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Abstract

We study the dynamics and stability of soliton optical frequency comb generation in a dissipative,

coherently pumped cavity with both second and third-order nonlinearity. Cavity sweep simulations

and linear stability analysis based on path continuation reveal the existence of bistable solitons.

These families of solutions represent a continuous transition between a purely quadratic and a

Kerr cavity soliton frequency comb. Perspective demonstrations of these novel optical sources is

an ongoing relevant subject within the frequency comb community.

The propagation of optical pulses as cavity solitons (CSs) is self-sustained by the interplay

between dispersive and nonlinear effects in dissipative and coherently pumped cavities [1].

Their spectrum forms a broad and coherent optical frequency comb (OFC). The experimental

generation of soliton microcombs [2] is based on triggering modulation instabilities [3], which

leads to either chaotic, periodic, or stationary CS formation. Despite the robustness of their

dynamical basin of attraction, the chaotic origin of CSs leads to the intrinsic difficulty of

deterministically exciting a specific soliton state [4]. For this reason, different schemes for

the control and stabilization of CSs have been proposed and demonstrated [4, 5].

An interesting class of OFC is based on purely quadratic nonlinear cavities (i.e. χ(2) ̸= 0,

χ(3) ∼ 0), when coupled combs are generated around the fundamental frequency (FF) and

the second-harmonic (SH) [6]. In this case, it has been shown that the resulting dynamics

for the FF can mimic an effective Kerr nonlinearity, leading to different OFC regimes [7].

This analogy is particularly relevant when the cavity is only resonant for the FF, which

permits to derive an effective nonlinear Schrödinger equation (NLSE) with coherent driving

and damping. For a doubly resonant cavity, a pure quadratic OFCs can be modeled by

means of two coupled nonlinear mean-field equations [8, 9]. A double (or multi) envelope

approach can be also adopted for Kerr OFCs (i.e. χ(2) ∼ 0, χ(3) ̸= 0) [10, 11], under the

general assumption that the resonant field owns components in separate spectral domains.

In waveguides with both quadratic and cubic nonlinearities (i.e. χ(2) ̸= 0, χ(3) ̸= 0),

self- (SPM) and cross- (XPM) phase modulation can trigger modulation instabilities [12]

and soliton formation [13]. In these systems, different families of two-wave solitons can be

generated. A characteristic CS solution is formed comprising an intense and a weak pulse

component around the FF and the SH, respectively. The opposite case, where most of the

energy is carried by the SH, has also been theoretically studied [12]. A bistable regime may
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arise, whenever the two families of CSs coexist in the same point of a multi-dimensional

phase diagram, spanned by some characteristic dynamical parameters. as recently predicted

for third-harmonic-generation cavities [11]. As we shall see in this work, the doubly resonant

condition is of crucial importance to observe bistable CSs in χ(2) and χ(3) resonators. While

an optical parametric oscillator (OPO) is discussed in Ref.[14], here we study the case of a

second harmonic generation (SHG) cavity. This involves a system of two coupled equations

including SHG, SPM and XPM terms [15], whose solutions feature a bistable CS regime.

Optical bistability results from the Kerr effect acting on both FF and SH via SPM and

XPM. Moreover, CS bistability is observed in situations where a significant fraction of the

FF is coupled to the SH.
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FIG. 1. (a) Slow-time evolution of cavity detuning ∆ (orange) and intra-cavity energy of FF EA

(blue) and SH EB (red) fields, respectively. Temporal (b-c) and spectral (d-e) evolution of intra-

cavity A and B intensities. (f) Final bistable CSs state. In panels (a) and (f) the colored arrows

indicate the y-axis for the corresponding quantity.
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Let us adopt a double-envelope approach [16] which considers the set of coupled, coher-

ently driven and damped NLSEs with the contribution of SHG terms [8, 9, 15]:



∂A

∂t
=

[
−α1 − i∆− iη1

∂2

∂τ 2

]
A+ iκBA∗ + S

+ [iγ1|A|2 + 2iγ12|B|2]A (1)

∂B

∂t
=

[
−α2 − i2∆− d

∂

∂τ
− iη2

∂2

∂τ 2

]
B + iκA2

+ [iγ2|B|2 + i2γ21|A|2]B , (2)

where A and B are the wave amplitudes at FF (index 1) and SH (index 2), respectively. The

linear response of the cavity driven by the external laser source S includes distributed losses

(α1,2), laser/cavity detuning (∆), walk-off (d) and group velocity dispersions (η1,2); SHG (κ),

SPM (γ1,2) and XPM (γ12,21) terms provide the nonlinear response of the cavity, while we

neglect higher-order dispersive terms and suppose perfect phase matching. The FF and SH

intra-cavity fields evolve in two separate time-scales [9], the slow (t) and the fast (τ) time,

respectively. The former describes the evolution of the fields over successive round trips,

while the latter measures the time dependence of the intra-cavity field. Generally, to generate

a broadband OFC in χ(2) + χ(3) ring cavities, besides the anomalous dispersion condition,

both phase and group-velocity matching between the FF and SH waves are required [17].

For this reason, we consider here a zero group-velocity walk-off regime (d = 0); however,

direct numerical simulations (DNS, not reported here) show that stable CSs also survive in

the presence of nonzero walk-off.

To show that two-wave stable χ(2) + χ(3) CSs can be effectively generated, let us present

a DNS of Eqs. (1-2) with the parameter values: S = 6, α1,2 = 1, η1,2 = −1, γ1,12 = 0.5,

γ2,21 = 1, and κ = 1. To check the stability of the excited dynamical states, let us consider a

linear ramp of cavity detuning ∆ over the first 30 round-trips (from ∆ = −2 up to ∆ = 15),

and then keep it constant. Fig. 1 (a) shows the build-up of the related intra-cavity energies

EA,B(t) at FF and SH, which are computed as the fast time integrals of the respective intra-

cavity optical intensities |A|2, |B|2. The emergence of the CSs step is clearly visible for both

the FF and SH fields, and its associated fixed value, once that ∆ remains a constant, is a

direct indication that a stable physical state has been excited. In panels (b-c) and (d-e)

of Fig. 1 we show the temporal and the spectral DNS evolution of the FF and SH fields,

respectively. The spectrum (Ã, B̃) is normalized to its maximum, and reported in a dB
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scale.

From the time-domain plots, we may note the emergence of four CSs, which remain

stable once that the detuning is fixed [these CSs marked in Roman numbers i-iv in panels

(b,c)]. Interestingly, we observe that the CSs have different energies. For two of them (i,iv),

most of the power is carried by the FF wave, while the other two (ii,iii) have a dominating

SH component. This is a clear signature of solitons bistability, similar to what previously

observed in the case of third-harmonic generation [11]. To highlight this property, we show

the final state of the simulation in Fig.1 (f) . As we can see, one may clearly regroup the

CSs into two families: for the CS (i,iv), the FF dynamics dominates, while for the solitons

in (ii,iii) the SH contribution is largely dominant. Similar solutions were previously found

in a Kerr guided system [13]. It is worth to mention that the CSs i-iv are sustained by a

nonzero homogeneous background, which is not fully appreciable in panel (f) owing to the

large CS peaks to background aspect ratio.

A highly non-linear system generally has a plethora of possible solutions. As a rule of

thumb, the stronger the nonlinear effects, the richer the dynamics. In practice, system (1-2)

easily turns out to be very chaotic, and it is hard to locate stable solutions in the phase

space spanned by the key dynamical parameters, such as the driving field S and the cavity

detuning ∆. To systematically quantify the contribution of the different nonlinear terms,

one may rewrite Eqs.(1)-(2) in operator form as follows:

∂U
∂t

= F ≡ LU +QU + σKU + S , (3)

where U = (A,B), L, Q, K are the linear, quadratic, and cubic operators, and S is the

external driving term, implicitly defined by comparison with Eqs. (1)-(2). We have also

introduced the dimensionless parameter σ ≡ γ2/κ, which controls the nonlinear interplay

and quantifies the contribution of the Kerr operator K. This definition is subject to a

rescaling of the γ factors: γ′
ij = (γijκ)/γ2, with ij = 1, 2, 12, 21.

The bistable dissipative solitons studied here are stationary solutions of Eq. (3), and there-

fore we will focus on the stationary problem. To perform the bifurcation analysis of the sta-

tionary problem ∂U/∂t = 0, we define the new variable U = (AR, AI , BR, BI , ∂τAR, ∂τAI ,

∂τBR, ∂τBR), where subscripts R, I indicate the real and imaginary parts of the complex

fields, respectively. Following [18], we can recast the stationary problem into the dynamical
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system form (i.e., system of ordinary differential equations, ODEs):

dU

dτ
= f(U ;α1,2, η1,2, γ

′
ij, κ, S, σ) , (4)

where the functional f is defined as:

fm = Um+4, m = 1, · · · , 4

f5 = η−1
1 [−α1U2 −∆U1 + κ (U1U3 + U2U4) + σKI ]

f6 = η−1
1 [α1U1 −∆U2 − S + κ (U1U4 − U2U3) + σKII ]

f7 = η−1
2

[
−α2U4 − 2∆U3 + κ

(
U2
1 − U2

2

)
+ σKIII

]
f8 = η−1

2 [α2U3 − 2∆U4 + 2κU1U2 + σKIV ]

(5)

and the Kerr contribution K is:

K ≡


KI

KII

KIII

KIV

 =


(γ′

1 (U
2
1 + U2

2 ) + 2γ′
12 (U

2
3 + U2

4 ))U1

(γ′
1 (U

2
1 + U2

2 ) + 2γ′
12 (U

2
3 + U2

4 ))U2

(γ′
2 (U

2
3 + U2

4 ) + 2γ′
21 (U

2
1 + U2

2 ))U3

(γ′
2 (U

2
3 + U2

4 ) + 2γ′
21 (U

2
1 + U2

2 ))U4

 . (6)

For further details, we address the reader to Ref. [18], where the particular purely quadratic

case σ = 0 is treated.

Among the different classes of localized states, let us focus here on single-spike solitons,

i.e., CSs. The origin of these states is commonly related to the uniform-pattern bistability

(i.e., the coexistence of a stable modulated pattern with a uniform state) and the occurrence

of a homoclinic bifurcation (see [19]).

To analyze the system (4) and its bifurcation structure, we performed a path-continuation

analysis [20] by means of the software package, i.e., AUTO-07p [21]. This technique allows us

to study the mathematical evolution of a given solution corresponding to an ODE problem,

subject to a continuous change of some dynamical parameter. As a result, bifurcations phase

diagrams can be drawn, and a linear stability analysis can be performed. Starting with a

CS static solution we first determine loci of the limit points of the CS existence regions.

These points correspond to folds bifurcations and are computed by simultaneously tracking

such point in the two-parameters (∆, S). Once this existence region is computed, we study

the one-dimensional bifurcation diagrams associated with these states, i.e., by means of S

path-continuations made for different values of ∆.
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The stability of these states is afterward computed through a linear stability analysis.

From the spectrum λ = {λ1, .., λn} of the Jacobian operator Jij = ∂Fi/∂uj of the system

(3), where u = (AR, AI , BR, BI), it is possible to retrieve the stability of the solutions found.

If the real part of λj, ℜ{λj}, is such that ℜ{λj} < 0 ∀ λj, any small perturbation δUs of

the considered stationary state Us tends to vanish, that is, δUs → 0 for t → ∞. As a result,

Us is stable. Furthermore, if there exists a pair of eigenvalues such that |ℑ{λj}| > 0 and

ℜ{λj} > 0, the CS amplitude oscillates with a frequency which is ∝ |ℑ{λj}|. This is the

breathing regime of the CSs. The onset of this behavior is related to a Hopf bifurcation

taking place when simultaneously ℜ{λj} = 0 and ℑ{λj} = ±iω, with ω > 0

Our analysis has been performed, at first, in a purely quadratic case (σ = 0). The

(∆, S)-phase diagram corresponding to this case is shown in Fig. 2 (a). Here, the orange

color denotes localized states in the breathing regime, and in gray we mark the region of

stable (i.e., static) CSs. By switching on the Kerr operator K, i.e., by path-continuing σ up

to σ = 0.125, we can compute the phase diagram of Fig. 2 (b). Surprisingly, we may note

that in the continuous transition σ = 0.0 → 0.125 the region of CS stability broadens, thus

limiting the breathing regime.

(a) (b)

FIG. 2. Phase diagram in the (∆, S) parameter space for σ = 0 (a) σ = 0.125 (b), respectively. In

both panels, the black lines are the folds defining the region of existence of the CSs: the orange

and gray colors are associated with regions of breathers or stable CSs, respectively. In the two

insets, are reported two stable solutions found for (∆, S) = (6, 13).

For this value of σ, CSs bistability, like the one previously demonstrated in Fig. 1, is not

observed. In order to reach that regime, we increased the relative strength of the Kerr effect

up to σ = 0.25. These results are depicted in the (∆, S)-phase diagrams shown Figs. 3(a)

and (b). The existence regions of these states are limited by the fold bifurcations F l,r
2 for

CSs II [see Fig. 3(a)] and F l,r
1 for CSs I [see Fig. 3(b)]. The overlapping of these two regions
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FIG. 3. Bifurcations diagram of Eq.(3) for σ = 0.25. (a) CS II and (b) CS I folds. The white and

black dashed line represent S path continuations shown in panel (c,d), performed for ∆ = 8 and

19. (e,f) Two specific bistable CSs solutions (P1 and P2). (g,h) Two specific bistable breathers (P3

and P4).

is illustrated in Fig. 3(b).

The CSs II family results from a direct continuation of the parameter σ from σ = 0,

followed by a two-parameters (∆, S) continuation of the solutions of system (3). The inter-

section point I ≡ (∆̄, S̄) = (8.9, 21.5) between the two folds [see the red triangle marker on

panel (b)] may be related to a high-codimension point connecting different families of CSs

solutions.

For ∆ > ∆̄, CSs II are connected to CSs I, and they can be located by a standard

path-continuation analysis on the CS II class of solutions. This result is illustrated in

the ℜ{A}max (i.e. the real part of the CS peak) versus S diagram depicted in Fig. 3(d)

for ∆ = 19, which corresponds to the most right vertical white and black dashed lines
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in Figs. 3(a),(b). Generally, a bifurcation diagram illustrating the modification of the field

energy may be appropriate. In this specific case, however, we decided to report the ℜ{A}max

vs S diagram, since it provides a more direct picture of the properties of the CS structures

. In this diagram we have marked stable CSs with gray solid lines, breathers with orange

solid curves, and unstable solutions with gray dashed lines. The connection of these two

families occurs through a common fold bifurcation, yielding a multi-stable structure where

unstable and stable/breathing regimes are alternating. It is worth mentioning that, for the

sake of simplicity, we did not indicate the presence of a chaotic transition branch connecting

the two families CSI→CSII.

Two specific bistable CSs (P1 and P2) are reported in Fig. 3(e) and (f). For CS I [see

panel (e)], most of the energy is carried by the FF wave, while for CS II [see panel (f)], the

SH contribution is the highest (even if not dominant as in Fig.1(f)). A similar conclusion

was previously drawn (see Fig. 1) by means of DNS simulations. Such type of coexisting

solutions was previously predicted for competing nonlinearities in a conservative setting [13]:

our study extends their findings to the case of a passive and coherently driven optical cavity.

For a better comparison with the DNS results reported in Fig.1, we should have computed

the CS bifurcation structure for the same σ. However, due to the complexity of the χ(2)+χ(3)

system, the path continuation σ = 0 → 1 results numerically very challenging. Inversely,

one could have performed the DNSs in Fig. 1 for σ = 0.25. Here, however, the excitation

of bistable CSs is not trivial, since the CSI and CSII energy levels are very close and one

family (CSII) is a stronger dynamical attractor.

Besides, we may observe bistability regions not only for static CSs but also for breathers.

The dynamics of two of such states is depicted in in Figs. 3(g) and (h) which correspond to the

P3 and P4 points in Fig. 3(d). We may notice that the CS I breather oscillates considerably

faster and at a much higher intensity than its CS II counterpart. As a practical consequence,

a perturbation of the system (e.g., by small variation of ∆ or S) might push the breather

outside its region of stability, letting the system collapse onto the CS II class of solutions.

Once the CS I are found, one is able to follow them also for ∆ < ∆̄, i.e., in a domain

where CS I and CS II are no longer connected. It is thus possible that a bistable regime

also exists for smaller σ values. The situation illustrated for ∆ = 8 in Fig. 3(c), corresponds

to the most left white and black dashed lines in Fig. 3(a),(b). The upper branch associated

with CS II is completely stable, while its CS I counterpart is unstable towards breather
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states. In general, the CSII group is directly connected to a homogeneous steady state (red

circle marker in Fig. 3(c,d)) through an unstable solution branch; we did not observe higher

energy CSs families.

An interesting open question is which set of realistic parameters results in a bistable

CSs state with distinguishable CSI and CSII families. χ(2) + χ(3) micro-combs have been

demonstrated in Silicon Nitride [15], Aluminium nitride [22] and litihum niobate rings [23];

other interesting materials are III-V semiconductors. Our preliminary calculations for SHG-

Kerr comb generation in AlGaAs microrings show that bistable CSs as in case σ = 1 (Fig.

1) should be observable for optical losses α ∼ 1/2 dB/cm.

Optical bistability is a paradigmatic signature of nonlinear systems. Typically, it results

in a low-power homogeneous state and a high power chaotic state or soliton. Eventually,

multi-stable homoclinic snacking structures can arise, connecting periodic patterns to the

homogeneous solution [19]. Optical bistable CSs may result from the nonlinear interaction

of a FF with its harmonic waves in multi-envelope models in both single pass [13] and cavity

[11] systems. Here, we extend their existence to the case of χ(2) + χ(3) systems.
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