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BIHARMONIC HYPERSURFACES IN EUCLIDEAN SPACES
HIBA BIBI, MARC SORET AND MARINA VILLE

Abstract

An isometric immersion X : ¥" — E"t! ig biharmonic if A2X = 0, i.e. if AH = 0, where
A and H are the metric Laplacian and the mean curvature vector field of X" respectively. More
generally, biconservative hypersurfaces (BCH) are isometric immersions for which only the
tangential part of the biharmonic equation vanishes. We study and construct BCH that are
holonomic, i.e. for which the principal curvature directions define an integrable net, and we
deduce that X" is a holonomic biharmonic hypersurface if and only if it is minimal.

1 Introduction

An isometric immersion in a Euclidean space, X : X" — EYN, is biharmonic if A2X = 0, i.e.
if AH = 0, where A and H are the metric Laplacian and the mean curvature vector field of X"
respectively.

The immersion X is a critical point of a "bienergy" functional (see [14]). The image of such
an immersion is also called a biharmonic submanifold. B.Y. Chen conjectured in [6] that a
biharmonic submanifold of the Euclidean space must be minimal. In this direction, a long range
argument in [1] proves B.Y. Chen’s conjecture for complete, topologically proper, biharmonic
submanifolds. The proof uses the maximum principle at infinity on a complete submanifold
without singularities applied to the square of the mean curvature function |H|?. We will be more
interested in the case of hypersurfaces and we will study small range properties of biharmonic
hypersurfaces (BHH), as well as properties of biconservative hypersurfaces (BCH). The BCH
hypersurfaces are less restrictive and are defined as critical points of the bienergy functional with
respect to tangential deformation, i.e. for which (AH)" = 0.

Minimal hypersurfaces are trivially BHH, thus we are interested in studying BHH which are not
minimal, called proper BHH. Many works were carried out proving the non-existence of proper
BHH in Euclidean spaces, hence confirming the B.Y. Chen’s conjecture. In low dimensions, the
B.Y. Chen’s conjecture was proved in [E® ([7] and [13]), in IE* [12], in IE® [11], and recently in [E®
[10].

Constant mean curvature (CMC) hypersurfaces in a Euclidean space are trivially biconservative.
Thus, we look for BCH which are not CMC, called proper BCH. An exhaustive description
of all proper BCH in [E3 was given in [2], and then generalized to the existence of a family of
SO(p)-symmetric BCH of [E” [17]. Also in [17] the authors constructed proper BCH which are
SO(p) x SO(g)-symmetric in EP™7, and they made a global study on these hypersurfaces.

This paper studies the short range behavior of BCH and BHH that are holonomic, i.e. if the
principal curvature directions define an integrable net, i.e. in other words if the principal
curvature lines define on an open subdomain a coordinate system (cf. for example [8] and [19]).
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More precisely, we focus on a new construction of local proper BCH. All the known examples so
far are locally fibered by spheres or products of spheres, which are isoparametric submanifolds.
We also construct proper BCH which are fibered over any given isoparametric submanifold
of codimension 2 in E"!. We recall that, according to the definition in [20], a submanifold is
isoparametric if its normal bundle is flat, and if the principal curvatures in the direction of any
parallel normal vector field is constant (see for example [20]).

In this article we prove the following main results:

Theorem 1. A holonomic proper BCH X" in E"*! is foliated by the level sets of the mean curvature
function h of £" which are isoparametric codimension 2 submanifolds of E"*! in a neighbourhood of a
reqular point of h. The symmetries of the leaves extend to symmetries of X"". The integral curves of the
gradient field Vh on X" are congruent planar curves governed by an ODE of order two. Conversely, for
any codimension 2 isoparametric submanifold Uy C " which is holonomic, there locally exists a proper
BCH obtained by a local normal evolution of Uy in the normal bundle of Uy that preserves the fibers of the
normal bundle of Ug and the symmetry group of Uy.

We deduce from Theorem 1

Corollary 1. Holonomic proper BCH of B"*! are either foliated by round spheres S"~!, by products of
round spheres SP x S, by cylinders SP x R, where p+q = n —1,0r by SF x §7 x R", where p+q+r =
n—1

Theorem 2. Holonomic BHH of E"*! are minimal.

2 Generalities on m-harmonic maps

2.1 Notations

Since our results are of local nature, we can identify isometrically " with a local open subset ()
of R". Let X : Q C R" — ¥" C E"*! be a smooth immersion where the image 2" is an open
hypersurface of E"*! and Q) is provided with the pull-back metric.

Let Ag denote the flat Laplacianon Q) : Ag = Y1 4 Bii.

By definition a function f defined on () is harmonic if Agf = 0, and it is m-harmonic if Aj'f = 0,

where
m

Ay :=AgoAyo---0Ap.

More generally, a map X is harmonic if AgX = 0, i.e. AoX' =0, foralli=1,...,n+1. Thus, X is
harmonic if and only if all the coordinate functions that define X are harmonic. By extension, X is
m-harmonic if and only if each coordinate function of the position vector X is m-harmonic.

Example 1. When X" is a graph of a function u over a hyperplane R" in R" 1 given by the parametrization
X:(xg,.e0,x0) = (X1, ,x0,1),
Ao X = 0 if and only if the following n + 1 linear PDEs are satisfied
Nox1 =0,...,00x, =0 and Aou =0.
The first n-equations are always satisfied hence X is harmonic if and only if u is a harmonic function. These

remarks extend to the m-harmonic case: X is m-harmonic if and only if Afju = 0.

2



Suppose now that X = (X!,..., X"*1) is an isometric immersion. Let ¢ = gij be the induced
metric on Q) and |g| its determinant. The Laplacian of X for this metric, which is denoted by A, is
equal to the vector-valued function

(AX)' = AX' = Tr(Hess(X')) Vi=1,...,n+1.

By definition X is then an m-harmonic isometric immersion if and only if A" X = 0. Equivalently,
we say that " := X(Q) is an m-harmonic hypersurface of R" 1.

o

Let us recall that the Laplacian in terms of the metric “g” of a smooth function f : 3 — R, using
Einstein’s summation, is given by

1

Af = ( !glg”'f,i) =0, ij=1...n @
ary j

where f; denotes the derivative of f with respect to each coordinate x;, foralli =1,...,n.

2.2 Remarks on the equation of a biharmonic graph

Let us find the PDE equation of a biharmonic graph. Before that, let us recall the 1-harmonic graph
equation. Consider, as in the former example, the parametrization

X:(x1,0.,x0) = (X100, %, 1)

hence, X; := % = (0,...,0,1,...,0, u ;). The induced metric of a graph on the domain of X is
then given by a matrix whose coefficients are in terms of the derivatives of u :
ij Uitk
gij = (Sl']‘ + M,ﬂ/l,]' and g’ = 517 — W’

where (g”) is the inverse matrix of (g;;) and W := /1 + [Vu[> = /[g]. The second fundamental
form and the shape operator of X are respectively given by the following matrices :

wherei,j=1,...,n.
For example, in dimension 2, the metric and the second fundamental form are

T4+u?  uuy 1 [ Uy Uy
- x d 1= [ " Mw ), 2
8 ( uxthy 1+ u5, an W\ iy Uy @)

The mean curvature vector field of the graph

AX 1
H=—=—(Axy,...,Axy, Au)
n n
decomposes into a horizontal part: nHj,, = (Axi,...,Ax,,0) and a vertical part: nHy, =

(0,...,0,Au). A harmonic graph satisfies Hj,,, = 0 and Hy.r = 0. Using equation (1), for H,,, = 0
and Hy,, = 0, we obtain, using Einstein’s summation, the following order two quasi-linear PDEs:

I — 1 STelok) = _
{thor_\/a< |g|g >,k O/ ! 1,...,71

nHE = Au = ¢Muyy = 0.

©)
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If we substitute the value of ¢/ in terms of u in the second equation we obtain the so-called mini-
mal graph equation which can also be expressed as :

(”’i ) 0=div YL
- ey = VvV .
W/ V14 |Vulf?
For example, in dimension 2
(1+ u?y)u,xx — 22U Uy Uy + (14 u?x)u,yy =0.

In other terms a minimal surface is the image of an isometric immersion which is harmonic.
We similarly proceed for biharmonic graphs. First, we deduce from (1) that the bilaplacian applied
to a function f is:

A2 f = gl < Mfo 4+ —— < /5] gkl) > +
NE (VIgls") < "1sz+ (\/!g gkl) ) :
8 i J
The biharmonic equation A’X = AH = 0 decomposes into a horizontal part: n(AH)p, =

(A%x1,...,M%x,,0) and a vertical part: n(AH)yr = (0,...,0,A%u). A straightforward computa-
tion yields the following fourth order PDEs:

(A, = (%E( !g!gk’”),k)i%\/%ﬂ( sls’) (ﬁ( \g\g"m)/k)‘:o ®

] /]

(4)

form =1,...,n. Using (5) we obtain

n(AH) = gij (8 ) it (\/ gl8 ) ulz;)
i 1 ki ,
28" NI (\/ gl >,ik ”,l]> (6)
_1 ij ki . 1 ki . —
N (vlglg]),i (g tigj + s (VIgls >,k u,,z> =0,

which is a semi-linear PDE of order 4 (its highest order term being gif gkl U 1ij)-

3 Biharmonic Hypersurfaces in E" !

Let us determine the PDEs that characterize biharmonic hypersurfaces in E"*! (cf. for example
[5] for more general cases).
Let X be any isometric immersion :

X:QCR'— X(Q)=x"c E"".

We denote the mean curvature vector field by H, the mean curvature function by /, the unit normal
vector field by N, the shape operator by A, and the Laplacian operator by A.

It is easy to show that the position vector field X and the mean curvature vector field H, where
H = hN, are related by the following Beltrami equation

AX = nH. (7)



One can similarly show that
AN = —|A|?N — VTrA, (8)

where TrA = nh. This equation decomposes the Laplacian of the unit normal vector field with
respect to its normal component (| A|?N) and its tangential component (VTrA).
X is biharmonic if and only if
AH = A(hN) =0,

thus ;

(Ah)N 4+ hAN +2Y Vo hVN = (Ah)N + hAN + 2V, N = 0. 9)

i=1

Now, from equations (7), (8) and (9) we deduce that X" is biharmonic if and only if it satisfies the
following two semi-linear PDEs of orders 3 and 4, respectively:

{ (AH)T := 2V, N —nhVh =0

(AH)L := Ah— |ARE =0 (10)

The solutions of the first equation ((AH) " = 0) correspond to critical points of the bienergy func-
tional for compact deformations that are tangent to X".

Terminology 1. A hypersurface satisfying (AH)" = 0 will be denoted by BCH which stands for "Bi-
conservative Hypersurface”, and a hypersurface satisfying both equations in (10) will be denoted by BHH
which stands for "Biharmonic Hypersurface”.

Terminology 2. If X" has constant mean curvature (CMC), then X" is a BCH. Furthermore, a CMC
hypersurface satisfies the normal equation in (10) if and only if h = 0. Thus, any minimal hypersurface X"
is a BHH. We will later denote by proper BCH (resp. proper BHH) a BCH which is not CMC [17] (resp.
a BHH which is not minimal [16]).

3.1 Biconservative equation in a principal curvature frame

At a point p € X", we have s distinct eigenvalues and s corresponding eigenspaces of the shape

operator Ay. This defines s plane distributions T;, where T; = ker(Ax(p) — Aild) and A; is the

corresponding eigenvalue, or principal curvature, of multiplicity rk(T;) = m; such that T,X" =
1 Ti, where } 7, m; = n. We will select an open subdomain where the multiplicities m;, i =

1,...,s, of the corresponding eigenvalues are constant. We will obtain a splitting of the tangent

bundle TX" into a family of integrable distributions T; C TX" .

We now express the biharmonicity in terms of a principal curvature frame.

Proposition 1. Let {e;}"_, be a local orthonormal frame field of principal directions on X.". Then the BCH
equation
2VyyN —nhVh =0

is equivalent to the following system of of algebraic-differential equations:
Veh =0 or nh+2X,=0, i=1,...,n (11)

where A, i = 1,...,n are the principal curvatures.

Proof. Let {e;}} ; be a local orthonormal frame field of X" where ¢; is the principal direction of
principal curvature A;,i = 1,...,n. Then

Zv(Ve‘h)eiN — nh(Veih)ei = —ZVEI.]/I (2)\1' + nh) e = 0.
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By continuity and by reducing the domain, the system given in (11) holds, thus we conclude. [J

Definition 1. Let X" be a BCH in E"*'. £" is of rank k if rk(TE" (— L)) = k, where TE"(— ) is the
eigenspace of the shape operator of eigenvalue — ”Th in TX".

Vh is null when projected onto TX" (— ”Z—h)L As we will see later, the rank of X" is either 0 or 1.

4 Reducible biconservative and biharmonic hypersurfaces

There is a simple automatic way to construct BCH (or BHH) from BCH (BHH) submanifolds of
lower dimensions by simply constructing cylinders with BCH (or BHH) basis.

Proposition 2. If2" C E"*'isa BCH (resp. a BHH) of rank k then the Riemann product ¥ := %" x E! C
E"++1 is a BCH (resp. a BHH) of rank k.

Proof. If h = 0 then ¥ is minimal and so is £" x [E’. Suppose that h # 0, then the Riemann product
¥ has a mean curvature i = ah and rk(Ti(—M)) = rk(TE(=14)) = rk(TZ"(-1)) = k.
Furthermore, Vh is null on TX" (—”—2’1)L @ E'. Hence, it is biconservative from Proposition 1 and

of rank k. If ¥ is a BHH, then the second equation of the system holds also for £ since |A|*> =
|AJ2. D

BCH (resp. BHH) which are Riemannian products will be called reducible. Thus, from now on we
will mainly investigate irreducible BCH.

5 Geometry of proper holonomic BCH in E"*!

BCH are locally solutions of the system of algebraic-differential equations which is given by
Proposition 1. In fact, we will show that BCH are either of rank (i.e. CMC) or of rank 1. In
the latter case, a BCH is foliated by level hypersurfaces defined by the mean curvature function h.
We will then study the extrinsic geometry of these leaves and that of the integral curves which are
orthogonal to the leaves.

Notice that Lemmas 1, 2 and 3, are similar to Lemmas 2.2, 2.3 and 2.5 of [12], but our proofs are
different and based on the holonomic condition. This condition in turn allows us to prove lemmas
4 and 3 which were not known. Also, the fact that rk(A,) = 1, in Lemma 1, was already proven in

[9].

5.1 Foliation of a BCH by the mean curvature function

Lemma 1. ABCHX" C E"*! iseither any CMC, i.e. of rank 0, or it is a proper BCH of rank 1. In the later
case, & is in a neighbourhood of reqular points of h, foliated by leaves, U; = h~1(t), which are the level
hypersurfaces of the mean curvature function h on X". These U, are, locally, codimension 2 submanifolds
of B! with flat normal bundle. The orthogonal curves to Uy, which are integral curves of the vector field
Vh on X", are curvature lines of principal curvature A, = —”7’1. Any other principal curvature satisfies
Ai#E - i=1,...,n—1

Proof. When the rank of the BCH is null, & is trivially constant. Hence, the BCH is CMC and from
the normal equation of (4) a corresponding BHH automatically satisfies & = 0, i.e., £" is minimal.



We suppose now that the rank k of 2" is at least two. X" is, in a neighbourhood of regular points
of h, foliated by hypersurfaces of =" which are codimension 2 submanifolds of E"*!, and which
are given by

Uy :={p e :h(p) =t}

From Proposition 1, TE"(—")+ C TU; C TE", hence TU} C TX"(—) C TX". Thus, the
normal curves to the foliation on 2" are integral curves of

o Vh
t vl
and are curvature lines of the principal curvature A, = — 2.

When the rank k > 2, the distribution defined by the k-planes, TZ" (— "Th), is integrable into a sub-
manifold of dimension k that has constant principal curvature A, = —”7’1 in the normal direction
N (see Appendix 9). In particular A, is constant along the Vh integral curves of Vh. and so is £;
but & is also constant on the Uy, hence & is constant everywhere which contradicts the hypothesis.
Thus, we conclude that rk(TZ"(—2)) = 1.

Let us show that the normal bundle NU; C E"*! is flat. Along the principal directions {e;
TU;, we have

n—1

i—p,In

(De;N,ey) = —(Ajej,en) =0 and (Deen, N) = —(en, Vo,N) =0,

where D is the connection in E"*1. Hence, the normal bundle is flat and its normal curvature is
null and using the Ricci equation we get

(R(X,Y)E 1) = ([As, A]X,Y) =0, VX,Y € TU;, V&, T € NU,.

So the shape operators Ay and A,, commute. Hence A,, is diagonalised in the same frame {¢; ?;11,
i.e. there exist principal curvatures {y;}""! in the e,-direction such that

ve,-en = —Hi€i (12)
foralli=1,...,n—1. O

5.2 Holonomic hypersurfaces of the Euclidean space

For more information on holonomic coordinates, we refer to [8], and for more details on twisted
products we refer to [19] and [15]. At each point p € X", the tangent space T,X" decomposes
into an orthogonal sum of the eigenspaces T; of the symmetric shape operator A(p) of respective
distinct eigenvalues A;, i = 1,...,s,ie. T)X" = @;_; T..

Let us consider a neighborhood of a point p where the planes {T;};_, define a smooth distribution.
From Codazzi equations (cf. Appendix 8) one shows that the distribution T; is integrable for each
i=1,...,s.

Then, again, using Codazzi equations, the leaves of the distribution are totally umbilical. Recall
that a submanifold is totally umbilical if the second fundamental form equals (X, Y)H, where H
is de facto the mean curvature vector field of the submanifold. When rk(T;) > 2, the leaves of the
distribution T; are rk(T;)-spheres of E"*! (see for example Appendix 9).

The set of the s orthogonal foliations {7;};_,, obtained by the integration of the T;-distributions,
defines an orthogonal net on X" which is the principal curvature net (cf. [19] and [15]).



X" is holonomic if locally ¥ is diffeomorphic to the product manifold P := [];_; 7; and there
exists an isometric parametrization of X : () C P — X" and the pullback twisted metric g, which
in terms of elements (x;);—1,_, € P, can be expressed by the following form

S n
g=Y 0 (x1,...,xp)do} =Y 07 (x1,...,x0)dx7, (13)
i=1 i=1

where daiz are line metrics or spherical metrics of each 7;, i =1,...,s.

5.3 Integral curves of Vi
We now assume that the BCHs are holonomic.

Lemma 2. Let X" be a holonomic proper BCH. Let U; be a level hypersurface on X" of mean curvature
function h. Then X" is locally fibered over Uy by the integral curves of Vh. These fibers are planar lines in
NU;, i.e. for each p € Uy, N,U; N X" is a curvature line of principal curvature Ay, and a geodesic of 2.

Proof.  Consider v a perpendicular curve to Uy, starting at a point p € Uy and denote the unit

tangent vector field along the curve by T(s) which, ats =0, is e, := |g—2‘|.

First, the curves < are geodesics of 2. Indeed, by the Codazzi equations and since A, is constant
on Uy, we have (cf. Appendix 8) :

(Aw — ANTE = (A, — Aj)(logvy) i = 0,
so,as Ay, # Aj, foralli=1,...,n—1
v, =0,i=1,...,n—1

Hence, the coefficient of dx? in the expression of the metric ¢, which is v,, depends only on x,. By
a possible change of coordinates along the x,-curvature line the metric ¢ = Y-/ v?do? + d#2. It is
then clear that the X,- curves are geodesics.

Second, geodesics that are curvature lines must be planar:

D D D
—(TAN)=—TAN-+TA—=—N.
ds( ) ds + ds

As v is a geodesic of 2", d—E;T = kN, and as %N = —A,, T, we obtain

%(TAN) 0. (14)

Therefore, the integral curves of Vh are planar and contained in the fixed plane Ty A Np.

5.4 Parametrization of a holonomic BCH

Lemma 3. Let X" be a holonomic proper BCH. Let Ny be the unit normal vector field of 2" restricted to Uy
and let e, = |¥—Z‘. Then, locally, there exists in a neighborhood of Uy a parametrization of 2, in terms of

the curvature line coordinates x1, . .., X, given by
X(x1,.-,x0) =Y(x1, .., x0-1) +a(xy)No(x1, ..., Xp—1) + Xnen(x1, ..., Xn-1), (15)

where Y parametrizes Uy, and « is a smooth function such that (x,,a(x,)) parametrizes the planar x,-
curves.



Proof. By Lemma 2, there is a local parametrization of X" by curvature line coordinates

X: QCR'— YY" C R

(X1, xn) = X(x1,...,%0) (16)

Since the principal curvature coordinates form an orthogonal net in Subsection 5.2 and from the
orthogonal decomposition of its metric (13), Uy is parametrized by

Y(Xl, e ,xn,l) = X(x1, .o .,anl,O).

Again, using lemma 2, for each point p = Y(xy,...,x,-1), the integral curve of Vh passing
through p which is a x,-curvature line, is a planar curve in the affine plane P, passing through p
and generated by the normal at p to 2", Np and ¢, = |g_Z\' Locally near U this curvature line is a
graph in P, over the R, -axis. Thus, there exist two functions a(x,...,x,) and B(x,) such that :

X(x1,.0,x0) =Y (x1,. .., x0-1) +a(x1,x2,. .., X0 )No(x1, ..., x5—1) + B(xn)en(x1, ..., xp—1). (17)

Note that, if (x1,...,x,) is locally a curvature line coordinate system (or orthogonal coordinate
system), so is the new coordinate system (x1, ..., x,—1, Bn(x,)) for a smooth local one-to-one func-
tion B,. So by abuse of notation, we write the following

X(x1,..,x0) =Y(x1,. ., x0-1) Fa(x1, x2,. .., x0)No(x1, ..., Xp—1) + Xpen(x1, ..., xp-1).  (18)

Now, by orthogonality of the curvature coordinates :
(X, Xn) =0 (19)

foralli € {1,...,n—1}. Let Ag;, i € {1,...,n — 1}, be the principal curvatures A; on Uy, then
differentiating X with respect to x; we obtain

X,z' = (1 — lx)\oi)Y,j + xXpeni + (X,Z‘No = (1 — Ao — xnptoi)Y,i + IX,Z‘N(), 1€ {1, A 1}, (20)

and
Xn =N+ ey (21)

From equations (19), (20) and (21) one obtains « , -« ; = 0. If a , is null, then the x,-curves are
straight, i.e. A, = 0. This implies A, = %”h = 0, i.e. X" is minimal, which contradicts the

properness of X". Consequently « ; = 0. Hence, « is a function of x,, only. O

5.5 Second order ODE governing the integral curves of Vi

We saw in the previous lemma that the function # depends only on the parameter x,,. We now
show that « is the unique solution of an ODE with the initial conditions «(0) = a’(0) = 0, which
implies that the level sets of /1 are isoparametric (Lemma 3).

Denote by a' the derivative of a(x,) with respect to x,,.

Lemma 4. Using the notations of Lemma 3 the function a locally satisfies a second order ODE of the form
o' = R(xy,a,a") where R(x,y,z) is a rational function which is smooth in a neighborhood of 0. The
solution is locally unique with the initial condition «(0) = «’(0) = 0.



Proof. From Lemma 3 the BCH X", locally, admits a parametrization of the form :
X(x1,..0,x0) =Y(x1,...,x5-1) +a(xn)No(x1, ..., Xu—1) + xpen(x1, ..., Xp_1)- (22)
Differentiating X, we obtain
Xi=1—ary)Y;+xne,;, i€{l,...,.n—1},

and
X, =a'No+ey.

From the Codazzi equation for X" (41) there exists a principal curvature y; on Uy such that

eni = —HoiYi,

where Y; € TUy, foralli € {1,...,n—1}.
Equivalently, from the Codazzi equation for X" (40), and by holonomicity
[6,’, en] = veien - vey,ei = 0/
then
Ve (A)(en) = Ve, (A)(ei) = A(lei, en]) = 0.
As V,,(A)(en) = V¢, (Aey) — A(Veen) and V,, (A)(e;) = V, (Aej) — A(V,,ei), we get

in(Anel/l) — Ven ()L,‘Ei> =0.

And since V., (A,) = 0, we obtain

which is equation (41).
Thus, we deduce that

Xi =1 —aly —xppo)Y,;i:=piY; ie€{l,...,.n—1}, (23)
X,}’l = D(/NO +en.

The coefficients of the metric (13) of X" are thus equal to
0F = (X;, X ;) = 03 (1 — a(xp)Aoi — xnpor)? ifi #n

and
02 =1+a”
which will be also denoted by g;; = 202, i € {1,...,n— 1}, guu = 1+a?> = 2.
Let us investigate the evolution of the principal curvature along an integral curve of Vi defined
by «. Since, from equation (14), the normal planes to U are constant along integral curves, it is

straightforward that
1

V1+a?

Along curvature lines of Uy and by definition of the principal curvatures Ag; of Up:

N = (Ng—da'e,) (24)

Noi = —ApiY; i € {1,...,n—1}.
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Plug these identities into the derivatives of (24) along curvature lines :

1 1 1
N;i=Nyj——— —a'sgj———=Y; = — (Agj + &' 1p;) Yj——.
i 0,i 11 a2 Hoi 112 i ( 0i VOl) i 112

Since the variation of the normal of X" along the x;- curvature lines fori € {1,...,n — 1} is given
by the identities N; = —A;X; = —A;Y B, (see equations (23)) we deduce that the variation of the
principal curvature along the x,-curvature lines are :

Y . 1
A= (M +a'ug)—, ie€{l,...,n—1}, wherey = ——. 25
i ( 0i P‘Oz) ,Bi { } Y m ( )
First, we obtain
n—1 n—1 /
Aoi + & poj
Ai = . (26
i; Y V1+a” 1; 1 — aAoi — xnpoi )
Also differentiationg along the x,-curvature line
1 / 06, / /
N, = (\/ﬁ) No —en(ﬁ) = M X = —An(a'No +en)
we simply obtain the standard equation:
Dé"
Ay = A a2y (27)

Since nh +2A, = 0, i.e. } iz, Ai + 3A, = 0, and from equations (26) and (27) « satisfies the follow-
ing ODE of order 2

" n—1

o 1"z Aoi + & po;
- = ) 28
1+ a2 3 ;1 ; 1— Ao — Xppoi (28)

The 2nd order ODE is of the form &’ = R(x,,, «,a’), where the rational function R equals

1 + z2 n—1 Aoi + zpo;
R(x,y,z) = .
(x:y,2) ;1 — Aoily — Xpoi
R is a smooth function when (x, y) lies in a neighborhood of (0,0). Hence, « is locally the unique
solution with the initial condition #(0) = 0 by construction, and a’(0) = 0 since the a-curve is

tangent to e, at 0. From equation (28) « is analytic.
O

5.6 Levelsetsofh

Proposition 3. The level sets of h are isoparametric and the integral curves of Vh are congruent planar
curoves.

Proof. We are going to show that the principal curvatures of the h-level set U are constant. Indeed
From Lemma 4 the a-curve is a function of only the x,-coordinate. Hence all the a-curves are
congruent. In particular, from equation (28), from Lemma 1, and as & is constant on Up, for any
two points s, s’ € Up and x,, = t in a small neighborhood of 0, we have

< ot Qgi(s) 4+ af (B poi(s) _R( P - o Ai(s!) +al(t )V i(s”)
R0 = L 723 0000 — o)~ D= L3 0 - i) )

11



Let ¢i(s) := /\LOI(S) and b;(s) = K—gi(s) First, we show the uniqueness of the coefficients (b;,¢;) in
the case where «, a’ and t are algebraically independent.

Let us see a as a (convergent) power series of C[[#]]. From its properties, « = h.t? and &’ = k.t,
where 11 and k are invertible elements of C[[t]] since their zero order coefficient is non-zero (cf.
equation (27)). Then equation (29) becomes an equality in the

n-1 tkbi(s) +1 n-1 tkbi(s/) +1 f

i; P+ th(s) —ci(5) ; Pht () —ci(s) g (30)

é is a rational function of ¢ in the extension field K = C(h, k) where f and g are polynomials in ¢
with coefficients in the field K and deg(f) < deg(g). Equation (30) then provides two decomposi-
f

tions of the same 2

Lemma 5. If there are two points s1,s, € Uy such that R(s1,t) = R(sy, t) and there is no non-zero
polynomial P such that P(t,k,h) = 0, then (b; (s1)),ci (s1)) = (bo(i)(52), Co(i)(s2)) fori=1,...,n =1
and some permutation o € &,,_1.

Proof. Let us consider the first decomposition, for example, the LHS. Consider any two polynomi-
als of the form ht? + bt — c and ht? + b't — ¢’ that are different, i.e. such that (b,c) # (b/,¢):

1. If b = V', then ¢ # ¢’ and the polynomials are coprime.

2. If b # V', then the Euclidean algorithm yields at the second step for remainder

/ /
N - (c—c)h
== i (V)
(a) If c = ¢/, then r = ¢’ which is non-zero.

(b) If ¢ # ¢/, then the h coefficient is non-zero; hence r # 0.

In all these cases, the remainder is a non-zero element of K; hence the denominators are coprime.
In conclusion, any two polynomials of the form ht? + bt — c are either equal or coprime.
Second, we consider a term of the LHS:

tkb 4+ 1

t2h+tb—c’ (31)

then, either the fraction is irreducible, or i = b%k(1 + kc) and the fraction reduces to the irreducible
fraction

kb
ht —kbc’
Third, any considered denominator is either irreducible in K or a product of 2 linear forms with

non equal roots because the discriminant b + 4ch # 0 since ¢ # 0. The corresponding fraction
can then be explicitly and uniquely split as a sum of two fractions of the form:

(32)

o S -
Ph+tb—c t—p1 t—p2

0,€,p1,02 € K. (33)

Grouping the fractions having identical denominators, we obtain a partial fraction decomposition
of g, i.e. a sum of irreducible fractions with coprime denominators. By the uniqueness of the

12



partial fraction decomposition ( cf. for example [21]) the partial fraction decomposition of é thus
obtained by the LHS is identical to the partial fraction decomposition given by the RHS. O

In general, suppose the principal curvatures of Uy are non-constant. Beforehand, one represents
the R(s, t) as follows:

7 o 1 = bi(s) ! !
R(s,t) = (Z m) + (Z m) o' = As(t,a) + Bs(t, o)

i=1 i=1

where the linear forms [;(s) (t) = c;i(s) — bi(s)t,i = 1,...,n — 1. Without reference to the parameter
s, we define

and
n—1 bi

Bl = L am -

i=1

Then, equations (29) or (30) are true for a continuum of s (parametrizing for example a curve on
Up), with equal R(s, t), but different {(b;(s), c;(s)) }i=1,..—1. Hence

o' = Qs(t,a)

for distinct rational functions Qs (x, y) such that 4 |s_;, Qs(x,y) # 0in C(x, y).
From the preceding lemma, we can suppose that there is a non-trivial polynomial P(x,y,z) such
that P(t,a,a’) = 0.

Lemma 6. Suppose that the principal curvatures of Uy are non-constant and that there is a non-zero poly-
nomial P such that P(t,a,a’) = 0, then « extends to a non-constant multi-valued holomorphic algebraic
function on C.

Proof. Let us show that there is a non-trivial polynomial P such that, B(t,a) = 0. If deg.P(x,y,z) =
0, then P(x,y,z) = P(x,y) # 0, by hypothesis, so we can choose P = P. Suppose now that
deg,P(x,y,z) =1, then P(x,y,z) = Py(x,y) + P1(x,y)z and by substitution we get

P(t,a,a") = Po(t,a) + Py (t,a)a’ = Po(t, o) + Py(t,a)Qs(t, &) = 0.

Differentiating with respect to s, we see that P;(t,a) = 0 with P; non-trivial (by iteration, the
result extends for any degree of P with respect to z). Furthermore, the existence of a non-trivial
P such that P(t,«) = 0 implies that « is an algebraic function which extends to an m-valued
holomorphic algebraic function on C. This, in turn, lifts to a holomorphic function defined on a
compact Riemann surface 9 and with values in the Riemann sphere $> = C U {c0} = CPP'. The
analytic continuation of «, also denoted by «, covers 82 d-times, where d > 1 (« is assumed not to
be constant). O

Let us now derive a contradiction in case the hypotheses of the preceding lemma hold. Suppose
As (t,a) + Bs, (t,a)a’ = As,) (&) + Bs, (t, )2 (34)

but with non identical polynomials A, (x,y) or Bs,(x,y),i = 1,2. Hence, there is a linear form /;(s;)
different from the /;(s2), j = 1,...,n — 1. A zero of the function a — [;, for some i € {1,...,n -1},
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is a pole of A, (t,a) + a’Bs, (t, &). Since all values are taken by «, there is at least a t) € C such that
a(tg) — Ii(tp) = 0. By equation (34), ¢, is also a pole of the RHS, i.e. a zero of & — [;(sz) (up to a
possible reindexing of i), so

to(bi(SZ) — bi(Sl)) = Ci(Sz) — Ci(Sl). (35)

A local Laurent series expansion around ¢y shows that the orders of the corresponding poles are
equal, i.e. n; = n}, and that a/(to) + b; = a’(tp) + b}. Hence, necessarily, b; = b} and from (35), ¢; =
¢t (to # 0). This contradicts the hypothesis on /;(s1) and ;(s;). Consequently (b; (s1)),ci (s1)) =
(bo(i)(52), Coi)(52)) fori =1,...,n — 1 and for some permutation o € &,,_1.

We conclude that the principal curvatures of the h-level set Uy must be constant, and since its
normal bundle is flat from Lemma 1, Uy is isoparametric (cf. introduction). O

5.7 Proof of the first part of Theorem 1

Lemmas 1 till 4 prove Theorem 1 except for the symmetries of 2". Let G be the subgroup (possibly
trivial) of the ambient isometries of E" ! that preserve Uy. Let g € G and p € X". Then p belongs
to an integral curve of Vi that cuts U at point pg € Up. Let g9 := g(po) € Up. The normal
plane Ny, Uy is sent by the isometry g to g(Np,Uo) = Ng,Up, and the normalized mean curvature
at po, N(po), is sent to N(qp). Hence we have also g(e,(po)) = en(go). By uniqueness of the
ODE (28) with given initial conditions and by Lemma 3, the integral curve N, Up N X" is sent to
8(NpUp NE") = Ny, Up N X". Consequently, g(X") = X"

6 Proof of the last part of Theorem 1 and Theorem 2

Conversely, Subsection 5.5 gives a method to generate proper BCH by evolution of a given
isoparametric codimension 2 submanifold Uy C E"*! in the direction of a unit normal vector field
to Up. First let us illustrate the method in case the isoparametric submanifold Uy C E" C E"+1,

Proposition 4. Let Uy be an isoparametric and holonomic hypersurface of E" C E""1. There exists a
proper holonomic BCH containing Uy and whose n-plane containing Uy is a plane of symmetry.

Proof. We refer to notations of Subsection 5.5. We consider the parametrization (18) where e, is a
unit normal vector field to the n-plane containing Uy. The principal curvatures p;, i.e. the eigen-
values of the shape operator A,.,, are zero. Hence, the second order ODE (28) which characterizes
a BCH becomes:

o 1 n—1 )\01'
e 1 ~ R(a). 36
Tra? = 35T1—2ga @ (36)

The solution can be explicitly given by double integration.

Let o’ := u then p i d
po_ GU_ dudx 2
dx  dadx (1+u)R(a).
Hence,

Obff—b:lz) = R(a)da and log V1 + u? = / R(t)dt+ Cq

Replacing R by its expression, we obtain

n—1
1+ 0(/2 = Cz H(l — )\01'0()2/3.
i=1
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The initial conditions uc(O) = «/(0) = 0 implies C; = 1. Choose the orientation of the normal N
such that i < 0. Then [T/—' (1 — Agia)?/3 — 1 is nonnegative for a positive and

n—1

o = j:J [T —Aga)?/3 -1, (37)

i=1

so
do

VITSH (1 = Aga)?/? 1

A second integration yields an expression of the inverse of the function x = f(«) and the value of
Ay from equation (27):

= +dx.

mﬂAnzl Ef_;L_ ffa—amg*ﬂ. (38)
3 =1 1-— )\Oilx =1

X—C3:|:/
VIT 1—AMZB—1

The initial condition «(0) = 0 1rnp11es C3 = 0. Notice that the solution x of equation (38) is an
integral which is equivalent to fo N hence, integrable if ) 7~ A £ 0( 251—1 Ai =0then A, =0
and X" would be minimal). Notice also that the function « is similar to an elliptic function in the
sense that its inverse is an integral of an algebraic function. O

In the case where Uy is a (n — 1)-sphere invariant by O(n), the principal curvatures A(;’s are

all equal and we obtain BCHs that are stable by O(n), that are of catenoidal type and that are
described in details in [17] (see also [18]).
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Similarly, if Uy is a product of spheres 57 (r1) x S$(rz), p+q = n — 1 then Uy C S" (,/r% + r%) C

E"*! is invariant by O(p + 1) x O(q + 1), hence " is also invariant by O(p + 1) x O(q + 1). The
parametrization in (18), where Y parametrizes Uy, Ny is the normalized mean curvature vector

field of Uyp-which is the unit normal vector field to 5" <\ / 1’% + 1’%) , e, is orthonormal to Ny in NUj

and « satisfies the solvable ODE (28), determines the proper BCHs that were already described in
[17].

These are the only cases to be considered as we shall see now. The fact that the level sets
of the mean curvature function % of a holonomic BCH are isoparametric, is very restrictive. We
refer to [4] and [20] for the following assertions on isoparametric submanifolds of the Euclidean
space. Let | be the number of distinct principal curvatures of a codimension 2 isoparametric
submanifold Uy C E"*L. If I = 1, then Uy is a piece of a sphere or a plane. If | = 2, then Uy is a
product of spheres or spheres and planes. In both cases, we recover the ones of Section 6 already
described in [17]. If I > 3, then U is not holonomic (cf. for example [8]). Hence, from Theorem 1
all the proper holonomic BCHs have been described, but none of them is a proper BBH because
the ODE (28) and the normal biharmonic equation (10) are not compatible. This was already
proved in [17] thus Theorem 2 follows.
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7 A question

Although all known examples of proper BCH are holonomic, the holonomic hypothesis is strong.
So the question is: can we extend the method of construction of proper BCH described above to
non-holonomic isoparametric codimension 2 submanifolds? The simplest candidate is a projective
tube in S$* i.e. a tubular neigbourhood of an embedding of RIP?> C S*, that is a non-holonomic
isoparametric codimension 2 submanifold of [E° that we describe now.

Remark 1. The embedding of RIP? is given in [3] without proof so let us give an explicit description. RIP?
is embedded into a round sphere of radius A, by X : RP?> — S*(A) C %, a Veronese-type embedding
with unknown coefficients a, b, c,d, e, f and A where

X:(x,y,2) — (yz,xz, xy,ax* + by? + cz2,dx* + ey* + f22).

Since the codomain of X is S*(A) then necessarilya = Acosa,d = Asina, b = AcosB,e = Asinf,c =
Acosvy, f = Asinywitha =0,p = —2m/3,v = 27t/3. This forces A = 1/+/3 and

yields
(—y*+2%).

N =

X(x,y,2) = (yz,xz,xy, %(x2 — (¥ +2%)/2),

Parametrize with x = cos 6,y = sin  cos ¢ and z = sin 0 sin ¢, we obtain:

. e 29 . 0 0
X(6,9) = —ﬁs’ZmZQ ( 0 ) +—*/§‘°§“29 ( ¢it ) +—(3C05229_1) ( 0 ) . (39

0 0 1

8 Appendix: Codazzi’s equations and curvature line coordinates

One deduces directly from Codazzi’s equations two key properties related to the principal curva-
tures of a hypersurface £" C [E"!. Recall that the shape operator in the normal direction N, Ay,
decomposes TX" into distributions T;, where T; = ker(An(p) — A;Id) and A, is the corresponding
eigenvalue -or principal curvature- of multiplicity rk(T;) = m;. We will select an open subdomain
where the multiplicities m;, i = 1,...,s, of the corresponding eigenvalues are constant. Then we
can split the tangent bundle TX" into a family of integrable distributions T; C TX". Let X, Y € TX"
two tangent vector fields and let A be the shape operator of 2", then Codazzi’s equation is

Vx(A)Y = Vy(4)X,
where Vx(A)Y = Vx(AY) — A(VxY).

1. Let T) be the distribution which corresponds to the eigenvalue A of the shape operator A of
¥ C E"™! of locally constant rank larger than 2, then it is integrable and defines a curvature
surface S(A) on which A is constant .

Indeed, let X, Y € T) be linearly independent vector fields in the given distribution T). Then
from the Codazzi equation:

Vx(A)Y = Vy(A)X, (40)

” (XA)Y — (YA)X = (A — AId)[X, Y].
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As the LHS belongs to ker(A — AId) and RHS belongs to Im(A — Ald), X(A) = Y(A) = 0 and
[X,Y] € T). Thus, from Frobenius, the distribution associated to the principal eigenvalue A
is integrable into a curvature surface S(A) onto which A is constant.

2. S(A) is totally umbilical, i.e. the second fundamental form of S(A) is equal to
II(X,Y) =(X,Y)H,VX,Y € TS(A),

where H is the mean curvature vector field of S(A).
Indeed, let X be a vector field in TS(A) and let 7 be a vector field normal to S(A) such that
An = un and p # A. Then
Vx(A)y =V, (A)X.
Expanding
(uld = A)(Vxip) = (17 - M) X — (A = ALd)(Vy X) — (X - ).

The projection operator onto TS(A) commutes with A hence

(uld — A)(Vxn)"N = (- 1) X — (A = AId)(V, X)T5W) = (- 1)X.

Hence,
(V1) T (a1)
Let {ex }x—1,...; be an orthonormal basis of TS(A )1 N TZ" in the principal curvature directions,
so that (V,, N)T° (M) = —Ayer, where N is a unit normal vector field to TE", then the second
fundamental form of S(A) C E""!, according to equation (41), is equal to
n n e A
II(X,Y) =Y —(Vxer,Y)er — (VxN,Y)N =) PR (X,Y)er — AM{X,Y)N.
k=1 k=177 "tk
Consequently,
Lo(ei- M)
II(X,Y)=(X,Y)H, H=)_ T G AN
i

i=1
where H is the mean vector field of S(A) C E"*!. S(A) is thus totally umbilical (see next
Appendix 9).
Let 2" be parametrized by an immersion

X: QO CR" — 3" C R*!

(X1, ) > X(x1,. .0, Xn), (42)

where () is an open domain, and (xy, ..., x,) form a system of orthogonal coordinates. Then the
metric g in these coordinates is diagonalized as follows:

gij = 51']'Ei = (51']'7]1-2. (43)
The Christoffel Symbols of the metric g are:

) gii 1
= EX (8kij + &ijk — 8jki) = oL (8riExj + 0ijEix — SixEji) -

Ifi#j+# kthenr;ik =0.
Hence, the only possible nonzero Christoffel symbols up to permutation on lower indices are:
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o Ifi=j # k, then Fl = Tk = (logvi),k~

o Ifj =k # i, then T/, = —f% = —(logv)),;

on

s

N

v?

e Ifj=k =1 thenT}, = (logv;) ;.

In the frame of this Coordmate system where ¢; = 9;, i = 1,...,n the connection on TX" is given
by the Cristoffel symbols ‘
Veer = T%eq = Tie; + They. (44)

In the holonomic case, when the curvature lines form a coordinate system, the shape operator A
is diagonalized and related to the second fundamental form I as follows

A] = M and II;; = Algyj = Gijii,

where {A;}"_, are the principal curvatures and y; = A;0?. The Codazzi equations are equivalent
to the following system of n(n — 1) equations:

Nij— (A= AT =0, Yi#j ije{l,...n} (45)

9 Appendix : totally umbilical submanifolds of E" !

Let us recall that a submanifold X" is umbilical at p € X" if there is a unit normal field N(p) €
N,¥" and curvature A € R such that:

I(p)(X,Y) = (X,V)A(p)N(p) VX, Y € T,L".
By definition, >" is totally umbilical if it is umbilical at each point of >".

Lemma 7. A totally umbilical hypersurface ¥ C E" 1 is a piece of a hypersphere or a hyperplane.

Proof. Let N be a unit normal field to X". Let y(s) be a curve in X" and T be the unit vector field
tangent to y(s) then as 2Y and VN are both orthogonal to N, we obtain

DN

DN = —
T ds

= VN (46)

and since any direction in T2 is a principal curvature direction,
VTN = —AT. (47)

From Appendix 8 1, A is constant and integrating Equation (47),

N(s) — N(0) = —/\/—ds A (X(s) — X(0)).
Hence, if A # 0 we obtain
X(s) = X(0) — %(N(s) — N(0) = C(0) — %N(s).
Thus " C $"(C(0), ). If A = 0, " is a piece of a hyperplane. O
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More generally

Lemma 8. A totally umbilical submanifold ¥% C E"*!, k > 1 with the extra condition that the mean
curvature is parallel is a piece of a round sphere.

Proof. Let (Ty,...,Ti) be an orthonormal basis at some point extended to orthonormal frames
around some point. The unit normal vector field N = % seen as a section of the normal bundle of
YK is parallel, hence forany i = 1,...,k, (D1,N )L = 0 from which we deduce equation (47) and,
as in Lemma 7, that =¥ C §"(C(0), 1).

On the other hand, consider the (k + 1)-vector field W := Ty A - - - A Ty A N; then

k
DiW=)Y TyA---ADTu A ATgAN+Ti A« ATeADN, i€ {1,...,k}.

a=1
The last term of the RHS is zero because Dt N = —AT;, and the first term is also zero since
Dy, T; L T;. Hence D;,W = 0 and W is constant on £*¥ which means ¥ is in a (k + 1)-plane
P. Finally =¥ is in S N P which is a round k-sphere. O

Furthermore, it is shown (cf. for example Prop. 1.19 in [8]) that the mean curvature vector field of
any umbilical submanifold of dimension at least two is parallel.
We then deduce from Lemma 8:

Corollary 2. A totally umbilical submanifold &% C R" 1, k > 1 is a piece of a sphere or a plane.

Note that a helix with constant curvature and nonzero torsion is umbilical, but the mean curvature
vector is not parallel and the curve is not a circle unless the torsion is null, i.e. unless the normal
bundle is flat.
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