadratic perturbations 9
2.4 Selection rules 12

3 Solutions 13
3.1 Linear solutions 13
3.2 Quadratic solutions 15
3.3 Quadratic solutions induced by quadrupole × quadrupole 17

4 Worldline effective field theory 19
4.1 Point-particle action and nonlinear Love numbers 20
4.2 Background field method 22

5 Matching with the point particle 25
5.1 The external field 25
5.2 Quadratic response 28
5.3 Matching 31

6 Higher multipoles 32
6.1 General polynomial form of second-order static solutions 33
6.2 Matching to all orders in derivatives 37

7 Conclusions 39

A Integration of tensor harmonics 40

B Coefficients 42

C From spherical to Cartesian coordinates 44

D Symmetric trace-free tensor relations 45

E Recovering the Schwarzschild metric 46

1 Introduction

Gravitational waves from coalescing binary systems represent a unique channel to study
the fundamental properties of gravity and compact objects in the strong-field regime. As
the number of merger events observed by the LIGO-Virgo-KAGRA network [1] increases
and, thanks also to future facilities and envisioned new detectors, we move toward an
era of precision physics with gravitational waves, ever more accurate waveform templates
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will be necessary [2–7]. This requires in particular to have a precise understanding of the
conservative and dissipative dynamics of two-body systems (see e.g., [8–10]), which includes
tidal effects [11–13].

The tidal deformability of a compact object is described in terms of a set of coefficients,
which capture the conservative and dissipative induced response when the object is acted
upon by an external long-wavelength tidal field [14–16]. The coefficients associated with the
conservative response are often called Love numbers and, together with the dissipative numbers,
they carry relevant information about the object’s structure and interior dynamics. This makes
the tidal response coefficients an important target for current and future gravitational-wave
observations from merging binary systems, which can offer valuable insights into the equation
of state of neutron stars [11, 17–19], the physics at the horizon of black holes [14–16, 20–28],
as well as the existence of more exotic compact objects [29–34].

In the Post-Newtonian (PN) regime of the inspiral of two compact objects, the leading-
order tidal effects are associated with tidal heating, and start affecting the gravitational
waveform at 2.5PN order for spinning objects and 4PN order for non-rotating ones [8, 35, 36].
Conservative tidal effects are instead estimated to become relevant from 5PN order, in
the limit of static tides (see, e.g., [37, 38]). Although these are the most prominent tidal
effects that are expected at the level of the gravitational waveform, there are in general very
good reasons to study subleading corrections to the physics of compact sources beyond the
point-particle approximation. First of all, the calculation of subleading effects, in addition to
putting leading-order results on solid grounds, may be necessary to probe and get insight into
interesting properties of the system that do not enter at leading order. Moreover, subleading
effects might be useful to recalibrate effective models, improve waveform and break degeneracy
among observables. They are especially relevant whenever leading-order effects happen to be
vanishing, making the next-to-leading-order corrections the actual dominant contributions.
One notable example is given by black holes in General Relativity (GR), for which the static
Love numbers — associated with the leading-order, conservative, finite-size terms in an
expansion in the number of time derivatives — are absent for all multipoles [14–16, 20–22, 24–
28]. This fact makes the study of subleading corrections to the conservative response of black
holes particularly interesting at both theoretical and observational level.

One main motivation, at the theoretical level, to compute subleading tidal effects of
black holes has to do with symmetries. The vanishing of the static Love numbers in GR
has for long time been recognized as an outstanding naturalness puzzle in gravity from
an effective-field-theory perspective [39, 40]. Recently, symmetry explanations have been
proposed as possible resolutions to the puzzle [23, 24, 41–45]. It is therefore particularly
interesting to understand what is the fate of these symmetries, whether they are an ‘accident’
of the static regime of the linearized Einstein equations for the perturbations, or whether
they instead persist beyond leading order.

At subleading order, corrections to the tidal Love numbers of black holes are of two types:
they can either result from finite-frequency effects, or from gravitational nonlinearities.1 The
former, which are often referred to as dynamical Love numbers, capture the conservative

1In the language of effective field theories, the former correspond to higher-order time-derivative operators,
while the latter correspond to operators with higher number of fields. See section 4 for details.
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response induced by the presence of a time-dependent tidal field; in the case of black holes,
they have been studied in e.g. [27, 46–49]. The latter, which will be the focus of the present
work, stem instead from the field nonlinearities in the Einstein equations. Similarly to
electromagnetism, where nonlinear polarization theory can be used to describe nonlinear
optical effects, such as the nonlinear polarization of an optical medium [50], one can formulate
an analogous question in gravity and ask what is the nonlinear tidal deformability of a
compact object. In this work we make progress in this direction by explicitly computing the
nonlinear Love numbers of Schwarzschild black holes at second-order in perturbation theory.

Nonlinear corrections to the Love numbers of black holes have been previously studied
in [21, 47, 51–53].2 In particular, refs. [21, 51] provide evidence that the nonlinear Love
numbers of Schwarzschild black holes vanish to all orders in perturbation theory, but their
analysis is restricted to axisymmetric perturbations only. On the other hand, ref. [47] examines
the quadratic tidal deformation of a non-rotating compact body using a post-Newtonian
definition for the tidally induced multipole moments, focusing on the parity-even sector of
perturbations. Moreover, in ref. [52] some of us showed that the electric-type quadrupolar
Love numbers vanish at quadratic order by explicitly performing the matching with the point-
particle Effective Field Theory (EFT), focusing on the parity-even sector of perturbations.

In this work, following up on and extending the methods proposed in [52], we present the
first comprehensive study of quadratic corrections to the tidal deformability of Schwarzschild
black holes in GR, integrating and expanding upon the results in the literature in multiple
directions. First, as in [52], we adopt a definition for the quadratic Love numbers based on
the worldline EFT [55, 56] (see also [10, 38, 39, 57–59] for some reviews). The EFT provides a
robust definition of the (nonlinear) Love numbers as coupling constants of higher-dimensional
operators, which allows to systematically address potential ambiguities resulting from gauge
invariance in the theory and nonlinearities. In addition, our analysis now includes both even
and odd perturbations and is not restricted to axisymmetric configurations. Finally, we
complete the program initiated in [52] by computing the quadratic Love number couplings
for all multipoles, beyond the leading quadrupole. We will show explicitly that quadratic
Love numbers of asymptotically-flat Schwarzschild black holes in four-dimensional GR vanish
exactly for generic multipoles.

In particular, in section 2, we derive the perturbation equations for the Schwarzschild
metric up to second order in the Regge-Wheeler gauge, in the static limit, for both even and
odd components. The quadratic terms in these equations describe how the coupling of linear
perturbations sources the metric, respecting selection rules dictated by the symmetries of
the setup, which we derive and discuss in detail. These equations are then used to derive
the second-order metric in section 3, where we focus on the monopole, quadrupole, and
hexadecapole induced by the quadratic coupling of two quadrupoles. Section 4 reviews the
definition of quadratic Love numbers within the worldline EFT formalism and the background
field method. In section 5, we use this to study the quadratic response of the Schwarzschild
metric induced by an external field, which is then compared to the second-order solutions
obtained in full GR. Section 6 is instead devoted to the analysis of second-order static
perturbations of arbitrary multipole: first, we check that, thanks to the special structure

2See also [54] for a scalar-field analysis.
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of the source, the quadratic solutions take a simple polynomial form; we then perform the
matching to the worldline EFT to all orders in the spatial derivatives, and conclude that all
quadratic Love number couplings of Schwarzschild black holes vanish in GR.

More technical aspects of the calculations are finally collected in the appendices A–E. In
particular, in appendix A we review the integrals between three tensor harmonics used in the
main text, appendix B collects the explicit numerical values of some of the coefficients in
the main text, appendix C explains how to express the tidal field in Cartesian coordinates,
appendix D derives some useful relations between trace-free tensors and, finally, appendix E
explains how to compute the Schwarzschild metric perturbatively within our approach.

Notations and conventions. We will work in units such that c = ℏ = 1 and use the mostly
plus signature for the metric, (−,+,+,+). The reduced Planck mass is defined by M−2

Pl ≡ 8πG.
For convenience, we will sometimes introduce the parameter κ ≡

√
32πG = 2M−1

Pl . For a black
hole of mass M , we denote the Schwarzschild radius by rs = 2GM . Our convention for the
time Fourier transform is Ψ(t, r, θ, ϕ) =

∫ dω
2π e−iωt Ψ̃(ω, r, θ, ϕ). Moreover, we will decompose

quantities in spherical harmonics using the convention Ψ̃(ω, r, θ, ϕ) =∑
ℓ,m Ψ̃ℓm(ω, r)Y m

ℓ (θ, ϕ),
where Y m

ℓ (θ, ϕ) are normalized as
∫
dΩY m

ℓ
∗(θ, ϕ)Y m′

ℓ′ (θ, ϕ) = δℓℓ′δ
mm′ . To simplify the

notation, we will often omit arguments and the tilde to denote the Fourier transform, relying
on the context to discriminate between the different meanings. Greek indices run over
spacetime coordinates, latin indices run over spatial coordinates and capital latin indices
run over the angular variables θ, ϕ. We define the shorthand

∫
k ≡

∫ d4k
(2π)4 , and the notation

δ−(d)(x) ≡ (2π)dδ(d)(x). The symbol (· · · ) denotes symmetrization over the enclosed indices
e.g., A(µBν) = 1

2(AµBν +AνBµ), while we use ⟨· · · ⟩ to denote the traceless symmetrization.
Depending on the context, we will use different metrics to raise and lower spacetime indices.
The full metric gµν is used for the complete GR calculations in section 2, and when introducing
the EFT worldline approach in section 4.1. In the EFT calculation, from section 4.2 to
section 5.3, we will use the flat Minkowski metric ηµν for this purpose. Additionally, we
distinguish between the 2d Levi-Civita tensor ϵ, whose indices are raised and lowered with
the metric on the unit sphere, and the spacetime Levi-Civita symbol ε, whose indices are
raised and lowered with ηµν .

2 Static quadratic perturbations

Black hole perturbation theory has a long history, dating back to the original work by Regge
and Wheeler on the study of linearized perturbations of Schwarzschild spacetime in the
late 1950s [60]. More recently, the study of black hole perturbations has been extended
to second order, see e.g. [61–70].

In this section we study the deviations from the Schwarzschild metric up to second order in
the metric perturbations in the static limit. We first expand the Einstein-Hilbert (EH) action,

SEH =
∫

d4x
√
−g M

2
Pl
2 R , (2.1)

where R is the Ricci scalar, up to quadratic and cubic order in the metric perturbations. We
then vary the action with respect to the metric perturbations, first at linear and then at
second order, and we derive the second-order equations for the metric degrees of freedom.
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2.1 Metric parametrization and gauge choice

We decompose the metric gµν as

gµν = gSchµν + δgµν , (2.2)

where gSchµν is the static and spherically symmetric background solution. In spherical polar
coordinates, (t, r, θ, ϕ), this is given by the Schwarzschild metric,

gSchµν =


−f(r) 0 0 0

∗ f−1(r) 0 0
∗ ∗ r2 0
∗ ∗ ∗ r2 sin2 θ

 , f(r) ≡ 1− rs

r
, (2.3)

where the asterisks denote symmetric components and rs ≡ 2GM , with M the mass of the
black hole. In eq. (2.2), δgµν describes the deviation from the Schwarzschild metric.

To write δgµν in four spacetime dimensions, we follow the standard Regge-Wheeler (RW)
parameterization [60]. It is convenient to classify the metric perturbations according to their
behavior under parity transformation, (θ, ϕ) → (π − θ, ϕ+ π). We thus distinguish between
even, or polar, perturbations, and odd, or axial, perturbations. Moreover, we use the index +
to label parity-even quantities and the index − for parity-odd quantities.

With this decomposition and notation, the most general parametrization of δgµν in four
spacetime dimensions takes the form δgµν = δg+µν + δg−µν , with

δg+µν =


f(r)H0 H1 ∇AH0

∗ f−1(r)H2 ∇AH1

∗ ∗ r2KγAB + r2
(
∇A∇B − 1

2γAB

)
G

 , (2.4)

δg−µν =

 0 0 −ϵAC∇Ch0
∗ 0 −ϵAC∇Ch1
∗ ∗ −1

2(ϵAC∇C∇B + ϵB
C∇C∇A)h2

 . (2.5)

Here ∇A and ϵAB are the covariant derivative and Levi-Civita tensor on a sphere, respec-
tively, as reviewed in appendix A. Two-dimensional tensors labeled by capital latin letters,
A,B,C, . . ., are raised and lowered using the metric on the unit sphere γAB , with line element
γABdxAdxB = dθ2 + sin2 θ dϕ2.

The quantities Ha, Ha, K, G and ha above are functions of the coordinates (t, r, θ, ϕ).
However, since here we consider only the static limit, they are independent of time. Moreover,
given the symmetries of the background solution gSchµν , it is convenient to decompose these
quantities in spherical harmonics. For instance, for H0 we write

H0(r, θ, ϕ) =
∞∑

ℓ=0

ℓ∑
m=−ℓ

Hℓm
0 (r)Y m

ℓ (θ, ϕ) , (2.6)

where ∆S2Y m
ℓ ≡ ∇A∇AY

m
ℓ = −ℓ(ℓ+ 1)Y m

ℓ and i∂ϕY
m

ℓ = −mY m
ℓ . While the even quantities

Ha, Ha, K, G appearing in δg+µν do not transform under parity, ha flip sign under a parity
transformation, ensuring that gµν transforms under parity as a 2-tensor. Therefore, from

– 5 –
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the behavior of Y m
ℓ (θ, ϕ) under parity, Y m

ℓ (π − θ, ϕ+ π) = (−1)ℓY m
ℓ (θ, ϕ), an even harmonic

component, e.g. Hℓm
0 (r), picks up a factor of (−1)ℓ under parity transformation, while an

odd component, e.g. hℓm
0 (r), picks up a factor of (−1)ℓ+1.

For later convenience, we rewrite eqs. (2.4) and (2.5) upon using the decomposition (2.6)
and expressing the covariant derivatives in terms of partial derivatives. One obtains

δg+µν =


fHℓm

0 Hℓm
1 Hℓm

0 ∂θ Hℓm
0 ∂ϕ

∗ f−1Hℓm
2 Hℓm

1 ∂θ Hℓm
1 ∂ϕ

∗ ∗ r2
(
Kℓm +Gℓm W

)
r2 GℓmV

∗ ∗ ∗ r2 sin2 θ
(
Kℓm +Gℓm W

)

Y m
ℓ , (2.7)

δg−µν =


0 0 − 1

sin θ h
ℓm
0 ∂ϕ sin θ hℓm

0 ∂θ

∗ 0 − 1
sin θ h

ℓm
1 ∂ϕ sin θ hℓm

1 ∂θ

∗ ∗ − 1
sin θ h

ℓm
2 V sin θ hℓm

2 W
∗ ∗ ∗ sin θ hℓm

2 V

Y m
ℓ , (2.8)

where the symbols V and W stand for differential operators defined as V ≡ ∂θ∂ϕ − cos θ
sin θ ∂ϕ

and W ≡ 1
2(∂2θ − cos θ

sin θ ∂θ − 1
sin2 θ

∂2ϕ), respectively.
To simplify the derivation of the perturbation equations and their solutions, it is useful

to fix a gauge. A convenient choice, given the symmetries of the problem, is the RW
gauge [60, 65, 66], which sets

H0 = H1 = G = h2 = 0 . (2.9)

This condition completely fixes the gauge freedom and can be directly applied to the action
without losing any constraints [71].3 We then expand the action up to cubic order in the
remaining metric variables and study the equations obtained from the variation of the action
perturbatively.4 Specifically, for the metric variable H0, we write H0 = (1)H0 + (2)H0 + . . .,
where (1)H0 is the solution to the linear equations, obtained by varying the quadratic action.
(2)H0 is the solution to the second-order equations, derived by varying the cubic action and
by using the linear solution in the terms that are quadratic in the metric perturbations.
Note that the expansion parameter is the amplitude of the perturbations. Unlike the EFT
calculation in section 5, no expansion is performed in rs/r. In the following sections, we
first study the linear order, and then the quadratic order.

2.2 Linear perturbations

Let us first briefly review the derivation of the linearized equations, obtained from the
variation of the quadratic action with respect to the metric variables. Content and results

3A residual (large) gauge freedom remains when considering the lowest (ℓ = 0 and ℓ = 1) multipoles of the
metric perturbations, as discussed in more details at the end of section 2.2 for linear perturbations and in
section 3.3 for quadratic perturbations.

4Note that, instead of going through the action, one could have chosen to work directly at the level of the
Einstein equations, expanded up to second order in the fields. In the gauge (2.9), the two ways of proceeding
are clearly equivalent and lead to the same result. We choose here to start from the action just for practical
convenience [22, 72, 73]; having to deal with less equations, this facilitates the analysis at second order.

– 6 –
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of this subsection are well known; however, it will give us the opportunity to set up the
notation and introduce the ingredients that will be necessary in section 2.3 for the analysis
of the second-order perturbations.

There are four metric variables in the even sector, i.e. H0, H1, H2 and K, and two in
the odd sector, i.e. h0 and h1. However, not all of them are independent degrees of freedom.
Indeed, in vacuum, the gravitational field is expected to describe two propagating degrees of
freedom: one even and one odd. Since at linear order the even and odd components do not
mix [60], we can treat them separately. Let us first focus on the even metric quantities. The
four equations obtained by varying the action with respect to even quantities must contain
three constraints and the dynamics of a single degree of freedom, as we are going to show next.

Instead of H2, it will be convenient to use the variable ψ obtained by substituting in
the action [72, 74, 75]

H2 = f(r)ψ + r∂rK + 1
f(r)

(
1− 3rs

2r + 1
2∆S2

)
K , (2.10)

where ∆S2 ≡ ∂2θ + cos θ
sin θ ∂θ + 1

sin2 θ
∂2ϕ. This field redefinition has the advantage of simplifying

the linear field equations, making them of first order in r rather than second order.
The linear equations are obtained by varying the quadratic action with respect to H0, ψ,

K and H1 and expanding in spherical harmonics. We first focus on ℓ ≥ 2; we discuss the
monopole and dipole cases separately, below. Defining for convenience the shorthand notation

λ ≡ ℓ(ℓ+ 1) , (2.11)

and using ∆S2Y m
ℓ = −ℓ(ℓ+ 1)Y m

ℓ to replace the angular derivatives, we obtain

∂r
(1)ψℓm+(λ+2)r+2rs

2f(r)r2
(1)ψℓm−λ[(λ−2)r+3rs]

4f(r)3r2
(1)Kℓm=0,

(2.12)

∂r
(1)Kℓm−2f(r)∂r

(1)Hℓm
0 − λ+1

f(r)r
(1)Kℓm− λ

rs

(1)Hℓm
0 +2f(r)

rs

(1)ψℓm=0,

(2.13)

∂r
(1)ψℓm−λ[(λ−2)r+3rs]

2f(r)2rrs

(1)Hℓm
0 +λ

[
(λ−2)r(r−2rs)−3r2s

]
2f(r)3r2rs

(1)Kℓm+(λ+1)r+rs

f(r)r2
(1)ψℓm=0,

(2.14)
λr2f(r) (1)Hℓm

1 =0.
(2.15)

As expected from spherical symmetry, there is no m dependence in these equations.
The last equation simply implies (1)H1 = 0. Combining the first and third equation

allows to remove ∂r
(1)ψℓm and obtain a linear algebraic equation relating three variables,

(1)ψℓm − (λ− 2)r + 3rs

f(r)rs

(1)Hℓm
0 − r(λ− 2)(3rs − 2r) + 3r2s

2f(r)2rrs

(1)Kℓm = 0 . (2.16)

We choose to describe the independent even degree of freedom in terms of the quantity
H0. Thus, this equation and its first derivative with respect to r, together with eqs. (2.12)

– 7 –
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and (2.13), form a system of first-order differential equations which can be solved algebraically
for (1)ψ and (1)K in terms of (1)H0 and ∂r

(1)H0, i.e.,

(1)ψℓm=−3(rs−2r)r2s−r2 [rf(r)λ+rs)](λ−2)
2(λ−2)r3f(r)3

(1)Hℓm
0 −

[
r(2r−3rs)(λ−2)−3r2s

]
2(λ−2)rf(r)2 ∂r

(1)Hℓm
0 ,

(2.17)

(1)Kℓm=−r
2
s+rrs(λ−4)−r2(λ−2)

(λ−2)r2f(r)
(1)Hℓm

0 + rs

λ−2∂r
(1)Hℓm

0 . (2.18)

Therefore, replacing (1)ψ and (1)K (and their first derivatives) in eq. (2.16) by means of these
expressions, we obtain a second-order equation for (1)H0,

∂2r
(1)Hℓm

0 (r) + 2r − rs

r2f(r) ∂r
(1)Hℓm

0 (r)− λr2f(r) + r2s
r4f(r)2

(1)Hℓm
0 (r) = 0 . (2.19)

This equation describes the parity-even sector for linear perturbations; the other even metric
quantities can be derived from the solution of this equation.

Similarly, the two equations obtained by varying the action with respect to odd quantities
represent one constraint and one degree of freedom. Indeed, variation of the quadratic action
with respect to h0 and h1 gives, respectively,

∂2r
(1)hℓm

0 (r)− λr − 2rs

r3f(r)
(1)hℓm

0 (r) = 0 , (2.20)

λ(λ− 2)rf(r) (1)hℓm
1 (r) = 0 . (2.21)

The second equation implies (1)h1 = 0, while the first equation describes the parity-odd
linear perturbation. Note that h0 and h1 appear in the metric (2.5) with at least one angular
derivative acting on them; therefore, there is no ℓ = 0 odd-type mode and λ ̸= 0.

In conclusion, in the static limit the parity-even and parity-odd sectors of the linear
perturbations of a Schwarzschild black hole decouple and are described, respectively, by
eq. (2.19) for (1)H0 and by eq. (2.20) for (1)h0. The two even variables (1)H2 (or (1)ψ) and
(1)K are given in terms of (1)H0 from the constraint equations, while (1)H1 and (1)h1 vanish.

These considerations apply for ℓ ≥ 2. The cases ℓ = 0 and ℓ = 1 (i.e., λ = 0 and λ = 2,
respectively) are different because some of the metric components in eqs. (2.7) and (2.8) are
absent, leaving a residual gauge freedom, as discussed in [60] for the static case and in [76]
for the general case. Specifically, for the monopole, the components H0, H1, and G are
missing and there are no odd perturbations, leaving us with only four even perturbations.
Moreover, eqs. (2.12) and (2.14) become the same, while eq. (2.15) vanishes identically,
reducing the system to only two equations instead of four. Using time and radial coordinate
transformations, two metric components can be fixed, for instance (1)K = (1)H1 = 0 [76].
The remaining components can be removed via a redefinition of the black hole mass, in
accordance with Birkhoff’s theorem.

For the dipole, the perturbations G and h2 are absent. Among the remaining even-type
perturbations, three can be fixed by constraints, while the other three can be entirely gauged
away by shifting the origin of the coordinate system. Of the two remaining odd perturbations,
one can be eliminated through a coordinate transformation, and the other corresponds to a
rotation of the black hole. For a non-rotating black hole, this can be set to zero. Therefore,
in the following, we set all linear monopole and dipole perturbations to zero.
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2.3 Quadratic perturbations

The second-order equations can be obtained by varying the cubic action with respect to
the metric variables. The linear part of these equations is identical to the left-hand side of
eqs. (2.12)–(2.15), (2.20) and (2.21), upon replacement of first-order quantities (1)H0, (1)ψ,
etc., by second-order quantities (2)H0, (2)ψ, etc. Additionally, at second order there is a
quadratic part, a source term, which describes how quadratic couplings of linear perturbations
source the linear part of the equations. These quadratic terms include both even and odd
quantities, i.e., they mix the two parity sectors. Therefore, at quadratic order, the even
and odd components are no longer independent.

The procedure and steps to derive the equation describing the evolution of (2)H0 are
analogous to the ones used to derive eq. (2.19) described above; the only difference is the
presence of quadratic terms in the equation, involving products of linear quantities. Once
expanded in spherical harmonics, these equations display tensor harmonics up to rank two.
In particular, these are the even and odd vector harmonics, respectively defined as

Zm
ℓ A ≡ ∇AY

m
ℓ , (2.22)

Xm
ℓ A ≡ ϵ B

A ∇BY
m

ℓ , (2.23)

and the even and odd 2-tensor harmonics, respectively defined as

Zm
ℓ AB ≡

(
∇A∇BY

m
ℓ − 1

2γAB∆S2Y m
ℓ

)
, (2.24)

Xm
ℓ AB ≡ ϵ C

A

(
∇C∇BY

m
ℓ − 1

2γCB∆S2Y m
ℓ

)
. (2.25)

These quantities form a basis, respectively of vectors and tensors, on the sphere.
To obtain an equation for the spherical harmonic coefficients, we multiply the resulting

equations by Y m
ℓ and integrate over the angles. Generally, the quadratic terms contain

the following integrals,5

0Imm1m2
ℓℓ1ℓ2

=
∫

dΩ Y m
ℓ

∗(θ, ϕ)Y m1
ℓ1

(θ, ϕ)Y m2
ℓ2

(θ, ϕ) , (2.26)

1Imm1m2
ℓℓ1ℓ2

=
∫

dΩ Y m
ℓ

∗(θ, ϕ)Zm1
ℓ1 A(θ, ϕ)Z

m2 A
ℓ2

(θ, ϕ) , (2.27)

2Imm1m2
ℓℓ1ℓ2

=
∫

dΩ Y m
ℓ

∗(θ, ϕ)Zm1
ℓ1 AB(θ, ϕ)Z

m2 AB
ℓ2

(θ, ϕ) , (2.28)

1Jmm1m2
ℓℓ1ℓ2

=
∫

dΩ Y m
ℓ

∗(θ, ϕ)Xm1
ℓ1 A(θ, ϕ)Z

m2 A
ℓ2

(θ, ϕ) , (2.29)

2Jmm1m2
ℓℓ1ℓ2

=
∫

dΩ Y m
ℓ

∗(θ, ϕ)Xm1
ℓ1 AB(θ, ϕ)Z

m2 AB
ℓ2

(θ, ϕ) , (2.30)

where dΩ = sin θ dθdϕ. We will explain how to solve these integrals in appendix A. There
we show that

sImm1m2
ℓℓ1ℓ2

= 1
2
[
1 + (−1)ℓ+ℓ1+ℓ2

]
sImm1m2

ℓℓ1ℓ2
= 1

2(
sImm1m2

ℓℓ1ℓ2
+ sImm2m1

ℓℓ2ℓ1
) , (2.31)

sJmm1m2
ℓℓ1ℓ2

= − i

2
[
1− (−1)ℓ+ℓ1+ℓ2

]
sImm1m2

ℓℓ1ℓ2
= − i

2(
sImm1m2

ℓℓ1ℓ2
− sImm2m1

ℓℓ2ℓ1
) , (2.32)

5In general, there are also integrals quadratic in odd tensors, such as
∫
dΩ Y m

ℓ
∗(θ, ϕ)Xm1

ℓ1 A(θ, ϕ)Xm2 A
ℓ2

(θ, ϕ),
but these can be reduced to integrals at most linear in odd tensors upon contractions of Levi-Civita symbols.
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where we defined

sImm1m2
ℓℓ1ℓ2

≡ (2− δ0s)2−s(−1)s

√
(1 + 2ℓ1)(1 + 2ℓ2)

4π(1 + 2ℓ)
(ℓ1 + |s|)!(ℓ2 + |s|)!
(ℓ1 − |s|)!(ℓ2 − |s|)! C

m1m2m
ℓ1ℓ2ℓ C−ss0

ℓ1ℓ2ℓ ,

(2.33)
and where Cm1m2m

ℓ1ℓ2ℓ are the Clebsch-Gordan coefficients, often denoted as ⟨ℓ1 m1 ℓ2 m2|ℓ m⟩.
We note that transformation of spherical harmonics under parity implies that sImm1m2

ℓℓ1ℓ2

vanishes for ℓ+ ℓ1 + ℓ2 odd, while sJmm1m2
ℓℓ1ℓ2

vanishes for ℓ+ ℓ1 + ℓ2 even. In addition, from
their definitions it is manifest that sImm1m2

ℓℓ1ℓ2
is symmetric while sJmm1m2

ℓℓ1ℓ2
is antisymmetric

under the exchange of ℓ1m1 and ℓ2m2.
In the end, from the same manipulations that we used in the linear case, with the

inclusion of the quadratic terms, we find the differential equation

∂2r
(2)Hℓm

0 (r) + 2r − rs

r2f(r) ∂r
(2)Hℓm

0 (r)− λr2f(r) + r2s
r4f(r)2

(2)Hℓm
0 (r) =

∑
ℓ1,m1,ℓ2,m2

Smm1m2
H0 ℓℓ1ℓ2

(r) .

(2.34)
As expected, the left-hand side is the same as in the linear equation (2.19), with (1)H0
replaced by (2)H0. The source term on the right-hand side is given by a sum over angular
and magnetic numbers ℓ1, m1, ℓ2 and m2, and the selection rules due to the Clebsch-Gordan
coefficients imply that |ℓ1 − ℓ2| ≤ ℓ ≤ ℓ1 + ℓ2, |m1| ≤ ℓ1, |m2| ≤ ℓ2 and m = m1 +m2. The
source term is quadratic in both the even and odd linear harmonic variables (1)Hℓm

0 , (1)ψℓm,
(1)Kℓm and (1)hℓm

0 , and their first and second radial derivatives, multiplied by one of the
integrals in eqs. (2.26)–(2.30). The explicit expression of the source is cumbersome, but it
can be simplified by using eqs. (2.17) and (2.18) to express (1)ψ and (1)K in terms of (1)H0
and ∂r

(1)H0. Additionally, one can use the linear equations (2.19) and (2.20) to eliminate
the second-order radial derivatives and write the source term solely in terms of (1)H0, (1)h0,
∂r

(1)H0, and ∂r
(1)h0. By doing so, one obtains a lengthy but manageable expression,

Smm1m2
H0 ℓℓ1ℓ2

(r) = r2s
λ(λ− 2)f(r)2r4

{
0Imm1m2

ℓℓ1ℓ2

[(
a2
r2

r2s
+ a1

r

rs
+ a0

)
(1)Hℓ1m1

0
(1)Hℓ2m2

0

+ f(r)r
2

rs
b0∂r

(1)Hℓ1m1
0

(1)Hℓ2m2
0 − 1

2λ(λ− 2)f(r)2 r
4

r2s
∂r

(1)Hℓ1m1
0 ∂r

(1)Hℓ2m2
0

+ r2s
f(r)2r4

(
c4
r4

r4s
+ c3

r3

r3s
+ c2

r2

r2s
+ c1

r

rs
+ c0

)
(1)hℓ1m1

0
(1)hℓ2m2

0

+ rs

f(r)r2
(
d2
r2

r2s
+ d1

r

rs
+ d0

)
∂r

(1)hℓ1m1
0

(1)hℓ2m2
0

+
(
e2
r2

r2s
+ e1

r

rs
+ e0

)
∂r

(1)hℓ1m1
0 ∂r

(1)hℓ2m2
0 + (ℓ1m1 ↔ ℓ2m2)

]

+ 2Imm1m2
ℓℓ1ℓ2

[
r2s

f(r)2r4
(
f3
r3

r3s
+ f2

r2

r2s
+ f1

r

rs
− 19

2

)
(1)hℓ1m1

0
(1)hℓ2m2

0

+ rs

f(r)r2

(
g2
r2

r2s
+ g1

r

rs
− 11

)
∂r

(1)hℓ1m1
0

(1)hℓ2m2
0

+
(
4 r
rs

− 2
)
∂r

(1)hℓ1m1
0 ∂r

(1)hℓ2m2
0 + (ℓ1m1 ↔ ℓ2m2)

]}
, (2.35)
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where the coefficients a2, a1, etc., are functions of λ, λ1 and λ2, i.e., a2 = a2(λ, λ1, λ2), etc.,6
with λ1 and λ2 defined as λi ≡ ℓi(ℓi + 1) in analogy with (2.11), with an extra subscript to
distinguish the two different linear modes that combine to generate the second-order one.
Explicit expressions for all the coefficients can be found in appendix B.

The source for (2)H0 contains both even and odd linear modes; however, only quadratic
terms of the type even × even or odd × odd are present. As already noted, the symbols
sImm1m2

ℓℓ1ℓ2
are symmetric under the exchange ℓ1m1 ↔ ℓ2m2 and vanish for ℓ+ ℓ1 + ℓ2 = odd.

Therefore the source for (2)H0 receives contribution only when ℓ+ ℓ1 + ℓ2 is even and has to
be symmetric under the exchange ℓ1m1 ↔ ℓ2m2. The other even variables of the second-order
metric, (2)ψ and (2)K, can be obtained from equations analogous to eqs. (2.17) and (2.18)
extended at second order, which we do not write explicitly here. We have verified that, like
(2)H0, they are sourced by even × even or odd × odd quadratic terms for ℓ+ ℓ1 + ℓ2 = even.

The remaining even variable, H1, no longer vanishes at second order but it is determined
by quadratic terms of the linear perturbations. Indeed, varying the cubic action with respect
to H1, multiplying the resulting equation by Y m

ℓ
∗ and integrating over the angles, yields

(2)Hℓm
1 =

∑
ℓ1,m1,ℓ2,m2

Smm1m2
H1 ℓℓ1ℓ2

(r) , (2.36)

where the sources on the right-hand side are given by

Smm1m2
H1 ℓℓ1ℓ2

(r) = 1
2λf(r)r2

1Jmm1m2
ℓℓ1ℓ2

[
rs

(1)Hℓ1m1
0

(1)hℓ2m2
0

+ r2f(r)
(
∂r

(1)Hℓ1m1
0

(1)hℓ2m2
0 − (1)Hℓ1m1

0 ∂r
(1)hℓ2m2

0

)
− (ℓ1m1 ↔ ℓ2m2)

]
.

(2.37)

The source above contains only quadratic terms of the type even × odd. The symbols
sJmm1m2

ℓℓ1ℓ2
are antisymmetric under the exchange ℓ1m1 ↔ ℓ2m2 and vanish whenever ℓ+ℓ1+ℓ2

even or m1 = m2 = 0 or ℓ1m1 = ℓ2m2 (see appendix A). Hence, (2)H1 does not receive
any contribution in such cases. The only contribution can come from modes for which
ℓ + ℓ1 + ℓ2 is odd.

We can now turn to the odd quantities h0 and h1 at second order. The equations
governing their behavior can be found by proceeding similarly to what we described above
for the even sector. For (2)h0 we find

∂2r
(2)hℓm

0 (r)− λr − 2rs

r3f(r)
(2)hℓm

0 (r) =
∑

ℓ1,m1,ℓ2,m2

Smm1m2
h0 ℓℓ1ℓ2

(r) , (2.38)

where the left-hand side has the same form as in the linear equation (2.20), and the source

6The denominator in the prefactor of the curly brackets vanishes for λ = 0 and λ = 2, corresponding to
ℓ = 0 and ℓ = 1, respectively. However, as the curly brackets also vanish in these cases, the source remains
finite, as we will show in section 3.3. Similar apparent divergences occur in the other sources discussed in
this section.
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ℓ+ ℓ1 + ℓ2 even (1)Hℓ2m2
0

(1)hℓ2m2
0

(1)Hℓ1m1
0

(2)Hℓm
0

(2)hℓm
0

(1)hℓ1m1
0

(2)hℓm
0

(2)Hℓm
0

ℓ+ ℓ1 + ℓ2 odd (1)Hℓ2m2
0

(1)hℓ2m2
0

(1)Hℓ1m1
0

(2)hℓm
1

(2)Hℓm
1

(1)hℓ1m1
0

(2)Hℓm
1

(2)hℓm
1

Table 1. Selection rules for quadratic sources, for the case ℓ + ℓ1 + ℓ2 = even, left table, and
ℓ+ ℓ1 + ℓ2 = odd, right table. Here by H0 we generically denote the trio H0, H2 and K, which are
related by constraints.

term is given by

Smm1m2
h0 ℓℓ1ℓ2

(r) = 1
2λf(r)r2

{
0Imm1m2

ℓℓ1ℓ2

[
r2s

f(r)r2
(
ã2
r2

r2s
+ ã1

r

rs
+ ã0

)
(1)Hℓ1m1

0
(1)hℓ2m2

0

+ rs

(
b̃1
r

rs
+ b̃0

)
∂r

(1)Hℓ1m1
0

(1)hℓ2m2
0 + (ℓ1m1 ↔ ℓ2m2)

]
− 2 2Imm1m2

ℓℓ1ℓ2

[
(1)Hℓ1m1

0
(1)hℓ2m2

0 + (ℓ1m1 ↔ ℓ2m2)
]}

,

(2.39)

where the explicit expressions of the coefficients ã2, ã1, ã0, b̃1 and b̃0 are given in appendix B.
The odd quantity (2)hℓm

0 is sourced by quadratic terms of the type even × odd, proportional
to the sImm1m2

ℓℓ1ℓ2
symbols. Thus, by a similar logic as above, we conclude that Smm1m2

h0 ℓℓ1ℓ2
must

vanish for ℓ+ ℓ1 + ℓ2 = odd and must be symmetric under the exchange of ℓ1m1 and ℓ2m2.
The remaining second-order odd metric quantity, (2)h1, is determined by even × even and

odd × odd quadratic terms, which are nonzero only for ℓ+ ℓ1 + ℓ2 = odd and antisymmetric
under ℓ1m1 ↔ ℓ2m2. Indeed, we find

(2)hℓm
1 =

∑
ℓ1,m1,ℓ2,m2

Smm1m2
h1 ℓℓ1ℓ2

(r) , (2.40)

with

Smm1m2
h1 ℓℓ1ℓ2

(r) = 1
2λ(λ− 2)f(r)r

1Imm1m2
ℓℓ1ℓ2

[
r3f(r)(1)Hℓ1m1

0 ∂r
(1)Hℓ2m2

0

+ λ2
(1)hℓ1m1

0 (2− r∂r)(1)hℓ2m2
0 − (ℓ1m1 ↔ ℓ2m2)

]
.

(2.41)

2.4 Selection rules

Let us conclude this subsection with a brief summary of the selection rules encountered
above. They arise from the symmetries of the system, specifically, the staticity (stationarity
and time-reversal invariance) and spherical symmetry of the background, along with the
invariance of the action under parity and time-reversal. As previously discussed, since H2 and
K can be expressed in terms of H0 and its derivatives using constraint equations, only four
metric variables remain in the RW action, leading to 20 possible cubic combinations of metric
variables (without counting derivatives) in the action. However, because (1)H1 = 0 = (1)h1,
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cubic interactions involving at least two of these fields do not contribute to the quadratic
equations of motion, excluding 10 cubic combinations. Additionally, due to the static
background and the time-independence of the perturbations, it is impossible to construct
cubic interactions with an odd number of δgit perturbations, such as H1H

2
0 or h30. This leaves

us with only five combinations, which, upon variation of the action, are the ones that yield
the terms in the sources (2.35), (2.37), (2.39) and (2.41).

The spherical symmetry of the background allows for the decomposition of the fields into
spherical harmonics, with angular momentum conservation in the cubic operators enforced
by the Clebsch-Gordan coefficients. In general, the selection rules imposed by the Clebsch-
Gordan coefficients dictate that |ℓ1 − ℓ2| ≤ ℓ ≤ ℓ1 + ℓ2 and m = m1 +m2. If we define p as
the parity of a quadratic mode — where p = +1 denotes an even mode and p = −1 denotes
an odd mode — then we have seen that p = (−1)ℓ+ℓ1+ℓ2 × p1 × p2 [63, 64, 66, 67, 70], where
p1 and p2 are the parities of the first and second linear modes generating the quadratic mode,
respectively. Indeed, we can consider two cases:

• ℓ+ ℓ1 + ℓ2 = even: by parity and the properties of the integrals involving three tensor
harmonics, this case arises from cubic couplings in the action with an even number of odd
tensor harmonics, i.e. H3

0 and H0h
2
0. In this case, quadratic terms with p1 = p2 = ±1

can source p = +1, corresponding to (2)H0 (or (2)H2 and (2)K, using the constraints).
Conversely, quadratic terms with p1 = −p2 = ±1 can source p = −1, corresponding to
(2)h0. See table 1, left-hand side.

• ℓ+ ℓ1 + ℓ2 = odd: this case arises from the cubic couplings involving an odd number
of odd tensor harmonics, i.e. H2

0h1, h20h1, and H0H1h0. In this case, quadratic terms
with p1 = p2 = ±1 can source p = −1, corresponding to (2)h1 (we recall that (1)H1 = 0,
so that (2)h0 is not sourced at second order in this case), while quadratic terms with
p1 = −p2 = ±1 can source p = +1, corresponding to (2)H1. See table 1, right-hand side.
Additionally, as discussed above, the selection rules of the Clebsch-Gordan coefficients in
this case imply that when m1 = m2 = 0 and ℓ1m1 = ℓ2m2, the quadratic sources vanish.

3 Solutions

In this section we solve the equations derived previously, upon imposing suitable boundary
conditions at the horizon. We start by reviewing the derivation of the linear solutions.

3.1 Linear solutions

We solve here eqs. (2.19) and (2.20), respectively for (1)Hℓm
0 (r) and (1)hℓm

0 (r), and find
the regular solutions at the horizon r = rs. The other even variables, (1)ψ and (1)K,
can be extracted using eqs. (2.17) and (2.18), once (1)H0 is known, while we remind that
(1)H1 = 0 = (1)h1. Let us start with (1)H0. Whenever the m-dependence is trivial, we will
suppress it from our notation in this section.

Equation (2.19) is a second-order ordinary differential equation with three regular singular
points, i.e. r = 0, rs, ∞. It is a special case of the hypergeometric equation, and it can be
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recast in the form of an associated Legendre equation [77, 78]:

(1− z2)∂2z (1)Hℓm
0 − 2z∂z

(1)Hℓm
0 +

[
ℓ(ℓ+ 1)− 4

1− z2

]
(1)Hℓm

0 = 0 , z ≡ 2r
rs

− 1 . (3.1)

The two independent solutions are thus7

Hℓ
0,1(r) = P 2

ℓ (2r/rs − 1) , (3.2)
Hℓ

0,2(r) = Q2
ℓ (2r/rs − 1) , (3.3)

where P 2
ℓ and Q2

ℓ are the associated Legendre functions of the first and second kind respectively,
of degree ℓ and order 2, with near-horizon behaviors

Hℓ
0,1(r) = −(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)r − rs

2rs
+O((r − rs)2) , (3.4)

Hℓ
0,2(r) = − rs

2(r − rs)
+O((r − rs)0) . (3.5)

The second solution is divergent at the horizon, so we discard it, while the first one is regular.
In particular, since ℓ takes integer values, Hℓ

0,1 is a finite polynomial in r, while Hℓ
0,2 contains

instead log
( r−rs

r

)
terms. Imposing regularity at the horizon leads us to discard the solution

containing logarithms.8 Including a constant amplitude factor, we will write the physical
linear solution for the even variable (1)Hℓm

0 as

(1)Hℓm
0 (r)=−E+

ℓm

Γ(ℓ+1)2
ℓ(ℓ−1)Γ(2ℓ+1)P

2
ℓ

(
2r/rs−1

)
=E+

ℓm

Γ(ℓ+1)2
ℓ(ℓ−1)Γ(2ℓ+1)r(r−rs)∂2rPℓ

(
2r/rs−1

)
,

(3.6)
where the normalization is chosen to ensure that Hℓm

0 (r) = E+
ℓm(r/rs)ℓ +O(rℓ−1) for large

r, with E+
ℓm being the amplitude of the external even tidal field.

Let us now turn to (1)h0. Through the field redefinition

(1)hℓm
0 (r(x)) = x−1(1− x)u(x) , x ≡ rs

r
, (3.7)

eq. (2.20) can be recast in the standard hypergeometric form

x(1− x)u′′(x) + [c− (a+ b+ 1)x]u′(x)− ab u(x) = 0 , (3.8)

with parameters

a = −ℓ− 1, b = ℓ, c = −2 , (3.9)
7In terms of hypergeometric functions, the two independent solutions can be written as [52]

Hℓ
0,1(r) =

Γ(ℓ + 2)Γ(ℓ + 3)
Γ(ℓ) (−1)ℓ+1 r

r − rs
2F1

(
−ℓ, ℓ + 1, 3; r

rs

)
,

Hℓ
0,3(r) =

(
rs

r

)ℓ+1 r

r − rs
2F1

(
ℓ − 1, ℓ + 1, 2ℓ + 2; rs

r

)
.

8One can express the Zerilli variable [76] in terms of H0 and ∂rH0, and check that the logarithmic part of
the homogeneous solution gives a divergent Zerilli variable [22].

– 14 –



J
H
E
P
0
2
(
2
0
2
5
)
1
7
4

which satisfy a + b − c = 1. For this combination of parameters, the two independent
solutions are9

hℓ
0,4(r) = −rs(r − rs)

r

(
−rs

r

)ℓ

2F1

(
ℓ, ℓ+ 3; 2ℓ+ 2; rs

r

)
, (3.10)

hℓ
0,5(r) = −r

2(r − rs)
r2s

2F1

(
2− ℓ, ℓ+ 3; 4; r

rs

)
. (3.11)

Since the first argument of 2F1(2− ℓ, ℓ+ 3; 4; r
rs
) in h0,5 is a non-positive integer, while its

third argument is a positive integer, it follows from the properties of the hypergeometric
functions that h0,5 is a finite polynomial with only positive powers of r

rs
.10 On the other

hand, 2F1
(
ℓ, ℓ+ 3; 2ℓ+ 2; rs

r

)
in h0,4 contains an inverse power of r − rs and a log(r − rs),

going as 2F1
(
ℓ, ℓ+ 3; 2ℓ+ 2; rs

r

)
= rs

r−rs

Γ(2ℓ+2)
Γ(ℓ)Γ(ℓ+3) +

Γ(2ℓ+2)
Γ(ℓ−1)Γ(ℓ+2) log(

r
rs

− 1) + O((r − rs)0)
for r → rs. Note that, despite the divergent behavior of 2F1

(
ℓ, ℓ+ 3; 2ℓ+ 2; rs

r

)
near the

horizon, h0,4 remains finite because of the r − rs prefactor in (3.10). Following [22], we
will demand that the Regge-Wheeler variable ΨRW, which is related to the odd field h0 via
ΨRW ∝ (2h0 − r∂rh0) [22, 76], does not diverge at the horizon. This excludes h0,4, selecting
h0,5 as the correct physical odd solution, which we will rewrite for convenience as

(1)hℓm
0 (r) = E−

ℓm

(4)ℓ−2Γ(ℓ− 1)
(2− ℓ)ℓ−2(ℓ+ 3)ℓ−2

r2(r − rs)
r2s

2F1

(
2− ℓ, ℓ+ 3; 4; r

rs

)
, (3.13)

where E−
ℓm is a dimensionless constant, corresponding to the amplitude of the linear odd field,

and (a)n ≡ a(a+ 1) · · · (a+ n− 1) is the Pochhammer symbol. The normalization factor is
chosen in such a way that (1)hℓ

0(r) = rsE−
ℓm(r/rs)ℓ+1 + O(rℓ) for large r.

Equations (3.6) and (3.13) are the final expressions for the linear solutions that we will
use in the next section to evaluate the quadratic sources in the second-order equations, to
compute the metric perturbations at second order.

3.2 Quadratic solutions

We have now all the ingredients to solve eqs. (2.34) and (2.38) for the metric at second
order, induced by the coupling of two linear modes. The right-hand sides of (2.34) and (2.38)
are computed on the linear solutions (3.6) and (3.13), and are therefore known functions of
r. From the standard properties of linear ordinary differential equations, the most general
solutions to the inhomogeneous equations (2.34) and (2.38) are obtained from a linear
superposition of homogeneous and particular solutions. The particular solutions can be found

9See, e.g., ref. [79]. This corresponds to case 27 in the table in section 2.2.2 of that reference.
10To see this, it might be convenient to rewrite h0 in (3.11) (or, equivalently, (3.13) up to an overall constant

prefactor) as

hℓ
0,5(r) = −r2(r − rs)

r2
s

ℓ−2∑
j=0

(−1)j 6(ℓ − 2)!
j!(ℓ − j − 2)!

Γ(ℓ + j + 3)
Γ(ℓ + 3)Γ(j + 4)

(
r

rs

)j

. (3.12)
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using standard Green’s function methods:

(2)Hℓm
0 (r) =

∑
ℓ1,m1,ℓ2,m2

∫ ∞

rs

dr′ Gℓ
H0(r, r

′)Smm1m2
H0 ℓℓ1ℓ2

(r′) , (3.14)

(2)hℓm
0 (r) =

∑
ℓ1,m1,ℓ2,m2

∫ ∞

rs

dr′ Gℓ
h0(r, r

′)Smm1m2
h0 ℓℓ1ℓ2

(r′) , (3.15)

where Gℓ
H0

(r, r′) and Gℓ
h0
(r, r′) are the Green’s functions associated with (2.34) and (2.38),

satisfying

∂2rGℓ
H0(r, r

′) + 2r − rs

r2f(r) ∂rGℓ
H0(r, r

′)− λr2f(r) + r2s
r4f(r)2 Gℓ

H0(r, r
′) = δ(r − r′) , (3.16)

∂2rGℓ
h0(r, r

′)− λr − 2rs

r3f(r) Gℓ
h0(r, r

′) = δ(r − r′) , (3.17)

respectively. Following the standard procedure, it is easy to check that the most general
solutions for Gℓ

H0
(r, r′) and Gℓ

h0
(r, r′) that respect the correct boundary condition at the

horizon, and are continuous across r = r′, are given by [52]:11

Gℓ
H0(r, r

′) = r′(r′ − rs)
rsW ℓ

H0

[
Hℓ

0,2(r)Hℓ
0,1(r′)Θ(r − r′) +Hℓ

0,1(r)Hℓ
0,2(r′)Θ(r′ − r)

]
, (3.18)

Gℓ
h0(r, r

′) = 1
rsW ℓ

h0

[
hℓ
0,4(r)hℓ

0,5(r′)Θ(r − r′) + hℓ
0,5(r)hℓ

0,4(r′)Θ(r′ − r)
]
, (3.19)

where Θ is the Heaviside step function, while Hℓ
0,1, Hℓ

0,2, hℓ
0,4 and hℓ

0,5 are the homogeneous
solutions (3.2)–(3.3) and (3.10)–(3.11). The quantities W ℓ

H0
and W ℓ

h0
in the expressions above

are r-independent (but, ℓ-dependent) dimensionless constants associated to the Wronskians
of the differential equations, and can be expressed as

W ℓ
H0 = −1

2(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2) , W ℓ
h0 = − 3Γ(2ℓ+ 3)

(ℓ+ 1)Γ(ℓ+ 2)Γ(ℓ+ 3) . (3.20)

The homogeneous solutions at second order to add to the particular ones are already
known: they are given by eqs. (3.2)–(3.3) and (3.10)–(3.11), since the left-hand sides of (2.34)
and (2.38) are identical to the left-hand sides in the linear equations (2.19) and (2.20).
The corresponding arbitrary integration constants are chosen as follows [52, 54]: at second
order, we will set to zero the constant associated to the solution that has growing profile
at large r, since it is degenerate with the linear tidal field solution (in other words, it can
always be reabsorbed through a redefinition of the linear tidal field’s amplitude); we will
choose the remaining constant, associated to the amplitude of the decaying solution at
infinity, in such a way to remove any possible divergence at the horizon in the particular
solutions (3.14) and (3.15). Since the Green’s functions in (3.14) and (3.15) have already
been chosen in (3.18) and (3.19) in such a way to respect regularity, we will also set the
second integration constant to zero.

11Recall that, in section 3.1, we argued that the static solutions associated with regular behavior at the
horizon are Hℓ

0,1(r) in (3.2) and hℓ
0,5(r) in (3.11).
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All in all, the inhomogeneous solutions for (2)Hℓm
0 and (2)hℓm

0 that satisfy regularity
conditions at the horizon can be written in full generality as [52]:

(2)Hℓm
0 (r) = 1

rsW ℓ
H0

∑
ℓ1,m1,ℓ2,m2

[
Hℓ

0,2(r)
∫ r

rs

dr′ r′(r′ − rs)Hℓ
0,1(r′)Smm1m2

H0 ℓℓ1ℓ2
(r′)

−Hℓ
0,1(r)

∫ r

dr′ r′(r′ − rs)Hℓ
0,2(r′)Smm1m2

H0 ℓℓ1ℓ2
(r′)

]
, (3.21)

(2)hℓm
0 (r) = 1

rsW ℓ
h0

∑
ℓ1,m1,ℓ2,m2

[
hℓ
0,4(r)

∫ r

rs

dr′ hℓ
0,5(r′)Smm1m2

h0 ℓℓ1ℓ2
(r′)

− hℓ
0,5(r)

∫ r

dr′ hℓ
0,4(r′)Smm1m2

h0 ℓℓ1ℓ2
(r′)

]
, (3.22)

where the integrals on the second line of each equation are indefinite integrals.12

3.3 Quadratic solutions induced by quadrupole × quadrupole

It is instructive to provide an explicit example of the previous expressions. We will focus
here on the case of two linear quadrupolar fields (i.e., ℓ1 = 2 and ℓ2 = 2), generating a
second-order mode ℓ [52]. The ℓ = 2 linear even and odd solutions can be read off from
the general expressions (3.6) and (3.13):

(1)H2m
0 (r) = E+

2m

r

rs

(
r

rs
− 1

)
, (3.23)

(1)h2m
0 (r) = E−

2m

r2

rs

(
r

rs
− 1

)
, (3.24)

where in the amplitudes of the even and odd linear modes, respectively E+ and E−, we
kept the dependence on m generic.

Based on the angular momentum and parity selection rules, the induced quadratic mode
can only take the values ℓ = 0, ℓ = 2, or ℓ = 4.13 In the following, we will discuss each
case separately, starting with the quadrupole and addressing the somewhat special case of
the monopole at the end. The analysis of the second-order solutions induced by generic ℓ1
and ℓ2 modes will be considered in section 6.

3.3.1 Quadrupole

Let us start by analyzing the second-order ℓ = 2 mode induced by two linear quadrupoles. In
the even sector, from the general formula (3.21), we obtain for (2)H2m

0 :

(2)H2m
0 =

∑
m1,m2

0Imm1m2
222

1
4

[
E−
2m1E

−
2m2

3
2
r

rs

(
12r

3

r3s
−14r

2

r2s
+ r

rs
−1
)
−E+

2m1E
+
2m2

r2

r2s

(
2r

2

r2s
+ r

rs
−3
)]
,

(3.25)
12Alternatively, they can also equivalently rewritten as integrals between r and some other arbitrary radius

r0. The latter is however completely immaterial, because it can be removed in general via a redefinition of the
integration constant of the growing homogeneous solutions Hℓ

0,1(r) and hℓ
0,5(r) [52].

13Quadratic perturbations with ℓ = 1 and ℓ = 3 vanish. This occurs because in these cases ℓ+ ℓ1 + ℓ2 is odd
and, according to the selection rules discussed in table 1, only (2)H1 and (2)h1 can be generated. However,
these also vanish because the radial profiles of their sources are antisymmetric under ℓ1m1 ↔ ℓ2m2 and do
not explicitly depend on the magnetic quantum numbers.
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where the sums run over |m1| ≤ 2 and |m2| ≤ 2. By solving the constraint equations at
second order one can also easily find the other even scalars in the metric,

(2)H2m
2 =

∑
m1,m2

0Imm1m2
222 f(r)14

[
E−

2m1
E−

2m2

3
2

r

r−rs

(
56r

3

r3
s

−54r
2

r2
s

+ r

rs
−1
)
−E+

2m1
E+

2m2

r3

r3
s

(
4 r
rs

+1
)]

,

(3.26)

(2)K2m=
∑

m1,m2

0Imm1m2
222

1
16

[
E−

2m1
E−

2m2
3
(
42r

4

r4
s

−24r
3

r3
s

+2r
2

r2
s

−1
)
−E+

2m1
E+

2m2

(
2r

4

r4
s

+8r
2

r2
s

−7
)]
.

(3.27)

Since ℓ + ℓ1 + ℓ2 is even, (2)H2m
1 = 0, for all m.

In the odd sector, from (3.22) and eq. (2.39) for the source, we find instead

(2)h2m
0 = −

∑
m1,m2

0Imm1m2
222 E−

2m1E
+
2m2

1
2
r3

r2s

(
r2

r2s
+ r

rs
− 2

)
. (3.28)

In addition, the other odd variable in the metric vanishes, (2)h2m
1 = 0.

3.3.2 Hexadecapole

For the induced ℓ = 4 mode, the derivation follows the same logic as for the quadrupole.
The second-order solutions are

(2)H4m
0 =

∑
m1,m2

0Imm1m2
422

1
36

[
E+
2m1E

+
2m2

r2

r2s

(
73r

2

r2s
− 107 r

rs
+ 34

)

+ E−
2m1E

−
2m2

r

rs

(
− 139r

3

r3s
+ 119r

2

r2s
+ 17 r

rs
− 3

)]
, (3.29)

(2)H4m
2 =

∑
m1,m2

0Imm1m2
422 f(r) 136

[
E+
2m1E

+
2m2

r3

r3s

(
97 r
rs

− 58
)

− E−
2m1E

−
2m2

r2

rs(r − rs)

(
7r

3

r3s
+ r2

r2s
− 17 r

rs
+ 3

)]
, (3.30)

(2)K4m =
∑

m1,m2

0Imm1m2
422

1
108

[
E+
2m1E

+
2m2

(
291r

4

r4s
− 266r

3

r3s
− 12r

2

r2s
+ 21

)

− E−
2m1E

−
2m2

(
21r

4

r4s
+ 52r

3

r3s
− 30r

2

r2s
+ 1

)]
, (3.31)

(2)h4m
0 =

∑
m1,m2

0Imm1m2
422 E−

2m1E
+
2m2

1
5
r3

r2s

(
8r

2

r2s
− 13 r

rs
+ 5

)
. (3.32)

By parity, (2)H4m
1 = 0 = (2)h4m

1 .

3.3.3 Monopole

As discussed at the end of section 2.2, the case of the monopole is special because the metric
before gauge fixing contains only four (even) components: H0, H1, H2 and K. At the linear
level, a monopolar perturbation can be absorbed into the definition of the Schwarzschild
mass, consistently with Birkhoff’s theorem. However, this is no longer the case at second
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order because the two linear quadrupoles, ℓ1 = 2 and ℓ2 = 2, break the spherical symmetry.
Therefore, the generated quadratic monopole in RW gauge is a physical perturbation.

Despite its apparent singular behavior, the source in RW gauge in eq. (2.35) remains
finite for ℓ = 0 once the linear solutions are inserted and the limit λ → 0 is appropriately
taken. Therefore, the quadratic equation (2.34) can be used to compute the monopole of
(2)H0. The result is

(2)H00
0 =

∑
m

0I0−mm
022

[
E+
2−mE+

2m

r2

2rs(r − rs)

(
− r3

r3s
+ r2

r2s
− 2 r

rs
− 3

)

+ E−
2−mE−

2m

3rs

4r

(
6r

5

r5s
+ 2r

4

r4s
− 6r

3

r3s
− r

rs
+ 1

)]
.

(3.33)

Moreover, the second-order constraint equations that relate H2 and K to H0 can also be
extended for λ = 0, yielding

(2)H00
2 =

∑
m

0I0−mm
022

1
f(r)

1
2

[
E+
2−mE+

2m

r2

rs(r − rs)

(
7r

3

r3s
− 23r

2

r2s
+ 26 r

rs
− 11

)

− E−
2−mE−

2m

3rs

2r

(
98r

5

r5s
− 138r

4

r4s
+ 42r

3

r3s
+ r

rs
− 1

)]
, (3.34)

(2)K00 =
∑
m

0I0−mm
022

1
2

[
E+
2−mE+

2m

(
2r

4

r4s
− 4r

3

r3s
+ 2 r2

r − s2
− 1

)

+ E−
2−mE−

2m

3rs

2r

(
− 20r

5

r5s
+ 32r

4

r4s
− 12r

3

r3s
− r

rs
+ 2

)]
, (3.35)

while (2)H00
1 = 0.

It is important to note that this procedure has implicitly fixed a gauge. Notice that when
ℓ = 0 the metric components corresponding to H0, H1 and G vanish trivially, see eq. (2.7).
Therefore, (2.9) does not fix any gauge: one can still perform a gauge transformation with
the freedom of choosing two arbitrary functions of r. In the way we took the limit, such
functions have been implicitly chosen to yield precisely the solutions written above. To
understand this better, let us follow a different logic. Instead of taking the limit ℓ→ 0 in the
general-ℓ results, let us set ℓ = 0 from the very beginning. In particular, let us choose for
instance the gauge such that (2)K00 = 0 and (2)H00

1 = 0. One shall then follow the standard
procedure, and find the solutions for (2)H00

0 and (2)H00
2 . One can verify explicitly that these

solutions are indeed related to (3.33)–(3.35) via a second-order gauge transformation, up to
a homogeneous solution which can be reabsorbed into a redefinition of the Schwarzschild
radius in the background metric.

4 Worldline effective field theory

In this section we leave the framework of full GR to enter that of the EFT. First introduced
in [55, 56], the worldline EFT allows for a clear and unambiguous definition of the Love
numbers as Wilson coefficients of higher-dimensional operators. We will first briefly review
its main features (see refs. [10, 38, 39, 57–59] for more details), which we will extend to
account for nonlinear response. We will then introduce the background field method [80–82]
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and explain its advantages for our calculations. In this context, the metric perturbation is
computed using Feynman diagrams, which we will provide at the end of this section, and
solving the resulting (loop) integrals.

Only in the next section we will perform a similar calculation to the one discussed in the
previous section, but within the EFT context. By matching these results with those obtained
in full GR, we will be able to uniquely determine the values of the Love number couplings
induced by the quadrupole-quadrupole interaction. The extension to other multipoles will
be considered in section 6.

4.1 Point-particle action and nonlinear Love numbers

From far away, any object appears in first approximation as a point source. For non-rotating
bodies, the action describing the dynamics of a point particle in GR is

S = SEH + Spp , (4.1)

where SEH is the usual Einstein-Hilbert term, while Spp is the point-particle action,

Spp = −M
∫

dτ = −M
∫ √

−gµνdxµdxν , (4.2)

with M the mass of the source, and τ the point particle’s proper time. In the second
equality we used that dτ =

√
−gµνdxµdxν . In terms of the proper time, we shall define

the four-velocity uµ = dxµ/dτ .
Clearly, for a generic object eq. (4.1) cannot be exact. Finite-size effects and the tidal

deformation of the object can be described by adding to (4.1) a series of higher-dimensional
operators, organized in a derivative expansion and localized on the particle’s worldline. At
quadratic order, they take the form [56, 83]

ST =
∞∑

ℓ=2

∫
dτ (QµL

E EµL +QµL
B BµL) + . . . , (4.3)

where ellipses stand for nonlinear couplings between QE,B and powers of E and B, and where
we have introduced the multi-index notation µL ≡ µ1 · · ·µℓ and the operators [52, 84]

Eµ1···µℓ
≡ ∇⊥

⟨µ1
· · · ∇⊥

µℓ−2Eµℓ−1µℓ⟩ , (4.4)

Bµ1···µℓ
≡ ∇⊥

⟨µ1
· · · ∇⊥

µℓ−2Bµℓ−1µℓ⟩ , (4.5)

with
Eµν ≡ Cµρνσu

ρuσ, Bµν ≡ 1
2ϵγαβ⟨µCν⟩δ

αβuδuγ , (4.6)

corresponding to the electric and magnetic parts of the Weyl tensor Cµρνσ, respectively. The
symbol ⟨ · · · ⟩ denotes the traceless symmetrization over the enclosed indices, while

∇⊥
µ ≡ (δν

µ + uνuµ)∇ν (4.7)

is the covariant derivative projected on the hypersurface orthogonal to uµ. In the following,
we will mostly work in the rest frame of the point particle, such that the only nontrivial
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components of Eµν and Bµν become the spatial ones, i.e. Eij = Ctitj and Bij ≡ 1
2ϵtkl⟨iCj⟩t

kl.
In practice, we will replace µL in (4.3) with the spatial indices iL ≡ i1 · · · iℓ.

In the action (4.3), the quantities QµL
E,B carry all the information about the response of

the body, as a result of the interaction between the worldline and the external fields Eµν and
Bµν . Such effective couplings, which have been kept fully general so far, do not capture only
the conservative tidal response of the body, but can be used also to describe dissipative effects.
In the latter case, the quantities QµL

E,B are interpreted as composite operators that depend
on additional gapless degrees of freedom, which live on the worldline and parametrize the
unknown microscopic physics that is responsible for dissipation, such as the internal dynamics
of the object, or absorption across the horizon in the case of black holes [56, 85, 86]. In the
spirit of the EFT, we will remain completely agnostic about the microscopic details of the
system, which are integrated out, and we will parametrize QµL

E,B in (nonlinear) response theory.
Concretely, one can express the one-point function of QµL

E,B in the most general way as

⟨QiL
E,B(τ)⟩ =

∞∑
n=1

n∑
k=0

∫
dτ1 · · · dτn

(n)R
iL|jL1 ··· jLk

|jLk+1 ··· jLn

E,B (τ − τ1, . . . , τ − τn)

× EjL1
(τ1) · · ·EjLk

(τk)BjLk+1
(τk+1) · · ·BjLn

(τn),
(4.8)

where (n)RE,B represents the nth-order response function. As an example, when n = 1,
eq. (4.8) gives the linear response of the system and (1)RE,B reduces to the standard retarded
Green’s function [85, 86]. For higher values of n, eq. (4.8) captures instead the nonlinear
response.14 This is similar to nonlinear polarization theory in electromagnetism, where
the nonlinear polarization of an optical medium is parametrized as an expansion in powers
of the external field (see, e.g., [50]). Note also that, as opposed to the linear case where
the even and odd sectors are decoupled, at higher nonlinear orders an electric response
(analogously, a magnetic response) can be induced by combinations of both external electric
and magnetic fields [52, 84, 87]. Besides obvious symmetry properties under the exchange of
its multi-indices, there are some nontrivial constraints on the form of the tensor (n)R. One
comes from causality, which forces (n)R to vanish whenever any of its arguments τ − τj , for
j = 1, . . . , n, turns negative. Moreover, the tensorial structure of (n)R is further dictated by
the building blocks in the theory: these are the metric, the Levi-Civita tensor and possibly
the spin vector, in the case of rotating objects.

Since we are interested here in performing the matching with Schwarzschild black holes
at leading order in the static limit, a certain number of simplifications occur. In the absence
of rotation, the tensorial form of (n)R boils down to simply a product of Kronecker deltas,
involving only spatial indices in the rest frame of the point particle [52, 84]. In addition,
in the limit of static tides, the system is non-dissipative and the time dependence in (n)R
reduces to a product of Dirac delta-functions [48, 56, 85, 86]. For instance, to leading order
in the number of gradients, one has, schematically,

(n)Rij|i1j1···injn =
∑

k

λk permk

[
δ
⟨i
|jn⟩δ

j⟩
⟨i1
δ
⟨i2
j1⟩δ

j2⟩
⟨i3

· · · δjn−1⟩
⟨in|

]
δ(τ − τ1) · · · δ(τ − τn), (4.9)

14The case n = 0 captures the intrinsic multipoles of the object, which are irrelevant for our discussion below.
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where the sum runs over non-redundant permutation k of the indices (see, e.g., discussion in
ref. [84]; see also section 6.2 for higher orders in derivatives). Plugging the nonlinear response
theory solution (4.8) into the action (4.3) including nonlinear terms, one then finds a series of
effective interactions which, under the previous assumptions, take the form of local operators
involving contractions of Eij and Bij , and derivatives thereof.

For concreteness, up to cubic order in the number of fields and to leading order in
derivatives, the finite-size action ST reads

ST =
∫

dτ
[
λ
(E)
2 EijE

ij + λ
(B)
2 BijB

ij

+ λ
(E3)
222 E

i
jE

j
kE

k
i + λ

(B3)
222 B

i
jB

j
kB

k
i + λ

(E2B)
222 Ei

jE
j
kB

k
i + λ

(EB2)
222 Ei

jB
j
kB

k
i

]
.

(4.10)

The coefficients λ(E)
2 and λ

(B)
2 are the linear Love number couplings, which are famously

zero for black holes in GR [14–16, 20–22, 24–27, 40, 46, 88]. In ref. [52], we verified that
this result is robust against nonlinear corrections, and we further showed that λ(E

3)
222 = 0.

On the other hand, for parity reasons, one immediately concludes that λ(B
3)

222 = λ
(E2B)
222 = 0

in GR [87]. In section 5, we will extend our previous result [52] to the odd sector: we will
explicitly perform the matching at the next-to-leading order in powers of rs including the
operator Ei

jB
j
kB

k
i, and show that λ(EB2)

222 = 0 for Schwarzschild black holes. We will finally
generalize the matching to all orders in the number of spatial derivatives in section 6.

4.2 Background field method

Given the EFT presented in the previous section, the starting point of our computation
is the following action

S[g, x(τ)] = SEH[g] + Spp[g, x(τ)] + ST[g, x(τ)] , (4.11)

where the terms on the right-hand side are given in eqs. (2.1), (4.2) and (4.10), respectively.
The goal is to compute the response induced by an external field. More precisely, we separate
the full metric as

gµν = ḡµν + κhµν , (4.12)

where κ ≡
√
32πG. Here ḡµν is an external “background” metric which includes the tidal

field and, therefore, has to satisfy the full nonlinear Einstein equations in vacuum, i.e.,

R̄µν − 1
2 ḡµνR̄ = 0 , (4.13)

with R̄µν and R̄ representing the Ricci tensor and Ricci scalar of ḡµν , respectively. The
second term, κhµν , denotes the response.

Given this split, it is convenient to use the background field method [80–82]. Specifically,
we insert gµν from eq. (4.12) into eq. (4.11) and rewrite the action into two pieces, S[g, x(τ)] =
S0[ḡ, x(τ)] + Sh[ḡ, h, x(τ)], where the first term, S0, is independent of the response field hµν .
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Then, we treat the massive object as an external source of the gravitational field. This
allows us to compute the effective action of the system, W [J ], by formally performing the
following path integral,

eiW [J ] = eiS0[ḡ,x(τ)]
∫

D[h] exp
{
iSh[ḡ, h, x(τ)] + iSGF[ḡ, h] + i

∫
d4y

√
−ḡJ µν(y)hµν(y)

}
.

(4.14)
The additional action, SGF, is the usual gauge-fixing term arising from a Faddeev-Popov
procedure. We will work in the background de Donder gauge, i.e. we define

SGF ≡ −
∫

d4x
√
−ḡḡµν Γ̄µΓ̄ν , Γ̄µ ≡ ḡρσ∇̄ρhσν − ḡρσ

2 ∇̄νhρσ , (4.15)

where ∇̄ρḡµν = 0. This choice ensures that the final result is invariant under diffeomorphisms
of the external metric ḡµν .

We are interested in computing the one-point expectation value of the field hµν , which
in terms of the effective action W [J ] above is given by15

⟨hµν(x)⟩ =
1√
−ḡ

δW [J ]
iδJ µν(x)

∣∣∣∣
J=0

. (4.16)

In practice, we will compute the above equation by considering all Feynman diagrams with one
external hµν(x) field. Although we are performing a path integral, we are ultimately interested
in the classical limit. Following [55], we enforce this limit from the outset by employing
a saddle-point approximation. Diagrammatically, this means neglecting all diagrams that
contain close loops of the field hµν . This is also why we do not need to add any ghost
fields in eq. (4.14).

One last step before proceeding is to write

ḡµν = ηµν +Hµν , (4.17)

where ηµν is the flat Minkowksi metric and Hµν is the external (static) tidal field, which
is determined by solving the vacuum Einstein equations and requiring regularity at the
origin. We will discuss the form of Hµν in more in details in section 5.1. Equation (4.17)
allows to perform a perturbative expansion of the action in both the tidal field amplitude
and in the coupling constant κ. By performing this expansion, one schematically obtains,
for the bulk action,

SEH[g] + SGF[ḡ, h] = −1
2

∫
d4x

[
∂µhαβ∂

µhαβ − 1
2∂µh∂

µh

]
+
∫

d4x
[
H(∂h)2 + h(∂H)∂h+ κh(∂h)2

]
+
∫

d4x
[
H2(∂h)2 +Hh(∂H)∂h+ κHh(∂h)2 + κ2h2(∂h)2

]
+ . . . ,

(4.18)

where here and below indices are raised and lowered with ηµν . From the first term on the
right-hand side we obtain the usual graviton propagator in de Donder gauge, while the

15Since S0 is a constant term, we shall drop it in (4.14).
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higher-order terms in the second and third lines give the self-interaction vertices (which we
have written here schematically without making index contractions explicit). Notice that, on
the right-hand side, we have not explicitly written any terms containing only the external
field Hµν , as they belong to S0[ḡ, x(τ)] and are immaterial for the following calculations.
Furthermore, since Hµν satisfies the vacuum nonlinear Einstein equations, we do not have
operators with a single hµν . Additionally, for the choice of the gauge-fixing term (4.15), all
interaction vertices containing at least one tidal field Hµν receive a contribution from SGF,
while the self-interactions of hµν remain unaffected by SGF.

Finally, we have to expand the matter part of the action, i.e. Spp and ST. Rather than
using the proper time, it is convenient to choose a frame in which the massive object is at
rest at the origin, i.e. we choose the time t such that

xµ(t) = (t, 0, 0, 0) , vµ(t) ≡ dxµ

dt = (1, 0, 0, 0) . (4.19)

The point-particle action then takes the form

Spp = −M
∫

dt dτdt = −M
∫

dt
√
−gµνvµvν , (4.20)

and similarly for ST.
In order to write the Feynmann rules, let us introduce the following conventions:

= hµν , = point-particle source ,
= Hµν , = tidal-induced source .

Then, introducing the tensor

Pµνρσ = −1
2
(
ηµρηνσ + ηµσηνρ − ηµνηρσ

)
(4.21)

to define the graviton propagator in de Donder gauge, the Feynman rules obtained from
the bulk action (4.18) are

µν ρσ
k

= i

k2 − i0+Pµνρσ , (4.22)

α1β2

α2β2

α3β3

k1
k2

k3

= iκδ−
(4)(k1 + k2 + k3)Vα1β1α2β2α3β3 , (4.23)

α2β2

α3β3

k2

k3

= iHα1β1(−k2 − k3)V α1β1
3 α2β2α3β3

, (4.24)

α3β3

α4β4

k2

k3

= i

∫
q
Hα1β1(q)Hα2β2(−k2 − k3 − q)V α1β1α2β2

4 α3β3α4β4
, (4.25)
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where δ−(4)(k) ≡ (2π)4δ(4)(k). V is the standard trilinear graviton vertex in de Donder
gauge, while V3 and V4 are cubic and quartic vertices in the gauge (4.15). Note that we
can ignore the i0+ prescription in the propagator (4.22) because it is irrelevant for the
following static computations. On the other hand, we will only need the following rule for
the point-particle part of the action:16

M
µν

k
= iκ

M

2

∫
dt e−ik·x(t) vµvν . (4.26)

5 Matching with the point particle

In this section we will compute the linear and quadratic response to an external tidal field
in the EFT approach outlined above and match it to the full GR calculation of section 3.2.
First, we will derive the tidal field Hµν at both first and second order, expressing it in a form
that is suitable for the calculation of Feynman diagrams in the EFT approach.

5.1 The external field

As mentioned above, by construction Hµν satisfies the vacuum Einstein equations and is
regular at the location of the point particle, which we place for convenience at the origin of the
coordinate system. We shall parameterize it as described in section 2.1, and split it into even
and odd components, Hµν(x) = H+

µν(x)+H−
µν(x). We can then apply the decomposition from

eqs. (2.4) and (2.5). Specifically, we will denote the components of H±
µν with a bar and write

H+
µν =


f(r)H̄0 H̄1 ∇AH̄0

∗ f−1(r)H̄2 ∇AH̄1

∗ ∗ r2K̄γAB + r2
(
∇A∇B − 1

2γAB

)
Ḡ

 , (5.1)

H−
µν =

 0 0 −ϵAC∇C h̄0
∗ 0 −ϵAC∇C h̄1
∗ ∗ −1

2(ϵAC∇C∇B + ϵB
C∇C∇A)h̄2

 . (5.2)

Moreover, since the gauge fixing in eq. (4.15) ensures that the final result is invariant
under diffeomorphisms of ḡµν = ηµν +Hµν , we can choose Hµν in any gauge we prefer. To
be closer to the GR calculation, we will work in the RW gauge (see eq. (2.9)). However,
since all calculations using Feynman diagrams are performed in Cartesian coordinates, it
is useful to first rewrite (5.1) and (5.2) in a Lorentz-covariant form, which will facilitate
their conversion to Cartesian coordinates when required. To this end, it is convenient to
define the spatial radial vector

rµ = Pµ
ν x

ν ≡ (δµ
ν + vµvν)xν , (5.3)

and the unit vector r̂µ = rµ/r, r̂µr̂µ = 1, where we remind the reader that in this section
indices are raised and lowered using the flat metric. As derived in appendix C, eqs. (5.1)

16There are no direct couplings with Hµν coming from eq. (4.20) because Hµν vanishes on the worldline.
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and (5.2) can be written in Lorentz-covariant form as

H+
µν =

(
H̄0 + K̄

)
vµvν + 2H̄1v(µr̂ν) +

(
H̄2 − K̄

)
r̂µr̂ν + K̄ηµν , (5.4)

H−
µν = −2vαεαρσ(µvν)r̂

ρ∂σh̄0 + 2vαεαρσ(µr̂ν)r̂
ρ∂σh̄1 , (5.5)

where εαρσµ is the flat-space Levi-Civita symbol (ε0123 = +1).
Next, we insert these expressions into the vacuum Einstein equations, expand them

perturbatively in the amplitude of the tidal field, and solve for Hµν order by order, ensuring
regularity at the origin. To take advantage of the spherical symmetry of the background
when solving the Einstein equations, it is convenient to decompose into spherical harmonics,
as in section 2.1. In order to work in Cartesian coordinates, we shall then express the
spherical harmonics in terms of constant symmetric trace-free (STF) tensors Ym

α1...αℓ
(see

e.g., [89, 90]), as

Y m
ℓ (θ, ϕ) = Ym

α1...αℓ
r̂α1 · · · r̂αℓ . (5.6)

Here the STF tensors Ym
α1...αℓ

have covariant indices, but they are purely spatial, i.e.,
Pβ

αiYm
α1...αi...αℓ

= Ym
α1...β...αℓ

, ∀i ∈ {1, . . . , ℓ}. This allows us to rewrite H±
µν in Cartesian

coordinates as

H±
µν =

∑
ℓ

H±
µν|α1...αℓ

xα1 · · ·xαℓ , (5.7)

where we introduced the tidal tensors H±
µν|α1...αℓ

, which are purely spatial constant tensors.
To illustrate the procedure concretely, let us expand the tidal tensor perturbatively, as

H±
µν|α1...αℓ

= (1)H±
µν|α1...αk

+ (2)H±
µν|α1...αℓ

+ . . ., and derive the quadratic tidal tensor sourced
by two linear quadrupoles. This is what is required to match the GR calculation performed
in section 3. Solving the linear vacuum Einstein equations for ℓ = 2 and requiring regularity
at the origin, we find the even and odd linear tidal fields in RW gauge,

(1)H±
µν(x) = (1)H±

µν|αβx
αxβ , (5.8)

with
(1)H+

µν|αβ =
∑
m

E+
2m

r2s
(ηµν + 2vµvν)Ym

αβ , (5.9a)

(1)H−
µν|αβ = −4

∑
m

E−
2m

r2s
vτv(µεν)ατ

σYm
σβ , (5.9b)

where E±
ℓm are the amplitudes of the even/odd tidal fields, chosen so to match the rs/r ≪ 1

limit of the full GR tidal field solution, see eqs. (3.23) and (3.24).
We now use these linear solutions to solve the vacuum Einstein equations at second order.

As discussed in section 3.3, given a ℓ = 2 mode at linear order, the quadratic solution is
given by a superposition of ℓ = 0, 2, 4 multipoles. Solving the vacuum Einstein equations
at second order and imposing regularity, we find

(2)H±
µν = (2)H±

µν|α1α2α3α4
xα1xα2xα3xα4 , (5.10)

where the tidal tensor can be divided into monopole, quadrupole and hexadecapole parts, i.e.,
(2)H±

µν|α1α2α3α4
=(2) H±, ℓ=0

µν|α1α2α3α4
+(2) H±, ℓ=2

µν|α1α2α3α4
+(2) H±, ℓ=4

µν|α1α2α3α4
. (5.11)
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Their explicit forms are given by
(2)H+,ℓ=0

µν|α1α2α3α4
=

1
2
√

π

∑
m1,m2

0I0m1m2
022

∑
p=±

Ep
2m1

Ep
2m2

r4
s

[(
c(0,p)

η ηµν+c(0,p)
v vµvν

)
Pα1α2+c(0,p)

r Pα1µPα2ν

]
Pα3α4 ,

(5.12a)

(2)H+,ℓ=2
µν|α1α2α3α4

=∑
m1,m2

0I
(m1+m2)m1m2
222

∑
p=±

Ep
2m1

Ep
2m2

r4
s

[(
c(2,p)

η ηµν+c(2,p)
v vµvν

)
Pα1α2+c(2,p)

r Pα1µPα2ν

]
Ym1+m2

α3α4 ,

(5.12b)

(2)H−,ℓ=2
µν|α1α2α3α4

=−4
∑

m1,m2

0I
(m1+m2)m1m2
222

E+
2m1

E−
2m2

r4
s

vαv(µεν)ασα3d
(2)Pα1α2Ym1+m2

σα4 ,

(5.12c)
(2)H+,ℓ=4

µν|α1α2α3α4
=
∑

m1,m2

0I
(m1+m2)m1m2
422

∑
p=±

Ep
2m1

Ep
2m2

r4
s

[
c(4,p)

η ηµν+c(4,p)
v vµvν

]
Ym1+m2

α1α2α3α4 ,

(5.12d)
(2)H−,ℓ=4

µν|α1α2α3α4
=−8

∑
m1,m2

0I
(m1+m2)m1m2
422

E+
2m1

E−
2m2

r4
s

vαv(µεν)ασα1d
(4)Ym1+m2

σα2α3α4 . (5.12e)

The numerical coefficients c(ℓ,p) and d(ℓ) appearing in these expressions are given in appendix B.
In order to perform the computation in the next sections, we need the tidal field in

Fourier space. From eq. (5.7), the coordinate dependence of the tidal field is given by the
products xα1 · · ·xαℓ , which are contracted with spacelike tensors. Therefore, all we need to
know is the Fourier transform of rα1 · · · rαℓ , which reads17∫

d4x e−iq·x rµ1 · · · rµℓ = (−i)ℓδ−(4)(q)Pµ1ν1 · · ·Pµℓνℓ
∂ℓ

∂qν1 . . . ∂qνℓ
. (5.14)

Introducing the shorthand notation

∂(q)µ1...µℓ
≡ (−i)ℓ ∂ℓ

∂qν1 . . . ∂qνℓ
, (5.15)

the tidal field in Fourier space at linear and quadratic order is given by
(1)H±

µν(q) = δ−(4)(q) (1)H±
µν|

α1α2 ∂(q)α1α2 , (5.16)
(2)H±

µν(q) = δ−(4)(q) (2)H±
µν|

α1α2α3α4 ∂(q)α1α2α3α4 , (5.17)
17To derive this relation, note that, in the coordinate system where rα = (0, xi), we have∫

d4x e−iq·x xj1 . . . xjℓ = δ−(q0)iℓ ∂ℓ

∂qj1 . . . ∂qjℓ

δ−(3)(q) . (5.13)

When the right-hand side acts on a function of qµ, one gets∫
q

δ−(q0)iℓ ∂ℓ

∂qi1 . . . ∂qiℓ

δ−(3)(q)f(q) = (−i)ℓ ∂ℓf(q)
∂qi1 . . . ∂qiℓ

∣∣∣∣
qµ=0

.

Therefore, using this relation and upon covariantization of eq. (5.13) one finds eq. (5.14).
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where (1)H±
µν|

α1α2 ≡ ηα1β1ηα1β1 (1)H±
µν|β1β2

(see eq. (5.9)) and (2)H±
µν|

α1...α4 ≡
ηα1β1 · · · ηα2β2 (2)H±

µν|β1...β4
(see eqs. (5.11) and (5.12)).

5.2 Quadratic response

We are now ready to compute the one-point function due to the interaction between the
external tidal field and the point particle, hµν(x) ≡ ⟨hµν(x)⟩. This can be expanded as

hµν =
∞∑

n=0

(n)hµν , (5.18)

where (n)hµν is the response at nth-order in the tidal field amplitude E . Diagrammatically,
(n)hµν can be represented as

(n)hµν(x) =
M A

E E

µν

x

n

+
λ

E E

µν

x

n

, (5.19)

where the blob stands for all possible interaction vertices between Hµν and hµν , at a specific
order in perturbation theory. Thus, this diagram distinguishes bewteen two types of nonlinear-
ities. Those that arise from higher-order vertices in the bulk action (see eqs. (4.24) and (4.25)),
corresponding to O(rs) corrections to the external tidal field, which are represented by the
first diagram on the right-hand side. Additionally, there are nonlinearities that arise as a
genuine vertex response of the worldline, receiving rs-corrections from bulk interactions. They
are represented by the second diagram on the right-hand side.

In the following, we will show that the first diagram on the right-hand side alone
reproduces the full GR calculation at leading order in rs/r, implying that the response
nonlinearities must be absent, i.e., λ = 0. The matching can be extended to higher orders in
rs by considering diagrams with multiple mass insertions on the worldline and, eventually,
reconstructing the full tidal field profile computed in GR in section 3. However, these
corrections are not needed to derive our conclusions; see e.g. [86] for an extensive discussion
in the linear case. Nonetheless, as a sanity check of the validity of our method at higher-order
in rs, we have verified that in the simplest case of n = 0, i.e., in the absence of the tidal field,
multiple mass insertions reconstruct the Schwarzschild metric perturbatively up to O(r2s).
The calculation is reported in details in appendix E.

We now perform the computation of hµν(x) up to linear order in rs and up to quadratic
order in the amplitude of the tidal field E , i.e.,

hµν(x) = (0)hµν(x) + (1)hµν(x) + (2)hµν(x) +O(E3) , (5.20)

where (0)hµν(x) is the Schwarzschild metric expanded at O(rs); see in appendix E. The
diagrams to compute are represented in figure 1. The only diagram for the computation of
(1)hµν(x) is figure 1(a), while to compute (2)hµν(x) we need 1(b,c,d).

Taking the linear tidal field to be an ℓ = 2 mode, we have

(1)h±µν(x) =
κM

2

∫
k

δ−(k0) eik·x

k2

∫
q
δ−(4)(q)(1)H±

ρσ,
α1α2 ∂(q)α1α2

(A(1a)
µν

ρσ(k, q)
(k − q)2

)
, (5.21)
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1

M µν
x

k−q k

(a)

M µν
x

k−q k

(b)

M µν
x

k−q12 k−q2 k

(c)

M µν
x

k−q12 k

(d)

M µν
x

k

(a)

M

M

µν
x

q

k−q

k

(b)

M

M

µν
x

k

k−q

(c)

M A µν
x

k−Q k
+ M µν

x + M µν
x (1)

Figure 1. Feynman diagrams needed for the computation of hµν . Diagram (a) yields the order-rs

correction to the linear tidal field solution. Diagrams (b), (c) and (d) represent instead order-rs

corrections to the tidal source at second order in the external field amplitude.

where
A(1a)

µν
ρσ(k, q) ≡ vβ1vδ1Pβ1δ1β2δ2V

ρσβ2δ2β3δ3Pβ3δ3µν . (5.22)

Performing the contraction and integrations using the explicit form of the tidal tensors
in eq. (5.9), we eventually obtain the even and odd part of the linear one-point function,
respectively,

κ(1)h+µν(x) =
r

rs

∑
m

E+
2m

(
2Ym

µν + ηµνYm
ρσ r̂

ρr̂σ
)
, (5.23a)

κ(1)h−µν(x) = −2 r
rs

∑
m

E−
2mv

αv(µεν)ρα
σYm

στ r̂
ρr̂τ . (5.23b)

We can now compute (2)hµν(x) from the last three diagrams in figure 1. They can
be recasted as

(2)hµν(x)1b=
κM

2

∫
k

δ−(k0)eik·x

k2

∫
q

δ−(4)(q)
∑
p=±

(2)Hp
ρ1σ1|

α1α2α3α4∂(q)
α1α2α3α4

(
A(1a)

µν
ρ1σ1 (k,q)

(k−q)2

)
,

(5.24)
(2)hµν(x)1x=

κM

2

∫
k

δ−(k0)eik·x

k2

∫
q1,q2

δ−(4)(q1)δ−(4)(q2)
∑

p1=±

∑
p2=±

(1)Hp1
ρ1σ1|

α1α2 (1)Hp2
ρ2σ2|

α3α4∂(q1)
α1α2

∂(q2)
α3α4

×
(

A(2x)
µν

ρ1σ1ρ2σ2 (k,q1,q2)
(k−q12)2

)
, x∈{c,d}, (5.25)

where q12 ≡ q1 + q2. Clearly, figure 1(b) has the same form of figure 1(a) with the linear
tidal field replaced by the quadratic solution. On the other hand, figures 1(c) and (d) are
new topologies arising at quadratic order, with

A(1c)
µν

ρ1σ1ρ2σ2(k, q1, q2) ≡ −vβ1vδ1Pβ1δ1β2δ2V
ρ1σ1β2δ2β3δ3
3

Pβ3δ3β4δ4

(k − q2)2
V ρ2σ2β4δ4β5δ5
3 Pβ5δ5µν ,

(5.26)

A(1d)
µν

ρ1σ1ρ2σ2(k, q1, q2) ≡
vβ1vδ1

2 Pβ1δ1β2δ2V
ρ1σ1ρ2σ2β2δ2β3δ3
4 Pβ3δ3µν . (5.27)

Notice that there is an extra factor of 1/2 in the last amplitude from the symmetry factor
of the diagram.

We split once again the quadratic one-point function into even and odd contributions,
(2)hµν(x) = (2)h+µν(x)+ (2)h−µν(x). The even contribution of eq. (5.24) comes from inserting the
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quadratic even tidal tensor, eqs. (5.10) and (5.12), while the even contribution of eq. (5.25)
comes from replacing the tidal tensor by either two even linear modes (1)H+

ρσ|
αβ or two

linear odd modes (1)H−
ρσ|

αβ, see eq. (5.9). Therefore, for each diagram, the even one-point
function is the sum of a part proportional to (E+)2 (the even × even “response”), denoted
by (2)h

(++)
µν (x)1x, and a part proportional to (E−)2 (the odd × odd “response”), denoted by

(2)h
(−−)
µν (x)1x. Here we report explicitly only the tt component, as this is the one relevant

for the matching. After using the identities involving the STF tensors Ym
ij in appendix D

and after summing over the three diagrams, one finds

κ(2)h+tt(x)=
(

r

rs

)3 ∑
m1,m2

[
E+
2m1E

+
2m2

(
7

4
√

π
0I0m1m2

022 + 7
4
0I

(m1+m2)m1m2
222 Ym1+m2

ij r̂ir̂j

− 35
18

0I
(m1+m2)m1m2
422 Ym1+m2

ijkl r̂ir̂j r̂kr̂l
)

+E−
2m1E

−
2m2

(
3√
π
0I0m1m2

022 − 3
4
0I

(m1+m2)m1m2
222 Ym1+m2

ij r̂ir̂j

− 5
9
0I

(m1+m2)m1m2
422 Ym1+m2

ijkl r̂ir̂j r̂kr̂l
)]
.

(5.28)

The computation of the odd modes of hµν is analogous. We use the odd quadratic
tidal tensor for the diagram in figure 1(b) and the product of one even and one odd linear
tidal tensors for the diagrams in figure 1(c) and (d). Therefore, the odd contribution to
the one-point function is always proportional to E+E−. We report the components ti, that
are the ones relevant for the matching. They read

κ(2)h−ti(x)=−
(

r

rs

)3 ∑
m1,m2

E+
2m1

E−
2m2

εij
k

(
50I

(m1+m2)m1m2
222 Ym1+m2

kl − 13
5

0I
(m1+m2)m1m2
422 Ym1+m2

klpq r̂pr̂q

)
r̂j r̂l .

(5.29)

Before proceeding to do the matching, as a consistency check we have verify that the
obtained hµν(x) satisfies the gauge condition

ḡαβ
(
∇̄αhβµ − 1

2∇̄µhαβ

)
= 0 , (5.30)

where ∇̄αḡµν = 0, imposed by the gauge-fixing term (4.15) in the action. Inserting ḡαβ =
ηαβ + Hαβ in this equation and working at linear order in the tidal field amplitude, this
equation becomes(
ηαβ∂α

(1)hβµ−
1
2∂µ

(1)h

)
−(1)Hαβ

(
∂α

(0)hβµ−
1
2∂µ

(0)hαβ

)
+(0)hµα

(
∂β

(1)Hβα− 1
2∂

α(1)H

)
=O(E2).

(5.31)
Since it is linear, this identity must be satisfied independently for the even and odd per-
turbations. Indeed, replacing in this equation the linear even solution, eq. (5.23a), the
first term becomes

ηαβ∂α
(1)h+βµ − 1

2∂µ
(1)h+ = κ

16πr2s

∑
m

E+
2mYm

αβ r̂
αr̂β r̂µ , (5.32)
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which cancels with the second term, while the last term vanishes. For the odd solution,
eq. (5.23b), each of the terms in this equation vanishes individually at O(E), so that the above
identity is trivially satisfied. Proceeding analogously at second-order, we have verified that
also at that order the one-point function (2)hµν(x) satisfies eq. (5.30), which is a non-trivial
check for both even and odd solutions.

5.3 Matching

Here we want to compare the one-point function computed in the previous subsection with
the solution derived in section (3.3). However, the former has been derived in the gauge
that satisfies eq. (5.30) while the latter has been derived in RW gauge. To compare the two,
we find it convenient to rewrite the EFT result in RW gauge. In the context of the EFT
calculation, the field hµν is treated as a spin-2 field propagating on the curved background
ḡµν = ηµν +Hµν . The linear gauge transformation xµ → xµ + ξµ that converts hµν to the
RW gauge is given by (see, e.g., [62])

κhRWµν = κhµν − ξρ∂ρḡµν − 2ḡρ(µ∂ν)ξ
ρ +O(ξ2), (5.33)

where we have included only terms up to linear order in ξ, as higher-order terms contribute
only at higher order the rs expansion.18

For the even sector, we match the tt component of the metric, since the other components
are determined by it through Einstein’s equations. Additionally, at this order in perturbation
theory, the ti components are parity-odd, allowing us to use them to match the odd sector.
In the static limit, the transformations for the tt and ti components of the metric simplify as

κhRWtt
+ = κh+tt − ξk∂kH

+
tt , (5.34)

κhRWti
− = κh−ti − ξk∂kH

−
ti −H−

kt∂iξ
k , (5.35)

where to write the right-hand sides we have used that H+
ti = 0 = H−

tt , and that ξt is purely
even. Moreover, note that ξk appearing in these two equations must be even because ξk∂kH

+
tt

and ξk∂kH
−
ti must be respectively even and odd. For the gauge transformation at linear

order in E we need ξµ = (0)ξµ, where (0)ξµ = rs
2 r̂

µ is the coordinate transformation of the
Schwarzschild metric from de Donder to RW gauge. For the quadratic order, we insert
ξµ = (0)ξµ + (1)ξµ, where

(1)ξµ =
∑
m

E+
2m

r2

2rs
Ym

αβ

(
2ηβµ − r̂µr̂β

)
r̂α (5.36)

is found by imposing that (2)hRWµν
+ is diagonal as in the RW gauge.

Finally, since Hµν is already in RW gauge, we can compare the metric perturbation
obtained with the EFT calculation after transforming to RW gauge, i.e., δgEFTµν = Hµν +

18We need to perform a second-order gauge transformation in E but at first order in rs. Since the gauge
parameter ξµ is at least of order rs, any second-order term in eq. (5.33) contributes only to higher rs-corrections
that we do not compute here. Note that (1)ξ is one rs-order higher than the tidal field, as seen from eqs. (5.9)
and (5.36).
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2

{λ(E)
2 , λ(B)

2 } µν

x

(a)

{λ(E3)
222 , λ(EB2)

222 } µν

x

(b)

Figure 2. Feynman diagrams responsible for the (a) linear ad (b) nonlinear tidal deformation. In
principle, one could have terms proportional to λ(E,B)

2 in the topology represented in figure (b). These
are excluded because the matching at leading order in the tidal field implies λ(E,B)

2 = 0. See also
section 6.2.

κhRWµν ,19 with the exact metric perturbation obtained in the full GR calculation, converted
in Cartesian coordinates. The latter reads

δg+tt (x)=
∑
m

f(r)
[
(2)H0m

0 (r)+
(
(1)H2m

0 (r)+(2)H2m
0 (r)

)
Ym

µν r̂
µr̂ν+(2)H4m

0 (r)Ym
µναβ r̂

µr̂ν r̂αr̂β
]
,

(5.37)

δg−ti (x)=−
∑
m

εij
kr̂j∂k

[(
(1)h2m

0 (r)+(2)h2m
0 (r)

)
Ym

µν r̂
µr̂ν+(2)h4m

0 (r)Ym
µναβ r̂

µr̂ν r̂αr̂β
]
,

(5.38)

respectively for the tt and ti components. We remind that the GR solutions are given in sec-
tion 3.3, see eqs. (3.23) and (3.24) for the linear solutions and eqs. (3.25), (3.28), (3.29), (3.32)
and (3.33) for the quadratic solutions.

As anticipated, we find that δgEFTµν matches the full GR solution above at leading and
next-to-leading order in rs/r, without the inclusion of any of the tidal operators in the
action (4.10). This implies that the contributions coming from the diagrams depicted in
figure 2 must vanish. As a result,

λ
(E)
2 = λ

(B)
2 = 0 , λ

(E3)
222 = λ

(EB2)
222 = 0 . (5.39)

We will extend this result to all orders in derivatives in the next section.

6 Higher multipoles

In section 3.1, we computed the static solutions for the metric perturbations induced at
second order by two quadrupolar static fields. In particular, we have checked explicitly that
the solutions for H0 and h0 (see eqs. (3.25) and (3.28) for the induced quadrupole, and
eqs. (3.29)–(3.32) for the induced hexadecapole) take the form of simple finite polynomials
with only positive powers of r/rs. This was crucial in the matching performed in section 5 to
conclude that the quadratic Love number couplings vanish at lowest order in the number
of spatial derivatives in the worldline EFT (i.e., eq. (5.39)).

Our goal in this section is to show that this conclusion remains true to all orders in the
derivative expansion. First of all, we will show in full generality that, for generic multipoles,

19We match only perturbations linear or quadratic in E , since the lowest order matches trivially with the
Schwarzschild metric.
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the static solutions induced at second order in full GR do not contain any decaying falloff of the
form 1/rn, with n > 1, when expanded at large distances from the source. Then, in section 6.2,
will use this result to perform the matching at generic order in the EFT and show that all
quadratic Love number couplings vanish for Schwarzschild black holes in general relativity.

6.1 General polynomial form of second-order static solutions

We start by discussing the full GR solutions for generic multipoles. For the sake of the
presentation, we will consider the even and odd induced solutions separately.

6.1.1 Even sector

Let us start by considering eq. (2.34) for the second-order even mode (2)Hℓm
0 (r). The source

is given in eq. (2.35). For ease of notation, we will conveniently redefine the right-hand side
of (2.34) simply as ∑ℓ1,m1,ℓ2,m2 S

mm1m2
H0 ℓℓ1ℓ2

(r) ≡ Sℓm
H0

, in such a way that (2.34) now reads

∂2r
(2)Hℓm

0 (r) + 2r − rs

r2f(r) ∂r
(2)Hℓm

0 (r)− λr2f(r) + r2s
r4f(r)2

(2)Hℓm
0 (r) = Sℓm

H0 (r) . (6.1)

The solution is given by (3.21), with Hℓ
0,1 and Hℓ

0,2 provided in eqs. (3.2) and (3.3), i.e.,

(2)Hℓm
0 (r) = r2s

W ℓ
H0

[
Q2

ℓ (2r/rs − 1)
∫ r/rs

1
dy y(y − 1)P 2

ℓ (2y − 1)Sℓm
H0 (y)

−P 2
ℓ (2r/rs − 1)

∫ r/rs

dy y(y − 1)Q2
ℓ (2y − 1)Sℓm

H0 (y)
]
,

(6.2)

where we have redefined the integration variable as y ≡ r′/rs. The goal is to show that (6.2)
does not contain any 1/rn falloff, with n > 1, for generic ℓ.

To this end, let us relate P 2
ℓ (2y − 1) and Q2

ℓ(2y − 1) in the above expression to the
Legendre functions of the first kind Pℓ(2y − 1). Using well known identities,20 we can write

P 2
ℓ (2y − 1) = −y(y − 1)∂2yPℓ(2y − 1) , (6.3)

Q2
ℓ (2y − 1) = 1

2P
2
ℓ (2y − 1) log

(
y

y − 1

)
+ Tℓ(y)
y(y − 1) , (6.4)

where Tℓ(y) is a superposition of Legendre polynomials of the first kind and derivatives thereof,

Tℓ(y) ≡− 1
2(2y − 1)Pℓ(2y − 1) + y(y − 1)∂yPℓ(2y − 1)

− (y − 1)2y2∂2y

(
ℓ∑

k=1

1
k
Pk−1(2y − 1)Pℓ−k(2y − 1)

)
.

(6.5)

20We recall the identities

P 2
ℓ (x) = (1− x2)d

2Pℓ(x)
dx2 , Q2

ℓ(x) = (1− x2)d
2Qℓ(x)
dx2 ,

Qℓ(x) =
1
2Pℓ(x) log

(1 + x

x − 1

)
− Rℓ(x) , Rℓ(x) ≡

ℓ∑
k=1

1
k

Pk−1(x)Pℓ−k(x) ,

Q2
ℓ(x) =

1
2P 2

ℓ (x) log
(1 + x

x − 1

)
+ 2x

1− x2 Pℓ(x) + 2P ′
ℓ(x)− (1− x2)R′′

ℓ (x) .
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The complete expression of Tℓ(y) is not particularly important in what follows. For the
moment, it will be enough to observe that Tℓ(y) is a finite polynomial with only positive
powers of y. In particular, Tℓ(y) is generally nonzero at y = 0 and y = 1. A second important
ingredient for our argument is the form of the source Sℓm

H0
. Plugging the linear-order physical

solutions for H0 (eq. (3.6)) and h0 (eq. (3.13)) in the source (2.35), it is easy to see that
Sℓm

H0
is a rational function of the form

Sℓm
H0 (r) =

polynomial(r)
(r − rs)2

. (6.6)

Then, by using eq. (6.4) in (6.2) we can write the second-order solution of eq. (6.1) as

(2)Hℓm
0 (r)= r2s

W ℓ
H0

{1
2P

2
ℓ (2r/rs−1)

[
log
(

r

r−rs

)∫ r/rs

1
dyPℓm(y)−

∫ r/rs

dy log
(

y

y−1

)
Pℓm(y)

]

+ Tℓ(r)
r(r−rs)

∫ r/rs

1
dyPℓm(y)−P 2

ℓ (2r/rs−1)
∫ r/rs

dyTℓ(y)Sℓm
H0 (y)

}
, (6.7)

where eqs. (6.3) and (6.6) imply that the quantity

Pℓm(y) ≡ y(y − 1)P 2
ℓ (2y − 1)Sℓm

H0 (y) (6.8)

appearing in the integrands is a finite polynomial. Let us first focus on the square bracket
on the first line of eq. (6.7). By writing Pℓm(y) in the second integral as Pℓm(y) =
∂y
∫ y
1 dy′ Pℓm(y′) and integrating by parts, one can remove the term containing log( r

r−rs
) and

write the square bracket as
∫ r/rs dy

y(y−1)
∫ y
1 dy′ Pℓm(y′) = − log(r/rs)

∫ 1
0 dyPℓm(y)+ . . . , where

the ellipses denote contributions that are in the form of a finite polynomial in r/rs. Moving
to the second line, since Pℓm(y) is a finite polynomial in r/rs, the integral

∫ r/rs

1 dyPℓm(y) is
a polynomial that vanishes at r = rs, cancelling the prefactor 1/(r − rs). As a result, the
first term in the second line of (6.7) has the structure 1

r × polynomial( r
rs
). Note that, besides

positive powers of r/rs, this potentially contains a 1/r term, given by Tℓ(0)
rrs

∫ 1
0 dyPℓm(y).

Finally, let us consider the last integral in the curly brackets of eq. (6.7). We are going
to show that it is a finite polynomial in r/rs. Given the 1

(r−rs)2 factor in the source, see
eq. (6.6), it is not immediately obvious that this term does not have any decaying tail at far
distances. To show this, we observe that it is only the part of the source involving the odd
modes that generates the 1

(r−rs)2 factor, while the part of the source coming from the even
modes is always a polynomial. In particular, inserting the odd linear solutions into (2.35),
one can recast the part of the source from the odd modes in the form

Sℓm
H0 ⊃ 1

(r − rs)2
∑

ℓ1,m1,ℓ2,m2

E−
ℓ1m1

E−
ℓ2m2

ℓ1−2∑
i=0

ℓ2−2∑
j=0

4∑
n=0

Cn
ij,ℓm

(
r

rs

)i+j+n

, (6.9)

where i and j run over the series representation of the linear odd solution (see eq. (3.12)), while
the sum over n stems from the additional r/rs terms in the source (2.35). The coefficients
Cn

ij,ℓm can be extracted from the general expression of the source (2.35). Moreover, the terms
in Tℓ(y) that might give rise to a tail in (2)Hℓm

0 after integration are those in the first line on
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the right-hand side of eq. (6.5)—the second line is proportional to (y− 1)2, which cancels the
singular prefactor in the source. Using the series representation of the Legendre polynomial,

Pℓ(2y − 1) = (−1)ℓ
ℓ∑

k=0

(
ℓ

k

)(
ℓ+ k

k

)
(−y)k , (6.10)

and (6.9), the last integral in eq. (6.7) can be recast as21

∫ r/rs

dyTℓ(y)Sℓm
H0 (y)=

1
2 log

(
r

rs
−1
) ∑

ℓ1,m1,ℓ2,m2

E−
ℓ1m1

E−
ℓ2m2

×
ℓ1−2∑
i=0

ℓ2−2∑
j=0

4∑
n=0

Cn
ij,ℓm [ℓ(ℓ+1)−(i+j+n)−2]+...,

(6.11)

where, as usual, we have dropped polynomials in r/rs. For fixed values of ℓ and m, using the
explicit expressions for the coefficients Cn

ij,ℓm and summing over n, we get that the second
line of (6.11) is proportional to{

3ℓ1(ℓ1+1)ℓ2(ℓ2+1)0Imm1m2
ℓℓ1ℓ2

+[2+ℓ(ℓ+1)−2ℓ1(ℓ1+1)−2ℓ2(ℓ2+1)]1Imm1m2
ℓℓ1ℓ2

+22Imm1m2
ℓℓ1ℓ2

}
×

ℓ1−2∑
i=0

ℓ2−2∑
j=0

(−1)i+j (ℓ1+i+2)!
(ℓ1−i−2)!

(ℓ2+j+2)!
(ℓ2−j−2)!

2(i+j+6)−ℓ1(ℓ1+1)−ℓ2(ℓ2+1)
i!(i+3)!j!(j+3)! . (6.12)

One can check that the sums on the second line of (6.12) admit an analytic result, which
is identically zero for generic, unfixed, values of ℓ1 and ℓ2. We stress that the vanishing of
this term is not a consequence of the selection rules enforced by the first line in (6.12) but
is a consequence of the specific radial dependence of the source.

All in all, we conclude that the second-order solution in the even sector has the structure

(2)Hℓm
0 (r) =− 1

W ℓ
H0

(
r2sP

2
ℓ (2r/rs−1) log(r/rs)−

rs

r
Tℓ(0)

)∫ 1

0
dyPℓm(y)+polynomial(r/rs) .

(6.13)
This shows that the second-order even modes do not contain 1/rn falloffs with n > 1 when
expanded at large r. Although we cannot provide a general proof here, we find that the
integral above vanishes exactly,∫ 1

0
dyPℓm(y) =

∫ 1

0
dy y(y − 1)P 2

ℓ (2y − 1)Sℓm
H0 (y) = 0, (6.14)

21To obtain (6.11), one can plug (6.10) into (6.5) and (6.9), and use the identity

ym − ym
0 = (y − y0)(ym−1 + ym−2y0 + · · ·+ yym−2

0 + ym−1
0 ) ,

with y0 = 1, to first rewrite

ys

y − 1 = 1
y − 1 + . . . ,

(2y − 1)ys

(y − 1)2 = 1
(y − 1)2 + s + 2

y − 1 + . . . ,

up to simple polynomials in y. Then, one can perform the integral in y: the integral
∫ r/rs dy

(y−1)2 generates
terms with an inverse power of r − rs, but this gets canceled when multiplied by the associated Legendre
polynomial P 2

ℓ (2r/rs − 1) (see eq. (6.3)); the integral
∫ r/rs dy

y−1 produces instead the log in (6.11). Finally,
resumming in k yields the combination 1

2 Cn
ij [ℓ(ℓ + 1)− (i + j + n)− 2].
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for fixed values of ℓ, ℓ1 and ℓ2, after using the explicit expression for Sℓm
H0

. This implies that
neither the 1/r nor the log(r/rs) terms are present in (6.13), and that the second-order even
solution (2)Hℓm

0 is indeed just a finite polynomial.

6.1.2 Odd sector

Let us now turn to eq. (2.38) for the second-order odd field (2)hℓm
0 (r). The quadratic source on

the right-hand side, that here we denote for simplicity as ∑ℓ1,m1,ℓ2,m2 S
mm1m2
h0 ℓℓ1ℓ2

(r) ≡ Sℓm
h0

(r),
is of mixed type, given by the product of a linear even mode and a linear odd one (see
eq. (2.39)). The solution to (2.38) is given by eq. (3.22):

(2)hℓm
0 (r) = r2s

W ℓ
h0

[
hℓ
0,4(r)

∫ r/rs

1
dy hℓ

0,5(y)Sℓm
h0 (y)− hℓ

0,5(r)
∫ r/rs

dy hℓ
0,4(y)Sℓm

h0 (y)
]
,

(6.15)
where hℓ

0,4(r) and hℓ
0,5(r) can be read off from eqs. (3.10) and (3.11). It is worth noticing

that the odd source Sℓm
h0

(r) computed on the linear field solutions (1)hℓm
0 (r) and (1)Hℓm

0 (r)
is a finite polynomial in r and vanishes in r = 0: Sℓm

h0
(r) = r · polynomial(r).

One important ingredient in the argument for the even case was the possibility of recasting
the non-analytic terms in the quadratic solution in the form of the first line in eq. (6.7).
This was a direct consequence of eq. (6.4), i.e. of the fact that all the x-dependence in the
coefficient of the log in Q2

ℓ is fully determined by the first Legendre solution P 2
ℓ . Note that

this is not special of the Legendre polynomials, but it holds more in general for solutions of
generic Fuchsian-type second-order ordinary differential equations [91].22 In the case of (2.38),
one can indeed show that the independent solution hℓ

0,4(r) in eq. (3.10) has the structure [91]

hℓ
0,4(r) = αℓ log

(
r

r − rs

)
hℓ
0,5(r) +

ζℓ(r)
r

, (6.16)

where hℓ
0,5(r) is the polynomial in eq. (3.12), while αℓ are constant, ℓ-dependent coefficients,

and ζℓ(r) is an analytic function of r in the neighbourhoods of r = 0 and r = rs. In
particular, it follows from the properties of the hypergeometric function that ζℓ(r) is a finite
polynomial in r [79].

Thus, we can follow the same logic as in the case above and write

(2)hℓm
0 (r)= αℓr2

s

W ℓ
h0

hℓ
0,5(r)

[
log
(

r

r−rs

)∫ r/rs

1
dyhℓ

0,5(y)Sℓm
h0

(y)−
∫ r/rs

dy log
(

y

y−1

)
hℓ

0,5(y)Sℓm
h0

(y)
]
+...

(6.17)
where we kept only terms that could potentially give rise to inverse powers of r at large
r. From the same algebraic manipulations that we used for the first line in (6.7), we can
then conclude that (2)hℓm

0 (r) has no induced decaying 1/rn falloff (with n > 1) at r = ∞.
As for the second-order (2)Hℓm

0 , (2)hℓm
0 takes the form of a polynomial in r/rs with only

positive integer powers, except for a 1
r and a log(r) term, which will not affect our argument

in section 6.2. Nevertheless, the coefficients of these terms are proportional to the integral∫ 1

0
dy hℓ

0,5(y)Sℓm
h0 (y) = 0, (6.18)

22This happens whenever the roots of the indicial equation for a given regular singular point (r = 0 and
r = rs in the case of (2.38)) differ by an integer number [91].
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which we find to be vanishing after fixing specific values of ℓ1, ℓ2 and ℓ, although we cannot
provide a general proof here.

6.2 Matching to all orders in derivatives

In this section, we will perform the matching between the worldline EFT and the full solutions
for (2)Hℓm

0 (r) and (2)hℓm
0 (r) discussed above, for all values of ℓ. As opposed to section 5,

where we studied the matching for ℓ = 2 tidal fields and showed how to reconstruct the
nonlinear tidal solution at the next-to-leading order in the large-r expansion, here we will
keep ℓ generic, while working at the leading order in rs, i.e., neglecting the contribution from
the point-particle action Spp in eq. (4.2). This will be enough to conclude that all quadratic
Love number couplings vanish in the EFT in the case of Schwarzschild black holes.

After imposing parity invariance, the generalization of the cubic Love number action (4.10)
to higher orders in derivatives is

ST =
∫

dτ
{ ∞∑

ℓ=2

[
λ
(E)
ℓ Ei1···iℓ

Ei1···iℓ + λ
(B)
ℓ Bi1···iℓ

Bi1···iℓ

]
+
∑

n,m,l

λ
(E3)
nml Ei1···ilj1···jnE

i1···il
k1···kmE

j1···jnk1···km

+
∑

n,m,l

λ
(EB2)
nml Ei1···ilj1···jnB

i1···il
k1···kmB

j1···jnk1···km +O
(
E4, E2B2, B4

)}
,

(6.19)

where Ei1···in and Bi1···in are respectively defined in eqs. (4.4) and (4.5), while n, m and l are
non-negative integers. The cubic terms in the second and third lines of (6.19) correspond
to couplings of ℓ1 = l + n, ℓ2 = l +m and ℓ3 = n+m multipoles. Since Ei1···in and Bi1···in

are STF tensors, in order to avoid overcounting, the sum in the second line of (6.19) is
constrained to run over l ≥ n ≥ m ≥ 0, which translates into ℓ1 ≥ ℓ2 ≥ ℓ3 (with ℓ1, ℓ2, ℓ3 ≥ 2).
The sum in the third line of (6.19) runs instead over non-negative integers n, m and l, such
that l ≥ n, with again ℓ1, ℓ2, ℓ3 ≥ 2.

To perform the matching, we will first solve the quadratic equations obtained from the
EFT action at leading order in rs and compute the induced response. We already know that
the linear Love numbers vanish [14–16, 20–22, 24], so we can set λ(E)

ℓ = 0 = λ
(B)
ℓ in (6.19).

This will considerably simplify the analysis below. In particular, as we will see, it will be
enough to work with the linearized components of the Weyl tensor. In the static case, they read

Eij = −1
2∂i∂jδgtt +O(δg2), Bij = −1

2εti
kl∂j∂kδgit +O(δg2) , (6.20)

where here δgµν ≡ gµν − ηµν . Then, the variation of the action S = SEH + ST with respect
to gµν , including only quadratic corrections, yields schematically

M2
PlGµν ∼

[ ∑
ℓ1,ℓ2,ℓ3

λ
(E3)
ℓ1ℓ2ℓ3

(−1)ℓ1∂i1 · · · ∂iℓ1

(
δ(3)(x)EL2EL3

)
+

∑
ℓ1,ℓ2,ℓ3

λ
(EB2)
ℓ1ℓ2ℓ3

(−1)ℓ1∂i1 · · · ∂iℓ1

(
δ(3)(x)BL2BL3

)
+ perms

]
δt

µδ
t
ν

+
[ ∑

ℓ1,ℓ2,ℓ3

λ
(EB2)
ℓ1ℓ2ℓ3

(−1)ℓ2εtj
i1i2∂i1 · · · ∂iℓ2

(
δ(3)(x)EL1BL3

)
+ perms

]
δj
(µδ

t
ν)

≡ J+(x)δt
µδ

t
ν + J−

j (x)δj
(µδ

t
ν) ,

(6.21)
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where the precise form of the contractions among the tensors on the right-hand side will
not be important for our argument. We are interested in solving the previous perturbation
equations on flat space at second order in the fields. Since the right-hand side is already
quadratic in the Weyl tensor, as anticipated, the linear expansions (6.20) will suffice.

Equations (6.21) can be also written as

M2
PlRµν ∼ J+(x)

(
δt

µδ
t
ν + 1

2ηµν

)
+ J−

j (x)δj
(µδ

t
ν) . (6.22)

Let us decompose the metric fluctuation as

δgµν = Hµν + hµν , (6.23)

where Hµν represents the external tidal field, while hµν is the response. Each field is in turn
expanded in perturbation theory as Hµν = (1)Hµν+(2)Hµν+. . . , and hµν = (1)hµν+(2)hµν+. . . ,
to be plugged into (6.22). By definition, Hµν solves the homogeneous vacuum Einstein
equations i.e., Rµν [h = 0] = 0. Since the linear response vanishes, (1)hµν = 0, the left-hand
side of (6.22) is simply M2

Pl
(1)δRµν [(2)h], where (1)δRµν denotes the first-order variation of

the Ricci tensor, evaluated on the second-order perturbation (2)hµν . Instead, the right-hand
side of (6.22) depends quadratically on (1)Hµν , after the Weyl tensors are evaluated on the
linear tidal field solution. All in all, (6.22) becomes at second order an inhomogeneous
equation for (2)hµν , with a fully known source, which can be solved through standard Green’s
function methods.

To this end, it is convenient to choose the de Donder gauge, defined by

∂µδgµν − 1
2∂νδg = 0 , (6.24)

with δg ≡ ηµνδgµν .23 In such a gauge, a certain number of simplifications occur on flat
space, in particular δ(1)Rµν = −1

2□δgµν . For the static linear tidal field — to plug in
the expressions (6.20), which we will need to evaluate the sources J± in (6.22)—we shall
thus take [22, 24]

(1)Htt(x⃗) = E+
i1···iℓ

xi1 · · ·xiℓ , (1)Htj(x⃗) = E−
j|i1···iℓ

xi1 · · ·xiℓ . (6.25)

The relevant equations in (6.22) boil down to

∇⃗2 (2)htt = −M−2
Pl J

+(x) , ∇⃗2 (2)htj = −M−2
Pl J

−
j (x) , (6.26)

where the sources J±
j (x), evaluated on the tidal fields (6.25), are proportional to derivatives

of the delta-function [22]. The solutions can be straightforwardly obtained by going to
momentum following [22, 24], and are found to scale at large r ≡ |x| as (2)htt ∼ 1/rℓ+1, and
similarly for (2)htj , with ℓ corresponding to the multipole number of the induced second-order
field and such that ℓ ≥ 2. (This scaling can be also understood by simple power counting,
by looking at the x-dependence in the sources in (6.21).) These solutions should then be

23Here the gauge fixing for Hµν is slightly different from the one that we chose in section 4, where Hµν was
in RW gauge.
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compared with the expressions for (2)Hℓm
0 and (2)hℓm

0 in eqs. (6.2) and (6.15), obtained in
full general relativity. Note that in general such a comparison requires some care, as the
two calculations are done in two different gauges, as we extensively discussed in section 5.3.
However, as long as one is interested in the matching at leading order in the flat-space
limit, one can easily check that, under the assumptions of vanishing linear response (i.e.,
(1)hµν = 0) and static limit, the metric perturbations (2)δgtt and (2)δgtj in the RW and de
Donder (dD) gauge coincide, i.e.,24

(2)δgRWtt = (2)δgdDtt , (2)δgRWtj = (2)δgdDtj . (6.27)

This makes the matching of (2)htt and (2)htj from (6.26) with their counterpart solutions in
the full theory straightforward. In particular, since we showed in section 6.1 that (2)Hℓm

0
and (2)hℓm

0 take a simple form with no 1/rn (n > 1) falloff at large r, one then concludes
that all the Love number coefficients λ(E3) and λ(EB2) in (6.19) vanish to all orders in
derivatives. Subleading corrections in rs to the nonlinear tidal field solution are expected
to be reconstructed by including contributions from the point-particle action Spp, as we did
in section 5 for an external quadrupolar tidal field.

7 Conclusions

In this work, we provided the first comprehensive analysis of static quadratic perturbations
and quadratic Love numbers of Schwarzschild black holes in general relativity, extending the
previous results of [52]. We studied both even and odd sectors, with no restriction on the
angular dependence of the modes. We derived the second-order equations in Regge-Wheeler
gauge and obtained an analytic expression for the sources (see section 2.3). We showed that,
when evaluated on the linear solutions, the sources take a simple form, which is in turn
inherited by the induced second-order metric perturbations. In full generality, we proved
that the latter take the form of simple polynomials with only positive powers of r, except for
potentially a 1/r and a log(r) term; although we could not provide a general proof of the
absence thereof, explicit checks for fixed values of the angular momentum quantum numbers
of the modes show that their coefficients generically vanish (see end of sections 6.1.1 and 6.1.2).
We then used the worldline effective field theory [10, 38, 39, 55–59] to defined the nonlinear
tidal deformability and quadratic Love numbers of compact objects. By performing an explicit
matching with the full solutions derived in section 3, we concluded that all quadratic (even
and odd) Love numbers vanish for Schwarzschild black holes.

Our results raise a series of interesting questions on the fundamental nature of black
holes in general relativity. First of all, the vanishing of the quadratic Love numbers appears
as a fine tuning in the worldline EFT, mirroring the case of the linear Love numbers [39, 40].
In the latter case, symmetries acting on the static sector of the linearized perturbations have
been found [23, 24, 41] and proposed as a resolution to the puzzle. Our findings here are
suggestive that the ladder symmetries of [23, 24, 41] admit an extension to nonlinear order,

24This can be seen also by using eqs. (5.34)–(5.35) and carefully taking the rs → 0 limit in eq. (5.36). Indeed,
by dimensional analysis the scale of the tidal field is set by Eℓm/rℓ

s, which should be kept finite when taking
this limit. In this case (1)ξµ = 0, barring residual large gauge transformations satisfying □(1)ξµ = 0, which are
allowed in de Donder gauge.
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which could be used to explain the vanishing of the nonlinear tidal response of black holes in
general relativity [92, 93]. In addition, the simplicity of the obtained results, in particular
the form of the sources and of the second-order solutions (see section 6.1) suggests that one
might be able to reorganize perturbation theory in a way that takes full advantage of the
symmetries of the system and simplifies the intermediate steps. One notable example of
this is given by axisymmetric (even) perturbations: for this subset of modes, the full metric,
including perturbations, can be recast in the Weyl form, which has been used to show that
there is no static, axisymmetric induced response to all order in perturbations [21, 51, 92, 93].
This applies to the even sector and for modes with zero magnetic quantum number. On the
other hand, we showed here that also the odd sector displays a very simple structure. It
will be interesting to understand this further, and find a more systematic way to perform
the matching, and generalize our results to cubic and higher orders in perturbations beyond
axisymmetry. Finally, it will be interesting to study subleading tidal effects, in particular
nonlinearities, for different black hole solutions, such as Kerr spacetime, black holes with
charge, and solutions in higher spacetime dimensions [22, 27, 28, 94, 95]. We leave all these
aspects for future investigations.
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A Integration of tensor harmonics

In this appendix we provide details on how to perform the angular integrations of tensor
harmonics, eqs. (2.26)–(2.30). We remind the reader that ∇A is the covariant derivative
on the unit 2-sphere S2, ϵAB is the Levi-Civita tensor (with non-vanishing components
ϵθϕ = −ϵθϕ = sin θ) and that we use the metric on S2, γAB, to raise and lower indices.

We will use the so-called “pure-spin” harmonics approach, following ref. [63]. We construct
symmetric trace-free (STF) tensor harmonics by acting on scalar spherical harmonics with
covariant derivatives ∇A and with the Levi-Civita symbol ϵAB. In particular, we define
even and odd STF s-index tensors of spin s ≥ 1 (s is integer), angular momentum ℓ and
magnetic number m, respectively as

Zm
ℓ A1...As

≡ (∇A1 . . .∇AsY
m

ℓ )STF , (A.1)
Xm

ℓ A1...As
≡ (ϵ B

A1 Z
m
ℓ BA2...As

)STF, (A.2)
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where by the index STF we denote the part. We discuss the case s = 0 separately below.
We can rewrite the integrals in compact form as

sImm1m2
ℓℓ1ℓ2

≡
∫

dΩ Y m
ℓ Zm1

ℓ1 A1...As
Zm2 A1...As

ℓ2
, (A.3)

sJmm1m2
ℓℓ1ℓ2

≡
∫

dΩ Y m
ℓ Xm1

ℓ1 A1...As
Zm2 A1...As

ℓ2
. (A.4)

Then, we can express the products of two spin-s spherical tensors with all the indices
contracted, into spherical harmonics, i.e. [63],

Zm1
ℓ1 A1...As

Zm2,A1...As

ℓ2
= (−1)s

ℓ1+ℓ2∑
ℓ=|ℓ1−ℓ2|

[
1 + (−1)ℓ+ℓ1+ℓ2

]
Es ℓ2 m2

−s ℓ1 m1 ℓ Y
m1+m2

ℓ , (A.5)

Xm1
ℓ1 A1...As

Zm2,A1...As

ℓ2
= −i(−1)s

ℓ1+ℓ2∑
ℓ=|ℓ1−ℓ2|

[
1− (−1)ℓ+ℓ1+ℓ2

]
Es ℓ2 m2

−s ℓ1 m1 ℓ Y
m1+m2

ℓ , (A.6)

where the factor
[
1± (−1)ℓ+ℓ1+ℓ2

]
ensures that only terms with a specific (ℓ+ ℓ1 + ℓ2)-parity

(even for + and odd for −) are picked up in the sum. The coefficients of these expan-
sions, Es ℓ2 m2

−s ℓ1 m1ℓ, can be written in terms of Clebsch-Gordan coefficients ⟨ℓ1 m1 ℓ2 m2|ℓ m⟩.
Specifically, they are given by

Es2 ℓ2 m2
s1 ℓ1 m1 ℓ =

k(ℓ1, |s1|)k(ℓ2, |s2|)
k(ℓ, |s1 + s2|)

C
m1m2(m1+m2)
ℓ1ℓ2ℓ C

s1s2(s1+s2)
ℓ1ℓ2ℓ , (A.7)

where Cm1m2m
ℓ1ℓ2ℓ ≡ ⟨ℓ1 m1 ℓ2 m2|ℓ m⟩ and

k(ℓ, s) ≡
√

(1 + 2ℓ)(ℓ+ s)!
2s+2π(ℓ− s)! . (A.8)

We can now solve the integrals (A.3) and (A.4). Using the expansions eqs. (A.5)–(A.7),
the orthogonality condition,

∫
dΩ Y m

ℓ Y m′
ℓ′

∗ = δℓℓ′δ
mm′ , and the relation

k(ℓ1, |s|)k(ℓ2, |s|)
k(ℓ, 0) = 2−|s|

√
(1 + 2ℓ1)(1 + 2ℓ2)

4π(1 + 2ℓ)
(l1 + |s|)!(l2 + |s|)!
(l1 − |s|)!(l2 − |s|)! , (A.9)

we obtain,

sImm1m2
ℓℓ1ℓ2

= 1
2
[
1 + (−1)ℓ+ℓ1+ℓ2

]
sImm1m2

ℓℓ1ℓ2
, (A.10)

sJmm1m2
ℓℓ1ℓ2

= −i12
[
1− (−1)ℓ+ℓ1+ℓ2

]
sImm1m2

ℓℓ1ℓ2
, (A.11)

where

sImm1m2
ℓℓ1ℓ2

≡21−|s|(−1)s

√
(1+2ℓ1)(1+2ℓ2)

4π(1+2ℓ)
(l1+|s|)!(l2+|s|)!
(l1−|s|)!(l2−|s|)! C

m1m2m
ℓ1ℓ2ℓ C−ss0

ℓ1ℓ2ℓ . (A.12)

The case s = 0 is well known, i.e.,

0Imm1m2
ℓℓ1ℓ2

≡
√

(1 + 2ℓ1)(1 + 2ℓ2)
4π(1 + 2ℓ) Cm1m2m

ℓ1ℓ2ℓ C000
ℓ1ℓ2ℓ , (A.13)
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so the following definition,

sImm1m2
ℓℓ1ℓ2

≡ (2− δ0s)2−s(−1)s

√
(1 + 2ℓ1)(1 + 2ℓ2)

4π(1 + 2ℓ)
(l1 + |s|)!(l2 + |s|)!
(l1 − |s|)!(l2 − |s|)! C

m1m2m
ℓ1ℓ2ℓ C−ss0

ℓ1ℓ2ℓ ,

(A.14)
holds for s ≥ 0.

We note the following symmetry properties of the Clebsch-Gordan coefficients:

Cm1m2m
ℓ1ℓ2ℓ = (−1)ℓ+ℓ1+ℓ2Cm2m1m

ℓ2ℓ1ℓ = (−1)ℓ+ℓ1+ℓ2C−m1−m2−m
ℓ1ℓ2ℓ . (A.15)

Since C−ss0
ℓ1ℓ2ℓ = C−ss0

ℓ2ℓ1ℓ , sImm1m2
ℓℓ1ℓ2

has the same symmetries as Cm1m2m
ℓ1ℓ2ℓ , i.e., sImm1m2

ℓℓ1ℓ2
is

symmetric under the exchange ℓ1m1 ↔ ℓ2m2 if ℓ + ℓ1 + ℓ2 is even, and antisymmetric if
ℓ + ℓ1 + ℓ2 is odd. Therefore, eqs. (A.10) and (A.11) can be rewritten as

sImm1m2
ℓℓ1ℓ2

= 1
2(

sImm1m2
ℓℓ1ℓ2

+ sImm1m2
ℓℓ1ℓ2

) , (A.16)

sJmm1m2
ℓℓ1ℓ2

= − i

2(
sImm1m2

ℓℓ1ℓ2
− sImm1m2

ℓℓ1ℓ2
) , (A.17)

respectively. Note also that, if ℓ + ℓ1 + ℓ2 is odd, eq. (A.15) implies sI0 00
ℓ1ℓ2ℓ = 0 and

sIm1m1m
ℓ1ℓ1ℓ = 0. The same properties hold for sJmm1m2

ℓℓ1ℓ2
.

Finally, note that the s = 1 integrals can be expressed in terms of the s = 0 ones using
integrations by parts. For instance,

1Imm1m2
ℓℓ1ℓ2

=
∫

dΩY m
ℓ ∇AY

m1
ℓ1

∇AY m2
ℓ2

= 1
2

∫
S2
Y m

ℓ

[
∆S2

(
Y m1

ℓ1
Y m2

ℓ2

)
−Y m1

ℓ1
∆S2Y m2

ℓ2
−Y m2

ℓ2
∆S2Y m1

ℓ1

]
= 1

2
[
ℓ1(ℓ1+1)+ℓ2(ℓ2+1)−ℓ(ℓ+1)

]
0Imm1m2

ℓℓ1ℓ2
.

(A.18)

B Coefficients

Here we provide the explicit expressions of coefficients appearing in the text, starting from
those in the sources in section 2.3. The coefficients appearing in eq. (2.35) are

a2=
1
4(λ−2)(λ−λ1−λ2)λ,

a1=−λ
3

4 +λ
2(4+λ1(4−4λ1+λ1λ2)−λ1λ2)

2(λ1−2)(λ2−2) −λ1λ(20−10λ1−6λ2+3λ1λ2)
2(λ1−2)(λ2−2) +1

2λ1(λ1−λ2)

a0=−λ1(λ1−λ2)4 +λ
2(2λ21−λ1λ2−4)
4(λ1−2)(λ2−2) +λ(8+λ1(4−6λ1+λ1λ2))

4(λ1−2)(λ2−2)

b0=−(λ1−λ2)(2+λ1−λ2)
4 +λ(λ

2
1+λ1+2λ2−6)
2(λ1−2) −λ

2(3λ1+2λ2−6)
4(λ1−2) ,

c4=
1
2λ1λ2(λ−2)λ,

c3=
1
4{λ

3−4λ2−12λ+2λ[(λ1+λ2)(5−3λ)+2λ1λ2(6−λ)]+(λ21+λ22)(−6+11λ)

−6(λ31+λ32)+12(λ1+λ2)2},
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c2=
1
8{−5λ3+44λ2+92λ+(λ1+λ2)(−92−120λ+21λ2)−λ1λ2(132+56λ−4λ2)

+(λ21+λ22)(76−35λ)+19(λ31+λ32)−λ1λ2(λ1+λ2)},

c1=
1
8{3λ

3−58λ2−112λ+(λ1+λ2)(112+164λ−9λ2)+13(λ21+λ22)λ+λ1λ2(124+16λ)

−7(λ31+λ32)−106(λ21+λ22)+λ1λ2(λ1+λ2)},

c0=
1
8{19λ

2+38λ−(λ1+λ2)(38+58λ)+39(λ21+λ22)−40λ1λ2},

d2=
1
4(λ

3+4λ2+20λ+2λ1λ2+3λ2λ2−5λ21λ−9λ22λ−22λ1λ−10λ1λ2λ−16λ2λ+2λ31+5λ32

+18λ21−2λ1λ22+12λ22−20λ1+3λ21λ2−26λ1λ2−20λ2),

d1=−λ
3

4 +1
4 (−2λ1−3λ2−12)λ2+λ4

(
5λ21+10λ2λ1+48λ1+9λ22+42λ2−36

)
+

+1
4
(
−2λ31−3λ2λ21−36λ21+2λ22λ1+46λ2λ1+36λ1−5λ32−30λ22+36λ2

)
,

d0=
11
4 λ

2+λ4 {22−32(λ1+λ2)}+
1
4
{
21(λ21+λ22)−22(λ1+λ2)−20λ1λ2

}
,

e2=−λ
3

4 +λ
2

8 (2λ1+2λ2+4)+λ8 (−4λ1−4λ2) ,

e1=
λ3

4 +λ
2

8 (−2λ1−2λ2−12)+λ8 (26λ1+26λ2−16)+1
8
(
−14λ21+12λ2λ1+16λ1−14λ22+16λ2

)
e0=

1
2λ

2+λ8 (−13λ1−13λ2+8)+1
8
(
9λ21−10λ2λ1−8λ1+9λ22−8λ2

)
f3=6−λ+6λ1 , f2=

1
2(3λ−9λ1−46), f1=

1
2(56−λ+3λ1),

g2=−10+λ−λ1−3λ2 , g1=18−λ+λ1+3λ2 ,

The coefficients appearing in eq. (2.39) are

ã2 = λ− λ1 − λ2 + λ1λ2 , ã1 =
λ(2− λ1 + 2λ2)

λ1 − 2 + λ1 + λ2 − λ1λ2 ,

ã0 = −λ(2− λ1 + 2λ2)
2(λ1 − 2) − 1

2(λ1 − λ2) ,

b̃1 = −λ+ λ1 − λ2 , b̃0 = −1
2

(
λ(6− 3λ1 − 2λ2)

λ1 − 2 + 3(λ1 − λ2)
)
,

(B.1)

The numerical coefficients appearing in eq. (5.12) are given by

c(0,+)
η =1, c(0,+)

v = 1
2 , c(0,+)

r = 5
2 , c(0,−)

η =−15, c(0,−)
v =−21

2 , c(0,−)
r =−117

2 ,

(B.2a)

c(2,+)
η =−1

8 , c(2,+)
v =−5

8 , c(2,+)
r =−7

8 , c(2,−)
η = 63

8 , c(2,−)
v = 99

8 , c(2,−)
r = 105

8 ,

(B.2b)

c(4,+)
η = 97

36 , c(4,+)
v = 85

18 , c(4,−)
η =− 7

36 , c(4,−)
v =−73

18 , (B.2c)

d(2)=−1
2 , d(4)= 8

5 . (B.2d)
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C From spherical to Cartesian coordinates

The goal of this appendix is to express the tidal field in the RW gauge in a Lorentz-covariant
form, making it easy to express it in Cartesian coordinates, which is the most convenient form
for Feynman diagrams. As discussed in section 5.1, the tidal field represents a perturbation
around Minkowski spacetime, i.e., Hµν = ḡµν − ηµν . We can decompose this perturbation
into even and odd modes, denoted as H+

µν and H−
µν , respectively. In the RW gauge and in

spherical coordinates, these take the following form:

H+
µν =


H̄0 H̄1 0 0
H̄1 H̄2 0 0
0 0 r2K̄ 0
0 0 0 r2 sin2 θK̄

 , (C.1)

H−
µν =


0 0 −∂ϕh̄0

sin θ sin θ∂θh̄0

0 0 −∂ϕh̄1
sin θ sin θ∂θh̄1

−∂ϕh̄0
sin θ sin θ∂θh̄1 0 0

−∂ϕh̄0
sin θ sin θ∂θh̄1 0 0

 . (C.2)

To rewrite them in covariant form, we remind the reader that vµ is the four-velocity of
the massive object, which defines our time-like direction. In its rest frame, where we work,
vµ = (1, 0, 0, 0). The radial direction is defined by the spatial vector rµ ≡ (δµ

ν + vµvν)xν , or
by the unit vector parallel to it, r̂µ = rµ/

√
rρrρ = (0, 1, 0, 0), where the indices are raised and

lowered with the Minkowski metric. Finally, projecting orthogonally to these two directions,
we obtain the metric on the unit 2-sphere, i.e.,

Ωµν = ηµν + vµvν − r̂µr̂ν . (C.3)

Therefore, the even part of the tidal field simply reads

H+
µν = H̄0vµvν + 2H̄1v(µr̂ν) + K̄Ωµν

=
(
H̄0 + K̄

)
vµvν + 2H̄1v(µr̂ν) +

(
H̄2 − K̄

)
r̂µr̂ν + K̄ηµν , (C.4)

where for the last equality we have used eq. (C.3).
To obtain the odd part of the tidal field, it is convenient to introduce the two basis

vectors on the unit 2-sphere

eµ
A = ∂r̂µ

∂xA
, xA ∈ {θ, ϕ} , (C.5)

which are obviously orthogonal among each other and to the other two vectors, and satisfy

ηµνe
µ
Ae

ν
B = ΩAB . (C.6)

Since by eq. (C.2) only H−
0A = vµeν

AH
−
µν and H−

rA = r̂µeν
AH

−
µν are nonzero, we can write

H−
µν =−2v(µeA

ν)H
−
0A+2r̂(µeA

ν)H
−
rA=2v(µeA

ν)ϵABΩBC∂C h̄0/−2r̂(µeA
ν)ϵABΩBC∂C h̄1 . (C.7)

Replacing ϵAB on the right-hand side using the identity ϵAB = vαr̂βeρ
Ae

σ
Bεαβρσ, we

finally obtain

H−
µν = −2vαεαρσ(µvν)r̂

ρ∂σh̄0 + 2vαεαρσ(µr̂ν)r̂
ρ∂σh̄1 . (C.8)
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D Symmetric trace-free tensor relations

Here we derive some useful relations involving the STF tensors Ym
i1...iℓ

introduced in section 5.1.
We recall their definition,

Y m
ℓ (θ, ϕ) = Ym

i1...iℓ
r̂i1 · · · r̂iℓ = Ym

iL
r̂iL , (D.1)

where in the second equality we use the multi-index notation introduced in section 4.1.
Using this, we rewrite the normalization relation of two spherical harmonics with the

same ℓ in terms of the STF tensors,

Ym∗
iL

Ym′
jL

∫
dΩ r̂i2L = δmm′

. (D.2)

Solving the angular integral,25 we obtain

Ym∗
iL

Ym′
jL

(
δi1i2 · · · δi2ℓ−1i2ℓ

+ perms
)
= (2ℓ+ 1)!!

4π δmm′
, (D.3)

from which we can derive

Ym∗
ijklYm′

ijkl =
315
32πδ

mm′
, (D.4)

which is needed for the computation in section 5.2.
We can follow a similar procedure for the products of three STF tensors. In particular,

rewriting the definition of 0Imm1m2
ℓℓ1ℓ2

(eq. (2.26)) in terms of the STF tensors and solving the
angular integral for ℓ + ℓ1 + ℓ2 even, we obtain

Ym∗
iL

Ym1
jL1

Ym1
kL2

(
δi1i2 · · · δi2ℓ−1i2ℓ

+ perms
)
= (ℓ+ ℓ1 + ℓ2 + 1)!!

4π
0Imm1m2

ℓℓ1ℓ2
. (D.5)

For the computation in section 5.2 we need the following contractions

Y0Ym1
ij Ym2

ij = 15
8π

0I0m1m2
022 , (D.6)

Ym∗
ij Ym1

jk Ym2
ki = 105

32π
0Imm1m2

222 , (D.7)

Ym∗
ijklY

m1
ij Ym2

kl = 315
32π

0Imm1m2
422 . (D.8)

Finally, in order to simplify the final expression for the one-point function computed in
section 5.2, one needs to decompose the following tensor Ym1

ij Ym2
kl . For symmetry reasons,

one necessarily has

Ym1
ij Ym2

kl = c1δijδkl + 2c2δi(kδl)j + c3Ym
ij δkl + c4Ym

kl δij + 2c5
(
Ym

i(kδl)j + Ym
j(kδl)i

)
+ c6Ym

ijkl .

(D.9)

The coefficients cn can now be find by contracting the above expression with all possible
combinations of δij , Ym∗

ij and Ym∗
ijkl. One eventually obtains

Ym1
ij Ym2

kl =
0I0m1m2

022
4
√
π

(
3δi(kδl)j − δijδkl

)
− 0Imm1m2

222

(
Ym

ij δkl + Ym
kl δij −

3
2Y

m
i(kδl)j −

3
2Y

m
j(kδl)i

)
+ 0Imm1m2

422 Ym
ijkl .

(D.10)
25We use

∫
dΩ r̂i1 r̂i2 . . . r̂i2ℓ−1 r̂i2ℓ = 4π

(2ℓ+1)!!

(
δi1i2 . . . δi2ℓ−1i2ℓ + perms

)
.
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1

M µν
x

(a)

M

M

µν
x

(b)

M µν
x

(a)

M µν
x

(b)

M µν
x

(c)

M µν
x

(d)

λ1 µν
x

(a)

λ2 µν
x

(b)

M µν
x

(a)

τ1

τ2

µν
x

q

k−q

k

(b)

τ
µν
x

k−q k

(a)

τ
µν
x

k−q k

Figure 3. Feynman diagrams that reconstruct the Schwarzschild metric up to order r2
s .

E Recovering the Schwarzschild metric

In this appendix we show how one can consistently reconstruct, from the EFT worldline
approach, the Schwarzschild metric in de Donder coordinates. We perform the explicit
calculation up to O(r2s), in which case the metric takes the form (see e.g. [96])

ds2=−
(
1− rs

r
+1
2
r2s
r2

)
dt2+

(
1+ rs

r
+5
4
r2s
r2

)
dx·dx+7

4
r2s
r2

(x·dx)2
r2

+O(r3s). (E.1)

See also [55, 96, 97] for previous results and [98, 99] for a recent reconstruction of the
Schwarzschild metric to all orders. For the calculation we will assume dimensional regu-
larisation in d = D + 1 dimensions.

Since for this computation Hµν = 0, we only need the two diagrams in figure 3. At
leading order we only have the point-particle sourcing hµν , i.e. the diagram 3(a). This gives

κ(0)hµν(x) = −8πrs

∫
dt vρvσ

∫
k

e−ik·(x(t)−x)

k2
Pρσµν +O

(
(rs/r)2

)
= 8πrs

(
vµvν + 1

2ηµν

)∫
k

eik·x

k2 +O
(
(rs/r)2

)
= rs

r
(ηµν + 2vµvν) +O

(
(rs/r)2

)
,

(E.2)

where r =
√

x2 =
√
δijxixj and we used

∫
k

eik·x

(k2)α = 1
(4π)D/2

Γ(D
2 −α)
Γ(α)

(
x2

4

)α−D
2 for the last

equality. One can check that gµν = ηµν + κ(0)hµν(x) reproduces the Schwarzschild metric
in de Donder gauge (E.1) expanded up to O(rs).

At next-to-leading order we have to compute the diagram 3(b). Using the rules defined
in the previous section, we explicitly get

κ(0)hµν(x)1b = −32π2r2s
∫

dt1dt2 vρ1vσ1vρ2vσ2

∫
q,k

e−iq·(x(t1)−x(t2))−ik·(x(t1)−x)

q2k2(k − q)2

Pρ1σ1α1β1Pρ2σ2α2β2Vα1β1α2β2α3β3Pα3β3µν

= 2π2r2s
∫

k
δ−(k0)e

ik·x

k2
(
7kµkν + 3k2ηµν − k2vµvν

) ∫
q

δ−(q0)
q2(k − q)2 , (E.3)

where the second equality follows from integrating in t1 and t2 and from tensorial reduction
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of the integrands. Solving the integrals in the last line26 and adding this contribution to
the leading order one, we finally obtain

κ(0)hµν(x) =
rs

r
(ηµν + 2vµvν) +

r2s
4r2 (5ηµν + 3vµvν − 7r̂µr̂ν) +O

(
(rs/r)3

)
, (E.4)

where we recall that the normalised vector in the radial direction is r̂µ = (0, xi/r). This
result reproduces the Schwarzschild metric in de Donder gauge (E.1) expanded up to O(r2s)
and agrees with refs. [96, 97].
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