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UNCERTAINTY PRINCIPLE FOR SOLUTIONS OF THE
SCHRODINGER EQUATION ON THE HEISENBERG GROUP

PHITPPE JAMING & SOMNATH GHOSH

ABSTRACT. The aim of this paper is two prove two versions of the Dynamical
Uncertainty Principle for the Schrédinger equation i0su = Lu + Vu, u(s =
0) = up where £ is the sub-Laplacian on the Heisenberg group.

We show two results of this type. For the first one, the potential V' = 0,
we establish a dynamical version of Amrein-Berthier-Benedicks’s Uncertainty
Principle that shows that if ug and w1 = u(s = 1) have both small support
then uw = 0. For the second result, we add some potential to the equation and
we obtain a dynamical version of the Paley-Wiener theorem in the spirit of
the result of Kenig, Ponce & Vega [20]. Both results are obtained by suitably
transfering results from the Euclidean setting.

We also establish some limitations to Dynamical Uncertainty Principles.

1. INTRODUCTION

The aim of this paper is to prove several Dynamical Uncertainty Principles for
the Schrédinger operator associated to the sub-Laplacian of the Heisenberg group.

Let us recall that in Euclidean harmonic analysis, an Uncertainty Principle is
a statement that a function f and its Fourier transform f can not be simultane-
ously localised. There are numerous statements of this form, depending on how
localization of functions is measured. The most famous results of this form are
the Heisenberg Uncertainty Principle when localization is measured in terms of dis-
persion, and Hardy’s Uncertainty Principle when localization is measured in terms
of fast decay. Another family of Uncertainty Principles measures localization in
terms of smallness of the support. For instance, a result by Amrein-Berthier [I]
and Benedicks [5] states that a function and its Fourier transform can not both
have support of finite measure. This leads to the introduction of the concept of
annihilating pairs (see Definition 2.1 below and the examples following it): a pair

of sets (S, X) such that a function f supported in S with Fourier transform fsup—
ported in ¥ is necessarily f = 0. We refer to the surveys |16} [6 14 24] or the book
[18] for more information on the subject.

As the Uncertainty Principle is a central phenomena in FEuclidean harmonic
analysis, there has been a lot of activity aiming at its extension to other settings,
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among which Lie groups, and in particular to nilpotent Lie groups. There has
been a lot of activity around Hardy’s Uncertainty Principle (see [28] and references
therein) or on the Theorem of Amrein-Berthier-Benedicks (see e.g. [25] [I7]). Here
a new difficulty occurs: while in the Euclidean setting, the function and its Fourier
transform are both defined on R?, this is no longer the case for the Fourier transform
on Lie groups.

One way to overcome this, is to take the dynamical reformulation of the Un-
certainty Principle. The idea is rather simple: the solution of the Schrdédinger
equation

{i@tu(x,t) Ayu(z,t) =
u(z,0) = uo(x)

is given by

e—i%dsign(t) - - .
— ila]® /4t ily|® /4t —i(x,y)/2t
u(z,t) = T e /Rd e up(y)e dy.

Thus uy () = u(z, 1) is, up to constant modulus factors that do not affect concentra-
tion, essentially the Fourier transform of ug. One may then restate any Uncertainty
Principle for the pair (f, f) in terms of an Uncertainty Principle for (ug,u1). Such
a result is now called a Dynamical Uncertainty Principle. For instance, we have
the following

(1) Hardy’s Uncertainty Principle:
Assume that uo(z) = O(e~11"/°Y and that u(x,T) = O(e~1=I*/8*). Ir
T/af > 1/4, then ug = 0 and if T/afB = 1/4, then ug is a multiple of
e~ (1/a?+i/aT)|x|?

(2) Amrein-Berthier-Benedicks:
Assume that ug and u(x,T) both have finite support, then ug = 0.

This simple observation, is the starting point of two fruitful lines of research.

On one hand, in a seminal series of papers, Escauriaza, Kenig, Ponce and Vega
[10, 1T, T2] have extended Hardy’s Theorem and proved Dynamical Uncertainty
Principles associated to the Schrodinger Equation with potential V: idyu = Ayu+
Vu with various conditions on V' (as well as for other dispersive equations). It
is noteworthy to say that in this case, the result does not follow from its non-
dynamical counterpart and requires a different strategy of proof using only real
variable techniques. It turns out that this strategy is so powerful that, in the
absence of potential, one may even recover Hardy’s original result [9].

On the other hand, this formulation is amenable to extension to other settings in
which there is a natural notion of Laplacian (e.g. on graphs or Lie groups), as the
variable space does not change with time. The first result in that direction is due to
S. Chanillo [8]. The dynamical version of Hardy’s Uncertainty Principle (without
potential), on the H-type groups has been first investigated by S. Ben Said, S.
Thangavelu and V.N. Dogga [4] and for general step 2 nilpotent Lie groups by J.
Ludwig and D. Miiller [23]. For the Dynamical Uncertainty Principle with potential,
see A. Fernandez-Bertolin et al [13].

Our aim here is precisely to pursue this direction of research for the notion of
annihilating pairs when dealing with the Schrodinger equation associated to the
sub-Laplacian on the Heisenberg group. Before describing our results, we need to
recall some notions on the Heisenberg group as can be found e.g. in [15].
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The (2n + 1)-dimensional Heisenberg group, denoted by H", is R™ x R™ x R
endowed with the group law

n

(xv Y, t)(xlv y/7 t/) =lz+ xla Y+ ylu i+ t'— % Z(xly; - ylx;)
j=1

Under this multiplication H" is a nilpotent unimodular Lie group, the Haar measure
being the Lebesgue measure dzdydt. It will be convenient to write z = (x,y) €
R?* (2,t) = (z,y,t) € H" and the Haar measure is then denoted by dzdt on
R?" x R.

It is sometimes convenient to identify R?" with C" writing z = x + iy and then
C" x R ~ R?" x R. In this case, the group law on H" ~ C" x R is given by

1
(z,0)(Z, )= (z+ 2, t+t + §Im (z-w))

and the Haar measure is still denoted by dz dt.
The Lie algebra associated to H™ is generated by the vector fields

X2 1,0 9 1D -

gz, 2%ar Ty 2War TR

geeey

0
and T = T The sub-Laplacian for the Heisenberg group H", is given by

- 2 92 - 0 0 0

L= X?24YV2=Ag l27 0% L | =

; 3T = see T e Jz:: Yoy, Yo ) ot

It is well-known that £ is hypo-elliptic, self-adjoint and non-negative. Further e**
generates a unitary semi-group on L?(H™) and the solution of the free Schrédinger

equation for £
(1.1) i0su(z,t,8) + Lu(z,t,s) =0

with initial condition u(z,t,0) = ug(z,t), up € L?(H") is given by u(-, -, s) = e**uy.
The following Dynamical Uncertainty Principle of Hardy type associated to £
has been shown in [4]:

Theorem 1.1 (Ben Said & Thangavelu & Dogga). Let ug € L2(H") and u be the
solution of ([ILI)) with initial condition u(z,t,0) = ug(z,t). Assume that, for some
time T > 0,

luo(z,t)] = O(ef|x|2/4a2,5|t\) and |u(z,t,T)| = O(ef\z\z/%z,sm)
for some § >0 and ab < T, then u = 0.

The result has been extended to all step 2 nilpotent Lie groups in [23] and to
Schrodinger equation with certain potentials on H-type groups in [13]. Among the
tasks we tackle in this paper is to show that the extra factor e °I!l is essential,
though § can be arbitrarily small. We will then show that this is no longer the case
when considering a dynamical version of Amrein-Berthier-Benedicks’ Uncertainty
Principle on the Heisenberg group where the central variable plays no role:

Theorem 1.2. Let S,3 C R?*™ be two sets of finite measure. Let ug € L?(H™) and
u be the solution of (L) with initial condition u(z,t,0) = wuo(z,t). Assume that
suppuo C S X R and that, for some time s > 0 suppu(-,-,s) C X xR. Then u =0
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Our actual result is more general and provides a way of transferring other results
about some annihilating pairs from the Fourier transform to Dynamical Uncertainty
Principles associated to the sub-Laplacian of the Heisenberg group. However, we
will show that a more quantitative results (so-called strong annihilating pairs) do
not transfer to this more general setting.

We then investigate the influence of the potential. Even in the Euclidean setting,
not much is known, excepted for a result by Kenig, Ponce and Vega [20]. We will
here show that this result can also be transferred to the Heisenberg group. This
result is a form of Paley-Wiener theorem:

Theorem 1.3. Let u € C ([0,1] : L2(H")) be a solution of
(1.2) i0su(z,t,8) + Lu(z,t,8) + V(z, s)u(z,t,s) = 0,

where (z,t) € H", s € [0,1] and V : H" x [0,1] — C is independent of the central
variable t.
Assume further that the potential V' is bounded, i.c., ||V||Loo(crx(0,1])) < 00 and

1
(13) Jim [Vl e, ds =0
Suppose
(1.4) sup / lu(z,t,s)]*dz dt < oo,
0<s<1 n
(1.5) / 29071y (2,t,0)[*dzdt < oo for some ag > 0,
and
. supp (u(-, 1)) € {(,) € H : |1] < a, [f] < az)
' for some 0 < ay,as < oco.
Then u = 0.

The remaining of this paper is organized as follows. The next section is devoted
to the proof of Theorem [[L2] with Section 2.2 devoted to establishing some limita-
tions on the Dynamical Uncertainty Principle on the Heisenberg Group. In Section
3, we prove Theorem

2. DYNAMICAL UNCERTAINTY PRINCIPLES ASSOCIATED TO L

In this section, we will need the following notation. For a function f € L'(H"),
we write

)\ZL’ _ T eit)\d
Pay) /Rf(,y,t) ‘

for the partial Fourier transform of f in the central variable ¢. The convolution of
two functions f,g € L'(H") is defined by

frgzt)y= | fw,s)g((w,s)7 (2,1)) dwds
H’Vl
and an easy computation shows that
(Fx9 =) = P oaag @)= | Az - w)gh(w)e 2™ ) dw,
(Cn

This last expression is called the A-twisted convolution of f* and g*.
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2.1. Annihilating pairs. Let us recall the following classical notion when dealing
with Uncertainty Principles [18]:
Definition 2.1. Let S, Y be two measurable subsets of R4 Then
(i) (S,%) is a (weak) annthilating pair if,
suppf C S and suppfc X

implies f = 0.
(i) (S,X) is called a strong annihilating pair if there exists C' = C(S, %) such
that
(2.1) £l 2@ey < CUfllL2@ars) + 1Fllzz@ars))-

Note that (5,%) is (strongly) annihilating if and only if (3,5) is (strongly)
annihilating.

Example 2.2. Here are some classical examples:
(i) If S is compact and R? \ ¥ has an accumulation point, then (S,¥) is a weak
annihilating pair since supp f C S implies that f is analytic.
(i) Logvinenko-Sereda, [22].
If ¥ is compact then (S, ) is a strong annihilating pair if and only if E = R%\ S
is dense in the sense that there exists a,y > 0 such that, for every 2 € R%, |[ENx +
[~a,a] > 7|[~a,a]’].

In this case, an essentially sharp estimate of the constant is due to Kovrijkine
[21] in dimension d = 1 and the proof can be extended to arbitrary dimension: if

(ac+1)
¥ C [—¢,c]? then C(S,%) < (E) where £ is a constant that depends on d
v

only.

(iii) Amrein-Berthier-Benedicks, [1, [5].

If S,% C R? are two sets of finite measure, then (S, Y) is a strong annihilating pair.
Further, an essentialy sharp estimate of the constant is due to Nazarov [20] in

dimension d = 1 (see [I9] for d > 1 where sharpness is unknown): C(S,%) <

keISIEl where k is a constant that depends on d only.

(iv) Bonami-Demange, [6].

A slight elaboration on Benedicks’ proof was given in [6]: Consider the class of sets

F={EcCR?: for almost every z € R?, (z + Z%) N E is finite}.

The class F contains sets of finite measures, as well as F’, the class of sets that
concentrate on a finite number of lines, where E € F’ is defined via the following

property:

There is a finite set of unit vectors ey, ...,exn C R, and functions n1,. ..,k
with lim,| 4 o0 1j(x) = 0 such that if x € E then |z — (x,ex)er| < ni(x) for some
ke{l,...,N}.

For instance, for any C > 0, {(z,y) € R? : |zy| < C} € F'. Then Bonami-
Demange proved that if S, % € F, then (S, ¥) is a weak annihilating pair.

For each of these pairs, one should notice that if 7" is an invertible linear trans-
form, then (S,7%) and (T'S,X) are still annihilating pairs.
(v) Shubin-Vakilian- Wolff, [27].
Define p(z) = min(1, |#|~!) and say that E is e-thin (0 < ¢ < 1) if, for every z € RY,
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|EN B(z,p(x))| < e|B(x,p(x))]. The sets {(z,y) € R? : |zy| < C} are examples
of thin sets in this sense. Then, there is an 0 < g9 < 1 such that, if 0 < € < g¢ is
small enough and S, ¥ are e-thin, (S,X) is a strong annihilating pair.

It is reasonable to conjecture that one can take €9 = 1 so that there is no
restriction on e. If this conjecture were true, then (S,7%) and (T'S,3) would
still be annihilating pairs for any invertible linear transform 7'. The current result
requires 7' to have determinant near enough to 1.

We can now state our transference result:

Theorem 2.3. Let S,¥ C R?" be such that, for every invertible linear transform
T, (S,TY) is a weak annihilating pair.

Let u € C1([0,+00) : L2(H™)) be a solution of the free Schridinger equation for
the sub-Laplacian of the Heisenberg group H"™,

i0su(z,t,8) + Lu(z,t,s) =0
with initial condition u(z,t,0) = uo(z,t), ug € L*(H"). Assume that
suppug C S xR and suppu(-,-,s0) CEX xR

for some 0 < 59 < co. Then u = 0.

The main difficulty here is that one needs to use intricate distribution theory
to write the solution via a kernel and that this kernel is not nice enough to be
exploited (see [3] for more details about the kernel). To overcome this difficulty we
will take a Fourier transform in the central variable. This changes the Schrodinger
equation into another equation that can be solved via an integral kernel and this
can be linked to the Euclidean Fourier transform. The price to pay is that our
condition on the support of ug is a bit restrictive and does not cover general sets
of finite measure in H".

Proof. For s >0, z € C" and A € R, let
ur(z,5) = / u(z,t, s)e™ dt
R
be the inverse Fourier transform of u(z,t,s) in the central variable and u be the
inverse Fourier transform of ug in the central variable. Then
(2.2) u(z,50) = uy (2) *a hiy, (2)
for a.e. A € R\ {0}, where
)\ " DN 2
2.3 h)\ — (47)"" 4 cot(Aso)|z| )
(2.3 86 = (s ) e
Note that this formula is valid for A € R\ I-Z.

Next note that supp u*(-,0) C S and suppu*(-, s9) C ¥. From (Z2) and (Z3),
we have

(2.4) U’\(«%So):/ ud (w)h) (z —w)e~ 2 mED) gy

180

—-n A " i s0)|z—w|?  —2Im(z-w
= 4n) (m) /n“é(w)e‘*c"t(A 0)lzmwl o= m=w) gy

_ C)\,S()ei% cot(Aso)|z|? / u())\ (w)ei% cot()\so)|w|267%(cot(Aso)Rc(z~1D)+Im(z-7I;)) dw
n

3
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where ¢y 5, =
7=(0 6
cot(Asg)Re(z - w) + Im(z - w)
= cot(Aso)((z,€) + (v, m) + ((y,€) — (z,m))
=((cot(Aso)Ian + J)(z,y), (&, m))-
Further define ) on R™ x R" as

(4m)~™ X" /(isin(Asp))™. Now write z = = + iy, w = £ + in and

, and observe that

T (u, v) = i cotQso)(ul*+1vl)

and note that this function takes its values in the set of complex numbers of modulus
1. We can now write (Z4) as

(25) ’U’)\(Ia Y, SO) = C)\,SO’YA(:L y)]:[ﬁ)/)\ué] (‘])\ (Ia y))

where F is the Euclidean Fourier transform on R?*" and Jy = 3(J + cot(Aso) 2, ).
Observe that

2n
det Jy\ = (%) (cot®>(Asg) +1)" #0

so that Jy is invertible. Thus, as u(-, sg) is supported in 3, F[y\up] is supported
in J,X. On the other hand, y\u} is supported in S. As (S, J\X) is an annihilating
pair, it follows that yyu) = 0 for almost every A, thus ug = 0. O

Remark 2.4. The derivation of Formula of the kernel h;s, can be found e.g. in
[23] even replacing H™ by a more general step 2 nilpotent Lie group.

One would of course like to obtain a quantitative counterpart of this result. We
will show that this is not fully possible below.

Let us show a partial result that will highlight the difficulties. Take S, ¥ C R?"
two sets of finite measure. Writing u* as a Fourier transform as in (23] and
noticing that |y,| = 1, we may apply the higher dimensional extension of Nazarov’s
Uncertainty Principle [19] to obtain

< ke

(2.6) ||u8‘ N‘SHJ/\ZI(|

2 2 2
HL2(R2") |USHL2(R2"\S) + ||-7'-[7/\U3]||L2(R2H\J@))'

A simple computation shows that
H]:[/W\US]”QL%R?"\JAZ) = CHUA('?SO)H%Q(R?"\Z)

for some constant ¢ independent of A and sy. On the other hand

A\ n
|J)\E| = |E| (5) (C0t2()\80) + 1) ,

so that (2] reads

< " (cot?(Aso)+1) "|S]I3|

HUSHiQ(RQ") =

(2.7) 2 R )
(HUOHH(R%\S) +|fu ('7‘90)”L2(R2n\2))'
Unfortunately, due to the term A?" (cotQ(/\so) + 1)”, one can not use Parseval in

the central variable to obtain an estimate of ||u0||2L?(]HI") in terms of |Jug ||iQ((R2n\S) «R)

and [|u(-, 50) |72 ((g2m\ ) xm)-
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There is however one exception: assume there is an a > 0 such that uy = 0 for
[A| > a and that spa < 7. First note that, for |\ < a,

1 (sin(Aso)\ > !
R -

n ,2n
, 2"a

K=k .
Spa)

kAP (cot?(Aso) + 1)"

IN

sin?®"(

But then

[ / -

a

dA

gne“,'snm/, (2 oy + 10 50) [ sy ) 0

<ret 11 /R (||“3H2L2<R2"\s> +[lw* 50)H2L2<R2"\E)) dA

=ke" IS11= (HUOHiz((RmL\S)XR) + ||u(a SO)”%%(]}@"\E)XR)) :

We have thus proved the following:

2
. ||u()J\HL2(]R2")

Proposition 2.5. Let S,% C R?" be two sets of finite measure. Let a,sg > 0 be
such that spa < 7. Let ug € L2(H") be such that uy = 0 for |A| > a. Let u be the
solution of i0su + Lu = 0 with initial condition ug. Then

ns 2 2
”uO”%?(H") < re 15111 (||u0||L2((R2"\S)><R) + ||u('750)||L2((R2"\Z)><R))
where k' depend on n,a, sy only and k on n only.

Remark 2.6 (Observability inequality). Fix A € R\{0}, and consider the A-twisted
Laplacian or the special Hermite operator on R?”,

B = B = P )+ 3D (e — i)
4 = 0y; O0x;
Then the solution of the Schrodinger equation
(2.8) i0su™(z,y, s) + Lau™(z,y,s) =0,
ur(z,y,0) = ug (z,y) € LA(R*"),

is obtained in (2.3 as

w2, y,5) = ex s (@, 9) Finug] (a(z, )
for s ¢ TN. Hence, if 5, C R2" be such that, for every invertible linear transform
T, (S,TX) is a strong annihilating pair, we can obtain the following observability
inequality at two time points for Ly (see [29] for this kind of inequalities for the
standard Laplacian and its applications).
Let sp > 51 > 0 with sp—s; ¢ TN. Then there exits a constant C' = C(4, 3, \, 51, 52) >
0 such that for all solution u* of (ZJ),

(2.9) HUSHi%R?") = C(H“k('vsl)H;(R%\s) + ||“/\('= Sz)Hi?(R?"\E))'

Note that such sets (S,X) are described in Example 2:2] and the constant C' can
be calculated explicitly for some instances.
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2.2. Limitations to Dynamical Uncertainty Principles. In this section, we
will show that there are limitations to Dynamical Uncertainty Principles for the
Schrodinger equation (). This is based on the following example built on an
observation from [2].

Let ¢ € S(R) and set

(2.10) uo(z,t) = /Rel)“(it_‘z‘z/‘l)cp()\) dX.
A simple computation shows that

Lug = —n/R |/\|6M|(“*|Z|2/4)gp(/\) d\ = indyuo.
It follows that

u(z,t,s) = up(z,t — ns)
is a solution of Lu(z,t,s) + idsu(z,t,s) = 0 with u(z,t,0) = ug(z,t).
Further, as ¢ € S(R) we can write
uo(z,) = FIM (N 15- W] + Fle M () 18+ (N](-1)
where F is the Fourier transform on L!(R). From Parseval and Fubini, we get
+oo A -\ 2
(2.11) / g (2, B)[2 dz dt = (27)™+ / M)K—ﬂ)' d.
n 0

From now on, we will take o > 0 and further assume that ¢ is supported in
[a, @ 4+ 1]. From the definition of ug, we immediately obtain that, for every s > 0

o 2
fu(z,t, )] < [l s rye /4.

Further, integrating by parts, we have for every k € N,

k
(—sign(X))"® (N IN(— |22 /A tit—ins)
t — z 3 wms d
u(zt, 5) /R (it — |2|2/4 — ins)k ¢ A

and, as |l (-1z1*/4tit=ins)| < g=alz*/4 o)) supp o, we obtain

e—a|z|2/4
L1(R) ((t _ ns)z + |Z|4/16)k/2 .

This shows that, in Theorem [T} one can not take § = 0, that is, in the dynamical
version of Hardy’s Uncertainty Principle on the Heisenberg group, one needs to
impose a faster than polynomial decay in the central variable ¢.

Next, notice that the function defined in ([ZI0) extends into an holomorphic
function in the z variable. More precisely, here z = (x,y) € R?" and u extends
holomorphically to the cone Q = {(x + iz, y + iy ), z, ', y,y € R™ : |2']2 + |y/|? <
|z|2 + |y|*}. In particular, the function u has full support in the z-variable. This
explains why the situation is a bit better for Theorem where no restriction in
the central variable is required.

However, this example also shows that there are limitations to quantitative coun-
terparts to Theorem [[L21 Indeed, from supp ¢ = [, @ + 1], we obtain

/ (e t,5) 2 dz dt % 0o 2age,.

fuz,t, )] < |||
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On the other hand,

/ lu(z,t,s)|>dz dt
(R27\ [=7,r]2n) xR

</ / H(pl||il(R) dte—a\z‘z/de
B R2n\[—r,r]27 JR (t - n5)2 + T4/16

2n
47T 2 +oo —at?
) 1" 121 (=) <2/T e /2 dt>

B 92(n+1) -
— a2np2(ntl) €

—nar? 2
e ||<PIHL1(R)-

This shows that for every s; < sg, the inequality

/ luo(z,t)|> dzdt < C / lu(z,t,s1) > dz dt
n (R2"\Q(0,r)) xR

o
(R2"\Q(0,r)) xR

can not hold for every u solution of i0su(z, t, s)+Lu(z,t, s) = 0 with initial condition
u(z,t,0) = uo(z,t), up € L*(H").

lu(z,t, s0)|* dz dt)

3. PALEY-WIENER TYPE THEOREM

In this section, we will prove Theorem from the introduction. We proceed
through a few steps.

Step 1. Reduction to the magnetic Laplacian (twisted Laplacian) on R?™.
For A € R\ {0}, let u*(z,s) = [ u(z,t,s)e"dt be the inverse Fourier transform
of u in the central variable. Identify z with (2,9) = (21,..., %0, Y1, ..., Yn) € R?".

Proposition 3.1. Let u be a solution of ([L2)) and satisfies the hypothesis of Theo-
rem[L.3. Then there is a set E C R\{0} of measure 0, such that, if x € R\ (EU{0}),

then v solves

(3.1) i0su™(x,y,8) + Acyu (2, y, 8) + V(z,y, s)u*(z,y,s) = 0,
where A, = (V —iCy)* with Cy = %J (;) and J = <_O]n Ig) . Moreover,
(3.2) sup / [u* (2, y, 5)|* dz dy < oo,
0<s<1.JR2n
(3.3) /R2 29071 [y Mz, y,0)|2 dady < oo for some ag > 0, and
(3.4) supp (uA(~, . 1)) C {(:1:, y) € R?™ : | cos(A)zy + sin(\)y1| < ag}

for some az < co. In addition, for each (z,y), u*(x,y,1) can be extended holomor-
pically in X to a neighbourhood of the real line.

Proof. A direct calculation shows the first part, see, for instance, [13].
For the remaining part, first note the Plancherel formula

/ / |u)‘(:1c,y,s)|2d:1cdyd)\=/ lu(z,t,s)|* dz dt,
R\{0} JR2n Hn
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where 0 < s < 1. Hence, it follows from () and (CH) that

sup/ lu*(z,y,s)]> dedy < co, and
0<s<1JR2n

/ 62¢1011|u)‘(x,y70)|2 dxdy < oo for some ag > 0,
R2n

for a.e. A. In addition, condition (LG gives
supp (u)‘(-, . 1)) - {x e R™ : |z1] + |y1| < ag}
C {z e R*": |cos(N)z1 +sin(\)y1| < a3}
for some a3 < oco. O

Now onwards 0 < [A| < 7 is fixed.
Step 2. Reduction to the Hermite operator on R?".

Proposition 3.2. Suppose u and V satisfy the hypothesis of Theorem[L3 Let u
be as in Proposition [3.1. Write

(3.5) v(x,y,s) = ut (e_s’\‘](:t, Y), s) )
Then v € C ([0,1] : L*(R®")) and solves
A2

(36) iaSv('rvyaS) +A’U(Iay75) - A

EE(af? + ey, 5)

+ ‘7($7 y’ S)’U(I’ y? S) = 07

where
(3.7) V(z,y,s) = V(e (z,y), ).
Additionally, the potential V is bounded and satisfies
1
3.8 li V(- 8)|| poo(many .y ds = 0.
(38) Jin [V 9l o, ds
Furthermore,
(3.9) sup / lv(z,y, s)|? drdy < oo,
0<s<1JR2n
(3.10) / 2%y (z,y,0)|*dedy < oo for some ag > 0, and
R2n
(3.11) supp (v(-,-,1)) € {(z,y) € R*" : |a1] < ag}

for some az < co.

Proof. The fact that v solves [B.6) follows from [7, Proposition 5.1].
For the remaining of the proof, we will use that

ot — (COS(t) I, —sin(t) In) |

sin(¢) I, cos(t) I,

Next, the boundedness of V is immediate from the boundedness of V. Further, for
s €10,1],
sup  |V(z,y,8)| = sup V(e (a,y),8)| = sup |[V(z,y,5)|-
I(z,9)]>p l(z.y)[=p [(z,y)|=p
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(e—s,\J)t — oMt sAJ

= e** we have e (

Here the last equality holds as
|(z,y)|. Therefore B8] follows from ([L3).

Since u satisfies ((C4)-(L8), Proposition Bl ensures that u* satisfies ([3:2))-(3.4).
Now, for s € [0, 1], we know that

r,y)| =

det(e*) = N = 1,

Hence, from [B2]) we get

sup / o(z,y,5)Pdzdy = sup / A (e (@, y), ) da dy
0<s<1./R2n 0<s<1JR2n

= sup / [u* (2, y,5)> dz dy < oo.
0<s<1 JR2n

Further (BI0) is identical with &3]). To see condition BII), write (Z,9) =
e~ (z,y), then

[cos(N)Z1 + sin(A\)g |
= |cos(A)(cos(N)x1 — sin(A)y1) + sin(A)(sin(A)z1 + cos(N)y1)| = |z1].
Thus from B4]) and B3] we get
supp (v(-, -, 1)) € {(z,y) € R*" : |z1] < az}
as claimed. O

Step 3. Reduction to the Laplacian on R?™.

Proposition 3.3. Suppose u and V' satisfy the hypothesis of Theorem [L3 and let
V be defined in B0) and, for z = (x,y) € R*", define

1 z arctan(|\|s)
Wiz, s) = (1+ [A2?) V(W o

so that W is bounded with

) W tan(|A])
(3.12) plggo W+ 8)l[ Lo m2m\B,) ds = 0.
Let v as in B3). For 0 <[\ < 7, set
. s|z
(3.13) w(z,s) = exp (’4(1+\/\|252) |)‘|2) ; z arctan(|Als)
- ’ (1 + [A2s2)n/2 T+A2s2 A '

Then w e C ([0, ‘—}\I tan(|A])] : L2(R2")) and solves

(3.14) i0sw(x,y,s) + Aw(z,y, s) + W(z,y, s)w(x,y,s) =0,
Moreover,
(3.15) sup / |w(z,y,s)|* drdy < oo,
0<s< i tan(|A]) JR2"

IRY}

(3.16) / 0%ty (x, y,0)|* dzdy < oo for some ag > 0, and
R2n

(3.17) supp (0 (+, o an(A) ) ) € () € B sl < )
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for some a4 < oo.

Proof. First, since u and V' satisfy the hypothesis of Theorem [[3] from Proposition
B2l we get that v and V satisfy B.8)-@11). Now,

W (z,y,s)|

= (AP

~ 1
\% <7*1 = |)\|252( ), |/\| arctan(|\|s )) }

<V oo mon xj0,1))
for 0 <s < % n(|A[). Therefore [|[W|| oo (r2nx o, 1 Lan(Ap)) < 00
Put (z,9) = \/ﬁ( ,y). Then |(z,y)| > p implies |(Z, )| > pcos(]A|). Hence
BI) yields

' mtan(M\
Jim / IW (s8] o i i, ds

p—+00

1
< tim [ 176, 8) o5, ds =0

p—oo J

Next, an argument as in [7, Proposition 4.3] shows that w solves ([B.I4).
Further, for 0 < s < ﬁtan(|)\|),

/ lw(z,y,s)* dz dy
R2n

2
1 1 dx dy
= v | —=(2,y), — arctan(|\|s _—
L. <ﬁ+ e b g et )> T+ AEs)
1 2
:/ v <3:,y, —arctan(|/\|s)) dzdy
Ren A
< sup / v(z,y,s)* dz dy.
0<s<1JR2n
Thus BIT) follows from ([0). The condition BI6) is same as (3I0). Finally
BID) is easy from BII) with ay = sec(|\|)as. O

Step 4. Conclusion.

Suppose that u and V satisfy the hypothesis of Theorem [[L3] Then Proposition
yields w, defined as in (BI3]), is a solution of ([BI4) and has the properties
listed therein. Therefore, the Paley-Wiener theorem for Schrédinger evolutions on
the Euclidean space gives w = 0, see [20]. This infers v = 0, i.e., u = 0 for
0<[A< 3.

But, for each (z,y) € R?", u*(x,y, 1) has an homomorphic extension in A around
the real line. We thus conclude that u*(z,y,1) = 0 for all A € R\ {0}. This finally
implies that v = 0.

4. DATA AVAILABILITY

No data has been generated or analysed during this study.
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