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Highlights

Error estimation for numerical approximations of ODEs via com-
position techniques. Part II: BDF methods

Ahmad Deeb, Denys Dutykh, Maryam Al Zohbi

• The composition technique using complex coefficients is extended to
the BDF scheme.

• Higher order of accuracy is reached within the real parts of outputs.

• Error estimation of order p + 1 is provided in the imaginary parts.

• Improving the computational efficiency even with p−1 backward points
compared to BDFp.

• Breaking the Dahlquist Barrier of order six with the composition tech-
nique.

• Adaptivity technique is analysed and lower bounds of two consecutive
time steps is provided.
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Abstract

Integration of Ordinary Differential Equations (ODEs) using Backward Dif-
ference formula (BDF) methods with p backwards steps achieves order p
accuracy if specific conditions are met. This work extends the composition
technique with complex coefficients to the implicit BDF schemes, increasing
the approximation order by one without additional backward points. The
imaginary part of the composed flow provides an error estimate of order
p + 1. Linear stability analysis reveals that the composed schemes break
the Dahlquist barrier, achieving stability up to order eight. Computational
performance of the composed flow outperforms BDF schemes when using the
same number of backwards points, allowing reaching higher accuracy with
lower CPU time. For non-uniform meshes, the ratio of consecutive time
steps, which influences stability, appears as parameter in the roots of alge-
braic equations relative to the composed flow. Having a complex root with
real positive part implies a lower bound to this ratio depending on the order.
For example, the bound is 0.4506 for order three and 0.6806 for order four.
Numerical tests demonstrate the effectiveness of this technique in improving
the accuracy and stability compared to BDF methods.
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1. Introduction

In this two parts study, we are interested in providing a numerical solu-
tion and a local error estimate for the following Cauchy problem using the
composition technique of BDF schemes:

dy

dt
= f(t, y), t ∈ I =]t0,T[, y(t0) = y0, (1)

with

y :

∣∣∣∣ I ⊂ R → U ⊂ Rd

t 7→ y(t),
f :

∣∣∣∣ I× U → Rd

(t, y) 7→ f(t, y).
(2)

In real problems, the right hand side f is defined for real arguments and
returns real values. In this manuscript, we consider the cases where f could
also be extended to complex subsets and defined in J ×V , where I ⊂ J ⊂ C
and U ⊂ V ⊂ Cd. The extension, if possible, is done naturally.

Numerical approximations via different classes of schemes

Numerical integration of System (1) has been extensively investigated
[1] and a wide range of numerical schemes has been proposed to approx-
imate solutions for stiff and non-stiff problems [2, 3]. Classical numerical
schemes are decomposed into two types: one-step methods as, for instance,
the versatile explicit fourth-order Runge-Kutta (RK) scheme [4, 5] and Lin-
ear Multi-Step (LMS) methods such as the second order BDF2 resulting
from approximating the first derivative by difference formulas. The topic of
developing efficient and high order numerical methods for time integration
continues to hold significance and interest in current research [6, 7, 8].

Accuracy and stability of the numerical methods are important for en-
suring reliable numerical solutions [9]. Explicit RK schemes with s stages
are easily available to produce numerical solutions for different orders of ap-
proximations [10, 11, 12]. The region of stability of these methods is small
imposing a small time step when approximating solutions of highly stiff prob-
lems. Embedded Runge-Kutta (ERK) methods [13, 14] have been developed
then to adapt the local time step and improve performance of simulation in
the case of using explicit schemes. The idea consists of having two approxima-
tions of the solution with two different orders of approximation, thus an error
estimate could be deduced. Bogacki and Shampine [15] developed a third-
order ERK method with four stages, whilst a fifth-order ERK method was
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presented by Dormand and Prince [16]. For more details about ERK meth-
ods, please refer to [17, 18]. Implicit Runge-Kutta (IRK) methods are then
developed to produce numerical schemes with larger regions of stability, such
as Lobatto methods [19] that are based on the trapezoidal quadrature rule,
Radau [20, 21] and Gauß-RK methods [22, pp 34] which are collocation-type
methods. Embedded techniques were also developed for collocation meth-
ods [23]. Other types of numerical methods exist such as Exponential-Time
Differencing (ETD) methods [24, 25, 26, 27] that are based on integrating
exactly, if possible, the linear part of the equation. Other classes of numeri-
cal integrators are based on Divergent Series Resumation (DSR) [28, 29, 30]
such as the Borel-Padé-Laplace (BPL) that were applied to solving stiff and
non-stiff problems [31, 32].

Another class of numerical methods that has been developed for solving
the Cauchy problem is the so-called LMS schemes, see [2, Chap. 3] and
[33, 34], as for instance the Adams-Bashforth or the Milne-Simpson meth-
ods. These methods were developed to improve stability of simulations for
stiff problems [3, 35, 36]. They require additional starting points to provide
numerical approximations on subsequent layers. Dahlquist [37, 38] explored
and advanced the stability and convergence of these classes based on the
generating polynomials of corresponding LMS methods.

Stability of BDF schemes

When having uniform mesh, explicit BDF schemes are stable up to the
second order, while implicit ones are stable up to the sixth order [39]. When
applied to PDEs, the second order implicit BDF scheme was studied and used
for solving parabolic-type problems. Bokanowski [40] studied their stability,
Wang [41] provided error estimation, Akrivis [42, 43] applied BDF schemes
to the non-linear cases, Xu [44] provide a long error estimate for Delay differ-
ential equations, and Gragg and Stettar [45] used one or more off-grid points
to increase the order of approximations.

BDF schemes were also developed for non-uniform mesh. Among oth-
ers, Becker [46] proposed a variable time stepping technique for a parabolic
problem. Stability is altered in non-uniform mesh, and was studied in the
case of linear diffusion equations using a class of Discrete Orthogonal Convo-
lution (DOC). An upper bound on the ratio between two consecutive time
steps is established to maintain stability.

3



Increasing the order by composition techniques

Consider a situation where one has a basic one-step numerical scheme
with low-order accuracy and wants to provide approximations with increased-
orders. Composition techniques allow us to construct new numerical schemes
with higher-orders. It was introduced in several works: Yoshida [47] used
the composition to introduce symplectic integrators for Ordinary Differential
Equations (ODE)s, Suzuki [48] improved the precision of the approximation
of solution for two-body problems using the composition of basic numeri-
cal flows and McLachlan [49] considered a new type of differential equation
ẏ = A + B, where vector fields A and B can be integrated exactly. Then,
their solutions were composed to produce a general one of the initial problem.
Blanes et al. [50, 51, 52] have developed numerical methods with high-order
approximation by composing basic numerical integrators with the adjoint
that is defined by the inverse flow with a negative time step, or by compos-
ing several times second or fourth-order symmetric methods. Casas et al.
[53] have used composition of one-step methods with complex coefficients to
develop pseudo-symplectic and pseudo-symmetric methods. Complex coeffi-
cients were used first by Castella et al. [54] for solving parabolic equations,
while Blanes et al. [55] employed them in splitting techniques for enhancing
the order of approximations [56], as negative real coefficients were inevitable
for composing numerical methods with order higher than two [55].

However, composition of LMS methods has been proposed in a cyclic way,
where several schemes are composed recursively. Hansen [57] established new
predictor-corrector methods by the cyclic composition. Different works have
been performed in the context of cyclic composition, see e.g. [58, 59, 60,
61], to enhance stability of numerical simulations for highly stiff differential
equations. For example, a composition is obtained by computing first an
approximation using the second-order Simpson rule, then marching in time
using the third-order Adams-Moulton and finalize it with the Simpson rule
again.

Error estimation and adaptivity

Error estimation is a must in numerical simulation provided via one-
step [62, 63, 64, 65, 66, 67] or LMS methods [68, 69, 70]. It improves the
stability and performance of simulations, as Adaptive Time Stepping (ATS)
could be employed [71, 72]. Having a numerical scheme of order p that
produces an approximation yn, the exact local error e(tn) := ∥y(tn) − yn∥
could be approximated by en ≃ C × τp+1

n , where C is a positive constant
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to be found. Finding this error constant for every numerical scheme is of
capital importance. Hairer et al. [2] presented a list of error constants for
RK and LMS methods. Other works have also studied the local error for
RK [73, 74] and for LMS methods [75, 69]. Blanes et al. [76] established
an error estimate of the approximation obtained by a composition technique
of one-step methods when having real coefficients. This error estimates is
used for adaptivity. When it comes to LMS, adaptivity affects the stability
as mentioned above. Liao [77] establishes that the ratio should be smaller
than 3.561 to maintain energy stability using BDF2 and smaller than 2.414
to satisfy the discrete maximum principle for the Allen-Cahn equations. Li
[78] shows that the BDF2 scheme is stable for arbitrary time grids, while
for BDF3, the ratio of adjacent time steps must be smaller than 2.553. Liao
extends the ratio results for BDF2 and BDF3 to a class of diffusion equations
[79, 80].

In recent works, Laadhari et al. [81, 82] have employed the composition
technique with complex coefficients of (a) the second order Crank-Nicolson
(CN) and (b) the implicit BDF2 both tailored for time marching of the
membranes dynamic simulation of red blood cells in a quasi-Newtonian blood
flow. The numerical outputs of this composition are complex values, whose
real parts provide the fourth-order approximations for the CN and the third-
order when developed for the BDF2. The imaginary parts provide the third-
order error estimation for both resulting approximation, enabling dynamical
simulation via ATS process. This technique of composition using complex
coefficients has been generalized in the first part of this work [83] to any
one-step method.

Novelties

In this manuscript, we extend the composition technique introduced for
the implicit BDF2 scheme in [82] to any BDF of order p (BDFp) scheme
with p ∈ S8

1. The necessary condition for increasing the order of accuracy by
one in the new (composed) scheme is the use of coefficients that are roots of
associated algebraic equations. Among these roots, at least one is a complex
number with a positive real part.

Performing the composition with the complex root requires computations
in the complex plane, producing outputs with complex values. The real
parts of these outputs represent approximations with an additional order
of accuracy. While computations involving both real and imaginary parts
increase the computational cost, numerical tests reveal that the composed
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flow of order p, which uses p − 1 backward points, competes with classical
BDFp schemes (using p backward points) in achieving the same accuracy
without additional CPU time for p = 3. Moreover, it outperforms classical
BDFp schemes for p > 3, or for any order when the same number of backward
points is used.

This composition technique also breaks the Dahlquist barrier of linear
stability for implicit BDFp schemes, which is limited to order six. The new
composed schemes are stable up to order eight. Additionally, the imaginary
parts of the outputs are shown to serve as error estimates for the resulting
approximations. These error estimates are then utilized in the ATS tech-
nique.

We further demonstrate that the root of the algebraic equations for com-
positions of order p ∈ S8

2 will have a positive real part—necessary for stable
time stepping—if the ratio of two consecutive time steps satisfies a lower
bound. For instance, in the case of double composing BDF1 (a scheme of
order two), the root will always have a positive real part, regardless of the
ratio, aligning with the result in [78]. However, for the composition of BDF2
(a scheme of order three), the root will have a positive real part only if the
ratio exceeds 0.4506. Similarly, for the fourth-order composed flow, the ratio
must be greater than 0.6806. Other lower bounds for composed flows up to
order eight are presented in Table 7.

The structure of the paper will be as follows. The next Section presents
the mathematical framework of BDF schemes and tools we use to develop the
process of composing them in Section 4. Section 3 headlines the outcomes
of this work. Section 5 presents the proof of the main result. Section 6
demonstrates the convergence error of the composition. Section 7 presents
the linear stability analysis of the composed flow, while Section 8 presents
the variable time stepping strategy. Section 9 highlights some numerical tests
that stress the usefulness of complex part in providing error estimates and
discuss the computational efficiency after involving complex parts. We end
with discussions, main conclusions and some perspectives in Section 10.

2. Notations and preliminaries

For every t ∈ I, we denote by φt the exact flow of the Cauchy problem
(1). It is defined by the following map:

φt :

∣∣∣∣ Rd −→ Rd

y0 7→ φt(y0) = y(t),
(3)
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such that y(t) is the solution to the Initial Value Problem (IVP) (1). However,
it is not possible for almost all equations encountered in modeling problems
to have the exact flow written explicitly with elementary or even special
functions. Therefore, numerical methods are to be applied in order to provide
numerical approximations to exact flows [18]. These approximations are
sought on a discrete set of points {t0, t1, . . . , tn} ⊂ I with ti−1 < ti, ∀i ∈
Sn
0 ≡ {0, 1, . . . , n} where yn denotes the approximation to y(tn) and τn :=

tn−tn−1 denotes the n
th time step size after instant tn−1. Having equidistant

points tn−i with fixed time step τ and approximations yn−i of y(tn−i) for
i ∈ Sp

1 ≡ {1, . . . , p} (as illustrated in the below figure), we present the

Figure 1: Illustration of the interpolation polynomial q.

general form of an LMS method that computes yn by solving the following
equation [84]:

p∑
i=0

αiyn−i = τ

p∑
j=0

βjf(tn−j, yn−j), (4)

where αi and βi are coefficients defining the LMS method. If β0 ̸= 0, the
scheme is said to be implicit. The generating polynomials are defined as
follows:

ϱ(ζ) :=
p∑

i=0

αiζ
i, σ(ζ) :=

p∑
i=0

βiζ
i. (5)

We have the following

Theorem 1. [2, Theorem 2.4, pp 370] An LMS method defined by Eq. (4)
is of order p, if and only if one of the following conditions is satisfied:

i)
p∑

j=0

αj = 0 and
p∑

j=0

αjj
m = m

p∑
j=0

βjj
m−1, ∀m ∈ Sp

1,

ii) ϱ(eτ )− τσ(eτ ) = O(τp+1) for τ → 0,

iii)
ϱ(ζ)

log(ζ)
− σ(ζ) = O

(
(ζ − 1)p

)
for ζ → 1.

7



The second point in this Theorem is used later to prove that the proposed
composition of a scheme of order p is precisely of order p + 1.

2.1. BDFp

Assume we know the approximation of the solution on a set of points
{tn−p, . . . , tn−1}, and we are looking to find an approximation yn of y(tn).
We consider the polynomial q(t) interpolating the points

{
(ti, yi) | i ∈ Sn

n−p

}
.

2.1.1. Fixed time step

This polynomial could be expressed in terms of backward differences

∇0yn = yn, ∇j+1yn = ∇jyn −∇jyn−1, (6)

for all t ∈ [tn−1, tn], such that tn = tn−1 + τ , as follows (see [2, pp 357]):

q(t) ≡ q(tn−1 + sτ) =

p∑
j=0

(−1)j
(−s+ 1

j

)
∇jyn , ∀s ∈ [0, 1], (7)

where

(
s

j

)
:=

s!

j!(s− j)!
is the binomial coefficient. The implicit BDFp

consists of determining the unknown yn such that the classical interpolation
polynomial q(t) satisfies the following condition:

d

dt
q(t)

∣∣∣∣
t=tn

= f(tn, yn). (8)

Applying this condition to Eq. (7), we get the following relation:

p∑
j=0

η∗j∇jyn = τf(tn, yn), with η∗j := (−1)j d

ds

(−s+ 1

j

)∣∣∣∣
s=1

, (9)

where (.)|s=1 represents the evaluation operator at s = 1. Though, we have
η∗0 = 0 and η∗j = 1/j for j ∈ Sp

1. By replacing these coefficients and using
difference formulas, we have:

p∑
j=1

1

j
∇jyn =

p∑
j=1

1

j

[
j∑

i=0

(−1)i
(
j

i

)
yn−i

]
,

by permuting the
∑

=

p∑
i=0

[
(−1)i

p∑
j=i+1

1

j

(
j

i

)]
yn−i =

p∑
i=0

γ(i)yn−i.

(10)
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Table 1: Coefficients γ(i) of BDF with fixed time step.

p γ(0) γ(1) γ(2) γ(3) γ(4) γ(5)

1 1 -1

2
3

2
-2

1

2

3
11

6
-3

3

2
−1

3

4
25

12
-4 3 −4

3

1

4

5
137

60
-5 5 −10

3

5

4
−1

5

We present in Table 1 coefficients {γ(i) | i ∈ Sp
0} for p ∈ S5

1. One has explicitly
{γ(j) | j ∈ Sp

0}, yn is the solution of the following equation.

p∑
j=0

γ(j)yn−j = τf(tn, yn). (11)

We present another way to find coefficients γ(i). It is based on the point
(ii) in Theorem 1. We consider a linear equation (f(t, y) ≡ y). Though, all
preceding solutions are given as a function of yn such that: yn−j = yne

−jτ .
Substituting yn−j,∀ j ∈ Sp

0 in Eq. (11) allows us to write:

��yn

p∑
j=0

γ(j)e
−jτ = τ��yn =⇒

p∑
j=0

γ(j)

(
1 +

∞∑
m=1

(−jτ)m
m!

)
= τ,

p∑
j=0

γ(j) + τ

p∑
j=0

−i γ(j) +
∞∑

m=2

1

m!

(
p∑

j=0

(−j)mγ(j)
)
τm = τ.

To obtain the pth order approximation, coefficients {γ(j) | j ∈ Sp
0} must verify

the following linear system:
1 1 1 . . . 1
0 1 2 . . . p
0 1 22 . . . p2

...
...

...
. . .

...
0 1 2p . . . pp

 ·


γ(0)
γ(1)
γ(2)
...

γ(p)

 =


0
−1
0
...
0

 . (12)
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Solving the linear system produces coefficients for any order p, including
those were listed in Table 1 for p ∈ S5

1. We end by presenting the difference
operator, L, associated to a BDFp with a fixed time step τ :

L
(
y, t, τ) :=

p∑
j=0

(
γ(j)y(t− jτ)− τ

dy

dt
(t)
)
. (13)

The difference operator L is of great importance to determine the local error
and order convergence. If one can write the difference operator L in its Taylor
development as follows:

L
(
y, t, τ) =

∞∑
j=0

Ejτ
j d

jy

dtj
(t), (14)

thus according to Theorem 1 the scheme is of order p if coefficients Ej = 0
for j ∈ Sp

0. We can use Lemma 2 in [2, page 369] to find the following error
using Ep+1:

y(tn+1)− yn+1 =
1

γ(0|n)
Ep+1τ

p+1d
p+1y

dtp+1
(tn) +O(τp+2). (15)

This will be of use in Section 5. In the next subsection, we will present the
procedure to compute coefficients γ(j|n) in the case of the variable time step.

2.1.2. Variable time stepping

When having a variable step size τn = tn− tn−1, the polynomial q(t) that
interpolates the set

{
(ti, yi)| i ∈ Sp

0

}
can be expressed as follows (see [2, pp

400]):

q(t) ≡
p∑

j=0

j−1∏
i=0

(t− tn−i)× δjy[tn, tn−1, . . . , tn−j], (16)

where the divided differences δjy[tn, . . . , tn−j] are defined recursively by:

δ0y[tn] := yn,

δjy[tn, .., tn−j] :=
δj−1y[tn, .., tn−j+1]− δj−1y[tn−1, .., tn−j]

tn − tn−j

≡
j∑

i=0

ci,jyn−i.

10



Applying condition (8) on Eq. (16) leads us to the variable step size formula:

p∑
j=1

τn

j−1∏
i=1

(tn − tn−i)× δjy[tn, tn−1, . . . , tn−j] = τnf(tn, yn).

Replacing the formula for δjy[tn, . . . , tn−j] in the above equation and per-
muting the sum leads us to find yn that is the solution of:

p∑
j=0

γ(j|n)yn−j = τnf(tn, yn), (17)

where coefficients γ(j|n) are given below :

γ(j|n) =
p∑

m=j

bmcj,m, with

bm = τn
m−1∏
ℓ=1

(tn − tn−ℓ),m ∈ Sp
1, b0 = 0, and

cj,m =
m∏
ℓ=0
ℓ̸=j

1

tn−j − tn−ℓ

, j ∈ Sp
0, m ∈ Sp

max(1,j).

(18)

Algorithm 4 in Appendix D, labeled Coeff, exhibits the computation of
{γ(i|n) | i ∈ Sp

0} for any ordered set of points
{
ti∧ ti < ti+1 | i ∈ Sn

n−p∧n ⩾ p
}
.

2.2. Fixed point algorithm

In nonlinear equations, yn is obtained by solving an iterative fixed point
problem Fp

(
[γ(0|n), . . . , γ(p|n)], yn) = yn, with:

Fp

(
[γ(0|n), . . . , γ(p|n)], yn

)
:=

1

γ(0|n)

(
τnf(tn, yn)−

p∑
i=1

γ(i|n)yn−i

)
. (19)

The algorithm produces a series of approximations yn,ℓ to y(tn), though it
requires the initialization yn,0, which is equal to yn−1 in most considered
cases. This is represented by the following system:{

yn,0 = yn−1,
yn,ℓ+1 = Fp

(
[γ(0|n), . . . , γ(p|n)], yn,ℓ

)
.

(20)

11



The series of iterations is stopped when two consecutive approximations are
close in norm to to a pre-defined user tolerance tol parameter:

en,ℓ+1 = ∥yn,ℓ+1 − yn,ℓ∥ < tol.

The fixed point algorithm converges if the following inequality is verified
when x belongs to a neighborhood of the exact solution y(tn):∣∣∣∣∂Fp

∂yn
(x)

∣∣∣∣ < 1.

To accelerate the convergence rate, one can use the Aitken’s delta square
scalar acceleration process [85, 86].

2.3. Numerical flow

We define the numerical flow associated to the BDFp:

Definition 1. We define Tn−1,p := (tn−p, . . . , tn−1) ∈ Rp and Yn−1,p :=

(yn−p, . . . , yn−1) ∈ (Rd)
p
. The numerical flow Φ

[p]
τ of BDFp is defined below:

Φ[p]
τn :

∣∣∣∣ Rp × (Rd)
p −→ Rp × (Rd)

p
,

(Tn−1,p,Yn−1,p) 7−→ (Tn,p,Yn,p).
(21)

It has outputs Tn,p := (tn−p+1, . . . , tn) ∈ Rp with tn = tn−1 + τn and
Yn,p := (yn−p+1, . . . , yn) with yn solution to Eq. (17).

The numerical flow associated to BDFp scheme is implemented in Al-
gorithm 3 in Appendix A, relying on Function Coeff schematized in Algo-
rithm 4. The purpose of presenting these formulations here is to prepare the
ground for the proposed algorithm.

3. Results/Findings

Consider the vector Tn−1,p of p time instants where at every instant tn−i,
i ∈ Sp

1, there is an approximation of the solution of order p. Finding an
approximation yn of y(tn) at tn ≡ tn−1+τn by composing twice the numerical
flow Φ[p] consists to advance first to an intermediate point between tn−1 and
tn, denoted by tn−1/2 := tn−1+κ1τn. Here κ1 is to be determined by solving
an algebraic equation related to the set of points {tn−i | i ∈ Sp

1}. We denote

12
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6
Im(t)

Re(t)r
tn−p

τn−p+1

r
tn−p+1

r
tn−1

�
�
��κ 1

τ n
rtn−1/2

r
tn

τn

Figure 2: Illustration of the composition technique in the complex plane.

by (Tn−1/2,p,Yn−1/2,p) the outputs of the numerical flow such that Yn−1/2,p

contains yn−1/2 to be an approximation of y(tn−1/2).
(Tn−1/2,p,Yn−1/2,p) := Φ

[p]
κ1τn

(
Tn−1,p,Yn−1,p

)
,

Tn−1/2,p := (tn−p+1, . . . , tn−1, tn−1/2),

Yn−1/2,p := (yn−p+1, . . . , yn−1, yn−1/2).

We apply again the numerical flow Φ[p] having (Tn−1/2,p,Yn−1/2,p) to be its
inputs, and integrating with the time step κ2τn := (1 − κ1)τn. We denote
by: 

(
T ′
n,p,Y

′
n,p

)
:= Φ

[p]
κ2τn

(
Tn−1/2,p,Yn−1/2,p

)
,

T ′
n,p := (tn−p+2, . . . , tn−1, tn−1/2, tn),

Y′
n,p := (yn−p+2, . . . , yn−1, yn−1/2, ŷn).

We define also the following ratios:
ε(j|n) :=

tn−1/2 − tn−j

tn−1/2 − tn−1

,

r(j|n) :=
tn−1 − tn−j

tn − tn−1

,
∀j ∈ Sp

1

and by using κ1 :=
tn−1/2 − tn−1

tn − tn−1

, we have:

ε(j|n) ≡ 1 +
r(j|n)
κ1

, ∀j ∈ Sp
1. (22)

We enunciate the following

13



Theorem 2. Consider having
(
Tn−1,p,Yn−1,p

)
and the numerical flow Φ[p]

given in Definition 1 in Section 2.3. If κ1 and κ2 ∈ C verifying:{
κ1 + κ2 = 1,

ε(p|n)κ
2
1 + γ(0|n)κ

2
2 = 0

(23)

with γ(0|n) :=

p∑
i=1

1

ε(i|n)
and if

y(tn−i)− yn−i = O(τp+1
n−i ) ∀i ∈ Sp

1,

then the following composition:

Φ[p]
κ2τn
◦ Φ[p]

κ1τn

(
Tn−1,p,Yn−1,p

)
(24)

produces the couple (T ′
n,p,Y

′
n,p) with ŷn, in Y′

n,p, approximating y(tn) at tn =
tn−1 + τn such that:

y(tn)− Re(ŷn) = O(τp+2
n ). (25)

In addition, we have the following error estimation:

|y(tn)− Re(ŷn)| ∼ Cp × |Im(ŷn)| (26)

with Cp is to be determined in Eq. (59).

This theorem shows that the composition employs complex arithmetic
operations and produces ŷn such that its real part approximates the
solution with an additional order of accuracy to the basic numerical
flow. One chooses the next time step τn = tn−tn−1, Theorem 2 shows that κ1

is the solution of an algebraic equation depending on coefficients r(j|n), j ∈ Sp
1.

It provides also in Im(ŷn) an error estimate of order p+1 to the approximation
Re(ŷn). The proof of this theorem will be given in Section 5. We present in
Definition 2 the composition, denoted by Ψ[p+1], in a compact form.

Definition 2. Consider the IVP defined by (1) and having the numerical flow
Φ[p] associated to a BDFp scheme. Consider having the first p approximations
y0, . . . , yp+1 to y(t0), . . . , y(tp+1). We define the new (composed) numerical
flow by:

Ψ[p+1]
τn :

∣∣∣∣ Rp × (Rd)p → Rp × (Rd)p

(Tn−1,p,Yn−1,p) 7→ (Tn,p,Yn,p),
(27)

where Tn,p := (tn−p+1, . . . , tn), Yn,p := (yn−p+1, . . . , yn−1, yn) such that
yn = Re(ŷn) with ŷn obtained by the composition in Theorem 2.

14



We present the process of composition in Algorithm 2. After calculating
coefficients r(j|n) and elaborating algebraic expressions ε(p|n) and γ(0|n) that
are functions of κ1, roots κ1 and κ2 are to be determined by solving the
algebraic system (23) with an appropriate software (Maple, Python, Matlab,
Mathematica, ...). After choosing the complex root with a positive real part,
the composition is established and the real part of ŷn is known to approximate
y(tn). Once the approximation is obtained by the composition, we show that
the imaginary part Im(ŷn) is an error estimate of the produced approximation
as stated in the last point of Theorem 2. Regarding the linear stability of
the composition we have the following result.

Theorem 3. The numerical flow Ψ[p] is A(ϑ)-stable up to order p = 8 with
stability angles reported in Table 4.

Algorithm 1 Adaptive numerical simulation for (1) using Ψ[p+1]

Require: f , t0, y0, T, τ , tol, p
for i← 1 to p− 1 do

τi ← τ
ti ← ti−1 + τi
Construct yi, approximation to y(ti) of order p ▷ (See [83])

end for
τn ← τ
tn ← tp−1 + τn
while tn ⩽ T do
Tn−1,p ← [tn−p, . . . , tn−1]
Yn−1,p ← [yn−p, . . . , yn−1]

(Tn,p,Yn,p)← Ψ
[p+1]
τn (Tn−1,p,Yn−1,p)

en ← Cp × Im(ŷn)

τn+1 ← τn ×
(

tol

|en|

) 1
p+2

▷ (update the time step)

τn+1 ← min
(
max

(
τn+1,

τn
ℓp

)
, τn × ℓp

)
▷ (ℓp in Eq. (69))

tn+1 ← tn + τn+1

n← n+ 1
end while

The proof of Theorem 3 is done graphically in Section 7. To this end, we
present the full outcome of this work in Algorithm 1. The Algorithm presents

15



the process of computing approximations using the composed flow with ATS.
The loop for aims to initialize processing Ψ[p+1] by finding approximations
of y(tj) of order p with tj = t0 + jτ , for j ∈ Sp−1

1 . It could be done using
the composition proposed in Part I [83]. The time step is updated regarding
the rate between the user tolerance tol and the imaginary part representing
an error estimate. A bound limit on the ratio between two consecutive time
step is applied to ensure the validity of the time marching. We will show by
numerical experiments in Section 6 the convergence error of the composition
and in Section 9 that the imaginary part is a reliable estimation of the local
error.

4. Procedure of composing BDFp

In this section, having the numerical flow Φ[p] of BDFp scheme, we es-
tablish the composition procedure generating Ψ[p+1] to increase by one the
order of approximation. We first generate coefficients {γ(i|n) | i ∈ Sp

0}, using
the last p points {tn−i | i ∈ Sp

1} and tn−1/2 := tn−1 + κ1τn to integrate the

equation by the numerical flow Φ
[p]
κ1τn , though finding approximation yn−1/2

to y(tn−1/2). Then, we generate coefficients {Γ(i|n) | i ∈ Sp+1
0 } using the last

p+ 1 points {tn−i ∧ tn−1/2 | i ∈ Sp
1} and tn ≡ tn−1/2 + (1− κ1)τn to integrate

with Φ
[p+1]
κ2τn finding yn. We select the step κ1τn such that it cancels yn−p

in the second integration, i.e, the coefficient Γ(p+1|n) in front of yn−p must
vanish.

4.1. Intermediate solution: first step

First, BDFp is used to compute an intermediate approximation yn−1/2 of
y(tn−1/2). For that, we solve the following equation:

γ(0|n)yn−1/2 +

p∑
i=1

γ(i|n)yn−i = (tn−1/2 − tn−1)f(tn−1/2, yn−1/2) (28)

that is represented by the associated numerical flow:(
Tn−1/2,p,Yn−1/2,p

)
= Φ[p]

κ1τn

(
Tn−1,p,Yn−1,p

)
, (29)

where Tn−1/2,p and Yn−1/2,p are defined in Section 3. For every coefficient κ1

and time step τn, coefficients {γ(i|n) | i ∈ Sp
0} could be obtained using the tech-

nique presented in [18, Appendix G.4]. Consider a linear differential equation
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f(t, y) = y with y(t) = yn−1/2 e
−(tn−1/2−t) being its exact analytical solution.

Consider also yn−i, i ∈ Sp
1 are known exactly; yn−i = yn−1/2 e

−(tn−1/2−tn−i), i ∈
Sp
1, thus, they are to be substituted in Eq. (28). After simplifying by yn−1/2,

we obtain:

γ(0|n) +

p∑
i=1

γ(i|n)e
−(tn−1/2−tn−i) = tn−1/2 − tn−1.

Writing the Taylor series expansion of e−(tn−1/2−tn−i) in the above equation
and equating terms up to order p, we obtain the following linear system
generating the solution for unknowns γ(i|n):

An,p ·


γ(0|n)
γ(1|n)
γ(2|n)
...

γ(p|n)

 =


0
−1
0
...
0

 , An,p :=


1 1 1 . . . 1
0 ε(1|n) ε(2|n) . . . ε(p|n)
0 ε2(1|n) ε2(2|n) . . . ε2(p|n)
...

...
...

...
...

0 εp(1|n) εp(2|n) . . . εp(p|n)

 ,

(30)
where {ε(i|n) | i ∈ Sp

1} are already defined in Eq. (22). System (30) can be
solved symbolically using Cramer’s rule and the determinant formulas of
Vandermonde matrices. We have:

γ(i|n) =


p∑

j=1

[ε(j|n)]
−1, if i = 0,

(−1)p[ε(i|n)]−1
p∏

j=1
j ̸=i

ε(j|n)[ε(i|n) − ε(j|n)]
−1, if i ∈ Sp

1.
(31)

Therefore, yn−1/2, in case of a linear equation is given by:

yn−1/2 =
1

(tn−1/2 − tn−1)− γ(0|n)

p∑
i=1

γ(i|n)yn−i, (32)

For now, let us chose κ1 ∈ C such that 0 < Re(κ1) < 1 and −1 < Im(κ1) < 1.
Before going to the second integration, we establish the following Lemma:

Lemma 4. Taking ε(j|n) defined by Eq. (22) and γ(j|n) solution to System
(30), we have the following identity:

p∑
j=1

εp+1
(j|n)γ(j|n) = (−1)p

p∏
j=1

ε(j|n). (33)
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Proof. First, we replace formulas of γ(j|n) from Eq. (31) in the above formula:

p∑
j=1

εp+1
(j|n)γ(j|n) = (−1)p

p∑
j=1

εp+1
(j|n)[ε(j|n)]

−1

p∏
m=1
m ̸=j

ε(m|n)[ε(j|n) − ε(m|n)]
−1,

then, we factorize by
p∏

j=1

ε(j|n):

= (−1)p
p∏

j=1

ε(j|n)

p∑
j=1

εp−1
(j|n)

p∏
m=1
m̸=j

[ε(j|n) − ε(m|n)]

.

We now take common denominator in the sum to get:

p∑
j=1

εp+1
(j|n)γ(j|n) = (−1)p

p∏
j=1

ε(j|n)

p∑
j=1

(−1)j−1εp−1
(j|n)

p−1∏
m=1
m̸=j

p∏
ℓ=m+1
ℓ̸=j

[ε(m|n) − ε(ℓ|n)]

p−1∏
m=1

p∏
ℓ=m+1

[ε(m|n) − ε(ℓ|n)]

= (−1)p
p∏

j=1

ε(j|n),

which is true because of

p∑
j=1

(−1)j−1εp−1
(j|n)

p−1∏
m=1
m ̸=j

p∏
ℓ=m+1
ℓ̸=j

[ε(m|n) − ε(ℓ|n)] =

p−1∏
m=1

p∏
ℓ=m+1

[ε(m|n) − ε(ℓ|n)].

The last identity can be proven by induction.

4.2. Second jump

After computing yn−1/2, we have p + 1 points with yn−p, . . . , yn−1. We
define:

tn = tn−1/2 + (1− κ1)τn ≡ tn−1 + τn,

and having the scheme of BDF(p+1) as in Definition 1, we apply its numerical
flow as follows:(

T ′
n,p+1,Y

′
n,p+1

)
= Φ

[p+1]
(1−κ1)τn

(
Tn−1/2,p+1,Yn−1/2,p+1

)
.

18



Here, Tn−1/2,p+1 = (tn−p, . . . , tn−1, tn−1/2) and T ′
n,p+1 = (tn−p+1, . . . , tn−1, tn−1/2, tn)

∈ Rp+1, Yn−1/2,p+1 = (yn−p, . . . , yn−1, yn−1/2) and Y′
n,p+1 = (yn−p+1, . . . , yn−1, yn−1/2, ŷn)

∈ (Rd)p+1, with ŷn solution to the following equation:

Γ(0|n)ŷn + Γ(1|n)yn−1/2 +

p∑
i=1

Γ(i+1|n)yn−i = (tn − tn−1/2)f(tn, ŷn). (34)

To find coefficients {Γ(i|n) | i ∈ Sp+1
0 } that fulfill the (p+1)th order conditions,

we proceed in the same strategy as before and consider the linear equation
f(t, y) = y, where yn−1/2 and yn−i for i ∈ Sp

1 are presented below:

yn−1/2 =

ŷn
p∑

i=1

γ(i|n)e
−(tn−tn−i)

(tn−1/2 − tn−1)− γ(0|n)
, yn−i = ŷne

−(tn−tn−i), i ∈ Sp
1.

Replacing all the above elements in Eq. (34) and simplifying by ŷn, leads
us to the following relation:

Γ(0|n) + Γ(1|n)

p∑
i=1

γ(i|n)e
−(tn−tn−i)

(tn−1/2 − tn−1)− γ(0|n)
+

p∑
i=1

Γ(i+1|n)e
−(tn−tn−i) = tn − tn−1/2.

Now, multiplying by [(tn−1/2 − tn−1) − γ(0|n)] on both sides and writing the
Taylor series expansion of e−(tn−tn−i), gives us the following equation:

−Γ(0|n)γ(0|n) + Γ(0|n)(tn−1/2 − tn−1)

+
[
Γ(1|n)γ(1|n) − Γ(2|n)γ(0|n) + Γ(2|n)(tn−1/2 − tn−1)

] [∑
i=0

(−1)i
i!

(tn − tn−1)
i

]
+ · · ·

+
[
Γ(1|n)γ(p|n) − Γ(p+1|n)γ(0|n) + Γ(p+1|n)(tn−1/2 − tn−1)

] [∑
i=0

(−1)i
i!

(tn − tn−p)
i

]
= −γ(0|n)(tn − tn−1/2) + (tn − tn−1/2)(tn−1/2 − tn−1).

To simplify notations, we define:

ξ(i|n) :=
tn − tn−i

τn
= 1− κ1 + κ1ε(i|n) = 1 + r(i|n), i ∈ Sp

1. (35)
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Though, (tn − tn−i) ≡ ξ(i|n)τn for i ∈ Sp
1. We recall that :

(tn−1/2 − tn−1) = κ1τn, (tn − tn−1/2) = (1− κ1)τn

and we use them to rearrange the Taylor expansion as follows:

Γ(1|n)

( p∑
i=1

γ(i|n)

)
−
(
Γ(0|n) +

p+1∑
i=2

Γ(i|n)

)
γ(0|n)

+
(
κ1Γ(0|n) − Γ(1|n)

p∑
i=1

ξ(i|n)γ(i|n) +

p+1∑
i=2

[
κ1

+γ(0|n)ξ(i−1|n)

]
Γ(i|n)

)
τn

+
∞∑
j=2

(−1)j−1

(
−Γ(1|n)

p∑
i=1

ξj(i|n)γ(i|n) +

p+1∑
i=2

[
jκ1ξ

j−1
(i−1|n)

+γ(0|n)ξ
j
(i−1|n)

]
Γ(i|n)

)
τ jn
j!

= −γ(0|n)(1− κ1) τn + κ1(1− κ1) τ
2
n. (36)

To simplify this equation, we state the following

Proposition 5. Define ξ(0|n) := 1− κ1 ≡ κ2 and take ξ(i|n) that are defined
in Eq. (35) and {γ(i|n) | i ∈ Sp

0} as a solution to System (30). Then,

−
p∑

i=1

ξj(i|n)γ(i|n) = ξj−1
(0|n)

(
jκ1 + ξ(0|n)γ(0|n)

)
, ∀j ∈ Sp

1. (37)

In addition, the following identity holds:

−
p∑

i=1

ξp+1
(i|n)γ(i|n) = ξp(0|n)

(
(p+1)κ1+ξ(0|n)γ(0|n)

)
+(−1)p+1κp+1

1

p∏
i=1

ε(i|n). (38)

Proof. The proof of the first equality is obtained by replacing ξ(i|n) by Eq. (35)
and using binomial formulas with System (30). The second equality is ob-
tained also using System (30) and the use of Lemma 4.

By using the relation
p∑

i=1

γ(i|n) = −γ(0|n), we simplify the first term relative

to the 0th rank (τ 0n) in (36), we obtain:

p+1∑
i=0

Γ(i|n) = 0. (39)
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Now, we use Eq. (39) to simplify the term relative to τn in (36) to obtain:

γ(0|n)

p∑
i=0

ξ(i|n)Γ(i+1|n) = −γ(0|n)ξ(0|n), (40)

which will be used, with Eq. (37) in Proposition 5 for j = 1, to simplify the
term associated to τ 2n. We continue like this for all terms multiplying τ jn for
j ∈ Sp

3 to get

γ(0|n)

p∑
i=0

ξj(i|n)Γ(i+1|n) = 0, ∀j ∈ Sp
2. (41)

We end by using Eq. (38) to simplify the term multiplying τp+1
n and Eq. (41)

for j = p. The linear system generating coefficients {Γ(i|n) | i ∈ Sp+1
0 } is

presented below:

A′
n,p+1 ·

(
Γ(0|n), . . . ,Γ(p+1|n)

)⊤
=
(
0,−ξ(0|n), 0, . . . , 0

)⊤
, (42)

where A′
n,p+1 ∈ Matp+2 (C) is the matrix given below:

A′
n,p+1 :=



1 1 1 . . . 1

0 ξ(0|n) ξ(1|n) . . . ξ(p|n)
...

...
...

. . .
...

0 ξp(0|n) ξp(1|n) . . . ξp(p|n)

0

 ξp+1
(0|n)+

(−κ1)p+1

γ(0|n)

p∏
i=1

ε(i|n)

 [
ξp+1
(1|n)

]
. . .

[
ξp+1
(p|n)

]


· (43)

After assembling the linear system relative to coefficients {Γ(i|n) | i ∈ Sp+1
0 },

we proceed to establish its solution.

4.3. Solution to System (42)

To find the solution to the linear system associated with coefficients
{Γ(i|n) | i ∈ Sp+1

0 }, the Cramer’s rule will be used. We have the following.
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Proposition 6. Having defined ε(i|n) for i ∈ Sp
1 and ξ(i|n) for i ∈ Sp

0, the
expression of {Γ(i|n) | i ∈ Sp

0}, solution to System (42) are explicitly given by:

Γ(0|n) =

(γ(0|n) − 2κ1)
p−1
(
(γ(0|n) − 2κ1)ξ(0|n)γ(0|n)

( p∑
i=0

1
ξ(i|n)

)
− κ1

( p∑
i=1

1
ξ(i|n)

))
(
ξ(0|n)γ(0|n) − κ1

) ,

Γ(1|n) = −
γ(0|n)ξ(0|n)(

ξ(0|n)γ(0|n) − κ1

) p∏
i=1

1 + r(i|n)
κ1 + r(i|n)

,

Γ(j+1|n) =

(−1)j+1
p∏

i=1
i ̸=j

ξ(i|n)

j−1∏
ℓ=1

(ξ(j|n) − ξ(ℓ|n))

(κ1 − 1)
[
ξ2(0|n)γ(0|n) + κ2

1ε(j|n)

]
ξ(j|n)

(
r(j|n) + κ1

)[
ξ(0|n)γ(0|n) − κ1

] , j ∈ Sp−1
1 ,

Γ(p+1|n) = (−1)p+1

p−1∏
i=1

[
ξ(i|n)

ξ(p|n) − ξ(i|n)

] (κ1 − 1)
[
ξ2(0|n)γ(0|n) + κ2

1ε(p|n)

]
ξ(p|n)

(
r(p|n) + κ1

)[
ξ(0|n)γ(0|n) − κ1

] .
(44)

Despite the fact that the proof should present the computation of all
coefficients, we are interested in providing the procedure for Γ(p+1|n) for what
we want to cancel it by a suitable κ1. The proof is presented in Appendix
B. Although, the proof for other coefficients follows the same pattern as
presented for Γ(p+1|n). This proposition will allow us to generate, for any

order p, the algebraic formulas of {Γ(i|n) | i ∈ Sp+1
0 }. The explicit formula of

Γ(p+1|n) for p ∈ S3
1 is presented in Appendix C.

5. Proof of Theorem 2

In this Section, we state the elements that give us the (p + 2)th order
of the approximation obtained by the twice composition of Φ[p] presented in
Section 3. It is based on the use of the difference operator defined by Eq. (13)
but in the adaptive version. As we start in the composition by finding yn−1/2

using Eq. (28), the associate difference operator L1 is given below:

L1(y, tn, τn) = γ(0|n)y(tn−1/2) +

p∑
i=1

γ(i|n)y(tn−i)− κ1τn
d

dt
y(t)

∣∣∣∣
t=tn−1/2

. (45)
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After writing the Taylor series development of y(tn−1/2), its derivative and
y(tn−i) in the vicinity of tn, as follows:

y(tn−1/2) =
∞∑
j=0

(−1)j
j!

ξj(0|n)τ
j
n

dj

dtj
y(t)

∣∣∣∣
t=tn

,

d

dt
y(t)

∣∣∣∣
t=tn−1/2

=
∞∑
j=0

(−1)j
j!

ξj(0|n)τ
j
n

dj+1

dtj+1
y(t)

∣∣∣∣
t=tn

,

y(tn−i) =
∞∑
j=0

(−1)j
j!

ξj(i|n)τ
j
n

dj

dtj
y(t)

∣∣∣∣
t=tn

,

(46)

we can express the difference operator L1 in its Taylor development in tn:

L1(y, tn, τn) =
∞∑
j=0

Ejτ
j
n

dj

dtj
y(t)

∣∣∣∣
t=tn

, (47)

where

Ej :=


p∑

i=0

γ(i|n), j = 0

(−1)j

j!

(
p∑

i=0

γ(i|n)ξ
j
(i|n) + jξj−1

(0|n)κ1

)
j ⩾ 1.

(48)

Using the relation between coefficients γ(i|n) in system (30), we have E0 = 0,
and with Proposition 5 we have Ej = 0,∀j ∈ Sp

1, This is another way to
see the pth order of the scheme used in the first jump. It is also clear form
Proposition 5 that:

Ep+1 = −
κp+1
1

(p + 1)!

p∏
j=1

ε(j|n), (49)

which will be used to evaluate the error, according to formula (2.9) in [2,
page 372], as follows:

y(tn−1/2)− yn−1/2 =
1

γ(0|n)
Ep+1τ

p+1
n

dp+1

dtp+1
y(t)

∣∣∣∣
t=tn

+O(τp+2
n ). (50)

After computing the approximation yn−1/2, the formula of the difference
operator regarding the BDFp scheme used in the second jump is written as
follows:

L2(y, tn, τn) = γ′
(0|n)y(tn)+γ′

(1|n)yn−1/2+

p∑
i=2

γ′
(i|n)y(tn−i+1)−κ2τn

d

dt
y(t)

∣∣∣∣
t=tn

.

(51)
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Using Eq. (50) we write yn−1/2 in function of y(yn−1/2) and using Eq. (46), we
replace y(tn−1/2) and y(tn−i+1) in the above equation by their Taylor series
expansion in the vicinity of tn. We write the difference operator L2 in its
Taylor development in tn as follows:

L2(y, t, τn) =
∞∑
j=0

Ejτ jn
dj

dtj
y(t)

∣∣∣∣
t=tn

(52)

where the first p + 1 terms are given below:

Ej :=



p∑
i=0

γ′
(i|n), j = 0,

−κ2 −
p−1∑
i=0

γ′
(i+1|n)ξ(i|n), j = 1,

(−1)j
j!

p−1∑
i=0

γ′
(i+1|n)ξ

j
(i|n), j ∈ Sp

2,

(−1)j
j!

p−1∑
i=0

γ′
(i+1|n)ξ

j
(i|n) −

γ′
(1|n)

γ(0|n)
Ej, j = p + 1,

(53)

By the fact that the second jump should be at least of order p, we should have
Ej = 0 for all j ∈ Sp

0. This will allow us to find the formulas of coefficients
{γ′

(i|n) | i ∈ Sp
0}. Having κ2 ≡ ξ(0|n), coefficients {γ′

(i|n) | i ∈ Sp
0} verify the

system defined by the matrix A′p+2,p+2
n,p+1 : the matrix resulting from deleting

the last row and column from A′
n,p+1, with the right-hand side obtained after

omitting the last row of that in System (42). Using Eq. (23) and the following
lemma, we show that

γ′
(i|n) = Γ(i|n), ∀i ∈ Sp

0. (54)

Lemma 7. Consider one having a linear system AX = b, where X :=
(x1, . . . , xp+1)

⊤ and A ∈ GLp+1 (C). If one defines a new linear system
Aj,jY = bj where Y := (y1, . . . , yp)

⊤ and bj results from deleting the jth

component from b. If xj = 0, then

yi ≡
{
xi, i ∈ Sj−1

1 ,

xi+1, i ∈ Sp
j+1.
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Lemma 7 is obtained after omitting the term relative to xj in the original
system and removing the jth equation. Back to the linear system generat-
ing {γ′

(i|n) | i ∈ Sp
0}: it results after deleting the last row and last column

from System (42). Having relation (23), thus Γ(p+1|n) = 0 and we conclude
Eq. (54). To prove the order p + 1, we have to show that

Ep+1 = 0,

which is verified in the last equation in system (42) after replacing Ep+1 by
its formula in Eq. (49). To show the error constant, we have the following
asymptotic formula:

y(tn)− ŷn =
1

Γ(0|n)
Ep+2τ

p+2
n

dp+2

dtp+2
y(t)

∣∣∣∣
t=tn

+O(τp+3
n ). (55)

where:

Ep+2 =
(−1)p+2

(p + 2)!

p∑
i=0

Γ(i+1|n)ξ
j
(i|n) −

Γ(1|n)

γ(0|n)
Ep+2,

=
(−1)p+2

(p + 2)!

[
p∑

i=0

(
Γ(i+1|n) −

Γ(1|n)

γ(0|n)
γ(i|n)

)
ξp+2
(i|n) + (p + 2)κ1ξ

p+1
(0|n)

]
.

(56)

In the composed flow, we consider that yn = Re(ŷn), which means that
the error is approximated by the real part of the right hand side of Eq. (55)
with:

Re
(
y(tn)− ŷn

)
= y(tn)− yn ≃ Re

( Ep+2

Γ(0|n)

)
τp+2
n

dp+2

dtp+2
y(t)

∣∣∣∣
t=tn

. (57)

Taking the imaginary part of Eq. (55), we reach the second conclusion of
Theorem 2 showing that:

y(tn)− yn ≃ Cp × Im(ŷn), (58)

with

Cp := Re

( Ep+2

Γ(0|n)

)
×
[
Im

( Ep+2

Γ(0|n)

)]−1

. (59)

We end it with presenting Algorithm 2 generating the composed flow Ψ
[p+1]
τn .
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Algorithm 2 The composed numerical flow Ψ
[p+1]
τn (Tn−1,p,Yn−1,p)

Require: τn
Require: tn ← tn−1 + τn
for all j ← 1 to p do

r(j|n) ←
tn−1 − tn−j

tn − tn−1

end for
function ε(p|n)(κ1)

return 1 +
r(p|n)
κ1

end function
function γ(0|n)(κ1)

return

p∑
j=1

κ1

κ1 + r(j|n)

end function
κ1 ← Find Roots [κ1 7−→ (1− κ1)

2γ(0|n) + κ2
1ε(p|n) = 0]

Ensure: Re(κ1) > 0

(Tn−1/2,p,Yn−1/2,p)← Φ
[p]
κ1τn(Tn−1,p,Yn−1,p)

(T ′
n,p,Y

′
n,p)← Φ

[p]
(1−κ1)τn

(
Tn−1/2,p,Yn−1/2,p)

return (Tn,p,Yn,p), Im(ŷn)

6. Convergence error and CPU for fixed time steps

To show graphically the convergence order of Ψ[p+1], we consider the case
of a fixed time step (τn = τ ⇒ r(j|n) = j − 1). Thus, the solution of Γ(p+1|n),
denoted here by Γ(p+1), as it does not depend on instant tn, is given for all
p ∈ S4

1:

Γ(1+1) =
(κ1 − 1)(2κ2

1 − 2κ1 + 1)

κ1(2κ1 − 1)
,

Γ(2+1) = −
(κ1 − 1)(3κ3

1 − κ2
1 + κ1 + 1)

2(κ1 + 1)(3κ2
1 − 1)

,

Γ(3+1) =
(κ1 − 1)(4κ4

1 + 5κ3
1 + κ2

1 + 6κ1 + 2)

6(2κ1 + 1)(κ1 + 2)(κ2
1 + κ1 − 1)

,

Γ(4+1) = −
(κ1 − 1)(5κ5

1 + 19κ4
1 + 19κ3

1 + 19κ2
1 + 28κ1 + 6)

4(κ1 + 3)(5κ4
1 + 20κ3

1 + 15κ2
1 − 10κ1 − 6)

.
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When the function Find Roots comes, we use a computer algebra software.
We exhibit below the explicit expression of κ1, solution to Γ(p+1) = 0, when
p ∈ {1, 2, 3}, and a numerical approximation for its solution when p = 4 (for
the sake of simplicity):

κ1 =
1

2
± i

2
; p = 1

κ1 =

(−b
18

+
4

9b
+

1

9

)
± i
√
3

(
b

18
+

4

9b

)
; p = 2

≈ 0.4013648789516588± i× 0.7409710153124752

κ1 =
d

48c
− 5

16
± i

2

√
2439c

32d
+ c2 +

7

144c2
− 43

96
; p = 3

≈ 0.3247753916537674± i× 0.927940112670109

κ1 ≈ 0.2675589068337956± i× 1.088573443182903; p = 4

with

b :=

(
2
√
19√
3
− 134

)1/3

,

c :=
1

2

(
2

√
9931

6
+

2179

27

)1/6

, d :=
√
576c4 + 129c2 + 28.

6.1. Global error

We solve numerically the IVP (1) with f
(
t, y
)
= −y3 over the interval

]0, 1[, with y(0) = 1 using a BDFp scheme and its two compositions when
p ∈ S4

1 for different time steps τ = 1/N,N ∈ {10, 20, 40, 80, 160}. Knowing

the exact solution y(t) ≡
√

1
1+2t

, we use it to build approximations yj on

tj = jτ, j ∈ Sp−1
1 as they are crucial for initializing Φ[p] and Ψ

[p+1]
τ . The part

of Find Roots in Algorithm 2 is skipped at every time step. Algorithm 2 is
then simplified by the last five lines: we apply first Φ

[p]
(1−κ1)τ

then Φ
[p]
κ1τ to

produce ŷn and take its real part to store in yn at every time step. Here, the
exact solution is also used to compute the exact error:

e(tn) := ∥y(tn)− yn∥, n ∈ SN
1 . (60)
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The global error is computed by using the trapezoidal rule of integration as
follows:

EN :=
1

N

(
N−1∑
n=p

e(tn) +
e(tN)

2

)
. (61)

For distinction, we denote by E
Φ[p]

N the global error associated to the approx-

imation produced by the BDFp scheme while we denote by E
Ψ[p]

N the one
associated to the approximation produced by the composed flow of order p.

We present in Fig. 3 the comparison between E
Φ[p]

N and E
Ψ[p+1]

N .
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τ = 1/N

10−6

10−4

10−1
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0.99
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Φ1
h

Ψ2
h

10−2 10−1
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10−8

10−5

10−2

EN 1.96

2.96

Φ2
h

Ψ3
h
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10−10

10−6

10−2
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Φ3
h

Ψ4
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τ = 1/N

10−12
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10−3

EN
3.86

5.00

Φ4
h

Ψ5
h

Figure 3: Convergence errors of Φ[p] and its composed flow Ψ[p+1] for p ∈ {1, 2, 3, 4}.

We mention that the slope for Φ[2], the second order BDF scheme, is
≃ 1.96 while its twice composition Ψ[3] designed by Algorithm 2 has a slope
of ≃ 2.96, showing an increasing by one the order of convergence. Other con-
vergence rates for BDFp schemes and their twice compositions can be checked
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in the same figure. We conclude that the composition designed in this work
increases by one the accuracy order. To check the utility of this composition
in using less number of backward points while producing approximation with
the same order, we present in Table 2 the global error between the classical
BDFp scheme using p backwards points and the proposed composed flow
having the same order p while using p− 1 backward points. The comparison
is done for p = 2, 3, 4, 5.

Table 2: Comparison between the global error E
Φ[p]

τ

N and E
Ψ[p]

τ

N for different values τ .

τ 10−1 5× 10−2 2.5× 10−2 1.25× 10−2 6.25× 10−3

E
Φ[2]

N 2.46× 10−3 7.73× 10−4 2.15× 10−4 5.68× 10−5 1.45× 10−5

E
Ψ[2]

N 1.10× 10−3 3.04× 10−4 7.99× 10−5 2.04× 10−5 5.18× 10−6

E
Φ[3]

N 6.08× 10−4 1.21× 10−4 1.91× 10−5 2.68× 10−6 3.56× 10−7

E
Ψ[3]

N 1.00× 10−4 1.59× 10−5 2.22× 10−6 2.93× 10−7 3.75× 10−8

E
Φ[4]

N 1.85× 10−4 2.53× 10−5 2.33× 10−6 1.78× 10−7 1.22× 10−8

E
Ψ[4]

N 1.70× 10−5 1.66× 10−6 1.24× 10−7 8.41× 10−9 5.43× 10−10

E
Φ[5]

N 6.41× 10−5 6.46× 10−6 3.60× 10−7 1.51× 10−8 5.52× 10−10

E
Ψ[5]

N 4.06× 10−6 2.58× 10−7 1.02× 10−8 3.39× 10−10 1.06× 10−11

We conclude from Table 2 that the composed flow of order p, Ψ[p], has
better accuracy than the one of BDFp, Φ[p], with the same order, which
means that it has a smaller error constants in the error estimation. This
allows us to produce a better quality of approximation while using a smaller
number of backward points. But how this increasing in order will affect the
computational cost involving real and complex parts? Does the composed
numerical flow Ψ[p] has a low performance compared to the numerical flow
of the BDFp having the same order Φ[p]?

6.2. CPU comparison

To check the computational efficiency of the composition, whether or not
involving computation in real and complex parts will significantly increase
the computational cost, we compare in Table 3 the ratio of the global errors
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and the ratio of CPU time between Φ[p] and Ψ[p] for a set of time steps:

REN
=

E
Φ[p]

N

E
Ψ[p]

N

, RCPU =
CPUΦ[p]

CPUΨ[p]
(62)

As for instance, the global error of Ψ[p] is smaller with a factor of 2.234
compared to Φ[p] when p = 2 and τ = 10−1 and the rate can go up to a factor
of 52 when p = 5 and τ = 6.25×10−3, as presented in Table 3. This increasing
in accuracy have a computational cost as it involves computation in real and
complex parts. To check this, we present in the same table (Table 3) the
CPU ratio RCPU. We can see that, for p = 2 and τ = 0.1, the decreasing of
the error by a factor of 2 using Ψ[2] implies an increasing in CPU time by
almost the same factor. This factor decreases when τ decreases. For higher
order p and smaller time steps, the increasing factor of CPU decreases and
almost tends to 1, meaning that the computational time is the same for a
given time step, while the error decreases faster allowing higher precision
going up to a factor of 52 when p = 5 and τ = 0.00625.

Table 3: Ratio of the global error and the CPU time between Φ
[p]
τ and Ψ

[p]
τ .

τ 10−1 5× 10−2 2.5× 10−2 1.25× 10−2 6.25× 10−3

p = 2
REN

2.234 2.539 2.695 2.775 2.816
RCPU 1/2.343 1/2.295 1/2.291 1/2.242 1/1.625

p = 3
REN

6.0582 7.629 8.607 9.172 9.480
RCPU 1/2.225 1/2.037 1/1.915 1/2.103 1/1.968

p = 4
REN

10.890 15.266 18.734 21.150 22.626
RCPU 1/1.906 1/1.689 1/1.486 1/1.558 1/1.647

p = 5
REN

15.773 24.966 35.055 44.662 52.073
RCPU 1/1.680 1/1.372 1/1.321 1/1.328 1/1.168

we present in Fig. 4 the plot of CPU time versus the associated global
precision for both, the classical BDFp scheme, Φ[p] and the proposed com-
posed flow Ψ[p] having the same order. Note that the composed flow with
order p prescribe p− 1 backward points. We can see that the computational
efficiency of the composed flow is the same when p = 3 allowing reaching the
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same accuracy with less number of backward points, and better for higher
orders. In the next Section, we investigate the linear stability of Ψ[p+1] and
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10−1

CPU

Φ2
h

Ψ2
h

10−8 10−5 10−2

EN

10−4
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Φ3
h

Ψ3
h

10−10 10−6 10−3
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10−4

10−2

10−1

CPU

Φ4
h

Ψ4
h

10−12 10−8 10−3

EN

10−4

10−2

100

CPU

Φ5
h

Ψ5
h

Figure 4: CPU versus global errors of Φ[p] and the composed flow Ψ[p] for p ∈ {2, 3, 4, 5}.

see how the barrier of order six of BDF schemes is broken.

7. Linear stability analysis

The study of the stability of a linear multi-step method is done by its
generating polynomials defined by Eq. (5). However, it is difficult to show the
generating polynomials of the designed numerical method in this work. This
is because the use of an iterative solver to obtain an intermediate solution.
This is why we will focus solely on the A−stability. To do that, we consider
the simplest linear scalar problem ẏ = λy, where the numerical integration
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using Ψ
[p+1]
τ leads us to the following relation:

p∑
i=0

Θiyn−i = 0

with

Θi =:


(κ1z − γ(0|n)).(γ

′
(0|n) − (1− κ1)z), i = 0,

γ′
(1|n)γ(i|n) + (κ1z − γ(0|n))γ

′
(i+1|n), i ∈ Sp−1

1 ,

γ′
(1|n)γ(p|n), i = p,

where z := τλ. We define the polynomial pp(ω, z) associated to Ψ[p+1] by
the following formula:

pp
(
ω, z

)
=

p∑
i=0

Θp−iω
i. (63)

Consider ω1(z), . . . , ωp(z) the p roots of pp
(
ω, z

)
that depend on z. The

stability region of the numerical scheme Ψ[p+1] is the following region defined
in the complex plane:

DΨ[p+1] =
{
z ∈ C

∣∣∣ |ωi(z)| ⩽ 1,∀ i ∈ Sp
1

}
. (64)

According to Lemma 4.7 in [13], we have the following:

Definition 3. The composed scheme Ψ[p+1] is A(ϑ)−stable if:

Sϑ ⊆ DΨ[p+1] ,

where Sϑ is a sector of angle 2ϑ bisected by the negative real axis. In addition,
if ϑ = 90◦, the composed scheme is said to be A−stable.

For every ∀ p ∈ S8
1, the polynomial pp

(
ω, z

)
is constructed, then a mesh-

grid of z values is built in the complex plane, where for every value zi,j, roots
ωi,j,s, s ∈ Sp

1 of pp
(
w, zi,j

)
= 0 are obtained numerically using the NumPy

package in Python in order to check those with absolute value that is smaller
than one. The domain of stability is the set of all values zi,j, where |ωi,j,s| ⩽ 1.

We plot the domain DΨ[p+1] for different p ∈ S4
1 in Fig. 5 and p ∈ S8

5 in

Fig. 6. The black solid lines are the roots locus of the Φ[p] schemes and the
red ones are the locus of roots to Ψ[p]. The outer domain of these roots locus
represents the stable region of the scheme. We recall here that the numerical
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Figure 5: The grey colored region showed the unstable region of the BDFp scheme of
order p ∈ {2, 3, 4, 5}, while the pink colored region shows the unstable region of the twice
composition of the BDF(p− 1) scheme which is of order p.

scheme Ψ[p+1] is of order p + 1. Though, the comparison of the stability
region is done between two schemes of the same order: Φ[p] and Ψ[p]. We can
see from these pictures that DΦ[p] ⊆ DΨ[p] for p ∈ S9

3.
In addition, the composed schemes of order p = 2, 3, 4 are stable, and

those of order p ∈ S8
5 are A(ϑ)-stable as it can be seen in the shaded region

of stability and the zoom in the down left subplot in Fig. 6. This in not the
case for Φ[p] for p > 6. To check the angles of stability for the composed flow
ϑΨ[p] , we have followed the same strategy as in [87] to compute them. These
angles of stability regions are presented in Table 4 with the ones of the ϑΦ[p]

for the classical BDF schemes.
In conclusion of this section, the composition of BDFp schemes allows us

to break the Dahlquist barrier, six, so we can use higher order BDF families
of schemes.
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Figure 6: The grey colored region showed the unstable region of the BDFp, p ∈ {6, 7, 8, 9},
while the pink colored region shows the unstable region of the twice composition of the
BDF(p− 1) which is of order p.

Table 4: Angles of the A(ϑ)−stability domain

p 2 3 4 5 6 7 8 9

ϑΨ[p] 90◦ 90 90 81.511 67.796 45 4.146 -
ϑΦ[p] 90◦ 86.032 73.351 51.839 17.839 - - -

8. Variable time step

In this section, we explore the feasibility of implementing variable time
stepping. Specifically, we examine whether certain time step values τn are
constrained to ensure the existence of a single root of the equation Γ(p+1|n) =
0 with a real positive part. As System (23) depends only on r(i|n), i ∈ Sp

1,
the question to ask: is there a limit, either upper or lower, on the values
of r(i|n) that must not be surpassed to guarantee the time marching? We
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will address this inquiry in the subsequent discussion. Contrary to the upper
bounds restricted to the ratio of two adjacent time step found in [77, 78] for
keeping the stability of the variable time stepping of the second and third
BDF schemes, we find in our analysis lower bounds for adaptive time step
when the composed flow of BDFp schemes (p ∈ S8

2) is applied.
To begin, we will mention that κ1 = 1/2± i/2 are the roots of Γ(1+1|n) =

2κ2
1 − 2κ1 + 1 = 0 when p = 1, which means that it does not depend at all

of the ratio of time steps. Thus the composed flow of order 2 has no lower
bound on the ratio. In the case of p = 2, κ1 is the root of

3κ3
1 + κ2

1(3r(2|n) − 4) + κ1(r
2
(2|n) − 2r(2|n) + 2) + r(2|n) = 0,

where the algebraic expression of its roots as a function of r(2|n) is com-
plicated. Therefore, finding the algebraic dependence of roots on r(2|n) to
find where they have a positive real part becomes difficult to express. It
is even more complicated for higher p. Therefore, we perform a numerical
investigation to find whether or not there is a barrier on τn to ensure time
marching-the positive real part of κ1 for adaptive time steps.

8.1. The first step

Consider first that, for a given p, {ti | i ∈ Sp−1
1 } are equidistant (τi =

τ, ∀i ∈ Sp−1
1 ). When finding the roots of Γ(p+1|n) = 0, we select among them

the one with a positive real part to ensure marching in time. To check this,
we select a range of values of τp > 0 where, for every value, we calculate
{r(i|n) | i ∈ Sp

1} and then establish Γ(p+1|n) to find its roots and check if there

is one such that Re(κ1) > 0. Note that r{2|p} ≡
τ

τp
, which reflects the ratio of

two adjacent time steps. This aims to find a bound on two consecutive time
steps, for which at least one of the roots of Γ(p+1|n) = 0 has a positive real
part. This is done numerically. We found that a lower bound on the ratio
should be applied, as for instance when applying the double composition of
BDF2 -which is of order 3- and having two approximations to backwards
points t0 and t0 + τ1, the time step τ2 must verify τ2 ⩾ 0.4506× τ1 to ensure
the time marching of the composition in having positive value in the real part
of κ1. Another example is illustrated when using the double composition of
BDF3- which is of order 4- and having approximations of backwards points
t0, t0 + τ, t0 + 2τ , the time step τ3 must verify τ3 ⩾ 0.6311τ . We note that
the lower bound increase as p increases. The values of the lower bounds for
the rest of the composed flow are reported in Table 5.
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Table 5: Lower bounds of τp/τ .

p 2 3 4 5 6 7 8

1/r{2|p} 0.4506 0.6311 0.7158 0.7717 0.8125 0.8454 0.8734

1/ 2p−3
√
2 0.5 0.7937 0.8705 0.9057 0.9258 0.9389 0.9480

For security and simplicity, we can generate the following rule of thumbs
to produce an lower bound of two adjoint time steps:

1

r{2|p}
=

τp
τ

⩾
1

2p−3
√
2
, p ∈ S8

2.

For additional information, we plot in Fig. 7 the relation between τp and the
real part of κ1, a root of Γ(p+1|n) for p ∈ S8

1 in the first step.
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Figure 7: Plot of the real part of κ1 solutions of system (23) for a range of values of
1/r{2|p}.

Intermediate conclusions. Consider one has p starting points yj approximat-
ing y(tj) for tj = jτ,∀ j ∈ Sp−1

0 up order p and want to compose the nu-
merical flow Φ[p]. At the first step of computing an approximation yp to
y(tp := tp−1 + τp), the time step τp should be selected such that:

τp ⩾

0 p = 1,
τ

2p−3
√
2

p ∈ S8
2.

(65)
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8.2. Simulation at the nth step

Once the solution is approximated on tp = t0 + (p − 1)τ + τp with τp
verifying inequality (65), selecting the next variable time step size is crucial.
For instance, users may need to decrease it for stiff dynamical problems or
increase it if the system is not stiff. In the case when p = 1, and as it was
shown before, there is no need to take care of the lower bound.

If p = 2, we can conclude according to Table 5 and by induction, that
the new time step should verify the following inequality to ensure a positive
real part of the root:

if p = 2 =⇒ τn ⩾ 0.4506× τn−1, ∀n ∈ Z+. (66)

For the numerical flow Ψ[p] with p ⩾ 3, finding the limit bound of the time
step is more complex. Thus, we follow the same procedure we applied in the
first step. Results are reported in Table 6

Table 6: Lower bound of τp+1/τp while τp ⩾ τ/ 2p−3
√
2.

p 2 3 4 5 6 7 8

1/r{2|p+1} 0.4506 0.6951 0.7763 0.8245 0.8613 0.0.8897 0.9131

We see that values of the lower bounds of the ratio between the new time
step τp+1 and the last one τp increases, tending to unity, when p increases.
This will reduce the range of possibilities to decrease the time step, if needed,
when higher-order schemes are employed for stiff dynamical problems involv-
ing different time scales. However this may not limit their uses as high-order
numerical schemes are able to catch the dynamics as with higher precision
allowing higher values of time steps. We continue searching for the lower
bound of the new time step τn+1 according to the last one τn. The following
rule of thumb in Eq. (67) could be applied, as reported in Table 7.

τn+1 ⩾
τn

2p−3
√
2
, ∀ p ∈ S8

3. (67)

According to these values, we can see that the prescribed lower bound
1

2p−3√2
is a reliable solution for p ∈ S6

2, but not when p ∈ {7, 8}, where the

following formula is well suited as reported in Table 8:

τn+1 ⩾
τn

p(p−1)
√
p
. (68)
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Table 7: Lower bound of τn+1/τn, prescribed to Ψ[p+1] while having τn ⩾ τn−1/
2p−3
√
2.

p 2 3 4 5 6 7 8

1/r{2|n+1} 0.4506 0.6951 0.8063 0.8781 0.9193 0.9483 0.9709

1/ 2p−3
√
2 0.5 0.7937 0.8705 0.9057 0.9258 0.9389 0.9480

Table 8: Lower bound of τn+1/τn, prescribed to Ψ[p+1] while having τn ⩾ τn−1
p(p−1)

√
p
.

p 2 3 4 5 6 7 8

1/r{2|n+1} 0.4501 0.6806 0.7900 0.8559 0.9019 0.9362 0.96351

1/ p(p−1)
√
p 0.7071 0.8326 0.8908 0.9226 0.9420 0.9547 0.96354

We mention here that there is no constraints in prescribing upper bound
for 1/r{2|n+1}, i.e. the time step size could be taken greater than the last one
with no limit. Nevertheless, studies [77, 78] shows that adaptivity of time
steps for BDF schemes is constrained by having upper bounds to maintain
stability. In this paper, we do not establish upper bounds ensuring the
stability of the composed flow of BDFp for variable time for what it needs
another study. Although, a restriction on the upper bound will be prescribed
for robustness and which aligns with the results founds in [77, 78] for the
second and third BDF schemes. We end by showing the conclusion of this
section.

Intermediate conclusion. For stability of the computation, the upper and the
lower bounds, denoted by ℓp and 1

ℓp
respectively, on the new time step size

of the associate numerical flow Ψ
[p+1]
τn are given below:

∀n :


0 ⩽ τn+1

τn
⩽ 2, p = 1,

1
2p−3√2

⩽ τn+1

τn
⩽ 2p−3

√
2, p ∈ S6

2,
1

p(p−1)
√
p
⩽ τn+1

τn
⩽ p(p−1)

√
p, p ∈ S8

6.

(69)

9. Numerical tests

In the composition process, κ1 is a complex value, though the approxima-
tion of the solution yn in considered by the real part of ŷn produced by Ψ

[p+1]
τ .
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We show in this section, throughout numerical tests, that the imaginary part
could represent an error estimation of the approximation. This is a powerful
tool that will let us adapt the time step to reinforce the stability in case of
notoriously stiff problems. In this section we introduce some notations:

• The absolute value of the exact error relative to Φ
[p]
τ :

e(tn) := ∥y(tn)− yn∥, (70)

• The exact error relative to the composed numerical flow Ψ
[p]
τ :

ê(tn) := ∥y(tn)− Re(ŷn)∥. (71)

• The imaginary part of ŷn in its absolute value

|Im(ŷn)|. (72)

We denote by en and ên approximations to e(tn) and ê(tn), respectively.

9.1. The first example

We consider the IVP defined over the open interval ]0, 5[, having the
initial condition y0 := y(0), f(t, y) = λy + g(t), and g(t) a differentiable
function. The exact solution is given below:

y(t) = eλt ·
(
y0 +

∫ t

0

e−λτ · g(τ)dτ
)
.

First, we consider λ = −1/10 and g(t) = sin(ωt) with ω = 2π and y0 = 2,
thus the exact solution is given as follows:

y(t) = eλt ·
(
y0 +

ω − e−λt ·
(
λ sin(ωt) + ω cos(ωt)

)
ω2 + λ2

)
. (73)

We will demonstrate that the imaginary part of the numerical approxima-
tion ŷn, obtained by the composed numerical flow Ψ

[p]
τ , represents an error

estimation. We compare the error of the numerical solution with the exact
one for different orders p and we compare this error with the imaginary part.
Fig. 8 presents for several orders p and a fixed time step τ = 0.01 the plots
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of en, ên and Im(ŷn). We can see how the composed flow produces approxi-
mations with additional accuracy and how the imaginary part is of the same
order as the exact error. It is worth to notice that when p = 8, the error
increases with the simulation time in the case when numerical simulations
are performed with BDF. This is because the scheme is unstable for p ⩾ 6,
whereas the errors of approximations produced by the composed technique
does not diverge, ensuring that the composed flow is stable by breaking the
Dahlquist barrier.
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|Im(ŷn)|

0 1 2 3 4
t

10−19

10−10

100

p = 8

en
ên

|Im(ŷn)|

Figure 8: Plots of en and ên relative of the approximation to solution (73) resulting from
Φ[p] and Ψ[p+1] respectively, with the imaginary part Im(ŷn) for p ∈ {3, 5, 6, 8} and with
τ = 0.01.

9.2. ODEs with stiffness

In this section, we present two examples of ODEs with stiffness. The first
one is a linear but non-homogeneous ODE while the second is a nonlinear
equation. The solution of the latter is represented by the Lambert function.
These examples will show the suitability of the imaginary part to follow the
error and estimate it.
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9.2.1. Linear equation

We consider here again the last ODE with λ = −50 and g(t) = −λ arctan(20t).
The simulation is spanning the segment [0, 2π] with the initial condition
y0 := 1 and using the time step τ = 0.01. The solution is plotted in Fig. 9.
It is clear that the solution presents a steep variation around t = 0 and
t = 3, involving a change in the time step to follow the variation and keep
approximations stable.

0 1 2 3 4 5 6
t

−1

0

1

y
(t

)

Figure 9: The exact solution of the problem ẏ = −50y + 50 arctan(20t).

We add also the plot of the error between the exact solution and the one
obtained by the composition of the BDFp for p ∈ {4, 5}. Fig. 10 presents two
evolutions of the exact errors obtained with Ψ

[4]
1/100 and Ψ

[5]
1/100. This figure

represents also the imaginary part of ŷn. First, we see that the accuracy of
the solution increases when p increases. Second, we demonstrate that the
evolution of the imaginary part follows that of the exact error while having
the same order of magnitude.
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Figure 10: Evolution of the exact error e(tn) and of the imaginary part of ŷn relative to
the stiff problem defined by g(t) = −50 arctan(20t) and obtained by the composed flow
Ψ[p+1] for p ∈ {4, 5}.
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9.2.2. Lambert function

Consider the ODE defined by the right hand side f(t, y) := y2 − y3 with
the initial condition y(0) = δ over the segment [0, 2/δ], where its solution is

given exactly by y(t) ≡ 1

W (de d−t) + 1
, with d := 1/δ − 1 and W (z) being

the Lambert function defined as the solution to the transcendent equation
WeW = z. It is a classical example of testing the efficient of the numerical
scheme in stiff case. The solution is plotted in Fig. 11 for δ = 0.01.

0 100 200
t

0.0

0.5

1.0

y
(t

)

Figure 11: Exact solution of the Lambert equation when δ = 0.01.
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Figure 12: Evolution of the exact error e(tn) and of the imaginary part of ŷn relative to
the Lambert problem when δ = 0.01. It is obtained with the composed flow Ψ[p+1] for
p ∈ {3, 5}.

Fig. 12 presents the plots of the exact error evolution, for a fixed time step
τn = 0.01, compared with the imaginary part of the approximation obtained
by the composed flow for two orders p ∈ {3, 5}. It is clear that the latter
follows the same pattern as the former. To check the efficiency of the rule
of thumb formula in (69) for choosing the value of the new step size and
ensure having a real positive part in the root κ1, we proceed to update the
time step with and without it. Fig. 13 presents this comparison between
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the real parts during the simulation. The upper panel presents the case
without it, where a negative real part occurs around t = 100, thus blocking
the marching time. We can see that applying the rule of thumb presented
in (69), ensures advancing in time by the composed flow as all roots of κ1

during the simulation have positive real parts.
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Figure 13: Evolution of the maximum of the the real part of roots κ1 during the simulation
when p = 4 and tol = 10−12 using the bounding strategy in Eq. (69) (lower panel) and
without it (upper panel).

We end by plotting the evolution of the time step τn for different features
of the simulation. Fig. 14 presents the evolution when applying the com-
posed flow with different orders p ∈ {2, 3, 4} and a fixed user tolerance tol.
All simulations present at the beginning a steady time step as the solution
shows no variation before reaching the neighborhood of t = 100, as Fig. 11
demonstrates it. We can see how the order of the scheme affect the time step
adaptivity: the bigger the order is, the low the variation of the time step.
However and for a fixed order p, the adaptivity of the time step size presents
a high rate of variation when the tolerance is smaller. This is demonstrated
in Fig. 15 for p = 2 and tol ∈ {10−7, 10−9, 10−12}.
Intermediate conclusion. We conclude from these numerical experiments that
the proposed numerical flow obtained by twice composing the BDFp numer-
ical flow produces a numerical scheme where the output has two parts: the
real part-an approximation to the solution with an additional accuracy, and
the imaginary part- an error estimate of the resulting approximation.
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Figure 14: Evolution of the τn during the simulation with the adaptive Algorithm 1 for
orders p = 2, 3, 4 and tol = 10−10.

10. Conclusion and perspectives

In this paper, we presented a composition technique for implicit BDFp
schemes. Unlike the cyclic composition methods proposed in the last century
[57, 60], our technique is akin to those developed for one-step methods [50].
Specifically, it employs the same numerical flow with varying time step sizes.

We proved that two consecutive compositions of a BDF scheme of order
p yield an approximation with an additional order of accuracy. Notably, this
enhancement is achieved without requiring additional backward points. To
attain the higher order, an algebraic equation must be solved once for all
fixed time steps for a given order p, or at every time layer when variable
time steps are used. The solution to this algebraic equation is a complex
number, which can be computed numerically.

Furthermore, leveraging the difference operator for an LMS method, we
demonstrated that the imaginary part of the outputs provides an error es-
timate for the approximation generated by the composed flow. The corre-
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Figure 15: Evolution of the τn during the simulation with the adaptive Algorithm 1 for
p = 2 and various user tolerance tol ∈ {10−7, 10−9, 10−12}.

sponding error constant is also derived. This was illustrated through numer-
ical experiments conducted on several classic stiff problems, both at the end
of the paper and throughout the discussion.

Another advantage of the composed flow of order pth is that it uses p− 1
backward points, compared to the BDFp method, which requires p points.
This reduction in backward points helps minimize memory allocation.

Furthermore, numerical tests have demonstrated that the computational
performance of the composed flow of order p is comparable to that of the
classical BDF scheme of the same order for low orders (2 and 3) and surpasses
it for higher orders. By surpassing, we mean that the composed flow achieves
the same level of accuracy with lower CPU time. This improved performance
is achieved with fewer backward points.

If the same number of backward points is maintained, and the computa-
tional efficiency of the composed flow is compared to the classical BDFp, the
composed flow outperforms the classical BDFp for any order p.

45



The linear stability of the composed scheme was investigated. The gener-
ating polynomials were obtained in the case of linear differential equation and
angles of stability were determined for every order. We have proved graph-
ically that the new scheme Ψ[p] is A(ϑ) stable up to order p = 8, breaking
the Dahlquist barrier, equal to six, in implicit BDF schemes.

Variable time stepping is analyzed, and conditions for ensuring a real
positive part of the jumping step are presented. A lower bound formula for
the ratio of two consecutive time steps is derived to guarantee stable time
marching in simulations using the composed flow.

In our perspectives, the developed technique of the composition should be
extended to Partial Differential Equations. To do that, we should develop the
mathematical formulation to write the variational formulation of the problem
in mixed form, where the real and imaginary parts are the two associated
unknowns formulated in mix formulation strategy. In this case, the scalar
field of the imaginary part associated to the variable in quest is of interest,
not only to adapt the time step but also to use in mesh refinement. This
should be investigated in future works.
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Nomenclature

t Time variable coordinate

T The final time of simulation

y(t) The unknown function

f Right hand side of the differential system

e(t) Local error

ϕt Exact flow of the differential system

tn The nth instant of time

τn The nth time step magnitude

yn The nth approximation of y(tn)

en Error estimate of e(tn)

Sj
i The set of positive integers numbers between i and j

(.)|t=tn Evaluation operator at t = tn

∇jyn Backward Difference operator

γ(i) The ith coefficients of BDF in case of fixed time step

γ(i|n) The ith coefficients of BDF(p) to find approximation at t = tn

L Difference operator

tol User tolerance

Tn,p Vector containing instants points set {tn−i | i ∈ Sp−1
0 }
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Yn,p Vector containing elements of the set {yn−i | i ∈ Sp−1
0 }

Φ
[p]
τn Numerical flow of the BDFp with a time step τn

κ1 A complex number

tn−1/2 Intermediate instant between tn−1 and tn

yn−1/2 Approximation of y(tn−1/2)

Tn−1/2,p Vector of instants {tn−i ∧ tn−1/2 | i ∈ Sp−1
1 }

Yn−1/2,p Vector of approximations {yn−i ∧ yn−1/2 | i ∈ Sp−1
1 }

ε(j|n) The jth ratio relative to the first integration in the composition

T ′
n,p Vector of instants {tn−i ∧ tn−1/2 | i ∈ Sp

2}

Y′
n,p Vector of approximations {yn−i ∧ yn−1/2 | i ∈ Sp

2}

ŷn Approximation of y(tn) using double composition

Re(ŷn) The real part of ŷn

Im(ŷn) The imaginary part of ŷn

Ψ
[p+1]
τn The numerical flow of the double composition of Φ[p]

ℓp Bound element in the adaptive tomestep choosing process

ξ(j|n) jth ratio relative to the second integration in the composition

Γ(i|n) ith coefficients of BDF(p + 1) to find approximation at t = tn

L Difference operator of the first integration in Ψ[p+1]

Ej jth term of the Taylor development of L1

L2 Difference operator of the second integration in Ψ[p+1]

Ej jth term of the Taylor development of L2

z A complex variable
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pp(ω, z) Polynomial associated to an LMS method

ωi(z) ith root of pp as a function of z

DΨ[p] A-stability domain of the numerical flow Ψ[p]

ϑΨ[p] Stability angle of the numerical flow Ψ[p]

Appendix A. Algorithm of flow Φ[p]
τn

In this section, we present the numerical flow associated with the BDFp
in Algorithm 3.

Algorithm 3 The numerical flow Φ
[p]
τn (Tn−1,p,Yn−1,p) of BDFp

Require: τn, tol
[γ(0|n), . . . , γ(p|n)]← Coeff

(
[tn−p, . . . , tn−1, τn]

)
(see Algorithm 4)

ℓ← 0
yn,ℓ ← yn−1

en,ℓ ← tol× 2
while en,ℓ > tol do

yn,ℓ+1 ← Fp

(
[γ(0|n), . . . , γ(p|n)], yn,ℓ

)
en,ℓ+1 ← ∥yn,ℓ+1 − yn,ℓ∥
yn,ℓ+1 ← yn,ℓ
ℓ← ℓ+ 1

end while
yn ← yn,ℓ+1

return (Tn,p,Yn,p)

Appendix B. Proof of Proposition 6

In this section, the proof of Proposition 6 is done only for Γ(p+1|n). The
proofs for other coefficients {Γ(i|n) | i ∈ Sp

0} can be obtained using the same
strategy. Mainly, we use the Cramer rule to compute the solution of Γ(p+1|n):

Γ(p+1|n) =
det(A′

n,p+1|p+2)

det(A′
n,p+1)

, (B.1)
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where det : Matn (C) → C is the application returning the determinant of a
given matrix and A′

n,p+1|p+2 is the matrix obtained by replacing the right hand

side in the (p+2)th column in matrix A′
n,p+1. We can see that the last case in

the second column contains only two elements: ξp+1
(0|n) and (−κ1)

p+1
p∏

i=1

ε(i|n)

leading us to decompose the determinant into two parts as follows:

det
(
A′
n,p+1

)
= det (Bp)−

κp+1
1

γ(0|n)

p∏
i=1

ε(i|n) det
(
B1,p+1
p

)
. (B.2)

In the same context and after taking factor of −ξ(0|n) in the last column, we
get:

det
(
A′
n,p+1|p+2

)
= (−1)p+1ξ(0|n)

(
det (Bp+1) +

κp+1
1

γ(0|n)

p∏
i=1

ε(i|n) det
(
B1,p
p+1

))
,

(B.3)
where Bp−i ∈ Matp−i (C) is the following matrix defined in Eq. (B.4) and

Bj,ℓ
p−i results from Bp after deleting the jth column and the ℓth row.

Bp−j :=


ξ1+j
(0|n) . . . ξ1+j

(p−j|n)
...

. . .
...

ξp(0|n) . . . ξp(p−j|n)

 · (B.4)

After manipulating columns and rows in both Bp and B1,p
p , and using ele-

mentary algebraic operations, we can show that:

det(Bp−j) =

p−j∏
i=0

ξj+1
(i|n)

p−j−1∏
i=0

p−j∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n)), (B.5)

det(B1,p−j+1
p−j ) =

p−j∏
i=1

ξj+1
(i|n)

p−j−1∏
i=1

p−j∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n)). (B.6)

After using formulas (B.5) and (B.6) in (B.3), and taking common factors,
we get:

det
(
A′
n,p+1|p+2

)
= (−1)p+1ξ(0|n)

(
p−1∏
i=0

ξ2(i|n)

p−2∏
i=0

p−1∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n))

+
κp+1
1

γ(0|n)

p∏
i=1

ε(i|n)

p−1∏
i=1

ξ2(i|n)

p−2∏
i=1

p−1∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n))

)
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Taking common factors, we have:

det
(
A′
n,p+1|p+2

)
= (−1)p+1ξ(0|n)

p+1∏
i=1

ξ2(i|n)

p−2∏
i=1

p+1∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n))×(
ξ2(0|n)

p+1∏
ℓ=1

(ξ(ℓ|n) − ξ(0|n)) +
κp+1
1

γ(0|n)

p∏
i=1

ε(i|n),

)
which equal to:

det
(
A′
n,p+1|p+2

)
=

(−1)p+1

γ(0|n)
κp+1
1 ξ(0|n)

p−1∏
i=1

ε(i|n)ξ
2
(i|n)×

p−2∏
i=1

p−1∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n))×
(
γ(0|n)ξ

2
(0|n) + κ2

1ε(p|n)

)
(B.7)

We show also that:

det(A′
n,p+1) =

κp
1

γ(0|n)

p∏
i=1

ε(i|n)ξ(i|n)

p−1∏
i=1

p∏
ℓ=i+1

(ξ(ℓ|n) − ξ(i|n))
(
γ(0|n)ξ(0|n) − κ1

)
.

(B.8)
To this end, we replace Formulas (B.7) and (B.8) in (B.1). After simplifying,
we obtain the formula of Γ(p+1|n) in (44), which completes proof for Γ(p+1|n):

Γ(p+1|n) = (−1)p+1

p−1∏
i=1

[
ξ(i|n)

ξ(p|n) − ξ(i|n)

] (κ1 − 1)
[
ξ2(0|n)γ(0|n) + κ2

1ε(p|n)

]
ξ(p|n)

(
r(p|n) + κ1

)[
ξ(0|n)γ(0|n) − κ1

]
(B.9)

Appendix C. Closed form of Γ(p+1|n)

We present in this Appendix the explicit expression of Γ(p+1|n) when p ∈
S4
1

Γ(1+1|n) =
(κ1 − 1)(2κ2

1 − 2κ1 + 1)

κ1(2κ1 − 1)
,

Γ(2+1|n) = −
(κ1 − 1)(3κ3

1 + κ2
1(3r(2|n) − 4) + κ1(r

2
(2|n) − 2r(2|n) + 2) + r(2|n))

r(2|n)(r(2|n) + κ1)(r(2|n) + 1)(3κ2
1 + 2κ1(r(2|n) − 1)− r(2|n))

,
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
(κ1 − 1)(r(2|n) + 1)×(
4κ4

1 + κ3
1(3r(2|n) + 4r(3|n) − 6)

+κ2
1

(
(r(2|n)(3r(3|n) − 4) +

(
r2(3|n) − 4r(3|n) + 3

))
+κ1

(
r(2|n)(r

2
(3|n) − 2r(3|n) + 2) + 2r(3|n)

)
+ r(2|n)r(3|n)

)


Γ(3+1|n) = ,
r(3|n)(r(3|n) + κ1)(r(3|n) + 1)(r(3|n) − r(2|n))×(
4κ3

1 + 3κ2
1(r(2|n) + r(3|n) − 1)

+2κ1(r(2|n)r(3|n) − r(2|n) − r(3|n))− r(2|n)r(3|n)

)


Appendix D. Algorithm computing γ(i|n)

We present below steps in Algorithm 4 computing {γ(i|n) | i ∈ Sp} related
to Eq. (17) and Eq. (18) approximating y(tn) using last approximations on
Tn−1,p and with a time step τn [2, page 419]. We denote by Coeff the function
computing these coefficients.
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