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ARITHMETIC PROPERTIES OF THE TAYLOR COEFFICIENTS OF
DIFFERENTIALLY ALGEBRAIC POWER SERIES

C. KRATTENTHALER' AND T. RIVOAL

ABSTRACT. Let f =377 foz™ € Q[[z] be a solution of an algebraic differential equation
Q(z,y(x),...,y* (x)) = 0, where @ is a multivariate polynomial with coefficients in Q.
The sequence (fy)n>0 satisfies a non-linear recurrence, whose expression involves a poly-
nomial M of degree s. When the equation is linear, M is its indicial polynomial at the
origin. We show that when M is split over Q, there exist two positive integers § and v such
that the denominator of f,, divides §"T!(vn+v)!?¢ for all n > 0, generalizing a well-known
property when the equation is linear. This proves in this case a strong form of a conjecture
of Mahler that Pélya-Popken’s upper bound n®(*1°&(") for the denominator of f,, is not
optimal. This also enables us to make Sibuya and Sperber’s bound |f,|, < e©™) for all
finite places v of Q, explicit in this case. Our method is completely effective and rests
upon a detailed p-adic analysis of the above mentioned non-linear recurrences. Finally,
we present various examples of differentially algebraic functions for which the associated
polynomial M is split over Q, among which are Weierstraf’ elliptic g function, solutions
of Painlevé equations, and Lagrange’s solution to Kepler’s equation.

In the memory of Bernard Malgrange

1. INTRODUCTION

We denote by Q the field of algebraic numbers and by Og the ring of algebraic integers.
Let us consider a non-trivial algebraic differential equation

Qa,y(),...,y" (@) =0, (1.1)

where @ € C[X, Y, ..., Ys]; here and in the sequel, by “non-trivial” we mean that @ is of
degree > 1 in at least one of the indeterminates Y. Let us assume that (1.1) has a power
series solution f(x) := > 7 foa™ € Cl[z]]. We say that f is a differentially algebraic
power series, and write DA in short. For instance, the Taylor expansions at x = 0 of
x/log(1l + x) and of tan(x) are DA power series, as these functions are solutions of the
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equations z(1 + )y’ +y?> — (1 + x)y = 0 and 3 — y* — 1 = 0, respectively, which are both
Riccati equations.

A natural question arises: is it possible to bound |f,,| non-trivially from above and from
below? In the Archimedean case, an upper bound was first obtained by Maillet [16], and
made more precise by various authors, in particular by Malgrange [17], and in the linear
case by Perron [18]. It is recalled in [15, p. 200] in the following form: there exist «, 5 > 0
that depend on @ and f such that |f,| < an!”® for all n > 0. A lower bound was obtained
by Popken [20] under the additional assumption that f, € Q for all n > 0, when Q is
embedded into C: there exist a, 5 > 0 that depend on ) and f such that either f, =0
or |f,| > an=Pm1e(™ for all n > 1, and if Q is a linear polynomial in Yy, ..., Y} (i.e., the
differential equation is linear inhomogeneous with coefficients in C[X]), then either f, =0
or | fu] > an=" for all n > 1. Similar lower bounds had been obtained earlier by Pdlya [19]
when f, € Q.

Popken’s lower bound has applications in the Theory of Transcendental Numbers, in
particular to the values of Weierstraf’ p function; see [15, pp. 207-212]. It was reproved in
detail by Mahler in [15, Chapter 8], following the method used by Pélya [19] in the rational
case. There it is shown to be a simple consequence of the following result. Let d, denote
the least positive integer such that d,f, is in Og. We shall from now on say that d, is
“the denominator of” f,. Then there exist o, > 0 that depend on () and f such that

d, < anmle™ > 1, (1.2)

and if @ is a linear polynomial in Yj,...,Y}; then d, < an”® for all n > 1. Popken’s
theorem follows by combining Maillet’s upper bound for the Galois conjugates o( f,,) of f,
(because » o(f,)x™is also DA) and the upper bound (1.2) for d,,, and then by considering
the norm of d, f,, over Q, which is a positive integer when f,, # 0.

Moreover, Mahler [15, p. 212] conjectured in rather loose terms that the exponent
fnlog(n) in Popken’s lower bound “can probably be improved to something like”
pfnloglog(n). This would make the general bound closer to the bound in the linear case.
Such an improvement, which could be difficult to detect numerically, would follow immedi-
ately from the same improvement on the exponent of n" in (1.2) because in Maillet’s upper
bound the exponent is even O(1). A different type of improvement of (1.2) was made by
Sibuya and Sperber in [24, p. 112, Eq. (III)], who proved that, for all finite places v of Q,
| fule < e for some non-explicit constant ¢ > 0 that depends on f, @, and v; this had
been conjectured by Dwork. This proves in particular that f has positive v-adic radius
of convergence in C,. Earlier, Mahler [14] had proved a lower bound for |f|, similar to
Popken’s in the Archimedean case. We refer to [23] for a survey of Archimedean and non-
Archimedean estimates for f,, when f is a DA power series, in particular for (possibly not
optimal) explicit values of the constants o and .

Mabhler’s denominator conjecture was the starting point of our investigations, and this
also led us naturally to study Sibuya and Sperber’s v-adic bounds. Let us first consider
two simple examples in the linear case, both of hypergeometric type. The series hy(z) :=

> WILQH) is a DA power series solution to z%y” + xy” + (1 — x)y’ —y = 0, and the
k=0
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associated denominator d,, satisfies d, = [[j—y(k* + 1) < [[1—s(k +1)? = n!?, as expected.
Notice however that, conjecturally, there exist no integers ¢, v, i, s > 0 such that d,, divides
5™t (un + p)!* for all n > 0 (V). On the other hand, the series hy(z) := S°°  ——& s

n=0 [TpZ;(2k+1)

also a DA power series solution to 2xy”+(1—z)y'—y = 0. Here, the associated delilgminator
dn = [11—y(2k + 1) is not only bounded by [[;*5" (k + 1) = (2n)!, but this time it divides
(2n)!. This is not surprising: it is well-known that such a divisibility phenomenon holds
for all power series in Q[[z]] that are solution of a homogeneous linear differential equation
with coefficients in Q[z] and whose indicial polynomial at the origin has only rational roots.
This is the case for hy (roots 0 and 1/2) but not for hy (roots 0 and 1 4 4). See §3.1 for
the details.

A little more surprising may be the fact that a divisibility phenomenon also numerically
holds for certain DA series that are not necessarily solutions of a linear differential equation.
Let us consider for instance the series f(z) = 1+ > 7, f,a™ that satisfies the Riccati
equation zf'(z) — zf(z)? + af(z) —a = 0, where a > 1 is a fixed integer. The sequence
(fn)n>o satisfies the non-linear recurrence relation

1 n
fn+1 n a 1 ;_0 f]fn*ﬁ n_07 fO 17 (1 3)

and we observed numerically that seemingly n!(n + a)! f,, € Z for all n > 0. (Note that,
if a =0, then f, = 1 for all n > 0.) Our first thought was that this observation would
be easy to prove by considering the sequence ¢, := n!(n + a)! f,, which is solution of the
recurrence

n

n+1 /n\/n+a
ntl = —| . ) (On_i, n >0, = al,
Pn+1 Z(]+1)a(])( j >90390 j ©o

J=0

where the Pochhammer symbol («),, is defined by a(a+1)--- (a+m —1) for m > 1, and
(a)o = 1. The binomial coefficients are obviously an important gain but this transformation
comes with a new “big” denominator (j+1),. By a careful p-adic analysis of the summand
(see Proposition 1 in §2), we shall prove that §"*1p, € Z for all n > 0 for some integer
0 > 1. The proof of this arithmetic property, which is weaker than what seems to be true, is
much more complicated than what one might expect at first sight. On the other hand, this
yields a better result for f, than the upper bound (1.2), i.e., we have §"*'n! (n+a)! f, € Z
for all n > 0, and it even proves Mahler’s conjecture in this case in a stronger form. This
also makes the upper bound for |f|, by Sibuya and Sperber explicit.

1 Assume on the contrary the existence of such integers. Then, any prime divisor p of d,, divides either &
or (vn+p)!, hence p < max(d, vn+p). But it is widely believed, because it is an instance of Bouniakovsky’s
conjecture, that there exist infinitely many primes of the form m? + 1 where m € N, so that we would have
(n —1)2 + 1 < max(6, vn + u) for infinitely many n. This is not possible. See [22] and references therein
for estimates of the p-adic valuation of products of the form [],., ., |¢(k)|, where ¢ is a polynomial of

degree > 2, irreducible over QQ, and taking integer values at integer arguments.



To explain our contribution towards Mahler’s denominator conjecture, we start by re-
viewing properties proved by Mahler in [15, Chapter 8]. We assume that the differential
equation (1.1) has a solution f(z) := Yo7 fuz™ € Q[[z]]. Then, by [15, p. 186, §120], the
differential equation can be assumed to have coefficients in Q without loss of generality.
Mahler proved in [15, p. 194] that the sequence of Taylor coefficients (f,),>0 satisfies a
non-linear recurrence

o2

fn+1 Z Z Z Pa,k(najlaij--ujk)fj1fj2"'fjka for n > N, (14)

o=01 k=1 j1+-+jr=n—0c

0<j1,fk<n
where N is some non-negative integer, M(X) € Og[X] vanishes for no n > N, the co-
efficients P, (n, j1,ja, - - -, jx) are in Og, the constants o1, 0y are integers, s and ko are
positive integers. More precisely, the P, j(n,j1,j2...,Jx) are piecewise polynomials in
, J1, Jos - - - » Ji With coefficients in Og. The initial values fo, fi1,..., fx are algebraic num-
bers with common denominator D. It should be observed that the restriction j1,..., 7 < n
can be safely ignored for non-negative o, while it has an effect for negative o. The process
to determine explicitly the recurrence (1.4) from the polynomial () can be complicated in
general but it is effective; it is a task that can be performed easily for simple examples.

Following Pélya in the rational case, Mahler then proved the upper bound on the denom-
m—1)n+1
]

inator of f, as follows: he showed by induction on n that A, = [[}_y |A(j )|L<m i+
a denominator of f,, for n > N, where A(X) € Z[z] vanishes for no integer n > N and
is constructed from M in [15, p. 202], and where the integer m > 1, which depends only
on @ and is defined in [15, p. 187], is equal to 1 if and only if @ is linear in Yy, ..., Y.
The denominator d,, of f, divides A,,, which then has to be bounded. When m = 1, the
exponent of each A(j) in the product for A,, is always 1 and thus independent of n, while
if m > 2 it depends on n. This explains the difference between the upper bounds for d,, in
the linear and non-linear cases.

18

In this paper, we shall consider the particular situation where the polynomial M in (1.4)
is split over Q, i.e., the sequence of Taylor coefficients (f,),>0 satisfies a non-linear recur-
rence of the form

fn+1 ==
CHS CLTL+b ZZ Z P(T,k(n7j17j27"'7jk)fj1fj2”'fjlw fornZN, (15)

o=01 k=1 j1++jr=n—0c
0<j1’ 7.]k<n

where N is some non-negative integer, the coefficients P, x(n,j1, j2, . .., jr) are in Og ?),
C' is a non-zero integer, oy, 0o are integers, s and ky are positive integers, the b;’s are

2Due to the normalization adopted in (1.5), the coefficients P, in (1.5) might differ from the P,
in (1.4) by a common non-zero algebraic factor (independent of o and k). The important point for us is
that we can still assume without loss of generality that they are in Og; indeed, this can always be achieved
by changing C' to mC for a suitable integer m > 2 if necessary.
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integers, the a;’s are positive integers such that ged(a;,b;) = 1 and a;n + b; # 0 for
all i € {1,...,s} and all n > N. The initial values fy, f1,..., fv are algebraic numbers
with common denominator D. In this situation, our main result is a proof of Mahler’s
denominator conjecture in a much stronger form, i.e., a divisibility property of d,, which
in particular implies that log(n) can be replaced by O(1), not just loglog(n).

Theorem 1. Let f € Q[[x] be a solution of a non-trivial algebraic differential equation
Q(z,y(x),...,y* (x)) =0, where Q € Q[X,Y,...,Yi]. More specifically, we assume that
the sequence (fn)n>0 of Taylor coefficients of f satisfies a non-linear recurrence of the
form (1.5).

Then there exist two positive integers 6 and v such that the denominator of f, divides

" (vn + )% for all n > 0, where s is the degree of the denominator polynomial on the
right-hand side of (1.5).

As a consequence, we obtain an explicit version of the v-adic upper bound of Sibuya and
Sperber in this particular situation, which seems to be new.

Corollary 1. In the setting of Theorem 1, for all finite places v of Q over any given
rational prime number p, we have

[Fuly < plr @050 >, (16)
where we take the standard normalization |p|, := 1/p.

(On the right-hand side of (1.6), v, denotes the usual p-adic valuation, and the exponent
involves v and not the place v.) The proof of Theorem 1 provides completely explicit, albeit
complicated, formulas for ¢ and v in terms of C, D, kg, ay, as, . .. ,as and by, by, ..., b,. When
o1 > 0, these formulas, in a refined form, are given by Theorem 2 in §2; they are not always
sharp. When o, < 0 for a sequence (f,,),>0 defined for all n > N by a recurrence like (1.5),
we shall prove in a constructive way (Lemma 1) that we can always find another recurrence
for (fn)n>o like (1.5) in which now o > 0, but for n > N which may differ from N. We
shall explain in §2.1 that Lemma 1 is a variant of [23, p. 382, Lemma 2.2]. The latter also
provides in principle another way of finding a recurrence of type (1.5) from a recurrence of
type (1.4), even though it seems not to be entirely constructive, as we explain at the end
of §2.1.

The arithmetic assumption on the polynomial M implies in particular the rationality
of all the roots (known as the local exponents) of the indicial polynomial at 0 when @ is
linear in Yy, ..., Y,. The procedure in [23, p. 382] has the theoretical interest of explaining
why M can be viewed as a natural generalization to the non-linear case of the indicial
polynomial at the origin in the linear case. A similar assumption appears in [23, p. 400,
(i1)], where Popken’s lower bound is then improved to |f,| > an="" for some non-explicit
positive constants o and . It does not seem that the stronger and more precise divisibility
properties in Theorem 1 and Theorem 2 below are also proven. It turns out that the
arithmetic assumption holds in many interesting situations. We shall elaborate on these
examples in §3.



In the next section, we present our proof of Theorem 1. It consists in several steps.
In Lemma 1 we show that, if in the sum on the right-hand side of (1.5) negative o’s
contribute, then one can find an equivalent recurrence of the same type without negative o’s
contributing; we also compare it with Lemma 2.2 in [23]. We then restate Theorem 1 in a
more precise, but also more general form, see Theorem 2. The key arithmetic part of its
proof is taken care of separately in Proposition 1. In the last section, Section 3, we discuss
many examples in which our theorems apply, amongst which are Gregory coefficients,
tangent numbers, Bernoulli numbers, Taylor coefficients of the Weierstraf elliptic function,
of solutions to Painlevé equations, of modular forms, of solutions to Kepler’s equation, of
the compositional inverse of the dilogarithm. We conclude the paper with a discussion of
Mabhler’s conjecture on a simple example of a recurrence for which M is non-split over Q.

2. PROOF OF THEOREM 1

2.1. An effective procedure to remove negative ¢’s. In this subsection, we show
that, if there are negative ¢’s contributing to the right-hand side of (1.5), then there is an
equivalent recurrence with all the characteristics of (1.5) but which avoids negative o’s,
i.e., it satisfies 0y > 0. By equivalent recurrences of type (1.5), we mean that the given
sequence (f,)n>0 satisfies both recurrences for all n large enough, but “large enough”
is different in each recurrence. At the end of this subsection, we shall also mention a
non-constructive variant of Lemma 1, due to Sibuya and Sperber, which nonetheless has
important theoretical consequences for us.

Lemma 1. For any recurrence of the form (1.5) in which negative o’s appear, there is an
equivalent one with only non-negative o’s.

The proof of Lemma 1 is constructive, and free of any indeterminacy. As an inspection
of the proof reveals, the conclusion of Lemma 1 holds more generally also for a recurrence
of type (1.4).

Proof. We consider a recurrence (1.5) in which oy is negative. Let N = max{N, oo —ki01}.
(The background for this choice will become clear later on.) We assume the f;’s with
j < N as initial conditions, meaning that fiwith N <j < N has been computed via the
recurrence (1.5).

Now, in the sums over j;’s, we isolate terms containing f;’s with j < —oy (recall that
—oy > 0) in separate sums. This converts (1.5) into

B 1 - [k
e oo (y) X feh

=1 o=01 k=1 £=0 0<g1,00,je<—01

Z Pa,k<n>j17j27"'7jk)fje+1"'fjk

Jet1tFig=n—o—ji——j¢
—01<Jo415-Jk <N




0<71,...,7e<—01

e T DI M () D SRS
: P

O',k(n7]17 ey Je Je+1 — 01y -0 Jk 0—1)sz+1—0'1 e fjk—dl'
Jer1ttijk=n—o—ji——je+(k—L)o1
0<jet1,-Jk<n+oi

The binomial coefficient arises since the ¢ terms f; with j < —o; might appear at any of
the k possible positions.

Now we write ¢,,, = fimn—o,- In this notation, the above recurrence reads

i ST S Lo (1), T et

o=o01 k=1 ¢=0 <J1,--,Je<—01

E Pa,k(nm?l? ey Jes i+1 — 01y -0 Jk T Ul>gjg+1 G
Jet1+tjg=n—o—j1——ji+(k—L)o1
0<je41,--. gk <nto1

or, after performing the shift n — n — oy,

o= e o n e () X nen

0—01 k=1 ¢=0 0<j1,05Je<—01

§ Pa,k‘(n — 01,15+ -500, 0041 — 01y« ooy Jk — Ul)gje+1 GGk
Jes1+tig=n—o—j1——je+(k—L—1)o1
0<je+15-J <0

forn>N. (2.1)

Defineg:=c+j1+--+j—(k—0—1)oy. If k >+ 1, we have d > 0 — 01 > 0. This
implies that in this case the inner sum in (2.1) runs over non-negative integers joi1, . .., jk
with jpi 1+ -+Jjr = n—ao, where ¢ > 0. The case k = /+1 does not need to be considered
since then the inner sum consists of just one (or no term). The equality & = ¢ produces
an empty sum since the condition on the summation indices in the inner sum in (2.1) (the
empty sum being equal to zero) becomes

O=n—o—j1— - —Jju+(k—C—-1)oy=n—0c—j1— - — jp— 01 (2.2)
in this case, but
n—a—jl—---—jk—al>N—U+k01—01202—0—01>0

by the definition of N, a contradiction with (2.2).

In summary, the recurrence (2.1) for (gn) ( fne 01) is indeed a recurrence of the

n>0
form (1.5) without negative ¢’s; in other words, it is of the form (1.5) with o1 = 0. O

As mentioned before, Sibuya and Sperber proved an important lemma that leads to
the same conclusion as our Lemma 1. Starting from a solution f = > f,2" € Q[[z]]
of a non-trivial differential algebraic equation Q(z,y,...,y*™) = 0 with coefficients
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in Q, they first consider a non-trivial differential equation @(x,y,...,y“)) = 0 with
@ € Q[X,Yp, ...,V of which f is still a solution. They require that ¢ > 0 is minimal
amongst all differential algebraic equations satisfied by f, and that the degree of é in Yy
is also minimal. Notice that ¢ is the transcendence degree of the field generated over Q(z)
by f and all its derivatives. This in particular ensures that
Q) y
a_n(xafw"af( )) %07
which is crucial. However, Sibuya and Sperber give no way to effectively compute ¢ and
to minimize the degree in Y} starting from f and ) above. They canonically attach to é

and f a linear operator Loy € Q[[z]][-L] of order ¢ and then consider the indicial polynomial
Py at the origin of Lg. Then [23, Lemma 2.2] says the following:

For any ¢ > 0, there exist integers N' > 0, N > N, N" > ¢ such that u :== Y~ foz™ N €
Q[[z]] is a solution of a differential equation L(u) = z™" F(z,u,u’,... u®) where F €
OglX.Yo,.... Y] and L is a linear differential operator in Oglx][-L] of order ¢ and whose
leading coefficient is independent of N”.

Moreover, the indicial polynomial P(X) at the origin of L is simply Py(X + N'); in
particular, if Fj is split over Q, then P is as well. From the particular form of the equation
satisfied by wu, Sibuya and Sperber deduce a recurrence for (f,),>o which is of the form
(1.4) with oy > 0 (provided N” is large enough, which is possible because ¢ is arbitrary)
and with M (X) = Py(X + N’ 4 1). Therefore, this gives an interpretation of M in terms
of the indicial polynomial F, attached to @ and f. It is important to observe that Fy may
be different for another solution in Q[[z]] of the differential equation Q(z,y,...,y*) = 0.

Sibuya and Sperber also drew a few consequences from their lemma in [23, p. 384]
(encompassed by our Theorem 1) when Py is a constant, when 0 is an ordinary point of
Lo, and when F(z,u,2,...,u®) = F(z) (which happens when @ is linear in Yy, ..., Yz).
In the latter case, they recovered Popken’s upper bound for the denominator of f,, in the
linear case; this is in fact equivalent to what Mahler had done in [15, p. 205].

2.2. The main result. We are now in the position to state our main result, Theorem 2
below, which together with Lemma 1 immediately implies Theorem 1. Indeed, the de-
nominator d,(C, D, a, b, kg) in (2.5) below obviously divides 6" (vn + v)!** for all n > N
for suitable positive integers ¢ and v. We can also take ¢ large enough to ensure that D
divides §. Hence, the denominator d,, of f, divides 6""*(vn + v)!? for all n > 0.

To prove Corollary 1, let v be a place of Q over a rational prime number p. From the
divisibility in Theorem 1, we deduce that

| fulo < pvp(5n+1)+vp((yn+u)z23) <pu,,(5)(n+1)+ji"1(n+1)

— Y

because by Legendre’s formula [12, p. 10] for the p-adic valuation of factorials, i.e.,

o) =Y {%J , (2.3)

£>1



we have

> vn+v 2sv(n +1
vp((vn + v)1*%) < 232 = (_ 1 )
— P p

This proves (1.6).

The proof of Theorem 2 requires a technical auxiliary result which is established sep-
arately in Proposition 1 below. We emphasize that Theorem 2 applies to more general
situations than the differential context behind Theorem 1. Indeed, the only assumption
we make below on the coefficients P, x(n, j1, jo2, - .., jx) is that they are algebraic integers;
they need not necessarily be piecewise polynomials in n, j1, 2, . . . , jx as they are when they
come from a solution of an algebraic differential equation.

Theorem 2. Let us consider a recurrence of the form (1.5) without negative o’s, that is,

fn—i—l
o3
:CHS azn—I—b Z Z Po',k(n7j17j27"'7j]€)fj1fj2“'fjk7 fOT'?”LzN,
? aOk 1 j1++jr=n—0o
0<j1,esJ<n
(2.4)
where P, (1, 1, jo, - - -, jk) are algebraic integers, oy is a non-negative integer, C, s and
ko are positive integers, b = (by,bs,...,bs) is a vector of integers, a = (a1, as,...,as) is
a vector of positive integers such that ged(a;, b)) = 1 fori = 1,2,...,s, and N is some
non-negative integer such that a;N + b, —a; > 0 fori = 1,2,...,s. The initial values
fo, f1, ..., fn are algebraic numbers with common denominator D > 1.

Then, for alln > N, the denominator of f, divides

d,(C,D,a,b, ky) := " pko-brHin H(am)! (an +b; — a;)), (2.5)

=1

IT= f[ ((max{bi — a;,0}) 1! H pﬁogl’ max{bi“”“) : (2.6)

p<2 maxlsjgs(bj—aj)

where

p prime

Proof. The assertion is certainly true for n = N. For, by assumption, the denominator
of fy is D, which trivially divides dy(C,D,a, b, ko) due to the term D®o—DN+L in jtg
definition.

For n > N we are going to argue by induction. Put

S

on =dn(C,D,a,b, ko) f, =C"D Dko—nt1yn (H(am)! (ain + b; — ai)!> fn, formn > N.

i=1
(2.7)
and
= " plho—1) "+1H”fn, for 0 <n <N.
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By multiplying both sides of the recurrence (2.4) by

s

dpi1(C, D, a, b, ky) = CmHplo= DL+ nl H(am + a;)! (a;n + b;)!,

i=1
we obtain
oo ko S
o Do _ . (am—l—az)'(azn—l—bz— 1)'
W S I Y 1 £
0=0 k=1 gitetie=n—o Ni=b T (a5,)! (a5 + by — a;)!
0<j1,.-,Jk <0 =1
Jt>N

: Po‘,k’(”ajl?j?? cee 7jk)90j150j2 gk for n > Na (28)

where (as indicated) the product over t is taken only over those ¢ between 1 and k for
which j; > N.

We claim that the recurrence (2.8) is one with algebraic integer coefficients throughout.
Obviously, by induction, this claim would imply that all ¢,’s — including those with
n > N — are algebraic integers. Going back to the definitions (2.7) of ¢, and (2.5) of
d,(C,D,a,b, k), it follows that the denominator of f, divides d,(C,D,a,b,ky) for all
n > 0.

Clearly, the only problem concerning our claim could arise from the product over 7, a
product of factorial ratios. It is Proposition 1 below which addresses this product. In order
to apply the proposition, we need to reorder the j;’s in increasing order (so that the 7; in
the proposition are well-defined). Then Proposition 1 says that the product of factorial
ratios is “almost” an integer, except for some prime divisors p with p < 2 max;<;<s(b; —a;).
However, their product is a divisor of II (compare its definition in (2.6) with the right-hand
side of (2.10)), which in turn divides II°*! which appears as a factor in (2.8). This proves
our claim and completes the proof of the theorem. O

We now proceed with the proof of the last missing step in the proof of Theorem 2. This
is the most complicated part.

Proposition 1. Let n,k,s and ay,as,...,as be positive integers with k > 2, let
bi,bs, ..., bs be integers, and let o, 71,72, ..., Tk, and j1,J2,...,Jr be non-negative inte-
gers with j1 4+ jo + -+ 4+ jr = n — o and such that a;5; + b; —a; < 0 for 1 <t < 7; and
1 <i<s, whiea;jy +b; —a; >0 for +1 <t < kand 1 < i < s, In particular, if
b; —a; > 0, then necessarily T; = 0.

(1) For prime numbers p > maxi<;<s 2(b; — a;), we have

: (amn + a;)! (an + b; — 1)! :
v - - - - > 2 vy ((a; — ) (a;0)!).
g <¢1 (@ijr+1)! (@ifr1 + b — @)l - (aije)! (aije + bi — a;)! 221 pl(a: =1 aio))
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(2) For prime numbers p < maxi<;<s2(b; — a;), we have

(ain + a;)! (a;n + b; — 1)!
(@;Jr41)! (@iJr1 + 0i — ai)l- -+ (aiji)! (aijr + b — @;)!

s

Z [log, max{b; — a;,1}| — (k — 1)v, (max{b; — a;, 0}!) + 2v,((a; — 1)! (a;0)!)).
= (2.10)

Proof. For this proof, we drew inspiration from our previous work [9], in which we also
proved another denominator conjecture in the context of zeta values, and not related to
Mabhler’s denominator conjecture studied in the present paper.

By Legendre’s formula recalled above in (2.3), we have

Y f[ (ain + a;)! (a;n + b; — 1)!
P\t (i) (@idrn + b= i)l (@agie)! (@ige + bi — a;)!

_ZZ<{an+b —1J N {ain—;aiJ

£>1 i=1 p

p P P P

We put N; = {%}, Jii = {a;gt}’ for t = 1,2,...,k — 1 (sic!), A; = {agl} and

B, = {%} for v = 1,2,...,s, and S; = {‘Z—f} The reader should keep in mind
that N;, Ji;, Ai, B;, S; also depend on ¢. We do not indicate this in the notation for better
readability.

Using the above notation, the summand of the sum over ¢ on the right-hand side of (2.11)
can be rewritten as

k—1

i(LNi+Ai+BiJ+LNi+Ai+p%J_ Z (LJt,iJ+LJt,i+BiJ)
i=1 t=r;+1
—[Ni—=Jii— = Jeeri = Si] = [Ni = Jii— = Jeeri + Bi = Si]
+22L%J+2{%}1J—(k‘—1—7}){1a’J—FQ{ J)
t=1
s k-1
:Z(LNI-+A¢+B¢J+LN1-+A¢+#J— > |Jui+ Bl
i=1 t=T1;+1
— [Ni—=Jii— = Sy = Si] = [Ni = S — 0 — S+ Bi — Si]

+2§1@—5ﬁ+2ﬁ;1j—(k—1—n)v %J+2{ J) (2.12)
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(1) Concerning the summand, we claim that

|N; + A + B; | + {Ni +A4; + ﬁJ — Z_: | Jti + B
t=7;+1

— | Ni—=Jyi— =i = Si) = [Ni— Jii— = Jy1i + Bi — Si

:

> 2 L“HJ + 2 L

For a fixed i, we consider first the case where b; < a;. Then we have

Ti

N AR R B N e I

J . (2.13)

k—1
S it Bl <k—1-n<—(h—1-7) || (2.14)
t:’Ti—i-l
and
LNZ + Az + BZJ LN Jl '''' — Jk—l,i + BZ — SZJ , (215)

which establishes (2.13) in this case.

Now let b; > a;. We note that then necessarily 7, = 0. Without loss of generality
we assume that, for fixed ¢ with 1 <7 <'s, we have J;; + B; > 1 for 1 <t < m; and
Jii+ B <1form; +1 <t <k — 1, for some non-negative integer m,.

Since by assumption p > 2(b; — a;), we have L%J =0 and

bi—CLi bi—ai bi—ai 1
P’ p* 2(b; — a;) 2

It should be observed that the same conclusions also hold for b; — a; = 0.
The case of m; = 0 of our claim follows from (2.15).
Let now m; > 1. If N; + B; < 1, then

Ni+Bi—Jiyi— =i — S <1 -5
This implies
|N; +B; — Jy;— - — Jp—1, — Si S—(mT_lw
Since in the current case N; + B; < 1 < J;; + B;, we obtain that N; < J;;. Hence
Ni—Jig— = Jem1i = Si < =Joi — -+ — o1y — S5 < =
and therefore
[Ni = Jii— - — e — Si) < = [5].

If one uses these findings in (2.13), the left-hand side can be bounded from below by

—mi o+ (2] 4 ] 2 ot 42 ug | = 2|55t | 2| e

as we claimed.
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Now let N; + B; > 1. Then

Ni+Bi—Jii——Je1i—Si <3 -5,
which implies
[Ni+Bi— Jii— - — o1 — Si) <1—[%].
On the other hand, we have
Ni—Jii—- = g1y — S <1— 5
and hence
Ny —Ji— = Jpe1 — Si) < — (m’T_lw .

If one uses these findings in (2.13), the left-hand side can be bounded from below by
m; m;—1 a;—1 a;o | __ a;—1 a;o
1—m; — 1+ [7—‘ -+ (T—‘ +2\\P_4J +2LPTJ —QLP—ZJ +2LP7J,
again as we claimed.
(2) Let p < maxj<ij<s2(b; — a;). As in Case (1), if b; — a; < 0 for some ¢, then, since
7; < k — 1, we have again (2.14) and (2.15), and then the subsequent arguments show
that (2.13) holds.

If b; — a; > 0, consider an ¢ with ¢ > log,(b; — a;) + 1. We then have L%J =0 and

bi—ai bi—ai bi—ai 1 1
p p (bi —ai)p p~ 2
Again, it should be observed that the same conclusions also hold for b; — a; = 0, even
regardless of the value of ¢. The arguments of Case (1) then show that (2.13) holds again.
On the other hand, if ¢ < log,(b; — a;) + 1, then there is no restriction on B; (except
the trivial strict upper bound of 1). We claim that the relevant summand in (2.12) (in
particular, with 7; = 0) satisfies the estimation

k—1
| Vi + Ai + Bi| + \\Ni + A + #J - Z | Jii + Bi]
t=1
— | Ni=Jyi— =i = Si) = [Ni— Jyi— = S+ Bi — 53

el [ el
> 2|5t - (- 1) || 2|22 -1 216)

Using the same notation as before, if m; = 0 then one sees that (2.16) holds.
If N;+ B; <1, then we have

Ni—i_Bi_Jl,i_"'_kal,i_Si<1_%-

This implies
|INi+Bi — Ji;— - — Jpe1i — Si] < — ’—mlé_l-‘ :



14

Since in the current case V; + B; < 1 < J;; + B;, we obtain that V; < J; ;. Hence
Ni_‘]lai_"'_‘]k—l,i_si<_J2,i_"'_=]k_1z S < ml_l,
and therefore

|N; — Jii— - = Jemr — Si) < — [3E].

2
If one uses these findings in (2.16), the left-hand side can be bounded from below by

o [] ] 2 ot — (k- [ 42|

2l e el

which is even slightly better than (2.16).
If Nz + BZ 2 1, then

Ni+Bi—Jii— = Jpo1i — S <2 =73
which implies
N+ B — Jig— - — Jem1 — Si) < 1— 2]
Furthermore, we have
Ni—Jii—- = Je1:— 5 <
and hence
INi = Jyi— = T — Si] < — (’”’”T‘W .

If one uses these findings in (2.16), the left-hand side can be bounded from below by

1—mi—1+2(%}+2L%J—(k—1)Lb “1J+2L J
a;—1 bi—a;

> 12 |ust| (k- 1) [t ] 42| ar ],

as we claimed.
If we use all this in (2.11) for fixed ¢ (with b; — a; > 0), we obtain

v < (a-n—i—ai) (an—l—bz—l)' )
b ( z]ﬂ—&-l) (azjn+1 + b - az)' : (az,]k)' (az,]k + bz - (lz)'
|—10gp bi*ai)-l

=Y (el -l el
¢ B Selslals)

= (logp( i al)—l 41 =1
> — [log, (b; — a;)| — (k — 1)v,(max{b; — a;, 0}1) + 2v,((a; — 1)! (a;0)!).

Upon summation of both sides over 1 < i < s, this yields the claimed result in Case (2).

This completes the proof of the proposition, and thus of Theorem 2. [l
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3. EXAMPLES

In this section, we present various examples of classical DA functions to which our
results apply; many more examples of algebraic differential equations can be found in [§],
for instance “Abel’s equation” on page 199 that we do not treat here. Due to the general
nature of Theorems 1 and 2, the divisibility properties they imply in such or such situation
are not always sharp. Better divisibility properties have often been obtained by different
means, in particular when the Taylor coefficients are also known to satisfy combinatorial
properties from which alternative formulas equivalent to those of type (1.5) can be deduced.

3.1. The linear case. The material in this subsection is well-known. We recall it for the
reader’s convenience and also because it provides a simple interpretation of the condition
that M is split over QQ in terms of an indicial polynomial of a linear differential equation.
In the general non-linear case, the interpretation of M along a similar line is given in §2.1.
The situation we consider here is when @ in (1.1) is a linear polynomial in Yy, ..., Yy, i.e.,
an inhomogeneous linear equation for f. Differentiating enough time, we then obtain a
homogeneous differential equation for f.

A linear differential equation L : > p_ o pr(z) f*) =0, po,...,pn € K[X], py # 0 and K

any subfield of C, can be rewritten as > 7" ™ Iq;(0)(f) = 0, where qo, ..., q, € K[X],

gm # 0, and 6 is Euler’s operator x%. The polynomial ¢,,(X) is the indicial polynomial

at the origin of L; see [5, §4.1, Lemma 1], the proof of which holds in fact verbatim in this
general setting. Let us assume that f(z) = > 7 foa™ € K[[z]] is a solution of L. It is
immediate that (see [2, §4.1])

> g+ §) s =0

=0
for all n large enough, say n > N. Up to increasing the value of NV, we can assume that
for all n > N we have g,,(n + m) # 0. Then

m—1
1
i =~ 3 (0 + ) farjs 1> N.
f+ qm(n+m) pr QJ(n+j)f +7 n

Let us now assume that K = Q. We may rewrite the above equation as
m—1
1

a;j(n)fo—j, n>N+m-—1,
=0

Jnt1 = (1)

where ag,...,a,, € O@[X | and the leading coefficient of a,, is a positive integer. This
recurrence is of the type in (1.5) with ky = 1. By induction on n, we obtain that

D, =D 1:[ am(5)

j=N+4+m—1
is a denominator of f, for all n > N + m, where D is a common denominator of fy,...,
fN+m—1-
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Now, a,, is split over Q if and only if the indicial polynomial at the origin ¢, is split
over Q. Assuming this is the case, we have a,,(X) = CH?Zl(uiX + v;) with C' a non-
negative integer, uq,...,uq positive integers and vy, ...,vy integers. It follows that D,
divides DC™(vn + v)!? for some positive integer v.

3.2. Roots of power series. Let f(z) = Y7 f,2" € Q[[z]] be a solution of a linear
equation with coefficients in Q[x] and with rational exponents at the origin. We have seen
in §3.1 that the sequence (f,)n>0 is then solution of a recurrence of type (1.5), which in
this case reads

Zpk ) otk = (3.1)

with pi(X) € Og[X] for k=0, .. ,d — 1, and p4(X) € Q[X] and split over Q.

For simplicity, let us assume without loss of generality that fo # 0. Let m > 2 be an
integer and let g(z) = Y>>0 gua™ € Q[X] be such that f = ¢g™. In particular, gy # 0
because fy = gy'. Substituting g™ for f in the differential equation satisfied by f readily
implies that ¢ is a DA function. We claim that the sequence (g,)n>0 is also solution of a
recurrence of type (1.5).

Indeed, we have

P . . ... . P— m_1 . . . .. .
fn - z : g]lg]2 g]nL - mgO gn + z : g]lg]2 g]nL’
J1+jo+-+jm=n Jitjettim=n

so that from (3.1) we deduce that

Mgy pa(n)gnsd

d—1
-> (pk(n) > 9595 'gjm> — pa(n) > 91 9j2 " Gjm- (3.2)
k=0 Jitjettijm=ntk Jitj2t-tjm=n+d
J1seees Jm<n+d—1
Since pg(n) # 0 for all n large enough, it follows that (3.2) can be rearranged into a
recurrence of type (1.5) as claimed.

3.3. Generating functions of special sequences. We now illustrate our method with
three classical series solutions of Riccati equations.

The function z/log(1 + ) = >~ g,z™ is solution of x(1 + z)y +y*> — (1 + )y = 0.
This differential equation provides the recurrence relation

1 n
Gn+1 = —m<(n - 1)9n + ;gjgnﬂ—j), n 2> 0, (3-3)

with gg = 1. The g, are known as the Gregory coefficients or Cauchy numbers of the first
kind. Tt is known that n!g, = Zk oS ( k)/(k+1), where s(n, k) € Z are Stirling numbers
of the first kind, so that lem{1,2,...,n+ 1}nlg, € Z for all n > 0. See [4, pp. 293-294].
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Let us explain what divisibility could be obtained with our result. The recurrence (3.3) is
an example for which o1 = —1, and thus this necessitates to transform it into a recurrence
with o > 0. Following the procedure in the proof of Lemma 1, let g, = g,1, substitute
this in (3.3), and finally replace n by n + 1. In this manner, we obtain

~ 1 [ o~ ~
In+1 = _—<ngn + Zgjgn—j>a n=>0, g= 1/2'
n+3 o

We can apply Theorem 2 with s =1,a, =1, =3, C=1,D =2, 01 =0, =0, kg = 2,
N =0 and II = 12, so that 24"(n — 1)! (n+ 1)!g,, € Z for all n > 1.

Next we consider the function % = Zf:o b,x". We have by = 0,b; = —1/2, bg,01 =0
forn > 2. Let us write by, = Bs,/(2n)! for n > 1. The numbers By, are the Bernoulli num-
bers. The Clausen—von Staudt Theorem says that the denominator of Bs, is the product of
the prime numbers p such that p— 1 divides 2n; this quantity divides lem{1,2,...,2n+1}.

The above power series is solution of zy’ +y*+ (z — 1)y = 0, from which we deduce that

1 n
bn+1 = —n—_|_2 <bn + jz:;bjbn_i_l_j), n Z 0, bo =1. (34)
This is again an example of a recurrence with o1 = —1, and it is completely similar to (3.3).

We let b, := b,11, substitute in (3.4), and then change n to n + 1. We obtain

~ 1/~ LIPS ~
bst = —n+3(bn+;bjbnj), n>0, b =1/2.

Exactly as with the Gregory coefficients, we can apply Theorem 2 with s =1, a; =1, b; =
3,C=1,D=201=09=0,kg =2, N=0and IT = 12, so that 24" (n—1)! (n+1)!b, € Z
for all n > 1.

The function tan(z) = Y oo t,2™ is solution of ¥’ — y*> — 1 = 0, which translates into

the recurrence
n

1
tn+1 = n——l—]_ : tjtnij n Z 1,
j=0
with tg = 0,t; = 1. We can apply Theorem 2 with C =1, D =1,s=1,a; =1, by = 1,
01 = 02 :0, ]{30 = 2, P()J = 0, Po’g = ]_, N =1 and II = 1. It follows that n'ztn S Z,n > 0.
It is known that ty, = 0 while ty, ; = (—1)""'4"(4" — 1) By,/(2n)!, where the By, are
again the Bernoulli numbers. See [4, p. 88].

These examples show why Theorem 2 is not always sharp: quantities like lem{1,2,...,n}
or Hp: po1n P are “incorporated” into an n! factor, because even though they are less
than 3", they do not divide 0™ for some 9. At the cost of a complicated p-adic analysis
that we do not reproduce here, we have been able to prove that for the sequence (f,)n>0
defined in the introduction by (1.3) with a = 1, the denominator of f, divides (n +
1)!?/1lem{1,2,...,n + 1}, which improves on n! (n + 1)! given by Theorem 2. We did not
try to prove such refinements in the general case.
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3.4. Elliptic differential equation. The Weierstraf§ elliptic function p with modular
invariants go, g3 € C (such that g3 # 27¢3) satisfies the algebraic differential equation

% = 4p° — gop — gs. (3.5)
The function p(z) is a doubly-periodic meromorphic function on C, and it can be expanded
in a Laurent series at 0 (*). We have

JR— _
p(x) = E + anlﬂn 27
n=2

where the coefficients p,, satisfy the recurrence

n—2
3
.= S pipns, 04, 3.6
b= Gny D —3) &P (36)
=2

with py = ¢2/20, p3 = ¢3/28; see [1, p. 635, Eq. (18.5.3)]. Eq. (3.6) is easily obtained not
from (3.5) but from the simpler equation

12p% — 20" — g = 0,

which follows at once from differentiating (3.5). To apply Theorem 2, we define u,, 1= pp12
for n > 0: we have
n—1
3
Un+1 = (2n T 7)n jzzoujunjb n>1,

with ug = g2/20 and u; = g3/28. It is obvious that u, is a polynomial in g, and g3 with
rational coefficients. Assuming that gs, g5 are in Q, let D denote a common denominator
of g2/20 and g3/28. We are in the situation of Theorem 2 with C' =1, s = 2, a1 = 1,
bl:0,a2:2,b2:7,k0:2,02:1,N:1,P071:P072:Plyoz()andPl’l:Band
IT:=23%-32.5-7=2520. It follows that

D"MI"(n — 1)lnl (2n)! (2n 4 5)! pute € Og, n > 1.

We have not been able to find a divisibility of this nature in this generality in the
literature, but would be surprised if it were a new result. For instance, Hurwitz obtained
a much better result when go = 4 and g3 = 0 (the lemniscate case). Using his notations,
let

1 > 24nEn x4n72
= — . E s
o0 = 3+ 3 gy © O]
which is a solution of 3 = 4y® — 4y. Then he showed in [7, p. 208] the following result,
which is an analogue of the Clausen—von Staudt Theorem for the Bernoulli numbers.

Let d,, denote the denominator of E,: (1) there is no prime number = 3 mod 4 that
divides d,; (2) if a prime number p = 1 mod 4 divides d,,, then p — 1 divides 4n and p*
does not divide d,,.

30ur results hold for DA Laurent series f, because ™ f is a DA power series for some suitable integer m.
A non-linear recurrence of type (1.4) for the coefficients of 2™ f obviously provides one for those of f.
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Moreover, it follows from the partial fraction expansion of E, in [7, p. 219, Eq. (78)] that
vs(Ey) = —1. Hence, ([],., 14, P)En € Z. Moreover, letting

4n+2

nzen 4n + 2)V

he also proved that e, € Z for all n > 0; see [7, p. 224]. Finally, let us mention that
—1/p(x) is curiously also a solution of ¢y = 4y® — 4y, and that /1/p(z) is a solution of
y" +2y3 = 0.

3.5. Painlevé equations. Painlevé equations produce a lot of interesting examples. (We
refer the reader to [3] for an introduction.) In this subsection, we only consider the family
of algebraic differential equations known as Painlevé PII":

Y =06(2y° — 2zy) +v(6y° + z) + By + a,

where it is assumed that «,3,7,6 are in Q. It is a simple task to check that u(z) :=
Yoo g upx™ is a solution of PII’, where the sequence (uy)n>o is given by

1
Upy1 = m (2(5 Z Uj, Ujp Ujy + 6y Z Ujy Ujy — 2BUp—1 — 2(5un,2>, n>2,

Jitjetjz=n—1 J1+je=n—1
0<j1,42,j3<n—1 0<j1,j2<n—1
with ug, uy arbitrary in Q, and uy = —du3 — 3yu2 — Bug/2 — /2. This is a situation where

Theorem 2 with s =2, a1 =ay =0 =1, 00=0,kg=3,00=1,00=2, N =21l =1,
and C' the common denominator of 24,6+, 253, applies. Letting D > 1 denote the least
common denominator of ug, u1, us, we have

C"D*"*tn—1)nPu, €Z, n>2.

3.6. Kepler’s equation. Kepler’s equation from Celestial Mechanics is E — esin(F) =
M, where E, M, e are the eccentric anomaly, the mean anomaly, and the eccentricity,
respectively. Inventing for the purpose of solving this equation what is now known as
Lagrange’s inversion formula, Lagrange [11] found the well-known expansion

n

ple) =E—M= Z<dt> sin(t)" )t M-%, (3.7)

which is an odd and 27-periodic function of M, and which converges in the disk |e] < e
for all M. Here, eg = 2+/p(1 — p)/(1 —2p) =~ 0.6627, where p ~ 0.0832 satisfies 1/p — 1 =
exp(2/(1 — 2p)); see the details in [21].

It is easy to prove that (sin"(¢))"~V = P, (sin(t), cos(t)), where P,(X,Y) € Z[X,Y] is
of degree < n in X and < 1 in Y. Therefore, when sin(M) € Q (hence cos(M) € Q as
well), there exists a positive integer § such that, for all n > 1,

d\n—1 n
st <E> (sin"(t)),_,, € Og-
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Hence, from (3.7), we deduce in this case that the denominator of the n-th Taylor coefficient
of ¢ at the origin divides §"n!.

We now want to use this example to show how to effectively determine a recurrence
like (1.5) in a more complex situation than in the previous examples. We change e to z
and let p(z) = E' — M. Kepler’s equation reads sin(p + M) = ¢/z, with ¢(0) = 0 and
¢'(0) = sin(M). Differentiating this equation with respect to x and squaring both sides,

we find
¢ (1= (p/2)%) = ((¢/2)')?, (3.8)
or, in expanded form,

23 (2% — 1) — ¢* + 200 p — 220 p* = 0. (3.9)

Let o(x) = > 2, dpx™. We have ¢y = 0, ¢y = sin(M), and ¢ = sin(M) cos(M). We
shall assume below that ¢y # 0, which a fortiori implies that ¢; # 0. From the algebraic
differential equation (3.9), we deduce that, for n > 5, we have

Z (1 + 1)z + 1)dj 4104541 — Z (1 + D02+ 1)dj410541 — Z 0j, 0

J1+je2=n—4 J1t+je=n—2 Ji+je=n
0<j1,j2<n—4 0<j1,j2<n—2 0<j1,j2<n
+ E 2(j1 + 1)¢j, 4105, — E (J1 + 1) (J2 + 1)@, 4105, 4104,05, = O,
Jit+ja=n—1 Jitj2+jzt+ja=n—2
0<j1,j2<n—1 0<741,52,J3,J4<n—2

which can be rewritten as

S Jietndn — Y. hhbatn— > 6iudi

J1+j2=n—2 J1+je2=n J1+j2=n
0<j1,j2<n—3 0<j1,j2<n-—1 0<j1,j2<n
+ E 2J105,9j, — E J1J29Pj1 P PjsPjs = 0.
Jitj2=n Jitj2+j3tja=n
0<j1<n,0<jo<n—1 0<71,j2<n—1,0<53,j4<n—2

This is equivalent to

Z Pl(n7j17j2)¢j1¢j2 + Z P2(n7j17j2)¢j1¢j2

Jitje=n—2 Jitj2=n
0<j1,j2<n 0<j1,72<n

+ Z PS(najl:j27j3aj4)¢j1¢j2¢j3¢j4 = 07

Jit+j2+j3+ja=n
0<j1,J2,33,d4<n

where
Pyi(n, j1, J2) = jijel{o<ji ja<n—3},
Py(n, j1, j2) = —jrj2ljo<ii ja<n—1} + 2511j0<jo<n—1} — 1,
Ps(n, j1, jo2, J3: Ja) = —J1J2110<)1 ja<n—1,0<js.ja<n—2}-
This is an algebraic relation between ¢, ¢1,...,¢,. A simple analysis shows that neither

¢, nor ¢,_1 appear in this relation. Indeed, in the three sums, ¢,, can appear only in terms
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involving ¢,,¢g or ¢, @3, which are equal to 0 because ¢y = 0. The coefficient ¢,_; does not
appear in the first sum, appears in the second as (Pa(n,n—1,1)+Py(n,1,n—1))¢1¢,-1 =0
because Py(n,n — 1,1) + P»(n,1,n — 1) = 0, and in the third sum in terms of the form
On_1010009 = 0. The coefficient ¢,,_o does not appear in the first sum, appears in terms
involving ¢, ¢3¢y = 0 and ¢, _2¢2$3 = 0 in the third sum, and in the second sum, ¢,,_»
appears in the expression (Pa(n,n — 2,2) + Py(n,2,n — 2))poty_2 = —2(n + 1)dadpn_o.
Therefore, since we have assumed that ¢, # 0, we finally obtain the recurrence (after
changing n to n + 3)

1 o o
¢n+1 = 2¢2(n + 4) ( ' E_ Pl(n + 3)]17]2)¢j1¢j2 + ' E_ P2(n + 3’]17]2)¢j1¢j2
Jitj2=n+1 Ji+j2=n+3
0<j1,j2<n 0<j1,j2<n

+ Y P3<n+S,jl,jz,js,j4)¢j1¢j2¢j3¢j4), n>2.

Jj1+j2+iz+ja=n+3
0<71,J2,73,44<n

This is a recurrence of the form (1.5) (with negative o1), to which we can apply Theorem 1
because M (X) € Q[X] is linear. We do not provide the details of the explicit result, which
is of the form g"“(yn + v)!? for some integers 6,v > 1, because it is weaker than the
already obtained divisibility of 6"*1n! by the denominator of ¢,.

Finally, instead of ¢, we could consider ¢(z) := p(x)/x = > 7  ¢pnp+12". The differential
equation (3.8) becomes (z)?(1 —4?) = (¢')? or, in expanded form,

(1 . x)¢12 + walwii +I2¢/277ZJ2 - 2$¢/¢ +77Z)4 . ¢2 =0
This would lead to an a priori different recurrence for the sequence (¢, )n>o-
3.7. The compositional inverse of the dilogarithm. The dilogarithm is Lis(x) :=

S0 a™/n?, with derivative —log(1 — x)/z, and it admits a power series ¢ as inverse for
the composition:

Zﬁx—z——x ~|—ix—i4 51 z° — 149 2% —
72 576 86400 1036800

The function ¢ is DA, for it satisfies
=0 0P 00— 07 = 0. (3.10)
Indeed, we have 1 = (Liz(¢)) = —¢log(1 — ¢)/¢, so that, by multiplying by ¢ and then
differentiating both sides, we obtain
6/2 gl/g 6/2
A T )

which gives the above differential equation after some rearrangement. The situation is a
little simpler than with Kepler’s equation because (3.10) is autonomous, i.e., its coefficients

0= —0"log(1—1)+
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are independent of x. For all n > 0, we have

[z"](£"¢) = ; (i + 1) (i + 2)liyal, (3.11)
(2" (—0"0%) = Z—J'_HZ (i 4+ 1) (i + 2)li2l; f,

[2"](¢%) = zﬂ;kzn + 1)+ D)k + D)l b1 b1, (3.12)
[2"](0%¢) = iji:n(i + 1) + Dbyl

[2"](—07) = ﬂ:z (i + D+ Dlinaljn, (3.13)

where in the summations all the indices run between 0 and n, and where as usual [2"](f)
denotes the n-th Taylor coefficient of a power series f. Proceeding as in §3.6, we see that
{10 appears in none of these sums because it is always multiplied by ¢, = 0. The term ¢,
appears only in (3.11), (3.12), and in (3.13), with the coefficients n(n + 1)¢;, 3(n + 1),
and —2(n + 1)¢y, respectively. This is £1(n+1)(n+3¢; —2) = (n+1)? in total. Therefore,
we have

1 , , , .
En-‘,—l = (n n 1)2 < — Z (Z + 1)(@ + 2)€i+2£j + Z (l -+ ]_)(Z + 2)€i+2€j€k
i+j=n i+jtk=n
i<n—2,j<n 1<n—2,5,k<n
— Y (VNG E+ Dbl — Y G+ DG+ Dligaliabe
i+j+k=n i+j+k=n
i,j,k<mn—1 i, j<n—1,k<n
+ Z i+ + 1)£i+1€j+1>, n > 0.

i+j=n
i,j<n—1

It follows that, for all n > 0, 6" (vn+wv)!*¢, € Z for some positive integers §, v. Numerical
experiments suggest that the exponent 4 could be replaced by 2. This would be true if it
could be proved for instance that (fn)n>o satisfies a non-linear recurrence of type (1.5) like

above but with (n + 1)? replaced by an + b for suitable integers a and b.
As a side remark, we point out that it is possible to determine the asymptotic behaviour
of £,. By Lagrange’s inversion formula [6, p. 732, Theorem A.2], we have

2imn Jo Lig(z)?

where C is a circle centred at 0 and of sufficiently small radius. This circle can be deformed
to a suitable Hankel-type contour to which the saddle point method can be applied (see [6]
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for similar computations). We obtain that

2™

by ~ ———————
n?log(n)?

, N — 400. (3.14)
Hence, the radius of convergence of ¢ at x = 0 is 72/6, and ({,,/4,+1)n>0 is a sequence of
rational numbers that converge to 72/6, but not especially quickly. The proof of (3.14) is
given in our note [10].

3.8. Examples related to modular forms. Various automorphic functions, including
certain classical modular forms, are known to satisfy algebraic differential equations of
order at least 3 and of the form Q(y)(y')* = {y;x}, where {y;x} := ¢ /y' — %(y”/y’)2 is
the Schwarzian derivative with respect to x, and () is a rational function with poles of
order at most 2. For instance, Mahler proved in [13] that the elliptic modular invariant

F(q) = J(¢*) = q*2<1 +240> " nie’m(1 - q2”)1>3 [Ja-¢mH>

= 1/¢® + 744 4 196884¢> + 21493760¢" + 864299970¢° + - - -

satisfies the order 3 equation

" —

3¢°F" — AgF'F" — F” F,3< LI B 23 ) (315)
2¢2F" OF2 ' §(F — 1282 T2F(F —125))" 7

where the derivatives are taken with respect to q. He also proved that F' cannot satisfy
an algebraic differential equation of order < 2. Since the degree in I of (3.15) is 1, this
equation is of the standard form to which we can apply the procedure described in [23,
p. 382]. The indicial polynomial Py of the associated differential operator Ly € Q[[z]][-L]
is Py(X) = X?® +8X? — 10X + 64, which has no rational root. Lemma 2.2 of [23, p. 382]
then provides a non-linear recurrence of type (1.4) for the coefficients of F' with M (X) =
Py (X +m) for some integer m > 0. This recurrence is not of type (1.5), and our Theorems 1
and 2 cannot be applied to it. We do not know if there exists a recurrence of type (1.5) for
the coefficients of F' (which are well-known to be integers), i.e., with M split over Q. Let
us also mention that a vast algebraico-geometric generalization of modular forms, known
as mirror maps, are shown to be DA functions in [25, Proposition 1].

3.9. A simple example with M non split over Q. We conclude with an example for
which M is non-split over Q, and for which it is possible to make numerical experiments.
The differential equation z%y” + (x — 1)y’ + y — zy* = 1 has as solution the power series

Yoo o fax™ with

1 n
+1kafn—k7 nzov fO = 1
k=0
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Numerical experiments for values of n up to 2000 suggest that the denominator d,, of f,
is such that log(d,)/(nlog(n)?) converges to a constant close to 0.566. Moreover,

log(dQn) . log(dn)
2nlog(2n) nlog(n)

seems to converge to a constant close to 0.39, which tends to confirm that log(d,)/(nlog(n))
behaves more like log(n) than like loglog(n).

Moreover, it seems that [\ (k2 + 1) divides 2"d,, for all n > 0. If true, this conjec-
turally implies that there exist no integers d, v, y, s > 0 such that d,, divides 6" (vn + pu)!*
for all n > 0. Indeed, on the contrary, this would imply the same type of divisibility for
[Tio(k*+1), and we have explained in the introduction why this is not true conjecturally.

All these computations do not point towards a positive solution to Mahler’s denominator
conjecture, but these experiments should be conducted for more values of n on this sequence
and others in the non-split case to be more affirmative.
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