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method based on the optimization of a criterion adapted to heavy

tail losses.
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July 23, 2025

Abstract

In this paper, we consider the question of providing insurance protection against heavy
tail losses, where the expectation of the loss may not even be finite. The product we study
is based on a combination of traditional insurance up to some limit, and a parametric (or
index-based) cover for larger losses. This second part of the cover is computed from covariates
available just after the claim, allowing to reduce the claim management costs via an instant
compensation. To optimize the design of this second part of the product, we use a criterion
which is adapted to extreme losses (that is distribution of the losses that are of Pareto type).
We support the calibration procedure by theoretical results that show its convergence rate,
and empirical results from a simulation study and a real data analysis on tornados in the
US. We conclude our study by empirically demonstrating that the proposed hybrid contract
outperforms a traditional capped indemnity contract.
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1 Introduction

The modern landscape of insurance is characterized by the emergence of new risks whose po-
tential of destruction question the feasibility of developing a sustainable financial protection.
Several reports! alerted about the potential uninsurability of natural disasters in the context of
climate change. In the context of cyber, the difficulty to cover risks that are increasing in terms
of frequency, severity and variety is materialized by significant protection gaps®. To overcome
these challenges, parametric insurance (or ”index-based insurance”) is often mentioned as one
of the technical tools that may help offering a coverage in these apparently desperate situations:

3 mention these ”innovative

a report from the French Direction of Treasury on cyber insurance
products” as a potential solution to respond to the need for financial protection against this
expanding threat.

The concept of parametric insurance offers indeed a convenient solution to the difficulty to
cover risks that are difficult to apprehend, either because they are too volatile, or because lack of
data makes it hard to develop models required to build an efficient and profitable protection. The
trick is essentially not to cover the risk itself, but to build a product for which compensation is
determined by the values taken by a parameter (or index) available just after the claim. Multiple
examples of application can be found for example in Abdi et al. [2022], Eze et al. [2020], Lin and
Kwon [2020], Carter et al. [2017] or Alderman and Haque [2007]. Of course, the compensation
mechanism has to be determined so that it matches with the true loss experienced by the
policyholder, that is one needs to control the "basis risk” (see Doherty and Richter [2002] or
Elabed et al. [2013]). But if this difference between the loss and the compensation is contained,

the product benefits from many advantages:

e the parameter is usually considered because many data are available on it and/or because
its distribution is easier to control from a risk management perspective than the one of
the true loss. Better knowledge of the parameter means more control on the compensation

mechanism.

e the availability of the parameter reduces expertise and claim management costs, it also

ensures a faster compensation for the policyholder.

!see the report for the European Insurance and Occupational Pensions Authority, https://www.eiopa.europa
.eu/leveraging-insurance-shore-europes-climate-resilience-2024-09-03_en or the report on insurability
of climate risk mandated by the French ministry of Economy, see https://www.ecologie.gouv.fr/sites/defau

1t/files/documents/Rapport_final Mission-assurance_climat.pdf.
2See for example the report from the Global Federation of Insurance Associations in March 2023, https:

//gfiainsurance.org/topics/487.
3see https://www.tresor.economie.gouv.fr/Articles/2022/09/07/remise-du-rapport-sur-le-develop

pement-de-l-assurance-du-risque-cyber.
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e the rules are clear, and this should lead to fewer legal dispute between policyholders and

insurers.

Another advantage of this type of mechanism is the possibility to develop Insurance Linked
Securities that are based on these parametric products, allowing to transfer the risk to capital
markets, see Braun et al. [2023], Securities [2009], Michel-Kerjan and Morlaye [2008]. Although
we will not explore this dimension in the present paper, focusing on the ability of such a product
to cover a damage, this dimension should not be forgotten as an important leverage to mobilize
more capital (via the markets) in the absorption of catastrophic risks, making these products
more appealing in a broader perspective.

In the present paper, we consider the design of parametric insurance as a complement of
traditional insurance, when the distribution of the loss is heavy-tailed. In the field on Insurance
Linked Securities, Hardle and Cabrera [2010] or Mastroeni et al. [2022] are examples where
a Pareto-type variable models the underlying risk. In this case, full coverage of the loss by
a traditional insurance contract may be difficult due to a too important premium, or even
impossible if the expectation of the loss is infinite. The parametric insurance product is used
on top of a limited insurance contract to improve the protection at an affordable price. Many
market study show the popularity of parametric solutions to cover the upper segment of the
risk?.

To design optimal parametric insurance, several approaches have been studied in the litera-
ture. A first category includes optimization of criteria related to utility theory, as in Louaas and
Picard [2021], or Tan and Zhang [2024], with various elaborate techniques have been proposed,
from regression trees to neural networks in Chen et al. [2024]. In presence of heavy tail risk,
Conradt et al. [2015] relied on quantile regression, see also Gu et al. [2023] in the case of earth-
quakes. Our approach differs in the sense that we consider a different metric, focusing on the
difference between the loss and the compensation offered by the product, but rather on the ratio.
This framework seems adapted to the study of heavy tail distributions, first of all because it
avoids dealing with quantities that may have infinite expectation. Also because, in this context,
the risk is so important that it is implicit that it is impossible to cover it perfectly. On the other
hand, the percentage of the loss that is left to the policyholder is a concrete indicator of the
performance of the solution, on which it is easy to communicate.

Summary of contributions

The contributions of this paper are driven by the need to determine the optimal protection
mechanism of the policyholder, when this mechanism is made of a combination of traditional
insurance, supplemented by some parametric product to cover the upper segment. Our analysis

is performed in four steps:

4see for example the report from PricewaterhouseCoopers, https://www.pwc.ch/en/insights/fs/closing-t

he-gap-with-parametrics-insurance.html
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1. We first define in section 2 a function that we want to optimize, in conceiving the product.
The idea is to find a compromise between the proportion of the loss that is covered, and

an affordable price.

2. Once this metric has been defined, we define an optimal cover based on the available

information after the claim (see section 2.3 to 2.5).

3. We provide a statistical methodology to approach this optimal policy based on available

data (section 3).

4. We investigate the behavior of the procedure on simulations (section 4) and illustrate the

feasibility of the method, on tornado loss data from the US (section 5).

5. We compare the proposed contract to the capped indemnity contract which is generally

used by insurers (section 6)

The technical proofs are postponed to section 8.

2 Index based reinsurance

This section is devoted to defining the framework of the insurance cover that we study in
this paper, namely a combination of "traditional” and parametric insurance. The first step is
to introduce, in section 2.1, a proper metric, adapted to measure what is expected from this
product, in the context of heavy tail losses. A part of this metric is made to a way to materialize
the aversion to high prices, which is discussed in section 2.2. We then describe a specific type of
product based on a combination of traditional insurance with parametric insurance taking over
after some threshold in section 2.3. A first way to design the index-based part of the product is

discussed in section 2.4.

2.1 A metric to optimize

In the following, we consider a policyholder who will be affected by the loss Y (which may be
zero if no claims happen during the period under study). In this section, we propose a way to
measure how an insurance contract responds to the needs of the policyholder, in the particular

case where Y is heavy tail, that is

Sy(t) =P(Y >1t) = ﬁ% (2.1)

where v > 0 is called the tail index and [ is a slow-varying function, that is
Vh > 0, lim @ =1. (2.2)
t—o00 l(t)



This class of distributions plays an important role in extreme value analysis, see Beirlant et al.
[2004], and is particularly adapted to consider risk with huge potential losses.

Consider an insurance contract that offers the compensation X, usually smaller than Y. We
want to maximize the proportion of the risk that is covered, that is the ratio X/Y. In case of
large risks, this indicator can be more convenient than looking at the difference between X and
Y : if the tail of Y is heavier than the tail of X, this may exhibit large gaps that blurry the
perception of the performance. The ratio is less affected by this phenomenon. Hence, in the

following, we consider that the aim is to maximize

ex=E [L (if - f(m)ﬂ , (2.3)

where L is a non-decreasing function, f is a non-decreasing function that materializes the aver-
sion to high prices, and with the convention 0/0 = 1.
For the function L, an obvious choice is the identity L(z) = x, but other choices could be

more suitable as discussed in section 3.1. The role of the function f is discussed in section 2.2.

2.2 Price aversion

We now discuss the choice of the function f. In (2.3), the benefits of an increase of the ratio
X/Y can be compensated by an increase of the price, hence of f(7x). Since the ratio X/Y is
supposed to be bounded?®, it is natural to consider a non-decreasing function f : R — [0, 1] that

is bounded, like, for example,

K
) = T (=B’
and a rational fraction 5
R
=15

From a statistical perspective, the function f plays the role of a penalty function in the
selection of the best cover X among a given family. In this vision, the quantity x in f, and f;
can be understood as a hyperparameter that controls the force of the penalization.

Let us discuss some implications of the choice of a specific form of f. Consider the special
case where, X = X (s) = min(Y,s). We have

S
m(s) = E[min(Y, s)] = / Sy (t)dt.
0
Moreover, the function (2.3) (that we here denote £(s) to shorten the notation) becomes

£s) = (1= Sy (DL (1~ f(n(s)) - | TL (2 () dsv (o). (2.4)

5The spirit is to have X/Y < 1. Overcompensation can exist, but should be particularly rare, otherwise the
product would not be interesting anymore for the insurer. Therefore X/Y is expected to be bounded by a constant

slightly larger than 1 except of an event a small probability.



The derivative of (2.4) with respect to s is

£(5) = TS (1= (DL (1~ Sl [ L (3~ £(a() [1 —(5)f(n(s)) | dSv (1)

s t

Let us consider a few particular situations:

1. E[Y] =7" < co. When s tends to infinity, 7(s) — 7+ and 7/(s) = S(s) — 0. If f/(z+) > 0,
the first term is

s)f'(n %) _,
—%L (1= f(xh) +o (311/7> :

while the second is positive but is 0(3*1/7*1). Hence, for s large enough, £'(s) < 0, which
means that it corresponds to a situation where the policyholder is not necessarily seeking
for a perfect protection against the risk (which would be s = o0): after some point, the

burden of a high premium is too important, and £ decreases.

2. E]Y] = oo. Then, if f(n(s)) is bounded, f'(mw(s)) — 0 as s tends to infinity. In this
case, £/(s) is equivalent, for large s, to —I(s)f'(n(s))s~/7L/(1 — f(n(s))) only if gets to
zero faster than s—1/7~1 (the positive term in the decomposition of £'), which happens if
I(s)sf'(m(s)) — oo. If this condition does not hold, this corresponds to the situation where
the policyholders are ready to pay any amount of premium against a perfect protection.
Note that condition I(s)sf’(7(s)) — oo holds for function f, if 8 < /(v — 1) in the case
v > 1, since 7(s) = O(s~1/7) and f,(7) = O(x~(+F)) when 7 tends to infinity. On the
other hand, it is not the case for f; since fi(7) = O(exp(—fm)).

Clearly, the practical choice of f should be calibrated from data describing the behavior of
the policyholders, but this discussion shows that some shapes can be eliminated based on some
basic knowledge on their behavior regarding the possibility of full protection (ready to pay any
price or not).

We now decline the general framework (2.3) in the particular case of the parametric insurance

protection that we aim to study.

2.3 Risk and index based compensation

In the following, we consider a loss variable Y with survival function Sy (¢) = P(Y > t). The
policyholder wants protection against this loss for an affordable price. On the other hand, the

insurance coverage is partial, and the pay-off of the insurance contract is
X¢(S) = Ylygs -+ S¢(W)1y>5, (25)

with W € R? is a set of variables that are observed soon after the claim, and will allow to

compute a compensation s¢(W). The spirit is that ¢(W) should, in most cases, be larger than



1, but it could be authorized to have ¢(W) less than 1 to ”smooth” the behavior around s and
to avoid over-compensation (see also section 2.5). Moreover, the resulting under-compensation
could be tolerated by the policyholder due to the fast payment associated with index-based
products. The threshold s is essentially a way for the insurer to protect himself against the
too large values taken by Y. But instead of simply giving a limit of compensation s, once this
threshold is reached, a new mechanism of compensation is used, based on W.

This framework is designed to mimic the behavior of a parametric (or ”index-based”) in-
surance products that completes the traditional cover. Here we made a simplification: the
parametric part of the product, s¢p(W), is triggered by a condition on the value of Y. The

behavior of parametric insurance products can be considered in two steps:
e a triggering mechanism, namely a condition for the compensation to activate;
e a compensation, if activated.

In practice, both of these components should depend on observable variables W that are available
soon after the occurrence of the claim, this is the idea of fastness of compensation related to
parametric insurance. This is not the case here, since we assume that the triggering mechanism
is based on a decision based on the value of Y ({Y > s}), which is a quantity known after a
significant amount of time (since it requires expertise). We introduce this simplification since
the focus of this paper is more on the second part of the process, that is how to design the
compensation once the guarantee has been activated. In practice, the events {Y < s} and
{Y > s} should be replaced by events of the type {¢(W) < s} and {$(W) > s} for some
function ¢ such that P({Y > s} N {¢(W) < s}) + P({Y < s} N {p(W) > s}) is close to zero.
We will discuss how this extension slightly modifies our results in section 2.5.

We can see the product X, as a kind of reinsurance mechanism, where s would represent
the priority of a stop-loss reinsurance treaty. The quantity s¢(W) is expected to be close to Y,
and, essentially, s¢(W) <Y (at least with high probability) otherwise the compensation would
exceed the true loss (a financial product could be designed with such pay-off, but this is not
the spirit of insurance products which only aim at repairing and not at generating profit for the
policyholder). The pure premium corresponding to this contract is denoted 77(s) = E[Xy(s)].
It is assumed to be defined, that is 7*(s) < oo, meaning that E[X] < oo even in the situation
where E[Y] = oco. Moreover, qualitatively, we should keep in mind that this quantity is less
that the pure premium (if defined) of an insurance contract integrally covering Y, otherwise this
insurance mechanism lacks interest. The final premium m4(s) paid by the policyholder includes

some loading factor 7, that is
T(s) = (14 7)m5(s).

Let us note that here and in the rest of the paper, the frequency of occurrence of the claims is



taken into account implicitly: the variable Y may take the value 0 with a non zero probability,

materializing the fact that a proportion of policyholders will not experience any claim.

2.4 A first method of selection of an optimal payoff function ¢

The question is now to find the appropriate payoff function ¢ to maximize the criterion (2.3).
This is not solely a matter of approximating the true loss Y : if it was the case, and if E[Y?] were
finite, a possible way to proceed would be to consider ¢(w) = s LE[Y|Y > 5, W = w], which
would minimize the mean square error between X4(s) and Y. Here, quadratic loss is not the
proper metric for heavy tail variables (that may even have infinite expectation and/or variance).
Moreover, this would not respect the aversion to high prices materialized by the function ¢.

To select the proper function ¢, let us consider that we have at our disposal a class of
potential functions F = {¢y;0 € O}, with © C R*. The dimension k¥ may be very large, for
example if one relies on a over-parametrized machine learning model.

In Louaas and Picard [2021] and Chen et al. [2024], the authors propose to maximize an
empirical version of the objective function to select the appropriate value of § (hence the corre-
sponding function ¢y). Transposed in our context, and assuming that we have i.i.d. historical

data (Y;, W;)1<i<n, the idea would be to maximize over © the quantity, leading to

5 1 ¢ Xg,i(s)
On(s) = -y L :
(s) = arg max — ; ( Y,

_ f(fra(é’))> , (2.6)

where, to shorten the notation, we use Xy ;(s) (resp. mg(s)) instead of Xy, i(s) = Yily,<s +
s¢o(Wi)ly,>s (resp. 7TX¢9(S)), 7g(s) = (1 +7)n~! i1 Xo.(s).

Let us note that, if the dimension of © is small compared to n, which will be the case in a
classical parametric model, under standard assumptions for M-estimators (see Van Der Vaart
et al. [1996]), we get én(s) — 0(s) = Op(n~'/?), where

f(s) = argmax E [L <X§/(S) - f(ﬂ'g(s)))] (2.7)

0cO

corresponds to the parameter of the best payoff function from the class F. This rate of conver-
gence is informative on the volume of historical data required to approximate the ideal payoff.
One of the practical difficulties stands in the fact that the size of this database can be limited,
especially for emerging risks: this may be hard to collect a large amount of data where Y; and
W, are simultaneously present. On the other hand, it is much easier to get additional data on
W, since the measure of these variables used to compute the index can be obtained without any
expansive and/or time-consuming expertise.

Therefore, based on a closer analysis of (2.3), we will recommend a two-step procedures that

can, in some cases, increase the convergence rate, as described in section 3 below.



2.5 Trigger mechanism based on the covariates

In parametric insurance, the idea is not to rely on a exact knowledge of Y to engage the
compensation. In this section, we study the case where the trigger mechanism is of the type
{s¢(0, W) > 5}, instead of {Y > s}, and where the compensation, for the traditional part of
the product, is limited by s.
Let
X7(s5:5) = Y 6009,wy<s T 5%4() (W) sy (W)>s:

where (s) has been defined in (2.7). The idea is to have something that (under appropriate con-
ditions) is close to the product X(;( S)(s), without needing to observe Y to trigger the parametric
part of the product.

The product defined by Xé(s)(s), has somehow an optimal trigger condition: it ensures
that all claims with amount Y less than s are completely compensated, and that there are no
claims with amount larger than s that require claim management (except for determining the
exact amount of the claim). To approximate this ideal trigger mechanism, the idea is that
{s6(6, W) > §}, should be designed to approximate the event {Y > s}. Two types of mismatch

can of course occur in two ways:

e Y > s and the parametric part of the protection is not activated. In this case, the
policyholder will be fully compensated, and this compensation will exceed the level s. This
is a problem for the insurer which has to deal with a large claim that exceeds the limit,
but the index part of the contract is not used. The idea is to take § small enough (less

than s) so that this situation does not occur to often.

e Y < s and sqb(;(s) (W) > 5. In this case, the policyholder can be disadvantaged if Y is
between s and §, and if ¥ > sqbé(s) (W). Although it is not taken into account in this
paper, in this case, sd)é(s) (W) stays close to Y and s — § is small, the fast payment in the
case of parametric insurance could compensate this small loss for the policyholder. On the

other hand, if Y < §, there is overcompensation, which should still be avoided.

Proposition 2.1 shows that there are few differences between the products Xé(s)(s) and
X*(s,5) in terms of compensation under some appropriate condition. This allows, in the opti-
mization of the payoff, to use the simple strategy (2.6) (or the alternative strategy defined in
the next section), rather than optimizing the value of 6 with respect to the role it plays in the

trigger mechanism.
Proposition 2.1 Assume that L' and f' are bounded. Let

E_(s,5) = {Yﬁsands%(s)Zé},

A(s,3) = E[(8¢§(8)(W)—Y)+1E7(s,§)]'



51 (X00 o) 5

for some constant C > 0.

The lower bound obtained in this result shows that if we optimize the value of 6 in Xy, we
can use the same value for a product whose trigger mechanism does not depend on Y (but can
be computed from W): in this case, the objective functions (£) of both products is almost the
same, up to some perturbations that depend on the quality of the trigger mechanism. The proof
is provided in section 9. The interpretation of the quantity A(s, 3) is related to the potential
risk of overcompensation of the index-based part of the product, that should stay controlled as

explained above.

3 A new metric to optimize an index-based product

In the section, we consider a collection of covers
Xo(s) = Yly<s + s9(W)lyss,

where we want to select, from data, the best function ¢y from a collection F, using the notations
of section 2.4.

Our first task is to obtain an approximation of

£a(6) = 2 |2 (Z5 = (s |

which is done in section 3.1. From this approximation, we deduce in section 3.2 an alternative
way to determine a approximate the ideal cover, that is the quantity é(s) defined by (2.7). The
benefits of relying on this alternative to the approximation (s) defined in (2.6) are shown in

section 3.3 where we study the convergence rates of the different procedures.

3.1 Approximation of the criterion

Our first step is to investigate the behavior of £4(s) when s is large. The need for this ap-
proximation comes from the fact that we want to design an index-based cover which completes
the coverage of the policyholder only for large claims. The design of this parametric part of the
product depends on analyzing the conditional distribution of Y given W where we recall that W
are covariates that are available just after the claim. Modeling the whole distribution of Y|W
can be relatively complex, and the idea is that our final result should be essentially influenced

by the tail distribution. Getting rid of the remaining part of the distribution is a simplification,

10



avoiding to make too strong assumptions. This is the spirit of (2.1), where the distribution of
Y is specified only in terms of rate of decay of Sy, without specifying completely the function I.

Before stating Theorem 3.1, which is the main result of this section, we need some generic
assumption on the distribution of Y|W and the functions L and f involved in the computation
of £4(s).

Assumption 1 Let S(tjlw) =P(Y > t|W = w). Assume that, for all w,

I(t|w
SWW*:;M$’

where y(w) > 0, and I(-|w) is a slow-varying function. Moreover, assume that, for some con-

stants C' and ¢ > 0, there exists a slow varying function | such that
cl(t) <lI(tjw) < CI(t).

Moreover we assume that

’l(st\w)’ Y
0,w l(S|W)
when s tends to infinity.

Assumption 1 above states that the conditional distribution of Y remains in the same family
(2.1), but with index parameter potentially depending on W. The introduction of 1is essentially
here to allow us to apply the dominated convergence theorem, controlling the fact that there is
no structural change in the conditional distribution of Y.

Next, we need two assumptions on the function L and f.

Assumption 2 Let 7 = limg_,oo mg(s). There exists a function po(t) > 0 such that

L(t—f(r))
—f(r 0 (t)
sup | A=A — 7

¢ eo(t)

— et 0.

Assumption 3 There exists a function ¢i(t) < 0 such that

L' (t—f(mw
bt

su — ot 0.
; p1(t) -
Regarding the definition of the function L,
1. If L(z) = Li(x) = z, then
t—f(=")
t) = ————=
1
) = ————

under the condition that f(7%) < 1.

Another definition of L could be :

11



2. Ly(z) = —exp(—px). In this case,

po(t) = exp(—pu(t—1)),
p1(t) = —pexp(—pu(t—1)).

Ly introduces non-linearity and concavity into the resulting optimization problem. This
has the advantage of stabilizing the optimization and numerical results, and also facilitates
the identification of the global optimum. Moreover, Lo is more robust to outliers and large
values—an especially useful property when dealing with extreme losses.

These advantages of Lo over L; can be explained by the fact that Lo leads to an optimization

that implicitly models the trade-off between mean and variability, unlike L1, which only targets

the mean. Indeed, if Xy is a random variable, applying a Taylor expansion around E[X] gives:

E[— exp(—pXp)] ~ —exp <—ME[X9] + log {1 + M;V[Xe]}>

Thus, Ly approximates a penalty on the variance V.
Finally, through a Taylor expansion, Lo can also be interpreted as a generalization of L;

that incorporates higher-order powers of the variable of interest.
Theorem 3.1 Under Assumption 1 to 3,

Lo(s) = L(1 = f(mo(s))) E[L = S(s|W)Po(6(6, W), 7 (W))] (1 + Ry (s)),
where

b)) = [ e
0
Po(z,7) = 1—po(x) + Pi(x,7),
with supy |Re(s)| — 0 when s tends to infinity.

The proof is postponed to section 9.1. We will use the notation £;(s) to refer to the main

term in the expansion of Theorem 3.1, that is
Lo(s) = Lo(s)/(1 4+ Ro(s)).
A first remark is that
Lo(s) = E[¥(mo(s), p(6, W); S(s|W),7(W))]. (3.1)

One can observe, in £(s), a separation between a term L(1 — f(my(s))) that materializes
the effect of the price, and the term between brackets. The two terms drive £ in two opposite

directions.
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Another interesting feature of this decomposition is that we see that the whole joint distribu-
tion of Y and W is not involved in ¥: to compute the approximation of £(s), one only needs to
compute the conditional tail index w — v(w) and w — S(s|w), and to know the distribution of
W. Essentially, one needs to estimate the probability of triggering the parametric compensation
s¢(0,w) (which is easier to do than if we needed to estimate the whole conditional distribution
of Y above s), and since the information W is usually more available than precise claim data

on Y, this distribution can be estimated with a good accuracy (see section 3.2 below).

3.2 Alternative optimization for the parametric part

Let us consider that we have two databases. The first contains joint i.i.d. replications (Y;, W;)1<i<n
of (Y, W). The second contains i.i.d. replications (W;)i<j<m, of W (the first n observations are
common to the two databases, although there is no obligation).

Theorem 3.1 encourages to rely on a two step procedure to optimize the index based cover:

e Step 1: from (Y;, W;)1<i<n, estimate w — S(s|w) and w — ~v(w). Let S(s|w) and 4(w)

denote the corresponding estimators.

where U is defined in (3.1). Then, define

0*(s) = arg max £5(s). (3.2)

The heuristic is the following: data on both Y and W are rare (and potentially expensive,
see André et al. [2013]). They are used to provide estimators of S(s|-) and 4(-). The convergence
rate of these estimators will be limited by the sample size n. On the other hand, we have plenty
of information on the covariates W, which means that m is large. The errors on S and 4 are
averaged in (3.2), which increases the performance. This improvement will be limited, first by
the bias introduced by the fact that fl;(s) is an empirical approximation of £j(s) instead of
£¢(s). This bias is supposed to be controlled by the fact that s should be selected high enough.
A second limitation will become apparent with the conditions of section 3.3, but the rate of
convergence of 5*(5) will be, at worse, the one of S(s|w) and 5(w).

Regarding possible estimators of S (s|-) and 4(-), examples will be provided in section 5. A
logistic regression can for example be used for S (s|-). However, tail regression techniques may
be used to simultaneously estimate this probability and the parameter 4, see for example Farkas
et al. [2021] and Farkas et al. [2024] who rely regression trees. The next section is then devoted
to providing theoretical ground to legitimate the use of (3.2).

13



3.3 Convergence rate for the statistical optimization

We here give theoretical elements to support the convergence of 6*(s) towards 6*(s), where

0*(s) = arg rgleaédlg(s).

Let us note that 6*(s) is different from 6(s) due to the approximation that is done in £3(s),
but Theorem 3.1 shows that this bias can be contained if s is large enough. This convergence
requires a set of standard assumptions which are the adaptation of standard in (semi-)parametric

Me-estimation. Essentially, they require:

e regularity of the functions § — £;(s), which is essentially a matter of regularity of the

function L and f, see Assumption 4 below;

e the estimation technique used for S and 4 should be consistent and not too ”unstable”.
This is the meaning of the more technical Assumptions 5 and 6, see also the discussion

below.

Let us also stress that we are focusing on a situation where k, the dimension of ©, is small
compared to n and m, to rely on asymptotic theory (for n and m tending to infinity with n
potentially much lower than m). Hyper-parametrized techniques like deep neural networks are
clearly beyond the scope of these theoretical results.

We now list the assumptions required for Theorem 3.2.

Assumption 4 We assume the following conditions:
1. the functions |L|, |L'|, |f'| and po and o1 are bounded;

2. there exists a constant My such that

Omg(s)
00

sup < Mo;

0cO

3. there exists a function A with E[A(W)] < oo such that

'W‘ < A(w).

4. we have v_ = infywepw y(w) > é, for some a > 0, with
o0
/ V%1 (v)dv < 0.
0

One can link this assumption with Theorem 3.2.5 in Van Der Vaart et al. [1996]. The idea
is essentially to ensure that, if we knew exactly S and +, the empirical M-estimation procedure

would be m!/2—consistent.
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Assumption 5 Let W be such that P(W € W) = 1. We have

S(slw) — S(s|w)
1—S(slw)

+ sup [¥(w) —v(w)| = Op(en),
wew

sup
wew

with €, tending to zero.

Assumption 5 is related to the consistency of the preliminary method of estimation of the
conditional tail distribution of Y. Convergence rates of this type can be found in Farkas et al.
[2024] for the case of estimation via regression trees.

Assumption 6 is more technical, and is related to the concept of Donsker class, see Van
Der Vaart et al. [1996], Chapter 2.1 for a definition.

Assumption 6 1. The functions S(s|w) (resp. w — 4(w) and w — S(s|w) (resp. w —
4(w)) belong to a Donsker class of functions Hy (resp. Ha). Moreover Hi is bounded.

2. The classes of functions {w — ¢(0,w) : 0 € O} and {w — Jgp(0,w)/00 : 6 € ©} are Donsker.

Moreover the second class is bounded.

Basically, it ensures that the estimators S(s|w) and 4(w) do not evolve in too complex
classes of functions (point 1), that would be too large for a uniform central limit property to
hold. Typically, it will hold for differentiable functions (with bounded derivatives up to some
order depending on the dimension of w, see for example Theorem 2.7.1 in Van Der Vaart et al.
[1996] ), or piecewise constant functions. For point 2, it will essentially hold if ¢(6, w) and its
gradient with respect to # are Lipschitz with respect to 6 (see Theorem 2.7.11 in Van Der Vaart
et al. [1996]), and if the dimension of © can be considered as negligible with respect to m.

We now state the main result of this section.

Theorem 3.2 Let

Bu = [ Vo (5. (5), 600 (5).w): S(slw). 4 (w)) dB(w),

and
5(s) = V325 (s),

which is assumed to be invertible. Under the Assumptions of Theorem 8.1 and Assumptions 4
to 6,

0(5)=0(5) = =25 { - S7 VW (5 (), 68 (5), W,)s S(IW,), 7 (W) ) §+0p(Bu) bop(m ™).
j=1
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The proof is provided in section 9.2.
In this decomposition, the empirical sum is tending to 0 at rate m~/2. The term B, is

tending to zero, since, from the definition of 6*(s),
[ 900 (751,000 (5).w): S(s1w). 1 (w) ) dBw) = 0

and S and 4 converge towards S and 7. The rate convergence will be at worse e,, but if
VoV (Wé*(s), d(6*(s), w); S(s|w), ’y(w)) is an unbiased estimator of its limit, B, = 0 thanks to
the integration with respect to P(w) (and if the bias is small, it can lead to a significant gain).

This property will be confirmed by the empirical example studied in the next section.

4 Empirical analysis on simulated data

In this section, we will illustrate the theoretical results obtained so far on simulated data. The
work in this paper applies to heavy-tailed losses, which are the focus of all the analyses in this
section. Section 4.1 presents the simulation setting, the preliminary manipulations of the data,

and the analysis algorithm used. Section 4.2 presents the results obtained from these analyses.

4.1 Setting

These analyses have two main objectives. The first is to perform an empirical comparison of the
objective function £4 and its approximation £, on empirical data for a given threshold s. The
second is to empirically verify that a two-step estimation of the objective function, using the
approximation £3 and an influx of index data, could help improve the quality of the estimation.

For these analyses, we choose a framework with a one-dimensional index W and a heavy-
tailed loss Y. W is assumed to follow a uniform distribution on [0, 1]. Y is assumed to depend
on the index W and to follow a Pareto distribution whose survival function is given by:

1

S(Y = t{W = w) = P(Y > t{W = w) = ——.
tr(w)

The link between Y and W is established through the shape parameter v(W), which is
defined as:

Y(w) = e 7, (4.1)

where a and b are parameters chosen such that v(W) € [0.2,0.7] for all W € [0, 1].
The threshold s is chosen as the 85 percentile of the losses Y. In other words, the proposed
index reinsurance is applied to the top 15% of losses. Moreover, the loading factor 7 is 10%.

The family of payoff functions ¢g(W) is defined as:

do(w) = %max{min[E(YW > 5, W =w),e’"] s}
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In this expression, the minimum between E(Y|Y > s, W = w) and €’V is used to ensure
there is no overcompensation, at least on average. In practice, this adjustment could be modified
if it results in an unacceptable proportion of under-compensation. Such modifications could
involve adding a loading parameter to E(Y|Y > s, W = w) or adapting the variable part e/¥
and the domain of 6 to implicitly account for and prevent overcompensation. The maximum
between the previous expression and s is used to guarantee that there is no under-compensation
above s. This ensures that a policyholder who suffers a loss greater than s receives at least s as
compensation.

The optimal value of 6 is therefore obtained under the constraint that, for losses above s, the
policyholder or the cedent (in the case of index reinsurance) receives compensation of at least s
and at most E(Y|Y > s, W = w) (which is finite since v(w) stays below 1).

We consider L(z) = La(x) = —exp(—pzx), where p is set to 1.5. For the price aversion
function, we consider f = f,, where f, is as defined in section 2.2, with k = 1.415 and 5 = 1.65.
Note that, in practice, these values would be calibrated using information from the portfolio and

the policyholders.

4.2 Results

Figure 1 presents an analysis of the objective function, £, and its approximation £*, on the
full sample of size m = 5000. Plots of £ and £* are shown in panel (a). These curves will
serve as references in our subsequent analyses. We observe that the curves of £ and £* are
nearly identical, which empirically confirms the validity of the using £* instead of £. The
slight difference between the two curves can be attributed mainly to the error introduced by the
approximation of the integral present in the expression of £* (see Theorem 3.1).

Panel (b) shows the payoff function ¢y for the optimal value of # as a function of the actual
losses of the policyholders. The ideal payout function, which corresponds to the exact loss Y,
is also plotted. We observe that the limits s and E(Y|Y > s, W = w) are quite effective, as
they seem to successfully prevent undercompensation and overcompensation, respectively. The
optimal value of 8, which maximizes the empirical objective functions, produces a payout close
to the ideal payout. This is evidenced by the clustering of the payouts above s around the line
Po =Y.

The deviations from the ideal payout are not necessarily problematic, as they will be ac-
counted for in the price of the insurance contract, ensuring that policyholders pay exactly for
the amount of coverage they receive. Of course, this is guaranteed only if the index model is
sufficiently accurate.

The next part of our analysis consists of studying and illustrating the advantages of a two-

step optimization of 6 using £*. For this, according to the setting of section 3.2, we consider a
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Figure 1: Panel (a) shows the objective functions for the whole sample of size m as a function
of the parameter 6 for both £ and £*. Panel (b) shows the payout function qbé. as a function of

the real losses of policyholders. 6 is the optimal value of 6 obtained from the maximization of
2.

situation where we have a sample (Y;, W;)1<i<y, of size n (where we will make this size n vary)
and a larger sample (W)i<j<m, of size m > n. Algorithm 1 outlines the steps followed in this

analysis.

Algorithm 1 Methodology of analysis

1: m < total sample size

2: n < a starting sample size
3: k + an increment

N m Y;1 st+s 1 s ~
4 Lop(0) « LM, [L( e ie( My _ f(We(S)))}
5. repeat

@ n Yily, <o+566(Wi)ly, s

6 Ba0) ¢ Tl |L (TSR (i (s)))|
7 Estimate a,, and b, using (Y;, Wi)i<i<n to obtaln A(W) and S'(S\W)
S 8500) & L(1— f(ra(s)) & S0y [1 = S(sIWa)Bo (66(Wi), A(W:))]
9 Errory < ||[£a, Lreflloo = supg [£0(8) — Lrep(6)]
10 Errory, < €5, Lreflloo = supg [£5(6) — £,e7(0)]
11: store Error,, Error) and the parameters a, and En
12: n<—n+k

13: untiln =m

In step 7 of this algorithm, we use the smaller sample (Y;, W;)1<i<p to estimate the param-
eters a and b of equation 4.1. These estimated parameters are sufficient to define the functions
w — y(w) and w — S(s|w) from (4.1) and the definition of S(¢|w) from section 4.1. In step

8, these two functions are incorporated into the expression of £*, which does not depend on
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Figure 2: Evolution of the estimates of the parameters a (panel (a)) and b (panel (b)) of equation

4.1 with sample size.

Y or its entire distribution. An estimate £* of £* is then calculated using the larger sample
(Wi)i<i<m.

Figure 2 illustrates the evolution of the estimates of the parameters a and b as a function
of the sample size n. As expected, as the size of the sample used for estimation increases, the
estimates converge to the true values of these parameters. These true values, which serve as

references, are estimated using the full sample of size m.
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Figure 3: Panel (a) shows the errors incurred in the estimation of £ by £,, (in one step) and
£¥ (in two steps) as a function of n (see steps 7 and 8 of algorithm 1). Panel (b) shows the
objective values obtained through £,,, £,, and £. The evolution of the latter two is presented

as a function of n.

The results obtained by applying algorithm 1 are presented in figure 3. In panel (a), we
observe a decrease in the estimation errors of £ by £, (one-step estimation) and £F (two-step
estimation) as the sample size of (Y;, W;)1<i<y increases. We also observe that the two-step

estimation of the objective function using £ results in a lower estimation error compared to the
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one-step estimation using £,,. This result supports the conclusion that in situations with limited
information on economic losses, the proposed methodology can improve the estimation of the
optimal index insurance model parameters 6 by leveraging a larger sample of index values.

In practice, beyond addressing the scarcity of economic loss data for emerging risks, this
approach could also help in accounting for the future evolution of index values in current es-
timations, provided reliable projections of index values are available. Such an approach could
significantly enhance the risk management strategies of index insurers and reinsurers.

The efficiency of the two-step approach using £* is further corroborated by panel (b) of figure
3. Specifically, the objective values calculated in two steps using £ are closer to, and converge
faster toward, the reference objective value compared to the objective values calculated in one
step using £,.

In addition to reducing the number of random variables and the amount of information
required to estimate the objective function £*, there may be an additional practical advantage
to using £*. In a highly favorable scenario where the insurance or reinsurance company possesses
a very large dataset on Y and W, estimating and optimizing £ directly on this large dataset could
be computationally expensive. In such a case, an alternative solution could involve estimating
4(W) and S(s|W) on a smaller subset of the dataset, incorporating these estimates into £*,

and then performing the optimization using only W.

5 Empirical analysis on real data

In this section, we present the results of our analysis using real data. We consider tornado loss
data from the United States covering the period 2016 to 2023. Section 5.1 describes this dataset

and the setting used for our analysis, while section 5.2 presents the results obtained.

5.1 Data and setting

The tornado losses dataset® used in this study is identical to the one analyzed by Daouia et al.
[2023]. In this work, the authors confirmed the heavy-tailed nature of these losses over the
period 2010 to 2016 by fitting a Generalized Pareto Distribution.

The variables of interest in this dataset include tornado monetary losses (loss), the starting
and ending longitude and latitude of each tornado (slon, elon, slat, and elat), and the length
and width of the area affected by the tornado (len and wid). To address issues related to the

scale of the losses, we work with losses normalized per unit area, defined as:

B loss
~ len X wid’

6 Available at https://www.spc.noaa.gov/wem/ /#data
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Similarly to Daouia et al. [2023], we chose the tornado’s average geographical position as
indices, defined as:
(2) _ slon + elon

d - e e
, and W 5 ,

and consider W = (W), W®)). Including additional indices and covariates could make sense in

1 _ slat + elat
W 2

the practical design of an index insurance or reinsurance product for tornado losses. However,
due to the lack of data and to ensure the simplicity of our analysis, we limit ourselves to this
two dimensional vector of covariates.

Our final sample (Y;, W;)1<i<m contains m = 4659 observations and covers the entire USA.
In particular, our dataset includes the costliest tornado, which occurred on October 20, 2019,
causing EF3 damage in the Dallas suburbs of Texas and resulting in $1.5 billion in losses. Let
us note that, in this example, we do not have two samples, one with (Y, W) and one with
W only, but we will artificially remove some values of Y; to measure the performance of the
approximation £*.

Figure 4 presents the tornado losses per unit area over the study period. We distinguish
between losses below the 85" percentile, which corresponds to our choice of s, and losses above
this threshold. Despite a concentration of losses in the eastern regions, extreme tornadoes (losses
above the 85" percentile) occur across nearly all states in the US. This observation leads to the

broader conclusion that no geographical location is entirely immune to extreme losses.

© < 85th percentile A >=85th percentile

Figure 4: Tornado losses per unit area at the starting locations of the tornadoes. A distinction

5th

is made between losses per unit area below and above the 85" percentile, which is the value

chosen for s.
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We assume a Generalized Pareto Distribution (GPD) for the tornado losses per unit area,

with a dependence between these losses and the index values, such that:

1

S(Y = {{W = w) = .
<1+ yv(W))W

The shape parameter -, which establishes the statistical link between the losses Y and the
indices W) and W) is defined as:

y(w) = emartu—ew® (5.1)

where a, b, and ¢ are parameters to be estimated from the data. As mentioned earlier, s is

50 percentile of the tornado losses per unit area. In practice, other choices of s

chosen as the 8
could be made depending on the setting and context without hindering the applicability of the
proposed methodology.

The family of payoff functions is defined as:
1
b0, 0,(W) = — max{min[go5(Y|Y > s, W = w),H(l)w(I) + 9(2)w(2)], s}
s

where qo5(Y|Y > s, W = w) is the conditional median of losses per unit area above s. This
statistic replaces the conditional expectation used for simulated data in section 4.1 because,
for certain tornado locations, the shape parameter is greater than 1, rendering the conditional
expectation undefined.

The choice of the median could be adapted in practice depending on the structure of the
index model and the distribution of losses, as long as the selected statistic prevents overcompen-
sation and limits under-compensation to an acceptable level. The justification for this choice of
structure for the payout function is similar to that provided in section 4.1 for simulated data.

The values of u, the parameters of the function f, and the loading factor of the premium

are identical to those used for the simulated data.

5.2 Results

Panel (a) of Figure 5 shows a plot of £* with respect to 6; and 62 for s = gog5(Y). We
observe a strict concavity of £* with respect to #; and 0y, suggesting the existence of an optimal
combination (61, 63) that maximizes the objective function. Panel (b) of this figure shows plots
of £* for values of s in qp.84(Y), qo.s5(Y),q0.86(Y). We observe that as the value of the quantile
increases, meaning as we focus on more extreme losses, the value of the objective function
appears to increase.

This behavior is due to the implicit assumption that all losses below s are fully and efficiently

covered by indemnity-based insurance at the same cost as index insurance. In practice, this is
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not always the case, as indemnity-based insurance is not perfectly accurate. Furthermore, if we
account for delays in compensation and high costs associated with indemnity-based insurance
for extreme losses, it is reasonable to expect that, in practice, indemnity insurance would not

always be preferred by policyholders for high or extreme losses.
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(a) £* for s = qo.s5(Y) (b) £* for s € {go0.84(Y"),q0.85(Y), qo.s6(Y)}

Figure 5: Objective function £* with respect to 6; and 6, for s = gos5(Y") (panel (a)) and for
s € {q084(Y), q085(Y), qo.86(Y)} (panel (b)).

We conclude the analysis on real data by applying an algorithm similar to 1. Step 7 of this
algorithm is slightly modified, as the three parameters a, b, and ¢ of equation 5.1 are estimated
in this case. The evolutions of these estimates with respect to sample size are shown in Figure
8 in the Appendix.

We observe a significant divergence in the parameter estimates for small sample sizes, un-
derscoring the critical importance of data availability in constructing efficient index insurance
models. However, the estimates stabilize and become acceptable at approximately half of the
total sample size. This finding supports our proposed two-step approach to optimizing the
objective function, even in scenarios with limited data.

For instance, in this example, estimating the distribution parameters using half of the avail-
able data in the first step would yield acceptable estimates of S(s|W) and 4(W). These estimates
would then enable an efficient calculation of the objective function in the second step, facilitating
the development of an index insurance model in a situation where half of the needed loss data
Y is unavailable.

The results of applying this algorithm are presented in Figure 6. We observe a similar be-
havior to that seen with simulated data, confirming that the two-step estimation of £* described
in steps 7 and 8 of the algorithm can improve the estimation of the objective function.

In summary, the proposed index insurance model for extreme losses offers a practical solution

for covering such losses and introduces an extension that addresses the problem of economic loss
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Figure 6: Errors in estimating £ by £,, and £ as a function of sample size.

data scarcity—a major concern in insurance design. Indeed, in scenarios with scarce economic
loss data Y, one could reasonably opt to work with f*g even if the relative approximation error
is higher than that of f)g, provided the error remains acceptable.

Data scarcity is particularly pronounced in developing countries, where data collection tech-
niques and tools are often underdeveloped (Eze et al. [2020]). This lack of reliable data reduces
the accuracy of insurance models in these regions, where certain insurance products could be
vital given the significant risks faced. The methodology proposed in this paper addresses these

challenges in two key ways:

e The lower cost of index insurance used in our model makes it more accessible and suitable

for use in developing countries.

e The two-step estimation of the objective function £* provides a practical approach to
mitigate the issue of data scarcity prevalent in these regions.
6 Comparison with a capped indemnity contract

In this section, we empirically investigate how the proposed hybrid contract positions itself
compared to a capped indemnity contract. The capped indemnity contract (Zhou et al. [2010],
Mao and Ostaszewski [2021]) is defined by the following payout:

X5 (m) = Y1y <m + mlysy = min(Y, m).

Introducing a limit to compensation is a classical way to protect the insurer if the tail of the

distribution is too heavy. On the other hand, this means that the policyholder will not benefit
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from full coverage against the risk, and this also has consequences on the attractiveness of the
insurance product.

On the other hand, the hybrid product with payout defined as
XHB(S) = Ylygs + S¢9(W)1y>s,

is less limited in terms of maximum amount of compensation. The question is: for the same
price, which type of contracts (X7 or XHP) will give the best coverage for the policyholder, in
terms of average ratio between the compensation and the loss? For the same price, the threshold
s of XHPB is necessarily smaller than the value of m used in X7 but this can be compensated
by a better behavior of the parametric part.

In the rest of this section, we use the optimal values of the parameter 6 obtained from the
computations in the previous sections. The settings used in those sections for simulated and
real losses are equally preserved here. To generalize this analysis, we assume that in the hybrid
contract, the loading factors of the index part and that of the indemnity part of the contract
are different. This is expected in practice due to the lower operational costs of index insurance
(Barnett and Mahul [2007]). We denote by 7¢ and ¢ the loading factors of index and traditional
indemnity-based insurance, respectively.

The premium of the capped indemnity contract is therefore given by:

w5 (m) = (14 7)E[X"] = (1 + ) Elmin(Y, m)]

That of the hybrid contract is given by:

B(s) = (1 + T™HE[Y 1y<y] + (1 + 7°)E[s¢g(W)1ys,]

We then define a function m(s) such that, for a given s, 7/5(s) = 795 (m(s)). The aim of
this definition is to compare the expected rate of compensation of the capped indemnity contract
(E[X5L(m(s))/Y]) to that of the hybrid contract (E[XHZ(s)/Y]) at equal prices for a given s.
For every s, the procedure consists in setting a value for 7¢, calculating the value of = B(s),
and using the function defined previously to find m(s) such that 7#5(s) = 75 (m(s)). Note
that as 7¢ varies, the rate of compensation of the hybrid contract remains unchanged (as s is
fixed), but that of the capped indemnity contract has to adapt through m(s) for the prices of
the two contracts to be the same. The value of 7¢ is kept fixed at 40%. Figure 7 shows the
results obtained for simulated and real data.

Panels (a) and (c) of Figure 7 show that for large values of s (extreme losses) in the hybrid
contract, the cap m(s) of a capped indemnity contract of identical price is lower than s. Also,
this value of m(s) decreases as the loading of the index part of the proposed hybrid contract

decreases. This highlights an additional advantage of the proposed hybrid contract in terms
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Figure 7: Comparative analysis of expected rates of compensation of the proposed hybrid in-
surance contract and the classical capped indemnity contract. The results are presented for real
and simulated data and for various values of 7¢, the loading factor of index insurance. Note that

7t is set at 40%.

of quality of coverage. Indeed, these results are presented in the form of expected rates of
compensation in panels (b) and (d) of the same figure. These panels show that the expected
rates of compensation of the capped indemnity contract decrease as the price of the index part
of the hybrid contract decreases for a given value of s. This means that the advantage of the
lower cost of index insurance makes the proposed hybrid contract more competitive and more
suitable for policyholders than a capped indemnity contract of equal price. Moreover, further
work on reducing the basis risk in the index part of this product could greatly improve this
enhanced coverage provided by index insurance.

Also, recall that in the payout functions of the hybrid insurance contract presented in Sections
4.1 and 5.1, a condition is imposed such that compensation for losses above the threshold s is
never less than s. This hybrid contract therefore has an implicit cap condition in addition to
using index values to provide suitable compensation above s. This provides another explanation
for why the hybrid contract compensates more than a classical capped indemnity contract of

equal price.

26



7 Conclusion

In this paper, we studied the conception of an insurance product that mixes traditional insurance
and an index-based part. The idea is to improve the ability to cover risks that are heavy tail,
instead of applying a fixed limit of compensation. The use of covariates is used to provide an
indemnity which is as close as possible to the needs of the policyholder, with a fast computation
of the compensation which does not require expert analysis. The calibration of the index-based
part of the product is based on a specific metric. Moreover, we provided an approximation of
this criterion that allows to enhance the calibration part via the use of additional data on the
covariates available after a claim (without the need of getting additional data on the economic
losses).

The criterion that we use is of course dependent on assumptions on the behavior of the
policyholders, and the question of the choice of the function L used for the optimization is a
question that should be investigated from data on the behavior of the customers. This important
question is beyond the scope of this paper. Regarding the behavior of the policyholder, we here
consider that the only reason for preferring a reduced cover is a lower price. In practice, this may
not be the sole factor: a faster compensation could be preferred, even though this compensation
would be lower, since fast compensation may help the policyholder to repair faster, which is an
important aspect of resilience. Moreover, even from a price prospective, the reduction of loading
factors on the premiums of index insurance due to simplified claim management provides another
level of optimization. This important effect of time is an aspect of the problem that could be

investigated as an extension of the present work.

8 Appendix

The Appendix section is organized as follows. In section 9, we study the comparison between
the product with ”ideal” trigger mechanism and the one where the trigger is based only on the
covariates (Proposition 2.1). In section 9.1, we provide the proof of the key approximation result,
that is Theorem 9.1. Section 9.2 is related to the proof of Theorem 3.2 on the convergence rate
of the index optimization procedure, which relies on a technical Lemma presented in section 9.3.

Additional empirical results related to the real data analysis are provided in section 9.4.

9 Proof of Proposition 2.1

Xjig() = X7(5,8) = (V — s (W) Lg_(s5) + (5000 (W) = V)15, (s,
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where

E_(s,5) = {Y < s and sz > E},
E.(s,5) = {Y > s and s¢gy < 5}

Then,
Xé(s)(s) - X*(S, §) < (8 - ‘§)1E7(s,§)'

Then,

E {L (X;”) - f(ﬁ*(s,é)))] > E|L (W - f(W*(S))> 1E(s,§)]

+E [L <(8 ; 5 _ f(ﬂ*(S))> 1E_(s,5>] )

where A denotes the complementary of the set A. This leads to

(T2 -swo)| 2 8 L<X5g?(8)—f<w*<s,§>>>]

e l{ra- s - (U5 - 5w 6 15w |

X(;'(S)(S) v, o~
L (Y — f(m (Sd)))]

—P(E_(5,8)) [L (1 = f(m"(,8))) = L(=f(n"(s,5)))] -

> FE

Moreover, from a Taylor expansion,

Xé(s)(s) v~
L ( Y - f(Tl' (87 3))

We have

E

> E

X5 (s
L( ) _ f%(s)))]—HL/Hoouf'rmx<w*<s,g>_ﬂé<s))+_

7 (5,5) = mp(s) < B | (565 (W) = V)4 1p (o) -

and the result follows.

9.1 Proof of Theorem 3.1

- a(siw) = 8 |2 (Z5  flas)) ) W = w.
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We have

so(0,w)

sishw) = B[ (v P01~ st ) W =]

= PO < oW =wit( - S - [0 (6 < e ) asy (iw)

L(¢(0,w) — f(mo(s))
L (1= f(mo(s)))

— 1 (o) {1 - 0w |1~ +Loasw)| |, 0)

with

oo L' (M - f(we(S))) S(t|w)dt
Lo1(s|lw) = Sd)(e’w)/s L(1— f(m(s)))  S(s|w)t?
)

0
o L’( mo(s) ) I(sulw) du
= va)/l L(1=f(mo(s)))  Uslw) 250w

From Assumption 2,

L(¢(0,w) — f(mp(s)))
L (1= f(m(s)))

with supy y [Rg,o(s, w)| — 0, when s tends to infinity.

= wo(o(0,w))(1 + Ry o(s,w)) (9-2)

We have,
9,1(5| )) ¢(0v )/1 (,01(@%)(9, )/ )l(8| )u2+7(1”> (1 971( ) ))7

where, from Assumption 1,

[ Ro1(s, w)| <

)
sup
c | ¢ o1(t)

L' (t—f(mo(s)))
g { ‘L(l—f(ﬂ-:(s)) - ‘Pl(t)‘ /°° [(su) du
( 1

Since [ is slow-varying, dominated convergence yields

/‘X’ [(su) du * du
1

(s) w2 ~J; w?’

when s tends to infinity. Then, from Assumption 3, we get
sup [Rg,1(s,w)| = o(1). (9.3)
0,w

Next, let
l(su|lw)du

—.
l(s]w)u%W

Loa(slw) = 3(8,w) / " o1 (66, w) )
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We have

Lonlslw) = 90w) [ er(0(0,w) /1) + Roals,w)

u” " vw)

#(0,w)
= {gb(e,w)_l/”(“’)/ vl/”’(w)gpl(v)dv} (1+ Rga(s,w))
0

= D1(d(0, w),v(w)),

with
B > I(sulw) du
Boalow) = 000.w) [~ ento(0,wyfn) |G 1| S
We have l
Raa(s,w) < 13(6(0,w), 2w sup 57100 1
and, from Assumption 1,
Ry (s, w) ‘ 4
Sup ’ &1 ({0, W), (w))| 7" (54)

Gathering (9.1) to (9.4), we get

Lo(slw) = L(1 = f(mg(s))) {1 = S(s|w) [1 — @o(6(0, w)) + P1(¢(0, w)]} (1 4 Ro(s, w)),

with supy ,, |R(s, w)| — 0 when s tends to infinity.
The result then follows, since £4(s) = E [£g(s)|W].

9.2 Proof of Theorem 3.2

Let us denote
)= W (myls), 66, W): (6| W), 7 (W)
j=1

This function of 6 is the one we could compute if we knew exactly S and . The proof Theorem
3.2 is essentially based on the fact that the difference between £5(s) and Q;(s) is asymptotically
negligible. Thus, 0:*(3) = arg maxgpeo £j(s) and 5*(3) are asymptotically equivalent.

The result of the Theorem is shown in two steps. First, we show the consistency of 5*(3)
(Proposition 9.1), then the convergence rate is derived in a second step.

Step 1: consistency.

Proposition 9.1 Under the assumptions of Theorem 3.2,
0*(s) — 0*(s) = op(1).
Proof. To prove the consistency, it suffices to show that

Sup [£5(s) — L5 (s)| = op(D),
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since 0*(s) is the unique maximizer of £5(s) and is in the interior part of © (see for example
Theorem 5.7 in Van der Vaart [2000]).
We have
sup |25(s) — 2i(s)| < sup |25() 0] +sup|25(s) — £i(s)]. (9.5)
We have

T (m(5), (0, W); S(s|w), y(W)) = ¥ (e (s), 6(0, w); S(s|w),v(w))| < |6 = ¢'[|L(w),

with
Lw) = sup |- (ra(o) T 0 = ()1 = () (0(6, ). ()
s | 2T L1 = () (1= Sl (016, w), 2 (W)
e

from Assumption 4, for some constant C.

Therefore, from Example 19.7 in Van der Vaart [2000], we get

sup |£5(s) — £5(s)| = op(1). (9.6)
0cO

R B m #(6,W;) .
2i(s) - B3(s) = ;Z{ W(V Ly [T (wparewa) i) <p1(v)dv}

7=1
xW (mg(s), o6, W;); S(s|W;), 7 (W) -

We get, for some constant Cp,

; A S(s !W) S(s|w) 1 1 / Y
£5(s) — £5(s)| < Cp sup X sup |——~ — —— v/ 71 (v)dv,
() o(s) OwEW S(slw) wew [ ¥(w) (W) | Jo ()

since ¥ is bounded. Assumption 5 and Assumption 4 lead to
sup | &5 (s) — QZ(S)‘ = op(1). (9.7)
0cO

Merging (9.5) to (9.7), we get the result. m
Step 2: Rate of consistency.

To shorten the notation, §* (resp. 9:*, 6*) will denote 6*(s) (resp. 0:*(3), 0*(s)) in this section.
Let Vg denote the gradient vector of a function with respect to 6. By definition,

Vggzs* (s) =0.

31



From a Taylor expansion and the consistency of 5*,
0= Vo5 (s) + (0" — 8°][V325. () + op(1)]. (9.8)
From the consistency of S and 4 in Assumption 5 and the law of large numbers, we get
V38, (s) = V3E2 () + 0p(1) = V3E2, (s) + 0p(1) = £(s) + op(1).

Next,

Voly(s) = Vol (s)+ - D {Vow (mg.(5), 60", W): S(sIW,). (W)
j=1

VoW (. (), 6(8" W,): S(s| W) 7(W))) .

From Assumption 6 and Lemma 9.2, we get, from the asymptotic equicontinuity property of

Donsker classes (see section 2.8.2 in Van Der Vaart et al. [1996]),
1 & = e 5
> (V0w (m5.(), 68", W); S5 W), 4(W)
j:

—Vo¥ (Wé*(S), S0, Wj); S(S!Wj),’y(Wj))}
= / {Vou (7 (), 60", w); S(slw), 4(w) ) } dP(w) + 0p(m™"/?) = By + op(m™*/2).

Back to (9.8), we get

G- =x! {;Zw (vrg*<s>,¢<é*7wj>;s<swj>,v<wj>)} +Op(By) + op(m™1/2).
j=1

9.3 Technical lemma on Donsker classes
Lemma 9.2 Let
A ={w = VU (my(s), p(0,w); hi(s,w), ho(w)) : hy € H1,ha € Ho,0 € O}.

Then A is Donsker under Assumption 6.

Proof. Let Agz{w_)a(ﬁ(gém:ge@}.
We have
Vo (79(). 06, w): (5, ). hs(w)) =
) T2 11 ()L~ (5, w)) @066, w). ()
OO 1 (1 o) (1 s, W) 0120 (06, W), o (w)).
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The classes of functions A = {w — Po(od(0,w),ha(w)) : he € Hz} and Ay = {w —
1 Po(p(0,w), ha(w)) : hg € Ha} inherit the Donsker property of classes {w — ¢(6,w) : 6 € O}
and Hg from Theorem 2.10.6 in Van Der Vaart et al. [1996]. Indeed,

P(0",w)
|[@o(B(0, W), ha(w)) — o(4(6', W), hy(w))| < |<p0(¢)(9,w))—@0(¢(9',W))|—|—/ v o1 (v)dv

P(0,w)

ity ~ gl e

C (|60, w) = ¢(0,w)| + [ha(w) — hy(w)]),

IN

for some constant C, and

10((6, W) ha(w)) — DrBo(B(6, w), y(w))] <
20(6(0, W) = o(6(6', W)

+[0(0,w) 112 1 (60, ) = G0, w) 5 1 (06, w)|
)

for a constant C’. Then, the classes (1 — H1)A; and A3(l — H;)Az are Donsker from the
boundedness of #; and A3 and Example 2.10.8 in Van Der Vaart et al. [1996]. Note that the

< O (|00, w) — 66, w)| + |ha(w) — Hy(w)

boundedness of A3 can be weakened by additional conditions on As: the key issue is that the
class A3z(1—%H;1)As should be dominated by a L? random variable. Then, the class A is included
in the addition of these two classes (Donsker from Example 2.10.7 in Van Der Vaart et al. [1996]),
up to multiplications by uniformly bounded quantities depending on 6 (but not on w). Theorem

2.10.6 in Van Der Vaart et al. [1996] applies again, leading to the result. m

9.4 Additional results on real data
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Figure 8: Evolutions of the estimates of the parameters a (panel (a)), b (panel (b)) and ¢

(panel(c) of equation 5.1 with sample size.
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