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A complex-scaled boundary integral equation for the embedded
eigenvalues and complex resonances of the Neumann-Poincaré
operator on domains with corners
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“POEMS, CNRS, INRIA, ENSTA PFaris, Institut Polytechnique de Paris, Palaiseau, 91120, France
bAix Marseille Univ, CNRS, I2M, Marseille, France, Marseille, 13331, France

Abstract

The adjoint of the harmonic double-layer operator, also known as the Neumann-Poincaré (NP)
operator, is a boundary integral operator whose real eigenvalues are associated with surface
modes that find applications in e.g. photonics. On 2D domains with corners, the NP operator
looses its compactness, as each corner induces a bounded interval of essential spectrum, and can
exhibit both embedded eigenvalues and complex resonances. This work introduces a non-self-
adjoint boundary integral operator whose discrete spectrum contains both embedded eigenvalues
and complex resonances of the NP operator. This operator is obtained using a Green’s function
that is complex-scaled at each corner of the boundary. Numerical experiments using a Nystrom
discretization on a graded mesh demonstrates the accuracy of the method and its advantage over
a 2D finite element discretization implementing the same complex scaling technique.

Keywords: Neumann-Poincaré operator, Layer potential, Embedded eigenvalue, Complex
resonance, Complex scaling, Perfectly Matched Layer

1. Introduction

Let Q c R? be an open bounded set whose boundary is C? except for a finite number of
straight corners, as illustrated in Figure 1 and made precise below.

Assumption 1. The set Q c R? is open, bounded, connected, with a Lipschitz boundaryT. There
is a radius R > 0, boundary points xf € 0Q, angles ¢, € (0,2n)\{r}, and rotation matrices Q,
such that

1. Q has a boundary of class c? everywhere except at (xf)ke[[l,Nv]].
2. Foranyk € [1,N.],

QN B(x¥,R) = {xk + Qulrcos 6, rsin6]|r € [0,R), 0 € (~¢u/2,64/2)} .

Preprint submitted to August 15, 2025
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(a) Set with C2 boundary except for straight corners. (b) Polar coordinates centered at a corner.

Figure 1: Notation.

We define the Neumann-Poincaré (NP) operator as!

K*o(x) = pv fr OhmGx,y)o(y)ds@y) (xel), D

where pv denotes the Cauchy principal value, v is the unit normal vector that points towards
Q¢ := R?\Q, and G is the free space Green’s function of —A:

1 (x-y) v

1
G(x.y) = -7 Inlx = yl. dynGx.y) = -7~ x— P (x #y). 2

Throughout this work, we consider K* and its adjoint as bounded linear maps [6, 7, 8]
K* € B(H™'2(), '), K € B(H'*(D), H'*(T),

where the adjoint operator is explicitly given by

Ko(x) :=pv f@V@)G(x,y)O'(y) ds(y) (xel). 3)
r

Our interest lies in the following boundary integral (BI) eigenvalue problem.
Definition 2 (NP Eigenvalue Problem). Find (o, 1) € H~'/2(') x (=1/2,1/2), o # 0, such that
K*o=Ao. 4)

This eigenvalue problem is known to exhibit somewhat exotic features when N, # 0:

1. Each of the N, corners in I' induces an interval of essential spectrum associated with
strongly-oscillating corner singularities.

2. Some eigenvalues can be embedded in the essential spectrum.

3. There can be complex resonances [9], i.e. complex singularities of the meromorphic con-
tinuation of A — (K* — 2)~! across the essential spectrum.

The objective of this work is to compute both embedded eigenvalues and complex resonances
of K; the challenge lies in the fact that a discretization of (4) leads to an eigenvalue problem
with only real eigenvalues, and which converges only at isolated eigenvalues. Our contribution

ICommon alternative definitions include —K* [1, (1.1)] [2, (1.2)] and 2 K [3, 2.77)] [4, (5] [5, (2)].
2
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is the construction of a non-self-adjoint BI operator K whose discrete spectrum includes the
embedded eigenvalues and complex resonances of K; we demonstrate its usefulness using a
Nystrom discretization on a graded mesh.

Our strategy to build K} is to use the corner complex scaling technique introduced in [10].
This technique has proven successful to compute embedded eigenvalues and complex resonances
in [11]; in this work the authors employ a 2D finite element method (FEM) for a problem closely
related to (4), namely the plasmonic eigenvalue problem (PEP).

Definition 3 (PEP). Find (u, k) € H'(R?) x (-0, 0), u # 0, such that

V- [a(x, k)Vu(x)] =0 (5a)
ucx) = O(x™) (5b)
where
, 1 (xeQ)
H'®?) = {u e L} (R?) |Vu e LXRY)}, a(x.x) = {K € 0.

The link between (4) and (5) will be stated precisely in Section 2.1; for now let us simply
state that the two spectral parameters are linked by a Mobius transformation:

2/1—K+1 24+ 1

=TT KT (R(x) <0, [2] < 1/2). 6)

The main question we answer in this work is therefore: how can one carry over a complex
scaling technique developed for (5) to (4)? We follow ideas from [12] and [13], where complex-
scaled Green’s functions are introduced to deal with scattering problems posed on domains with
infinite boundaries: the surprising connection between these two works and (4) is that each corner
in I" can be viewed as a semi-infinite waveguide [14, § 4]. The numerical results presented in
Section 5 demonstrate the advantage of discretizing K} over the FEM proposed in [11].

This article is organized as follows. The remainder of this introduction summarizes the the-
oretical and computational literature on (4,5). Section 2 summarizes some background results.
Section 3 derives the complex-scaled PEP and introduces the complex-scaled NP operator K.
Section 4 derives a closed-form expression of the complex-scaled Green’s function, leading to
the expression (35). Section 5 describes the employed Nystrom method and gathers numerical
validation and results’>. Appendix A gathers standard results on BI operators associated with
strongly elliptic equations. Appendix B contains the straightforward but tedious computations
that are needed to derive the complex-scaled NP operator.

Remark 4 (Physical motivation). In (5), Q models a metallic particle included in an infinite
dielectric medium. The spectral parameter « is a ratio of dielectric permittivities known as the
contrast, while u is known as a localized surface plasmon [15, Chap. 5] [16, Chap. 9] [17]. The
problem (5) can be interpreted as either Gauss’ equation® or the quasi-static approximation of
the transverse magnetic Maxwell equations®.

2Code available online at https://doi.org/10.5281/zenodo . 16309756.
3Then u is the electric potential, o~ the dielectric permittivity &, and k=g4/&.
4Then u is the z-component of the magnetic field, o is the inverse of the dielectric permittivity, and k=&,,/&,.
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1.1. Spectral theory of the NP operator

The spectral theory of the NP operator is widely developed [4, 18, 19]. Since Q has a Lips-
chitz boundary, the NP operator is similar to a bounded self-adjoint operator [20, Prop. 3.3] and
its spectrum satisfies [21, Thm. 2] [22, Thm. 2.5]

o(K*) c [-1/2,1/2),

where 4 = —1/2 is a pathological eigenvalue not associated with a solution of the PEP [23,
Thm. 4.2]. The structure of the spectrum depends crucially upon the regularity of the boundary.
When N. = 0, Q has a C? boundary so that 9,G is continuous on I' x T" and K* is a compact
operator, whose point and essential spectrum satisfy [24, 6]

Tess(K*) = {0}, 07p(K*) = {Ap}u=1 U {=1/2}, nh_{g A, =0.
Equivalently, it has been proven that solutions (uy, ,,) of the PEP satisfy [25, Thm. 1]

Kk, <0, limk, = -1,
with each u, localized around I" [26, 27]. When N, # 0, each corner contributes an interval to
the essential spectrum: [5, Thm. 7] [28, Thm. 5.2] [29]

¢ —

Tess(K*) = U [~ (@), A(B0)], Ac(9) = T (N

ke[1,N:]

The k-th interval of essential spectrum is linked to the existence of strongly-oscillating singular-
ities that solve (5a) around the k-th corner [14], a fact we will elaborate upon in this work.

Li and Shipman have shown in [2] how one can construct curvilinear polygons I such that K*
exhibit embedded eigenvalues. Moreover, the existence of these embedded eigenvalues goes in
pair with the existence of complex resonances, which can be generically defined as singularities
of the continuation of the resolvent operator accross the essential spectrum [9]. The idea of the
construction found by Li and Shipman is a perturbation mechanism that we will use in this work
to design numerical validation cases.

1.2. Numerical computation of the NP spectrum

In the literature, both the boundary integral equation (BIE) (4) and the PEP (5) have been
considered to compute isolated or embedded eigenvalues.

When N, = 0, the continuity of the kernel of K* implies that (4) can be accurately discretized
using standard methods like Nystrém [19, § 2.4.5] or Galerkin [30, § VI]. By contrast, conform-
ing FEMs for (5) suffer from spectral pollution when using an unstructured mesh [31, § 6.2] [32,
§ 4.3]; this spectral pollution can be eliminated by using a mesh that is symmetric with respect to
I [33]. When solving a direct problem, this limitation of conforming FEMs can be circumvented
using a reformulation as an optimal control problem [34, 35].

When N, # 0, the corner singularities associated with the essential spectrum induces numer-
ical difficulties. For example, a Nystrom discretization of (4) or a conforming FEM for (5) can
only capture (real) eigenvalues located outside the essential spectrum: two remedies are available
in the literature.

In [1], a method to compute embedded eigenvalues is introduced, which consists in comput-
ing the rate-of-resonance for all A € (—1/2, 1/2) using a Nystrom discretization of the regularized

4
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operator K* —(1+ig) I for 0 < € < 1. The accuracy of the computed rate-of-resonance is ensured
by using a multigrid preconditioning technique, known as the Recursively Compressed Inverse
Preconditioning (RCIP) [36, 37], which avoids using an overly-refined graded mesh at corners.
For an ellipse perturbed by a corner, this method is able to compute the first embedded eigen-
values and even detect the presence of complex resonances, although the imaginary part of the
latter cannot be computed [1, Fig. 6].

In [11], a FEM able to compute both embedded eigenvalues and complex resonances is stud-
ied, which relies on the corner complex scaling technique introduced in [10]; the effectiveness of
the method is demonstrated on the perturbed ellipse originally introduced in [1]. The computa-
tion relies on a linear generalized non-hermitian eigenvalue problem, which can be readily solved
using standard packages. However, the main practical difficulty is meshing, since the mesh must
not only satisfy the symmetry constraints discussed above to avoid spectral pollution, but it must
also be disconnected since to ensure accuracy a neighborhood of the corner is discretized in a
non-Cartesian coordinate system (see [11, Fig. 18]).

2. Notation and background

This section introduces notation and recalls a few facts that we will rely upon. Section 2.1
states the equivalence between the eigenvalue problems (4) and (5). In Section 2.2, this equiv-
alence leads to a characterization of o.s(K*) involving the corner singularities of (5a), which
is the basis of the complex scaling technique used in this work. Finally, Section 2.3 recalls a
characterization of complex resonances.

Notation. Let us first introduce some notation. We denote the jumps across I as
[fIrGe) = f7(x) = f~(x), [60,fIr(x) = 670} f(x) =73, f(x) (x €T), ®)

where the superscript “+” (resp. “—”) denotes the restriction to Q" = Q¢ (resp. Q™ = Q). For
instance, the transmission conditions implied by (5a) can be written explicitly as

[ulr = 0 in H'*(T), [a(, ©d,u]r = 0 in H (). )

Using the free space Green’s function of the Laplace operator, we define the single layer potential
S: HY2T) —» H! (R?) and the single layer operator S € B(H™'/*("), H'/*()):

loc
So(x) = fFG(x,y)cr(y) ds(y) (xe€ Rz), So(x) = fFG(x,y)O'(y) ds(y) (xel),
the former satisfying jump relations
[Solr=0, 8;So=K*o ¥ %0‘. (10)
Layers potentials and BI operators can more generally be defined for any strongly elliptic equa-

tions having smooth coefficients: we have gathered in Appendix A the few standard results that
we will rely on in this work.
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2.1. Equivalence between the NP and plasmonic eigenvalue problems

Using the single layer potential S, we can state the link between (4) and (5) as follows.
Proposition 5. If (x, 1) € (=0, 0) X (=1/2,1/2) are two scalars satisfying (6), then

Jo € HY2()\{0} that solves (4) = u = So- € H'(R*)\{0} solves (5),
Ju € H'(R*)\{0} that solves (5) = o = —[dyulr € H'/*(D)\{0} solves (4).

Proof. This result is standard [38, 39, 30, 40] and effectively boils down to formulating an ansatz
and exploiting the jump relations (10). For the sake of completeness, the proof is given in Ap-
pendix A, see Proposition 31: this proposition covers a slightly more general case, in anticipation
of our study of corner complex scaling. O

2.2. Characterization of the essential spectrum

To clarify the exposition, we now assume that N, = 1, i.e. that there is only one corner
of angle ¢ at x. (see Figure 1b). The equivalence stated in Proposition 5 implies that we can
understand the corner behavior of a density solving (4) by studying solutions of (5a). The next
result gives the corner behavior of eigenfunctions, associated with either isolated or embedded
eigenvalues.

Proposition 6. Let A € (—1/2,1/2)\{0}. Let k € (=0, 0)\{—1} be given by (6). If u € H(R?)
solves (5a) then, for any B > 0, u satisfies the corner expansion

urf) = co+ ) ) e+ 000, (11)
~ pefe,0} neH(A,p)
—B<3(m<0

where the even (“e¢”) and odd (“v”) orthoradial functions are

cosh(n6) cosh(n(m — 16]))
coshre12) 2P Coshtnr = 912))
sinh(36) sinh((r — [61) L
sinnipor2) " Sinhtnia =gz @ 1O

with 1x the characteristic function of X, and the set of radial exponent H is defined as

To(6) ifp=e
O°0,n) =

H(,p) ={neC" |g"(n, ) =0},
with g* and g° the meromorphic functions

sinh [1 (7 - ¢)]

_ sinh[n (- ¢)]
sinh [n7] '

‘M, ) =24+ -
&4 sinh [nr]

, 8°(, ) =2a (12)

Proof (sketch). This result can be intuitively understood by injecting the ansatz u(r, 6) = r"w(6)
in (5a) to obtain an ordinary differential equation (ODE) in 6 that admits even (resp. odd) non-
null solutions if and only if g°(n, 1) = 0 (resp. g°(n, 1) = 0), see [10, Prop. 3.1]. The proof can
be carried out using tools that are standard in the study of elliptic equations on domains with
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corners [41, 42, 43] and consists in [44, 45]: (i) localizing (5a) around the corner by working on
v = yu with y € C2(IR?) equal to 1 around x., (ii) applying the Mellin transform

00 ) 1 +00+iy )
wmm:j‘anﬂW”mvmmz——f b(n, O)r"dy  (y > 0),
0 —

2r co+iy

to obtain an ODE in 6 parametrized by 7, (iii) solving the ODE, and (iv) inverting the Mellin
transform by closing the contour in {—8 < J(5)) < 0} using the residue theorem. O

In the expansion (11), all the factors 7 vanish at the corner since J(57) < 0. The limiting
case J(i) = 0 leads to strongly-oscillating corner singularities’

O, 0,n) = 1O @, (neR), (13)

which belong to LIZOC(RZ) but not HllOC (R?) ; a plot of the even singularity s® is given in Figure 2a.
A distinctive feature of these singularities is that they radiate energy to or from the corner, i.e.

they satisfy J(s) # 0, where J is the corner energy flux [10, (26)]:

J(u) =1limJ [ f a(x, Hu(x)o,u(x)ds(x)|,
dB(x.,€)

-0

which is positive (resp. negative) if u radiates from (resp. to) the corner. The equivalence stated
in Proposition 5 suggests that the essential spectrum of K* can be understood as the set of A such
that the expansion (11) contains a strongly-oscillating singularity (either odd or even), which
writes

Tes(K*) = | ] o2u(K*), 04 (K*) =TT T [T eR": g2(, D) = 0},

pele,o}

which does match the known formula (7) for N, = 1 since from (12):

[=1:(¢),0] if ¢ € (0,7)

o (K*) = =i (K*), oo (K*) = {[o,ac«»)] if ¢ € (n,2m).

We are now in a position to state the following characterization of oes(K*), which will be our
starting point to study complex scaling.

Proposition 7. Let p € {e,0} and 1 € % (K*)\{0, £A.(¢)}. Let k be given by (6). Up to a
multiplicative constant, there is a unique non-null function u € H L(R2\{x,}) that solves (5) and
satisfies J(u) < 0. Moreover, this function satisfies the corner expansion

u(r,0) = r®(0,n5) + co + O(Ir'™]), (14)

where the singular exponent 1 is the unique non-null real solution of g°(ns, 1) = 0 that satisfy
Ans < 0 and the truncation exponent 1, is the solution of g*(n;, )g°(n;, 1) = 0 with the largest
negative imaginary part.

Remark 8. The corresponding expansion of the boundary density is deduced using Proposition 5.

SThese should not be confused with elliptic singularities [42], which behave like /7 for 7 > 0 and belong to Hlloc.

7
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Y(Q°)
Ry - w2 b ‘]”
=~ 0+ 0 & o 0 ¥(I) Y(Q) 0 =
& w o &
: —p2
—Ry —n/2 -
-R T NS S -1 - -
—R —R, 0 Rq R Za= ln(Ra/R) 0
z=In(r/R)
(a) Cartesian coordinates. (b) Euler coordinates.

Figure 2: Even strongly-oscillating singularity (13) in a neighborhood of a straight corner at x.. (Left) Cartesian coordi-
nates. (Right) Euler coordinates (16), which map r'" to e".

Remark 9. The strongly-oscillating singularity in (14) makes computing the essential spectrum
challenging.

Proof (sketch). We refer to [14] for a treatment of the condition J(u) < 0, called a corner radi-
ation condition, in radially-weighted Sobolev spaces; we provide here a formal summary of the
computations leading to the claim. Let p € {e, o} and A € 0% (K*)\{0, £1.(¢)}. The key result is
that the map g°(-, 1) admits exactly two non-null real zeros of opposite sign: 1. > 0 and -1, < 0.
The steps highlighted in the proof sketch of Proposition 6 can be carried out identically; the only
difference is that when closing the contour in the lower half-plane {J(77) < 0} we pick up the two
real poles +7,, leading to the corner expansion, for any 8 > 0:

u(r,0) = e (r,0m) + e L, -n)+eo+ Y > rIE, )+ OCP).
r—0
pele,0} neH(A.u)
—p<3(m)<0
This expansion contains two singular coefficients c.. associated with the two (complex-conjugated)
strongly-oscillating singularities. Since we assume J(u) # 0, we must have ¢, # O or c_ # 0,
since otherwise we would have u € HI‘OC(]RZ) and therefore J(u) = 0. In fact, the requirement
that J(u#) < 0 implies that exactly one singular coefficient is non-null [10, Tab. 1]: if 2 > O (resp.
A < 0) then c_ # O (resp. ¢+ # 0) and we define the singular exponent as r;, = -1, (resp.
ns = +1.). The truncation exponent 7, is the dominant exponent in the remainder. O

2.3. Characterization of complex resonances

Let us conclude this background section by discussing complex resonances (we refer to [9]
for the general theory). Since the spectrum of K* is real, the resolvent operator

R: {1eC|TW) >0} > BHV*T), H*T)), 1 (K* =A™,

defines an analytic family of bounded linear operators. The essential spectrum is a branch cut for
R, with branch points at 0 and +1.(¢). By crossing the essential spectrum once, either through
(—.(),0) or (0, 1.(¢)), one obtains two distinct meromorphic continuations of R, denoted R*
and R°, whose singularities are complex resonances; this is captured in the following abstract
definition.

8
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Definition 10. A scalar A € C\R is a complex resonance if it is an isolated singularity of either
R* or R°.

More importantly for numerical computations, by continuation on A in Proposition 6, we
deduce that complex resonances are associated with solutions of (5) in R2\{x,} that behave like
(14) for some n; € H(A, p) such that J(n;) > 0. In particular, these solutions are singular at the
corner and thus are not eigenfunctions. The corner complex scaling technique will enable us to
compute complex resonances as eigenvalues of a modified problem.

3. Corner complex scaling for the Neumann-Poincaré operator

In this section we obtain the complex-scaled NP operator (31) by applying the corner com-
plex scaling from [10] to the NP operator. This section is organized as follows. Section 3.1
introduces the scaling technique in a non-Cartesian coordinate system, where an intuitive waveg-
uide analogy can be relied upon. Section 3.2 then derives the scaling in Cartesian coordinates,
which is used in Section 3.3 to introduce the complex-scaled NP operator. Finally, Section 3.4
illustrates that the effect of complex scaling is to move the essential spectrum away from the real
axis, uncovering both embedded eigenvalues and complex resonances in the process. Throughout
this section, we assume that N, = 1 to simplify the exposition.

3.1. A waveguide analogy in Euler coordinates

Let p € {e,0} and A € 0%(K*) such that A # 0 and |A| # A.(¢). From Proposition 7, this
value of A is associated with a solution of (5) that is strongly-oscillating at the corner:

V- la(x,©)Vul =0 (x € B(xc, R)\{x,}), (15a)
ur,0) = @0 (0,75) + co + O(Ir'™)), (15b)
where R > 0 is aradius chosen small enough (ref. Assumption 1), « is given by (6), the singularity

exponent 7 is real, and J(n,) < 0. From Proposition 5, the corresponding strongly-oscillating
boundary density satisfies

K*o =20, 0(r.6) = ~r"[3,9]r(0.n) + O(r™)).

The corner complex scaling technique enables to tame the singular term 7+, which is the source
of numerical difficulties. We follow here the original exposition [10] by introducing the Euler
coordinate system (z,6):

g :Rz\{xc} — R X (—m,7), (x,y) > (z,0) := (In(r/R), 6). (16)

This mapping, illustrated in Figure 2b, sends x, to —oo, the boundary I' N B(x,, R) to the straight
line {z < 0,0 = +¢/2}, and transforms (15) into

Vo - [a(0, )V 0il(z,0) =0 ((z,0) € S = (=00,0) X (—x, 7)), (17a)
i(z,0) = €™ 06, n,) + co + O(le™)), (17b)
ii(z, —m) = ii(z, ), Ogii(z, —m) = Oyii(z, ), (17¢)

9
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where it :== u o P! and

1 1
Vo f = —[ 01 } V.0 [ j% } : [0.(Re® fi) + Dp(Re* f>)] .

Rez | Og f - R2¢%2
The benefit of this process is that (17b) is similar to a waveguide radiation condition, which
can be dealt with using a linear complex scaling [46, 47]. The idea of complex scaling is to
stretch the z coordinate as z — z/a where @ € C* is a scaling parameter. To make this precise
we introduce the continuous complex-valued path

[y Rx(—m,7) = Cx (-7, 7), (z,0) = (72),0), (18)

where % : R — C defines the linear coordinate scaling:

~(Z) . < (Z>Za/) ~,(Z)_ 1 (Z>Za)
MOV mwatrze <z, L 0T e <z,

with z, = In(R,/R) and R, € (0, R) the radius delimiting the entrance of the scaling region. The
effect of this scaling on strongly-oscillating singularities (13) is illustrated in Figure 3. Using the
scaling path we define the scaled solution ii, as

fio(2,60) = 10 To(z,0) = #(7(2),0) ((z,6) € R x (-7,7)),

where on the right-hand side ii(-, #) denotes the analytic continuation of (-, ), which is an abuse
of notation. Using the chain rule we deduce that #, solves

Vo) - [a(0, DAV copita](z.0) = 0 ((z,0) €5), (19a)
fa(2,0) = ™D, 1) + co + O(le™)), (19b)
llo (2, —10) = Ba(2, ), Oglla(2, —10) = Bpila(2, ), (19¢)

where the scaling matrix A, is

o [uve o 1 (> z)
Aa(z)—[ 0 Y@ ]_{diag(a,l/a) (z < Za)-

The computational interest of (19) over (15) and (17) lies in the ability to choose @ such that i,
decays exponentially as z — — oo. Unfortunately, the discretization of this scaled problem is
somewhat laborious since it requires dealing with the coupling between the Euler domain S (one
per corner in case of multiple corners) and the Cartesian domain R2\B(x,, R), see [10] for a FEM
treatment with three corners. To avoid dealing with this coupling in our BIE, we now derive a
purely Cartesian formulation of (19).

3.2. Corner complex scaling in Cartesian coordinates

To work in the whole of R?, we introduce the piecewise-constant scaling function

1 {a x € B, = B(x:,R,)

MO =50 "1 xeB..
10
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Figure 3: Strongly-oscillating singularity (13) with complex scaling (18). (Left) As a function of r. (Right) As a function
of z given by (16).

-
r =T~ P I N O N A S | i ly1 —xc=R,
R, L ~ = a2 1 71 c a
= / \‘\ | ¢ X
g 0 :‘ PR— . < 0 a=e™3
R L el yd %“ G T S E e o | [FTS a=1
“ L | | P | | | |
Xe =Ry Xe xc+ Ry -15 -10 -5 0
R In(#/Ry)

Figure 4: Complex scaling path I'y: plot of r = y1(x. + r,y.) for r € (0, 1.5R,).

Mimicking Section 3.1, we define the complex-scaling path as T, := ¥~! o T, 0 ¥, i.e.
[t R? = C x> (71(%),72(%)) = X, + pa(®)[x — xc], (20)

where the radial scaling function y, € COR*\{x,}; C) is

1
—_ a(x)
|x xcl) @1

/.t(,(x) = ( R,

Comparison between (18) and (20) highlights that, whereas I, only scales the z coordinate lin-
early, I', scales both x and y coordinates non-linearly; Figure 4 shows that y; spirals around
(x¢, 0) with a logarithmically-varying argument. The regularity of I',, is as follows.

Lemma 11. Let R(a) > 0. The scaling path has the following regularity: T, € C'(R?) N
C*R*\[{x.} U 8B,]) with Jacobian matrix

[ O ayi@) | _ 1 ) ]
J(l(x) L ( ax’yZ(x) (9y72(x) ) - lua/(x) I + (&(x) 1 PC(x) s (22)
where P.(x) is the orthogonal projection on span (x — X.):
— 1 (x— xc)z (x = x) = ye)
P = o [ G-x)0-y) G-y Or # xo). @3)

Remark 12. 1f x ¢ By, then I, (x) = x and J, = I.

Proof. Let R(a) > 0. The continuity of I, at any x # x, is straightforward; continuity at x, is a
consequence of [To(x) — x.| = O(lx — x|2/®). The expression of J, follows from the chain
X

Xc
rule using
xX—-Xx 1 xX—-Xx
Vielx — x| = ﬁ, Vietta(x) = (% - 1)ﬂa(x)m.
(4 c
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Let R, > 0 be a radius such that u is real-analytic in B,. The scaled solution is
Uy =uoly,,

where on the right-hand side u denotes the analytic continuation. Since u, = &, o ¥, we can
obtain the problem satisfied by u, by a change of coordinates in (19), leading to the following.

Definition 13 (Complex-Scaled PEP). Find (u,, k) € H'(R?) x C, u, # 0, such that

V - [a(x, KA. (X)Viua(x)] =0 (x € R?) (24a)
uo(x) = O™, (24b)
where the scaling matrix is
Ao(X) = —1I+ (&(x) - ;)Pc(x) (x € R?\[{x.} U 8B,]). (25
a(x) a(x)

Proposition 14. For any a € C* and x € R*\{{x.} U dB,},

1. A, € L°(R?) N C®(R2\[{x.} U 8B, 1).
2. Ag(x)" = Ay (x).
3. Ap(x)8,(x) = G(x) &,(x) and Ao(x)89(x) = 5(5586(%).

Proof. The first two claims follow directly from the definition of A,. To show the third one,
let x € R? such that x # x. and x ¢ dB,. Let (z,60) = ¥(x) € S be the corresponding Euler
coordinates. A computation shows that A, (x)U(6) = U(0)A,(z), where

cosd —sinf
sinf cosd

U@ = ( ) = (&r,89). (26)

O

Note that the matrix A, is essentially bounded in R? although it cannot be continuously
extended to x = x.. Due to the piecewise-constant definition of &, A, has a jump discontinuity
at the entrance of the scaling region dB,,: the transmission conditions implied by (24a) are (9) as
well as

[ua]os, = 0in H'2(0B,), [@d,us]ss, = 0in H'/*(4B,). 27)

One could also choose a smooth coefficient & to avoid this additional transmission condition
on dB,; our choice of & is merely motivated by the simplicity of implementation. The next
proposition, to be compared with Proposition 6, shows that the corner complex scaling rotates
the radial exponents.

Proposition 15. Ler R(a) > 0, 1 € (—1/2, 1/2)\{0} and « given by (6). If u € H(R?) solves (24a)
then, for any 8 > 0, u satisfies the corner expansion

u(r.6) = co+ Z Z AV, an) + O(P). (28)
~ pelen) ancH(Ap)
—B<3(m)<0

Proof (sketch). The proof is identical to that sketched for Proposition 6: the only difference is

99

that at every step, “n” is substituted with “an”. O
12
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3.3. Complex-scaled boundary integral operators

For any a € C*, we define the complex-scaled Laplacian:
Pou(x) = =V - [A,Vu](x) (x € R?),

where A, is the scaling matrix (25), whose regularity is given in Proposition 14; when o = 1,
P, = —A. The key property is that P, is uniformly strongly elliptic on R2.

Proposition 16 (Strong ellipticity). If R(a) > 0, then there are constants cg,c, > 0 such that
for almost every x € R? and all £ € R?,

colé? < R[AL(X)E - €] < c1lé

Proof. Let x € R? such that x # x, and x ¢ 0B,. If x ¢ B,, then A,(x)¢ - & = |&]%, so that we
now assume that x € B,. Let (z,60) = ¥(x) € S and U(6) be the orthogonal matrix (26). For any
£ € R? we have with w = U(0)” ¢:

RIA,(x)E - €] = R[A,@w - w] = R(@w] + R(1/a)w3,
so that min[R(a), R(1/)]|E < R[AL(x)¢ - €] < max[R(a), R(1/a)]|El%. O

In view of this result we now assume that R(a) > 0. Let G, denote the free space Green’s
function of P,, which satisfies: for any y € R?, G,(-,y) € L' (R?) and

loc
—V,  [Aa@)V,Go(x, )] = 8(x —=y) (x € R?) (29)

in the sense of distributions. Since & has a jump discontinuity at the entrance of the scaling region
0B, G,(-, ) satisfies the transmission conditions (27); as already mentioned, these transmission
conditions can be avoided by choosing a smooth scaling coefficient &.

The strong ellipticity of P, enables to define the associated layer potentials and BI operators,
see the already mentioned Appendix A for references. We denote d,, the conormal derivative
associated with P, defined strongly for any ¢ € C*(R?) as

Iavip(x) = [Aa(X)Ve(X)] - v(x) (x €T, x # x¢, x ¢ 0B,),

Using the first Green identity, this conormal derivative defines two one-sided trace operators
0%, . H\(Q*) — H™Y*(I') where

HY(QY) = {u € H'(QF)|Pou € L*(QF))

is a subset of H'(Q*) that includes the transmission conditions (27). The complex-scaled single
layer potential and operator are

Seo(x) = fGa(x»y)O—(y) ds(y) (x €R?), S,0(x) = fGa/(x7y)0-(y) ds(y) (xelI), (30)
r r

and the complex-scaled NP operator is

K;‘O'(x) = pv frﬁav(x)Ga(x,y)O'(y) ds(y) (xel). 31D
13
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In the study of the above complex-scaled operators, there is a technical difficulty that we
would like to emphasize here, although it is not significant for numerical applications. The
Sobolev mapping properties of BI operators associated with strongly elliptic equations, recalled
in Appendix A, require the coefficients to be smooth; hence they do not apply to #,. The main
difficulty is not the jump discontinuity of A, across 0B, but the fact that A, is not continuous
at x.,. However, since A, is not singular at x, we do not expect this feature to influence the
regularity of the BI operators; we capture this expectation in the following conjecture.

Conjecture 17. When R(a) > 0, Propositions 26, 27, and 31 apply to P,,.
In particular, we consider that S, : H™'/2(T') — H; loc(]Rz), K* € B(HV*(T'), H"V/*(T")), and
that the jump relations

1
[Soo]r =0, 05,So0 = K o F 30

take place in H'/%(T') and H~'/*(T'), respectively. The relevance of K* for our purposes is covered
next.

3.4. Essential spectrum of the complex-scaled NP operator
Our interest is in the following complex-scaled eigenvalue problem.
Definition 18 (Complex-scaled NP eigenvalue problem). Find (o, 1) € H™'/2(I') x C\{-1/2},

o, # 0, such that
Ky [0a](x) = Aoa(x)  (x €D). (32)

Reasoning identically to Section 2.2, the equivalence between (24) and (32) combined with
the corner expansion of Proposition 15 suggests that the essential spectrum of K} is

Tess(Ky) = U 0es(K2), 06 (K3) ={1e€C | eR: gflan, ) =0). (33)

pete,o}

This set is plotted in Figure 5 for different values of arg(«), the modulus of @ having no influence.
This plot, which is similar to [11, Fig. 7], illustrates that complex scaling moves the essential
spectrum away from the real axis, implying that K} is not similar to a self-adjoint operator
anymore. Specifically, as arg(e) is increased, oes(K}) deforms while staying attached at its two
end points +4.(¢) and 0, with a spiraling behavior around 0.

The open subset of C covered by the movement of the essential spectrum, shaded in Figure 5,
is known in complex-scaling parlance as the uncovered region U,. The following properties,
which can be deduced from [11, Prop. 22], are the most important in practice:

1. The complex (resp. real) eigenvalues of K* that lie inside U, (resp. U, N R) are complex
resonances (resp. embedded eigenvalues) of K*.

2. The real eigenvalues of K that lie outside U, are isolated eigenvalues of K*.

However, before we can discretize (32) we need a closed-form expression of the complex-scaled
Green’s function G,: this is the purpose of the next section.

14
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Figure 5: Essential spectrum of complex-scaled NP operator (33) and uncovered region for increasing values of arg(e).

4. Complex-scaled Green’s function

The purpose of this section is to obtain a closed-form expression of the complex-scaled
Green’s function, i.e. to solve (29), which will enable us to compute the complex-scaled layer
potentials and BI operators introduced in Section 3. The derivation of G, proceeds in two steps.
In Section 4.1 we obtain a function that solves (29) only when y ¢ B_(I An extension that can
handle the case y € B, is obtained in Section 4.2, which turns out to require some elementary
albeit tedious computations. For clarity, we assume that N, = 1 and we will refer to results in
Appendix B for some computations.

4.1. Partial expression of the Green’s function

Let us introduce the analytic continuation of the Green’s function (2):

2
. 1
Gx.y) ==~ Ingi(x.y), q1(x.y) := Z(x,- -,

i=1

where x,y € C? and In is the principal branch of the logarithm with branch cut on (—c0, 0).
Previous works involving BIEs with (linear) complex scaling [12, 13] suggest introducing

1
®alx.y) = = Inga(x. y).
v
where ¢, is the complex-scaled squared Euclidian distance

2
Go(x.3) = q1(Ta(). Ta)) = Y (i(x) = 73
i=1

Our objective is to verify wether G, solves (29) when R(a) > 0. The next two results establish
the domain of definition and regularity of ®,; for convenience we introduce the notation

R* = {(x,y) € R x R?|x # y}, R? := R*\B,.

15
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Lemma 19. When R(a) > 0, 6, € C( I@.“\Bg) n C“(@“\B_g) with strong gradients given by

Jo(X) To(x) = To(y) V,6,(x. ) = Jo(y) To(x) = To(y)
o qey) Y T T Ty

ViBu(x,y) = —

Moreover, for any (x,y) € R4, V.0,(,y) and V,0,(x,-) belong to LIIOC(RZ).

Proof. The continuity claim follows from Lemma 32, which implies that ®, is well-defined and
continuous on I@“\B{% since it does not involve logarithms of negative or null quantities. Then,
the smoothness and the gradients follows from Lemma 11 and the chain rule. The claim that the
strong gradients are locally integrable is a consequence of Lemma 38. O

Lemma 20. Let R(a) > 0 and y € (0, 1). For any compact sets U; C R? and U, C R2, there is
a constant C > 0 such that

Y, y) eUi xUs: x #y, |Oy(x,y) <

lx -y~

Proof. From Lemma 19, Ing, € CoU[U, x U, N Ho%“) so that to establish the claim it remains
to investigate the case |x — y| — 0. But here this is straightforward since for any (x,y) € R2,
qo(x,y) = |x = yP, so that (x, y) > |x = y"ga(x,y) € C°(Uy X U») for any y > 0. O

We are now in a position to verify that ®, is the free space Green’s function of $,, but only
when x and y are not both in the scaling region.

Proposition 21. Let R(a) > 0. Forany y € Ri, ®4(,y) solves
Vo [Aa(X)V,G,(x, )] = 6(x —y) (x € R?).

Proof. Lety € R2 and ¢ € CP(R?). Using Lemmas 19 and 20, we deduce that both 6,(:, y)
and its weak gradient belong to LIIOC(]RZ). Since A, € L*(R?) from Proposition 14, we have

AoV, 0,(,y) € LIIOC(RZ). To show the claim, it remains to compute the weak divergence of

A,V 6,(-,y), which is by definition

(V- [V, G0 ) o= - f AV 6,(x,y) - Vil) d
R
= —lim Ag(x)V, G (x,y) - Vo(x)dx = lim I(g).
620 JR2\[B(x.,£)UB(.6)] &0
The first Green’s identity in B, \[B(x., &) U B(y, &)] and R2\B(y, &) gives
I(e) = f Ae(X)V,04(x,y) - v(x)p(x) ds(x)
3B(y.)
[ AT e dste)
OB(x.,€)

+ fa : [Aa(X)V, 6y (x,y)] - v(x)p(x) ds(x)

. f Vs - [Aa (XY, 6, (6, )] (x) ds(x).
R2\[B(x,€)UB(y.8)]
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Figure 6: Plot of x — go(x,y) for a given y € B, with x, = (0,0). (Top) Principal argument in B,. (Bottom) Modulus
and principal argument along the curve C.

Let us examine each term on the right-hand side, starting from the top. (i) Tends to —¢(y)
from Lemma 42. (ii) Tends to zero from Lemma 39. (iii) The jump term can be rewritten as
[AuV,6,] - v(x) = V,G(To(x),To(y) - [JoAsv], which is null from Lemma 37. (iv) Null by
construction of ®,,. ]

The next section deals with the case where both x and y are in the scaling region.

4.2. Complete expression of the Green’s function

The function ®, is not continuous over R4 N B(ZY due to g, crossing the branch cut of In, so
that it does not solve (29) for y € B,. In this section we derive a continuous extension of ®, to
R4 N B2 using only the principal branch of the logarithm, and check that it does solves (29) for
any y € R?. Before introducing the expression of our continuous extension, let us illustrate what
is happening. In the case y = x,, the quantity g, simplifies to

ln(%)} (x # x,).

Qa(x,Xc) = R2 exp [&(x)

When x ¢ B,, from Lemma 32 the quantity In g,(x, x.) is well-defined. By contrast, as x — x,
qo(x, x.) crosses the branch cut of In infinitely many times when « ¢ R since

_ 2 |x — x¢|
arg gq(x,x.) = I (@(x)) In (—Ra ) (mod 27),

so that “Ing,(:,x.)” is discontinuous inside B, (see Figure 4). However, here the way out is
straightforward since the map

R2\(x.] - C, x > In(R2) + —— In| X =%¢!
a(x) R,
17
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Comparison of ®,(-,y) and G,(:,y) along the curve C
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Figure 7: Comparison of x — ®,(x,y) and x — G,(x,y) fora giveny € B, with x, = (0, 0). The values are taken along
the curve C shown in Figure 6.

is continuous and coincides with In g, (-, x.) over R2\B,.

When y # x., the exact same phenomenon occurs; since this is more difficult to see analyt-
ically we illustrate it in Figure 6, which plots the modulus and argument of x — ¢,(x,y) for a
given y inside B,. The plot shows that as x travels along the line C, g, crosses the real negative
axis: the corresponding jump discontinuity in the imaginary part of ®,, is plotted in Figure 7.

In our experience, this discontinuity is not a significant computational issue when evaluating
the complex-scaled single-layer potential (30) since it occurs close to the corner where, thanks
to the complex scaling, the density vanishes. However, for the sake of completeness, we now
derive a closed-form expression of the complete Green’s function.

The above analysis of the case y = x, suggests that it may be possible to extend continuously
In g, from ]IOQ“\B(ZY to R* n B2 by factoring out a well-chosen exponential term. This motivates
the introduction of the factorization

2 lx—x| PN
; exp | 555 In X do(x,y) (Iy — x| < |x - x)
V.)€ R, golx.y) = ex {21 (Lyficl)] . —x| <ly-
P75 I (B2) | X Gor ) (% = xel < Iy = x)),

where
qo(x,Y)

o[ m(EE)] T

‘?a(x’y) =

and the candidate Green’s function

Ga(x,y) ((x,y) & B2)
1 lx — x¢| 1 .
[ _— — < —
Go(x,y) = e R, 4 Ingo(x,y) (Iy = x| < |x — x| <Ra) (34)
1 y-x] 1,
-5—In 0 (ko xd <ly-xel <Ry

whose regularity is illustrated in Figure 7 and established by the next result.

Proposition 22. Let R(a) > 0. The function G, given by (34) satisfies:
1. G, € CO(RY),

18
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2. G, is infinitely smooth almost everywhere, with strong gradients identical to those of ®:

Ja(x) r(t(x) - Fa(y) _ Ja(y) r(t(x) - Fa(y)
T qwy YT o Gy

V.Gy(x,y) =

3. Foranyy € (0, 1) and compact sets Uy, U, C R2, there is a constant C > 0 such that

VYx,y)eU XU, : x#Yy, |Go(x,y)| < .
lx -y

Proof.
1. Lemma 33 implies that the map

(x,y) » Ing.(x,y) (y—xcl <lx—x, x #y),

is well-defined and continuous since g, never crosses the branch cut of In. Combined
with Lemma 19, this ensures that the three functions on the right-hand side of (34) are
well-defined and continuous on their domains of definitions. Hence, to prove continuity it
remains to check that they match. (i) When |x — x| = |y — x| < Ry,

In(lx — xc|/Ry) = In(ly — x¢|/R,) and §o(x,y) = Ga(y, %),

so that the bottom two functions in the right-hand side of (34) match. (ii) For any (x,y) €
0B2,
N Lemma 33
In(lx - x.[/Ry) = 0and Go(%,y) = " qa(x,y),
so that the top and middle functions in the right-hand side of (34) match.

2. The three functions in the right-hand side of (34) are continuously differentiable and com-
puting their strong gradient using the chain rule gives the claim. Alternatively, this can
also be deduced from the fact that branches of the logarithm differ by an additive constant.

3. Since G, is continuous on R%, the claim follows from the fact that the singularity asx — y
is at most logarithmic (this is the same argument as in the proof of Lemma 20).

O

So far, we have extended &, continuously to R4 N B2 using only the principal branch of the
logarithm; we can now check that G, is the sought Green’s function.

Proposition 23. Let R(a) > 0. For any y € R?, the function G,(-, y) given by (34) solves (29).

Proof. Lety € R? and ¢ € C®(R?). From Proposition 22 and Lemma 38, we deduce that
both G,(-,y) and its weak gradient belong to Llloc(R2). The proof is then identical to that of
Proposition 21, since Lemmas 39 and 42 apply for any y € R?. O

For reference, we end this section with a simplified expression of K.

Lemma 24. Ler R(a) > 0. The complex-scaled NP operator (31) and its adjoint satisfy

-1 f Ha(X) Ta(x) —To()) - v(x)
r

KQO'(x) = % N &(x) qa(x,y)

o) ds(y) (xel) (35)

1 Ho(¥) Ta(x) = T (y)) - v(x)
K, = — < d D).
o(x) pv fr a0y) %(x’y) oc(y)ds(y) (xel)
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Proof. Let x € T such that x # x, and x ¢ dB,. Using AT = A,, JI = J,, and Lemma 35 we
can express the conormal derivative as

1 T(x) —Toly) (ua(x)
2r go(x,y) a(x)

Oav(x)Ga(X,y) = = U + (a(x) = DP(x)]v(x) |,

where the term involving the projection matrix P, is null. Indeed, if x ¢ B_Q, then &(x) = 1, and
if x € By, then (x — x.) - ¥(x) = 0 since from Assumption | corners are straight. O

Equipped with a way to evaluate the complex-scaled Green function’s, we proceed to numer-
ical computations in Section 5.

Remark 25. Using Assumption 1, we find the usual formula: [48, (13.1.34)]

Yx € R*\{x.}, lim

o) ~Ta)) - v(x) _ Jke(X)/2 (x & Ba)
yox qo(X,y)

0 (x € By),

where «.(x) is the signed curvature of T".

5. Numerical results

This section focuses on the discretization of the complex-scaled NP operator K} and gathers
the numerical results® obtained by solving the eigenvalue problem (32). Section 5.1 describes the
employed Nystrom method, which is validated in the next two sections. Section 5.2 considers an
ellipse, which has only point spectrum, while Section 5.3 considers a corner geometry, which has
only essential spectrum. Sections 5.4 and 5.5 then demonstrate that K} can be used to compute
embedded eigenvalues and complex resonances by considering corner perturbations of an ellipse
as well as a geometry from [49].

5.1. Nystrom discretization method

The continuous boundary T is approximated by a discrete boundary I'* that is a union of N
non-overlapping elements

where & > 0 is the maximum element size (the smaller / the larger N). Each element I'" is
mapped from the reference element [—1, 1] through the vector-valued map ¢/ : [-1,1] — "
R2. In the presented numerical applications I'" is given by a second-order mesh generated with
gmsh [50], so that each component of ¢! is a polynomial of degree 2. To integrate over I'"* we
use a composite quadrature rule

obtained from the Gauss-Legendre quadrature rule on the reference element (£,, W,,)1<p<p. This
quadrature rule is exact for polynomials of degree 2P — 1.

6Code available at https://doi.org/10.5281/zenodo . 16309756.
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In order to describe the discretization method, let us consider the potential

Tox) = f kx o) dsk) (e B2,
T

where k is a weakly singular kernel [3, §2.3]. To evaluate this potential, we use a Nystrom
method combined with a product integration method to handle nearly and weakly singular terms
[51, Chap. 4]. The corresponding discrete operator is

N P
h — h h
Tho(x) =) ) Th®oh ), (36)
m=1 j=1
where the coeflicients are
k(x, x;‘m)wﬁm if dist(x,T") > &4

T fu(X) 1= { 37)

fr,‘; k(x,y )l];,m()’) ds(y) otherwise,

with 64 > 0 a parameter and lf.fn =lo (goﬁ)’l, where (ii)i is the Lagrange basis on the reference
element
l,‘ . [—l, l] d R, degl,» =P- l, l,(.fj) = 5,',1'.

The integral in (37) is either nearly or weakly singular and we evaluate it using the Gauss-
Legendre quadrature rule with P; > P nodes. We set §; = 10A, unless mentioned otherwise.
The number of quadrature nodes is set to P = 2 and P, = 6; the presented results do not change
sensibly when increasing P;.

Let us now define our discrete operators. Since the complex-scaled single layer potential
(30) is weakly singular, we can apply (36,37) with k = G, to define S"o(x) for any x € R>.
The situation is more subtle for the complex-scaled NP operator (31): when x # x’cc (i.e. away
from corners), K)o (x) is well-defined as an improper integral and we can apply (36,37) with
k = 04y(x)Ga to define K} ’/’O'(x). Since our quadrature points lie in the interior of each element FZ,
we do not need to evaluate Ko (x) at x = xf . In summary, for a continuous density o~ € C°(T),
8" o(x) provides a pointwise approximation of S,o(x) for any x € R? while K}, hor(x) provides
a pointwise approximation of Ko (x) only for x € F\{xic Yk

Equipped with our discrete complex-scaled NP operator, we can discretize the eigenvalue
problem (32) as the NP-dimensional linear eigenvalue problem: find (1*,0") € C x CM? such
that

N P
D D Ko, = A, (1<i<P1<n<N). (38)
m=1 j=1

We will refer to NP as the number of degrees of freedom (DoF). The dense NP X NP matrix

appearing in the left-hand side of (38) is real when @ € R and complex when a ¢ R; it is neither

Hermitian nor normal. To solve (38) we use the QR method implemented in LAPACK through

numpy [52]. Note that the same discretization method is used for the cases @ = 1 and @ # 1: the

only difference lies in the expression of the Green’s function, which is known analytically.

Let us end this section by emphasizing that there are many alternative discretization methods
that can be applied to K, notably the modified Nystrom methods [49, 53, 36, 54], which can
deliver high accuracy for elliptic problems on domains with corners. However, the Nystrom
method presented in this section will prove sufficient for our purposes, which is the computation
of embedded eigenvalues and complex resonances.
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Figure 8: Discrete eigenvalue problem (38) for an ellipse. (Left) Computed and exact (39) eigenvalues. (Right) Computed
eigenfunctions.
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(a) Unstructured mesh.
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(b) Error obtained with Nystrom method.

Figure 9: Discrete eigenvalue problem (38) for an ellipse with semi-axes (a, b).

5.2. Validation: ellipse

We consider an ellipse with semi-axes (a, b), for which eigenvalues are: [24, (4.13)]
1 _ sign()) . -
/1‘;1 == exp[—2|jlarctanh(r)] (j € Z%), (39)
where r € (0, 1) is the aspect ratio. Figure 8 plots the results obtained with the Nystrom method
described in Section 5.1 on a second-order unstructured mesh, an example of which is illustrated
in Figure 9a. The eigenfunctions u,, = S[o,] are surface modes that are exponentially decaying
away from I, a feature of all solutions of (5). Moreover, the smaller || the more localized and
oscillatory u,. Figure 9b plots the error and indicates the convergence rate estimated using a least
squares fit on the last four points. It shows that we obtain the convergence rate
B gel| _ 3
e = 41,2, 00,
which is optimal since the mesh is second order: increasing P does not improve the rate of
convergence.

Figure 10 compares the Nystrom method with a >-Lagrange isoparametric FEM for (5),
where the decay condition (5b) is enforced with the Dirichlet-to-Neumann operator on a circular
boundary. To ensure a fair comparison, both methods rely on the same unstructured second-
order mesh (ref. Figure 9a). Figure 10a illustrates that the FEM exhibits a spectral pollution
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Figure 10: Eigenvalue problem (5) for an ellipse, discretized with a P2-Lagrange isoparametric FEM.

around A = O that spreads as the mesh is refined, thus preventing from accurately computing all
eigenvalues. This pollution is further illustrated in the error plot of Figure 10b, which highlights
that only the largest eigenvalue converges. This failure of the FEM is well-documented and
can be fixed using a locally-symmetric mesh [33], which can be built analytically for an ellipse
but is non-trivial to build for arbitrary curves. This elementary example shows the advantage
of discretizing (4) instead of (5) to compute eigenvalues of smooth obstacles. We now turn to
corners.

5.3. Validation: corner
Let Q be the truncated corner of radius R > 0 and angle ¢ € (0, 2x)\{n}:

Q ={(rcosé,rsind)|re[0,R), 0] < ¢/2}, T=0Q, Ty=TN{r=R}.

To validate the discretization of the complex-scaled NP operator K when @ # 1, we consider
the eigenvalue problem: find (o7, 1) € H™'/*() x C, o, # 0, such that

K3 [0a1(x) = 20a(x)  (x € T\I), Solol(x) =0 (x €Ty), (40)

where the scaling function is constant: &(x) = « with |a| = 1. This problem is ill-posed in the
sense that it admits no non-null solutions in H~'/?(T"). However it exhibits an essential spectrum
given by (33) and associated with the strongly-oscillating singularities (13) illustrated in Fig-
ure 2a; thanks to the Dirichlet boundary condition on Iy, the two corners on 'y do not contribute
to the essential spectrum. This problem is well-suited to verify whether a discretization of K} is
able to capture the deformation of the essential spectrum as arg(a) is changed.

A discretization of (40) with the Nystrom method described in Section 5.1 leads to a 2 x 2
block generalized eigenvalue problem on (O'Z i O’Z r,) that we reduce to an eigenvalue problem
on a’ZlF using a Schur complement. We use an unstructured second-order graded mesh illustrated
in Figure 11a; the grading is obtained by linearly interpolating the mesh size between i, < h
and h:

h(r) = (1 - Ig)h + Igh (r € (0, R]). (41)
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Figure 11b compares the computed eigenvalues to the exact essential spectrum for two values
of the scaling parameter @. This shows qualitatively that the computed eigenvalues approximate
the essential spectrum, although this is difficult to quantify due to the nature of the essential
spectrum.

Figure 12 compares the Nystrom results with those obtained with a ?>-Lagrange isoparamet-
ric FEM for (24a) on Q with a Dirichlet boundary condition on I'y. It illustrates that the FEM
struggles to capture the essential spectrum for large values of arg(a@), although the agreement for
small arg(w) is satisfactory. Similarly to the ellipse case, this leads us to the conclusion that the
Nystrom method is more accurate on the same mesh.

arg(a)=n/10, p=n/2 arg(a)=n/3, p=n/2
0.3
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(a) Unstructured mesh with grading. RQ) R(A)

(b) Computed eigenvalues and exact spectrum (33) for various values of arg(a).

Figure 11: Eigenvalue problem (40) with R = 1.
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Figure 12: Eigenvalue problem (40) with R = 1. Comparison between Nystrom and finite element.
5.4. Ellipse perturbed by corner

In this section, we consider two piecewise-smooth curves that exhibit complex resonances or
embedded eigenvalues. Our first curve is an ellipse of semi-axes (a, b) perturbed by a straight
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Figure 13: Mesh for an ellipse perturbed by a corner on its major or minor axis.

corner of angle ¢ on its major axis:

T ={(ny) | (/@) + /b =1, x < x<a)

4
U{txc+(1—t)x‘,0,,|te(O,l),pE{—,+}}, @

where x, = (x, 0) is the corner point and x;, = (x,,, £y,,) are the two junction points. We choose
the parameters (X, X,,, y,,) so that I" is C! at the two junction points x;:

Conf @+ OB = 1, xnfa = ———01D oy Jan@2), @3)
Vb/ay + [tan(¢/2)2
as illustrated in Figure 13a for
(a,b,¢) = (2.5,1,0.75m7), 44)

which are the values we consider from now on. I" satisfies Assumption 1 with “C?” substituted by
“C!1”, which does not substantially change the theory. Most importantly for our purposes, for a
given scaling parameter «, the essential spectrum is given by (33) and eigenvalues accumulate at
0. Our motivation for enforcing a C! junction with (43) is to prevent the two junction points x,in
from contributing to the essential spectrum, thus enabling to isolate the effect of a single corner.

Before discussing the numerical results, we need to motivate our definition of I'. The fact
that “ellipse with corners” can exhibit embedded eigenvalues has first been reported in [1] and
further analyzed in [2] where it is shown how one can construct piecewise-smooth curves that
exhibit embedded eigenvalues. Let us apply the result of [2] to our boundary (42,43,44). We
know that the ellipse has eigenvalues given by (39). When we modify the ellipse by adding a
corner of angle ¢ =~ m, this is a small perturbation so that the perturbed eigenvalues will not move
too much:

A= a5

However, the corner induces an essential spectrum [—A.(¢), A.(¢)], which covers infinitely many
ellipse eigenvalues. Let /l;’.l € (—A.(9), A1.(¢)) be a covered eigenvalue. The analysis in [2] shows
that one can predict how this covered eigenvalue will be perturbed by studying the parity of the
eigenfunction ujl with respect to the corner axis: if u;‘il has a parity opposite to that of the corner
singularity (13), then there is no coupling and /lj.l is perturbed into an embedded eigenvalue;
otherwise /ljl is perturbed into a complex resonance.

When ¢ € (0, ), the corner singularities are odd when 4 € (0, 1.(¢)) and even when A €

(=1.(¢),0). An investigation of the ellipse eigenfunctions, illustrated in Figure 8, shows that
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Figure 14: Ellipse perturbed by a corner on its major axis. Influence of arg(a) on the eigenvalues computed using (38).

when /ljl is positive (resp. negative), the eigenfunction uj.l is odd (resp. even) with respect to the
major axis. Hence, we deduce that any eigenvalue satisfying /ljl € [-A.(¢), A(¢)] is perturbed
into a complex resonance. In particular, there are no embedded eigenvalues.

Figure 14 plots the eigenvalues computed using the Nystrom method for increasing values
of arg(a). For @ = 1, i.e. without complex scaling, only eigenvalues outside of the essential
spectrum can be computed, the essential spectrum giving a cluster of eigenvalues. As |arg(a)|
is increased, the essential spectrum deforms and uncovers isolated eigenvalues, eight of them
being highlighted in the plot and numbered such that /l’]? ~ /lil. Since the spectrum is invariant by

A +— —A we numerically have /Iﬁ' > —/15.‘. The largest eigenvalue
A=21x10"-3.6x107°

is an isolated eigenvalue of K*, which can be computed without complex scaling. The next three
eigenvalues have significantly larger imaginary parts

A =93x1072-4.0x 1070, A4 ~38x1072-2.0x107%, 2}~ 1.5x 1072 -52x 107,

from which we deduce that they are complex resonances. As A" — 0, the imaginary parts of
complex resonances tend to 0.
The associated complex-scaled eigenfunctions u = Sho, h which have a corner expansion
of the form (28), are shown in Figure 15. All the elgenfunctlons tend to zero in the complex
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Figure 16: Ellipse perturbed by a corner on its major axis. Comparison with the FEM from [11].

scaling region B,, which indicates that the complex scaling has tamed the exponentially growing
singularity of the complex resonance functions (j € {2, 3,4}) while preserving the asymptotic
behavior of the eigenfunction (j = 1). At the entrance of the scaling region, a small oscillation
can be seen for uﬁ 4

Figure 16 compares the spectrum obtained with the Nystrom method with the one obtained
using the FEM from [11], which discretizes (24a) in Euler coordinates around the corner and
in Cartesian coordinates elsewhere; a Dirichlet-to-Neumann condition is enforced on a circular
boundary to account for the decay condition (24b). Thanks to this mix of coordinate systems, this
FEM is able to capture the essential spectrum with a high accuracy. The plot shows a satisfactory
agreement on the complex resonances, which are the quantities of interest herein.

Our second obstacle is designed to obtain embedded eigenvalues. We consider the same
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Figure 17: Ellipse perturbed by a corner on its minor axis. Influence of arg(e) on eigenvalues computed using (38).

ellipse as above, but we add a corner of angle ¢ € (0, 7) on its minor axis instead:

T ={(ey) [(x/a) + /by =1, =b <y <y}

45
U{txc+(1—t)x‘,0n|tE(O,l),pE{—,+}}, “

where we enforce a C! junction using
1

(Xm/a)* + Om/b)* = 1, xp/a = Y
V1 + (b/a)* tan?(¢/2)

c = Ym = Xm/ tan(¢/2)~ (46)

We focus on the case
(a,b,¢) = (2.5,1,0.857), a7

illustrated in Figure 13b. This corner perturbation is arguably not as “small” as the previous
one, but the perturbation mechanism from [2] turns out to be still effective to understand its
effect. Since ellipse eigenfunctions are alternatively odd and even with respect to {x = 0}, ellipse
eigenvalues will be alternatively perturbed into complex resonances and embedded eigenvalues.

Figure 17 plots the spectrum obtained with the Nystrom method and highlights the largest
isolated eigenvalues, the corresponding eigenfunctions being plotted in Figure 18. The eigenval-
ues /Vl‘ and /lg are isolated eigenvalues of K*, with imaginary parts around 10~7. The eigenvalue
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Figure 18: Ellipse perturbed by a corner on its minor axis. Eigenfunctions.

Ag’ has an imaginary part with the same order of magnitude as /1’1’ and /lg, which indicates that it
is an embedded eigenvalue of K*; the associated eigenfunction is even with respect to the cor-
ner axis and thus does not couple with the odd corner singularity. Finally, since IS(/lZ)| is four
orders of magnitude larger than IS(/l’l’)I, we deduce that it is a complex resonance, associated as
expected with an odd eigenfunction. Inside the scaling region, we can see some oscillations of
uq 4, which are attenuated before they reach the corner.

Let us now investigate the convergence of the computed eigenvalues and complex resonances.
Since we use P = 2 with a second-order mesh, as for the ellipse validation case presented in
Section 5.2, we can expect at most a O(h*) convergence rate. Given that we do not know the
exact solutions, we estimate the error using

h ref
max [ - 47| (48)
where the reference values are the eigenvalues computed on a finer mesh. For this to be computa-
tionally tractable, we compute only a subset of the solutions of (38) using an implicitly restarted
Arnoldi method through scipy [55].

Figure 19 plots the estimated relative errors for increasing values of arg(a) using the grading
(41) with h. = h*; the distance d; is set to the h-independent value 6; = R/2 where R is the
radius of the scaling region B,. For each eigenvalue, a convergence rate is estimated using a
least squares fit on all the data points. The leftmost plot shows the convergence rate of the
isolated eigenvalues /1;11,2 without complex scaling, which is lower than the one obtained for the
ellipse. With complex scaling, the convergence rate of ’1;1[,2 remains around O(h?).

The convergence rate on the embedded eigenvalue /lg' is largest for arg(a) = m/7 while the
estimated error is smaller for arg(e) = 7/10. The complex resonance /lf{ converges slowly for
arg(a) = n/10, a value for which it is barely uncovered as shown in Figure 17. As arg(e@) is
increased, both the convergence rate and error levels of /12 improves, reaching at least a three-
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digit accuracy on the finest mesh.

In summary, Figure 19 illustrates that there is no “one-size-fits-all”, i.e. a value of arg(a)
that delivers an optimal convergence rate for all eigenvalues and complex resonances. Nonethe-
less, by choosing arg(a) = 7/7 we are able to achieve at least a O(h?) rate for the four values
considered.

The convergence rates shown in Figure 19 are both non-optimal and sensitive to the mesh
grading at the corner, similarly to what happens for elliptic problems. In order to illustrate this,
we now consider an isogeometric discretization of (45,46,47), i.e. we take I'" = I with each map
¢" being defined from the analytical expression of T.

For the case arg(a) = n/7, the left plot of Figure 20 shows the estimated errors obtained
without mesh grading. The eigenvalue /1’1’ converges linearly while the other three converge sub-
linearly. This low convergence rate can be justified using the corner expansion (28), which is
satisfied by the eigenfunctions. Near the corner, the density o = —[d,u]r behaves like 7 with 5
close to the real axis. By solving the corner dispersion relations

g'(an, ) =0, g°(an, 4 =0,

where g° and g° are given by (12), we deduce that for each of the four eigenfunctions the radial
exponent that drives the regularity is

nt = =09 1.1i, s ~ —0.18 = 0.37i, n ~ —1.5 - 0.77i, 1y ~ 1 — 0.34i.

From these values we deduce that r — r is C! at r = 0 only for k = 1, which explains the slow
convergence observed without grading. The right plot of Figure 20 shows the errors obtained
with the corner grading u : [0, 1] — [0, 1] defined in [49, (2.2)] with the parameter “p = 47,
which satisfies 4™ (0) = 0 for m € {1, 2, 3}: this property increases the regularity of the integrand
at r = 0 and leads to improved convergence rates, delivering a convergence close to third-order.
However, this grading is not tailored to the strongly-oscillating singularities (13): the waveguide
viewpoint recalled in Section 3.1, which takes place in Euler coordinates (z = Inr, ), suggests
that a better grading would be exponential, for instance u(r) = exp(l — 1/r). Unfortunately,
the implementation of such a grading in double precision arithmetic is delicate due to loss of
significant digits.

5.5. Delta geometry
Let ¢ € (, 2m). We consider the “delta” geometry, adapted from [49]:

_ {( 2 sin(3t/2)

~3 an(/2)" - sin(t)) |t € (0, 27'()} , (49)

which defines the boundary of a non-convex domain {2 having a reentrant corner of angle ¢ at
x. = (0,0). This domain does not satisfy Assumption 1 since its corner is not straight. However,
the corner is “almost” straight in the sense that

0] = (= ¢/2) = O,

where (r, 6) are the polar coordinates centered at x., so that we can expect that the complex scal-
ing introduced in this work can still be applied. To verify this, we now consider an isogeometric
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Figure 19: Ellipse perturbed by a corner on its minor axis (45,46,47). Estimated error (48) with Nystrom method.
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Figure 21: Delta geometry (49). Eigenvalues obtained with (38).

discretization of I with angle ¢ = 5r/3. At the corner, we use the grading defined in [49, (2.2)]
with parameter “p = 3”. To reduce spectral pollution, we increase P, to Py = 8 for this case.

Figure 21 plots the eigenvalues obtained by solving (38) with a scaling region of radius R, =
0.4, slightly adjusted to ensure mesh conformity. It illustrates that the complex scaling is able
to deform the essential spectrum; eight of the uncovered embedded eigenvalues are highlighted.
The eigenfunctions associated with the first three embedded eigenvalues are shown in Figure 22.
By contrast with the results of Section 5.4, these eigenfunctions are odd with respect to the corner
axis. This follows from the fact that when ¢ € (1, 27), the strongly-oscillating corner singularities
associated with A € (0, A.(¢)) are even. Hence, for this boundary, positive embedded eigenvalues
are associated odd eigenfunctions while negative embedded eigenvalues are associated with even
eigenfunctions.

Overall, this example illustrates that the complex-scaled NP operator derived in this work can
be applied to domains with non-straight corners, at least as long as the corner does not exhibit a
strong curvature.

6. Conclusion and outlook

In this work we focused on the computation of complex resonances and embedded eigen-
values of the Neumann-Poincaré operator (1) on domains with straight corners (Assumption 1)
using a BIE. Our strategy was to adapt the corner complex scaling technique [10], originally
developed for (5), to (4). Based on previous works involving complex scaling in BIEs [12, 13],
this adaptation is simple in principle and can be broken down as follows:
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1. formulate the complex scaling as a path T, : R? — C?,
2. define the complex-scaled Green’s function as “G,(x,y) = G(I'(x),[4(y))”,
3. define the complex-scaled NP operator (31).

However, in carrying out this program we encountered two hurdles. Firstly, corner complex
scaling is defined in [10] as a linear scaling in Euler coordinates (z, #); mapping back to Carte-
sian coordinates leads to the unwieldy nonlinear expression (20). Secondly, the formula for G,
suggested above turns out to have discontinuities close to the corner due to I',(x) — T, (y) cross-
ing the branch cut of In. The location of these discontinuities implies that they are not a major
computational issue, however for completeness we proposed the corrected expression (34).

Eventually, the scaled NP operator simplifies to (35) and a Nystrom method leads to the dense
linear non-hermitian eigenvalue problem (38). Solving this problem using standard packages
enabled us to compute both complex resonances and embedded eigenvalues, see Figures 14 and
17, with a convergence rate between second and third order.

Let us suggest directions for future work. Firstly, this scaling can be directly applied to
the Helmholtz scattering problem on domains with corners, which should lead to a convergent
scheme even when the source term excites the strongly-oscillating corner singularities. However,
using this scaling for the Helmholtz eigenvalue problem is much more challenging due to the
nonlinearity in the spectral parameter.

Secondly, improving the convergence rates shown in Figures 19 and 20 could lead to interest-
ing developments. As suggested at the end of Section 5.4, implementing a grading tailored to the
expression of strongly-oscillating singularities could be beneficial. Moreover, the dependency of
the convergence rates on both arg(a) and A suggests that there might be room for improvement
in the expression of the scaling function &.

Code Availability Statement

The code used to generate the findings of this study is openly available on Github at https:
//doi.org/10.5281/zenodo.16309756.
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A. Boundary integral operators for strongly elliptic problems

In this section we gather standard results on BI operators associated with scalar strongly
elliptic problems with smooth coefficients; we refer to [6, 8] for further background. Throughout
this appendix, # denotes the second-order operator

Pu = -V -[AVu],
where the coefficients satisfy A € L*(R?; C>?) n C*(R?; C>?), AT = A, and
Jco, 1 > 0 V(x, &) € RZxR?, colél? < RIAX)E - €] < el

For any ¢ € C:?"(Rz), we define the conormal derivative d4,u = [AVu] - v, which through the
first Green identity defines two one-sided trace operators 6jﬁv : H;)(Qi) — HY(T") where [6,
Lem. 3.2]

Hp(Q) = {u € H(QY)|Pu € L*(QF)}. (A.1)

Let G(x, y) be the solution of PG(:,y) = (- —y). Using G and d,,,, we can define the single and
double layer potentials

So(x) = fr G(x,y)o(y)ds(y), Ko(x) = fr Oaviy G, Y)r(y)ds(y) (x € RA\D),

as well as the single and double layer operators
So(x) = f G(x,y)o(y)ds(y), Ko(x) =pv f v G(x, y)or(y)ds(y) (x €I).
r r

Now let Q ¢ R? be a bounded open set with a Lipschitz boundary I'. The following standard
properties hold.

Proposition 26 (Sobolev mapping properties). The layer potentials and Bl operators satisfy

(R?), K : H*[T) - L2

loc

S: H'T) - H,., (R?),

S € BHAT), H'A(), K € BH"*(), H'*(I)).
Proof. See [6, Thm. 1]. ]
Proposition 27 (Jump relations). The single layer potential satisfies the jump relations
1
Vo € H'2(I), [So]r =0, 03,80 =Ko * 50

Proof. See [6, Lem.4.1]. O

Proposition 28 (Third Green identity). Let u € L*(R?) with compact support. If ug € Hp(Q)
and uge € H;)(Q"), then for a.e. x € R?,

u(x) = fQ G(x,y)Pu(y)dy + L G(x,y)Pu(y)dy — S[0a,u]r(x) + K[u]r(x), (A2)

where the jumps are defined as (8).
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Proof. See [8, Thm. 6.10] or [6, Lem. 3.4]. O

Lemma 29. Let o € H V(') be a non-null solution of K*o = Ao for some 1 € R. The
Sfollowing equivalence holds: (o, 1)_1/212 =0 & A1 # -1/2.

Proof. Testing K*o = Ao against 1 leads to (o, K[11)_1/2,1/2 = {0, 1)_1/2,1/2, so that the claim
follows from K[1] = —1/2. (Apply Proposition 28 to u = 1g, take the interior trace y; :
H'(Q) - H'*(I') to obtain 1 = —y; (K[1]), and use y; Ko = (K — 1/2)0). O

Lemma 30. Let o € H™V2(T) such that (o, D)-1212=0.IfSo =0, then o = 0.

Proof. Leto € H™'/*(I) such that (o, 1)_1/2,1» = Oand S = Oa.e. onT. Letv = So € H,, (R?)
be the associated single layer potential. The jump relations imply that the trace and conormal
derivative of v satisfies vr = 0 and 8;,1,1/ = (K* + 1/2) 0. However, since Pv = 0 in Q we deduce
using the first Green’s identity on Q that v is constant. Hence K*o- = —o/2 and we conclude

using Lemma 29 that o = 0. O

Using the above results we can prove the following equivalence.

Proposition 31. Let A € C\{x1/2} and k be given by (6). Let R > 0 be a radius such that
A(x) = I when |x| > R.
() If o € HY2(D\{0} solves K*o = Ao, then u = So € H'(R?) is a non-null solution of

V - la(x, OAX)Vu(x)] = 0 (A.3a)
u(x) o O(x|™). (A.3b)

(i) Ifu € H'(R?) is a non-null solution of (A.3), then o = —[0,u]r € H'*(T) is a non-null
solution of K*o = Ao

Proof. Let A € C\{x1/2} and « be given by (6).

(i) Let ¢ € H™'2(") be a non-null solution of K*o = Ao. Since 1 # —1/2, we deduce
from Lemma 29 that (o, 1)_1,2,12 = 0. Let us now check that u = So solves (A.3). By
construction, Pu = 0 on Q U Q°. The asymptotic identity

So(x) e (o, 1)_1/2.172 X CInlx| + O(x|™), (A4)

where C is some constant, implies that u satisfies the decay condition (A.3b). Since u €
HIIOC(RZ), it satisfies [u]r = 0 ; injecting the jump relations into [a(-, )04 u]r = 0 leads to

K*o(x) + 0(x)/2 = x [K*cr(x) - O'(x)/Z] (xel),

which is K*o- = Ao since by assumption (6) holds. It remains to check that u is non-null.
Lemma 30 implies that ur # 0 in H 12(1), from which we deduce that u # 0 in H'(Q)
from the uniqueness of the solution to the Dirichlet boundary value problem on Q.

(ii) Let u € H'(R?) be a non-null solution of (A.3). Since u € HIIOC(RZ), [u]r = 0in H'*().
Let o = —[8a,u]r in H™'/*() and v = So. Proposition 28 , combined with the behavior
at infinity of u, implies that for any y € CZ(R"), y(u — v) = 0. The jump relations imply
that o solves K*o- = Ao~. Moreover, since 4 # —1/2, we deduce from Lemma 29 that
(o, 1)-1/21/2 = 0, so that (A.4) implies that v satisfies the decay condition (A.3b), so that
u=vae. in R2 Finally, o # 0 since otherwise v, hence u would be null.

O
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B. Derivation of the complex-scaled Green’s function

This section gathers technical lemmas used in the derivation of the complex-scaled Green’s
function presented in Section 4.

B.1. Complex-scaled distances

This section focuses on the complex-scaled squared distance terms g, and §,, which are used
as arguments of the principal branch of the logarithm in the definition of the complex-scaled
Green’s function. The objective of the results below is to verify that ¢, and g, do not cross the
real negative axis on their domains of definition.

Lemma 32. Let R(a) > 0. For any (x,y) € R*\B2, we have

1. go(x,y) ¢ (=00,0).
2. go(x,y) =0 x=y.

Proof. We begin by writing ¢, as

& 2/a(ry
Golx, )RS = r7/70 4 )7

1/a(ry) 1 1a0y)
S = 2 I Y cos 0, (B.1)

where (ry = |x — x¢|/Ry,0y) (resp. (ry, = |y — x¢|/R,,6,)) are polar coordinates for x (resp. y)
centered at the corner x., 6, = 6, — 6,, and the scaling function & satisfies &(r) = ¢ if r < 1 and
1 if r > 1. The proof of both claims boils down to distinguishing cases.

1. Assume (x,y) ¢ B2. We distinguish three cases.
() Ifx¢ Byandy ¢ B,,i.e. ry > 1 and r, > 1, then g,(x, y) € R satisfies

qo(x,y)/R2 =1 + rﬁ — 27,7y €08 Oy > (ry — 1y)%. (B.2)
(1) If x € B, and y ¢ B,, then
qa(x,y)/R2 = ¥ + rf, - 2r}c/"ry COS Byy.

Let us assume that ¢, € R. Since J(q,)/R% = 25[r,lc/“] (‘R[r,lc/a] — 1y COS ny), there are

only two possible expressions

r2 — p e Gf R[ri/* = ry €08 Oyy)

Ga(x,Y)/RS = {(’

B.3
RIry/"] = rycos axy)2 + (ry sin axy)2 Gf I[r/*] = 0), B

which are both nonnegative. (iii) The case x ¢ B, and y € B, is identical to (ii) since x
and y play a symmetric role.

2. If x = y, then g,(x,y) = 0. Conversely, assume that (x, y) ¢ Bé and g, (x,y) = 0. We show
that x = y by distinguishing the same cases as above: (i) follows from (B.2), (ii) follows
from (B.3), (iii) follows from (ii) by swapping x and y.

O

Lemma 33. Let R(e) > 0 and (x,y) € R*. If|y — x| < |x — x| and x # x. we have

1. Ga(x,y) ¢ (—=0,0).
2. §o(x,y) =0 x=y.
38



895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

3. If x € OB, then §,(x,y) = q.(x,Y).

Proof. Let R(a) > 0 and (x,y) € R*. We assume that r, > ry and r, # 0, using the notation
(7x, 1y, By, @(r)) introduced in the beginning of the proof of Lemma 32. Using (B.1) we can write

do as
4o(X, )[R} = 1+ 6% = 25 cos Oy,

. 1) ~1/a0r
where for concision we denote 6 = r,/*";1/4)

, a complex ratio that satisfies
61 > 1and (161 =1 & ry =1).
Before tackling each claim, let us state:

R(Ga(x,9))/RE = 1= T (6)” + R (6)[R (8) — 2cos |
I(Ga(x,))/RE = 23 (6) [R (6) — cos by

1. Assume §,(x,y) € R. From (B.7) we see that there are only two cases:

Aa , RZ —
Gae- /R, {1 +6%-26 cos(fyy) = 1 — (cos ny)z (if 3[6] = 0),

where the inequalities follow from (B.5) and Young’s inequality.

1-16%>>=0 (if R[5] = cos by)

(B.4)

(B.5)

(B.6)
(B.7)

(B.8)

2. If x =y, then from (B.4) we deduce g,(x,y) = 0. Conversely, assume that g,(x,y) = 0,
so that (B.8) holds. (a) If R(5) = cos ,,, then |6] = 1 so that from (B.5) we have r, = ry,
implying cos 6, = 1. (b) If 3(6) = 0, then (B.6) is 0 = (R[5] — cos b,,)* + (sin 6;,)*, hence

sin fy, = 0 and R(9) = cos by, and we conclude as in case (a).

3. Ifr, = 1, then & = r./*"" so that (B.1) and (B.4) are identical.

Yy

B.2. Complex scaling matrix

This section proves identities involving the product J,A,, which appears in e.g. the conormal
derivative of the complex-scaled Green’s function. We begin with the basic identities satisfied

by the projection matrix P, that appears in the definition of both A, and J,,.

Lemma 34. For any x # x. and y € R?, the projection matrix P.(x) given by (23) satisfies

Pc(x)z = P.(x), Pe(x)(x — x;) = x — x¢, and P.(x)y = (xfx()-y(x - Xc).

lx—x|?

Using this result, we can obtain the following simplified expression.

Lemma 35. Let a € C*. Forany x ¢ [{x.} U0B,],

Ha(X)
a(x)

Ja(X)Aa(X) = [1 + (a(x) = DPc(x)] .

Proof. Compute the product of (22) and (25) and use Lemma 34.

The next results focus on simplifying A,J,v where v is a unit normal vector.
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Lemma 36. Let a € C*. Forany x ¢ [{x.} U0B,],

Ja(DAL(X)(X = Xe) = pra(X)(X = Xc).
Proof. Follows from Lemmas 34 and 35. O

Lemma 37. Let @ € C*. For any x € dB,,

lim T, (e + hve)Aq(x + hv()v() = v(x), (B.10)

where v is a unit normal vector.

Proof. Let x € 0B,. Without loss of generality, we can choose v(x) = (x — x.)/|x — x| as unit
normal vector. By denoting x;, = x + hv(x) for concision, we have

X, —X v(x)
Jo ) Aa(en)V(X) = Jo(Xn)Aa(Xy) =5 — hJ (1) Aq () ———
lx — x| lx — x|
Xp—Xx v(x)
= o) = Mo (X1 A0(X) ———,
|x - xc| Ix - xcl
where since x;, ¢ B, we used Lemma 36. Passing to the limit yields the claim. O

B.3. Gradient of the complex-scaled Green’s function

In this section with gather statements involving the gradient of G,.
Lemma 38. Let R(e) > 0. For any y € R?, we have

. Fo(x) =T (y) 1 2
fixm Ja(x)—qa(x,y) €L, (R).

Proof. Lety € R%. From Lemma 11, f € C°(R?\[{x.,y} U dB,]), so that it remains to verify
that all the possible singularities are integrable. (i: x — 0B, \{y}) From (22), we deduce that the
singularity of f on 0B, is a jump discontinuity given by:
I,(x)-T,
Vx € OB, LLon, = [1/600an, Pol) 2t

(ii: x — x, and y # x.) From the continuity of I, at x,., we have

Fa(x) - Fa()’) R Xe — ra(}’) _ Xe—)y
Go(x,y)  xoxe qo(xe,y)  palxe — ¥

from which we deduce that f(x) = O(u.(x)) = O (Ix — xR/ “)‘1), which is integrable in
X X—DXe

—Xc

R? since R(1/a) > 0 by assumption. (iii: x — x, and y = x.) From the definition of [,

X — X, 1 x—-x

f(x) = Jo(x) O(Ix—xclfl).

,u(t(x)lx - xc|2 B a(x) |x — xc|2 x:>xc

(iv: x — y) The case y = x. is covered by (iii), so that we assume y # x.. Since ', is Lipschitz

in a neighborhood of y, Ty (x) = To(y) = O(x —y|), thus f(x) = O(Ix _ yI"). 0
xX—y x—y
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Lemma 39. Let R(a) > 0. For any y € R*\{x.} and ¢ € CZ(R?),

ra(x) - ra(y)

-v(x)p(x)ds(x) = 0.
go(X,Y)

lim [Aa(x)Ja(x)
=0 J9B(x..¢)

Proof. Using A, = Ag, Jo = Jg , and Lemma 36, we can rewrite the integral as

. Fo(x) = Tu(y)
I(e) = fa e ey Y@ Ha () ds(),

For & small enough, y ¢ B(x,, €), so that using (21) we have the estimate

R(l/a)-1
()| < (—) sup ﬂ X 2re,
Rar xeB(x..e) |ra(x) - ra(y)|
from which we deduce the claim since by assumption R(1/a) > 0. O

Lemma 40. Ler R(a) > 0, y € B,\{x.}, and x, = y + £&.(8) where é,.(0) = [cosb,sinb]. We

have Lo(x:) = Ta(y) Y
%) —T. a

1' —_— ‘]ﬂ,/ & Aa/ £ e = ’

FIL% oY) [Jo(x)An(x)(xe — y)] 1+ (% _ 1)(COS(9 -6,))2

where 6. is the polar angle of x. — y.

Proof. We assume that € is small enough so that x, # x,. Since I', is smooth around y, Taylor-
Young gives
[o(x:) — Lo (¥) _ eJa(y)ér + 0(82)
Go(Xe,y)  e=0 S[2(08,] - 8, + O

Combined with the continuity of J,A, at y, we deduce

Fa Xe _ra [Aoz )Jg )é]é
im o) L) A, -y = e &
e=0  Go(Xs,y) [Je(er] - e,
The claim then follows from the two algebraic identities (obtained using Lemma 34):
o)’ 1
Ala0? =201 ) =2 |1+ - 1) P
O
Lemma 41. For any « € C such that R(a) > 0,
1 [ 1
L el
21 J_p @?(cos )* + (sin 6)2 @
Proof. Proved using a contour integral in [13, App. A]. O

Lemma 42. Let R(a) > 0. Forany y € R? and ¢ € CX(R?),

Lo (x) —To(y)

lim [Aa(x)Ja(x)
go(x,y)
41

€20 JaB(y.e)

] - V(x)p(x) ds(x) = 2mp(y).
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Proof. Using A, = Al and J, = JI

I(e) = f
8B(y.6)

a’

Fo(x) — To(y)
qo(x,y)

we can rewrite the integral as

* [Ja ()AL ()(x)]p(x) ds(x).

We distinguish cases on y. (i) If y = x., using Lemma 36 we see that the integral is

1= |
0B(x,,€)

so that using [, (x.) = x, we obtain

I(e) = f
a

B(x.,€) |x - xc|2

ra(x) - ra/(xc)

Go(x,x¢)

_xc

V(X)pe (X)p(x) ds(x),

- v(X)p(x) ds(x) — 2mp(x,).

(ii) If y € R2, then [, (x) = x, T,(y) = y, and A,J,, = I so that

I(e) =f
a

(iii)) Assume y € B,. This case is more involved since J, A,V is not aligned with v, as in the

o ;;yyp V()p(x) ds(x) = 270(y).
B(y,e -

previous cases. Using Lemma 40 we deduce

lim 7(e) = ¢(y)

which is 2mp(y) from Lemma 41. (iv) When y € dB,, we split the circle integral along the

boundary of the scaling region:

Ie) = (f +f ) Fo(x) = To(y)
0B(.eNB, JoBy.e\B) — da(X,Y)

d 1/a

—r 1+ (& = 1) (cos(® - 6,)) @

[ (0)Aa(X)v(x)]e(x) ds(x).

Each integral is dealt with as in cases (ii) and (iii), leading to

limI(g) =
i 2

o(y)

o) [r+ .

42

—1/2 T 1 T2
([ +f) B |
- /2 1+ ((ILZ — 1) (COS 9)2 -n/2
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