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I Academic Background

e 2012 - 2015: Bachelor’s in Mathematics, Université Jean Monnet Saint
Etienne, France

e 2015 -2017: Master’s in Mathematics and Applications, Université
Grenoble Alpes, France

e 2017 - 2020: PhD in Mathematics and Their Interactions, Université de
Rennes I, France

e Since 2021: Starting Research Positions, Centre Inria de I'Université de
Rennes, France



I Research Projects

Stochastic transport in upper ocean dynamics (STUOD): International
collaborative project, funded by EXCELLENT SCIENCE - European Research
Council (ERC), PIs: Bertrand Chapron, Dan Crisan, Darryl Holm, Etienne
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I Research Projects

Methodological developments
for a robust and efficient digital
twin of the ocean (MEDIATION):
National collaborative project,
funded by the “Ocean & Climate”
French Priority Research Program,
PIs: Laurent Debreu, Franck Du-
mas, Patrick Marchesiello
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I Research Profile

o Interests: Stochastic Modeling, Ensemble Forecasting, Uncertainty
Quantification, Sensitivity Analysis, Data Assimilation, Numerical
Methods, Scientific Computing

e Achievements: 7 high-impact SCI papers (2 as first/corresponding
author, 2 as co-first author, 2 as second author), 4 submitted preprints (2
as first/corresponding author, 1 as second author), 8 book chapters (1 as
first author, 2 as co-first author, 2 as second author)

o Other Activities: Peer reviewer for the Journal of Advances in Modeling
Earth Systems; Co-supervised Francesco Tucciarone’s PhD thesis, titled
“Stochastic parameterization of ocean models using high-resolution
observations” in collaboration with Etienne Mémin
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I Background
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I Motivations

e Rigorously model the impact of unresolved
small-scale processes on large-scale circu- [ o |
lation
Vertical Grid .
e Enhance uncertainty representation to ,,
construct physically meaningful ensem-
ples | ..

e Strong interest in applying ensemble
methods for forecasting and data assimi-
lation

= Shift from a deterministic, causal physics approach to a stochastic
representation of fluid dynamics

P4
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I Stochastic flow under location uncertainty [Mémin, 2014]
e Stochastic Lagrangian flow:

dX; = V(Xt, t) dt+ O'(Xt, t) dB;

resolved unresolved

X: Lagrangian displacement within bounded domain S ¢ R%(d = 2,3)

B: Cylindrical Brownian motion on (€2, F, (F;)s, P) taking values in the
Hilbert space H := L%(S)

e Correlation operator:

(X, f = /S sy Ofty)dy, feH, xeS

0. bounded symmetric integral kernel, o: Hilbert-Schmidt operator

lrezia—
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I Stochastic flow under location uncertainty

e Spectral decomposition:

o(X,t)dBr = ¢, (x, t)dsf

neN

(¢p)n: a family of eigenfunctions (scaled by eigenvalues) of o
(Bfn: a sequence of independent standard Brownian motions

¢ Diffusion tensor (derived from noise quadratic variation):

;</0'a"(x,s) st,/O'af(x,s)st%:/Ota/;(m) ds

act) = & [ s0uy.00 (yx ) dy = L3 (¢07) 0

neN
B a is symmetric non-negative definite and has a unit of m? s—!
Ceeia—
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In the following, we only consider incompressible unresolved flows: V- o =0

Stochastic Reynolds Transport Theorem [Bauer, Li et al., 2020]

The rate of change of a random scalar g within a volume V(t) transported by the
stochastic flow X; is described by

d( o q(x,t) dx) = /v(t) (Dq+ qVv -v* dt) dx

with the stochastic transport operator D given by
Dg =dg+ (v*dt+odB;) - Vg — V- (aVg)dt

and the effective advection drift v :=v —V - a.

Derived from It6-Wenzell formula (Generalized 1t6 formula) [Kunita, 1997]

Passage from Lagrangian to Eulerian coordinates = Derive equations of
motions following conservation laws (mass, momentum, thermodynamic)

(D) plays the role of material derivative in the deterministic setting

(V - a) can be viewed as a statistical-induced velocity due to noise inhomogeneity
15



I Stochastic transport of passive tracers

Dg=0

Under incompressible flow (V - v* = 0) and adequate boundary conditions
(e.g., torus) for both components:

o Conservation of energy:
1 (141%) = [ (adq+ Sd(g)) dx
S

— ( /qu.(qu) dx + /S(Vq)Tqudx )dt:O

energy loss by diffusion  energy intake by noise

= Fluctuation-dissipation theorem encoded directly by stochastic
transport

lrezia—
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I Stochastic transport of passive tracers

e Energy transfer in an ensemble:
d(llql?) =0 = d(Elgl3) =0
= d( [ var(q) ax) = ~d (IElqlI3)

The tracer is continuously randomized as it interacts with unresolved
scales

o Iterative conservations [Li, 2021]:

Dg=0 = D(%qf’):qpleq:O, p>1

= d</1qux>:0
sh

B It shares the same conservation properties as the deterministic one
Ceeia—
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I Other formulations

e Stratonovich representation [Bauer, Li et al., 2020]
Dg=dg+ (v*dt+oo0dB;)-Vq
e Girsanov transformation
W, = Bt+/t1“sds, tel0,T]
I': H-valued predictable process WithOE]p[exp (2 fTIITe)2 dt)}

Change of probability measures [d = exp (fo (T¢, dBy),, — L fo IT¢]2, dt)}

= W; is an H-valued cylindrical Brownian motion under Q
= Stochastic transport including Girsanov drift (under Q):

Dg =dq+ (v —oly)dt+o dW;) - Vg — V- (aVg) dt

Incorporates slow components of subgrid scales into the initial stochastic
formulation [Li et al., 2023a, b], and is useful for nudging techniques in data
assimilation [Dufée et al. 2023]

Creia— 18
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I Geophysical approximated models

A hierarchy of equations sets

Quasi-Geostr.| Shallow Wate Primitive Boussinesq
(u,v,n) (u,v,n) (u,v,n,T,5) || (U,v,w,n,T,5)
geostrophic isentropic/isopycnal hydrostatic small
approximation layers approximation density variation

Complexification of the physics

Simplifications

Obtained from power series expansion in small number and scaling
e Same strategy and proper scaling of the noise term [Li et al. 2023]
Global energy conservation of random systems [Brecht, Li et al. 2021]

Mathematically well-posed [Debussche et al., 2023, 2024, Lang et al.
2023]

Creia— 20



I Stochastic rotating shallow water (RSW) model

Fluid surface

e Conservation of momentum

Du + ful dt = —gVndt

e Conservation of mass
Topography

\

TS T

u=(u,v),ut = (—v,u), V= (8,9, f: Coriolis
V-eo=V-(V-a)=0 parameter, g: gravity value

Dh+hV -udt=0

e Non-divergent constraints

= Conservation of total energy (KE + PE) [Brecht, Li et al. 2021]:
1 2 2 _
d(/s L(hluP +gh?) dx) =0

Creia— 21



I Linear wave solutions of stochastic RSW [Mémin, Li et al., 2024]

e Linearised system with V-a = 0:
du + (fu- +9gVn—V-(avu))dt+ Vu-odB; =0
dn+ (HV-u -V - (avy))dt+ Vy-odBr =0
d(Hllull% +gllnli3,) =0

e Mean system:

OE[u] + fE[u]* + gVE[n] — V- (aVE[u]) =0

&E[n] + HV - Elu] — V - (aVE[7]) =0
d(H|E[u]||2 + g|E[R]|%) < 0= d/S (H(Var(u) + Var(v)) + gVar(n)) dx >0

P4

Creia— 22



e Monochromatic homogeneous noise
o (x)dB; = ik  aexp(ik, - X)df + c.c,  a= _|al’k, (k;)’
e Mean wave ansatz
Elq)(x.t) = Gyexp (i(k - X —wt)), q:=(u,n)

Injecting them into the mean system, we get Lq,, = 0, solving the eigenvalue
problem for L, we obtain

‘

Mean Poincaré waves

w = +1/gH|K|2 + 2 —ila*(k, x k)?

E[n](x t) = o cos(k - x — wt) exp ( — |af*(ky, x k)?t)

E[u](x,t) = (wkcos(k - X — wt) + fk*sin(k - x — wt)) exp (— |a|*(k, x k)2 )

HlkP
= Mean waves that are not in phase with the noise are damped, whereas the
others correspond to classical wave solutions. The decay rate of mean waves
depends on noise’s variance and scales. 5



e Constant noise
o dB; =ik, df: + cc,  a= o’k (k;)
e Stochastic wave ansatz
q(x,t) = q, exp (i(k X — wt — Re{iyﬁt}))
e Itd formula
dq =~ ((iw + L 17/?) dt + Re{ivdfc} ) q

Pathwise Poincaré waves under constant noise

w==E4/gHK]Z+f2, ~=ak, xKk,

(X, t) =7 cos(k - X — wt +yIm{/})
(wkcos(k X — wt+yIm{Be}) + fk* sin(k - X — wt+7Im{5}))

‘

= Constant noise only randomise wave’s temporal phase.
24



e “Smooth” homogeneous noise (¢ < 1):
o (x) dB; = iak; exp(ick, - X)dfe + c.c., a=|a|’k; (k;)
e Approximation of stochastic ansatz

q(x,t) ~ q, exp (i(k X — wt — yRe{i(1 + iek, - x)ﬂt})>

Pathwise Poincaré waves under homogeneous noise

y=aok, xk, w= i\/gH|ﬁt|2 + f2, ke =k + ek,vRe{ 3}

n(X,t) = 1o cos(Rt X — wt+~vIm{5:})

ux,t) = HI?Z(ZIQ (wﬁt cos(ﬁt X — wt+~yIm{5}) +j‘§tL sin(Et X — wt +vIm{5e}))

= Pathwise waves that are not in phase with the noise are scattered, whereas
the others correspond to classical wave solutions.

25



Pathwise wave (t = 5.0 yrs) Pathwise wave (t = 5.0 yrs) Pathwise wave (t = 5.0 yrs)
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Figure: Illustration for pathwise surface elevation (top) and its ensemble-mean (bottom) with constant
noise (left), homogeneous monochromatic noise (middle) and homogeneous multi-scale noise (right).
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I Stochastic multilayer SW model

Du — fvdt = —d,pdt
Dv + fudt = —9,pdt

u= (us,...,un) ,v=(1,...,vn) ,h=(hy,... hy)"
1 1 —1
e, T g g}
1 =1 A (L o A =1
p=Mh, h=HAp, A=— Hag% Hy \g5 " g} H29%
Po ..
—1
Hng},

Compact form:

dX = F(X)dt + £(X)dB;, X = (u,v,h)’

P4
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I Stochastic multilayer quasi-geostrophic (QG) model

Formulated as a projection of the stochastic SW [Thiry, Li et al., 2024]

dX = PoF(X)dt+Pox(X)dB;, X=(u,v,h)’ ‘
P=Go(QoG)loQ = PoP=P
« Potential Vorticity operator: Q(X) = fo(dkv — dyu) — f2

« Geostrophic operator: G(p) = ( — =P, 0P, HAp)T
o Helmholtz operator: Q o G(p) = (A — fAA)p

= QG projector filters gravity waves by solving Helmholtz eq., like Leray
projector filters sound waves by solving Poisson eq.

= Resulting random system preserves total energy pathwise

P4
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I Empirical Orthogonal Functions (EOF)

Linear procedure that provides a basis of the “most probable” realizations of
the input data = Data-driven stationary noise model

High Resolution High-pass filtered Proper Orthogonal Noise Forcing
velocity Decomposition

T |y B/ K3

“I - R | AN
_xsuu L ’_? NI & i B
! S N
evm ug =[- g)uHR}LR {@,(2), k€ [1,N]} A@) = 3 [ Ap®p (@)
k=1

. Girsanov drift can be build by o (X)T" = Zﬁ’zl(uTRt, D, )Py (X)
Ceeia— 30



I Dynamic Mode Decomposition (DMD)

Builds a linear dynamical system from data and provides expansion in terms
of linear recurrent solution.

Filtered Velocity DMD complex-conjugate
time series modes

Time-scale separation of M

Fast modes (7 < 7c)

m)

Re (1,

s
© 120 days X QL

—

Im (pm)

Vg = [Blvuu]fn M= {(‘Prnvwm)}fle M= {m € [17N] : I“’ml > 7"/7-0}
M ={m e [1,N]: lwn| <7/7e}

Slow modes (7 > 7¢)

- olt= > expliwmt)pn(X), odBi= > exp(iwnt)p,(X)ds"
&z'ua/— meM¢ memu



I Vertical Profile Parameterization (VPP)

Create a horizontal Gaussian noise with a vertical profile imposed connect the
noise to the current state of the flow.

9 e g "f‘- i

0 1 “,"‘5';.“J R
Random field dB%{ Filtered random field Assigned vertical profile
G+ dBH c(z2) o1dBH = ¢(2)(G + aBI)

32



I Pseudo-Observation (PSO)

Build a set of random observations (pseudo-observations) and apply EOF
online (at each timestep).

S/
J R
LA

[

Velocity field

v = (u,v)

Local fluctuation

v’:v—hlflfu'udf

=24

Noise Forcing

Pseudo-observations Proper orthogonal modes N
o) (x, 2) = vi(yi, 2), M= { Ak, ®r 3, odB; = E PR JRN
yi ~ Ul ()] k=1

33



I Wavelet Transform (WLT)

Wavelet basis function characterized by a fixed shape and by a scale, allows
detect and randomise edges and filaments.

Random field dB.

Noise Forcing

o:dB; = IWT {dB; - DWT {u}}

Velocity field Local fluctuation

_ oy L
v = (u,v) v =v- o fA v(§)dg Wavelet transform

DWT {u}
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[Brecht, Li et al., 2021] Barotropically unstable jet at mid-latitude on the sphere, flow
destabilized by a small perturbation of the initial field, RSW model including a
biharmonic eddy viscosity in the momentum equation

REF STO DET

Figure: Evolution of vorticity during one week for different models. REF: high-resolution (60 km) reference;

STO: low-resolution (240 km) stochastic model; DET: low-resolution (240 km) deterministic model.

= STO better captures the large scale structure of REF than DET

37



= STO produces more efficient ensemble spread containing observations than PIC
(pertubated initial condition).

x10™

Es 4 L

. .
0 5 10 15 20 0 5 10 15 20

Figure: Comparison of ensemble spread evolution of the vorticity field for the STO-EOF (red area) runs and
the PIC-EOF (blue area) runs, at six different locations. The observation trajectories are shown by the
black lines.



PIC-PSO

3000
2500
2000
1500

1000 ff === m oo e e

STO-PSO

PIC-EOF

ST

10 15

O-EOF

Underdispersive EF

Observations

Forecasts

Probability density se——)

Reliable EF

Observations

Forecasts

_A

Observable — =——

Figure: Comparison of the rank histograms for different models after 2 weeks.

= STO-EOF better than STO-PSO better than PIC-EOF better than PIC-PSO
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For a reliable ensemble forecast, the

—— PIC-PSO
mean squared error (MSE) of the 0.05 4 PIC-EOF
ensemble matches the mean intra- —  STO-PSO

—— STO-EOF

ensemble variance (MEV) up to a fac-
tor:

N

(MSE - MEV) / g2
o o o o
o o o o
- N w By

1 o~
MSE = " (E[gn] - ¢3)°
n=1
1 N
MEV = N ZVar(qn) 0.00 4 j . j j j . j j
n=1 25 50 7.5 100 12.5 15.0 17.5 20.0

MSE ~ M+ 1 MEv Time (days)
M Figure: Comparison of the differences between the mean
0. . (m). square error (MSE) and the mean ensemble variance
n: n-th observation, an - n-th fore- (MEV) of the ensemble vorticity fields for different models.

cast of the m-th ensemble member
= STO provides a good trade-off between model error representation and

ensemble spread
40
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e Multilayer QG model in double-gyre configuration incorporating steady
symmetric wind forcing and biharmonic eddy viscosity

e Western boundary current problem: challenges in reproducing the jet and
enhancing the intrinsic variability in coarse-resolution models

e The structure of noise and Girsanov drift is calibrated from data and a projection
method is proposed to parameterize their dynamics [Li et al., 2023]

STO-EOF-P (40km)

DET (40km)

STO-EOF (40km)
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Figure: Snapshots of upper layer relative vorticity provided by different simulations after 60-years run.



(a) REF (BT) (b) DET (BT) (¢) STO-EOF (BT) (d) STO-EOF-P (BT)

4800

¥ tkm)
3600

2400

1200

frm 290 3
xtkm)

250 125 00 35 250 250 -12s 0o 135 250 250 125 oo 135 230 250 -125 00 15 250
(sukm) svikm) (svikm) (sukm)

(e) REF (BC1) (f) DET (BC1) (g) STO-EOF (BCl1) (h) STO-EOF-P (BC1)

4800
4800

= |

3600
3600

¥ (km)
2400
y tkem)
2400

1200
1200

tkm)

25 50

o
(svikm)

o
(svikm)

Figure: Comparison of time-mean contour of barotropic (top) and first baroclinic (bottom) streamfunctions
for different models. 43



(a) KE spectra (40 km) (b) KE spectra (80 km) (c) KE spectra (120 km)
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Figure: Temporal mean of vertically integrated kinetic energy (KE) spectrum for different models at
different resolutions.

(a) RMSE of 1-std (b) GRE of ¢ (c) EKE
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Figure: Comparison of variability measures across different coarse models. Lower RMSE and GRE values
indicate better model performance. The EKE of the REF model is 8.26 J/m3. @
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I Stochastic Ekman-Stokes model [Li et al., 2024 ]

e

e A novel formulation encodes the interactions between wind, waves, and

currents through the introduction of the uncertainty of unresolved
motions (p-SPDE):

du, = ( — if(Ue + Us) + O (0220, (Ue + us))>dt — (ifox + 0,95 (Ue + us)) dB;

Po0zz07Ue|z—0 = Tw,  Polzz0;Uel;——H =0
U.: Ekman current, ug: Stokes drift (wave), T,: wind stress
Comparison with a benchmark model (p-PDE):

8tUe + if(Ue + Us) = az(azzazue>

with the same boundary conditions.
Both models incorporate established physical parameterizations:

Markovian wind process, random wave direction, and K-Profile vertical
mixing

za—



(a) Mean and spread of us. (b) Mean and spread of v, (c) MKE and EKE density  (d) Correlation of (ue, ve)
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Figure: Comparison of the ensemble mean and spread for the Ekman velocity components, the MKE and
EKE density, as well as the Pearson correlation coefficient for the Ekman velocity components, using
different random models.

= The p-SPDE model yields smoother mean Ekman velocity profiles, higher
uncertainty, increased MKE and EKE, and stronger correlations.
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(a) skew(ue) p-PDE  (b) skew(v,) p-PDE (c) kurt(ue) p-PDE (d) kurt(ve) p-PDE
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Figure: Comparison of the ensemble skewness and kurtosis for the Ekman velocity components over time
and depth using different random models.

= The p-SPDE model shows more skewed distributions and extreme value
occurrences, particularly near the surface.
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(a) Mean Ekman spiral of p-PDE

(b) Mean Ekman spiral of p-SPDE

(c) Stats. of surface current speed
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Figure: Evolution comparison after wind stopped for (a, b) mean Ekman spiral, (c) mean and spread of
surface current speed, and (d) mean and spread of Ekman transport magnitude, using different random
models.

= After wind stops, the p-SPDE model preserves its spiral structure and
exhibits higher residual values and uncertainties compared to the p-PDE,
indicating a shift to wave-driven dynamics.



1. Introduction
1.1 My Profile
1.2 Study Motivation

2. Modeling
2.1 Stochastic Transport Formulation
2.2 Geophysical Flow Modeling
2.3 Numerical Modeling of Uncertainty

3. Applications
3.1 Large-Scale Atmosphere Dynamics
3.2 Coarse Resolution Ocean Model
3.3 Upper Ocean Boundary Layer Model

4. Summary and Perspectives



I Take home messages

e

The stochastic transport formulation preserves key physical properties,
such as energy conservation.

The random models allow us to accurately reproduce the statistical
distribution of large-scale flow on a coarse mesh.

This stochastic scheme provides a good trade-off between model error
representation and ensemble spread.

Temporal and spatial characteristics of the unresolved flow component
have strong influences on the numerical results.

Some nonlinear effects, such as wave scattering and wave selection, can
be represented by a linear stochastic formulation.

By incorporating uncertainty from smaller scales, the approach helps
explain interactions between intermittent winds, waves, and currents.

za—
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I Perspective: Mesoscale air-sea interaction

QG atmosphere (p, q)

+ transport noise of (u,n)
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Preliminary conclusion: Preliminary Conclusion: Introducing small-scale
turbulence via stochastic transport attenuates air-sea coupling effects.

400 A 400 A 400 A
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Figure: Comparison of eddy wind works Cov(7o, Uo): (left) random initial conditions; (middle) random
forcings; (right) random model.
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I Perspective: Data assimilation in realistic conﬁgurations

a) rel. vorticity (unit fp) b)surface height (m

&1«’26’0/— Figure: [Thiry, Li et al., 2024] 54,



Questions?
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