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Abstract5

The adjoint of the harmonic double-layer operator, also known as the Neumann-Poincaré (NP)
operator, is a boundary integral operator whose real eigenvalues are associated with surface
modes that find applications in e.g. photonics. On 2D domains with corners, the NP operator
looses its compactness, as each corner induces a bounded interval of essential spectrum, and can
exhibit both embedded eigenvalues and complex resonances. This work introduces a non-self-
adjoint boundary integral operator whose discrete spectrum contains both embedded eigenvalues
and complex resonances of the NP operator. This operator is obtained using a Green’s function
that is complex-scaled at each corner of the boundary. Numerical experiments using a Nyström
discretization on a graded mesh demonstrates the accuracy of the method and its advantage over
a 2D finite element discretization implementing the same complex scaling technique.

Keywords: Neumann-Poincaré operator, Layer potential, Embedded eigenvalue, Complex6

resonance, Complex scaling, Perfectly Matched Layer7

1. Introduction8

Let Ω ⊂ R2 be an open bounded set whose boundary is C2 except for a finite number of9

straight corners, as illustrated in Figure 1 and made precise below.10

Assumption 1. The setΩ ⊂ R2 is open, bounded, connected, with a Lipschitz boundary Γ. There11

is a radius R > 0, boundary points xk
c ∈ ∂Ω, angles ϕk ∈ (0, 2π)\{π}, and rotation matrices Qk,12

such that13

1. Ω has a boundary of class C2 everywhere except at (xk
c )k∈J1,NcK.14

2. For any k ∈ J1,NcK,15

Ω ∩ B(xk
c ,R) =

{
xk

c + Qk[r cos θ, r sin θ] | r ∈ [0,R), θ ∈ (−ϕk/2, ϕk/2)
}
.
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(a) Set with C2 boundary except for straight corners. (b) Polar coordinates centered at a corner.

Figure 1: Notation.

We define the Neumann-Poincaré (NP) operator as1
16

K⋆σ(x) B pv
∫
Γ

∂ν(x)G(x, y)σ(y) ds(y) (x ∈ Γ), (1)

where pv denotes the Cauchy principal value, ν is the unit normal vector that points towards17

Ωc B R2\Ω, and G is the free space Green’s function of −∆:18

G(x, y) B −
1

2π
ln |x − y|, ∂ν(x)G(x, y) = −

1
2π

(x − y) · ν(x)
|x − y|2

(x , y). (2)

Throughout this work, we consider K⋆ and its adjoint as bounded linear maps [6, 7, 8]19

K⋆ ∈ B(H−1/2(Γ),H−1/2(Γ)), K ∈ B(H1/2(Γ),H1/2(Γ)),

where the adjoint operator is explicitly given by20

Kσ(x) B pv
∫
Γ

∂ν(y)G(x, y)σ(y) ds(y) (x ∈ Γ). (3)

Our interest lies in the following boundary integral (BI) eigenvalue problem.21

Definition 2 (NP Eigenvalue Problem). Find (σ, λ) ∈ H−1/2(Γ) × (−1/2, 1/2), σ , 0, such that22

K⋆σ = λσ. (4)

This eigenvalue problem is known to exhibit somewhat exotic features when Nc , 0:23

1. Each of the Nc corners in Γ induces an interval of essential spectrum associated with24

strongly-oscillating corner singularities.25

2. Some eigenvalues can be embedded in the essential spectrum.26

3. There can be complex resonances [9], i.e. complex singularities of the meromorphic con-27

tinuation of λ 7→ (K⋆ − λ)−1 across the essential spectrum.28

The objective of this work is to compute both embedded eigenvalues and complex resonances29

of K; the challenge lies in the fact that a discretization of (4) leads to an eigenvalue problem30

with only real eigenvalues, and which converges only at isolated eigenvalues. Our contribution31

1Common alternative definitions include −K⋆ [1, (1.1)] [2, (1.2)] and 2 K [3, (2.77)] [4, (5)] [5, (2)].
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is the construction of a non-self-adjoint BI operator K⋆α whose discrete spectrum includes the32

embedded eigenvalues and complex resonances of K; we demonstrate its usefulness using a33

Nyström discretization on a graded mesh.34

Our strategy to build K⋆α is to use the corner complex scaling technique introduced in [10].35

This technique has proven successful to compute embedded eigenvalues and complex resonances36

in [11]; in this work the authors employ a 2D finite element method (FEM) for a problem closely37

related to (4), namely the plasmonic eigenvalue problem (PEP).38

Definition 3 (PEP). Find (u, κ) ∈ Ḣ1(R2) × (−∞, 0), u , 0, such that39

∇ · [a(x, κ)∇u(x)] = 0 (5a)

u(x) =
|x|→∞

O(|x|−1) (5b)

where40

Ḣ1(R2) B
{
u ∈ L2

loc(R2)
∣∣∣∇u ∈ L2(R2)

}
, a(x, κ) =

1 (x ∈ Ω)
κ (x ∈ Ωc).

The link between (4) and (5) will be stated precisely in Section 2.1; for now let us simply41

state that the two spectral parameters are linked by a Möbius transformation:42

2λ =
κ + 1
κ − 1

, κ =
2λ + 1
2λ − 1

(ℜ(κ) < 0, |λ| < 1/2). (6)

The main question we answer in this work is therefore: how can one carry over a complex43

scaling technique developed for (5) to (4)? We follow ideas from [12] and [13], where complex-44

scaled Green’s functions are introduced to deal with scattering problems posed on domains with45

infinite boundaries: the surprising connection between these two works and (4) is that each corner46

in Γ can be viewed as a semi-infinite waveguide [14, § 4]. The numerical results presented in47

Section 5 demonstrate the advantage of discretizing K⋆α over the FEM proposed in [11].48

This article is organized as follows. The remainder of this introduction summarizes the the-49

oretical and computational literature on (4,5). Section 2 summarizes some background results.50

Section 3 derives the complex-scaled PEP and introduces the complex-scaled NP operator K⋆α .51

Section 4 derives a closed-form expression of the complex-scaled Green’s function, leading to52

the expression (35). Section 5 describes the employed Nyström method and gathers numerical53

validation and results2. Appendix A gathers standard results on BI operators associated with54

strongly elliptic equations. Appendix B contains the straightforward but tedious computations55

that are needed to derive the complex-scaled NP operator.56

Remark 4 (Physical motivation). In (5), Ω models a metallic particle included in an infinite57

dielectric medium. The spectral parameter κ is a ratio of dielectric permittivities known as the58

contrast, while u is known as a localized surface plasmon [15, Chap. 5] [16, Chap. 9] [17]. The59

problem (5) can be interpreted as either Gauss’ equation3 or the quasi-static approximation of60

the transverse magnetic Maxwell equations4.61

2Code available online at https://doi.org/10.5281/zenodo.16309756.
3Then u is the electric potential, σ the dielectric permittivity ε, and κ=εd/εm.
4Then u is the z-component of the magnetic field, σ is the inverse of the dielectric permittivity, and κ=εm/εd .
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1.1. Spectral theory of the NP operator62

The spectral theory of the NP operator is widely developed [4, 18, 19]. Since Ω has a Lips-63

chitz boundary, the NP operator is similar to a bounded self-adjoint operator [20, Prop. 3.3] and64

its spectrum satisfies [21, Thm. 2] [22, Thm. 2.5]65

σ(K⋆) ⊂ [−1/2, 1/2),

where λ = −1/2 is a pathological eigenvalue not associated with a solution of the PEP [23,66

Thm. 4.2]. The structure of the spectrum depends crucially upon the regularity of the boundary.67

When Nc = 0, Ω has a C2 boundary so that ∂νG is continuous on Γ × Γ and K⋆ is a compact68

operator, whose point and essential spectrum satisfy [24, 6]69

σess(K⋆) = {0}, σp(K⋆) = {λn}n≥1 ∪ {−1/2}, lim
n→∞
λn = 0.

Equivalently, it has been proven that solutions (un, κn) of the PEP satisfy [25, Thm. 1]70

κn < 0, lim
n→∞
κn = −1,

with each un localized around Γ [26, 27]. When Nc , 0, each corner contributes an interval to71

the essential spectrum: [5, Thm. 7] [28, Thm. 5.2] [29]72

σess(K⋆) =
⋃

k∈J1,NcK

[
−λc(ϕk), λc(ϕk)

]
, λc(ϕ) B

|ϕ − π|

2π
. (7)

The k-th interval of essential spectrum is linked to the existence of strongly-oscillating singular-73

ities that solve (5a) around the k-th corner [14], a fact we will elaborate upon in this work.74

Li and Shipman have shown in [2] how one can construct curvilinear polygons Γ such that K⋆75

exhibit embedded eigenvalues. Moreover, the existence of these embedded eigenvalues goes in76

pair with the existence of complex resonances, which can be generically defined as singularities77

of the continuation of the resolvent operator accross the essential spectrum [9]. The idea of the78

construction found by Li and Shipman is a perturbation mechanism that we will use in this work79

to design numerical validation cases.80

1.2. Numerical computation of the NP spectrum81

In the literature, both the boundary integral equation (BIE) (4) and the PEP (5) have been82

considered to compute isolated or embedded eigenvalues.83

When Nc = 0, the continuity of the kernel of K⋆ implies that (4) can be accurately discretized84

using standard methods like Nyström [19, § 2.4.5] or Galerkin [30, § VI]. By contrast, conform-85

ing FEMs for (5) suffer from spectral pollution when using an unstructured mesh [31, § 6.2] [32,86

§ 4.3]; this spectral pollution can be eliminated by using a mesh that is symmetric with respect to87

Γ [33]. When solving a direct problem, this limitation of conforming FEMs can be circumvented88

using a reformulation as an optimal control problem [34, 35].89

When Nc , 0, the corner singularities associated with the essential spectrum induces numer-90

ical difficulties. For example, a Nyström discretization of (4) or a conforming FEM for (5) can91

only capture (real) eigenvalues located outside the essential spectrum: two remedies are available92

in the literature.93

In [1], a method to compute embedded eigenvalues is introduced, which consists in comput-94

ing the rate-of-resonance for all λ ∈ (−1/2, 1/2) using a Nyström discretization of the regularized95
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operator K⋆−(λ+iε) I for 0 < ϵ ≪ 1. The accuracy of the computed rate-of-resonance is ensured96

by using a multigrid preconditioning technique, known as the Recursively Compressed Inverse97

Preconditioning (RCIP) [36, 37], which avoids using an overly-refined graded mesh at corners.98

For an ellipse perturbed by a corner, this method is able to compute the first embedded eigen-99

values and even detect the presence of complex resonances, although the imaginary part of the100

latter cannot be computed [1, Fig. 6].101

In [11], a FEM able to compute both embedded eigenvalues and complex resonances is stud-102

ied, which relies on the corner complex scaling technique introduced in [10]; the effectiveness of103

the method is demonstrated on the perturbed ellipse originally introduced in [1]. The computa-104

tion relies on a linear generalized non-hermitian eigenvalue problem, which can be readily solved105

using standard packages. However, the main practical difficulty is meshing, since the mesh must106

not only satisfy the symmetry constraints discussed above to avoid spectral pollution, but it must107

also be disconnected since to ensure accuracy a neighborhood of the corner is discretized in a108

non-Cartesian coordinate system (see [11, Fig. 18]).109

2. Notation and background110

This section introduces notation and recalls a few facts that we will rely upon. Section 2.1111

states the equivalence between the eigenvalue problems (4) and (5). In Section 2.2, this equiv-112

alence leads to a characterization of σess(K⋆) involving the corner singularities of (5a), which113

is the basis of the complex scaling technique used in this work. Finally, Section 2.3 recalls a114

characterization of complex resonances.115

Notation. Let us first introduce some notation. We denote the jumps across Γ as116

J f KΓ(x) = f +(x) − f −(x), Jb∂ν f KΓ(x) = b+∂+ν f (x) − b−∂−ν f (x) (x ∈ Γ), (8)

where the superscript “+” (resp. “−”) denotes the restriction to Ω+ = Ωc (resp. Ω− = Ω). For117

instance, the transmission conditions implied by (5a) can be written explicitly as118

JuKΓ = 0 in H1/2(Γ), Ja(·, κ)∂νuKΓ = 0 in H−1/2(Γ). (9)

Using the free space Green’s function of the Laplace operator, we define the single layer potential119

S : H−1/2(Γ)→ H1
loc(R2) and the single layer operator S ∈ B(H−1/2(Γ),H1/2(Γ)):120

Sσ(x) B
∫
Γ

G(x, y)σ(y) ds(y) (x ∈ R2), Sσ(x) B
∫
Γ

G(x, y)σ(y) ds(y) (x ∈ Γ),

the former satisfying jump relations121

JSσKΓ = 0, ∂±νSσ = K⋆σ ∓
1
2
σ. (10)

Layers potentials and BI operators can more generally be defined for any strongly elliptic equa-122

tions having smooth coefficients: we have gathered in Appendix A the few standard results that123

we will rely on in this work.124
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2.1. Equivalence between the NP and plasmonic eigenvalue problems125

Using the single layer potential S, we can state the link between (4) and (5) as follows.126

Proposition 5. If (κ, λ) ∈ (−∞, 0) × (−1/2, 1/2) are two scalars satisfying (6), then127

∃σ ∈ H−1/2(Γ)\{0} that solves (4)⇒ u = Sσ ∈ Ḣ1(R2)\{0} solves (5),

∃ u ∈ Ḣ1(R2)\{0} that solves (5) ⇒ σ = −J∂νuKΓ ∈ H−1/2(Γ)\{0} solves (4).

Proof. This result is standard [38, 39, 30, 40] and effectively boils down to formulating an ansatz128

and exploiting the jump relations (10). For the sake of completeness, the proof is given in Ap-129

pendix A, see Proposition 31: this proposition covers a slightly more general case, in anticipation130

of our study of corner complex scaling.131

2.2. Characterization of the essential spectrum132

To clarify the exposition, we now assume that Nc = 1, i.e. that there is only one corner133

of angle ϕ at xc (see Figure 1b). The equivalence stated in Proposition 5 implies that we can134

understand the corner behavior of a density solving (4) by studying solutions of (5a). The next135

result gives the corner behavior of eigenfunctions, associated with either isolated or embedded136

eigenvalues.137

Proposition 6. Let λ ∈ (−1/2, 1/2)\{0}. Let κ ∈ (−∞, 0)\{−1} be given by (6). If u ∈ Ḣ(R2)138

solves (5a) then, for any β > 0, u satisfies the corner expansion139

u(r, θ) =
r→0

c0 +
∑
ρ∈{e,o}

∑
η∈H(λ,ρ)
−β<ℑ(η)<0

cρηriηΦρ(θ, η) + O(rβ), (11)

where the even (“e”) and odd (“o”) orthoradial functions are140

Φρ(θ, η) B


cosh(ηθ)

cosh(ηϕ/2)
1Ω(θ) +

cosh(η(π − |θ|))
cosh(η(π − ϕ/2))

1Ωc (θ) if ρ = e

sinh(ηθ)
sinh(ηϕ/2)

1Ω(θ) +
sinh(η(π − |θ|))

sinh(η(π − ϕ/2))
1Ωc (θ) if ρ = o,

with 1X the characteristic function of X, and the set of radial exponent H is defined as141

H(λ, ρ) B {η ∈ C∗ | gρ(η, λ) = 0 } ,

with ge and go the meromorphic functions142

ge(η, λ) B 2λ +
sinh

[
η (π − ϕ)

]
sinh

[
ηπ

] , go(η, λ) B 2λ −
sinh

[
η (π − ϕ)

]
sinh

[
ηπ

] . (12)

Proof (sketch). This result can be intuitively understood by injecting the ansatz u(r, θ) = riηw(θ)143

in (5a) to obtain an ordinary differential equation (ODE) in θ that admits even (resp. odd) non-144

null solutions if and only if ge(η, λ) = 0 (resp. go(η, λ) = 0), see [10, Prop. 3.1]. The proof can145

be carried out using tools that are standard in the study of elliptic equations on domains with146
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corners [41, 42, 43] and consists in [44, 45]: (i) localizing (5a) around the corner by working on147

v = χu with χ ∈ C∞c (R2) equal to 1 around xc, (ii) applying the Mellin transform148

v̂(η, θ) =
∫ ∞

0
v(r, θ)r−(iη+1) dr, v(r, θ) =

1
2π

∫ +∞+iγ

−∞+iγ
v̂(η, θ)riη dη (γ > 0),

to obtain an ODE in θ parametrized by η, (iii) solving the ODE, and (iv) inverting the Mellin149

transform by closing the contour in {−β ≤ ℑ(η) ≤ 0} using the residue theorem.150

In the expansion (11), all the factors riη vanish at the corner since ℑ(η) < 0. The limiting151

case ℑ(η) = 0 leads to strongly-oscillating corner singularities5
152

s
e (o)(r, θ, η) B riηΦe (o)(θ, η) (η ∈ R∗), (13)

which belong to L2
loc(R2) but not H1

loc(R2) ; a plot of the even singularity se is given in Figure 2a.153

A distinctive feature of these singularities is that they radiate energy to or from the corner, i.e.154

they satisfy J(s) , 0, where J is the corner energy flux [10, (26)]:155

J(u) B lim
ε→0
ℑ

[∫
∂B(xc,ε)

a(x, κ)u(x)∂ru(x) ds(x)
]
,

which is positive (resp. negative) if u radiates from (resp. to) the corner. The equivalence stated156

in Proposition 5 suggests that the essential spectrum of K⋆ can be understood as the set of λ such157

that the expansion (11) contains a strongly-oscillating singularity (either odd or even), which158

writes159

σess(K⋆) =
⋃
ρ∈{e,o}

σ
ρ
ess(K

⋆), σρess(K
⋆) = {λ ∈ C | ∃η ∈ R∗ : gρ(η, λ) = 0 },

which does match the known formula (7) for Nc = 1 since from (12):160

σoess(K
⋆) = −σeess(K

⋆), σeess(K
⋆) =

[−λc(ϕ), 0] if ϕ ∈ (0, π)
[0, λc(ϕ)] if ϕ ∈ (π, 2π).

We are now in a position to state the following characterization of σess(K⋆), which will be our161

starting point to study complex scaling.162

Proposition 7. Let ρ ∈ {e, o} and λ ∈ σρess(K⋆)\{0,±λc(ϕ)}. Let κ be given by (6). Up to a163

multiplicative constant, there is a unique non-null function u ∈ Ḣ1(R2\{xc}) that solves (5) and164

satisfies J(u) < 0. Moreover, this function satisfies the corner expansion165

u(r, θ) =
r→0

riηsΦρ(θ, ηs) + c0 + O(|riηt |), (14)

where the singular exponent ηs is the unique non-null real solution of gρ(ηs, λ) = 0 that satisfy166

ληs < 0 and the truncation exponent ηt is the solution of ge(ηt, λ)go(ηt, λ) = 0 with the largest167

negative imaginary part.168

Remark 8. The corresponding expansion of the boundary density is deduced using Proposition 5.169

5These should not be confused with elliptic singularities [42], which behave like rη for η > 0 and belong to H1
loc.
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Figure 2: Even strongly-oscillating singularity (13) in a neighborhood of a straight corner at xc. (Left) Cartesian coordi-
nates. (Right) Euler coordinates (16), which map riη to eiηz.

Remark 9. The strongly-oscillating singularity in (14) makes computing the essential spectrum170

challenging.171

Proof (sketch). We refer to [14] for a treatment of the condition J(u) < 0, called a corner radi-172

ation condition, in radially-weighted Sobolev spaces; we provide here a formal summary of the173

computations leading to the claim. Let ρ ∈ {e, o} and λ ∈ σρess(K⋆)\{0,±λc(ϕ)}. The key result is174

that the map gρ(·, λ) admits exactly two non-null real zeros of opposite sign: ηc > 0 and −ηc < 0.175

The steps highlighted in the proof sketch of Proposition 6 can be carried out identically; the only176

difference is that when closing the contour in the lower half-plane {ℑ(η) ≤ 0} we pick up the two177

real poles ±ηc, leading to the corner expansion, for any β > 0:178

u(r, θ) =
r→0

c+sρ(r, θ, ηc) + c−sρ(r, θ,−ηc) + c0 +
∑
µ∈{e,o}

∑
η∈H(λ,µ)
−β<ℑ(η)<0

cµηriηΦµ(θ, η) + O(rβ).

This expansion contains two singular coefficients c± associated with the two (complex-conjugated)179

strongly-oscillating singularities. Since we assume J(u) , 0, we must have c+ , 0 or c− , 0,180

since otherwise we would have u ∈ H1
loc(R2) and therefore J(u) = 0. In fact, the requirement181

that J(u) < 0 implies that exactly one singular coefficient is non-null [10, Tab. 1]: if λ > 0 (resp.182

λ < 0) then c− , 0 (resp. c+ , 0) and we define the singular exponent as ηs = −ηc (resp.183

ηs = +ηc). The truncation exponent ηt is the dominant exponent in the remainder.184

2.3. Characterization of complex resonances185

Let us conclude this background section by discussing complex resonances (we refer to [9]186

for the general theory). Since the spectrum of K⋆ is real, the resolvent operator187

R : {λ ∈ C | ℑ(λ) > 0} 7→ B(H−1/2(Γ),H−1/2(Γ)), λ 7→ (K⋆ − λI)−1,

defines an analytic family of bounded linear operators. The essential spectrum is a branch cut for188

R, with branch points at 0 and ±λc(ϕ). By crossing the essential spectrum once, either through189

(−λc(ϕ), 0) or (0, λc(ϕ)), one obtains two distinct meromorphic continuations of R, denoted Re190

and Ro, whose singularities are complex resonances; this is captured in the following abstract191

definition.192

8



Definition 10. A scalar λ ∈ C\R is a complex resonance if it is an isolated singularity of either193

Re or Ro.194

More importantly for numerical computations, by continuation on λ in Proposition 6, we195

deduce that complex resonances are associated with solutions of (5) in R2\{xc} that behave like196

(14) for some ηs ∈ H(λ, ρ) such that ℑ(ηs) > 0. In particular, these solutions are singular at the197

corner and thus are not eigenfunctions. The corner complex scaling technique will enable us to198

compute complex resonances as eigenvalues of a modified problem.199

3. Corner complex scaling for the Neumann-Poincaré operator200

In this section we obtain the complex-scaled NP operator (31) by applying the corner com-201

plex scaling from [10] to the NP operator. This section is organized as follows. Section 3.1202

introduces the scaling technique in a non-Cartesian coordinate system, where an intuitive waveg-203

uide analogy can be relied upon. Section 3.2 then derives the scaling in Cartesian coordinates,204

which is used in Section 3.3 to introduce the complex-scaled NP operator. Finally, Section 3.4205

illustrates that the effect of complex scaling is to move the essential spectrum away from the real206

axis, uncovering both embedded eigenvalues and complex resonances in the process. Throughout207

this section, we assume that Nc = 1 to simplify the exposition.208

3.1. A waveguide analogy in Euler coordinates209

Let ρ ∈ {e, o} and λ ∈ σρess(K⋆) such that λ , 0 and |λ| , λc(ϕ). From Proposition 7, this210

value of λ is associated with a solution of (5) that is strongly-oscillating at the corner:211

∇ · [a(x, κ)∇u] = 0 (x ∈ B(xc,R)\{xc}), (15a)

u(r, θ) =
r→0

riηsΦρ(θ, ηs) + c0 + O(|riηt |), (15b)

where R > 0 is a radius chosen small enough (ref. Assumption 1), κ is given by (6), the singularity212

exponent ηs is real, and ℑ(ηt) < 0. From Proposition 5, the corresponding strongly-oscillating213

boundary density satisfies214

K⋆σ = λσ, σ(r, θ) =
r→0
−riηsJ∂θΦρKΓ(θ, ηs) + O(|riηt |).

The corner complex scaling technique enables to tame the singular term riηs , which is the source215

of numerical difficulties. We follow here the original exposition [10] by introducing the Euler216

coordinate system (z, θ):217

Ψ :R2\{xc} → R × (−π, π), (x, y) 7→ (z, θ) B (ln(r/R), θ). (16)

This mapping, illustrated in Figure 2b, sends xc to −∞, the boundary Γ ∩ B(xc,R) to the straight218

line {z < 0, θ = ±ϕ/2}, and transforms (15) into219

∇(z,θ) · [a(θ, κ)∇(z,θ)ũ](z, θ) = 0 ((z, θ) ∈ S B (−∞, 0) × (−π, π)), (17a)

ũ(z, θ) =
z→−∞

eiηszΦρ(θ, ηs) + c0 + O(|eiηtz|), (17b)

ũ(z,−π) = ũ(z, π), ∂θũ(z,−π) = ∂θũ(z, π), (17c)
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where ũ B u ◦ Ψ−1 and220

∇(z,θ) f B
1

Rez

[
∂z f
∂θ f

]
, ∇(z,θ) ·

[
f1
f2

]
B

1
R2e2z

[
∂z(Rez f1) + ∂θ(Rez f2)

]
.

The benefit of this process is that (17b) is similar to a waveguide radiation condition, which221

can be dealt with using a linear complex scaling [46, 47]. The idea of complex scaling is to222

stretch the z coordinate as z 7→ z/α where α ∈ C∗ is a scaling parameter. To make this precise223

we introduce the continuous complex-valued path224

Γ̃α :R × (−π, π)→ C × (−π, π), (z, θ) 7→ (γ̃(z), θ), (18)

where γ̃ : R→ C defines the linear coordinate scaling:225

γ̃(z) B

z (z > zα)
(z − zα)/α + zα (z < zα),

γ̃′(z) =

1 (z > zα)
1/α (z < zα),

with zα = ln(Rα/R) and Rα ∈ (0,R) the radius delimiting the entrance of the scaling region. The226

effect of this scaling on strongly-oscillating singularities (13) is illustrated in Figure 3. Using the227

scaling path we define the scaled solution ũα as228

ũα(z, θ) B ũ ◦ Γ̃α(z, θ) = ũ(γ̃(z), θ) ((z, θ) ∈ R × (−π, π)),

where on the right-hand side ũ(·, θ) denotes the analytic continuation of ũ(·, θ), which is an abuse229

of notation. Using the chain rule we deduce that ũα solves230

∇(z,θ) · [a(θ, κ)Ãα(z)∇(z,θ)ũα](z, θ) = 0 ((z, θ) ∈ S ), (19a)

ũα(z, θ) =
z→−∞

eiηsz/αΦρ(θ, ηs) + c0 + O(|eiηtz/α|), (19b)

ũα(z,−π) = ũα(z, π), ∂θũα(z,−π) = ∂θũα(z, π), (19c)

where the scaling matrix Ãα is231

Ãα(z) =
[

1/γ̃′(z) 0
0 γ̃′(z)

]
=

I (z > zα)
diag(α, 1/α) (z < zα).

The computational interest of (19) over (15) and (17) lies in the ability to choose α such that ũα232

decays exponentially as z → − ∞. Unfortunately, the discretization of this scaled problem is233

somewhat laborious since it requires dealing with the coupling between the Euler domain S (one234

per corner in case of multiple corners) and the Cartesian domain R2\B(xc,R), see [10] for a FEM235

treatment with three corners. To avoid dealing with this coupling in our BIE, we now derive a236

purely Cartesian formulation of (19).237

3.2. Corner complex scaling in Cartesian coordinates238

To work in the whole of R2, we introduce the piecewise-constant scaling function239

α̂(x) B
1

γ̃′(z(x))
=

α x ∈ Bα B B(xc,Rα)
1 x < Bα.
10
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Figure 4: Complex scaling path Γα: plot of r 7→ γ1(xc + r, yc) for r ∈ (0, 1.5Rα).

Mimicking Section 3.1, we define the complex-scaling path as Γα B Ψ−1 ◦ Γ̃α ◦ Ψ, i.e.240

Γα : R2 → C2, x 7→ (γ1(x), γ2(x)) = xc + µα(x)[x − xc], (20)

where the radial scaling function µα ∈ C0(R2\{xc};C) is241

µα(x) B
(
|x − xc|

Rα

) 1
α̂(x)−1

. (21)

Comparison between (18) and (20) highlights that, whereas Γ̃α only scales the z coordinate lin-242

early, Γα scales both x and y coordinates non-linearly; Figure 4 shows that γ1 spirals around243

(xc, 0) with a logarithmically-varying argument. The regularity of Γα is as follows.244

Lemma 11. Let ℜ(α) > 0. The scaling path has the following regularity: Γα ∈ C0(R2) ∩245

C∞(R2\[{xc} ∪ ∂Bα]) with Jacobian matrix246

Jα(x) B
(
∂xγ1(x) ∂yγ1(x)
∂xγ2(x) ∂yγ2(x)

)
= µα(x)

[
I +

(
1
α̂(x)

− 1
)

Pc(x)
]
, (22)

where Pc(x) is the orthogonal projection on span (x − xc):247

Pc(x) B
1

|x − xc|2

[
(x − xc)2 (x − xc)(y − yc)

(x − xc)(y − yc) (y − yc)2

]
(x , xc). (23)

Remark 12. If x < Bα, then Γα(x) = x and Jα = I.248

Proof. Letℜ(α) > 0. The continuity of Γα at any x , xc is straightforward; continuity at xc is a249

consequence of |Γα(x) − xc| =x→xc
O(|x − xc|

ℜ(1/α)). The expression of Jα follows from the chain250

rule using251

∇x|x − xc| =
x − xc

|x − xc|
, ∇xµα(x) =

(
1
α̂(x)

− 1
)
µα(x)

x − xc

|x − xc|2
.
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252

Let Rα > 0 be a radius such that u is real-analytic in Bα. The scaled solution is253

uα B u ◦ Γα,

where on the right-hand side u denotes the analytic continuation. Since uα = ũα ◦ Ψ, we can254

obtain the problem satisfied by uα by a change of coordinates in (19), leading to the following.255

Definition 13 (Complex-Scaled PEP). Find (uα, κ) ∈ Ḣ1(R2) × C, uα , 0, such that256

∇ · [a(x, κ)Aα(x)∇uα(x)] = 0 (x ∈ R2) (24a)

uα(x) =
|x|→∞

O(|x|−1), (24b)

where the scaling matrix is257

Aα(x) =
1
α̂(x)

I +
(
α̂(x) −

1
α̂(x)

)
Pc(x) (x ∈ R2\[{xc} ∪ ∂Bα]). (25)

Proposition 14. For any α ∈ C∗ and x ∈ R2\{{xc} ∪ ∂Bα},258

1. Aα ∈ L∞(R2) ∩C∞(R2\[{xc} ∪ ∂Bα]).259

2. Aα(x)T = Aα(x).260

3. Aα(x)êr(x) = α̂(x) êr(x) and Aα(x)êθ(x) = 1
α̂(x) êθ(x).261

Proof. The first two claims follow directly from the definition of Aα. To show the third one,262

let x ∈ R2 such that x , xc and x < ∂Bα. Let (z, θ) = Ψ(x) ∈ S be the corresponding Euler263

coordinates. A computation shows that Aα(x)U(θ) = U(θ)Ãα(z), where264

U(θ) =
(
cos θ − sin θ
sin θ cos θ

)
= (êr, êθ) . (26)

265

Note that the matrix Aα is essentially bounded in R2 although it cannot be continuously266

extended to x = xc. Due to the piecewise-constant definition of α̂, Aα has a jump discontinuity267

at the entrance of the scaling region ∂Bα: the transmission conditions implied by (24a) are (9) as268

well as269

JuαK∂Bα = 0 in H1/2(∂Bα), Jα̂∂ruαK∂Bα = 0 in H−1/2(∂Bα). (27)

One could also choose a smooth coefficient α̂ to avoid this additional transmission condition270

on ∂Bα; our choice of α̂ is merely motivated by the simplicity of implementation. The next271

proposition, to be compared with Proposition 6, shows that the corner complex scaling rotates272

the radial exponents.273

Proposition 15. Letℜ(α) > 0, λ ∈ (−1/2, 1/2)\{0} and κ given by (6). If u ∈ Ḣ(R2) solves (24a)274

then, for any β > 0, u satisfies the corner expansion275

u(r, θ) =
r→0

c0 +
∑
ρ∈{e,o}

∑
αη∈H(λ,ρ)
−β<ℑ(η)<0

cρηriηΦρ(θ, αη) + O(rβ). (28)

Proof (sketch). The proof is identical to that sketched for Proposition 6: the only difference is276

that at every step, “η” is substituted with “αη”.277
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3.3. Complex-scaled boundary integral operators278

For any α ∈ C∗, we define the complex-scaled Laplacian:279

Pαu(x) = −∇ · [Aα∇u](x) (x ∈ R2),

where Aα is the scaling matrix (25), whose regularity is given in Proposition 14; when α = 1,280

Pα = −∆. The key property is that Pα is uniformly strongly elliptic on R2.281

Proposition 16 (Strong ellipticity). If ℜ(α) > 0, then there are constants c0, c1 > 0 such that282

for almost every x ∈ R2 and all ξ ∈ R2,283

c0|ξ|
2 ≤ ℜ[Aα(x)ξ · ξ] ≤ c1|ξ|

2.

Proof. Let x ∈ R2 such that x , xc and x < ∂Bα. If x < Bα, then Aα(x)ξ · ξ = |ξ|2, so that we284

now assume that x ∈ Bα. Let (z, θ) = Ψ(x) ∈ S and U(θ) be the orthogonal matrix (26). For any285

ξ ∈ R2 we have with w = U(θ)T ξ:286

ℜ[Aα(x)ξ · ξ] = ℜ[Ãα(z)w · w] = ℜ(α)w2
1 +ℜ(1/α)w2

2,

so that min[ℜ(α),ℜ(1/α)]|ξ|2 ≤ ℜ[Aα(x)ξ · ξ] ≤ max[ℜ(α),ℜ(1/α)]|ξ|2.287

In view of this result we now assume that ℜ(α) > 0. Let Gα denote the free space Green’s288

function of Pα, which satisfies: for any y ∈ R2, Gα(·, y) ∈ L1
loc(R2) and289

−∇x · [Aα(x)∇xGα(x, y)] = δ(x − y) (x ∈ R2) (29)

in the sense of distributions. Since α̂ has a jump discontinuity at the entrance of the scaling region290

∂Bα, Gα(·, y) satisfies the transmission conditions (27); as already mentioned, these transmission291

conditions can be avoided by choosing a smooth scaling coefficient α̂.292

The strong ellipticity of Pα enables to define the associated layer potentials and BI operators,293

see the already mentioned Appendix A for references. We denote ∂αν the conormal derivative294

associated with Pα, defined strongly for any φ ∈ C∞(R2) as295

∂ανφ(x) B [Aα(x)∇φ(x)] · ν(x) (x ∈ Γ, x , xc, x < ∂Bα),

Using the first Green identity, this conormal derivative defines two one-sided trace operators296

∂±αν : H1
α(Ω

±)→ H−1/2(Γ) where297

H1
α(Ω

±) = {u ∈ H1(Ω±) | Pαu ∈ L2(Ω±)}

is a subset of H1(Ω±) that includes the transmission conditions (27). The complex-scaled single298

layer potential and operator are299

Sασ(x) B
∫
Γ

Gα(x, y)σ(y) ds(y) (x ∈ R2), S ασ(x) B
∫
Γ

Gα(x, y)σ(y) ds(y) (x ∈ Γ), (30)

and the complex-scaled NP operator is300

K⋆ασ(x) B pv
∫
Γ

∂αν(x)Gα(x, y)σ(y) ds(y) (x ∈ Γ). (31)
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In the study of the above complex-scaled operators, there is a technical difficulty that we301

would like to emphasize here, although it is not significant for numerical applications. The302

Sobolev mapping properties of BI operators associated with strongly elliptic equations, recalled303

in Appendix A, require the coefficients to be smooth; hence they do not apply to Pα. The main304

difficulty is not the jump discontinuity of Aα across ∂Bα but the fact that Aα is not continuous305

at xc. However, since Aα is not singular at xc we do not expect this feature to influence the306

regularity of the BI operators; we capture this expectation in the following conjecture.307

Conjecture 17. Whenℜ(α) > 0, Propositions 26, 27, and 31 apply to Pα.308

In particular, we consider that Sα : H−1/2(Γ)→ H1
α,loc(R2), K⋆α ∈ B(H−1/2(Γ),H−1/2(Γ)), and309

that the jump relations310

JSασKΓ = 0, ∂±ανSασ = K⋆ασ ∓
1
2
σ,

take place in H1/2(Γ) and H−1/2(Γ), respectively. The relevance of K⋆α for our purposes is covered311

next.312

3.4. Essential spectrum of the complex-scaled NP operator313

Our interest is in the following complex-scaled eigenvalue problem.314

Definition 18 (Complex-scaled NP eigenvalue problem). Find (σα, λ) ∈ H−1/2(Γ) × C\{−1/2},315

σα , 0, such that316

K⋆α [σα](x) = λσα(x) (x ∈ Γ). (32)

Reasoning identically to Section 2.2, the equivalence between (24) and (32) combined with317

the corner expansion of Proposition 15 suggests that the essential spectrum of K⋆α is318

σess(K⋆α ) =
⋃
ρ∈{e,o}

σ
ρ
ess(K

⋆
α ), σρess(K

⋆
α ) = {λ ∈ C | ∃η ∈ R∗ : gρ(αη, λ) = 0 }. (33)

This set is plotted in Figure 5 for different values of arg(α), the modulus of α having no influence.319

This plot, which is similar to [11, Fig. 7], illustrates that complex scaling moves the essential320

spectrum away from the real axis, implying that K⋆α is not similar to a self-adjoint operator321

anymore. Specifically, as arg(α) is increased, σess(K⋆α ) deforms while staying attached at its two322

end points ±λc(ϕ) and 0, with a spiraling behavior around 0.323

The open subset of C covered by the movement of the essential spectrum, shaded in Figure 5,324

is known in complex-scaling parlance as the uncovered region Uα. The following properties,325

which can be deduced from [11, Prop. 22], are the most important in practice:326

1. The complex (resp. real) eigenvalues of K⋆α that lie inside Uα (resp. Uα ∩ R) are complex327

resonances (resp. embedded eigenvalues) of K⋆.328

2. The real eigenvalues of K⋆α that lie outside Uα are isolated eigenvalues of K⋆.329

However, before we can discretize (32) we need a closed-form expression of the complex-scaled330

Green’s function Gα: this is the purpose of the next section.331
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Figure 5: Essential spectrum of complex-scaled NP operator (33) and uncovered region for increasing values of arg(α).

4. Complex-scaled Green’s function332

The purpose of this section is to obtain a closed-form expression of the complex-scaled333

Green’s function, i.e. to solve (29), which will enable us to compute the complex-scaled layer334

potentials and BI operators introduced in Section 3. The derivation of Gα proceeds in two steps.335

In Section 4.1 we obtain a function that solves (29) only when y < Bα. An extension that can336

handle the case y ∈ Bα is obtained in Section 4.2, which turns out to require some elementary337

albeit tedious computations. For clarity, we assume that Nc = 1 and we will refer to results in338

Appendix B for some computations.339

4.1. Partial expression of the Green’s function340

Let us introduce the analytic continuation of the Green’s function (2):341

Ĝ(x, y) B −
1

4π
ln q1(x, y), q1(x, y) B

2∑
i=1

(xi − yi)2,

where x, y ∈ C2 and ln is the principal branch of the logarithm with branch cut on (−∞, 0).342

Previous works involving BIEs with (linear) complex scaling [12, 13] suggest introducing343

Gα(x, y) B −
1

4π
ln qα(x, y),

where qα is the complex-scaled squared Euclidian distance344

qα(x, y) B q1(Γα(x),Γα(y)) =
2∑

i=1

(γi(x) − γi(y))2.

Our objective is to verify wether Gα solves (29) whenℜ(α) > 0. The next two results establish345

the domain of definition and regularity of Gα; for convenience we introduce the notation346

R̊4 B {(x, y) ∈ R2 × R2 | x , y}, R2
α B R2\Bα.
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Lemma 19. Whenℜ(α) > 0, Gα ∈ C0( R̊4\B2
α) ∩C∞( R̊4\B2

α) with strong gradients given by347

∇xGα(x, y) = −
Jα(x)

2π
Γα(x) − Γα(y)

qα(x, y)
, ∇yGα(x, y) =

Jα(y)
2π
Γα(x) − Γα(y)

qα(x, y)
.

Moreover, for any (x, y) ∈ R4, ∇xGα(·, y) and ∇yGα(x, ·) belong to L1
loc(R2).348

Proof. The continuity claim follows from Lemma 32, which implies that Gα is well-defined and349

continuous on R̊4\B2
α since it does not involve logarithms of negative or null quantities. Then,350

the smoothness and the gradients follows from Lemma 11 and the chain rule. The claim that the351

strong gradients are locally integrable is a consequence of Lemma 38.352

Lemma 20. Letℜ(α) > 0 and γ ∈ (0, 1). For any compact sets U1 ⊂ R2 and U2 ⊂ R2
α, there is353

a constant C > 0 such that354

∀(x, y) ∈ U1 × U2 : x , y, |Gα(x, y)| ≤
C

|x − y|γ
.

Proof. From Lemma 19, ln qα ∈ C0([U1 × U2] ∩ R̊4) so that to establish the claim it remains355

to investigate the case |x − y| → 0. But here this is straightforward since for any (x, y) ∈ R2
α,356

qα(x, y) = |x − y|2, so that (x, y) 7→ |x − y|γqα(x, y) ∈ C0(U1 × U2) for any γ > 0.357

We are now in a position to verify that Gα is the free space Green’s function of Pα, but only358

when x and y are not both in the scaling region.359

Proposition 21. Letℜ(α) > 0. For any y ∈ R2
α, Gα(·, y) solves360

−∇x · [Aα(x)∇xGα(x, y)] = δ(x − y) (x ∈ R2).

Proof. Let y ∈ R2
α and φ ∈ C∞c (R2). Using Lemmas 19 and 20, we deduce that both Gα(·, y)361

and its weak gradient belong to L1
loc(R2). Since Aα ∈ L∞(R2) from Proposition 14, we have362

Aα∇xGα(·, y) ∈ L1
loc(R2). To show the claim, it remains to compute the weak divergence of363

Aα∇xGα(·, y), which is by definition364

⟨∇x · [Aα∇xGα(·, y)], φ⟩ B −
∫
R2

Aα(x)∇xGα(x, y) · ∇φ(x) dx.

= − lim
ε→0

∫
R2\[B(xc,ε)∪B(y,ε)]

Aα(x)∇xGα(x, y) · ∇φ(x) dx = lim
ε→0

I(ε).

The first Green’s identity in Bα\[B(xc, ε) ∪ B(y, ε)] and R2
α\B(y, ε) gives365

I(ε) =
∫
∂B(y,ε)

Aα(x)∇xGα(x, y) · ν(x)φ(x) ds(x)

+

∫
∂B(xc,ε)

Aα(x)∇xGα(x, y) · ν(x)φ(x) ds(x)

+

∫
∂Bα

JAα(x)∇xGα(x, y)K · ν(x)φ(x) ds(x)

+

∫
R2\[B(xc,ε)∪B(y,ε)]

∇x · [Aα(x)∇xGα(x, y)]φ(x) ds(x).
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Figure 6: Plot of x 7→ qα(x, y) for a given y ∈ Bα with xc = (0, 0). (Top) Principal argument in Bα. (Bottom) Modulus
and principal argument along the curve C.

Let us examine each term on the right-hand side, starting from the top. (i) Tends to −φ(y)366

from Lemma 42. (ii) Tends to zero from Lemma 39. (iii) The jump term can be rewritten as367

JAα∇xGαK · ν(x) = ∇xĜ(Γα(x),Γα(y)) · JJαAανK, which is null from Lemma 37. (iv) Null by368

construction of Gα.369

The next section deals with the case where both x and y are in the scaling region.370

4.2. Complete expression of the Green’s function371

The function Gα is not continuous over R̊4 ∩ B2
α due to qα crossing the branch cut of ln, so372

that it does not solve (29) for y ∈ Bα. In this section we derive a continuous extension of Gα to373

R̊4 ∩ B2
α using only the principal branch of the logarithm, and check that it does solves (29) for374

any y ∈ R2. Before introducing the expression of our continuous extension, let us illustrate what375

is happening. In the case y = xc, the quantity qα simplifies to376

qα(x, xc) = R2
α exp

[
2
α̂(x)

ln
(
|x − xc|

Rα

)]
(x , xc).

When x < Bα, from Lemma 32 the quantity ln qα(x, xc) is well-defined. By contrast, as x→ xc,377

qα(x, xc) crosses the branch cut of ln infinitely many times when α < R since378

arg qα(x, xc) = ℑ
(

2
α̂(x)

)
ln

(
|x − xc|

Rα

)
(mod 2π),

so that “ln qα(·, xc)” is discontinuous inside Bα (see Figure 4). However, here the way out is379

straightforward since the map380

R2\{xc} → C, x 7→ ln(R2
α) +

2
α̂(x)

ln
(
|x − xc|

Rα

)
17
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is continuous and coincides with ln qα(·, xc) over R2\Bα.381

When y , xc, the exact same phenomenon occurs; since this is more difficult to see analyt-382

ically we illustrate it in Figure 6, which plots the modulus and argument of x 7→ qα(x, y) for a383

given y inside Bα. The plot shows that as x travels along the line C, qα crosses the real negative384

axis: the corresponding jump discontinuity in the imaginary part of Gα is plotted in Figure 7.385

In our experience, this discontinuity is not a significant computational issue when evaluating386

the complex-scaled single-layer potential (30) since it occurs close to the corner where, thanks387

to the complex scaling, the density vanishes. However, for the sake of completeness, we now388

derive a closed-form expression of the complete Green’s function.389

The above analysis of the case y = xc suggests that it may be possible to extend continuously390

ln qα from R̊4\B2
α to R̊4 ∩ B2

α by factoring out a well-chosen exponential term. This motivates391

the introduction of the factorization392

∀(x, y) ∈ R̊4, qα(x, y) =

exp
[

2
α̂(x) ln

(
|x−xc |

Rα

)]
× q̂α(x, y) (|y − xc| ≤ |x − xc|)

exp
[

2
α̂(y) ln

(
|y−xc |

Rα

)]
× q̂α(y, x) (|x − xc| ≤ |y − xc|),

where393

q̂α(x, y) B
qα(x, y)

exp
[

2
α̂(x) ln

(
|x−xc |

Rα

)] (x , xc),

and the candidate Green’s function394

Gα(x, y) B



Gα(x, y) ((x, y) < B2
α)

−
1

2πα
ln
|x − xc|

Rα
−

1
4π

ln q̂α(x, y) (|y − xc| ≤ |x − xc| < Rα)

−
1

2πα
ln
|y − xc|

Rα
−

1
4π

ln q̂α(y, x) (|x − xc| < |y − xc| < Rα),

(34)

whose regularity is illustrated in Figure 7 and established by the next result.395

Proposition 22. Letℜ(α) > 0. The function Gα given by (34) satisfies:396

1. Gα ∈ C0(R̊4),397
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2. Gα is infinitely smooth almost everywhere, with strong gradients identical to those of Gα:398

∇xGα(x, y) = −
Jα(x)

2π
Γα(x) − Γα(y)

qα(x, y)
, ∇yGα(x, y) =

Jα(y)
2π
Γα(x) − Γα(y)

qα(x, y)
.

3. For any γ ∈ (0, 1) and compact sets U1,U2 ⊂ R2, there is a constant C > 0 such that399

∀(x, y) ∈ U1 × U2 : x , y, |Gα(x, y)| ≤
C

|x − y|γ
.

Proof.400

1. Lemma 33 implies that the map401

(x, y) 7→ ln q̂α(x, y) (|y − xc| ≤ |x − xc|, x , y),

is well-defined and continuous since q̂α never crosses the branch cut of ln. Combined402

with Lemma 19, this ensures that the three functions on the right-hand side of (34) are403

well-defined and continuous on their domains of definitions. Hence, to prove continuity it404

remains to check that they match. (i) When |x − xc| = |y − xc| ≤ Rα,405

ln(|x − xc|/Rα) = ln(|y − xc|/Rα) and q̂α(x, y) = q̂α(y, x),

so that the bottom two functions in the right-hand side of (34) match. (ii) For any (x, y) ∈406

∂B2
α,407

ln(|x − xc|/Rα) = 0 and q̂α(x, y) Lemma 33
= qα(x, y),

so that the top and middle functions in the right-hand side of (34) match.408

2. The three functions in the right-hand side of (34) are continuously differentiable and com-409

puting their strong gradient using the chain rule gives the claim. Alternatively, this can410

also be deduced from the fact that branches of the logarithm differ by an additive constant.411

3. Since Gα is continuous on R̊4, the claim follows from the fact that the singularity as x→ y412

is at most logarithmic (this is the same argument as in the proof of Lemma 20).413

414

So far, we have extended Gα continuously to R̊4 ∩ B2
α using only the principal branch of the415

logarithm; we can now check that Gα is the sought Green’s function.416

Proposition 23. Letℜ(α) > 0. For any y ∈ R2, the function Gα(·, y) given by (34) solves (29).417

Proof. Let y ∈ R2 and φ ∈ C∞c (R2). From Proposition 22 and Lemma 38, we deduce that418

both Gα(·, y) and its weak gradient belong to L1
loc(R2). The proof is then identical to that of419

Proposition 21, since Lemmas 39 and 42 apply for any y ∈ R2.420

For reference, we end this section with a simplified expression of K⋆α .421

Lemma 24. Letℜ(α) > 0. The complex-scaled NP operator (31) and its adjoint satisfy422

K⋆ασ(x) =
−1
2π

pv
∫
Γ

µα(x)
α̂(x)

(Γα(x) − Γα(y)) · ν(x)
qα(x, y)

σ(y) ds(y) (x ∈ Γ) (35)

Kασ(x) =
1

2π
pv

∫
Γ

µα(y)
α̂(y)

(Γα(x) − Γα(y)) · ν(x)
qα(x, y)

σ(y) ds(y) (x ∈ Γ).
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Proof. Let x ∈ Γ such that x , xc and x < ∂Bα. Using AT
α = Aα, JT

α = Jα, and Lemma 35 we423

can express the conormal derivative as424

∂αν(x)Gα(x, y) = −
1

2π
Γα(x) − Γα(y)

qα(x, y)
·

(
µα(x)
α̂(x)

[I + (α̂(x) − 1)Pc(x)] ν(x)
)
,

where the term involving the projection matrix Pc is null. Indeed, if x < Bα, then α̂(x) = 1, and425

if x ∈ Bα, then (x − xc) · ν(x) = 0 since from Assumption 1 corners are straight.426

Equipped with a way to evaluate the complex-scaled Green function’s, we proceed to numer-427

ical computations in Section 5.428

Remark 25. Using Assumption 1, we find the usual formula: [48, (13.1.34)]429

∀x ∈ R2\{xc}, lim
y→x

(Γα(x) − Γα(y)) · ν(x)
qα(x, y)

=

κc(x)/2 (x < Bα)
0 (x ∈ Bα),

where κc(x) is the signed curvature of Γ.430

5. Numerical results431

This section focuses on the discretization of the complex-scaled NP operator K⋆α and gathers432

the numerical results6 obtained by solving the eigenvalue problem (32). Section 5.1 describes the433

employed Nyström method, which is validated in the next two sections. Section 5.2 considers an434

ellipse, which has only point spectrum, while Section 5.3 considers a corner geometry, which has435

only essential spectrum. Sections 5.4 and 5.5 then demonstrate that K⋆α can be used to compute436

embedded eigenvalues and complex resonances by considering corner perturbations of an ellipse437

as well as a geometry from [49].438

5.1. Nyström discretization method439

The continuous boundary Γ is approximated by a discrete boundary Γh that is a union of N440

non-overlapping elements441

Γh =

N⋃
n=1

Γh
n,

where h > 0 is the maximum element size (the smaller h the larger N). Each element Γh
n is442

mapped from the reference element [−1, 1] through the vector-valued map φh
n : [−1, 1] → Γh

n ⊂443

R2. In the presented numerical applications Γh is given by a second-order mesh generated with444

gmsh [50], so that each component of φh
n is a polynomial of degree 2. To integrate over Γh we445

use a composite quadrature rule446

Qh =

N⋃
n=1

P⋃
p=1

{(xh
p,n,w

h
p,n)}

obtained from the Gauss-Legendre quadrature rule on the reference element (x̂p, ŵp)1≤p≤P. This447

quadrature rule is exact for polynomials of degree 2P − 1.448

6Code available at https://doi.org/10.5281/zenodo.16309756.
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In order to describe the discretization method, let us consider the potential449

Tσ(x) =
∫
Γ

k(x, y)σ(y) ds(y) (x ∈ R2),

where k is a weakly singular kernel [3, § 2.3]. To evaluate this potential, we use a Nyström450

method combined with a product integration method to handle nearly and weakly singular terms451

[51, Chap. 4]. The corresponding discrete operator is452

T hσ(x) B
N∑

m=1

P∑
j=1

T h
j,m(x)σ(xh

j,m), (36)

where the coefficients are453

T h
j,m(x) B

k(x, xh
j,m

)wh
j,m if dist(x,Γh

m) > δd∫
Γh

m
k(x, y)lhj,m(y) ds(y) otherwise,

(37)

with δd > 0 a parameter and lhi,n = l̂i ◦ (φh
n)−1, where (l̂i)i is the Lagrange basis on the reference454

element455

l̂i : [−1, 1]→ R, deg l̂i = P − 1, l̂i(x̂ j) = δi, j.

The integral in (37) is either nearly or weakly singular and we evaluate it using the Gauss-456

Legendre quadrature rule with Ps > P nodes. We set δd = 10h, unless mentioned otherwise.457

The number of quadrature nodes is set to P = 2 and Ps = 6; the presented results do not change458

sensibly when increasing Ps.459

Let us now define our discrete operators. Since the complex-scaled single layer potential460

(30) is weakly singular, we can apply (36,37) with k = Gα to define Sh
ασ(x) for any x ∈ R2.461

The situation is more subtle for the complex-scaled NP operator (31): when x , xk
c (i.e. away462

from corners), K⋆ασ(x) is well-defined as an improper integral and we can apply (36,37) with463

k = ∂αν(x)Gα to define K⋆,hα σ(x). Since our quadrature points lie in the interior of each element Γh
n,464

we do not need to evaluate K⋆ασ(x) at x = xk
c . In summary, for a continuous density σ ∈ C0(Γ),465

Sh
ασ(x) provides a pointwise approximation of Sασ(x) for any x ∈ R2 while K⋆,hα σ(x) provides466

a pointwise approximation of K⋆ασ(x) only for x ∈ Γ\{xk
c }k.467

Equipped with our discrete complex-scaled NP operator, we can discretize the eigenvalue468

problem (32) as the NP-dimensional linear eigenvalue problem: find (λh, σh) ∈ C × CNP such469

that470
N∑

m=1

P∑
j=1

K⋆,hα, j,m(xh
i,n)σh

j,m = λ
hσh

i,n (1 ≤ i ≤ P, 1 ≤ n ≤ N). (38)

We will refer to NP as the number of degrees of freedom (DoF). The dense NP × NP matrix471

appearing in the left-hand side of (38) is real when α ∈ R and complex when α < R; it is neither472

Hermitian nor normal. To solve (38) we use the QR method implemented in LAPACK through473

numpy [52]. Note that the same discretization method is used for the cases α = 1 and α , 1: the474

only difference lies in the expression of the Green’s function, which is known analytically.475

Let us end this section by emphasizing that there are many alternative discretization methods476

that can be applied to K⋆α , notably the modified Nyström methods [49, 53, 36, 54], which can477

deliver high accuracy for elliptic problems on domains with corners. However, the Nyström478

method presented in this section will prove sufficient for our purposes, which is the computation479

of embedded eigenvalues and complex resonances.480
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Figure 8: Discrete eigenvalue problem (38) for an ellipse. (Left) Computed and exact (39) eigenvalues. (Right) Computed
eigenfunctions.
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(b) Error obtained with Nyström method.

Figure 9: Discrete eigenvalue problem (38) for an ellipse with semi-axes (a, b).

5.2. Validation: ellipse481

We consider an ellipse with semi-axes (a, b), for which eigenvalues are: [24, (4.13)]482

λel
j =

sign( j)
2

exp[−2| j| arctanh(r)] ( j ∈ Z∗), (39)

where r ∈ (0, 1) is the aspect ratio. Figure 8 plots the results obtained with the Nyström method483

described in Section 5.1 on a second-order unstructured mesh, an example of which is illustrated484

in Figure 9a. The eigenfunctions un = S[σn] are surface modes that are exponentially decaying485

away from Γ, a feature of all solutions of (5). Moreover, the smaller |λ| the more localized and486

oscillatory un. Figure 9b plots the error and indicates the convergence rate estimated using a least487

squares fit on the last four points. It shows that we obtain the convergence rate488

max
1≤ j≤J

∣∣∣λh
j − λ

el
j

∣∣∣ =
h→0
O(h3),

which is optimal since the mesh is second order: increasing P does not improve the rate of489

convergence.490

Figure 10 compares the Nyström method with a P2-Lagrange isoparametric FEM for (5),491

where the decay condition (5b) is enforced with the Dirichlet-to-Neumann operator on a circular492

boundary. To ensure a fair comparison, both methods rely on the same unstructured second-493

order mesh (ref. Figure 9a). Figure 10a illustrates that the FEM exhibits a spectral pollution494
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Figure 10: Eigenvalue problem (5) for an ellipse, discretized with a P2-Lagrange isoparametric FEM.

around λ = 0 that spreads as the mesh is refined, thus preventing from accurately computing all495

eigenvalues. This pollution is further illustrated in the error plot of Figure 10b, which highlights496

that only the largest eigenvalue converges. This failure of the FEM is well-documented and497

can be fixed using a locally-symmetric mesh [33], which can be built analytically for an ellipse498

but is non-trivial to build for arbitrary curves. This elementary example shows the advantage499

of discretizing (4) instead of (5) to compute eigenvalues of smooth obstacles. We now turn to500

corners.501

5.3. Validation: corner502

Let Ω be the truncated corner of radius R > 0 and angle ϕ ∈ (0, 2π)\{π}:503

Ω = {(r cos θ, r sin θ) | r ∈ [0,R), |θ| < ϕ/2} , Γ = ∂Ω, Γ0 = Γ ∩ {r = R} .

To validate the discretization of the complex-scaled NP operator K⋆α when α , 1, we consider504

the eigenvalue problem: find (σα, λ) ∈ H−1/2(Γ) × C, σα , 0, such that505

K⋆α [σα](x) = λσα(x) (x ∈ Γ\Γ0), Sα[σα](x) = 0 (x ∈ Γ0), (40)

where the scaling function is constant: α̂(x) = α with |α| = 1. This problem is ill-posed in the506

sense that it admits no non-null solutions in H−1/2(Γ). However it exhibits an essential spectrum507

given by (33) and associated with the strongly-oscillating singularities (13) illustrated in Fig-508

ure 2a; thanks to the Dirichlet boundary condition on Γ0, the two corners on Γ0 do not contribute509

to the essential spectrum. This problem is well-suited to verify whether a discretization of K⋆α is510

able to capture the deformation of the essential spectrum as arg(α) is changed.511

A discretization of (40) with the Nyström method described in Section 5.1 leads to a 2 × 2512

block generalized eigenvalue problem on (σh
α|Γ
, σh
α|Γ0

) that we reduce to an eigenvalue problem513

on σh
α|Γ

using a Schur complement. We use an unstructured second-order graded mesh illustrated514

in Figure 11a; the grading is obtained by linearly interpolating the mesh size between hc ≪ h515

and h:516

h(r) =
(
1 −

r
R

)
hc +

r
R

h (r ∈ (0,R]). (41)
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Figure 11b compares the computed eigenvalues to the exact essential spectrum for two values517

of the scaling parameter α. This shows qualitatively that the computed eigenvalues approximate518

the essential spectrum, although this is difficult to quantify due to the nature of the essential519

spectrum.520

Figure 12 compares the Nyström results with those obtained with a P2-Lagrange isoparamet-521

ric FEM for (24a) on Ω with a Dirichlet boundary condition on Γ0. It illustrates that the FEM522

struggles to capture the essential spectrum for large values of arg(α), although the agreement for523

small arg(α) is satisfactory. Similarly to the ellipse case, this leads us to the conclusion that the524

Nyström method is more accurate on the same mesh.525

(a) Unstructured mesh with grading.
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Figure 11: Eigenvalue problem (40) with R = 1.
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Figure 12: Eigenvalue problem (40) with R = 1. Comparison between Nyström and finite element.

5.4. Ellipse perturbed by corner526

In this section, we consider two piecewise-smooth curves that exhibit complex resonances or527

embedded eigenvalues. Our first curve is an ellipse of semi-axes (a, b) perturbed by a straight528
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(a) Corner on major axis (42,43,44). (b) Corner on minor axis (45,46,47).

Figure 13: Mesh for an ellipse perturbed by a corner on its major or minor axis.

corner of angle ϕ on its major axis:529

Γ =
{
(x, y)

∣∣∣ (x/a)2 + (y/b)2 = 1, xm < x < a
}

∪
{
txc + (1 − t)xρm

∣∣∣ t ∈ (0, 1), ρ ∈ {−,+}
}
,

(42)

where xc = (xc, 0) is the corner point and x±m = (xm,±ym) are the two junction points. We choose530

the parameters (xc, xm, ym) so that Γ is C1 at the two junction points x±m:531

(xm/a)2 + (ym/b)2 = 1, xm/a =
− tan(ϕ/2)√

(b/a)2 + [tan(ϕ/2)]2
, xc − xm = −ym/ tan(ϕ/2), (43)

as illustrated in Figure 13a for532

(a, b, ϕ) = (2.5, 1, 0.75π), (44)

which are the values we consider from now on. Γ satisfies Assumption 1 with “C2” substituted by533

“C1,1”, which does not substantially change the theory. Most importantly for our purposes, for a534

given scaling parameter α, the essential spectrum is given by (33) and eigenvalues accumulate at535

0. Our motivation for enforcing a C1 junction with (43) is to prevent the two junction points x±m536

from contributing to the essential spectrum, thus enabling to isolate the effect of a single corner.537

Before discussing the numerical results, we need to motivate our definition of Γ. The fact538

that “ellipse with corners” can exhibit embedded eigenvalues has first been reported in [1] and539

further analyzed in [2] where it is shown how one can construct piecewise-smooth curves that540

exhibit embedded eigenvalues. Let us apply the result of [2] to our boundary (42,43,44). We541

know that the ellipse has eigenvalues given by (39). When we modify the ellipse by adding a542

corner of angle ϕ ≃ π, this is a small perturbation so that the perturbed eigenvalues will not move543

too much:544

λ j ≃ λ
el
j .

However, the corner induces an essential spectrum [−λc(ϕ), λc(ϕ)], which covers infinitely many545

ellipse eigenvalues. Let λel
j ∈ (−λc(ϕ), λc(ϕ)) be a covered eigenvalue. The analysis in [2] shows546

that one can predict how this covered eigenvalue will be perturbed by studying the parity of the547

eigenfunction uel
j with respect to the corner axis: if uel

j has a parity opposite to that of the corner548

singularity (13), then there is no coupling and λel
j is perturbed into an embedded eigenvalue;549

otherwise λel
j is perturbed into a complex resonance.550

When ϕ ∈ (0, π), the corner singularities are odd when λ ∈ (0, λc(ϕ)) and even when λ ∈551

(−λc(ϕ), 0). An investigation of the ellipse eigenfunctions, illustrated in Figure 8, shows that552
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Figure 14: Ellipse perturbed by a corner on its major axis. Influence of arg(α) on the eigenvalues computed using (38).

when λel
j is positive (resp. negative), the eigenfunction uel

j is odd (resp. even) with respect to the553

major axis. Hence, we deduce that any eigenvalue satisfying λel
j ∈ [−λc(ϕ), λc(ϕ)] is perturbed554

into a complex resonance. In particular, there are no embedded eigenvalues.555

Figure 14 plots the eigenvalues computed using the Nyström method for increasing values556

of arg(α). For α = 1, i.e. without complex scaling, only eigenvalues outside of the essential557

spectrum can be computed, the essential spectrum giving a cluster of eigenvalues. As | arg(α)|558

is increased, the essential spectrum deforms and uncovers isolated eigenvalues, eight of them559

being highlighted in the plot and numbered such that λh
j ≃ λ

el
j . Since the spectrum is invariant by560

λ 7→ −λ we numerically have λh
i ≃ −λ

h
i . The largest eigenvalue561

λh
1 ≃ 2.1 × 10−1 − 3.6 × 10−8i

is an isolated eigenvalue of K⋆, which can be computed without complex scaling. The next three562

eigenvalues have significantly larger imaginary parts563

λh
2 ≃ 9.3 × 10−2 − 4.0 × 10−3i, λh

3 ≃ 3.8 × 10−2 − 2.0 × 10−3i, λh
4 ≃ 1.5 × 10−2 − 5.2 × 10−4i,

from which we deduce that they are complex resonances. As λh → 0, the imaginary parts of564

complex resonances tend to 0.565

The associated complex-scaled eigenfunctions uh
α, j = S

h
ασ

h
j , which have a corner expansion566

of the form (28), are shown in Figure 15. All the eigenfunctions tend to zero in the complex567
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Figure 16: Ellipse perturbed by a corner on its major axis. Comparison with the FEM from [11].

scaling region Bα, which indicates that the complex scaling has tamed the exponentially growing568

singularity of the complex resonance functions ( j ∈ {2, 3, 4}) while preserving the asymptotic569

behavior of the eigenfunction ( j = 1). At the entrance of the scaling region, a small oscillation570

can be seen for uh
α,4.571

Figure 16 compares the spectrum obtained with the Nyström method with the one obtained572

using the FEM from [11], which discretizes (24a) in Euler coordinates around the corner and573

in Cartesian coordinates elsewhere; a Dirichlet-to-Neumann condition is enforced on a circular574

boundary to account for the decay condition (24b). Thanks to this mix of coordinate systems, this575

FEM is able to capture the essential spectrum with a high accuracy. The plot shows a satisfactory576

agreement on the complex resonances, which are the quantities of interest herein.577

Our second obstacle is designed to obtain embedded eigenvalues. We consider the same578
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Figure 17: Ellipse perturbed by a corner on its minor axis. Influence of arg(α) on eigenvalues computed using (38).

ellipse as above, but we add a corner of angle ϕ ∈ (0, π) on its minor axis instead:579

Γ =
{
(x, y)

∣∣∣ (x/a)2 + (y/b)2 = 1, −b < y < ym

}
∪

{
txc + (1 − t)xρm

∣∣∣ t ∈ (0, 1), ρ ∈ {−,+}
}
,

(45)

where we enforce a C1 junction using580

(xm/a)2 + (ym/b)2 = 1, xm/a =
1√

1 + (b/a)2 tan2(ϕ/2)
, yc − ym = xm/ tan(ϕ/2). (46)

We focus on the case581

(a, b, ϕ) = (2.5, 1, 0.85π), (47)

illustrated in Figure 13b. This corner perturbation is arguably not as “small” as the previous582

one, but the perturbation mechanism from [2] turns out to be still effective to understand its583

effect. Since ellipse eigenfunctions are alternatively odd and even with respect to {x = 0}, ellipse584

eigenvalues will be alternatively perturbed into complex resonances and embedded eigenvalues.585

Figure 17 plots the spectrum obtained with the Nyström method and highlights the largest586

isolated eigenvalues, the corresponding eigenfunctions being plotted in Figure 18. The eigenval-587

ues λh
1 and λh

2 are isolated eigenvalues of K⋆, with imaginary parts around 10−7. The eigenvalue588
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Figure 18: Ellipse perturbed by a corner on its minor axis. Eigenfunctions.

λh
3 has an imaginary part with the same order of magnitude as λh

1 and λh
2, which indicates that it589

is an embedded eigenvalue of K⋆; the associated eigenfunction is even with respect to the cor-590

ner axis and thus does not couple with the odd corner singularity. Finally, since |ℑ(λh
4)| is four591

orders of magnitude larger than |ℑ(λh
1)|, we deduce that it is a complex resonance, associated as592

expected with an odd eigenfunction. Inside the scaling region, we can see some oscillations of593

uα,4, which are attenuated before they reach the corner.594

Let us now investigate the convergence of the computed eigenvalues and complex resonances.595

Since we use P = 2 with a second-order mesh, as for the ellipse validation case presented in596

Section 5.2, we can expect at most a O(h3) convergence rate. Given that we do not know the597

exact solutions, we estimate the error using598

max
1≤ j≤J

∣∣∣λh
j − λ

ref
j

∣∣∣ (48)

where the reference values are the eigenvalues computed on a finer mesh. For this to be computa-599

tionally tractable, we compute only a subset of the solutions of (38) using an implicitly restarted600

Arnoldi method through scipy [55].601

Figure 19 plots the estimated relative errors for increasing values of arg(α) using the grading602

(41) with hc = h4; the distance δd is set to the h-independent value δd = R/2 where R is the603

radius of the scaling region Bα. For each eigenvalue, a convergence rate is estimated using a604

least squares fit on all the data points. The leftmost plot shows the convergence rate of the605

isolated eigenvalues λh
1,2 without complex scaling, which is lower than the one obtained for the606

ellipse. With complex scaling, the convergence rate of λh
1,2 remains around O(h2).607

The convergence rate on the embedded eigenvalue λh
3 is largest for arg(α) = π/7 while the608

estimated error is smaller for arg(α) = π/10. The complex resonance λh
4 converges slowly for609

arg(α) = π/10, a value for which it is barely uncovered as shown in Figure 17. As arg(α) is610

increased, both the convergence rate and error levels of λh
4 improves, reaching at least a three-611
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digit accuracy on the finest mesh.612

In summary, Figure 19 illustrates that there is no “one-size-fits-all”, i.e. a value of arg(α)613

that delivers an optimal convergence rate for all eigenvalues and complex resonances. Nonethe-614

less, by choosing arg(α) = π/7 we are able to achieve at least a O(h2) rate for the four values615

considered.616

The convergence rates shown in Figure 19 are both non-optimal and sensitive to the mesh617

grading at the corner, similarly to what happens for elliptic problems. In order to illustrate this,618

we now consider an isogeometric discretization of (45,46,47), i.e. we take Γh = Γ with each map619

φh
n being defined from the analytical expression of Γ.620

For the case arg(α) = π/7, the left plot of Figure 20 shows the estimated errors obtained621

without mesh grading. The eigenvalue λh
1 converges linearly while the other three converge sub-622

linearly. This low convergence rate can be justified using the corner expansion (28), which is623

satisfied by the eigenfunctions. Near the corner, the density σ = −J∂νuKΓ behaves like riη with η624

close to the real axis. By solving the corner dispersion relations625

ge(αη, λh
j ) = 0, go(αη, λh

j ) = 0,

where ge and go are given by (12), we deduce that for each of the four eigenfunctions the radial626

exponent that drives the regularity is627

ηh
1 ≃ −0.9 − 1.1i, ηh

2 ≃ −0.18 − 0.37i, ηh
3 ≃ −1.5 − 0.77i, ηh

4 ≃ 1 − 0.34i.

From these values we deduce that r 7→ riηh
k is C1 at r = 0 only for k = 1, which explains the slow628

convergence observed without grading. The right plot of Figure 20 shows the errors obtained629

with the corner grading µ : [0, 1] → [0, 1] defined in [49, (2.2)] with the parameter “p = 4”,630

which satisfies µ(m)(0) = 0 for m ∈ {1, 2, 3}: this property increases the regularity of the integrand631

at r = 0 and leads to improved convergence rates, delivering a convergence close to third-order.632

However, this grading is not tailored to the strongly-oscillating singularities (13): the waveguide633

viewpoint recalled in Section 3.1, which takes place in Euler coordinates (z = ln r, θ), suggests634

that a better grading would be exponential, for instance µ(r) = exp(1 − 1/r). Unfortunately,635

the implementation of such a grading in double precision arithmetic is delicate due to loss of636

significant digits.637

5.5. Delta geometry638

Let ϕ ∈ (π, 2π). We consider the “delta” geometry, adapted from [49]:639

Γ =

{(
−

2 sin(3t/2)
3 tan(ϕ/2)

,− sin(t)
)
| t ∈ (0, 2π)

}
, (49)

which defines the boundary of a non-convex domain Ω having a reentrant corner of angle ϕ at640

xc = (0, 0). This domain does not satisfy Assumption 1 since its corner is not straight. However,641

the corner is “almost” straight in the sense that642

|θ(r)| − (π − ϕ/2) =
r→0
O(r2),

where (r, θ) are the polar coordinates centered at xc, so that we can expect that the complex scal-643

ing introduced in this work can still be applied. To verify this, we now consider an isogeometric644
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Figure 19: Ellipse perturbed by a corner on its minor axis (45,46,47). Estimated error (48) with Nyström method.
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Figure 21: Delta geometry (49). Eigenvalues obtained with (38).

discretization of Γ with angle ϕ = 5π/3. At the corner, we use the grading defined in [49, (2.2)]645

with parameter “p = 3”. To reduce spectral pollution, we increase Ps to Ps = 8 for this case.646

Figure 21 plots the eigenvalues obtained by solving (38) with a scaling region of radius Rα =647

0.4, slightly adjusted to ensure mesh conformity. It illustrates that the complex scaling is able648

to deform the essential spectrum; eight of the uncovered embedded eigenvalues are highlighted.649

The eigenfunctions associated with the first three embedded eigenvalues are shown in Figure 22.650

By contrast with the results of Section 5.4, these eigenfunctions are odd with respect to the corner651

axis. This follows from the fact that when ϕ ∈ (π, 2π), the strongly-oscillating corner singularities652

associated with λ ∈ (0, λc(ϕ)) are even. Hence, for this boundary, positive embedded eigenvalues653

are associated odd eigenfunctions while negative embedded eigenvalues are associated with even654

eigenfunctions.655

Overall, this example illustrates that the complex-scaled NP operator derived in this work can656

be applied to domains with non-straight corners, at least as long as the corner does not exhibit a657

strong curvature.658

6. Conclusion and outlook659

In this work we focused on the computation of complex resonances and embedded eigen-660

values of the Neumann-Poincaré operator (1) on domains with straight corners (Assumption 1)661

using a BIE. Our strategy was to adapt the corner complex scaling technique [10], originally662

developed for (5), to (4). Based on previous works involving complex scaling in BIEs [12, 13],663

this adaptation is simple in principle and can be broken down as follows:664
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1. formulate the complex scaling as a path Γα : R2 → C2,665

2. define the complex-scaled Green’s function as “Gα(x, y) = G(Γα(x),Γα(y))”,666

3. define the complex-scaled NP operator (31).667

However, in carrying out this program we encountered two hurdles. Firstly, corner complex668

scaling is defined in [10] as a linear scaling in Euler coordinates (z, θ); mapping back to Carte-669

sian coordinates leads to the unwieldy nonlinear expression (20). Secondly, the formula for Gα670

suggested above turns out to have discontinuities close to the corner due to Γα(x) − Γα(y) cross-671

ing the branch cut of ln. The location of these discontinuities implies that they are not a major672

computational issue, however for completeness we proposed the corrected expression (34).673

Eventually, the scaled NP operator simplifies to (35) and a Nyström method leads to the dense674

linear non-hermitian eigenvalue problem (38). Solving this problem using standard packages675

enabled us to compute both complex resonances and embedded eigenvalues, see Figures 14 and676

17, with a convergence rate between second and third order.677

Let us suggest directions for future work. Firstly, this scaling can be directly applied to678

the Helmholtz scattering problem on domains with corners, which should lead to a convergent679

scheme even when the source term excites the strongly-oscillating corner singularities. However,680

using this scaling for the Helmholtz eigenvalue problem is much more challenging due to the681

nonlinearity in the spectral parameter.682

Secondly, improving the convergence rates shown in Figures 19 and 20 could lead to interest-683

ing developments. As suggested at the end of Section 5.4, implementing a grading tailored to the684

expression of strongly-oscillating singularities could be beneficial. Moreover, the dependency of685

the convergence rates on both arg(α) and λ suggests that there might be room for improvement686

in the expression of the scaling function α̂.687

Code Availability Statement688

The code used to generate the findings of this study is openly available on Github at https:689

//doi.org/10.5281/zenodo.16309756.690
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[44] M. Dauge, B. Texier, Problèmes de transmission non coercifs dans des polygones, 1997. Hal-00562329.784

[45] M. Costabel, M. Dauge, Singularities of electromagnetic fields in polyhedral domains, Archive for Rational785

Mechanics and Analysis 151 (2000) 221–276. doi:10.1007/s002050050197.786

[46] J. Aguilar, J. M. Combes, A class of analytic perturbations for one-body Schrödinger hamiltonians, Communica-787

tions in Mathematical Physics 22 (1971) 269–279. doi:10.1007/BF01877510.788

[47] E. Balslev, J. M. Combes, Spectral properties of many-body Schrödinger operators with dilatation-analytic inter-789

actions, Communications in Mathematical Physics 22 (1971) 280–294. doi:10.1007/BF01877511.790

[48] K. Atkinson, Numerical Analysis, 3 ed., Springer, Dordrecht, 2009.791

[49] R. Kress, A Nyström method for boundary integral equations in domains with corners, Numer. Math. 58 (1990)792

145–161. doi:10.1007/BF01385616.793

[50] C. Geuzaine, J.-F. Remacle, Gmsh: A 3-D finite element mesh generator with built-in pre- and post-processing794

facilities, Int. J. Numer. Methods Eng. 79 (2009) 1309–1331. doi:10.1002/nme.2579.795

[51] K. E. Atkinson, The Numerical Solution of Integral Equations of the Second Kind, Cambridge University Press,796

Cambridge, 1997.797

[52] C. R. Harris, K. J. Millman, S. J. van der Walt, R. Gommers, P. Virtanen, D. Cournapeau, E. Wieser, J. Taylor,798

S. Berg, N. J. Smith, R. Kern, M. Picus, S. Hoyer, M. H. van Kerkwijk, M. Brett, A. Haldane, J. F. del Rı́o,799

M. Wiebe, P. Peterson, P. Gérard-Marchant, K. Sheppard, T. Reddy, W. Weckesser, H. Abbasi, C. Gohlke, T. E.800

Oliphant, Array programming with NumPy, Nature 585 (2020) 357–362. doi:10.1038/s41586-020-2649-2.801

[53] J. Bremer, A fast direct solver for the integral equations of scattering theory on planar curves with corners, Journal802

of Computational Physics 231 (2012) 1879–1899. doi:10.1016/j.jcp.2011.11.015.803

[54] O. P. Bruno, E. Garza, A Chebyshev-based rectangular-polar integral solver for scattering by geometries described804

by non-overlapping patches, J. Comput. Phys. 421 (2020) 109740. doi:10.1016/j.jcp.2020.109740.805

[55] P. Virtanen, R. Gommers, T. E. Oliphant, M. Haberland, T. Reddy, D. Cournapeau, E. Burovski, P. Peterson,806

W. Weckesser, J. Bright, S. J. van der Walt, M. Brett, J. Wilson, K. J. Millman, N. Mayorov, A. R. J. Nelson,807
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A. Boundary integral operators for strongly elliptic problems812

In this section we gather standard results on BI operators associated with scalar strongly813

elliptic problems with smooth coefficients; we refer to [6, 8] for further background. Throughout814

this appendix, P denotes the second-order operator815

Pu = −∇ · [A∇u],

where the coefficients satisfy A ∈ L∞(R2;C2×2) ∩C∞(R2;C2×2), AT = A, and816

∃c0, c1 > 0 : ∀(x, ξ) ∈ R2 × R2, c0|ξ|
2 ≤ ℜ[A(x)ξ · ξ] ≤ c1|ξ|

2.

For any φ ∈ C∞c (R2), we define the conormal derivative ∂A,νu = [A∇u] · ν, which through the817

first Green identity defines two one-sided trace operators ∂±A,ν : H1
P

(Ω±) → H−1/2(Γ) where [6,818

Lem. 3.2]819

H1
P(Ω±) = {u ∈ H1(Ω±) | Pu ∈ L2(Ω±)}. (A.1)

Let G(x, y) be the solution of PG(·, y) = δ(· − y). Using G and ∂A,ν, we can define the single and820

double layer potentials821

Sσ(x) =
∫
Γ

G(x, y)σ(y) ds(y), Kσ(x) =
∫
Γ

∂A,ν(y)G(x, y)σ(y) ds(y) (x ∈ R2\Γ),

as well as the single and double layer operators822

Sσ(x) =
∫
Γ

G(x, y)σ(y) ds(y), Kσ(x) = pv
∫
Γ

∂A,ν(y)G(x, y)σ(y) ds(y) (x ∈ Γ).

Now let Ω ⊂ R2 be a bounded open set with a Lipschitz boundary Γ. The following standard823

properties hold.824

Proposition 26 (Sobolev mapping properties). The layer potentials and BI operators satisfy825

S : H−1/2(Γ)→ H1
loc(R2), K : H1/2(Γ)→ L2

loc(R2),

S ∈ B(H−1/2(Γ),H1/2(Γ)), K ∈ B(H1/2(Γ),H1/2(Γ)).

Proof. See [6, Thm. 1].826

Proposition 27 (Jump relations). The single layer potential satisfies the jump relations827

∀σ ∈ H−1/2(Γ), JSσKΓ = 0, ∂±A,νSσ = K⋆σ ∓
1
2
σ.

Proof. See [6, Lem. 4.1].828

Proposition 28 (Third Green identity). Let u ∈ L2(R2) with compact support. If u|Ω ∈ H1
P

(Ω)829

and u|Ωc ∈ H1
P

(Ωc), then for a.e. x ∈ R2,830

u(x) =
∫
Ω

G(x, y)Pu(y) dy +
∫
Ωc

G(x, y)Pu(y) dy − SJ∂A,νuKΓ(x) +KJuKΓ(x), (A.2)

where the jumps are defined as (8).831
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Proof. See [8, Thm. 6.10] or [6, Lem. 3.4].832

Lemma 29. Let σ ∈ H−1/2(Γ) be a non-null solution of K⋆σ = λσ for some λ ∈ R. The833

following equivalence holds: ⟨σ, 1⟩−1/2,1/2 = 0⇔ λ , −1/2.834

Proof. Testing K⋆σ = λσ against 1 leads to ⟨σ,K[1]⟩−1/2,1/2 = λ ⟨σ, 1⟩−1/2,1/2, so that the claim835

follows from K[1] = −1/2. (Apply Proposition 28 to u = 1Ω, take the interior trace γ−0 :836

H1(Ω)→ H1/2(Γ) to obtain 1 = −γ−0 (K[1]), and use γ−0Kσ = (K − I/2)σ).837

Lemma 30. Let σ ∈ H−1/2(Γ) such that ⟨σ, 1⟩−1/2,1/2 = 0. If Sσ = 0, then σ = 0.838

Proof. Letσ ∈ H−1/2(Γ) such that ⟨σ, 1⟩−1/2,1/2 = 0 and Sσ = 0 a.e. on Γ. Let v = Sσ ∈ H1
loc(R2)839

be the associated single layer potential. The jump relations imply that the trace and conormal840

derivative of v satisfies v|Γ = 0 and ∂−A,νv =
(
K⋆ + I/2

)
σ. However, since Pv = 0 in Ω we deduce841

using the first Green’s identity on Ω that v is constant. Hence K⋆σ = −σ/2 and we conclude842

using Lemma 29 that σ = 0.843

Using the above results we can prove the following equivalence.844

Proposition 31. Let λ ∈ C\{±1/2} and κ be given by (6). Let R > 0 be a radius such that845

A(x) = I when |x| > R.846

(i) If σ ∈ H−1/2(Γ)\{0} solves K⋆σ = λσ, then u = Sσ ∈ Ḣ1(R2) is a non-null solution of847

∇ · [a(x, κ)A(x)∇u(x)] = 0 (A.3a)

u(x) =
|x|→∞

O(|x|−1). (A.3b)

(ii) If u ∈ Ḣ1(R2) is a non-null solution of (A.3), then σ = −J∂A,νuKΓ ∈ H−1/2(Γ) is a non-null848

solution of K⋆σ = λσ.849

Proof. Let λ ∈ C\{±1/2} and κ be given by (6).850

(i) Let σ ∈ H−1/2(Γ) be a non-null solution of K⋆σ = λσ. Since λ , −1/2, we deduce851

from Lemma 29 that ⟨σ, 1⟩−1/2,1/2 = 0. Let us now check that u = Sσ solves (A.3). By852

construction, Pu = 0 on Ω ∪Ωc. The asymptotic identity853

Sσ(x) =
|x|→∞

⟨σ, 1⟩−1/2,1/2 ×C ln |x| + O(|x|−1), (A.4)

where C is some constant, implies that u satisfies the decay condition (A.3b). Since u ∈854

H1
loc(R2), it satisfies JuKΓ = 0 ; injecting the jump relations into Ja(·, κ)∂A,νuKΓ = 0 leads to855

K⋆σ(x) + σ(x)/2 = κ
[
K⋆σ(x) − σ(x)/2

]
(x ∈ Γ),

which is K⋆σ = λσ since by assumption (6) holds. It remains to check that u is non-null.856

Lemma 30 implies that u|Γ , 0 in H1/2(Γ), from which we deduce that u , 0 in H1(Ω)857

from the uniqueness of the solution to the Dirichlet boundary value problem on Ω.858

(ii) Let u ∈ Ḣ1(R2) be a non-null solution of (A.3). Since u ∈ H1
loc(R2), JuKΓ = 0 in H1/2(Γ).859

Let σ = −J∂A,νuKΓ in H−1/2(Γ) and v = Sσ. Proposition 28 , combined with the behavior860

at infinity of u, implies that for any χ ∈ C∞c (Rn), χ(u − v) = 0. The jump relations imply861

that σ solves K⋆σ = λσ. Moreover, since λ , −1/2, we deduce from Lemma 29 that862

⟨σ, 1⟩−1/2,1/2 = 0, so that (A.4) implies that v satisfies the decay condition (A.3b), so that863

u = v a.e. in R2. Finally, σ , 0 since otherwise v, hence u would be null.864

865
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B. Derivation of the complex-scaled Green’s function866

This section gathers technical lemmas used in the derivation of the complex-scaled Green’s867

function presented in Section 4.868

B.1. Complex-scaled distances869

This section focuses on the complex-scaled squared distance terms qα and q̂α, which are used870

as arguments of the principal branch of the logarithm in the definition of the complex-scaled871

Green’s function. The objective of the results below is to verify that qα and q̂α do not cross the872

real negative axis on their domains of definition.873

Lemma 32. Letℜ(α) > 0. For any (x, y) ∈ R4\B2
α, we have874

1. qα(x, y) < (−∞, 0).875

2. qα(x, y) = 0⇔ x = y.876

Proof. We begin by writing qα as877

qα(x, y)/R2
α = r2/α̂(rx)

x + r2/α̂(ry)
y − 2r1/α̂(rx)

x r1/α̂(ry)
y cos θxy, (B.1)

where (rx = |x − xc|/Rα, θx) (resp. (ry = |y − xc|/Rα, θy)) are polar coordinates for x (resp. y)878

centered at the corner xc, θxy = θx − θy, and the scaling function α̂ satisfies α̂(r) = α if r < 1 and879

1 if r > 1. The proof of both claims boils down to distinguishing cases.880

1. Assume (x, y) < B2
α. We distinguish three cases.881

(i) If x < Bα and y < Bα, i.e. rx ≥ 1 and ry ≥ 1, then qα(x, y) ∈ R satisfies882

qα(x, y)/R2
α = r2

x + r2
y − 2rxry cos θxy ≥ (rx − ry)2. (B.2)

(ii) If x ∈ Bα and y < Bα, then883

qα(x, y)/R2
α = r2/α

x + r2
y − 2r1/α

x ry cos θxy.

Let us assume that qα ∈ R. Since ℑ(qα)/R2
α = 2ℑ[r1/α

x ]
(
ℜ[r1/α

x ] − ry cos θxy

)
, there are884

only two possible expressions885

qα(x, y)/R2
α =

r2
y − rℜ(2/α)

x (ifℜ[r1/α
x ] = ry cos θxy)(

ℜ[r1/α
x ] − ry cos θxy

)2
+

(
ry sin θxy

)2
(if ℑ[r1/α

x ] = 0),
(B.3)

which are both nonnegative. (iii) The case x < Bα and y ∈ Bα is identical to (ii) since x886

and y play a symmetric role.887

2. If x = y, then qα(x, y) = 0. Conversely, assume that (x, y) < B2
α and qα(x, y) = 0. We show888

that x = y by distinguishing the same cases as above: (i) follows from (B.2), (ii) follows889

from (B.3), (iii) follows from (ii) by swapping x and y.890

891

Lemma 33. Letℜ(α) > 0 and (x, y) ∈ R4. If |y − xc| ≤ |x − xc| and x , xc we have892

1. q̂α(x, y) < (−∞, 0).893

2. q̂α(x, y) = 0⇔ x = y.894
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3. If x ∈ ∂Bα, then q̂α(x, y) = qα(x, y).895

Proof. Let ℜ(α) > 0 and (x, y) ∈ R4. We assume that rx ≥ ry and rx , 0, using the notation896

(rx, ry, θxy, α̂(r)) introduced in the beginning of the proof of Lemma 32. Using (B.1) we can write897

q̂α as898

q̂α(x, y)/R2
α = 1 + δ2 − 2δ cos θxy, (B.4)

where for concision we denote δ = r1/α̂(ry)
y r−1/α̂(rx)

x , a complex ratio that satisfies899

|δ| ≥ 1 and
(
|δ| = 1⇔ rx = ry

)
. (B.5)

Before tackling each claim, let us state:900

ℜ(q̂α(x, y))/R2
α = 1 − ℑ (δ)2 +ℜ (δ)

[
ℜ (δ) − 2 cos θxy

]
(B.6)

ℑ(q̂α(x, y))/R2
α = 2ℑ (δ)

[
ℜ (δ) − cos θxy

]
. (B.7)

1. Assume q̂α(x, y) ∈ R. From (B.7) we see that there are only two cases:901

q̂α(x, y)/R2
α =

1 − |δ|2 ≥ 0 (ifℜ[δ] = cos θxy)
1 + δ2 − 2δ cos(θxy) ≥ 1 − (cos θxy)2 (if ℑ[δ] = 0),

(B.8)

where the inequalities follow from (B.5) and Young’s inequality.902

2. If x = y, then from (B.4) we deduce q̂α(x, y) = 0. Conversely, assume that q̂α(x, y) = 0,903

so that (B.8) holds. (a) Ifℜ(δ) = cos θxy, then |δ| = 1 so that from (B.5) we have rx = ry,904

implying cos θxy = 1. (b) If ℑ(δ) = 0, then (B.6) is 0 = (ℜ[δ]− cos θxy)2 + (sin θxy)2, hence905

sin θxy = 0 andℜ(δ) = cos θxy, and we conclude as in case (a).906

3. If rx = 1, then δ = r1/α̂(ry)
y so that (B.1) and (B.4) are identical.907

908

B.2. Complex scaling matrix909

This section proves identities involving the product JαAα, which appears in e.g. the conormal910

derivative of the complex-scaled Green’s function. We begin with the basic identities satisfied911

by the projection matrix Pc that appears in the definition of both Aα and Jα.912

Lemma 34. For any x , xc and y ∈ R2, the projection matrix Pc(x) given by (23) satisfies913

Pc(x)2 = Pc(x), Pc(x)(x − xc) = x − xc, and Pc(x)y = (x−xc)·y
|x−xc |2

(x − xc).914

Using this result, we can obtain the following simplified expression.915

Lemma 35. Let α ∈ C∗. For any x < [{xc} ∪ ∂Bα],916

Jα(x)Aα(x) =
µα(x)
α̂(x)

[I + (α̂(x) − 1)Pc(x)] . (B.9)

Proof. Compute the product of (22) and (25) and use Lemma 34.917

The next results focus on simplifying AαJαν where ν is a unit normal vector.918
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Lemma 36. Let α ∈ C∗. For any x < [{xc} ∪ ∂Bα],919

Jα(x)Aα(x)(x − xc) = µα(x)(x − xc).

Proof. Follows from Lemmas 34 and 35.920

Lemma 37. Let α ∈ C∗. For any x ∈ ∂Bα,921

lim
h→±0

Jα(x + hν(x))Aα(x + hν(x))ν(x) = ν(x), (B.10)

where ν is a unit normal vector.922

Proof. Let x ∈ ∂Bα. Without loss of generality, we can choose ν(x) = (x − xc)/|x − xc| as unit923

normal vector. By denoting xh = x + hν(x) for concision, we have924

Jα(xh)Aα(xh)ν(x) = Jα(xh)Aα(xh)
xh − xc

|x − xc|
− hJα(xh)Aα(xh)

ν(x)
|x − xc|

= µα(xh)
xh − x
|x − xc|

− hJα(xh)Aα(xh)
ν(x)
|x − xc|

,

where since xh < ∂Bα we used Lemma 36. Passing to the limit yields the claim.925

B.3. Gradient of the complex-scaled Green’s function926

In this section with gather statements involving the gradient of Gα.927

Lemma 38. Letℜ(α) > 0. For any y ∈ R2, we have928

f : x 7→ Jα(x)
Γα(x) − Γα(y)

qα(x, y)
∈ L1

loc(R2).

Proof. Let y ∈ R2. From Lemma 11, f ∈ C0(R2\[{xc, y} ∪ ∂Bα]), so that it remains to verify929

that all the possible singularities are integrable. (i: x → ∂Bα\{y}) From (22), we deduce that the930

singularity of f on ∂Bα is a jump discontinuity given by:931

∀x ∈ ∂Bα\{y}, J f (x)K∂Bα = J1/α̂(x)K∂BαPc(x)
Γα(x) − Γα(y)

qα(x, y)
.

(ii: x→ xc and y , xc) From the continuity of Γα at xc, we have932

Γα(x) − Γα(y)
qα(x, y)

→
x→xc

xc − Γα(y)
qα(xc, y)

=
xc − y

µα(y)|xc − y|2
,

from which we deduce that f (x) =
x→xc

O (µα(x)) =
x→xc

O
(
|x − xc|

ℜ(1/α)−1
)
, which is integrable in933

R2 sinceℜ(1/α) > 0 by assumption. (iii: x→ xc and y = xc) From the definition of Γα:934

f (x) = Jα(x)
x − xc

µα(x)|x − xc|2
=

1
α̂(x)

x − xc

|x − xc|2
=

x→xc
O

(
|x − xc|

−1
)
.

(iv: x → y) The case y = xc is covered by (iii), so that we assume y , xc. Since Γα is Lipschitz935

in a neighborhood of y, Γα(x) − Γα(y) =
x→y
O(|x − y|), thus f (x) =

x→y
O

(
|x − y|−1

)
.936
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Lemma 39. Letℜ(α) > 0. For any y ∈ R2\{xc} and φ ∈ C∞c (R2),937

lim
ε→0

∫
∂B(xc,ε)

[
Aα(x)Jα(x)

Γα(x) − Γα(y)
qα(x, y)

]
· ν(x)φ(x) ds(x) = 0.

Proof. Using Aα = AT
α , Jα = JT

α , and Lemma 36, we can rewrite the integral as938

I(ε) =
∫
∂B(xc,ε)

Γα(x) − Γα(y)
qα(x, y)

· ν(x)µα(x)φ(x) ds(x).

For ε small enough, y < B(xc, ε), so that using (21) we have the estimate939

|I(ε)| ≤
(
ε

Rα

)ℜ(1/α)−1

sup
x∈B(xc,ε)

|φ(x)|
|Γα(x) − Γα(y)|

× 2πε,

from which we deduce the claim since by assumptionℜ(1/α) > 0.940

Lemma 40. Let ℜ(α) > 0, y ∈ Bα\{xc}, and xε = y + εêr(θ) where êr(θ) = [cos θ, sin θ]. We941

have942

lim
ε→0

Γα(xε) − Γα(y)
qα(xε, y)

· [Jα(xε)Aα(xε)(xε − y)] =
1/α

1 +
(

1
α2 − 1

)
(cos(θ − θc))2

,

where θc is the polar angle of xc − y.943

Proof. We assume that ε is small enough so that xε , xc. Since Γα is smooth around y, Taylor-944

Young gives945

Γα(xε) − Γα(y)
qα(xε, y)

=
ε→0

εJα(y)êr + O(ε2)
ε2[J2

α(y)êr] · êr + O(ε3)
.

Combined with the continuity of JαAα at y, we deduce946

lim
ε→0

Γα(xε) − Γα(y)
qα(xε, y)

· [Jα(xε)Aα(xε)(xε − y)] =
[Aα(y)J2

α(y)êr] · êr

[J2
α(y)êr] · êr

.

The claim then follows from the two algebraic identities (obtained using Lemma 34):947

Aα(y)Jα(y)2 =
µα(y)2

α
I, J2

α(y) = µ2
α(y)

[
I +

(
1
α2 − 1

)
Pc(y)

]
.

948

Lemma 41. For any α ∈ C such thatℜ(α) > 0,949

1
2π

∫ π

−π

1
α2(cos θ)2 + (sin θ)2 dθ =

1
α
.

Proof. Proved using a contour integral in [13, App. A].950

Lemma 42. Letℜ(α) > 0. For any y ∈ R2 and φ ∈ C∞c (R2),951

lim
ε→0

∫
∂B(y,ε)

[
Aα(x)Jα(x)

Γα(x) − Γα(y)
qα(x, y)

]
· ν(x)φ(x) ds(x) = 2πφ(y).
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Proof. Using Aα = AT
α and Jα = JT

α , we can rewrite the integral as952

I(ε) =
∫
∂B(y,ε)

Γα(x) − Γα(y)
qα(x, y)

· [Jα(x)Aα(x)ν(x)]φ(x) ds(x).

We distinguish cases on y. (i) If y = xc, using Lemma 36 we see that the integral is953

I(ε) =
∫
∂B(xc,ε)

Γα(x) − Γα(xc)
qα(x, xc)

· ν(x)µα(x)φ(x) ds(x),

so that using Γα(xc) = xc we obtain954

I(ε) =
∫
∂B(xc,ε)

x − xc

|x − xc|2
· ν(x)φ(x) ds(x)→ 2πφ(xc).

(ii) If y ∈ R2
α, then Γα(x) = x, Γα(y) = y, and AαJα = I so that955

I(ε) =
∫
∂B(y,ε)

x − y
|x − y|2

· ν(x)φ(x) ds(x)→ 2πφ(y).

(iii) Assume y ∈ Bα. This case is more involved since JαAαν is not aligned with ν, as in the956

previous cases. Using Lemma 40 we deduce957

lim
ε→0

I(ε) = φ(y)
∫ π

−π

1/α

1 +
(

1
α2 − 1

)
(cos(θ − θc))2

dθ,

which is 2πφ(y) from Lemma 41. (iv) When y ∈ ∂Bα, we split the circle integral along the958

boundary of the scaling region:959

I(ε) =
(∫
∂B(y,ε)∩Bα

+

∫
∂B(y,ε)\Bα

)
Γα(x) − Γα(y)

qα(x, y)
· [Jα(x)Aα(x)ν(x)]φ(x) ds(x).

Each integral is dealt with as in cases (ii) and (iii), leading to960

lim
ε→0

I(ε) = φ(y)

(∫ −π/2

−π

+

∫ π

π/2

)
1/α

1 +
(

1
α2 − 1

)
(cos θ)2

dθ +
∫ π/2

−π/2
dθ


= φ(y) [π + π] .

961
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