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UNCERTAINTY PRINCIPLE FOR SOLUTIONS OF THE

SCHRÖDINGER EQUATION ON THE HEISENBERG GROUP

PHIIPPE JAMING & SOMNATH GHOSH

Abstract. The aim of this paper is two prove two versions of the Dynamical
Uncertainty Principle for the Schrödinger equation i∂su = Lu + V u, u(s =
0) = u0 where L is the sub-Laplacian on the Heisenberg group.

We show two results of this type. For the first one, the potential V = 0,
we establish a dynamical version of Amrein-Berthier-Benedicks’s Uncertainty
Principle that shows that if u0 and u1 = u(s = 1) have both small support
then u = 0. For the second result, we add some potential to the equation and
we obtain a dynamical version of the Paley-Wiener theorem in the spirit of
the result of Kenig, Ponce & Vega [20]. Both results are obtained by suitably
transfering results from the Euclidean setting.

We also establish some limitations to Dynamical Uncertainty Principles.

1. Introduction

The aim of this paper is to prove several Dynamical Uncertainty Principles for
the Schrödinger operator associated to the sub-Laplacian of the Heisenberg group.

Let us recall that in Euclidean harmonic analysis, an Uncertainty Principle is

a statement that a function f and its Fourier transform f̂ can not be simultane-
ously localised. There are numerous statements of this form, depending on how
localization of functions is measured. The most famous results of this form are
the Heisenberg Uncertainty Principle when localization is measured in terms of dis-
persion, and Hardy’s Uncertainty Principle when localization is measured in terms
of fast decay. Another family of Uncertainty Principles measures localization in
terms of smallness of the support. For instance, a result by Amrein-Berthier [1]
and Benedicks [5] states that a function and its Fourier transform can not both
have support of finite measure. This leads to the introduction of the concept of
annihilating pairs (see Definition 2.1 below and the examples following it): a pair

of sets (S,Σ) such that a function f supported in S with Fourier transform f̂ sup-
ported in Σ is necessarily f = 0. We refer to the surveys [16, 6, 14, 24] or the book
[18] for more information on the subject.

As the Uncertainty Principle is a central phenomena in Euclidean harmonic
analysis, there has been a lot of activity aiming at its extension to other settings,
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among which Lie groups, and in particular to nilpotent Lie groups. There has
been a lot of activity around Hardy’s Uncertainty Principle (see [28] and references
therein) or on the Theorem of Amrein-Berthier-Benedicks (see e.g. [25, 17]). Here
a new difficulty occurs: while in the Euclidean setting, the function and its Fourier
transform are both defined on R

d, this is no longer the case for the Fourier transform
on Lie groups.

One way to overcome this, is to take the dynamical reformulation of the Un-
certainty Principle. The idea is rather simple: the solution of the Schrödinger
equation {

i∂tu(x, t) + ∆xu(x, t) = 0
u(x, 0) = u0(x)

is given by

u(x, t) =
e−iπ

4
d sign(t)

(4π|t|)d/2 ei|x|
2/4t

∫

Rd

ei|y|
2/4tu0(y)e

−i〈x,y〉/2t dy.

Thus u1(x) = u(x, 1) is, up to constant modulus factors that do not affect concentra-
tion, essentially the Fourier transform of u0. One may then restate any Uncertainty

Principle for the pair (f, f̂) in terms of an Uncertainty Principle for (u0, u1). Such
a result is now called a Dynamical Uncertainty Principle. For instance, we have
the following

(1) Hardy’s Uncertainty Principle:

Assume that u0(x) = O(e−|x|2/α2

) and that u(x, T ) = O(e−|x|2/β2

). If
T/αβ > 1/4, then u0 = 0 and if T/αβ = 1/4, then u0 is a multiple of

e−(1/α2+i/4T )|x|2 .
(2) Amrein-Berthier-Benedicks:

Assume that u0 and u(x, T ) both have finite support, then u0 = 0.

This simple observation, is the starting point of two fruitful lines of research.
On one hand, in a seminal series of papers, Escauriaza, Kenig, Ponce and Vega

[10, 11, 12] have extended Hardy’s Theorem and proved Dynamical Uncertainty
Principles associated to the Schrödinger Equation with potential V : i∂tu = ∆xu+
V u with various conditions on V (as well as for other dispersive equations). It
is noteworthy to say that in this case, the result does not follow from its non-
dynamical counterpart and requires a different strategy of proof using only real
variable techniques. It turns out that this strategy is so powerful that, in the
absence of potential, one may even recover Hardy’s original result [9].

On the other hand, this formulation is amenable to extension to other settings in
which there is a natural notion of Laplacian (e.g. on graphs or Lie groups), as the
variable space does not change with time. The first result in that direction is due to
S. Chanillo [8]. The dynamical version of Hardy’s Uncertainty Principle (without
potential), on the H-type groups has been first investigated by S. Ben Säıd, S.
Thangavelu and V.N. Dogga [4] and for general step 2 nilpotent Lie groups by J.
Ludwig and D. Müller [23]. For the Dynamical Uncertainty Principle with potential,
see A. Fernandez-Bertolin et al [13].

Our aim here is precisely to pursue this direction of research for the notion of
annihilating pairs when dealing with the Schrödinger equation associated to the
sub-Laplacian on the Heisenberg group. Before describing our results, we need to
recall some notions on the Heisenberg group as can be found e.g. in [15].
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The (2n + 1)-dimensional Heisenberg group, denoted by Hn, is Rn × Rn × R

endowed with the group law

(x, y, t)(x′, y′, t′) =


x+ x′, y + y′, t+ t′ − 1

2

n∑

j=1

(xiy
′
i − yix

′
i)


 .

Under this multiplication H
n is a nilpotent unimodular Lie group, the Haar measure

being the Lebesgue measure dxdy dt. It will be convenient to write z = (x, y) ∈
R2n, (z, t) = (x, y, t) ∈ Hn and the Haar measure is then denoted by dz dt on
R2n × R.

It is sometimes convenient to identify R2n with Cn writing z = x+ iy and then
Cn × R ≃ R2n × R. In this case, the group law on Hn ≃ Cn × R is given by

(z, t)(z′, t′) =
(
z + z′, t+ t′ +

1

2
Im (z · w)

)

and the Haar measure is still denoted by dz dt.
The Lie algebra associated to Hn is generated by the vector fields

Xj :=
∂

∂xj
+

1

2
yj

∂

∂t
, Yj :=

∂

∂yj
− 1

2
xj

∂

∂t
j = 1, 2, . . . , n

and T =
∂

∂t
. The sub-Laplacian for the Heisenberg group Hn, is given by

L =

n∑

j=1

X2
j + Y 2

j = ∆R2n +
|z|2
4

∂2

∂t2
−

n∑

j=i

(
xj

∂

∂yj
− yj

∂

∂xj

)
∂

∂t
.

It is well-known that L is hypo-elliptic, self-adjoint and non-negative. Further eiL

generates a unitary semi-group on L2(Hn) and the solution of the free Schrödinger
equation for L
(1.1) i∂su(z, t, s) + Lu(z, t, s) = 0

with initial condition u(z, t, 0) = u0(z, t), u0 ∈ L2(Hn) is given by u(·, ·, s) = eisLu0.
The following Dynamical Uncertainty Principle of Hardy type associated to L

has been shown in [4]:

Theorem 1.1 (Ben Säıd & Thangavelu & Dogga). Let u0 ∈ L2(Hn) and u be the
solution of (1.1) with initial condition u(z, t, 0) = u0(z, t). Assume that, for some
time T > 0,

|u0(z, t)| = O(e−|x|2/4a2−δ|t|) and |u(z, t, T )| = O(e−|x|2/4b2−δ|t|)

for some δ > 0 and ab < T , then u = 0.

The result has been extended to all step 2 nilpotent Lie groups in [23] and to
Schrödinger equation with certain potentials on H-type groups in [13]. Among the
tasks we tackle in this paper is to show that the extra factor e−δ|t| is essential,
though δ can be arbitrarily small. We will then show that this is no longer the case
when considering a dynamical version of Amrein-Berthier-Benedicks’ Uncertainty
Principle on the Heisenberg group where the central variable plays no role:

Theorem 1.2. Let S,Σ ⊂ R2n be two sets of finite measure. Let u0 ∈ L2(Hn) and
u be the solution of (1.1) with initial condition u(z, t, 0) = u0(z, t). Assume that
suppu0 ⊂ S ×R and that, for some time s > 0 suppu(·, ·, s) ⊂ Σ×R. Then u = 0
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Our actual result is more general and provides a way of transferring other results
about some annihilating pairs from the Fourier transform to Dynamical Uncertainty
Principles associated to the sub-Laplacian of the Heisenberg group. However, we
will show that a more quantitative results (so-called strong annihilating pairs) do
not transfer to this more general setting.

We then investigate the influence of the potential. Even in the Euclidean setting,
not much is known, excepted for a result by Kenig, Ponce and Vega [20]. We will
here show that this result can also be transferred to the Heisenberg group. This
result is a form of Paley-Wiener theorem:

Theorem 1.3. Let u ∈ C
(
[0, 1] : L2(Hn)

)
be a solution of

(1.2) i∂su(z, t, s) + Lu(z, t, s) + V (z, s)u(z, t, s) = 0,

where (z, t) ∈ Hn, s ∈ [0, 1] and V : Hn × [0, 1] → C is independent of the central
variable t.

Assume further that the potential V is bounded, i.e., ‖V ‖L∞(Cn×[0,1]) < ∞ and

(1.3) lim
ρ→∞

∫ 1

0

‖V (·, s)‖L∞(Cn\Bρ) ds = 0.

Suppose

sup
0≤s≤1

∫

Hn

|u(z, t, s)|2 dz dt < ∞,(1.4)

∫

Hn

e2a0x1 |u(z, t, 0)|2 dz dt < ∞ for some a0 > 0,(1.5)

and

supp (u(·, ·, 1)) ⊆ {(z, t) ∈ H
n : |z1| ≤ a1, |t| ≤ a2}

for some 0 < a1, a2 < ∞.
(1.6)

Then u = 0.

The remaining of this paper is organized as follows. The next section is devoted
to the proof of Theorem 1.2 with Section 2.2 devoted to establishing some limita-
tions on the Dynamical Uncertainty Principle on the Heisenberg Group. In Section
3, we prove Theorem 1.3.

2. Dynamical Uncertainty Principles associated to L
In this section, we will need the following notation. For a function f ∈ L1(Hn),

we write

fλ(x, y) =

∫

R

f(x, y, t)eitλ dt

for the partial Fourier transform of f in the central variable t. The convolution of
two functions f, g ∈ L1(Hn) is defined by

f ∗ g(z, t) =
∫

Hn

f(w, s)g
(
(w, s)−1(z, t)

)
dw ds

and an easy computation shows that

(f ∗ g)λ(z) = fλ ∗λ gλ(z) :=

∫

Cn

fλ(z − w)gλ(w)ei
λ
2
Im (z·w̄) dw.

This last expression is called the λ-twisted convolution of fλ and gλ.
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2.1. Annihilating pairs. Let us recall the following classical notion when dealing
with Uncertainty Principles [18]:

Definition 2.1. Let S,Σ be two measurable subsets of Rd. Then

(i) (S,Σ) is a (weak) annihilating pair if,

supp f ⊂ S and supp f̂ ⊂ Σ

implies f = 0.
(ii) (S,Σ) is called a strong annihilating pair if there exists C = C(S,Σ) such

that

(2.1) ‖f‖L2(Rd) ≤ C
(
‖f‖L2(Rd\S) + ‖f̂‖L2(Rd\Σ)

)
.

Note that (S,Σ) is (strongly) annihilating if and only if (Σ, S) is (strongly)
annihilating.

Example 2.2. Here are some classical examples:

(i) If S is compact and Rd \ Σ has an accumulation point, then (S,Σ) is a weak

annihilating pair since supp f ⊂ S implies that f̂ is analytic.

(ii) Logvinenko-Sereda, [22].
If Σ is compact then (S,Σ) is a strong annihilating pair if and only if E = Rd \ S
is dense in the sense that there exists a, γ > 0 such that, for every x ∈ Rd, |E ∩x+
[−a, a]d| ≥ γ|[−a, a]d|.

In this case, an essentially sharp estimate of the constant is due to Kovrijkine
[21] in dimension d = 1 and the proof can be extended to arbitrary dimension: if

Σ ⊂ [−c, c]d then C(S,Σ) ≤
(
κ

γ

)κ(ac+1)

where κ is a constant that depends on d

only.

(iii) Amrein-Berthier-Benedicks, [1, 5].
If S,Σ ⊂ Rd are two sets of finite measure, then (S,Σ) is a strong annihilating pair.

Further, an essentialy sharp estimate of the constant is due to Nazarov [26] in
dimension d = 1 (see [19] for d ≥ 1 where sharpness is unknown): C(S,Σ) ≤
κeκ|S||Σ| where κ is a constant that depends on d only.

(iv) Bonami-Demange, [6].
A slight elaboration on Benedicks’ proof was given in [6]: Consider the class of sets

F = {E ⊂ R
d : for almost every x ∈ R

d, (x + Z
d) ∩ E is finite}.

The class F contains sets of finite measures, as well as F ′, the class of sets that
concentrate on a finite number of lines, where E ∈ F ′ is defined via the following
property:

There is a finite set of unit vectors e1, . . . , eN ⊂ Rd, and functions η1, . . . , ηk
with lim|x|→+∞ ηj(x) = 0 such that if x ∈ E then |x − 〈x, ek〉ek| ≤ ηk(x) for some
k ∈ {1, . . . , N}.

For instance, for any C > 0, {(x, y) ∈ R2 : |xy| ≤ C} ∈ F ′. Then Bonami-
Demange proved that if S,Σ ∈ F , then (S,Σ) is a weak annihilating pair.

For each of these pairs, one should notice that if T is an invertible linear trans-
form, then (S, TΣ) and (TS,Σ) are still annihilating pairs.

(v) Shubin-Vakilian-Wolff, [27].
Define ρ(x) = min(1, |x|−1) and say that E is ε-thin (0 < ε < 1) if, for every x ∈ R

d,
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∣∣E ∩ B
(
x, ρ(x)

)∣∣ ≤ ε
∣∣B
(
x, ρ(x)

)∣∣. The sets {(x, y) ∈ R2 : |xy| ≤ C} are examples
of thin sets in this sense. Then, there is an 0 < ε0 ≤ 1 such that, if 0 < ε < ε0 is
small enough and S,Σ are ε-thin, (S,Σ) is a strong annihilating pair.

It is reasonable to conjecture that one can take ε0 = 1 so that there is no
restriction on ε. If this conjecture were true, then (S, TΣ) and (TS,Σ) would
still be annihilating pairs for any invertible linear transform T . The current result
requires T to have determinant near enough to 1.

We can now state our transference result:

Theorem 2.3. Let S,Σ ⊂ R2n be such that, for every invertible linear transform
T , (S, TΣ) is a weak annihilating pair.

Let u ∈ C1([0,+∞) : L2(Hn)) be a solution of the free Schrödinger equation for
the sub-Laplacian of the Heisenberg group Hn,

i∂su(z, t, s) + Lu(z, t, s) = 0

with initial condition u(z, t, 0) = u0(z, t), u0 ∈ L2(Hn). Assume that

suppu0 ⊂ S × R and suppu(·, ·, s0) ⊂ Σ× R

for some 0 < s0 < ∞. Then u = 0.

The main difficulty here is that one needs to use intricate distribution theory
to write the solution via a kernel and that this kernel is not nice enough to be
exploited (see [3] for more details about the kernel). To overcome this difficulty we
will take a Fourier transform in the central variable. This changes the Schrödinger
equation into another equation that can be solved via an integral kernel and this
can be linked to the Euclidean Fourier transform. The price to pay is that our
condition on the support of u0 is a bit restrictive and does not cover general sets
of finite measure in Hn.

Proof. For s ≥ 0, z ∈ C
n and λ ∈ R, let

uλ(z, s) =

∫

R

u(z, t, s)eiλt dt

be the inverse Fourier transform of u(z, t, s) in the central variable and uλ
0 be the

inverse Fourier transform of u0 in the central variable. Then

(2.2) uλ(z, s0) = uλ
0 (z) ∗λ hλ

is0(z)

for a.e. λ ∈ R \ {0}, where

(2.3) hλ
is0(z) = (4π)−n

(
λ

i sin(λs0)

)n

ei
λ
4
cot(λs0)|z|

2

.

Note that this formula is valid for λ ∈ R \ π
s0
Z.

Next note that suppuλ(·, 0) ⊂ S and suppuλ(·, s0) ⊂ Σ. From (2.2) and (2.3),
we have

(2.4) uλ(z, s0) =

∫

Cn

uλ
0 (w)h

λ
is0 (z − w)e−

iλ
2
Im(z·w̄) dw

= (4π)−n

(
λ

i sin(λs0)

)n ∫

Cn

uλ
0 (w)e

i λ
4
cot(λs0)|z−w|2e−

iλ
2
Im(z·w̄) dw

= cλ,s0e
i λ
4
cot(λs0)|z|

2

∫

Cn

uλ
0 (w)e

i λ
4
cot(λs0)|w|2e−

iλ
2
(cot(λs0)Re(z·w̄)+Im(z·w̄)) dw,
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where cλ,s0 = (4π)−n λn/(i sin(λs0))
n. Now write z = x + iy, w = ξ + iη and

J =

(
0 In

−In 0

)
, and observe that

cot(λs0)Re(z · w̄) + Im(z · w̄)
= cot(λs0)(〈x, ξ〉+ 〈y, η〉) + (〈y, ξ〉 − 〈x, η〉)
=〈(cot(λs0)I2n + J)(x, y), (ξ, η)〉.

Further define γλ on Rn × Rn as

γλ(u, v) = ei
λ
4
cot(λs0)(|u|

2+|v|2)

and note that this function takes its values in the set of complex numbers of modulus
1. We can now write (2.4) as

(2.5) uλ(x, y, s0) = cλ,s0γλ(x, y)F [γλu
λ
0 ]
(
Jλ(x, y)

)

where F is the Euclidean Fourier transform on R2n and Jλ = λ
2 (J + cot(λs0)I2n).

Observe that

detJλ =

(
λ

2

)2n (
cot2(λs0) + 1

)n 6= 0

so that Jλ is invertible. Thus, as uλ(·, s0) is supported in Σ, F [γλu
λ
0 ] is supported

in JλΣ. On the other hand, γλu
λ
0 is supported in S. As (S, JλΣ) is an annihilating

pair, it follows that γλu
λ
0 = 0 for almost every λ, thus u0 = 0. �

Remark 2.4. The derivation of Formula of the kernel his0 can be found e.g. in
[23] even replacing Hn by a more general step 2 nilpotent Lie group.

One would of course like to obtain a quantitative counterpart of this result. We
will show that this is not fully possible below.

Let us show a partial result that will highlight the difficulties. Take S,Σ ⊂ R2n

two sets of finite measure. Writing uλ as a Fourier transform as in (2.5) and
noticing that |γλ| = 1, we may apply the higher dimensional extension of Nazarov’s
Uncertainty Principle [19] to obtain

(2.6)
∥∥uλ

0

∥∥2
L2(R2n)

≤ κeκ|S||JλΣ|
(∥∥uλ

0

∥∥2
L2(R2n\S)

+
∥∥F [γλu

λ
0 ]
∥∥2
L2(R2n\JλΣ)

)
.

A simple computation shows that

‖F [γλu
λ
0 ]‖2L2(R2n\JλΣ) = c‖uλ(·, s0)‖2L2(R2n\Σ)

for some constant c independent of λ and s0. On the other hand

|JλΣ| = |Σ|
(
λ

2

)2n (
cot2(λs0) + 1

)n
,

so that (2.6) reads

(2.7)

∥∥uλ
0

∥∥2
L2(R2n)

≤ κeκλ
2n
(
cot2(λs0)+1

)n
|S||Σ|

(∥∥uλ
0

∥∥2
L2(R2n\S)

+
∥∥uλ(·, s0)

∥∥2
L2(R2n\Σ)

)
.

Unfortunately, due to the term λ2n
(
cot2(λs0)+ 1

)n
, one can not use Parseval in

the central variable to obtain an estimate of ‖u0‖2L2(Hn) in terms of ‖u0‖2L2((R2n\S)×R)

and ‖u(·, s0)‖2L2((R2n\Σ)×R).
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There is however one exception: assume there is an a > 0 such that uλ
0 = 0 for

|λ| > a and that s0a < π. First note that, for |λ| < a,

κλ2n
(
cot2(λs0) + 1

)n
= κ

(
1

s20

(
sin(λs0)

λs0

)−2

cos2(λs0) + λ2

)n

≤ κ′ := κ
2na2n

sin2n(s0a)
.

But then

‖u0‖2L2(Hn) =

∫

R

∥∥uλ
0

∥∥2
L2(R2n)

dλ =

∫ a

−a

∥∥uλ
0

∥∥2
L2(R2n)

dλ

≤κeκ
′|S||Σ|

∫ a

−a

(∥∥uλ
0

∥∥2
L2(R2n\S)

+
∥∥uλ(·, s0)

∥∥2
L2(R2n\Σ)

)
dλ

≤κeκ
′|S||Σ|

∫

R

(∥∥uλ
0

∥∥2
L2(R2n\S)

+
∥∥uλ(·, s0)

∥∥2
L2(R2n\Σ)

)
dλ

=κeκ
′|S||Σ|

(
‖u0‖2L2((R2n\S)×R) + ‖u(·, s0)‖2L2((R2n\Σ)×R)

)
.

We have thus proved the following:

Proposition 2.5. Let S,Σ ⊂ R2n be two sets of finite measure. Let a, s0 > 0 be
such that s0a < π. Let u0 ∈ L2(Hn) be such that uλ

0 = 0 for |λ| > a. Let u be the
solution of i∂su+ Lu = 0 with initial condition u0. Then

‖u0‖2L2(Hn) ≤ κeκ
′|S||Σ|

(
‖u0‖2L2((R2n\S)×R) + ‖u(·, s0)‖2L2((R2n\Σ)×R)

)

where κ′ depend on n, a, s0 only and κ on n only.

Remark 2.6 (Observability inequality). Fix λ ∈ R\{0}, and consider the λ-twisted
Laplacian or the special Hermite operator on R

2n,

Lλ = ∆R2n − |λ|2
4

(|x|2 + |y|2) + iλ

n∑

j=1

(
xj

∂

∂yj
− yj

∂

∂xj

)

Then the solution of the Schrödinger equation

(2.8)
i∂su

λ(x, y, s) + Lλu
λ(x, y, s) = 0,

uλ(x, y, 0) = uλ
0 (x, y) ∈ L2(R2n),

is obtained in (2.5) as

uλ(x, y, s) = cλ,sγλ(x, y)F [γλu
λ
0 ]
(
Jλ(x, y)

)

for s /∈ π
λN. Hence, if S,Σ ⊂ R2n be such that, for every invertible linear transform

T , (S, TΣ) is a strong annihilating pair, we can obtain the following observability
inequality at two time points for Lλ (see [29] for this kind of inequalities for the
standard Laplacian and its applications).

Let s2 > s1 ≥ 0 with s2−s1 /∈ π
λN. Then there exits a constant C = C(A,Σ, λ, s1, s2) >

0 such that for all solution uλ of (2.8),

(2.9)
∥∥uλ

0

∥∥2
L2(R2n)

≤ C
(∥∥uλ(·, s1)

∥∥2
L2(R2n\S)

+
∥∥uλ(·, s2)

∥∥2
L2(R2n\Σ)

)
.

Note that such sets (S,Σ) are described in Example 2.2, and the constant C can
be calculated explicitly for some instances.
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2.2. Limitations to Dynamical Uncertainty Principles. In this section, we
will show that there are limitations to Dynamical Uncertainty Principles for the
Schrödinger equation (1.1). This is based on the following example built on an
observation from [2].

Let ϕ ∈ S(R) and set

(2.10) u0(z, t) =

∫

R

e|λ|(it−|z|2/4)ϕ(λ) dλ.

A simple computation shows that

Lu0 = −n

∫

R

|λ|e|λ|(it−|z|2/4)ϕ(λ) dλ = in∂tu0.

It follows that

u(z, t, s) = u0(z, t− ns)

is a solution of Lu(z, t, s) + i∂su(z, t, s) = 0 with u(z, t, 0) = u0(z, t).
Further, as ϕ ∈ S(R) we can write

u0(z, t) = F [eλ|z|
2/4ϕ(λ)1R−(λ)](t) + F [e−λ|z|2/4ϕ(λ)1R+(λ)](−t)

where F is the Fourier transform on L1(R). From Parseval and Fubini, we get

(2.11)

∫

Hn

|u0(z, t)|2 dz dt = (2π)n+1

∫ +∞

0

|ϕ(λ) + ϕ(−λ)|2
λn

dλ.

From now on, we will take α > 0 and further assume that ϕ is supported in
[α, α+ 1]. From the definition of u0, we immediately obtain that, for every s > 0

|u(z, t, s)| ≤ ‖ϕ‖L1(R)e
−α|z|2/4.

Further, integrating by parts, we have for every k ∈ N,

u(z, t, s) =

∫

R

(
− sign(λ)

)k
ϕ(k)(λ)

(it− |z|2/4− ins)k
e|λ|(−|z|2/4+it−ins) dλ

and, as |e|λ|(−|z|2/4+it−ins)| ≤ e−α|z|2/4 on suppϕ, we obtain

|u(z, t, s)| ≤
∥∥∥ϕ(k)

∥∥∥
L1(R)

e−α|z|2/4

(
(t− ns)2 + |z|4/16

)k/2 .

This shows that, in Theorem 1.1, one can not take δ = 0, that is, in the dynamical
version of Hardy’s Uncertainty Principle on the Heisenberg group, one needs to
impose a faster than polynomial decay in the central variable t.

Next, notice that the function defined in (2.10) extends into an holomorphic
function in the z variable. More precisely, here z = (x, y) ∈ R2n and u extends
holomorphically to the cone Ω = {(x+ ix′, y+ iy′), x, x′, y, y′ ∈ Rn : |x′|2 + |y′|2 <
|x|2 + |y|2}. In particular, the function u has full support in the z-variable. This
explains why the situation is a bit better for Theorem 1.2 where no restriction in
the central variable is required.

However, this example also shows that there are limitations to quantitative coun-
terparts to Theorem 1.2. Indeed, from suppϕ = [α, α+ 1], we obtain

∫

Hn

|u(z, t, s)|2 dz dt ≈ α−n‖ϕ‖2L2(R).
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On the other hand,∫

(R2n\[−r,r]2n)×R

|u(z, t, s)|2 dz dt

≤
∫

R2n\[−r,r]2n

∫

R

‖ϕ′‖2L1(R)

(t− ns)2 + r4/16
dt e−α|z|2/2 dz

≤4π

r2
‖ϕ′‖2L1(R)

(
2

∫ +∞

r

e−αt2/2 dt

)2n

≤ 22(n+1)π

α2nr2(n+1)
e−nαr2‖ϕ′‖2L1(R).

This shows that for every s1 < s2, the inequality

∫

Hn

|u0(z, t)|2 dz dt ≤ C

(∫
(
R2n\Q(0,r)

)
×R

|u(z, t, s1)|2 dz dt

+

∫
(
R2n\Q(0,r)

)
×R

|u(z, t, s2)|2 dz dt
)

can not hold for every u solution of i∂su(z, t, s)+Lu(z, t, s) = 0 with initial condition
u(z, t, 0) = u0(z, t), u0 ∈ L2(Hn).

3. Paley-Wiener type theorem

In this section, we will prove Theorem 1.3 from the introduction. We proceed
through a few steps.

Step 1. Reduction to the magnetic Laplacian (twisted Laplacian) on R2n.

For λ ∈ R \ {0}, let uλ(z, s) =
∫
R
u(z, t, s)eiλtdt be the inverse Fourier transform

of u in the central variable. Identify z with (x, y) = (x1, . . . , xn, y1, . . . , yn) ∈ R2n.

Proposition 3.1. Let u be a solution of (1.2) and satisfies the hypothesis of Theo-
rem 1.3. Then there is a set E ⊂ R\{0} of measure 0, such that, if λ ∈ R\(E∪{0}),
then uλ solves

(3.1) i∂su
λ(x, y, s) + ∆Cλ

uλ(x, y, s) + V (x, y, s)uλ(x, y, s) = 0,

where ∆Cλ
= (∇− iCλ)

2
with Cλ =

λ

2
J

(
x
y

)
and J =

(
0 In

−In 0

)
. Moreover,

sup
0≤s≤1

∫

R2n

|uλ(x, y, s)|2 dxdy < ∞,(3.2)

∫

R2n

e2a0x1 |uλ(x, y, 0)|2 dxdy < ∞ for some a0 > 0, and(3.3)

supp
(
uλ(·, ·, 1)

)
⊆
{
(x, y) ∈ R

2n : | cos(λ)x1 + sin(λ)y1| ≤ a3
}

(3.4)

for some a3 < ∞. In addition, for each (x, y), uλ(x, y, 1) can be extended holomor-
pically in λ to a neighbourhood of the real line.

Proof. A direct calculation shows the first part, see, for instance, [13].
For the remaining part, first note the Plancherel formula

∫

R\{0}

∫

R2n

|uλ(x, y, s)|2 dxdy dλ =

∫

Hn

|u(z, t, s)|2 dz dt,
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where 0 ≤ s ≤ 1. Hence, it follows from (1.4) and (1.5) that

sup
0≤s≤1

∫

R2n

|uλ(x, y, s)|2 dxdy < ∞, and

∫

R2n

e2a0x1 |uλ(x, y, 0)|2 dxdy < ∞ for some a0 > 0,

for a.e. λ. In addition, condition (1.6) gives

supp
(
uλ(·, ·, 1)

)
⊆
{
x ∈ R

2n : |x1|+ |y1| ≤ a3
}

⊆
{
x ∈ R

2n : | cos(λ)x1 + sin(λ)y1| ≤ a3
}

for some a3 < ∞. �

Now onwards 0 < |λ| < π
2 is fixed.

Step 2. Reduction to the Hermite operator on R2n.

Proposition 3.2. Suppose u and V satisfy the hypothesis of Theorem 1.3. Let uλ

be as in Proposition 3.1. Write

(3.5) v(x, y, s) = uλ
(
e−sλJ (x, y), s

)
.

Then v ∈ C
(
[0, 1] : L2(R2n)

)
and solves

(3.6) i∂sv(x, y, s) + ∆v(x, y, s)− |λ|2
4

(|x|2 + |y|2)v(x, y, s)

+ Ṽ (x, y, s)v(x, y, s) = 0,

where

(3.7) Ṽ (x, y, s) = V (e−sλJ (x, y), s).

Additionally, the potential Ṽ is bounded and satisfies

(3.8) lim
ρ→∞

∫ 1

0

‖Ṽ (·, ·, s)‖L∞(R2n\Bρ) ds = 0.

Furthermore,

sup
0≤s≤1

∫

R2n

|v(x, y, s)|2 dxdy < ∞,(3.9)

∫

R2n

e2a0x1 |v(x, y, 0)|2 dxdy < ∞ for some a0 > 0, and(3.10)

supp (v(·, ·, 1)) ⊆
{
(x, y) ∈ R

2n : |x1| ≤ a3
}

(3.11)

for some a3 < ∞.

Proof. The fact that v solves (3.6) follows from [7, Proposition 5.1].
For the remaining of the proof, we will use that

e−tJ =

(
cos(t) In − sin(t) In
sin(t) In cos(t) In

)
.

Next, the boundedness of Ṽ is immediate from the boundedness of V. Further, for
s ∈ [0, 1],

sup
|(x,y)|≥ρ

|Ṽ (x, y, s)| = sup
|(x,y)|≥ρ

|V (e−sλJ (x, y), s)| = sup
|(x,y)|≥ρ

|V (x, y, s)|.



12 PHIIPPE JAMING & SOMNATH GHOSH

Here the last equality holds as
(
e−sλJ

)t
= e−sλJt

= esλJ we have |e−sλJ (x, y)| =
|(x, y)|. Therefore (3.8) follows from (1.3).

Since u satisfies (1.4)-(1.6), Proposition 3.1 ensures that uλ satisfies (3.2)-(3.4).
Now, for s ∈ [0, 1], we know that

det(esλJ ) = esλTr(J) = 1.

Hence, from (3.2) we get

sup
0≤s≤1

∫

R2n

|v(x, y, s)|2 dxdy = sup
0≤s≤1

∫

R2n

|uλ(e−Nλs(x, y), s)|2 dxdy

= sup
0≤s≤1

∫

R2n

|uλ(x, y, s)|2 dxdy < ∞.

Further (3.10) is identical with (3.3). To see condition (3.11), write (x̃, ỹ) =
e−λJ(x, y), then

|cos(λ)x̃1 + sin(λ)ỹ1|
= | cos(λ)(cos(λ)x1 − sin(λ)y1) + sin(λ)(sin(λ)x1 + cos(λ)y1)| = |x1|.

Thus from (3.4) and (3.5) we get

supp (v(·, ·, 1)) ⊆
{
(x, y) ∈ R

2n : |x1| ≤ a3
}

as claimed. �

Step 3. Reduction to the Laplacian on R2n.

Proposition 3.3. Suppose u and V satisfy the hypothesis of Theorem 1.3 and let
Ṽ be defined in (3.7) and, for z = (x, y) ∈ R2n, define

W (z, s) = (1 + |λ|2s2)−1Ṽ

(
z√

1 + |λ|2s2
,
arctan(|λ|s)

|λ|

)

so that W is bounded with

(3.12) lim
ρ→∞

∫ 1
|λ| tan(|λ|)

0

‖W (·, ·, s)‖L∞(R2n\Bρ) ds = 0.

Let v as in (3.5). For 0 < |λ| < π
2 , set

(3.13) w(z, s) =
exp

(
i s|z|2

4(1+|λ|2s2) |λ|2
)

(1 + |λ|2s2)n/2 v

(
z√

1 + |λ|2s2
,
arctan(|λ|s)

|λ|

)
.

Then w ∈ C
(
[0, 1

|λ| tan(|λ|)] : L2(R2n)
)
and solves

(3.14) i∂sw(x, y, s) + ∆w(x, y, s) +W (x, y, s)w(x, y, s) = 0,

Moreover,

sup
0≤s≤ 1

|λ|
tan(|λ|)

∫

R2n

|w(x, y, s)|2 dxdy < ∞,(3.15)

∫

R2n

e2a0x1 |w(x, y, 0)|2 dxdy < ∞ for some a0 > 0, and(3.16)

supp

(
w

(
·, ·, 1

|λ| tan(|λ|)
))

⊆
{
(x, y) ∈ R

2n : |x1| ≤ a4
}

(3.17)
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for some a4 < ∞.

Proof. First, since u and V satisfy the hypothesis of Theorem 1.3, from Proposition
3.2 we get that v and Ṽ satisfy (3.8)-(3.11). Now,

|W (x,y, s)|

= (1 + |λ|2s2)−1

∣∣∣∣∣Ṽ
(

1√
1 + |λ|2s2

(x, y),
1

|λ| arctan(|λ|s)
)∣∣∣∣∣

≤ ‖Ṽ ‖L∞(R2n×[0,1])

for 0 ≤ s ≤ 1
|λ| tan(|λ|). Therefore ‖W‖L∞(R2n×[0, 1

|λ|
tan(|λ|)]) < ∞.

Put (x̃, ỹ) = 1√
1+|λ|2s2

(x, y). Then |(x, y)| ≥ ρ implies |(x̃, ỹ)| ≥ ρ cos(|λ|). Hence
(3.8) yields

lim
ρ→∞

∫ 1
|λ|

tan(|λ|)

0

‖W (·, ·, s)‖L∞(R2n\Bρ) ds

≤ lim
ρ→∞

∫ 1

0

‖Ṽ (·, ·, s)‖L∞(R2n\Bρ) ds = 0.

Next, an argument as in [7, Proposition 4.3] shows that w solves (3.14).
Further, for 0 ≤ s ≤ 1

|λ| tan(|λ|),
∫

R2n

|w(x, y, s)|2 dxdy

=

∫

R2n

∣∣∣∣∣v
(

1√
1 + |λ|2s2

(x, y),
1

|λ| arctan(|λ|s)
)∣∣∣∣∣

2
dxdy

(1 + |λ|2s2)n

=

∫

R2n

∣∣∣∣v
(
x, y,

1

|λ| arctan(|λ|s)
)∣∣∣∣

2

dxdy

≤ sup
0≤s≤1

∫

R2n

|v(x, y, s)|2 dxdy.

Thus (3.15) follows from (3.9). The condition (3.16) is same as (3.10). Finally
(3.17) is easy from (3.11) with a4 = sec(|λ|)a3. �

Step 4. Conclusion.

Suppose that u and V satisfy the hypothesis of Theorem 1.3. Then Proposition
3.3 yields w, defined as in (3.13), is a solution of (3.14) and has the properties
listed therein. Therefore, the Paley-Wiener theorem for Schrödinger evolutions on
the Euclidean space gives w = 0, see [20]. This infers v = 0, i.e., uλ = 0 for
0 < |λ| < π

2 .

But, for each (x, y) ∈ R2n, uλ(x, y, 1) has an homomorphic extension in λ around
the real line. We thus conclude that uλ(x, y, 1) = 0 for all λ ∈ R \ {0}. This finally
implies that u = 0.
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[4] S. Ben Säıd, S. Thangavelu and V.N. Dogga, Uniqueness of solutions to Schrödinger equa-
tions on H-type groups, J. Aust. Math. Soc. 95 (2013), 297–314.

[5] M. Benedicks, On Fourier transforms of functions supported on sets of finite Lebesgue mea-
sure, J. Math. Anal. Appl. 106 (1985), 180–183.

[6] A. Bonami and B. Demange, A survey on uncertainty principles related to quadratic forms,
Collect. Math. (2006), Vol. Extra, 1–36.

[7] B. Cassano and L. Fanelli, Gaussian decay of harmonic oscillators and related models, J.
Math. Anal. Appl. 456 (2017), 214–228.

[8] S. Chanillo, Uniqueness of solutions to Schrödinger equations on complex semi-simple Lie
groups, Proc. Indian Acad. Sci. Math. Sci. 117 (2007), 325–331.

[9] M. Cowling, L. Escauriaza, C.E. Kenig, G. Ponce and L. Vega, The Hardy uncertainty
principle revisited, Indiana Univ. Math. J. 59 (2010), 2007–2025.

[10] L. Escauriaza, C.E. Kenig, G. Ponce and L. Vega, On uniqueness properties of solutions of
Schrödinger equations, Comm. PDE. 31 (2006), 1811–1823.

[11] L. Escauriaza, C.E. Kenig, G. Ponce and L. Vega, Hardy’s uncertainty principle, convexity
and Schrödinger evolutions, J. Eur. Math. Soc. (JEMS) 10 (2008), 883–907.

[12] L. Escauriaza, C.E. Kenig, G. Ponce and L. Vega, The sharp Hardy uncertainty principle
for Schrödinger evolutions, Duke Math. J. 155 (2010), 163–187.

[13] A. Fernández-Bertolin, Ph. Jaming and S. Pérez-Esteva, An uncertainty principle for solu-
tions of the Schrödinger equation on H-type groups, J. Aust. Math. Soc. 111 (2021), 1-16.

[14] A. Fernández-Bertolin and E. Malinnikova, Dynamical versions of Hardy’s uncertainty prin-
ciple: a survey, Bull. Amer. Math. Soc. 58 (2021), 357–375.

[15] G.B. Folland, Harmonic analysis in phase space, Annals of Mathematics Studies, vol. 122,
Princeton University Press, Princeton, NJ (1989).

[16] G.B. Folland and A. Sitaram, The uncertainty principle: a mathematical survey, J. Fourier
Anal. Appl. 3 (1997), 207–238.

[17] S. Ghosh and R.K. Srivastava, Benedicks–Amrein–Berthier theorem for the Heisenberg mo-
tion group, Bull. London Math. Soc. 54 (2022), 526–539.
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