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Modified PUMA/EPUMA based on Forward and
Backward Linear Prediction for DOA Estimation

Biyun Ma, Fu Zhu, Yide Wang, Senior Member, IEEE, Qingqing Zhu, Jiaojiao Liu

Abstract—The principal-singular-vector utilization for modal
analysis (PUMA) and its modification (Mod-PUMA), which
utilize forward linear prediction (FLP) to process the signal sub-
space, experience significant performance degradation if there are
multiple coherent sources and such a performance degradation
will be further aggravated in low SNR regions, which is primarily
attributed to the outliers arising from inaccurate estimations of
the signal subspace. To address these issues, we propose an ex-
tension version of PUMA-related algorithms, called FBLP-Mod-
PUMA/EPUMA. The proposed algorithms improve the threshold
performance by refining the signal subspace through forward
and backward linear prediction (FBLP), effectively mitigating
subspace leakage when dealing with coherent sources. The num-
ber of resolvable coherent sources has been theoretically derived
and simulation results are provided to show the performance of
the proposed algorithms.

Index Terms—PUMA/EPUMA, DOA estimation, forward and
backward linear prediction, coherent sources.

I. INTRODUCTION

THE subspace-based direction-of-arrival (DOA) finding
methods, such as MUSIC [1], ESPRIT [2] and their

variants, offer significant advantages in terms of computa-
tional complexity and resolution capability compared to the
maximum likelihood (ML) method and beamforming-based
methods, respectively. However, when dealing with coherent
sources, these algorithms require decorrelation techniques for
preprocessing, such as spatial smoothing (SS) and modified
spatial smoothing preprocessing (MSSP) [3], which substan-
tially reduces the effective aperture of the sensor array. To
address this, alternative approaches like the method of direc-
tion estimation (MODE) [4] and its extension, MODE with
extra-roots (MODEX) [5], have been proposed. The MODEX
algorithm applies the MODE method twice, once assuming the
number of incoming signals is K (the true number of sources)
and once assuming it is P (P > K), then selects K DOAs
from the combined P +K candidate DOAs using a ML based
cost function [6]. These methods can handle coherent sources
with additional symmetry constraints on the root polynomial
coefficients.
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The principal-singular-vector utilization for modal analysis
(PUMA) [7] and enhanced-PUMA (EPUMA) [8] algorithms
are improved implementations of MODE and MODEX, re-
spectively, with no additional assumptions or constraints on
polynomial coefficients. Furthermore, it has been shown [9]
that MODEX and EPUMA share an equivalent cost function.
PUMA has a wide range of applications in ocean and water
remote sensing environments, which are characterized by chal-
lenges, such as signal coherence, time delay, Doppler effects,
multipath propagation, and low SNR [10]. However, PUMA
and EPUMA are based on the assumption of a full-rank source
covariance matrix, which reconstructs the signal subspace
using the eigenvectors corresponding to the K (number of
sources) largest eigenvalues. This assumption, however, be-
comes invalid when dealing with coherent sources. To address
this limitation, a modified version of PUMA/EPUMA, referred
to as Mod-PUMA/EPUMA, was proposed in [11] [12]. Mod-
PUMA reconstructs the signal subspace using the eigenvectors
corresponding to the Nr largest eigenvalues, where Nr is
the actual rank of the source covariance matrix. Moreover,
Mod-EPUMA employs a two-step selection strategy based on
the stochastic maximum likelihood (Sto-ML) criterion, further
enhancing its performance. Moreover, when dealing with
multiple coherent sources, where Nr < K, the computational
complexity of Mod-PUMA/EPUMA is reduced compared to
PUMA/EPUMA, attributable to the utilization of a reduced set
of signal eigenvectors.

Furthermore, with forward-backward spatial smoothing
(FBSS), PUMA/EPUMA and Mod-PUMA/EPUMA achieve
a 3 dB improvement in threshold performance. However,
the MODE/MODEX with FBSS is asymptotically statistically
less efficient than the MODE/MODEX without FBSS [13],
especially when the signal covariance matrix is non-diagonal
(i.e., the signals are correlated), highlighting that PUMA and
Mod-PUMA experience performance degradation in scenarios
involving multiple coherent sources. To address the limitations
of PUMA/EPUMA, an extension of Mod-PUMA/EPUMA
based on forward and backward linear prediction (FBLP),
called FBLP-Mod-PUMA/EPUMA, was developed in this
paper. The FBLP is applied to overcome the challenges
associated with coherent signal processing without additional
preprocessing steps that potentially diminish the effective
aperture of the sensor array and result in asymptotically
statistically less efficient estimation of the signal subspace. As
a result, the proposed algorithms achieve superior performance
in resolving coherent signals, particularly in low SNR regions.
The simulation results are provided to show the effectiveness
of the proposed algorithms.
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II. SYSTEM MODEL

Suppose there are K narrowband sources incident on a
uniform linear array (ULA) with N (K < N) sensors from K
different directions (θ1, θ2, . . . , θK), where K is known. So,

y(t) = As(t) + n(t), 1 ≤ t ≤ M (1)

where y(t) = [y1 (t) , y2 (t) , . . . , yN (t)]
T ∈ CN×1

represents the received signal vector, s(t) =
[s1(t), s2(t), . . . , sK(t)]

T ∈ CK×1 denotes the source
signal vector, n(t) = [n1 (t) , n2 (t) , . . . , nN (t)]

T ∈ CN×1 is
the noise vector with zero mean and covariance matrix σ2IN ,
where σ2 is the noise power and IN ∈ CN×N is the identity
matrix. The noise is assumed to be uncorrelated with s(t).
A = [a (θ1) ,a (θ2) , . . . ,a (θK)] ∈ CN×K is the steering
matrix, where a (θ) =

[
1, ejπ sin(θ), . . . , ejπ(N -1) sin(θ)

]T ∈
CN×1 denotes the steering vector. M represents the number
of snapshots. The covariance matrix of y(t) is

Γ = E[y(t)yH(t)] = AΓsA
H + σ2IN (2)

where Γs = E
[
ssH

]
∈ CK×K denotes the source covariance

matrix and 1 ≤ rank(Γs)=Nr ≤ K.

III. FORWARD AND BACKWARD LINEAR PREDICTION
MODIFIED PUMA/EPUMA

A. Modified PUMA/EPUMA Model

The eigenvalue decomposition of Γ in (2) can be written
as,

Γ = AΓsA
H + σ2IN =

N∑
i=1

ηiuiu
H
i

= EsΛsE
H
s + σ2IN = EsDsE

H
s +EnDnE

H
n

(3)

where ηi is the ith largest eigenvalue in Γ, where ηi =
λi + σ2, 1 ≤ i ≤ Nr, ηi = σ2, Nr + 1 ≤ i ≤ N .
The columns of Es = [u1, . . . ,uNr

] are the eigenvec-
tors associated with the Nr largest eigenvalues in Ds =
diag

(
λ1+σ2, . . . , λNr+σ2

)
∈ RNr×Nr , they span the signal

subspace. The columns of En = [uNr+1, . . . ,uN ] are the
eigenvectors associated with the N -Nr smallest eigenvalues
in Dn = diag(σ2, . . . , σ2) ∈ R(N -Nr)×(N -Nr), they span the
noise subspace.

By (3), the following equation could be obtained,

AΓsA
H = EsΛsE

H
s (4)

ATTHAH = EsΛ
1/2
s ΛH/2

s EH
s (5)

where A is a Vandermonde matrix, so

BA = 0(N -K,K) (6)

B =


cK cK-1 . . . c0 0 0 . . . 0

0 cK . . . . . . c0 . . . . . .
...

...
...

. . .
. . .

. . .
. . .

. . .
...

0 0 ... 0 cK cK-1 . . . c0


(N -K,N)

(7)

where c0=1. (6) means that the lth element (l ≥ K+1) of
each column of A is a linear combination of the K previous
elements of the same column, which can be expressed as

zlk +

K∑
i=1

ciz
l-i
k = 0, 1 ≤ k ≤ K,K+1 ≤ l ≤ N (8)

where zk = ejπ sin θk . From (5) and (6), BAT1 = BEs =
B [u1,u2, . . . ,uNr ] = 0(N -K,Nr), thus, the kth column of Es
has the following forward linear prediction (FLP) property,

[uk]l +

K∑
i=1

ci[uk]l-i = 0, 1 ≤ k ≤ Nr,K+1 ≤ l ≤ N (9)

which can be rewritten as

Ffkc− gfk = 0(N -K,1), 1 ≤ k ≤ Nr (10)

where

Ffk =


[uk]K [uk]K-1 . . . [uk]1
[uk]K+1 . . . . . . [uk]2

...
. . .

. . .
...

[uk]N -1 . . . . . . [uk]N -K


(N -K,K)

gfk = −
[
[uk]K+1 . . . [uk]N

]T
(N -K,1)

(11)

so,
vec (BEs) = FF c− gF = 0(Nr(N -K),1) (12)

where vec(·) is the vectorization operator, and

FF =
[
FT

f1
· · · FT

fNr

]T
(Nr(N -K),K)

gF =
[
gT
f1

· · · gT
fNr

]T
(Nr(N -K),1)

(13)

B. FBLP-Mod-PUMA/EPUMA
Mod-PUMA/EPUMA are based on FLP. To further improve

the threshold performance in case of coherent sources, an ex-
tension of Mod-PUMA/EPUMA based on FBLP is proposed.
Similar to (8), by the backward linear prediction (BLP), the
lth element (l ≤ N -K) of each column of A is a linear
combination of the K following elements of the same column,

(z∗k)
l +

K∑
i=1

ci(z
∗
k)

l+i = 0, 1 ≤ k ≤ K, 1 ≤ l ≤ N -K, (14)

So the kth column of E∗
s is as follows,

[u∗
k]l +

K∑
i=1

ci[u
∗
k]l+i = 0, 1 ≤ k ≤ Nr, 1 ≤ l ≤ N -K (15)

where (·)∗ is the complex conjugate, so (15) can be rewritten,

Fbkc− gbk = 0((N -K),1), 1 ≤ k ≤ Nr (16)

where

Fbk =


[u∗

k]N -K+1 [u∗
k]N -K+2 . . . [u∗

k]N
[u∗

k]N -K [u∗
k]N -K+1 . . . [u∗

k]N -1
...

...
. . .

...
[u∗

k]2 [u∗
k]3 . . . [u∗

k]K+1


(N -K,K)

gbk = −
[
[u∗

k]N -K · · · [u∗
k]1

]T
((N -K),1)

(17)

So the following equations could be obtained from (17),

FB =
[
FT

b1
· · · FT

bNr

]T
(Nr(N -K),K)

gB =
[
gT
b1

· · · gT
bNr

]T
(Nr(N -K),1)

(18)
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So by FBLP,

vec

(
B

(
Es

JE∗
s

))
= Fc− g = 0(2Nr(N -K),1) (19)

where
F =

[
FT

F FT
B

]T
(2Nr(N -K),K)

g =
[
gT
F gT

B

]T
(2Nr(N -K),1)

(20)

with J ∈ CN×N is the anti-identity matrix. The objective is
to find vector c

c =
[
c1 c2 · · · cK

]T
(21)

which can be estimated by least squares (LS) solution,

min
c

||Fc− g||2 = min
c

||êfb||2 (22)

Thus, the initial c by the LS solution is as follows,

ĉls = (FHF)−1FHg (23)

Due to the noise, (19) is an approximation. The estimation
c can be improved by the following weighted least squares
(WLS) solution,

ĉwls = (FHWF)−1FHWg (24)

where
W ∼= TFB ⊗ (BBH)−1 (25)

TFB = diag
(

λ2
1

λ1+σ̂2 , . . . ,
λ2
Nr

λ1+σ̂2 ,
λ2
1

λ1+σ̂2 , . . . ,
λ2
Nr

λNr+σ̂2

)
(26)

where σ̂2 = tr(D̂n)
N−Nr

, σ̂2 denotes the estimate of noise power.
More details about the derivation of (25) and (26) are shown
in the Appendix.

C. Resolvable Number of Coherent Sources Analysis
Due to the increasing dimension of F, the resolvable

number of coherent sources by FBLP-Mod-PUMA is bigger
than that of Mod-PUMA. The proof is as follows. By (20),
the dimension of F is (2Nr(N -K),K), so rank(F) =
min [2Nr(N -K),K]. We have

K ≤ 2Nr(N −K) (27)

K ≤ 2Nr

2Nr + 1
N (28)

While for Mod-PUMA, the dimension of FF is
(Nr(N -K),K), so we obtain

K ≤ Nr

Nr+1
N (29)

Therefore whenever the sources are partially coherent or
fully coherent, Nr ≥ 1, FBLP-Mod-PUMA can solve more
sources than Mod-PUMA.
D. Analysis of Computational Complexity

As indicated in (7), (24) and (25), the values of c and W are
interdependent. Therefore, the FBLP-Mod-PUMA calculates c
and W with the WLS solution.

Compared with the PUMA and Mod-PUMA, the dimen-
sions of the matrices in FBLP-Mod-PUMA, i.e., F, g, T and
W increase. Table I provides a comparison of the algorithm
complexity of PUMA, Mod-PUMA and FBLP-Mod-PUMA.
Consequently, the computational complexity for each iteration
of the proposed method is higher due to the increased dimen-
sions of the matrices.

TABLE I
COMPARISON OF COMPUTATIONAL COMPLEXITY BETWEEN THE

CLASSICAL PUMA, THE MOD-PUMA, THE FBLP-MOD-PUMA

Equation W cwls

PUMA O
(
K(N -K)3

) O(2K3(N -K)+2K3(N -K)2

+K3+K2(N -K))

Mod-PUMA O
(
Nr(N -K)3

) O(2K2Nr(N -K)+2KN2
r (N -K)2

+K3+KNr(N -K))

FBLP-Mod-PUMA O
(
2Nr(N -K)3

) O(4K2Nr(N -K)+8KN2
r (N -K)2

+K3+2KNr(N -K))

IV. SIMULATION RESULTS

The performance of DOA estimation of coherent sources
with different algorithms is compared with simulated data. We
consider a 10-half-wavelength spaced elements ULA receiving
K coherent sources, where K is known. The number of snap-
shots is 50 and the number of Monte Carlo tests is 100. The
iteration number of algorithms is 3. The remaining simulations
use the same parameters unless otherwise specified. RMSE is
used to assess the performance of the compared algorithms,

which is defined as RMSE =

(
1
KI

∑K
k=1

∑I
i=1

(
θ̂k,i-θk

)2
)1/2

,

where θ̂k,i is the kth estimated angle obtained from the ith

Monte Carlo test, θk is the kth true angle.

-15 -10 -5 0 5
SNR(dB)

-8

-5

0

5

10

15

R
M

S
E

(d
B

)

PUMA PUMA-FB
Mod-PUMA Mod-PUMA-FB
FBLP-Mod-PUMA MODE
CRB

Fig. 1. DOA estimation of PUMA/MODE-related algorithms for three fully
coherent sources from directions 1°, 8°, 35°
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Fig. 2. DOA estimation of PUMA/MODE-related algorithms for three fully
coherent sources from directions -25°, 2°, 9°

Fig. 1 and Fig. 2 show the RMSE performance comparison
between PUMA, PUMA-FB, Mod-PUMA, Mod-PUMA-FB,
FBLP-Mod-PUMA and MODE for 3 coherent sources from
directions 1°, 8°, 35° and -25°, 2°, 9°, respectively. The
performance of PUMA and Mod-PUMA are initially poor but
improves significantly after applying the FBSS1. PUMA re-
constructs the covariance matrix using u1,u2, . . . ,uK , while
Mod-PUMA only uses u1, Mod-PUMA-FB utilizes u1 and

1FBSS is expressed by Γfbss = 1
2
(Γ+JΓ∗J). FBSS can partially recover

the rank of the covariance matrix in cases of K ≥ 3 fully coherent sources.
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u2. Compared to PUMA, Mod-PUMA shows a substantial im-
provement in low SNR regions. Notably, FBLP-Mod-PUMA,
which does not employ FBSS and only uses u1 to reconstruct
the signal subspace, shows a remarkable improvement of
performance of low SNR regions, significantly outperforming
PUMA and Mod-PUMA.

Furthermore, compared with Fig. 1 and Fig. 2, the perfor-
mance of the MODE-related algorithms exhibits significant
variation with different signal angles, whereas the performance
of the PUMA-related algorithms remains relatively stable. This
indicates that the PUMA-related algorithms, especially the
FBLP-Mod-PUMA algorithm, demonstrate better robustness
than the MODE-related algorithms, particularly in scenarios
involving different signal angle configurations.
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Fig. 3. RMSE performance and runtime versus number of fully coherent
sources with SNR= -8dB

Fig. 3 shows the comparison of RMSE performance and
runtime of different algorithms in terms of the number of
coherent sources K with SNR = -8 dB. The simulation is
realized on a system with Windows 11, i5-1340P, and Matlab
R2023b. The y-axis on the right corresponds to the RMSE per-
formance of various algorithms (markers in red), and the y-axis
on the left corresponds to the runtime of various algorithms
(markers in blue). For the comparison of RMSE performance,
all the compared algorithms have similar performance for
K=2, 3. However, as K ≥ 4, the performance of MODE-
related algorithms begins to deteriorate, while FBLP-Mod-
PUMA maintains its robustness. This indicates that FBLP-
Mod-PUMA exhibits superior robustness compared to MODE-
related algorithms as the number of coherent sources increases.
In particular, FBLP-Mod-PUMA consistently outperforms all
other compared algorithms for all K values, demonstrating its
effectiveness even in challenging low SNR cases. In terms of
the algorithm’s runtime, the histogram shows that PUMA has
the longest runtime, followed by FBLP-Mod-PUMA, while
Mod-PUMA has the shortest runtime. Moreover, the runtime
of various algorithms increases as K increases, which is
consistent with Table I.
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Fig. 4. RMSE performance versus iteration number, three fully coherent
sources with 1°, 7°, 28°, SNR = -5dB

As shown in Fig. 4, the performance of all algorithms
improves as the iteration number increases. When the iteration

number exceeds 8, 10, 14, and 3 for PUMA-FB, Mod-PUMA-
FB, MODE, and FBLP-Mod-PUMA, respectively, their RMSE
performance is stable. Firstly, Mod-PUMA-FB only utilizes
the eigenvectors associated with the Nr largest eigenvalues,
u1, . . . ,uNr

to reconstruct the signal subspace. As a re-
sult, compared to PUMA-FB, Mod-PUMA can achieve better
performance with fewer iterations by avoiding the risk of
mixing signal and noise eigenvectors [14]. Secondly, due to the
extension by FBLP, the proposed FBLP-Mod-PUMA achieves
better performance with fewer iteration numbers than Mod-
PUMA-FB. In summary, compared with the other algorithms,
the proposed FBLP-Mod-PUMA exhibits the fastest conver-
gence speed and the best RMSE performance.
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The performance in terms of the probability of DOA resolu-
tion with three coherent sources from directions 1°, 7°, 28° is
also evaluated. The DOAs are considered to be resolved if the
following condition is satisfied

∣∣∣θ̂i − θi

∣∣∣ < △θ
2 , i = 1, 2, 3,

where △θ = min|θm − θn| , 1 ≤ n < m ≤ 3. The number
of iterations for PUMA-FB, Mod-PUMA-FB, MODE, and
FBLP-Mod-PUMA, is 8, 10, 14, and 3, respectively. The
number of Monte Carlo tests is 1000. As shown in Fig. 5,
FBLP-Mod-PUMA consistently achieves the best performance
in terms of the probability of DOA resolution compared to
other PUMA-related and MODE-related algorithms.

-10 -8 -6 -4 -2 0 2 4
SNR(dB)

-5

0

5

10

15

R
M

S
E

(d
B

)

PUMA-FB EPUMA-FB
Mod-PUMA-FB Mod-EPUMA-FB
FBLP-Mod-PUMA FBLP-Mod-EPUMA
MODE MODEX
CRB

Fig. 6. DOA estimation performance of PUMA/MODE-related algorithms
for six coherent sources from directions -35°, -7°, 1°, 8°, 35°, 50°

Fig. 6 shows the comparison of the DOA estimation per-
formance of different algorithms in the case of six coherent
sources from directions -35°, -7°, 1°, 8°, 35°, and 50°. These
sources are divided into two incoherent groups, each contain-
ing three coherent signals. In this case, Nr=2, the RMSE
performance of FBLP-Mod-PUMA shows a 3dB improvement
over Mod-PUMA-FB, particularly in low SNR regions. FBLP-
Mod-PUMA also exhibits superior performance in low SNR
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regions, maintaining stability where other algorithms struggle,
and performs slightly better than PUMA-FB and Mod-PUMA-
FB in high SNR regions. Furthermore, the performance of
EPUMA, Mod-EPUMA, FBLP-Mod-EPUMA, and MODEX
improves significantly after applying a two-step selection
strategy based on PUMA, Mod-PUMA, FBLP-Mod-PUMA,
and MODE, respectively. For example, FBLP-Mod-EPUMA
exhibits significant performance enhancements in low SNR
regions.

V. CONCLUSION

This letter discusses the performance of PUMA-related and
MODE-related algorithms in the presence of coherent signal
sources. The proposed FBLP-Mod-PUMA/EPUMA is an ex-
tension of the Mod-PUMA/EPUMA algorithm based on FBLP.
Notably, due to the integration of FBLP, the number of resolv-
able coherent sources of FBLP-Mod-PUMA is greater than
the other PUMA-related algorithms. Simulation results show
that the proposed FBLP-Mod-PUMA/EPUMA outperforms
PUMA/EPUMA and Mod-PUMA/EPUMA, especially in low
SNR regions, in terms of RMSE performance, convergence
speed, and probability of source resolution.

APPENDIX

By the weighted least squares (WLS) solution [6],

min
c

êH
fbWêfb (30)

W =
(
E
[
êfbê

H
fb

])−1

(31)

êfb = vec

(
B

(
Ês

JÊ∗
s

))
= vec

(
B

(
Es +△Es

J(Es +△Es)∗

))
= vec

(
B

(
△Es

J(△E∗
s)

))
= (IK ⊗B)

(
△us

Jd(△u∗
s)

) (32)

where êfb ∈ C2Nr(N -K)×1 , Ês = Es + △Es , △us =

vec(△Es) =
[
△u1

T , . . . ,△uNr
T
]T , and IK ∈ CK×K is an

identity matrix, Jd = diag {J, . . . ,J} is a diagonal matrix with
Nr elements, each of them is J, so

W =

[
(IK ⊗B)E

[(
△us

Jd△u∗
s

)(
△us

Jd△u∗
s

)H
]
(IK ⊗B)H

]−1

(33)

Due to [15] E
[
△ui△uH

j

]
≈ ηi

M

N∑
k=1,k ̸=i

ηk
(ηi−ηk)

2uku
H
k δij ,

where δij is the delta function, ηi is the ith largest eigenvalue
of the covariance matrix Γ by (3), so

E

[(
△us

Jd△u∗
s

)(
△us

Jd△u∗
s

)H
]
=

[
E1 E2

E3 E4

]
(34)

E1 = diag
(
E[△u1△uH

1 ], . . . , E[△uNr△uH
Nr

]
)

E2 = diag
(
E[△u1△uT

1 J], . . . , E[△uNr△uT
Nr

J]
)

E3 = diag
(
E[J△u∗

1△uH
1 ], . . . , E[J△u∗

Nr
△uH

Nr
]
)

E4 = diag
(
E[△u∗

1(△u∗
1)

H ], . . . , E[△u∗
Nr

(△u∗
Nr

)H ]
)

(35)

According to [15], the sample eigenvectors are
asymptotically complex normal, which indicated that
E[(ui +△ui) (ui +△ui)

T
] − E[ui]E[ui]

T = 0, and

E[△uiu
T
i ] = E[ui△uT

i ] ≈ 0, so E[△ui△uT
i ] =

−E[△uiu
T
i ]− E[ui△uT

i ] ≈ 0, thus E2 = E3 ≈ 0.
Therefore, (34) is a diagonal matrix written as

diag (E1,E4), which can be rewritten as (26) with 2Nr

elements. Thus, (25) can be derived from (33) and (26).
Moreover, with the similar derivations as shown in Section

IV “Perforamce analysis” of [8], the asymptotic variance of
the FBLP-Mod-PUMA for DOA estimation is

E[(△θi)
2] ≈ 1

2
(

v

2πd cos θi
)2E[|△zi|2] (36)

where | · | is the absolute value, E[|△zi|2] ≈ zT
i (FHWF)−1z∗

i

|αi|2 ,
with zi = [zi

K · · · 1]T , αi = Kzi
K−1 + (K − 1)c1zi

K−2 +
· · · + cK−1, v is the carrier wavelength, and d = v/2 is the
inter-element spacing of the ULA.
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