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“Normandie Univ, UNICAEN, ENSICAEN, CNRS, GREYC, 14000 Caen, France
bHokkaido University, Sapporo, Japan
“Nagoya University, Nagoya, Japan

Abstract

In this paper, we introduce the problem of finding an orientation of a given undirected graph
that maximizes the burning number of the resulting directed graph. We show that the problem
is polynomial-time solvable on Kénig-Egervary graphs (and thus on bipartite graphs) and that
an almost optimal solution can be computed in polynomial time for perfect graphs. On the
other hand, we show that the problem is NP-hard in general and W{1]-hard parameterized by
the target burning number. The hardness results are complemented by several fixed-parameter
tractable results parameterized by structural parameters. Our main result in this direction
shows that the problem is fixed-parameter tractable parameterized by cluster vertex deletion
number plus clique number (and thus also by vertex cover number).

Keywords: burning number, graph orientation, fixed-parameter algorithm.

1. Introduction

The burning number of a directed or undirected graph G, denoted b(G), is the minimum
number of steps for burning all vertices of GG in the following way: in each step, we pick one
vertex and burn it; and then between any two consecutive steps, the fire spreads to the neighbors
(to the out-neighbors, in the directed setting) of the already burnt vertices. In other words,
b(G) is the minimum integer b such that there exists a sequence (wy, ..., wp_1) of vertices such
that for each vertex v of G, there exists ¢ (0 <14 < b— 1) such that the distance from w; to v is
at most 7. Note that each w; corresponds to the vertex that we picked in the (b — ¢)th step.

The concept of burning number is introduced by Bonato, Janssen, and Roshanbin [6, [7]
as a model of information spreading, while the same concept was studied already in 1992 by
Alon [I]. The central question studied so far on this topic is the so-called burning number
conjecture, which is about the worst case for a burning process and states that b(G) < [y/n] for
every connected undirected graph with n vertices. The conjecture has been studied intensively
but it is still open (see [5] and the references therein). Recently, it has been announced that
the conjecture holds asymptotically, that is, b(G) < (1 + o(1))y/n [46]. For the directed case,
the worst cases are completely understood in both weakly and strongly connected settings [33].
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Since the problem of computing the burning number is hard [4], [40] 44], several approximation
algorithms [38] 39, 42] and parameterized algorithms [3] B4 [36] are studied.

In this paper, we investigate the worst case for a directed graph in the setting where we only
know the underlying undirected graph. That is, given an undirected graph, which is assumed
to be the underlying graph of a directed graph, we want to know how bad the original directed
graph can be in terms of burning number. This concept is represented by the following new
graph parameter: the orientable burning number of an undirected graph G, denoted B(G), is
the maximum burning number over all orientations of G; that is,

B(G) = max_ b((_;))
orientation G of G
Recall that an orientation G of an undirected graph G is a directed graph that gives exactly
one direction to each edge of G. Now the main problem studied in this paper is formalized as
follows.

Problem: ORIENTABLE BURNING NUMBER (OBN)
Input: An undirected graph G = (V, E') and an integer b.
Question: Is B(G) > b?

In the setting of information spreading applications, this new problem can be seen as the
one determining directions of links in a given underlying network structure to make the spread
of something bad as slow as possible. Note that the dual problem of minimizing the burning
number by an orientation is equivalent to _‘Ehe original graph burning problem on undirected
graphs since b(G) = min_, .. = . - b(G). To see this equality, observe that each edge is
used at most once and only in one direction to spread the fire.

See for an example on the star graph K1 .

AN AN

wWwo w1 w2 Wn—1

b(Kl,n) =2 B(Kl,n) =N minfglln b(Kl,n) =2

Figure 1: The star graph K; , with n > 2.

1.1. Our results

We first present, in several lower and upper bounds connecting the orientable
burning number of a graph with other parameters such as the independence number. In par-
ticular, for perfect graphs, we present almost tight lower and upper bounds that differ only
by 2 and can be computed in polynomial time. We also consider Konig-Egervary graphs, which
generalize bipartite graphs. Although our bounds for them are not exact, we show that the
orientable burning number of a Kénig-Egervary graph can be computed in polynomial time
(see Section 3.1).

Next we consider the computational intractability of OBN in We first show
that OBN is W[1]-hard parameterized by the target burning number b. Although the proof of
this result implies the NP-hardness of OBN for general graphs as well, we present another NP-
hardness proof that can be applied to restricted graph classes that satisfy a couple of conditions.
For example, this shows that OBN is NP-hard on planar graphs of maximum degree 3.
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To cope with the hardness of OBN, we study structural parameterizations in
We first observe that some sparseness parameters (e.g., treewidth) combined with b make the
problem fixed-parameter tractable. The main question there is the tractability of structural
parameterizations not combined with b. We show that OBN parameterized by cluster vertex
deletion number plus clique number is fixed-parameter tractable. As a corollary to this result,
we can see that OBN parameterized by vertex cover number is fixed-parameter tractable. We
believe that the techniques used there would be useful for studying other structural parameter-
izations of OBN as well.

1.2. Related problems

Although the problem studied in this paper is new, the concept of orientable number has
long history in the settings of some classical graph problems.

The most relevant is the orientable domination number. The orientable domination number
of an undirected graph G, denoted DOM(G), is the maximum domination number over all
orientations G of G. That is,

DOM(G) = max 7((?),

. . —>
orientation G of G

where 7(6) is the size of a minimum dominating set of the directed graph 5 Erdés [21]
initiated (under a different formulation) the study of orientable domination number by showing
that DOM(K,,) ~ logy n, where K, is the complete graph on n vertices. Later, the concept of
orientable domination number is explicitly introduced by Chartrand et al. [13]. We can show
that orientable domination number (plus 1) is an upper bound of orientable burning number
(see [Observation 3.1J).

There are two other well-studied problems. One is to find an orientation that minimizes the
length of a longest path, which is equivalent to the graph coloring problem by the the Gallai—
Hasse-Roy—Vitaver theorem [23 29, [47), 48]. The other one is to find a strong orientation that
minimizes or maximizes the diameter. It is NP-complete to decide if a graph admits a strong
orientation with diameter 2 [I4] and the maximum diameter of a strong orientation is equal to
the length of a longest path in the underlying 2-edge connected graph [27].

2. Preliminaries

Terms in graph burning. Let D = (V, A) be a directed graph. By NjD [v], we denote the set of

vertices with distance at most ¢ from v in D. We often omit D in the subscript and write IV, ; [v]
instead when D is clear from the context. A burning sequence of D with length b is a sequence
(wo, w1, ..., wp—1) € VP such that (Jy<;<p_; N;'[wi] = V. Note that the burning number of D is
the minimum integer b such that D has a burning sequence of length b. We call the ith vertex
w; in a burning sequence the fire of radius ¢ and say that w; burns the vertices in N;r [w;].

Some basic graph terms. Let G = (V, E) be a graph. The complement of G, denoted G = (V, E),
is the graph in which two vertices are adjacent if and only if they are not adjacent in G. For
S CV, let G[S] denote the subgraph of G induced by S. For S CV, let G—S=G[V\S]. A
vertex set S C V is an independent set in G if G[S] contains no edge. The independence number
of G, denoted (@), is the maximum size of an independent set in G. The chromatic number
of G, denoted x(G), is the minimum integer ¢ such that the vertices of G can be colored with
¢ colors in such a way that no two adjacent vertices have the same color. In other words, x(G)

n a directed graph, a vertex dominates itself and its out-neighbors.
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is the minimum integer ¢ such that V' can be partitioned into ¢ independent sets. A vertex set
S C Vs a cligue in G if G[S] is a complete graph. The cligue number of G, denoted w(G),
is the maximum size of a clique in G. The clique cover number of G, denoted 0(G), is the
minimum integer ¢t such that V' can be partitioned into ¢ cliques. An edge set M C E is a
matching in G if no two edges in M share an endpoint. The matching number of GG, denoted
w(@G), is the maximum size of a matching in G. Note that a(G) = w(G) and x(G) = §(G) hold
for every graph G.

A graph G = (V, E) is a perfect graph if w(G[S]) = x(G[S]) holds for all S C V. Equivalently,
G is a perfect graph if a(G[S]) = 0(G[S]) holds for all S C V since the class of perfect graphs is
closed under taking complements [41]. The class of perfect graphs contains several well-studied
classes of graphs such as bipartite graphs and chordal graphs (see, e.g., [§]). A graph G = (V, E)
is a Kdnig—Egervdry graph if a(G) = |V| — u(G). It is known that every bipartite graph is a
Kénig-Egervéry graph [19] B5].

Structural parameters of graphs. Let G = (V, E) be a graph. A vertex cover of Gisaset S CV
such that G — S has no edge. The vertex cover number of G, denoted vc(G), is the minimum
size of a vertex cover of G. A cluster vertex deletion set of G is a set S C V such that each
connected component of G — S is a complete graph. The cluster vertex deletion number of G,
denoted cvd(G), is the minimum size of a cluster vertex deletion set of G. In we use
cvd(G) + w(G) as a parameter. This combined parameter can be related to other parameters
as follows.

Observation 2.1. For every graph G, the following inequalities hold:
X(G) < evd(G) + w(G) < 2ve(G) + 1.

Proof. Let k = cvd(G) + w(G). To see that x(G) < k, one can construct a k-coloring by first
coloring a cluster vertex deletion set S of size cvd(G) with cvd(G) colors, and then coloring each
connected component of G — S independently using at most w(G) colors not used in S. For
k < 2vc(G) + 1, observe that a vertex cover is a cluster vertex deletion set and that the clique
number cannot be larger than the vertex cover number plus 1. O

We can see that cvd(G) +w(G) is an upper bound of vertex integrity, and thus of treedepth,
pathwidth, treewidth, and clique-width. We are not going to define these parameters as we do
not explicitly use them in this paper. For their definitions, see [25] [30].

We assume that the readers are familiar with the theory of parameterized algorithms. (For
standard concepts, see [17, [18| 22} [45].) Recall that a parameterized problem with input size n
and parameter k is fized-parameter tractable if there is a computable function f and a constant
¢ such that the problem can be solved in time O(f(k) - n¢), while being W[1]-hard means that
the problem is unlikely to be fixed-parameter tractable.

3. General lower and upper bounds

In this section, we present lower and upper bounds of orientable burning number, which are
useful in presenting algorithmic and computational results in the rest of the paper. We believe
that the bounds would be of independent interest as well.

We start with a simple observation that orientable burning number is bounded from above
by orientable domination number plus 1.

Observation 3.1. B(G) < DOM(G) + 1 for every graph G.
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Proof. Let G be an orientation of G. Let {w1,...,wy} be a minimum dominating set of G

By arbitrarily setting wg, we construct a sequence o = (wp, w1, ...,w,) of length v+ 1. Since
{w1,...,w,} is a dominating set, o is a burning sequence of G. Therefore, B(G) = maxgz b(G) <
maxg 7(G) + 1 =DOM(G) + 1. O

Since DOM(G) € O(a -log |V (G)|) [11l 28], |Observation 3.1| implies that B(G) € O(« -
log [V(G)]).

For orientable domination number, it is known that

a(G) < DOM(G) < n - p(G) (1)

for every n-vertex graph G [12| [13]. The following counterpart for orientable burning number
can be shown in almost the same way.

Lemma 3.2. For every n-vertex graph G, a(G) < B(G) <n — u(G) + 1.

Proof. The second inequality follows from the corresponding one in [Eq. (1){and [Observation 3.1}
To show the first inequaLi}y, let I be a maximum independent set of G. Since I is indepen-
dent, there is an orientation G of G such that all vertices in I are of in-degree 0. Since every burn-

—

ing sequence has to contain all vertices of in-degree 0, we have B(G) > b(G) > |I| = a(G). O

and the equality o(G) = n—u(G) for Kénig-Egervary graphs imply that DOM(G) =
a(G) for them [12]. On the other hand, because of the additive factor +1 in [Lemma 3.2 we
only know that B(G) € {a(G), a(G)+1} for Kénig-Egervary graphs. In|Section 3.1} we present
a polynomial-time algorithm that determines which is the case.

A tournament is an orientation of a complete graph. A king of a tournament 7' = (V, A) is
a vertex v € V such that N, [v] = V [43]. The following fact due to Landau [37] is well known.

Proposition 3.3 ([37]). In a tournament, every vertex with the mazimum out-degree is a king.

By using [Proposition 3.3 we can show the following upper bound of orientable burning
number in terms of clique cover number.

Lemma 3.4. For every graph G, B(G) < 6(G) + 2.

Proof. Let C = {Cy,...,Cy41} be a minimum clique cover of G = (V, E). (Notice the shift in
the numbering.) Given an orientation G of G, we construct a sequence (wg,ws,...,wy+1) by
setting wg and wy to arbitrary vertices and setting w; with ¢ > 2 to a king of G [C;]. Since
Ci € Ny [w;] for 2 <i < 0+1, it holds that (Jy<;<g 1 N; [wi] = V. Thus, (wo, w1, ..., wec)+1)
is a burning sequence of G with length 0(G) + 2. O

Recall that 0(G) = a(G) holds for every perfect graph G. Hence, and [3.4] imply
the following almost tight bounds for perfect graphs.

Corollary 3.5. For every perfect graph G, a(G) < B(G) < a(G) + 2.

Since the independence number of a perfect graph G can be computed in polynomial
time [26], one can compute in polynomial time a value b such that b < B(G) < b+ 2. We
left the complexity of ORIENTABLE BURNING NUMBER on perfect graphs unsettled.

implies that B(K,) < 3. As DOM(K,,) ~ logy n, this example shows that the
gap between B(G) and DOM(G) can be arbitrarily large. It is easy to see that the lower bound
a(@) is not always tight. For example, B(P2) = 2 = a(FP2) + 1, where P, is the path on n
vertices. To give examples of graphs G with B(G) = a(G) + 2, we show that B(K,,) = 3 for
n > 5. To this end, we need the following simple observation.
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Observation 3.6. If H is an induced subgraph of G, then B(H) < B(G).

Proof, 1t suffices to show the statement for the case where V(G) = V(H)U{v} with v ¢ V(H).
Let H be an orientation of [ that satisfies B(H) = b(H ) Let G be an orientation of G such
that A(H ) A(G) and that the arcs in A(G ) \ A(H ) are oriented toward the new vertex v.
Since b(a) < B(G), it suffices to show that b(H ) < b(a) Let o = (wo, ..., wp—1) be a burning
sequence of G. Since v has out-degree 0 in G, we have N Flwi] = N;é»[wi] \ {v} for all i with

w; # v. Thus, if v ¢ {wq,...,wp_ 1} then o is a burning sequence of H. Assume that wj =0
for some j. We obtain a sequence o' from o by replacing the jth vertex with an arbitrary vertex
in H. Since NJr [wj] = {v}, ¢’ is a burning sequence of H. O

Lemma 3.7. B(K;) =1, B(K,) =2 for 2<n <4, and B(K,,) =3 for n > 5.

Proof. Clearly, B(K1) = 1. Assume first that 2 < n < 4. We can see that B(K,) > 1 as a fire
of radius 0 can burn only one vertex. Let K be an orientation of K,,. Observe that K has
a vertex of out-degree at least [(n — 1)/2] as there are n(n — 1)/2 arcs. Hence we can burn at
least 1 4 [(n — 1)/2] vertices by placing a fire of radius 1 at a vertex of maximum out-degree.
This is already enough for n = 2. If n € {3,4}, there can be one unburnt vertex, which can be
burned by a fire of radius 0.

Next assume that n > 5. By [Corollary 3.5 and [Observation 3.6| it suffices to show that
B(Ks) > 2. Let V(K5) = {0,1,2,3,4}. Let K5 be the orientation of K5 that has A(f@) =
{(i,i+1),(i,1+2) | 0 < i < 4}, where the addition is modulo 5. See This orientation
shows that B(K75) > 2 since a fire of radius 1 burns only three vertices. O

3 2

Figure 2: An optimal orientation of Ks.

3.1. Polynomial-time algorithm for Kdénig—Egervdry graphs

We now present a polynomial-time algorithm for Koénig—Egervary graphs. Recall that
B(G) € {a(G),a(G) + 1} for every Kénig-Egervary graph G. Intuitively, we show that the
fire of radius 0 (often called wp in our exposition) is useful in most of the cases and the case
B(G) = a(G) + 1 rarely happens.

Theorem 3.8. Let G be a Kénig—Egervdry graph with more than four vertices, then

a(G)+1 if G=mDP,
a(G) otherwise,

where m = |E| and mPy is the disjoint union of m edges.

This immediately gives the complexity of ORIENTABLE BURNING NUMBER for Koénig—
Egervary graphs.

Corollary 3.9. ORIENTABLE BURNING NUMBER on Kénig—FEgervary graphs is solvable in
polynomial time.



206

207

208

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

239

240

241

Proof of[Theorem 3.8 Let G = (V,E) be an n-vertex Kénig-Egervary graph. Recall that
a(G) =n — u(G) and B(G) € {a(G),a(G) + 1}.

First assume that G = mP». In this case, a(G) = m holds. Suppose to the contrary that
B(G) = a(G). To burn the whole graph G, each connected component has to contain a fire.
Since we have a(G) connected components and «(G) fires, each connected component contains
exactly one fire. However, since each connected component contains two vertices, the one with
the fire of radius 0 is not completely burned. Thus, B(G) > a(G) + 1.

Next assume that G # mP, and G has no perfect matching. Let M = {e1,...,e, @)} be
a maximum matching of G. By the non-existence of a perfect matching, 2 u(G) < n holds,
and thus there exist n — 2 u(G) = a(G) — u(G) > 0 vertices not covered by M. Let G be
an orientation of G. We set wo, . .., Wa(a)—u(@)—1 to the a(G) — u(G) vertices not covered by
M, and set wqG)—py - -+ Wa(a)—1 to the tailsh of the arcs corresponding to ey, ..., e, ). The

constructed sequence (wp, ..., Wq(g)—1) is a burning sequence of G with length a(G).

Finally, we consider the case where G # m P, and G has a perfect matching M. Observe that
in this case p(G) = |V|/2, and thus a(G) = n — u(G) = |V|/2. We set M = {eo,...,eq@)-1}
Note that |M| > 3 as |[V| > 4. Since G # mP,, G has another edge f ¢ M. Without loss of
generality, we assume that f has one endpoint in ey and the other in es. That is, eg, f, and eg
together form P,. Observe that every orientation of Py can be burned by fires of radii 0 and
2 (see . For an orientation & of G, we construct a sequence o = (wo, w1, - - ., Wo(G)—1)
by setting wg and wsy appropriately in the Py formed by eg, f, e2, and setting w; to the tail of
the arc corresponding to e; for each i € {0,...,a(G) — 1} \ {0,2}. The sequence o is a burning

sequence of G with length a(Q). O
wa wo wa Wo
o>—0>—0 >0 O—<—0o>—0 >0
w2 Wo w2 Wo
>0 >0 <9 <0 >0 <9

Figure 3: All orientations of P; can be burned by fires of radii 0 and 2. (By symmetry, the direction of the
central edge is fixed.)

4. Hardness of the problem

Now we demonstrate that ORIENTABLE BURNING NUMBER is intractable in general. We
present two reductions implying that

e OBN is NP-hard, and
e OBN is W[1]-hard parameterized by the target burning number b.

The reductions are similar and they follow the same idea: reduce the problem to INDEPENDENT
SET by adding a sufficiently large number of isolated vertices.

We can see that our reduction showing the W[1]-hardness also shows NP-hardness in gen-
eral. However, we present the separate reduction for NP-hardness as it has a wider range of
applications. Basically, our reduction for W[1]-hardness works only for dense graphs, while the
one for NP-hardness works also for sparse graphs like planar graphs.

Technically, the reduction for W[1]-hardness is a little more involved as it has to control the
number of additional isolated vertices to keep the target burning number small. Thus, we first
prove W([1]-hardness and then show a similar proof for NP-hardness.

2The tail of an arc a = (u, v) is the vertex u, which has a as an out-going arc.



2 4.1. W[1]-hardness parameterized by b

243 We reduce the following problem, which is known to be W([1]-complete parameterized by
24 the solution size k [I7], to OBN parameterized by the target burning number b.

2

=

25 Problem: MULTICOLORED INDEPENDENT SET (MCIS)
26 Input: An undirected graph G = (V| E) and a partition (Vi,..., V%) of V into cliques.
27 Question: Does G contain an independent set of size k?

28 Theorem 4.1. ORIENTABLE BURNING NUMBER on connected graphs is W[1]|-hard parameter-
29 ized by the target burning number b.

0 Proof. Let (G,Vi,...,Vk) be an instance of MCIS. Let H be the connected graph obtained
1 from G by first adding a set I of three isolated vertices and then adding a universal vertex uE|
2 We prove that (H, k+ 3) is a yes-instance of OBN if and only if (G, V1,...,V}) is a yes-instance
23 of MCIS. The if direction follows from which says B(H) > a(H) > a(G) + 3.

254 In the following, we show the only-if direction. Assume that (H,k + 3) is a yes-instance of
s OBN and an orientation H of H satisfies b(H) > k + 3.
256 We construct a sequence o = (wo, ..., wk12) as follows. If all vertices in I are of in-degree 0,

257 then we set wp, wy,ws to the vertices in I. Otherwise, we set wy to u and set wg, w1 to two
258 vertices of I including the ones of in-degree 0 (if any exist). For 1 < i < k, we set w;49 to a
259 king of the tournament H [Vi]. Recall that every tournament has a king (see |Pr0p0sition 3. 3|)
260 and a king of a tournament can reach the other vertices in the tournament in at most two steps.
261 We can see that ¢ is a burning sequence of H (with length k& + 3) as follows. Each vertex of
22 in-degree 0 in {u} U I, if any exists, is burned by itself, and the other vertices in {u} U I are
263 burned by ws. For 1 < i <k, w;a burns V; because w;42 is a king of H[V] Since b(H ) > k43,
264 0o is a shortest burning sequence of H.

265 Now we show that {ws, ..., wgio} is an independent set of G, which implies that (G, V1, ..., Vi)
26 1S a yes-instance of MCIS. Suppose to the contrary that G has an edge between vertices

267 Wp, Wy € {ws,..., w2}, By symmetry, we may assume that (wp,wq) € A(_)). Let o/ =
28 (W, - - -, Wy, 1) be any sequence satisfying that (w, wy, wy) = (wo, wi, wa) and {ws, ..., wy} =
200 {ws,..., w2} \ {wg}. We show that ¢’ is a burning sequence of H, which contradicts that o

270 is shortest.

m Clearly, {u} UT C Ugec;cq N [w)] (= Ugejen NiT[wi]). For each i € {3,...,k + 2} \ {q},
212 there exists j € {3,...,k+ 1} such that w; = w}. Since w’; (= w;) is a king of I_{)[V,;,g], we have
a3 Vicg CN +[ 7. The dlscuss1on so far implies that o' burns V(H) \ Vg—2.

274 Since wy is a king of H[Vq_g], we have Vy_o C Ny [w,]. As (wp,w,) € A(I_—f), it holds that
25 Ny [wg] € Nit[wp). Let r € {3,...,k + 1} be the index such that w/ = wj. Since r > 3,
26 N3 [wp] € N, [w,] holds. Hence, V,—2 C N, [w,], and thus ¢’ burns V,_» as well. O

a7 4.2. NP-hardness

278 We reduce the following NP-complete problem to OBN.
279 Problem: INDEPENDENT SET

250 Input: An undirected graph G = (V, E) and an integer k.

231 Question: Does G contain an independent set of size k?

31f we do not need the connectivity, we can omit the universal vertex and the proof becomes slightly simpler.
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INDEPENDENT SET is quite well studied and known to be NP-complete on many restricted
graph classes such as planar graphs of maximum degree 3 [24]. below shows that
the hardness of INDEPENDENT SET on a graph class can be translated to the hardness of OBN
on the same graph class, under an assumption that the class does not change by additions of
isolated vertices.

The proof of is quite similar to that of The main difference is that
here we can increase the target burning number as much as we like. This makes the discussion
very simple; e.g., we do not need the concept of kings any more, and thus the hardness can be
proved for almost all graph classes for which INDEPENDENT SET is hard.

Theorem 4.2. Let G be a graph class such that INDEPENDENT SET is NP-complete on G. If
G is closed under additions of isolated vertices, then ORIENTABLE BURNING NUMBER on G is
NP-hard.

Proof. Let (G, k) be an instance of INDEPENDENT SET, where G € G and |V(G)| = n. Let
H be the graph obtained from G by adding a set I of n isolated vertices. Since G is closed
under additions of isolated vertices, H € G holds. To prove the theorem, it suffices to show that
(H,k+n) is a yes-instance of OBN if and only if (G, k) is a yes-instance of INDEPENDENT SET.

If G has an independent set S of size k, then[Lemma 3.2 implies that B(H) > [SUI| = k+n.

Conversely, assume that (H,k+n) is a yes-instance of OBN and there is an orientation H of
H such that b(H) > k+n. Let 0 = (wy, ..., w,_1) be a shortest burning sequence of ﬁ, where
b >k +n. Necessarily, I C {wo,...,wp_1}, let S ={wj,...,wi, , , }={wo,...,wp_1} \I. It
suffices to show that S is an independent set of (G. Suppose to the contrary that G has an edge
between vertices wy,w, € S. By symmetry, we may assume that (wp,w,) € A(J_Lf ). Let o’ =
(Wi - - ., wj_o) be any sequence such that: {w(,...,w},_;} =T and {w),,...,w,_} =5\ {wg}.

We show that ¢’ is a burning sequence of H , which contradicts that o is a shortest one.
Observe that since a longest directed path in H has length less than n, for any w; € S and
n < j <b—2, we have N; [w;] C N; [w;]. Furthermore, added to the fact that (wy, w,) € A(ﬁ),

it holds that N [w,] € N

. a1 lwp] © Nj+ [wp] for any n < j < b—2. As a consequence,

U Nfwl=1uN/lwju |J Nwi]

0<i<b—1 w; €S\{wgq}
cru |J N
n<j<b—2
- U N;‘ [w;]
0<j<b—2
This implies that ¢’ is a burning sequence of H. O

As an application of [Theorem 4.2] we can show the following corollary. (Recall that INDE-
PENDENT SET is NP-complete on planar graphs of maximum degree 3 [24].)

Corollary 4.3. ORIENTABLE BURNING NUMBER is NP-hard on planar graphs of mazximum
degree 3.

5. Structural parameterizations

In this section, we consider some structural parameterizations of ORIENTABLE BURNING
NUMBER. Given which shows that OBN is intractable when parameterized by
the target burning number b, it is natural to consider the problem parameterized by some
structural parameters of the input graph.
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5.1. Parameterizations combined with b

The first observation is that some sparseness parameters combined with b make the problem
tractable.

Observation 5.1. Let G be a class of graphs with a constant cg > 1 such that every graph
G € G satisfies a(G) > |V(G)|/cg. When parameterized by cg plus the target burning number
b, ORIENTABLE BURNING NUMBER on G is fixed-parameter tractable.

Proof. Let G be an n-vertex graph in G. If b < n/cg, then a(G) > b and thus (G,b) is a
yes-instance of OBN. If b > n/cg, then n < b-¢g, and thus (G,b) itself is a kernel with less
than b - cg vertices. O

It is known that a(G) > n/(d+1) for every n-vertex graph G with average degree d [10} [49].
Thus |[Observation 5.1] implies the following corollary.

Corollary 5.2. ORIENTABLE BURNING NUMBER is fized-parameter tractable parameterized by
b plus average degree.

implies that OBN is fixed-parameter tractable parameterized by b+ treewidth,
and OBN on planar graphs is fixed-parameter tractable parameterized by b. Recall that OBN is
NP-hard on planar graphs even if the maximum degree is 3 . On the other hand,
the parameterized complexity of OBN parameterized solely by treewidth remains unsettled.

5.2. Parameterizations without b

Now we consider structural parameterizations not combined with b. As the first step in this
direction, we consider parameters less general than treewidth such as vertex cover number. In
some sense, vertex cover number is one of the most restricted parameters that is always larger
than or equal to treewidth (see, e.g., [25]).

We show that OBN parameterized solely by vertex cover number is fixed-parameter tracta-
ble. Our proof is actually for a slightly more general case, where the parameter is cluster vertex
deletion number plus clique number. In the rest of this section, we prove the following theorem.

Theorem 5.3. ORIENTABLE BURNING NUMBER is fized-parameter tractable parameterized by
cluster vertex deletion number plus clique number.

[Theorem 5.3| and [Observation 2.1 imply the fixed-parameter tractability parameterized by
vertex cover number.

Corollary 5.4. ORIENTABLE BURNING NUMBER is fized-parameter tractable parameterized by
vertex cover number.

5.2.1. Proof of [Theorem 5.3,

In the proof, we use the theory of monadic second-order logic on graphs (MSO3), which will
be introduced right before we use it. If we allow an MSO; formula to have length depending on
b, it is not difficult to express OBN. However, this only implies the fixed-parameter tractability
of OBN parameterized by a parameter combined with b. To avoid the dependency on b, we
have to bound the length of an MSOs formula with a function not depending on b. To this
end, we make a series of observations to bound the number of parts not used in a good burning
sequence, then represent the problem by expressing the unused parts instead of the used parts.

10
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Useful assumptions. In the following, let (G,b) be an instance of OBN. Let w be the clique
number of G; that is, w = w(G). Let S be a cluster vertex deletion set of G with size s = cvd(G).
Our parameter is k := w + s. Note that finding S is fixed-parameter tractable parameterized
by s [31], and thus by k as well. Let C1,...,C, be the connected components of G — S, which
are complete graphs. When we are dealing with an orientation G of G, we sometimes mean by
C; the tournament G [V(C;)]. For example, we may say “a king of C;.”

Claim 5.5. If b < p, then (G, b) is a yes-instance.

Proof. By picking arbitrarily one vertex from each C;, we can construct an independent set of

size p. By [Lomma 3.3} B(G) > a(G) > p > b O
Claim 5.6. If b > p+ s+ 2, then (G, b) is a no-instance.

—

Proof. Let G be an orientation of G. It suffices to show that b(G) < p+ s+ 2. For each Cj,
we place a fire of radius at least 2 at a king of ;. For each vertex in S, we place a fire of
arbitrary radius. If we have not used the fires of radii 0 and 1, then we place them at arbitrary
vertices. O

By and [5.6] we may assume that
p<b<p+s+2

Let ¢ be the length of a longest path in G. We assume that £ > 1 since 0therwi§9 G cannot
have any edge and the problem becomes trivial. Note that in every orientation G or G, the
length of a longest directed path is at most £.

Claim 5.7. { < sw+ s+ w — 1.

Proof. Let P be a longest path in G. Since P can visit at most |S| 4+ 1 connected components
of G — S, we have |V(P)| < |S|+ (|S] + 1)w as each C; is a complete graph. The claim follows
as |S| =s and |[E(P)|=|V(P)| — 1. O

In a burning sequence of an orientation of G, we call a fire of radius at least ¢ a large fire.
Note that a large fire w burns all vertices that can be reached from w in the orientation as no
directed path in the orientation is longer than /.

In the following, we focus on burning sequences of length b — 1 since we are going to express
the non-existence of such sequences. Let L = max{0,b—1—/¢}; that is L is the number of large
fires in a sequence of length b — 1. Observe that L <p+sasb—-—1—-0<b—-2<p—+s.

A burning sequence of an orientation of G is good if the following conditions are satisfied:

1. two large fires do not have the same position;
2. each Cj contains at most one large fire;
3. if a large fire is placed in some Cp, then it is placed at a king of C}.

Claim 5.8. Let G be an orientation of G._’If G admits a burning sequence with length b — 1,
then there is a good burning sequence of G with the same length.

Proof. From a burning sequence o of G with length b — 1, we first construct a sequence o; that
satisfies the first condition of the goodness. We repeatedly find two large fires placed at the
same vertex and then replace arbitrary one of them with another vertex not occupied by any
large fire. The replacement is possible as L is not larger than the number of vertices. Since two
large fires placed at the same vertex burn the same set of vertices, the obtained sequence is still

11
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a burning sequence of G. When there is no pair of large fires occupying the same vertex, we
stop this phase and call the resultant sequence o;.

Next we modify o1 to obtain a sequence oy that satisfies the first and second conditions.
Assume that two large fires w; and w; are placed in the same connected component Cj, of G — S
and that (w;,w;) € A(a) (Recall that C}, is a complete graph.) Since wj; is a large fire, it
burns every vertex that can be reached from w;. In particular, w; burns all vertices reachable
from w;. Hence, w; is useless for burning the graph. We replace w; with another vertex v such
that v is not occupied by any large fire and if v belongs to some C}/, then there is no large fire
belonging to C prior to the replacement. This is always possible as L < p+5s. We exhaustively
apply this replacement procedure and get oo, which satisfies the first and second conditions of
the goodness.

Finally, we obtain a sequence o3 from oy by replacing each large fire that is placed in some
Ch, with a king of C}. We can see that o3 is a burning sequence of G since the new large fire
placed at a king of C, burns all vertices reachable form the king and the king can reach all
vertices in (. Since o3 satisfies all conditions of goodness and has the same length as o, the
claim holds. O

If o is a good burning sequence of an orientation G of G with length b — 1, then the sum of
the following two numbers is p + s — L:

e the number of vertices in S not occupied by the large fires of o, and

e the number of connected components of G — S not including large fires of o.

Since L = max{0,b — 1 — ¢} and p < b, it holds that p+ s — L < s+ ¢+ 1. Since ¢ can be
bounded from above by a function of k = s 4+ w, so is p + s — L. Thus our MSO» formula can
have length depending on p + s — L, the number of unused parts.

MSOy expressions. We now express the problem in the monadic second-order logic on graphs.
A formula in the monadic second-order logic on graphs, denoted MSQOs, can have variables
representing vertices, vertex sets, edges, and edge sets. As atomic formulas, we can use the
equality x = y, the inclusion z € X, the adjacency relation adj(x,y) meaning that vertices x
and y are adjacent, and the incidence relation inc(e, z) meaning that a vertex x is an endpoint
of an edge e. Atomic formulas can be recursively combined by the usual Boolean connectives —,
A, V, =, and < to form an MSOs formula. Furthermore, variables in an MSO4 formula can be
quantified by 3 and V. If an MSO» formula ¢(X) with one free (vertex-set or edge-set) variable
X is evaluated to true on a graph G and a subset S of V(G) or E(G), we write G = ¢(5).
It is known that, given an MSO; formula ¢(X), a graph G, and a subset S of V(G) or E(G),
the problem of deciding whether G |= ¢(5) is fixed-parameter tractable parameterized by the
length of ¢ plus the treewidth of G' [2, (9] [15].

In the following, we focus on an instance (G,b) of OBN given with a minimum cluster
vertex deletion set S of G such that s = cvd(G) = |5], w = w(G), p is the number of connected
components in G — S, and L is the number of large fires in a sequence of length b — 1. As we
justified above, we assume that

e p<b<p+s+2, and

e the sum of the numbers of unused vertices in S and unused connected components of
G-—Sisp+s—L.

Under these conditions, we construct an MSO» formula ¢(X) such that G = ¢(S) if and only if
(G,b) is a yes-instance of OBN. We also show that the length of ¢(X) is bounded from above

12
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by a function of £ = s + w. Since the treewidth of G is at most s + w (see [25]), this implies
MTheorem 5.3

The formula ¢(X) asks whether there exists an orientation G of G such that no sequence
(wg, ..., wp_9) of length b — 1 is a good burning sequence of G. In MSO,, we can handle
orientations of k-colorable graphs by first assuming a default orientation using a k-coloring and
then represent the reversed edges by a set of edges [16], 32]E| More precisely, such a formula first
expresses a k-coloring and a set of reversed edge, and then it considers each edge as oriented
from the vertex with a smaller label to the one with a larger label if and only if the edge is not
a reversed one. Note that [Observation 2.1|implies that G is k-colorable. We use this technique
and thus ¢(X) has the following form:

o(X)=3V,...,V, CV,IF C E: proper-coloring(Vi,..., Vi) A ¢1,

where proper-coloring(Vi,..., Vi) expresses that Vi,...,Vj is a proper k-coloring of G. The
formula proper-coloring(Vi,..., V) can be defined as

proper-coloring(Vi,..., Vi) = part(Vi,..., Vi) A \/ ind(V;),
1<i<k

where part(Vi,..., V) and ind(V;) are defined as follows

part(Vi,..., Vi) =Yo e V: \/(UGVZ')/\ /\ —(veViAnveVj),
1<i<k 1<i<j<k

ind(V;) = Yu,v € V;: —adj(u,v).

The subformula ¢; can use the formula arc(u,v) expressing that there is an arc from u to
v in the orientation defined by Vi,...,V; and F, which can be defined as follows:

arc(u,v) = adj(u,v) A (((u < v) A —rev(u,v)) V (=(u < v) A rev(u,v))),
where (u < v) and rev(u,v) are defined as
(u<w)= \/ (ueVinv eV,
1<i<j<k
rev(u,v) = Je € F': inc(e,u) A inc(e, v).

Given an orientation defined above, the subformula ¢; expresses that there is no good
burning sequence of length b — 1 for this orientation. Indeed, we set ¢1 = —¢o and give a
definition of ¢9 that expresses there is a good burning sequence of length b — 1. We assume

that b — 1 > £ since the other case can be easily obtained from the expression of this case. The
subformula ¢2 has the following form

¢2 = Jwo, ..., we—1 €V, Juy, ... Upts—1 € V:

esn N wFuA N (i X)A (¢ X) = —adj(ui, ug))

1<i<j<p+s—L 1<i<j<p+s—L
where wo, ..., wp_1 simply correspond to the first ¢ fires in a (good) burning sequence and
Ui, ..., Up+s—1 correspond to the representatives of unused parts. More precisely, if u; € X,

“There is another way for handling orientation by using a variant of MSOs defined for directed graphs, where
we can fix an arbitrary orientation first (without using a k-coloring) and then represent reversed edges by an
edge set. See e.g., [20].
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then it means that u; is not used by any large fire; if u; ¢ X and thus u; belongs to some
connected component C' of G — X, then it means that no vertex in C is used by large fires.
Note that the second line of the formula forces that w, ..., up+s—r are distinct and not chosen
multiple times from one connected component of G — X. (Recall that X is promised to be a
cluster vertex deletion set.) Now ¢3 expresses that every vertex is burned. Hence, it can be
expressed as follows

¢3 =Yv € V: burned(v),

where the definition of burned(v) is given below.
To define burned(v), observe that v is burned if and only if one of the following conditions
is satisfied:

1. some w; (0 <i < /¢ —1) has a directed path of length at most i to v;
2. some large fire has a directed path to v.

We express the first case as burned-small(v) and the second as burned-large(v), and thus
burned(v) = burned-small(v) V burned-large(v). The first case is easy to state as

burned-small(v) = \/ reachable;(w;, v),
0<i<i—1

where reachableg(z,y) means that there is a directed path of length at most d from z to y,
which can be defined as

reachabley(x,y) = Jzp,...,24 € V:

(o=2)A(Ga=y9)A N (5= 211) Varc(z, zj11))-
0<j<d—1

On the other hand, the second case is a bit tricky as the large fires are not explicitly handled.

Recall that the vertices uq,...,up+s—r, tell us which vertices in X are not large fires and which
connected components of G — X include no large fires. From this information, we can determine
whether a vertex x is used as a large fire by setting large-fire(x) = —unused(z), where

unused(z) is defined as

unused(z) = \/ r=u | V| (¢ X)A \/ ((ui ¢ X) Aadj(z,u;))

1<i<p+s—L 1<i<p+s—L

Note that the correctness of the right side depends on the assumption that each connected
component of G — X is a complete graph. Now burned-large(v) can be expressed as follows.

burned-large(v) = Jx € V: large-fire(z) A reachabley(z,v).

The length of the entire formula ¢(X) depends only on k, ¢, and p + s — L, where ¢ and
p+ s — L can be bounded from above by function depending only on k. Therefore, the length

of ¢(X) depends only on k. This completes the proof of [Theorem 5.3
6. Concluding remarks

In this paper, we initiated the study of ORIENTABLE BURNING NUMBER (OBN), which is
the problem of finding an orientation of a graph that maximizes the burning number. We first
observed some graph-theoretic bounds and then showed algorithmic and complexity results.
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We showed that OBN is NP-hard even on some classes of sparse graphs . On
the other hand, we do not know whether it belongs to NP. We can see that OBN belongs
to 25 since it is an JV-problem that asks for the existence of an orientation of a given graph
such that all short sequences of fires are not burning sequences of the oriented graph (see [50]

for a friendly introduction to EQP). It would be natural to suspect that the problem is indeed
P -hard.

Question 6.1. Does OBN belong to NP, or is it 35 -complete?

In contrast to the NP-hardness of the general case, we showed that the problem is solvable
in polynomial time on bipartite graphs or more generally on K6nig-Egervary graphs
@D. We also showed that for perfect graphs, which form a large superclass of bipartite
graphs, we can compute the orientable burning number with an additive error of 2

lary 3.5). Given these facts, we would like to ask whether the problem can be solved in poly-
nomial time on perfect graphs or on some of its subclasses such as chordal graphs.

Question 6.2. Is OBN polynomial-time solvable on perfect graphs, or on some of its (non-
bipartite) subclasses such as chordal graphs?

In the parameterized setting, we showed that OBN parameterized by the target burning
number b is W[1]-hard in general (Theorem 4.1)), while it is fixed-parameter tractable on some
sparse graphs such as planar graphs (Corollary 5.2). We then studied the setting where b is
not part of the parameter. In this case, we showed that OBN parameterized solely by vertex
cover number (or more generally by cluster vertex deletion number plus clique number) is

fixed-parameter tractable (Theorem 5.3). It would be interesting to study the complexity of
parameterizations by more general parameters, e.g., vertex integrity [25].

Question 6.3. Is OBN fixed-parameter tractable when parameterized solely by treewidth,
pathwidth, treedepth, vertex integrity, or other related parameters?

Finally, we ask a graph-theoretic question. Most of the algorithmic and complexity results
in this paper directly or indirectly used the relations between the orientable burning number
and the independence number shown in As shown there, we have a(G) < B(G) and
B(G) € O(a(G) -logn). Now the question would be the maximum difference between a(G) and
B(G). At this point, we only know that the maximum gap is at least 2 as B(K,,) = 3 = a(K,)+2
for n > 5.

Question 6.4. Is there a graph G with B(G) > a(G) + 27 Is there a function f such that
B(G) < f(a(G)) for every graph G?
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