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Abstract

Let ' C C be a curve of class C(2,a). For zp in the unbounded component
of C\ T, and for n = 1,2, ..., let v, be a probability measure with supp(v,) C T’
which minimizes the Bergman function B, (v,z) = Y_7_,|¢7(2)|* at zp among all
probability measures v on ' (here, {¢,...,q%} are an orthonormal basis in L?(v)
for the holomorphic polynomials of degree at most n). We show that {v,}, tends
weak-* to d,,, the balayage of the point mass at zp onto I', by relating this to an
optimization problem for probability measures on the unit circle. Our proof makes
use of estimates for Faber polynomials associated to I'.
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1 Introduction

Let K be a compact subset of the complex plane C and let M(K) denote the probability
measures on K. Given a positive integer n, if the support of v € M(K) contains at least
n + 1 points, we can form the associated Bergman function

By(v,2) =) _la{(=),

where {¢¥, ..., q"} form an orthonormal basis in L?(v) for P,, the holomorphic polynomi-
als of degree at most n. One can set B, (v, z) = +0o when v has less than n + 1 points in
its support, but since we are interested in asymptotics (n — 0o0) of Bergman functions, we
may assume K contains infinitely many points. We fix z; € €2, the unbounded component
of C\ K, and for each n we consider a probability measure v,, with supp(v,,) C K which
minimizes the Bergman function at zy among all such v € M(K):

Bn(l/m ZO) = VEH/\?L/}?K) Bn(l/> ZO)'

The existence of at least one minimizing measure follows from the weak-* compactness of
M(K) and lower semicontinuity of the map v — B, (v, 2p), see Lemma 2.1.
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Equivalently, v, solves the max-min problem

max A,(v, 2g), An(v, = min 2dv < 1, 1.1
e M(rzo) M) = min [ < (1.1
where A, (v, z9) is the Christoffel function of v at z;. We recall that (cf., [12, Theorem
1.4])

(v, 2) = By(v,2) 71, n >0, (1.2)

where we note that, with our previous convention on B, (v, z), the equality still holds
when v has less than n + 1 points.

Such an extremal measure v, is called an optimal prediction measure (OPM) for
K and zg of order n. In general, it is not unique. For motivation to study this problem, we
refer to [2] where they give a nice application to the field of optimal design for polynomial
regression. Although B, (v, z) is well defined only if all orthogonal polynomials up to
degree n, exist, \,(v, z) is always defined, equal to 0 when the support of v consists of
fewer than n+ 1 points. In fact, A, (v, z) is defined for all z € C. For an extremal measure
Vp, all the orthogonal polynomials ¢,", k = 0,...,n, do exist. Note also that, for each
n, the Bergman function B, (v, z) only depends on a finite number of moments of the
measure v, namely

M :/ A7y, §k=0,...,n. (1.3)
K

It is known that B, (v, 20) is related to the polynomial of extremal growth at zy, see [2].
Indeed, one has

2
|p(20)‘ < ¢2nga(zo) (1.4)

)

By (Vy, z0) = sup <
e pEP, ||pH%<

where the upper bound, with gq the Green function of €2 and the point oo, follows from
the fact that

1
ga(z) = sup{mlog [p(20)| = p € UnP, Ipllie < 1} (1.5)

Here deg(p) denotes the degree of p and ||p||x = sup,cx |p(2)|. Note that polynomials
of extremal growth are also studied in the recent paper [3] where they are called dual
residual polynomials.

For a general probability measure v on K and z € C, we have that

1> M, 2) > Na(v,2) >0

so that the limit
Aoo (v, 2) = lim A, (v, 2) (1.6)
n—o0
exists and 0 < A\ (v, z) < 1. It has been verified by explicit computations in [2] that if:

i) K =[—1,1] and z is real or purely imaginary,
i) K=D:={z€C:|z] <1} and |z > 1,

certain sequences of optimal prediction measures v, tend weak-* to a limit, namely

Uy — S\ZO, n — 0o, (1.7)



where SZO denotes the balayage measure of d,,, the point mass at zj, onto K. The authors
of [2] have conjectured that this convergence holds true more generally. It is the aim of the
present paper to show that the conjecture holds true for a more general class of compact
sets K and points zg outside of K. Namely, our main result is the following theorem.

Theorem 1.1. Assume K is a compact subset bounded by a curve ' € C(2,a), 0 < a < 1
(i.e., T' can be parameterized by a function of class C(2,«)). For zy € 2, any sequence of

optimal prediction measures {v,}, tends weak-*to §,,, the balayage of 9., onto T".

Here, C'(k, ) denotes the class of k—times continuously differentiable functions with k—th
derivative satisfying a Lipschitz condition of order .

After some general preliminaries in the next section, in section 3 we complement the
study in [2] of the case of K = D, the closed unit disk. We show in Theorem 3.2 that
for = € D, the balayage 6, to T := dD is the unique maximizer of Aoo(t, z) from (1.6)
among 1 € M(T). We then study the more general case of K bounded by a C(1,«)
curve I' in Section 4, and then by a C(2,«) curve in Section 5. To derive Theorem 1.1
in this setting, for z € ) we make a connection between XOO(I/, z), a modification of A\
for measures v supported on I', with A (®.v,1/P(2)) where ®,v is the push-forward of
v on T, ® being a conformal map from the exterior of I' to the exterior of T. After some
preliminary results, an outline of the proof is given in Section 4, followed by the details.
We conclude with an interesting observation on the distinction between the cases of K
being a curve versus K being an arc.

Acknowledgements: We would like to thank the referee for several useful suggestions,
including a shorter proof of Theorem 3.2.

2 General preliminaries

We begin with an elementary result.

Lemma 2.1. Let K be a subset of C, n a given positive integer, and z € C. Then the
map v € M(K) — By, (v, z) € (0,00] is weak-x lower semicontinuous.

Proof. By (1.2), it is equivalent to check that the map v +— A, (v, z) is upper semicontin-
uous, which is true since, for each p € P, p(z) = 1, the map

1/»—>/ p|*dv
K

is weak-* continuous, and A, (v, z) is obtained as a minimum of such maps. O
We continue with some observations related to [2].

1. The max-min in (1.1) coincides with the min-max for general compact K, namely

max min / Ip|*dv = II11I1 max / p|*dv. (2.1)
vEM(K) pEPn, p(z0)= PEPn, p =1lveM(K)

This follows from the classical minimax theorem, see the proof of [2, Proposition
2.1].



2. Let K C C be compact and contain infinitely many points and fix zy ¢ K. For
n € N, let
M, = M,(z0, K) := sup{|p(z0)| : p € P, |Ipllx < 1}. (2.2)
There exists a unique p, € P, with ||p,||x = 1 and p,(20) = M,; in [2] this is called
the polynomial of extremal growth relative to K at zy. Indeed, note that

Il

Ip(20)] . .
M,, = sup :p €P,} = l|inf p € P,
Uil b= i) J
and
ol . . _
inf{——=:p e P,} =inf{|[pllx : p € Pu, |p(20)| =1}
|p(zo)|

— inf{|[1 — Qllx : Q € P, Qz) = 0}.

Let V,, .= {Q € P, Q(z) = 0}. This is an n—dimensional complex vector space,
and clearly each nonzero () € V,, has at most n — 1 zeros in K (since Q(z) = 0).
By the classical Haar uniqueness theorem in Chebyshev approximation (cf., [1], [6,
Theorem 19]), every continuous, complex-valued function on K admits a unique
best sup-norm approximant from V,,. Applying this to the constant function 1 there
exists a unique Q,, € V,, with M,, = [||1 — Q,||x]™", and thus p, =1 — Q,.

3. From 2. and Remark 2.3 in [2], it follows that the support of an OPM v, of order
n for K and zp as in 2. is contained in

Sn(K) :=A{z € K : |pn(2)] = |Ipnllx}-

The set {z € C : |pa(2)| = |Ipallx} is a real algebraic curve in R? of degree at
most 2n. In particular, for zy € €2, the unbounded component of C \ K, if p, is
non-constant, any OPM v,, for K is supported on 0€2. A necessary and sufficient
condition that p,, be non-constant is that zg lie outside of

K, = {z € C:|g(2)| < |lgn||x for all g, € Py},
the n—th order polynomial hull of K. Since these sets f(\n decrease to

K= {z€C:q(z)| < llgllx for all g € [ JPu},

the polynomial hull of K, and Q = C\ f(\, by appealing to either the Hilbert
lemniscate theorem (cf., [8, Theorem 5.5.8]) or simply Runge’s theorem, for any
zo € €, there exists ng sufficiently large so that p,, is non-constant for n > nq.

Thus if, e.g., K is an ellipse of the form
K ={(z,y) e R* : 2%/a* + y*/b* = 1}

with a # b and 2 lies outside K, by Bezout’s theorem S, (K) contains at most 4n points.
Since an OPM v, exists, the support of v, contains at least n 4+ 1 points. On the other
hand, we recall in the next section that for the unit circle T = {(z,y) € R* : 22 +y* = 1}
and a point zo with |z9| > 1, there exist OPM’s v, which are absolutely continuous with
respect to arclength measure and hence with support T. It follows from 3. that OPM’s
for D and T coincide. More generally, if K is a compact subset bounded by a C(2,«)
curve I' = 09 (as in section 4) and zy € Q, OPM’s v, for K and I' coincide, at least for
n sufficiently large, which we will always assume.
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3 The unit disk D

We begin by recalling that the harmonic measure wp(z,t) for the disk D and a point
z = |z]e’® € D is given by

1-— Z|2 dt |k| zk¢ t) 6it—|—2 dt . it dt
d(,d[D)(Z,t) m2ﬂ_ [_Z ‘ | % Re( - )%— Pz(e )%,

et —z
(3.1)
see e.g. [8, Chapter 4.3]. In particular, dwp(0,t) = dt/2r. It may also be defined as
the balayage d, of the Dirac mass J, onto the unit circle T, see [9, Appendix A.3] or, by

conformal invariance, the balayage 31 sz of 01z onto T.

Definition 3.1. A positive and finite measure p on the unit circle T satisfies the Szeg6
condition if its density f = du/df satisfies

/log fdf > —oc.
T

Then, the Szeg6 function is defined by

2 it
D(j, ) = exp <%/0 ¢ +Zlogf() ) 2 < 1. (3.2)

et

Note that, with p, the absolutely continuous part of x, and A > 0, one has

D(p.z) = D(pta,2), DA z) = VAD(u, 2). (3.3)

It is known, see [10, Theorem 2.4.1], that for any measure p satisfying the Szeg6 condition,

Aoo(tt; 2) = (L= [z)|D(p, 2)I*, |2 < 1. (3.4)

We also recall that for any measure g on T the Christoffel function satisfies

2" A, 2) = A, 1/7), 2 #0, (3.5)

see e.g. [10, Lemma 2.2.8]. These relations (3.4) and (3.5) will be crucial in the sequel, as
will the unicity in the next result.

Theorem 3.2. Let = € D. The unique probability measure p on T that mazimizes
Moo (11, 2), is the balayage measure 0,.

Proof. Let p be a probability measure on T. By [10, Theorem 2.7.15], we have Ao (1, 2) =
0 for any z € D precisely when p does not belong to the Szegd class. Thus, we may
assume that p belongs to the Szegé class. By (3.4), we are led to maximize |D(pu, z)|. Let
U= fta + s, pa = gdt, g € L*(T), be the Radon-Nikodym decomposition of the measure
p. From (3.3), we see that the larger the mass of y,, the larger the modulus of D(u, z).
Thus, ps should vanish, that is, u has to be absolutely continuous.
We write ,
f(e”)

Pz (6“’)

dp = f(e")dwp(0,t) = dwp(z,1).



Then since

/_7r log f(e™")dwp(0,t) = /_7r log ;((il?) dwp(z,t) + /_7r log P, (e")dwp(z,1),

it suffices to maximize the entropy functional

/ " log Jf((ee?) dwp(2,1) = / log(— 8V (2. 1)

. o dwp(z,t)

over absolutely continuous probability measures p. Jensen’s inequality yields that the
maximum is attained, uniquely, when du/dwp(z,t) = 1; i.e., du = dwp(z, t).
O

It is proved in [2] that, for a given degree n and zy = |2g|e® with |2| > 1, the harmonic
measure (3.1) for 1/%Z,

N k] ke | 0
dup(e) = de(l/io,H) = [ Z |ZO| |k| ezk(¢ 9)] %’
k=—00

is an OPM of order n for D and z;, as well as any measure ;4 whose moments
my = mg(p) ::/zkd,u, k=0,£1,...,4n
T

coincide with those of the harmonic measure:

~ (EO)_ka k 2 O?
my(pp) ZZ/deMP Z/de51/zo = k| =0,1,....n.
T T 2k, k <0,

Moreover, from (1.4) and (2.2), since M, (2o, T) = |z0|™ we have, for n > 0,

By (pp, 20) = |20]™", AP, 20) = | 20| 72" (3.6)

4 Preliminaries when K is bounded by a C(1, a) curve

Let K be a connected, simply connected, compact subset of C, with nonempty interior.
Let © be the unbounded component of C\ K and Q, := QU{oo}. Let ® be the conformal
map from Q to C\ D, with ®(c0) = 0o and ®’(c0) > 0. In this section, we assume that
['=00is a C(1,a) curve. For r > 1, we define the level curves of @,

Io={zeQ: |®(2)| =1}

We will need several results.

We recall a result about sequences of conformal maps, see [13], Theorem 4 of Section
2.3.



Theorem 4.1. Let J C C be a Jordan curve and let D be the bounded component of C\ J.
Let {D,}2, be a sequence of bounded, simply connected domains such that D,,1 C D,

for each n and
o0

() D. =D.

n=1
Given zg € D, let F, F,, n > 1, be the conformal mappings of D, D,, n > 1, onto D
which take zy to the origin and such that F'(z9) > 0 and F!(z9) > 0 for each n. Then we

have
lim F,(z) = F(z) uniformly, for all z € D.

n— o0

We will also make use of the Faber polynomials F,,, n > 0, of the interior of K, see [11].
They are defined by the following identity, see [11, p.62]:

o (1)

L t—=z

F.(z) = ®"(2) + L/F

>
o dt, |D(2)] >7r > 1,

where we recall that I', ;== {2z € Q: |®(2)| =r}.

Proposition 4.2 ( [11, p.61]). Let I' be a C(1,a) curve, and let F,, n > 0, be the
associated Faber polynomials. Let F be a closed subset of the interior of K. Then, there
is a constant c(F') such that

c(F)

()] <
Falt)] < 52

, teF.
Remark 4.3. The above result on the decrease of Faber polynomials in K also holds for

piecewise analytic curves I', see [5, Theorem 1].

Proposition 4.4 ( [11, Theorem 2 p.68]). When I' is a C(p + 1,«) curve, p € N, the
following estimate holds:

logn
npta

Fo.(2)=®"(2)+ O < ) , M — 00, (4.1)

uniformly for z € Q).

We denote by A(Q) the set of functions analytic in a neighborhood of .

Proposition 4.5. Given a function g € A(Qw), @n any polynomial of degree at most n,
and P, the unique polynomial of degree at most n such that

Qn(2)9(2) — Pu(2) = O(z71h), Z — 00, (4.2)
one has
Qn(2)9(2) — Pu(z) = —%/F Qn(t)tgit)zdt (4.3)

for z outside of I'y, a simple, positively oriented, curve lying in K and in the domain of
analyticity of g.

Proof. Because of (4.2), the identity (4.3) is a simple consequence of Cauchy’s formula
applied to the difference @, (2)g(z) — P,(2) outside of I',. O
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Let p be a probability measure on I'. We set, for z € €,

=Y Bn(,ua Z)

B, (p,2) == B and  A\o(p,2) == |®(2)|" Malp,2), n >0, (4.4)

and

Boo(p, 2) := lim sup En(,u, 2)<oo and Aeo(, z) = lirginf Xnlpt, 2) > 0. (4.5)
n—oo n o

In fact, in Lemma 4.6 below, we show that the limits exist in (4.5). Note that since

B, (1, z) is weak-* continuous for our class of measures so is En(u, z).

The idea behind our proof that the weak-* limit of any subsequence {v,},ey, ¥ C N
of OPM’s for I and z is gz, the balayage of the point mass at z to I, is as follows. Using
Propositions 4.2, 4.4 and 4.5, we first show in Lemma 4.6 and Corollary 4.7 that for any
probability measure p on I'; Ao (i, 2) (and hence By (1, 2)) is related to Ao (Pupt, 1/P(2))
where &, € M(T). The crux of the matter is to then show that if « is a weak-* limit
of a subsequence {v,}ney,, Y1 C Y then (a perturbation of) a “diagonal subsequence”
{En(un, 2) }nev;, converges to (a perturbation of) Eoo(a, z) (Lemma 5.4). As in the proof
of Lemma 4.6, we use Faber polynomials in Lemma 5.1 as a tool to prove a sort of
monotonicity of {B,(u, z)} in n for general p which is needed to apply Dini’s theorem to
conclude the proof of Lemma 5.4. After the proof of our main result, we make a remark
to indicate a relationship with an underlying general potential-theoretic question.

Lemma 4.6. Let z € Q and let p be a measure on I'. We have

i) = int { [ 1P, £ € A@L), 7 =1 (4.6)

Moreover, Xoo(u, z) = lim, o Xn(,u, ), i.e., the limit exists.
Proof. We first show

Rclo) 2 inf { [ |fPdn, f € AQL), () =1

Let U be a conformal map from U = Int(K) to D. We consider the level curves
T, = {|¥| =1—-1/k}, k = 2,3,..., and let , be the domain outside of I';. Then
Qe D Q1 D Q, and Q = Int(Ng€Y). Letting @, denote the conformal map from €2 to
C\ D with @, (c0) = oo and P} (c0) > 0, it follows from Theorem 4.1 that ®; converges
locally uniformly in €2 to ®.

Fix k € N. We have, for each n,

Ma2) = [0 int { [ pPdu, p € P ple) = 1)

> |®(z)[*" inf {/F (|(I|>i||)2"dﬂ7 pE Pn, p(z) = 1}

> (@) int { [ [fPd, € A@L), 1) =0l

_ ‘ @ (2)

Dy(z) ! inf {/F \f1dp, f€ AQ), f(z) = 1} .




In the first inequality, we have used that |®x| > 1 on I', and in the second inequality, we
have used that p/®} is analytic in a neighborhood of €.
Letting k tend to infinity, since z € Q we have ®y(z) — ®(z) as k — oo, and thus

Mn2) 2 int { [ IfPdu, € AL, 1) =1},

which implies the desired inequality:

n—o0

lim inf A, (1, 2) = Ao (s, 2) > inf {/ \f12dp, e AQ), f(z) = 1} .
r
To show that

inf {/ |f|2dlua fE A(ﬁoo)a f(Z) = 1} > hmsupj\n(:ua Z)>
T n—00

given € > 0, take g € A(s) with g(z) =1 and

JloPdn < 1+ ofint { [ 1#Pdn. 1 € 4@, ) =1}

We show that for n > ng(e), we can find p, € P, such that

/F pudp < (1+6)? / gPdu and pa(z) = 8(2). (4.7)

Applying Proposition 4.5 with the function ¢ and the polynomial @, = F,,, the n—th
Faber polynomial for K, and making use of Proposition 4.2, we conclude that, for some
constant ¢ independent of n,

Fu(Bg(t) = Pl < —,  teTU{z}
By Proposition 4.4 applied with p = 0, we have F,, — ®" on I' uniformly, and F,,(z) —
®"(2). Since |®| =1 on I' and g(2) = 1 we get
|P,| = |g|, uniformly on I'; and P,(z) — ®"(2).
Thus, we get, for n > ng(e), that p, := (9"(z)/P,(2)) P, satisfy (4.7). O

For a measure p on I' we have &, is a measure on the circle T. From (1.6),

Aol@.g1.1/B(2)) = lim (0.4, 1/8(2)).

Corollary 4.7. For any measure o on I, it holds that

Mooltts 2) = Aoo(@upp, 1/0(2)), 2z €. (4.8)
Proof. One has, in view of (4.6) and (3.5),

) =int { [ 1P, € A0), 7)1}

n—oo

~ i | / FPdop, f e AD), FB(2)) = 1) = I [9(:) " Au(s, (2))

= lim Ay (@1, 1/B(2)) = Ao (st 1/2(2)).



5 Case of K bounded by a curve I' € C(2, a)

With the same notation as section 4 we now assume that I' = 02 is a C(2, ) curve. We
start with proving a weak monotonicity of the sequence {B,,(y, 2)}, for g on I'.

Lemma 5.1. Let z € Q be fizred. Let v be any measure supported on I' such that the
orthogonal polynomials are well-defined up to degree N. Let n < N. Then there exist
positive numbers ¢, > 1 such that

~ ~ 1
Bualn?) SeBy(n2),  e=1+0( B0} waNooo, (1)
n o

where the ¢, ’s are independent of the measure .
Proof. Let n < N. We will prove that
| P(2) " An (1, 2) < eadnn(ps; 2)

for appropriate ¢,, which is equivalent to the inequality in (5.1).
To estimate |®(2)[*"An (i, 2),

24
(I) 2n>\ 7 _ (I) 2n 1'I1'1'l M
|(2)["" A (1, 2) = |@(2)] pePy (220 |p(2)]2

F.p|2d
oGP i D
PEPN . p(2)£0 |, (2)p(2)]
1D(2)[2 Jr | FapPdp

= . min
|F(2)[2 pePu—n, p(x)#0  |p(2)]2

To estimate [, |F,p[*du, we get

[ 1FpPdn < VB [ Pl
r T

so that
O(2) > . Jo IpPPdu
O(2) P Ay (1, 2 <‘ F||%- min S
| ( )‘ N(:U’ ) = ‘Fn(Z)P || ||F PEPN my P(2)20 ‘p(Z)P
The last minimum equals Ay_,(p, 2) and we need estimate
|2 (2) " 2
FE,

from above. Using the estimate (4.1) with p = 1 for each piece, we obtain

2 A7) < (140 (EL) ) Al 2),

from which the existence of the ¢,’s follows. The proof shows that they are independent
of the measure . O
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Remark 5.2. In the particular case of I' = T, the unit circle, and p = df/27, the family
{2"},en is an orthonormal basis, and

_ |Z|2n+2 -1

By (p, z) = P—1

The inequality By_1(j, 2) < Bn(u, 2) is true since it is equivalent to |2|2"2 — 1 < |z[27+2.
For the harmonic measure pp in (3.1), from (3.6) we have B,(up,20) = |20/*" so that
B, (up, z0) = 1 for all n.

In Proposition 5.3 and Lemma 5.4, the point 2 is fixed and for any measure p, we will
simply write B, (1), Boo(pt) instead of B, (i, z), Bs (14, 2), and similarly for other expres-
sions depending on z.

Proposition 5.3. Fiz z € ). Assume that a subsequence {Vym)}n of a sequence {v,},
of OPM’s tends weak-* to a limit measure a. Then « satisfies the following:
1) For all integers k, we have

Bi(a) <1< M(a). (5.2)
2) a has an infinite number of points in its support.

Proof. To show 1), for a given k, we have

Ek(oz) < liminf Ek(yap(n)) < lim inf C@(n)—k§¢(n)(V¢(n)) = lim inf B;O(n)(yw(n)) <1.

Here the first inequality follows from lower semicontinuity of By, (and hence Ek), recall
Lemma 2.1. The second inequality and the equality use Lemma 5.1, while the final

inequality uses (1.4) and the fact that |®(z)| = %), 2 € Q. The second inequality in
(5.2) is equivalent to the first one.

We prove 2) by contradiction. Assume that « has, say, k points in its support. Then,
B.(a) = 00, hence By,(a) = oo, which contradicts the first inequality in (5.2), and proves
2). Note, in particular, that orthogonal polynomials of all degrees are well-defined for the
measure q. 0

From (5.2), all numbers En(a), n > 0, are less than or equal to 1, and thus

(recall from Lemma 4.6 the limit exists).

Lemma 5.4. Let {v,}, be a sequence of OPM’s on K, with v, of order n. For any
subsequence {Vip, () }n of {Vn}n with a weak-* limit o, there is a subsequence {Vy,m)tn of
{Vor(n) }n such that

—~ ~

lim B, ) (Vs (n)) = Boo(@). (5:3)

Proof. Note that, by Proposition 5.3, the weak-* convergence v, ) — « implies that
orthogonal polynomials for the limit measure « exist for any degree n > 0 and

—~

Boo(@) = lim By, (n)(a).
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If the sequence {v,, ()} contains an element which appears infinitely many times, then o
is equal to this element; hence we may assume that each element in the sequence v, (,)
appears at most a finite number of times. For a technical reason in the sequel of the
proof (in the definition of the functions £}, below), we replace the sequence v, () with the
subsequence, still denoted v, (,,), Where we keep only the last occurence of each repeated
element. Hence, with that change, each element in the sequence {v,, )} appears exactly
once.
We choose the subsequence {Vy,(n)}n of {Vp,(n)}n in such a way that

Vn>1, n<eyn)—p(n—1) <pa(n+1) —pa(n). (5.4)

For a measure p, we set

Cn(p) := (H C<p2(k)—302(k—1)> Boym(n),  meN, (5.5)
k=0

where the ¢, are the constants in (5.1) (recall that they are independent of p). The
sequence C,,(p) is increasing with n. Indeed,

Co(1) [ Cr1 (1) = Coo(m)—pa(n—1)Ba ) (1) / Bipan-1) (1) = 1,

where the inequality comes from (5.1).
For the measure o we also define

~

Cux(@) := LBy (), L= H Con(k)—pa(k—1) = 1,

k=0

The infinite product in the definition of L converges because of (5.4) and the asymptotic
behavior of the ¢ as k tends to infinity, see (5.1). Also, by the choice of the subsequence
{Ve,(n) }n, We have

~

Coo(@) = lim Cp(a). (5.6)
n—oo
The set of measures S = {Vp,(0), Vpo(1), - - -, @} is compact. Consider the array of values

taken by the functions Fy, Fi,..., F,,...,Fyx on S:

Fo| Cx(a) Col(a)  Cxla) COxla) Cxla) Cila)
T 7 T T 1 T T
F, | Cy(a) . Coo(®)  Cr(Vgy(ny) — Ch(a)
Fi | Cula)  Civen) . - G
FQ CO(VSDZ(O)) CO(VSDZ(l)) . — C()(Oé)
Vip2(0) Vea(1) e Va(n) — o
where all values above the ascending main diagonal /C’VO(VHD2 ) c (Vo (1)) - - -5 fC’vn(Vsp2 (n))s- -

are equal to gw(a). Note our choice of the subsequence {vg, )} insures each F), is well-
defined. The following properties are satisfied:
a) The function Fi, is constant, hence continuous on S.

12
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b) For each n, F), is continuous at « because @Vn(l/m(k)) — Cp(a) asn < k — oo. To see
this, using (5.5) we have

n(Vipa (i (H Coz(p)—p2(p—1 ) By ) (Vs (v)

and E@Z(n)(yw(k)) — E@Z(n)(a) as k — 00 since Vg, ) — a weak-*.

c) At each vy, (), the sequence of functions Fy, Fi,. .., F,, ... increases to 5oo(a). Indeed,
by (5.1), we have

VE <n—1, Cu(Vpym)) < Crs1(Vpsn))s and Cn(Vpyn)) < Cp(a) < Coo(@),
where the next-to-last inequality uses that v,,(,) is an optimal prediction measure.

d) At a, the sequence of functions Fy, Fi,..., F,, ... also increases to 5oo(a). This is a
consequence of (5.1) and (5.6).

Hence, from Dini’s theorem, we may conclude that the convergence is uniform which
implies that Cy,(Vg,m)) = Cx () and thus also (5.3). O

Proof of Theorem 1.1. Let {Vy,(n)}n be a subsequence of {v,}, which converges weak-*
to a probability measure . From Lemma 5.4, there exists a subsequence {Vy,(m)}n of
{V4,(n) }n such that, as n tends to infinity,

~ ~

B‘PQ(”)(VS%(TL% ZO) — BOO(OK, Z(]).
By definition of the OPM'’s,

Vi € M(I'), Boon)(Vga(n), 20) < By (1, 20);  hence Byym) (Vs (n); 20) < Beo(m) (14; 20)-

Letting n tend to infinity, we get Eoo(a, 20) < Eoo(u, 2p) which shows that o minimizes
Boo (4, 20) over € M(I'"), or equivalently, maximizes

Xoo (4, 20) = liminf A, (2, 20)
n—o0

over measures u € M(T'). By Corollary 4.7, this is equivalent to the fact that ®,«
maximizes A (v, 1/®(2)) over measures v € M(T). Finally, Theorem 3.2 shows that

<I>a—<5 5\

1/®(z0)

where the balayage is onto T. By conformal invariance of the balayage, we obtain that
equals 9,,, the balayage of d,, onto I'. O

We end with a discussion of a related asymptotic problem. For a connected, simply
connected, compact subset K of C we recall from (1.4) that for zy € Q,

2
|p(ZO)| < e2ngg 20) ‘(I)( )|2n

BTL(Vn7Z0> = sup
repn IPll%

In fact, from the first equality together with (1.5) it follows that

Bn . 1/2n
lim Boln 20 T B
n—00 ‘(I)(ZO)| n—00

13



There is the deeper question as to whether the limit of the sequence {En(l/n,zo)}n -
without the 1/2n power — exists. Clearly

0 < liminf En(yn, 2p) < lim sup En(un, 29) <1

n—o0 n—oo

1. For the case of the unit circle, since

2

pz mn n

Bt 20) = sup PEO _ 1o — 1),
o

recall (3.1) and (3.6), we have B, (v, z0) = 1 for all n.

2. As a corollary of Lemma 5.4 and Theorem 1.1, it follows that for a C(2,«) curve

I', we have N
lim B, (v, 2) =1 (5.7)

n—o0

for all zy € €.

3. For the interval [—1, 1], the existence of this limit for z; ¢ [—1,1] was shown by
Yuditskii [14] and Peherstorfer [7]; their proofs are very technical. Writing ¢(z) :=
z + /22 — 1 for the conformal map from C\ [—1,1] onto C\ D, we have go(2) =
log [1(z)]. Two special cases are more easily computed. First, for x € R\ [-1, 1],
the polynomial p, in (2.2) is the Chebyshev polynomial

Thus for such z, from (2.1),

o o L@(@)" + ()" L
M By(vn, v) = lim 5 ()" T2

Next, for z = ia, a € R, |a| > 1, from [2]
Ipn(ia)| = Va2 + 1[|a| + Va2 + 1]" 7.
Since |¢(ia)| = |a + va? + 1|, we have, for a > 0,

.~ ) . Va2 +1]jal + Va2 + 1" a?+1
lim B, (vp,ia) = lim = :
n—00 n—00 |a+\/a2_‘_1|n a-++va2+1

The results in [14] and [7] seem to indicate that, as with these special cases, for any

20 ¢ [_17 1]7

lim By(vp, 2) < 1. (5.8)

n—oo

4. For a circular arc A, := {z € C: |z| = 1, |argz| < a}, 0 < a < 7, Eichinger [4]
shows that lim,, ., B, (v, 20) exists for any zy with |zp| # 1 and he calculates this
limit.
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Concerning 2., in particular, for the confocal ellipses
E..={zeC:|lz—1|+|z+1|=r+1/r}

(5.7) holds for all points zy outside E, for each r > 1. As r — 1, these ellipses converge
to the interval [—1, 1], which, according to 3., fails to have this property. We know of no
general results on existence of the limit of the sequence { B, (v, 20) }n-

Remark 5.5. For the interval [—1, 1], or, more generally, for a real analytic arc -y, there
is a problem with generalizing Lemma 4.6, Corollary 4.7, and the “weak monotonicity”
lemma, Lemma 5.1. Indeed, if such results were true for [—1,1], then the proofs of
Proposition 5.3 and hence Lemma 5.4 and Theorem 1.1 would be valid as well. However,
equation (5.7) then gives

lim En(l/n,zo) =1
n—o0

which contradicts (5.8). Thus other ideas or techniques are required to deal with arcs.
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