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A CHARACTERIZATION OF GENERALIZED
FUNCTIONS OF BOUNDED DEFORMATION

ANTONIN CHAMBOLLE AND VITO CRISMALE

ABSTRACT. We show that Dal Maso’s GBD space, introduced for tackling crack growth in
linearized elasticity, can be defined by simple conditions in a finite number of directions of
slicing.

1. INTRODUCTION

In [21] G. Dal Maso introduced the space of Generalized (Special) functions of Bounded Defor-
mation (G(S)BD) to characterize the domain of a class of functionals associated to free disconti-
nuity problems [22, 7] in linearized elasticity or elastoplasticity, in particular for the modeling of
crack growth [25]. In these contexts the energy functionals depend on a variable u: QCR? — R,
representing the displacement, through its symmetrized gradient e(u) = (Du+Du®)/2 (the de-
formation) and its (d—1)-dimensional jump set J, (the crack set), with a constraint imposing
- in a weak sense - Dirichlet boundary conditions. Yet an integrability bound on w in terms of
a bound for such functionals is in general not available, so that it is not possible to control the
deformation in the space of Radon measures.

An analogous issue arises both in the simplified antiplane shear setting, where the displace-
ment is only in the vertical direction so it can be assumed scalar, and in the framework of finite
elasticity or elastoplasticity, contexts in which the role of e(u) is played by the full gradient Vu.
This motivated the introduction of the space G(S)BV [4, 5] as the space of functions which are
in (S)BV after composition v o u with C! functions 1 having Vi compactly supported.

However, e(y ou) depends on the whole gradient of u, even for v smooth, which prevents from
adopting a similar definition of G(S)BD. The solution found in [21] was to define this space by
slicing: a measurable function u : Q — R? is in GBD(Q) if there exists a bounded Radon measure
A, such that for every ¢ € S9=1 and for H% 1-a.e. z € £ the slice s — uS(s) := & - u(z + s¢) has
bounded variation in Qf := {s € R: z + s¢ € Q} and

(1) (B) = /é (Dl +1DuENBY + > [us)(s)| A 1)aH () < Au(B)

s€J ¢NBS
u§

for every B C Q Borel, with B := {s € R: z + s¢ € B}. Still in [21], it is shown that it is
enough to have the bound for all ¢ in a dense subset of S*~!. However, it is well known that a
much simpler characterization exists for the space BD of functions of Bounded Deformation: a
measurable u is in BD((2) as soon as there is a basis (e;)%_; of R? such as the following holds: for
any €V i={e;:i=1,...,d}U{ei+e;: 1 <i<j<d}andfor H¥ l-ae. z € &4, ué € BV(QF)
and

[Eug - £](2) = [De(u - [(Q) = /§L | Dut|(Q3)dH ™ (2) < +oo,

cf. [6, Section 3] and [32, Chap. II, Section 2.2] (see also [33, 32, 8, 23, 24| for general properties
of BD functions). It is therefore natural to ask whether GBD functions can, similarly, be
1
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described by conditions in a finite number of appropriate directions. Our main result answers
this affirmatively.

We show that a measurable u is in GBD() as soon as there exists a basis (e;)?_; of R? and
d(d —1)/2 vectors &; ; € span{e; £e;}, 1<i<j<d such that forany { € V ={e; : ¢ =1,...,d} U
{€;:1<i<j<d}and for Hi lae z € &, us € BV(QS) and

A = (1)8(9) < +oo.

In other words, we show that if we have a control on the d(d + 1)/2 directions £ € V' through
A, then the same control holds in fact for all ¢ € S%~1, and can be localized on Borel subsets
B C 2 and controlled by a global finite measure A,,.

Our strategy is to approximate any measurable u with A$ bounded for all £ € V, by a family
of functions, each in a suitable finite dimensional space, satisfying a uniform bound in GBD,
according to the definition in [21] (Theorem 1). More precisely, for any £ > 0, we choose a family
of discretizations of the domain into hypercubes of sidelength € > 0 so that u is approximated in
measure by the functions defined in any hypercube as the d-linear interpolation over the vertices
(see Appendix B). Then we modify such functions, setting them to 0 on the “bad hypercubes”,
which are such that there are £ € V' and a couple of vertices joined by a segment parallel to &
that intersect the set where the jump of w is larger than 1. Thanks to an averaging argument,
we show that we can choose the discretizations in such a way that (i) the bound on A, gives a
uniform control on the perimeter of the union of the “bad hypercubes” while (ii) outside this set,
the symmetric gradient of the d-linear approximation is controlled in L' by the finite differences
along directions in V', thus again by the bound on A, (see Appendix A).

From this approximation we derive (Corollary 1) that u € GBD by employing a suitable
compactness result for bounded sequences in GBD that converge in measure [21, 27]. This
strategy of discretization/reinterpolation for (G)BD functions was first used in [11, 12, 31] to
show approximation results in (G)SBD.

As a further application (Corollary 2), we prove that any sequence of measurable functions
satisfying uniformly the control on (Aik)gevk is precompact in GBD, in the sense of the general
compactness and closedness result in [19] (we refer also to [3] for a related compactness result in
GBD,).

Eventually, we address an open question raised in the recent work [1] (see also [2]) concerning
a nonlocal approximation of Griffith-type energies for brittle cracks (see e.g. [25, 13, 26, 30, 15,
20, 14, 16, 10, 29, 9, 28]). In some approximation regimes any limiting admissible deformation u
naturally belong to the space therein called GBV¢ (€; RY), namely it satisfies the bound

/ ﬁi(B) d/Hd_l(f) < Ayu(B) for B C Q Borel,
gd—1

for a suitable bounded Radon measure A,. We prove that GBV¢ coincide with GBD (Corol-
lary 3), in particular we give positive answer to a question in [1] concerning the rectifiability of
the measure obtained by integrating over directions ¢ the jump parts of the measures (fi,)¢.

In the same spirit, we prove (Proposition 2) a characterization of the space GSBD? (i.e. the
GBD functions with slices in SBV, symmetrized gradient in LP and jump set of finite H?~!-
measure, see e.g. [26]), with a slight adaptation of the arguments in the proof of Theorem 1, and
the corresponding compactness (Corollary 4), employing the general compactness result [18], see
also [17].
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2. MAIN RESULTS

Here (2 is a bounded! open set of RY, d > 2. Given u :  — R?, for any ¢ € R?\ {0} and
z € &4, we define:

uS(s) ;==& -u(z +s) forscQf:={scR:z+scQ}.

We denote by L°(£;R™), m > 1, the measurable functions from 2 into R™ and by v, — v in
L°(£;R™) we mean that vy converge to v in £%measure in €, for £¢ the Lebesgue measure on
R?. We also let @ := [0,1)?% and, for any ¢ > 0,

Q. = {z € Q: dist(z, 0" Q) > Vde}.
We refer to [7] for general theory of BV functions. If u € BV we denote by D*u and D¢u the
absolutely continuous and the Cantor part of the bounded Radon measure Du. Moreover, we

refer to [6] for a careful treatment of the SBD space and to [21] for the definition and the main
properties of GBD functions.

Theorem 1. Let u € L°(Q;R?) and assume there is an orthonormal basis (e;)%_, of R? such
that for any e > 0 it holds that £ € V :={e; :i=1,...,d} U{e; +e;: 1 <i<j<d}, and that
for Hi " a.e. z € ¢4, u§ € BV(QS) and

AS = /5 ) <<|Dau§|+|DCu§|><ﬂ§>+ ) |[u§<x>1|A1>dH“<z> < +o0. (1)

SeJui

Then there ezist a dimensional constant C > 0 and a family (uf).>o C SBV>°(;R?) such that,
for any e >0, J,. C OB° with B° union of finitely many cubes of sidelength ¢ included in €2,

/Q le(u)|da +HH OB NQ) S CAY, Ay =) AL, (2)
€ {ev

and uf — u € LO(Q;RY).

Remark 1. In Theorem 1, we assumed (e;)¢_; orthonormal for simplicity. The result would hold
also for an arbitrary basis: this is easily checked by considering a matrix A which sends (ei);-’lzl
to an orthonormal basis and replacing u with A=7u(A~1.). One could of course also consider
the integrals in (1) over arbitrary spaces E¢ with B¢ @ R¢ = R? rather than just £+, see [21,
Remark 4.11]. Additionally, as in [21, Remark 4.3], one could replace in (1) the threshold 1 (in
[[u§]] A1) by an arbitrary (¢-dependent) threshold level 8¢ > 0, since |z| Aa < (1V a/B)(|z| AB)
for any ¢, 8 > 0. Finally one could consider, for some pairs (4, j), slicing in the direction e; — e;
rather than e; + e;.

From Theorem 1 we deduce the following three consequences. We refer to [1, Definition 2.3]
for the definition of the space GBV ¢ (Q;RY), characterized in Corollary 3.
Corollary 1. For any fived basis (e;)%_, of R? andV = {e; :i=1,...,d}U{e;+e;: 1 <i < j<d}
it holds that

GBD(Q) = {u e L°(RY): AY < +o0}, (3)

where, for any u € L°(Q;RY), AV is defined in (1), (2).
Corollary 2. Let (ug), € GBD(Q) such that for every k € N\ {0} there exists (e¥), ¥ :=
(e¥)4_, orthonormal basis of RY with (recalling (1), (2))

sup AL/Z < 400,
keN

Lor simplicity, since the result could easily be localized.
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for Vi, :={ek:i=1,...,d} U {ek + e?: 1<i<j<d}. Then there exist a Caccioppoli partition
P = (Pn)n of Q, a sequence of piecewise rigid motions (ay ), with

ar = Z apxXp,; (4a)

neN
lag (z) — a}j/(x)| — +oo  for a.e. x €, for alln #n’, (4b)
and uw € GBD(QY) such that, up to a (not relabelled) subsequence,
up —ag —u  a.e. in §, (5a)
HTLO*PNQ) < lim liminf H(JT). (5b)

o—+00 k—oo

where J7 = {x € Jy,: |[u]|(z) > o}.

Corollary 3. It holds that
GBVE(Q;RY) = GBD(Q).

We now provide analogous results for the space GSBD?P of GBD functions with symmetrized
gradient in LP and jump set of finite H¢~!-measure, see e.g. [15].

Proposition 2. Let u € L°(;RY), p > 1, and assume there is an orthonormal basis (e;)%_, of
R? such that for any € > 0 it holds that € € V :={e;: i =1,...,d}U{e; +e;: 1 <i < j <d},
and almost z € ¢+, u§ € SBVP(QS) with Dué = (u$)'L* and

APE = /e (/Q5 (WSY[P dt -+ 47, ) dH A (2) < +oo. (6)

Then there exist a constant C > 0 depending only on d, p, and a family (uf).~o C SBV>(£; RY)
such that, for any e > 0, J,, C OB° with B* union of finitely many cubes of sidelength € included

n €,
/ le(u)|Pda + HITH (O BTN Q) < CALY, ARV =) ADE, (7)
Qe tev
and u¢ — u € L°(Q;R?). In particular w € GSBDP(L).

Corollary 4. With the notation of Proposition 2, let (ux), C GSBDP(Q), (e*)r, (Vi) with
¥ = (e}), orthonormal basis of RY, Vi :={ef:i=1,....d} U{ef +ek:1<i<j<d} be
sequences such that

AL
sup A" < +oo0.
keN

Then there exist a Caccioppoli partition P = (P,), of Q, a sequence of piecewise rigid motions
(ak)k with

ak = Z aRXp, (8a)

neN
lag (z) — aZ/ (x)] = 400 for a.e. x €, foralln#n', (8b)
and w € GSBDP(Q) such that, up to a (not relabelled) subsequence,
up —ax — U a.e i, (9a)
e(ug) — e(u) in LP(Q;MEZ;,?Z) , (9b)
HIH(T, U0 P) < lim icgmd—l(Juk) . (9¢)

From now on we prove the announced results, following the order of presentation.
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Proof of Theorem 1. For ¢ € V and z € &+ such that u§ € BV (), we denote by 1 the measure
(on Q8):

ut = D%+ [Dus] + Y (I[u](s)] A DHOL {s}.

SEJug
Fixed € > 0, we evaluate the integral
dl/zz € - (u(ey + i+ €€) —u(ey + i)| A 1)dy
Q eV iceZd

where here the sum is over i € ¢Z? such that ey +i € QN (Q —&f). Given ¢ € V, then the change
of variable x = i + ey shows that:

Ed—l/ > (€ (uley +i + €8) — uley + )| A1) dy

@ jeezd
:e—lf (€ - (ula + 2€) — u(z))| A 1)de
QN(Q—ef)
and writing z = z + s, z € £+, s € Q5 N (Q€ — €) we find that this is also expressed as
E_l/ / (|u§(8+8) —us(s)] /\1)|§|dsd7-[d_1(z).
¢t Jatn(Qs-e)

Now, since (for He t-a.e. 2) u§ € BV(Q5), then for a.e. s: either there is s’ € (5,5 +¢) N I
with |[u](s)| > 1, and then clearly |uS(s+e) —us(s)|A1 < pS((s,s+¢)), or there isn’t, in which
case, uSl_ (s,s5+¢) = |Dué|L_ (s, s+ ¢), which implies that [u$(s + &) — us(s)| < us((s,s +¢)).
It follows that

L, (156 + ) =@ A1)l
2Nz —e

< el / /X(s,s+s>(t)du§(t) ds < <lé] / dyi (1)
QN —¢) (o}

where we have used Fubini’s theorem and that X (s s+¢)(f) = X(t—e,+)(5). Combining the previous
estimates, we end up with

ol 1/ Z Z € (u(ey +i+€€) —uley + ))|/\1)
Q¢eV icezd
<3k / / A aH () < 3 (€IS = .

gev Eev
Hence, there is a set Q¢ C @ of measure at least 1/2 such that for any y € Q°:
eIN TN (1€ (uley +i+ ) —uley + 1) A1) < 2M. (10)
£€V icezd

Let us choose y° € Q° N Q., where Q. C @ is the set given by Proposition 7 in Appendix B. For
¢ > 0 small enough and for any i € eZ? we denote by

QLi=ey* +i+ef0,1)?
the cube corresponding to i, by

Ve(QL) == {j € eZ%: ey® + j +[0,€)¢ is an edge of QL}
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the vertexes of Q¢ which are endpoints of edges parallel to ¢ (more precisely, we consider for any
such edge the lowest endpoint, with respect to the order in Z%, that is the one included in Q%),
and we define the function u® for every = € 2 as

e the multilinear interpolation of the values of u at the vertices of the cube Q% which
contains z, if Q. C  and if for all £ € V and j € Ve (Q?)

1§ - (uley® +7 +€8) —uley” +4) < 15
e 0, else.

Observe that u® is a polynomial in the cubes of the first type, so in particular it does not jump
therein, that it is continuous accross a facet between two such cubes, and that the number of
cubes of the second type is bounded by (2/¢)?~'2M so that, denoting by B° the union of cubes
of the second type, it holds that

Jue C OB, HITHOB%) < CM, |B°| <CMe (11)

for a dimensional C' > 0. In particular, the convergence properties of the multilinear interpo-
lations stated in Proposition 7 also hold for u®, since they differ, in €2, on a set of vanishing
measure. In addition, if Q% is a cube of the first type, we have that

/ e(w)ldz < Ce1 S ST e (uley” +j +£€) — uler® + 1))

EEV’jelk )

by Proposition 4 (in Appendix A) for p = 1, and a change of variables.
Therefore, summing the above two estimates over the cubes all included in Q (which cover
Q.), we find that, for e small enough, u® € SBV>°(Q) with

/ le(u)[dz + HIL(Jue N QL) < 20M,

€

for a dimensional constant C' > 0, and this gives (2) recalling that M =} . [€ |AS,. O

Proof of Corollary 1. Let (u®)e~o be the sequence provided by Theorem 1 and fix ' cC Q.
By the slicing properties of BV functions and the bound (2) it follows that defining A® :=
le(uf)|dx +HI=L L OBF, then A*() < C' A, and one has, for all ¢ € S¥~! and all Borel B C ¢/,

/i (/Bs\J le((w)Dlde + #(J &ﬂBg))de‘l(z)sAf(B) (12)

(us)5

so that (u®). are equibounded in GBD(Y'), in the sense of [21].

Moreover, as u® — u in L°(Q;R?), by [19, Theorem 1.1] we conclude that u € GBD(fY').
In fact, the convergence of u® to u implies that the infinitesimal rigid motions can be taken
as equal to 0 (alternatively, one could use [21, Corollary 11.2 and Theorem 11.3] together with
the fact that since u® — wu in LO(€;RY), there is an increasing function vy: Rt — R* with
limg 4 o0 Po(s) = +oo such that |[voo(u®)||11(q) is uniformly bounded w.r.t. € > 0, see e.g. [27,
Lemma 2.1]). Then we conclude that u € GBD(2) by the arbitrariness of ' CC Q. O

Proof of Corollary 2. For any uy let (uf,)e>0 be the approximating family provided by Theorem 1.
Then for any k& € N\ {0} we can find ¢ > 0 such that, for @, := wu;* it holds that @ €
SBV>=(Q;RY) with Jz, C 9*B°* and B°* union of finitely many cubes of sidelength ¢, included
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in €, such that

|| arctan(dy — ug )| < T
/Q le(@)|de + H (9B N Q) < C AV,

K

(13)

Recalling (12), it follows that the sequence (), satisfies the assumptions of [19, Theorem 1.1]
on any (2. for k > k, and therefore by that compactness result and by a diagonal argument on
.., up to a (not relabelled) subsequence, there are a Caccioppoli partition P = (P,),, of 2, a
sequence of piecewise rigid motions (ag)y satisfying (4), and v € GBD() such that

Up —ar — ¥ a.e. in Q. (14a)

By the first in (13) we deduce (5a). At this stage, (5b) follows arguing exactly as in [19,
Section 3.3: Lower semicontinuity]. O

Proof of Corollary 3. We prove that GBV®(;R?) € GBD(), the opposite inclusion being
true by definition of GBD() in [21]. The proof follows by averaging. We fix an orthonormal

basis (e;)%_,, and let V= {e;,i=1,...,d; eijg-’ ,1 <i < j<d}. Then, we have that:

d(d+1 _
Foosoamaum = ML aganeig
sow) {5 Sd—1

(for ;1 the Haar measure over SO(d)), which is finite whenever v € GBV¢(Q;R?). We then
pick any rotation for which Zfe RO A$ is less than average and consider the basis (Re;)L ; in

u

Theorem 1. We conclude since Af(ei+ej) = \/iAf(ei+ej)/\/§. O

Proof of Proposition 2. We argue as in the proof of Theorem 1, with the measures p$ replaced
by the measures

(WP)S = (ud) [PALY +HO L J e,

thus evaluating

o 3 3 (eleivet) —uleyri)P Ay < 3 L et < g

€Vicezd Eev

Therefore the proof proceeds as done for Theorem 1, first choosing suitably y¢ from the previous
inequality and Proposition 7 in Appendix B, and then replacing |£ - (u(ey® + i+ &) — u(ey® +1))|
by €« (u(ey® + 1 + €€) — u(ey® + 1))|P, to define the approximating functions u° converging in
measure to u. We still control B, the union of cubes of the second type, as in (11); on any
Q. = ey® +i+€[0,1)¢ of the first type, we have that

ﬂ le(u)[Pdz < Ce¥1 > |6 - (uley® + i+ e€) — uley® + 1))

Q. eV

by Proposition 4 for p > 1 and a change of variables. Summing up we obtain the bound (7). O

Proof of Corollary 4. For any uy let (u})ec>0 be the approximating family provided by Propo-
sition 2. Then for any k € N\ {0} we can find e, > 0 such that, for 45 := u;" it holds that
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iy € SBV>(;RY) with J;, C 9*B°* and B union of finitely many cubes of sidelength &,
included in €2, such that

| arctan(ay — ug)||pr < =
(15)
/ je(iig) [P+ HTH (OB N Q) < C ALY
Q.

Then (g )y satisfies the assumptions of [18, Theorem 1.1] on any Q. for k > k, and therefore by
that compactness result and by a diagonal argument on €2, , up to a (not relabelled) subsequence,
there are a Caccioppoli partition P = (P,), of Q, a sequence of piecewise rigid motions (ax)g
satisfying (4), and u € GSBDP(Q) such that

U —ap — u  a.e. in . (16a)

By the first in (15) we deduce (9a). Eventually, we get (9b) and (9¢) by [21, Theorem 11.3]
(recall [27, Lemma 2.1]) applied to (ur — ag)k- O

APPENDIX A. DISCRETE ENERGY ESTIMATE

In what follows, (e;)%_, denotes the canonical basis of R%.

Lemma 3. Consider the unit cube Q = [0,1]¢ C R%. Letv € (Rd){o’l}d be given at all vertices of
Q such that vi(z+e;) = vi(x) for any x € {0,1} with x; = 0 and v;(z+e;+e;)+v;(z+e;+e;) =
vi(z) +v;(x) for any x € {0,1}¢ with x; = x; = 0. For x € Q, we also denote by v(x) the
multilinear interpolation of the values v at the vertices (affine on each [x,x + e;] for any x € Q
with x; =0). Then e(v) =0 in Q (so that, in fact, v is affine with skew-symmetric gradient).

Proof. We first assume d = 2. Then,
v(z) = (1 —21)(1 —22)v(0,0) + (1 — x1)22v(0,1) + 21 (1 — z2)v(1,0) + z1220(1, 1).

One easily sees that d;v1 = O2v9 = 0 everywhere. One has

81’02(])) + Oov1 (l‘) = (1 - 1‘2)(1}2(1, 0) — 1)2(0, 0)) + 332(1}2(1, 1) — ’UQ(O, 1))
+ (1 = 21)(v1(0,1) = v1(0,0)) + z1(v1(1, 1) — v1(1,0))
Since by assumption v1(0,0) = v1(1,0), v1(0,1) = v1(1,1), v2(0,0) = v2(0, 1), v2(1,0) = va(1, 1),
this is also:
Ova(x) + Dovy () = (1 — 22)(v2(1,1) — v2(0,0)) + z2(v2(1,1) — v2(0,0))
+ (1 — xl)(vl(l ) — 1}1( O)) + 131(’[}1(1, 1) — ?]1(0,0))
= UQ(L 1) - UZ(Oa 0) + Ul(lv 1) - Ul(an) = Oa
where the last equality follows again by assumption. Hence e(v) = 0.
Now, consider d > 3: then for any {i,j} C {1,...,d}, the case d = 2 shows that e(v); ;(z) =
for any x with (z;,z;) € [0,1]* and xy, € {0,1}, k & {i,j}. Since at any other z € Q, e(v);; (az)
)i

a convex interpolation of those values, we find that e(v); ; = 0 everywhere. Similarly, e(v); ;(z) =
Ovi(z) =0 for any z € Q and ¢ € {1,...,d}. Hence e(v) = 0. O

Proposition 4. Consider the unit cube Q, v € (Rd){ovl}d given at all vertices of @), and the
d-linear interpolation of v inside Q. Then for every p € [1,+00) there is a constant C > 0
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depending on d and p such that:

d
/Q |e<v>|pdx<0<z S e +er) — o)l

i=1 ze{0,1}4
wi:O

d
+ YY) luetet+e) +uiwte+e) —vi(x) - ”Uj(x)|p> (17)
4,7=12c{0,1}¢

x;=x;=0
J

Proof. If not, there is a sequence (v, ),>1 which satisfies the reverse inequality, with C' replaced
with n, arbitarily large. Renormalizing, we may assume that ||e(v,)||z»(g) = 1 and thus that the
right-hand side of (17), evaluated for v, goes to zero as n — co. By Poincaré-Korn inequality,
there is a sequence rigid motions (affine functions a,,(z) = A,x+b, with skew-symmetric gradient
A,,) such that:

/Q |on () — ap (z)|[Pdz < c/Q le(vy)|Pda = ¢

where ¢ depends only on the dimension and on p. Letting v], = v, — ay, it is bounded in L?(Q).
Since it is, in fact, finite-dimensional (it is a polynomial of degree at most d), it is relatively
compact and, up to a subsequence, converges to a limit v" with |le(v")||Lr(g) = 1. Yet the right-
hand side of (17), for v/, vanishes, so that v’ satisfies the assumptions of Lemma 3 and we deduce
e(v’) = 0. This is a contradiction, hence the corollary is true. An alternative proof consists in
arguing that both left-hand and right-hand sides of (17) define pth-powers of norms on the finite

dimensional space (Rd){o’l}d / ~ where u ~ v if and only if the d-linear interpolation of u — v is
an infinitesimal rigid motion. O

APPENDIX B. CONVERGENCE OF DISCRETIZATIONS

Let Q(x) = X[—1/2,1/2)4(7), A(x) = Hle(l —|zi)F, for & = (21,...,74) € R, and for every
k € Nlet T : R™ — R™ be defined by

10 =t (10,

We remark that for u € LO(R%; R™) it holds that for any R > 0,

Jim |{z € Bp(0) : |u(x)| > ¢}] = ]Q}{x € Ba(0) : lu(2)] > £}

= |{z € Bg(0) : Ju(z)| = +o0}| = 0. (18)
Moreover, for any € > 0 and y € Q we denote by
o . d
Dy = {ey + z: z € €L},

the discretization of R? formed by cubes (with the same orientation) of sidelength & and anchor
point y and by ug: R? — R™ the corresponding discretized function defined by
ul (z) := Z w(T)A(2ZZ)  for all 2 € R (19)

zEDS,

In the following notation for the norms, we denote by L!(By) the space L!'(By(0); R™), with
By, = Bj,(0) C R? the ball of center 0 and radius k.
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Lemma 5. Let u € L°(R% R™) and assume that for all € > 0 there exists y. € Q such that for
any k € N\ {0}

li H T, (u(Z)) O(=Z) — ’ H T iy ‘ —0. (2
lim 72 k(u(Z))Q(Z%) — T(u (5] > Ti(u =) = Tig(u) LB 0. (20)
weDZE EDE
Then
lim [Ty (w5, ) = Te(w)llLr(,) = 0 for any k € N\ {0}. (21)

Proof. Let us fix k € N\ {0}. Observe that if £ > k, since T, = Ty, o Ty and T}, is 1-Lipschitz,
(S n009859) - 0], < | o) o
as € — 0, thanks to (20). This means we just need to bound

7wz - (X Teu@nac=))|

Observe that this quantity is zero, except possibly in the cubes with center a point T such that
|w(Z)| > £, in which case it is bounded (in norm) by 2k. Hence we get the bound

HTk(U;E)—Tk(ZTg(u( )H () (F € D}, 0 By u(E) > ). (2)

—0 (22
LB (22)

LY(By)

For any = € T + [—¢/2,¢/2)¢ with |u(Z)| > ¢, either |u(x)| > £/2, or

Te(u(®)) = Te(w(@))] = |Te(u(@))| = [Te(u(z))] = £ — [u(z)] =

Hence (for ¢ large enough),
el 4{z € D; N B, /g [u(@)| >}
< Hx € By, u(@)] > g}\ + Hx €By: ]ZTZ(U(@)Q(%) ng(u(:c))’ > g}]

< Hx € B g lux)| > g}‘ + %/B ‘ZT@(U(JS))Q( -

We deduce from (20), (22), and (23) that for any ¢ > k,
(5,) = Tew)| s,y < 2 k|{w € By u(@)] > 4 }).

Sending ¢ — oo, by (18) we obtain (21). O

lim sup
e—0

Recalling the notation (19), the following lemma holds.
Lemma 6. Let u € L°(R%R™) and (ye)eso be such that (21) holds. Then

uy_ —u locally in L°(R%; R™). (24)

Proof. Fixn >0, R > 0. For any x and any k € N\{0}, & > 27, it holds that if |u_(x)—u(z)| > n
then either |u(z)| > k/2, or [T)(uy_(x)) — Ty(u(z))| > n. Hence, for k > R,

[{z € Br(0) : |uj, (z) — u(z)| > n}| < [{z € Br(0) : |u(z)| > §}| + %IITk(UZE) = Te(u)llr(By)-
Hence, for any fixed k,
timsup | (z € Bi(0) : |u, () — u(e)| > n}| < |{ € Ba(0) : u(e)| > §)].

The conclusion follows letting k — oc. O
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Proposition 7. For any u € L°(R%R™) and for all € > 0 there exists a measurable set Q. C
Q = [0,1)® such that both lim. 0 |Q.| = 1 and ug, — u locally in LO(RYGR™) if y. € Q. for
every € > 0.

Proof. By Lemma 5 and Lemma 6, it is enough to find a set Q. such that (20) holds for any
choice of y. € Q.. For y € Q, we let:

o) = Y2 [ | Y D@l - Tulw)| + | X Bul@)A() - Tu(w)de

k>1 Br " zeps TED;

For any bounded function with compact support v € L>®(R?), and a continuous function v :
R? — [0, 1] with compact support such that Y eezaW(® —2) =1 for any z € R%, one has

/Q/’ > 71(96)1/)(96;90)v(:ﬂ)’dycdy/‘/C2 > (v(T)f’u(x))q/J(?)dy‘dm

EEDZ EED;

y'=ey
</
eQ

S oy’ + 2) — v(@)p(E=EL ey d = / / (2= ) o (y') — v(z)|dy'da

z€eZd
ooyt / B(E) (- — <€) — vl ade

where we have set 1. := (-/e)e ™%
Hence, for v = Ty, (u)xp, and ¢ = Q, A,

/Q‘Pe(y)dy <y 27* /(Q(S) + ATk (u)(- = €€) = Th(u) |21 (By)

k>1

Since the terms in the sum above are uniformly bounded (by 4k2~%(1+|By|) for & small enough)
and go to zero, we deduce that

li P —0.
lim . (y)dy =0

We can then choose Q. = {y €Q:P.(y) < '/fQ <I>s}, which is such that |Q \ Q.| < 1/fQ d..
If one chooses y. € Q., then for each k, both L' norms in (20) are bounded by 2k, /fQ ®., which

goes to zero. Then we conclude by Lemma 6. |

Remark 2. Proposition 7 implies that uj_ converge to u a.e. in R?, up to a subsequence &, |
0. We remark that such convergence may be recovered directly, without using Lemma 6, by
modifying the argument in the proof of Proposition 7 as follows. With the notation in the proof

of Proposition 7, first let &, such that 1/fQ ., < 27" Then, letting Q, := (>, Qe,, We
find that |Q \ Q.| < 27! and for any y € Q, and h > n, &, (y) < 27" Therefore, for
Q = U,>1 @n, we find that |Q| = 1 and for any y € Q, ., (y) < 27" for h large enough
(depending on v).

Next, once the main result is proven, we can choose a (further) subsequence e | 0 such that
for each k,

HTk(’uz’;k) - Tk(u)||L1(Bk) < 27k,

Then, ", \(Tk(uzgk (z)) — Ti(u(z))) x B, (z)| < +oo for a.e. € R, which shows that

u;j’;k —u ae. in R as k — +oo0.
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As a consequence, if one considers instead a subsequence in Proposition 7, one can replace Q.

by the set @ of full measure, independent on &, and assume that the convergence is almost
everywhere.
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