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A MATHEMATICAL MODEL FOR COREGISTERED DATA
FROM ELECTROENCEPHALOGRAPHY AND DIFFUSIVE
OPTICAL TOMOGRAPHY

M. DARBAS!, S. LOHRENGEL?"* AND B. SuLIS?

Abstract. A mathematical model for coregistered time-dependent electroencephalography (EEG)
and diffusive optical tomography (DOT) is developed and analysed. Evolution with time is introduced
by considering time-dependent dipolar sources in the EEG model and time-dependent optical parame-
ters for DOT. Dimensional analysis shows that time-derivatives can be neglected. A non-linear system
of differential equations from literature is used to model the postsynaptic current and hemodynamic
parameters at the neuron level. A key point of the full model is to explain how these quantities pro-
vide, at the level of the whole head, the moment of the dipolar source term of the EEG problem and
the behaviour in time of the optical parameters of the DOT model. The well-posedness of the time-
dependent EEG problem is proved by the subtraction approach for moments with L?-regularity in
time and continuous source trajectories. For the time-dependent DOT model with continuous optical
parameters in time, standard results of functional analysis apply. We explain the full pipeline from the
stimulation current up to the simulated signals recorded at the electroptodes. Numerical results for
a three-dimensional realistic head model illustrate the capacity of simultaneous EEG/DOT measure-
ments to attest neurovascular coupling between the neural activity and changes in the hemodynamic
parameters.
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1. INTRODUCTION

The challenges of understanding the human brain are major and of great interest to better diagnosis and cure
of many brain diseases. Various brain imaging modalities have been developed over the years, each dedicated to
the investigation of some specific brain functions. We can cite functional magnetic resonance imaging (fMRI),
computerized tomography (CT), positron emission tomography (PET), electroencephalography (EEG), magne-
toencephalography (MEG), functional near-infrared spectroscopy (fNIRS) or diffuse optical tomography (DOT).
Some of them provide complementary information on the brain and its disorders, and the benefits of multimodal
neuroimaging are studied in the last decades. In this paper, we focus on the synchronous measurements of EEG
and DOT.

Keywords and phrases: Time-dependent electroencephalography with dipolar sources, time-dependent diffusive optical tomog-
raphy, neurovascular coupling, neuronal model.
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On the one hand, electroencephalography (EEG) is one of the most widespread functional brain imaging
techniques. Measurements of the electric potential generated by normal or pathological brain activity are taken at
electrodes attached to the scalp. They record in a passive and non-invasive way the voltage potential fluctuations
between different cortical regions. EEG-monitoring can be done at the bedside of the patient which makes the
technique particularly appropriate for neonates and premature babies. The important goal of brain imaging
using EEG is to localize cerebral sources generating measured EEG signals. EEG is known to have an excellent
temporal resolution and is able to record neural events in order of one millisecond. Its spatial resolution is
generally limited (a few centimeters). Neonatal EEG is used to assess seizure recognition and classification
and to make epilepsy syndrome diagnosis (e.g. [1]). It provides also prognostic information for other brain
dysfunctions (e.g. [2]).

On the other hand, diffuse optical tomography (DOT) is a functional brain imaging technique that measures
at optodes (sensors) on the scalp the hemodynamic changes in the brain. DOT is an extension of {NIRS (see
e.g. [3]). More precisely, DOT aims in localizing changes in oxy- and deoxyhemoglobin (that result from brain
activity) within the brain by using absorption of near-infrared light. Similar to EEG, it is a non-invasive
technique. DOT may be seen as an alternative to fMRI. In comparison to fMRI, the DOT system has the
advantage to be relatively low-cost, portable and bedside-compatible.

The development of multimodal analysis yields a more detailed understanding of brain dynamics. We are par-
ticularly interested in the coupling of EEG with optical imaging, taking advantage of the possible coregistration
of EEG and NIRS which has already been operated by collaborators from GRAMFC INSERM UMR-S 1105
(Amiens’ hospital) [4] for neonates and premature babies. EEG measures directly neuronal activity while optical
imaging techniques (DOT, NIRS, fNIRS) capture the physiological changes linked to neurovascular coupling.
To sum up, in response to a certain task (due to normal or pathological origin), the neural activity increases
in a brain area. A metabolic demand, i.e. changes in oxy- and deoxyhemoglobin, is observed generally in that
area. Coregistered data from EEG and DOT give information to clinicians for understanding the neurovascular
coupling which occurs in some brain disorders. The coupling of the two modalities is more particularly used
in pediatric clinical research [5, 6]. An example is the study of [7] where hemodynamic changes have been
observed among 10s before an epileptic seizure. Another clinical investigation using simultaneous EEG and
DOT is described in [8].

The mathematical modelling of EEG and DOT has been widely addressed in the literature. Without being
exhaustive, we cite [9-12] and references therein for an analysis of the forward EEG problem where the models
are static. Experimental DOT devices mainly rely on three different types of light sources: systems with constant
light source measure the total intensity of light at the surface of the object, systems with frequency modulated
sources operate at radio-frequency and allow to measure separately the amplitude as well as the phase shift
of the intensity, and time resolved systems are based on sources of an ultra short time impulse. Time-resolved
DOT is an existing imaging modality [13] that is actually less relevant for clinical purposes due to the high cost
of the technical device. In this paper, we thus limit our investigations for DOT with frequency modulated source
terms. We refer to [14-16] for an overview of models for DOT based on the diffusion approximation which are
time-harmonic in the case of frequency modulated sources with stationary optical parameters.

The present work is dedicated to the development and the analysis of a mathematical model for simulat-
ing coregistered time-dependent EEG-DOT data. Given an input stimulus, the underlying forward problem
consists in computing the electric potential and the photon density which are generated by the brain activity
corresponding to the stimulus, at electroptodes on the scalp. To this end, we combine different models at the
neuron level and at the level of the whole head. First, we need to model the neurovascular coupling mecha-
nism, that is the dynamics of the neural activity and its vascular response. This is done by solving a system
of non-linear ordinary differential equations. Different models have been developed in the past (see e.g. [17-22]
and references therein). In this paper, we focus on a model for neuronal activity based on the work of [21] cou-
pled to the balloon model [18, 19] for the hemodynamic response. These models are used to get the behaviour
in time of the postsynaptic current and the hemodynamic parameters at the neuron level. Next, we search
space-time models that allow to propagate and diffuse this local brain information at the macroscopic level
of the whole head. Full Maxwell’s equations and the Radiative Transfer Equation (RTE) are computationally
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expensive. Instead, we introduce time evolution in the existing stationary PDE models for EEG and DOT by
means of time-dependent source terms for EEG and time-dependent optical parameters for DOT. The absence
of time-derivatives is justified by dimensional analysis. The behaviour in time of the EEG source term and
the optical coefficients for DOT are deduced from the ODE’s models at the neuron level. Finally, we get a
complete pipeline of models that allow the numerical simulation of coupled EEG-DOT signals from a (time-
dependent) input stimulus up to the electric potential and photon density which depend on space and time
variables.

The paper is organized as follows. In Section 2, we justify a time-dependent model for the EEG forward
problem and we address an existence and uniqueness result using the subtraction method. In Section 3, we pro-
pose a model for the diffusion approximation with time-dependent optical parameters in a frequency-modulated
setting. Section 4 is devoted to the modelling of the neurovascular coupling at the neuron level. Finally, we
describe the whole numerical pipeline in Section 5. Simulations of coregistered EEG/DOT signals for a realistic
three-dimensional head model are performed.

2. A MATHEMATICAL MODEL FOR TIME-DEPENDENT EEG

2.1. Dimensional analysis of Maxwell’s equations

We study an electromagnetic phenomenon in a space-time domain with characteristic length ¢ and time
scale 7. The continuous medium is characterized by its electric permittivity e, magnetic permeability p and
conductivity o. Maxwell’s equations describe the propagation of an electromagnetic field in this medium. Under
the assumption that the constitution laws of the medium are linear, they are given by

V-B=0, V x B = pu(e0:E+J),

V xE=—,B, V.E="?
g

(2.1)

and model the interaction between the electric field E, the magnetic induction B, the charge density p and the
current density J. In a conducting medium with conductivity o, Ohm’s law states that the free current density
is given by J = ogE. In the presence of impressed current sources, a source term jP should be added to J.

The static limit of Maxwell’s equations is well understood in the case where all fields and sources are time-
independent. As soon as there is some time-dependence, however, the full Maxwell system should apply unless
mathematical analysis shows that some terms can be neglected. EEG measures the cerebral activity during
the observation. This activity is clearly variable in time, meaning that time-dependent source terms should be
considered. In this context, dimensional analysis is an interesting tool to reduce the set of Maxwell’s equations
and get simplified models under particular hypotheses. The idea is to observe the different physical quantities
in terms of their units or dimensions. Smallness of some of them allows to neglect certain coupling between
electric and magnetic fields [23]. To this end, we introduce the velocity of the system with modulus v = ¢/7.
The light celerity in the medium with electromagnetic parameters ¢ and p is given by ¢ = 1/,/. Here, we are
interested in limit configurations where v < c.

For going further into details in the analysis, a first step is to express the quantities ¢ and ¢ in terms of the
electromagnetic parameters €, p and o. Following [23], we introduce the quantity 7. = /0 which has dimension
of time and can be interpreted as the electric charge diffusion time. Similarly, the quantity fcuo can be shown
to be dimensionless and can be written as the quotient of 7,,, = u0€2 and T, = £/c which both have dimension
of time. We next proceed to the scaling of Maxwell’s equations. To this end, set E(t,x) = eE/(¢/,x’) and
B(t,x) = bB/(t',x’) where e, b are reference quantities and E’, B’ are dimensionless quantities of order O(1)
depending on ¢ = t/7 and x’ = x/¢. In the sequel, prime notation corresponds to dimensionless operators or
variables.
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Using the definition of the characteristic times, Faraday’s and Ampere’s laws V x E = —9,B and V x B =
1(e0E 4+ oE) become respectively

em b
V' XxE =" %%Bﬂ (2.2)
and
V xB =l o 4+ S gy 2.3
* ch ! + T, b (2:3)

We are interested in the low frequency range where the characteristic dimensions of the system are such that

Tem K T, Te L T, and T, < T. (2.4)
. Tem €b Tem € . ..
Then, we cannot have simultaneously — =0(1) and i O(1) and at least one of the time derivatives
e ¢

in (2.2) or (2.3) has to be neglected. \7\—76 aim to determine the limit model from the only order between the
characteristic time scales.

One may notice that Tgm = T.Tym which amounts to saying that any order between 7.,, and 7. induces an order
of 7,,, with respect to 7¢,,. We distinguish three cases: Te;n <K Te, Te K Tem and Te ~ Tepm. We choose to only detail
the first one. According to assumption (2.4) on 7, the relation 7., < 7. implies the order 7,,, K Tem <K Te <K T.

T, T,
From 7. < 7, we deduce that —— <« ="
T

. The displacement current in the right hand side of (2.3) can thus

be neglected and we get

V x B =puld. (2.5)
b em . . .
Since the left hand side of (2.3) is of order 1, we further have L lm . Hence, the right hand side in (2.2)
e Te
can be neglected, too, which yields
VxE=0. (2.6)

The cases T, < Tem, and Te ~ Te lead to the same conclusions. Thus, in a frequency range satisfying (2.4),
we get the following approximation of Maxwell’s equations

V-B=0, V xB=ul,

2.7
VxE=0, V.Ezg, (2.7)

called the quasi-stationary model.

2.2. Quasi-stationary approximation for EEG with time-dependent sources

In this section, we compare the order of magnitude of the characteristic times for the electromagnetic param-
eters of the different head tissues. In mathematical modelling of brain activity, one assumes that the magnetic
permeability of head tissues is close to the one of free space. The parameters of the medium are given by € = €,.¢¢
and g1 = g where g9 = 8.85 x 10712F.m~! and pp = 47 x 10~"H.m™! are respective vacuum permittivity and
permeability. The relative permittivity €, and the conductivity o depend on the tissue, but also on the frequency
range. The typical frequency range of the electromagnetic fields in the head is inferior to 100 Hz [24] and we
thus take 7 ~ 0.01s as the characteristic time scale. We consider a multilayer head model which distinguishes
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TABLE 1. Electric parameter set at 100 Hz [25, 28] and characteristic times.

White matter Grey matter CSF Skull Scalp
Er 1.67 x 106 3.91 x 10° 1.1x 102 585x10°  1.14 x 10°

o (Sm™1) 0.14 0.33 1.8 0.04 0.33
T (3) 253x 1077 597x107% 325x107% 72x10719 6.0x107°
Tem (8) 5x 1077 8x 1077  419x107% 3.1x107% 1.35x1078
7. (s) 1.05x107°  1.05x107* 54x1071% 13x107% 3.1x10°8

between white and grey matter and takes into account the cerebrospinal fluid (CSF) as well as skull and scalp.
Uncertainty about the electric parameters should be taken into account since in vivo measurements in the
human body are in general not available, especially for neonates and premature babies. In Table 1, we take the
values for the electric permittivity from the IT’IS data base [25] which are given for a specific frequency from
a parametrization fit based on the dispersion relation owing to [26]. The conductivity values are taken from
[27, 28] for neonates. We recall the formulee for the three characteristic times

2
Te = €/0, Tm = pol® Tem = \/TeTm.-

The characteristic length scale ¢ should be given by the thickness of the tissue in consideration. Notice, however,
that 7. is independent from the characteristic length ¢ whereas 7, ~ £2 and e, ~ £. Hence, if the quasi-static
approximation is valid for a given /£, it is also valid for any smaller length scale. We thus take for ¢ the dimensions
of the neonatal head, i.e. £ =~ 0.12 m. We then deduce the values of the three characteristic times.

From Table 1, we infer 7,,, < Ty < Te < 7 for white matter, grey matter and skull. In CSF, the order is
reversed and in the scalp, the three characteristic times are approximately of the same order with 7,,, ~ 7Ty, ~
T, < 7. These situations correspond to the different cases studied in the previous dimensional analysis. Thus,
for modelling EEG, the quasi-stationary approximation (2.7) of the full Maxwell equations can be considered
as a valid model. We focus on values for neonates and premature babies, but the conclusions of the dimensional
analysis hold true for adults as well, the main difference being in the value of ¢ in the skull which is generally
assumed to be ten times smaller than in neonates.

Equation V x E = 0 shows that the electric field E derives from a scalar electric potential, denoted by w,
and is written as

E(t,x) = —Vu(t,x), (t,x) € (0,T) x Q, (2.8)

with 7' > 0 an observation time and Q@ € R? (d = 2,3) a head model. In the brain and in particular in the
cortex, the synchronized effect among a multitude of neurons creates an intracellular current denoted by jP.
The current density J produced by cerebral activity thus splits into two terms

J =0E + j*. (2.9)
By replacing (2.8) and (2.9) in the equation V x B = pJ, and by applying the divergence operator, we obtain
0=V-(VxB)=uV-({G*—oVu), (2.10)

which gives the following elliptic equation

V. (oVu)=V-j>. (2.11)
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In order to numerically reproduce spatially localized phenomena which are variable in time, we propose a time-
dependent model for the source term jP in the form of a set of M electrical current dipoles located in the
brain

M
Pt =" am(®)s(- = Sn(t), (2.12)

where 6(-) denotes the Dirac delta distribution. Here, S,,(t) € Q and q,,(t) € R? are, respectively, the position
and the moment of the m-th current dipole at time ¢ which is situated in the subdomain of €2 that models the
brain or, more precisely, the grey matter. The vector q,,(t) defines the strength and direction of the m-th dipole
at time ¢ and is expressed in (A m). Multiplication by the Dirac delta yields (A m~2) for the unit of the current
density j,. The right hand side of (2.11) then reads

M

F(t,) =V (t,) = > am(t) - V(- — Sm(t)). (2.13)

m=1

Assuming that the conductivity of air is zero and that no electric current can flow out of the scalp, the electric
potential u is thus solution of the following boundary problem with homogeneous Neumann condition

{v (oVu)=F in (0,T)xQ, (2.14)

0Opu =0 on (0,T) x 9,

where u and F are functions of space and time. Problem (2.14) is the instationary extension of the standard
forward problem for EEG.

2.3. The subtraction approach for EEG with time-dependent sources

In this section, we address the resolution of the forward problem (2.14). Mathematically, a head model can
be described as follows. Let 2 C R? be a bounded simply connected domain with regular boundary I' := 9
and consider a partition of 2 into P open subdomains (£2,),_, such that

P
Q= UQP and Q,NQ, =0 Vp #q.
p=1

Subdomains €, describe the different tissues of the head. In the case of concentric subdomains as in Figure 1,
we denote by I', the interface between the subdomains 2, and ,1; and assume that (I',), are closed regular
surfaces. Let n, be the unit normal vector to I', from £, to ,41.

Notice that (2.14) includes the following transmission conditions at any interface I', between two subdomains
Q, and €,

[u]jr, = [00nu]jr, =0 on (0,T) x T'p. (2.15)

Here, [f]ir, = fla, — fla, denotes the jump across the interface I', of the function f defined on Q.
We make the following assumptions on the moments, sources, and the conductivity:

(H1) aqm € L?(0,T)% and S,, € C°([0,T))%, vm € {1,..., M}.
(Hs2) At time t, the points (S,,(t)).,, are mutually distinct, i.e. Sy, (t) # Sk (t),Vm # k.
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FI1GURE 1. Three-layer head model.

(Hs) All sources are located in the same subdomain Q,,, po € {1,..., P}, and there is a domain D CC Q,,,
such that
M
U {Sm(®), t 0,77} C D, (2.16)
m=1

and the conductivity is constant on D: o|p = op for a constant op > 0.

Here, the choice of moments q,, with L2-regularity in time is motivated by a possible need of signal processing
tools in the analysis of EEG measurements. From a mathematical point of view, signals are naturally assumed
to belong to some subspace of L2.

Due to the lack of regularity in space of the source term F, a direct variational formulation of (2.14) in H*(Q)
is not possible. A possibility is to apply the subtraction approach [12, 29, 30]. It consists of decomposing the
potential u into a potential & which contains the singularity and a regular lifting w:

u=1u+won (0,T) x €.

But in the time-dependent setting with moments q,, belonging to L2(0,T)¢, the boundary value problem
(2.14) with source term (2.13) can not be understood at fixed time ¢. The definition of the singular potential
@ thus needs to be done with caution. To this end, we introduce for m € {1,...,M} and i € {1,...,d}, the

. i
canonical source term an):

vt e [0,T], FO(t,-) = e - V§(- — S, (1)) (2.17)

where e(® denotes the i-th canonical basis vector of R?. Notice that F7(ni)

is well defined at any time step ¢ since
Sm is continuous on [0,T]. The associated singular potential ald) (t,-),i=1,...,d, is solution of the following

Poisson equation
vt e [0,T], opAul)(t,-) = F{I(t,-) in R

Thus, ﬂ%) (t,-) is obtained by convolution in the space variable x of the fundamental solution of the Laplace
1 .
equation with the right hand side —e® - V(- — S,,(t)) which leads to
oD
2¢=1rop |x — Sy (£)|¢

al)(t,x) = vt €[0,T], Vx € R\ {S,.(t)}. (2.18)
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At fixed time t € [0, 7], consider the following boundary value problem with regular right hand side

~V - (oVui(t, >> V(o —op)Va(t,)) inQ,
{aan D, ) = a;f(t,.) onT. (2.19)

We prove here below that (2.19) admits a variational solution in an appropriated vector space. To this end,
define the bilinear form a(-,-) on H*(2) x H'(Q) by

a(w,v) = / oVw - Vudx.
Q
For fixed ¢ € [0, T}, denote by 1) (t;+) the following linear form defined for v € H* (),
19 (t;0) = / (op — o)ValD(t,-) - Vudx — / opOna(t, v ds.
Q\D r

Since problem (2.19) involves a Neumann boundary condition, its solution is determined up to an additive
constant only. We therefore introduce the subspace of H*(§2) of functions with vanishing mean value,

V = HYQ)NLA(Q), (2.20)

where

Li(Q) = {v € LQ(Q)‘ /dex:O}

and H'(2) denotes the standard Sobolev space of square integrable real-valued functions with derivatives up
to the first order.
Then, the following proposition holds true:

Proposition 2.1. Let o0 € L>®(Q) be such that 0 < omin < 0 < Omax a.€. on Q with constants omin and Tmax.
Let S, € C°(0,T)¢ for any m € {1,..., M} and assume that (Hs) and (Hs3) are satisfied. Then, for m €
{1,...,M} and i € {1,...,d}, the following problem admits a unique solution:

. (2) 0 .
{Fmd wr € CO([0,T]; V) such that (2.21)

a(wP(t,-),v) =15 (t;v) Vo € HY(Q), Vt € [0,T).

The solution of (2.21) satisfies (2.19) in a weak sense.

Proof. According to the assumptions on o, the bilinear form a(-,-) is continuous and coercive on V' x V. For
the linear form, consider v € H'(2) and ¢ € [0, T]. Since the potential Y (t,-) is regular outside the domain D,
we conclude that ! )( -) is continuous on H'(f2) and satisfies

15t 0)] < Clloll o
with a constant

C =2|o| L= e, IVa$) (¢, )l 22\ by + Crop e, 10 (£, )| L2(r)
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which is independent from ¢, where Cr > 0 is the constant of the trace operator on H!(€). The compatibility

condition 1} (t;1) = 0 can be proved as in [29] with the help of the solid angle formula. Then, Lax-Milgram’s

(i) -

theorem guarantees existence and unlqueness of the solution at fixed time t. Now, notice that Uy, is continuous

with respect to time on Q\ D and 1Y) depends continuously on ut?) . This proves that wl) € C°([0,T); V) and

we get
; C
”wv(;b)(tv')HV < E Vit € [O7T]

where a > 0 is the coercivity constant of a(-, ). O

Now, the time-dependent EEG problem (2.14) with source term (2.13) admits a solution in the following
sense:

Theorem 2.2. Let o € L™(Q) be such that 0 < omin < 0 < Opax a.€. 0N Q with constants omin and Omax-
Assume (Hy) — (Hs) to be true. Fori e {1,...,d} andm € {1,..., M}, let wy, ) be the solution of (2.21) where
s,? is defined by (2.18). Finally, denote by q,(,? the i-th component of the moment q,, € L?(0,T)?. Then,

M d
= 55D @® + wip) (2.22)
m=1i=1

1s solution of the time-dependent EEG problem

V-(oVu)=F in (0,T) x €,
00pu =0 on (0,T) x T,

with source term
M
F(t,) =Y am(t)- V(- — Sm(t)).
m=1

Proof. In order to prove that the potential u under the form (2.22) is solution to problem (2.14), it is sufficient
to notice that V - (UV( )+ wsn))) is well defined at any time ¢ since

V- (oY@ +wd)) =V (6 —op)Vi) + opAil) + V- (cVwd)) = FO.

m m

We further have 00, (u%) + w(z)) =0on [0,7] x T by construction.

3. DIFFUSIVE OPTICAL TOMOGRAPHY WITH
TIME-DEPENDENT COEFFICIENTS

3.1. Dimensional analysis of the Pl-approximation of the radiative transfer equation

Light propagation is mainly governed by absorption and scattering phenomena. A popular model for photon
transport in a context where the wavelength in the near infrared range is small (750-900 nm) compared to the
characteristic length of the human head, is the radiative transfer equation (RTE).
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Let S be the unit sphere in R? and denote by f a given phase function which describes the probability that
a photon arriving from direction s, is scattered in direction s’. We assume that f depends only from the angle
between s and s’ which is the case in an isotropic medium, and is such that

/Sf(s~s’)ds':

The unknown of the RTE is the specific intensity of light L(¢,x,s) (expressed in (Wm~2sr~!)) which depends
on time ¢, position x and the direction s. Let @ be a light source. Then the RTE reads

%at (t,x,8) +s- VL(t,x,8) + u: L(t, x,8) = /fs s')L(t,x,s")ds' + Q(t,x,s). (3.1)

Here, pt = pq + ps is the total attenuation coeflicient depending on the absorption coefficient p, and the
scattering coefficient ps in the biological tissue, and ¢ is the speed of light in the medium.

Since the numerical resolution of the RTE results in a high computational cost, especially in the context of
medical imaging applications, a common choice is to use the diffusion equation as an approximation. We will
discuss here how to deal with time-dependent optical parameters. To this end, we define respectively, the diffuse
photon density ¢ and the diffuse photon flux £ by

b(tx) = /S L(t,x,3) ds, (3.2)
and
Lt %) = / L(t, x, 5)s ds. (3.3)
S

¢ and L are respectively the moments of order 0 and 1 of the intensity L which may be interpreted as the
mathematical expectation and variance of L. We further assume that the source term @ is isotropic, i.e. () does
not depend on the direction s and thus [ Q(t,x,s)s ds = 0. Expansion of the intensity L in terms of spherical
harmonics up to the first order then yields the following system

éatgb(t, %)+ V- LX) + pralt, )t %) = O (3.4)

%&E(t,x} + %V(b(t,x) + (pa(t,x) + pl(t,x))L(t,x) = 0, (3.5)

where u, = (1 — g)us is the reduced scattering coefficient, g is the anisotropy factor and Q(t, x) fs Q(t,x,s)ds.
Since we are concerned with frequency modulated DOT systems, we consider a time-harmonic source term
Q(t,x) = Qo(x) exp(wt) oscillating at a given pulsation w > 0. But the optical parameters p, and ', depend
both on the time and the space variable. We therefore cannot assume that the unknowns ¢ and £ are separated
in time and space as it is usually the case in time-harmonic problems. Let ®(¢,x) and L(#,x) be such that
o(t,x) = R (D(t,x) exp(wt)),
L(t,x) = R (L(t,x) exp(wt)) ,

where ® and L are complex-valued functions of time and space, and @ denotes the imaginary unit. System
(3.4)—(3.5) then reads

%@(t,x) + %&g@(t,x) + V- L(t,x) + pa(t, x)@(t,x) = Qo(x) (3.6)

%L(t,x) + %@L(t,x) + %V@(t,x) + (pa(t,x) + pi(t,x))L(t,x) = 0. (3.7)
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TABLE 2. Baseline values for optical parameters of the neonatal head at 800 nm [33]. Constant
anisotropy factor g = 0.9 and refractive index n = 1.33 for all tissues. Pulsation w = 2 f with
modulation frequency f = 10% (Hz). Homogenization of CSF/AT with p = 15% AT among

CSF [36].
Tissue o (mm') gl (nm) pe+pl w/e (mm)
scalp 0.018 1.9 1.918 0.0028
skull 0.016 1.6 1.616 0.0028
CSF/AT 0.0062 0.3122 0.3184 0.0028
grey matter 0.048 0.5 0.548 0.0028
white matter 0.037 1.0 1.037 0.0028

In the same way as for the time-dependent EEG problem, we now proceed to the scaling of system (3.6)—(3.7).
Let 7 and ¢ be the characteristic time scale and length of the problem. Let further ®(¢,x) = ¢P’(¢',x’) and
L(t,x) = vL/'(¢',x’) where ¢ and ~ are reference quantities and P’ and £’ are dimensionless of order O(1)
depending on t' = t/7 and x’ = x/¢. As before, prime notation corresponds to dimensionless operators or
variables and system (3.6)—(3.7) becomes

w 1
P+ P+ %V' L'+ papP’ = Qu, (3:8)

1 1
ZNL + =0 L+ — VP + (pta + Ho)L = 0. (3.9)
c cT 30

Now, we take into account that frequency domain optical imaging devices employ radio-frequency modulated
near-infrared light and operate at a typical frequency of f = 10% (Hz) [31]. According to [7, 32], oscillations in
the concentrations of oxy- and deoxyhemoglobine occur at a frequency from 0.05 to 0.1 (Hz). Thus, two different
time-scales appear simultaneously, a fast scale induced by the modulation frequency f of the operating system
and a slow scale 7 resulting from neurovascular coupling. Since % < w = 27 f, dimensional analysis allows to
justify that the second term in (3.8) (resp. (3.9)) is much smaller compared to the first term and we conclude
that the time derivatives can be neglected.

We further investigate the orders of the first and last term in (3.9). Here below are listed typical baseline
values for the optical parameters of the head tissues at a wavelength of 800 (nm). Except for the cerebrospinal
fluid (CSF), these values are taken from [33]. The analysis of CSF has to be done with more caution. Indeed, it
is commonly admitted that the diffusion approximation of RTE is much less precise in CSF than in the other
tissues [34, 35]. This is mainly due to the small scale of the optical parameters which yields a large mean free
path and consequently a large diffusion coefficient x. However, it has been pointed out in [35, 36] that the
subarachnoid space is not only filled with CSF but also contains thin filaments, the arachnoid trabeculae (AT),
that connect the two inner meninges, arachnoid mater and pia mater. Taking into account these small scatterers
by homogenization yields the values in Table 2 for a proportion of p = 15% AT among CSF (see [36] for details)
and attests that w/c < p, + p} in all tissues. This implies that the first term in (3.9) can be neglected.

3.2. The time-dependent diffusion approximation

The system resulting from (3.8)—(3.9) and dimensional analysis reads

%(I)(t, x) + V- L(t, x) + p1q(t, x)®(t, %) = Qo(x), (3.10)

%V@(t,x) + (pa(t,x) + pi(t, x))L(t,x) = 0, (3.11)
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and implies that the photon flux L derives from the scalar potential ®. Substituting L in (3.10) then yields the
diffusion equation

V- (590) + (p1a + ) @ = Qo,

1
3{j1a(t:) + (£, %)) .
of time and space variables. In order to take into account inner reflection at the boundary between the scalp and
the exterior domain, a Robin-type boundary condition is prescribed on I" [16]. Hence, the boundary problem of
the diffusion approximation with time-harmonic light source and time-dependent optical parameters reads

where the diffusion coefficient x(t,x) = and the absorption coefficient u,(t, x) are functions

(3.12)

V. (kV®) + (ua n %) ® = Qo in(0,T)xQ,
® + AkO, D 0 on(0,T)xT.

Here, A > 0 is a scalar coefficient that depends on the refractive index (RI) mismatch between the biological
tissue of RI n and the surrounding medium of RI n,. A precise formula for A can be found in [31]. In comparison
to the standard forward problem for DOT (e.g. [15, 37]), problem (3.12) is time-dependent and has been justified
by dimensional analysis.

The variational formulation of problem (3.12) involves the complex vector spaces L?(2; C) and H!(£2;C) of
functions v :  — C defined on € with values in C. In the sequel, v stands for the complex conjugate of v.
Problem (3.12) is well posed in the following sense:

Theorem 3.1. Let p, and k belong to C°(0,T; L°°(£2)) and assume that there are constants pi,o > 0 and ko > 0
such that

ta = a0 and K > ko VE € [0,T], a.e. on Q. (3.13)
Let Qo € L*(Q;C) and A > 0. Then, there is a unique solution ® € C°(0,T; H(2; C)) such that for anyt € [0, T
at(®(t,-),v) = £(v) Yv € H(Q;C), (3.14)

where
~ wy 1 _
ar(u,v) = / K(t,-)Vu - Vodx —|—/ (ua(t, )+ —) uwdx + — / uvds (3.15)
Q Q c A Jr
is a sesqui-linear form defined for fized t on H'(Q;C) x H*(£;C) and
L(v) = / QoU dx (3.16)
Q

is an antilinear form on H'(£);C).

Proof. Notice that the assumptions on the data p,,x and A guarantee that the sesqui-linear form a;(-,-)
is continuous and coercive on H'(;C) for any ¢ € [0,7] with constants independent from t. Since Qg €
L?(Q; C), the antilinear form ¢ is time-independent and continuous on H!(Q;C). At fixed time ¢, there is thus a
unique solution ®(¢,-) € H(Q;C), solution to (3.14) due to Lax-Milgram’s lemma for complex Hilbert spaces.
Continuity of the solution ® with respect to time then follows from the continuity of the parameters. Indeed,
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let (tn)nen be a convergent sequence in [0, 7] such that lim,, o ¢, = t*. Let ®,, = ®(¢,, ) and &* = O(¢*,-) the
corresponding solutions of (3.14) at t,, and t*, respectively. Then, for any v € H'(£2;C), we have

ag, (Pr, — D", v) = a, (Pp,v) — ap= (D", v) + ap= (P*,0) — ay, (P*,v)
= L(v) — L(v) 4+ a (D", v) — az, (D", )
— 0

as n — oo since the coefficients £ and p, are continuous with respect to ¢. Then, we infer from the coercivity of
at(+,-) that

1
@0 = @10 < R (ar, (By — 27, @, — @) — 0

as n — oo since the coercivity constant o = min(ro, fta,0) is time-independent. O

4. A MATHEMATICAL MODEL FOR NEUROVASCULAR COUPLING

Neurovascular coupling describes the hemodynamic response of the brain to the electrical activity of a group
of neurons. Roughly speaking, the neuronal activity induces an increase of the cerebral blood flow in order
to satisfy the increasing need of oxygen in the activated area. Changes in the concentrations of the involved
chromophores oxyhemoglobin [HbOs| and deoxyhemoglobin [Hb] imply changes in the optical parameters p, and
. In this section, we summarize the main compartments of neurovascular coupling, i.e. a model for neuronal
activity based on the work of [21] and the balloon model [18, 19] for the hemodynamic response. The balloon
model has been developed initially to describe the BOLD signal of functional MRI [18], but the correlations
between the BOLD signal and the concentration of deoxyhemoglobin allow to use it in diffuse optical imaging,
too. The full model allows to get the input moment q,,(¢) in the source term (2.13) of the forward EEG
problem (2.14) and the time-dependent absorption coefficient p, in the forward DOT problem (3.12) while
explaining their link in neurovascular coupling. We start with the description of the neuronal model that yields
the moment q,,(t).

4.1. The neuronal model

Neurons are responsible for transmitting information between brain cells, through electrical impulses and
chemical signals. The neuron is composed by three parts, the soma or cell body, the dendrites and the axon.
When a stimulus occurs, the dendrites transmit the message to the soma which generates an action potential
under appropriate conditions. The action potential is in turn sent through the axon and arrives at the presynaptic
neuronal membrane which is separated from the postsynaptic neuron by the synaptic cleft. The action potential
induces the release of neurotransmitters into the synaptic cleft which passes the information to the postsynaptic
neuron and creates the postsynaptic potential.

Here, we present the neuronal model as a system of coupled ordinary differential equations. At the level of a
single neuron, the membrane potentials v and v4 of the soma and the dendrite in presence of an input stimulus
Istim are solutions of the following differential equations:

dug

Cn 2 =l Culva = 1) + T (@)
d
Cmg = —lq ot + Ca(”s - Vd)’ (4.2)

where C,,, is the specific membrane capacitance and C, is a constant which depends on the properties of the
neuron.
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Notice that we assume throughout the whole section that the quantities involved at the neuron level are
spatially constant over the small area of the neuron membranes. This model could be generalized to spatially
extended neurons by considering the cable equation or more general reaction-diffusion systems (see e.g. [38]),
still resolved at the scale of a few neurons, resulting in much heavier computations.

Voltage gated membrane currents and ionic concentrations

The total cross membrane currents L. 1ot (* € {s,d}) in the soma (resp. dendrite) compartment are the sum
of voltage dependent sodium (Na) and potassium (K) currents I jon (resp. Iq,1on) and sodium, potassium and
chlore leak currents as well as sodium-potassium exchange currents. Except for the leak currents, the ionic cross
membrane currents are modelled using the Goldman-Hodgkin-Katz (GHK) formula

Fv.([Ton]; « — exp(—v./®)[lon].)
D exp(—v, /D)

I*,Ion = G«,Ion ’ Ion € {Nav K}v * € {Svd}v (43)

where g, on is the channel specific conductance, [Ion]; . and [Ion]. denote the (compartment specific) intra-
and extracellular ionic concentrations, F' is the Faraday constant, and ® = RT/F depends on the universal gas
constant R and the absolute temperature T'.

The ionic exchange rates between the soma and the dendrite depend on the total ionic current and the flow
of ions between the soma and the dendrite compartement which is assumed to be proportional to the difference
of the ionic concentrations:

Tonl:
VS% = —Cs1s1on + Cron([lon];,¢ — [Ionl; ;) (4.4)
d[Ion];
Vd% = —Cala,on + Cron([lon]; s — [Ion); 4) (4.5)
V.  d[lon]. C, Cy
Iy . 1 = 7Is on —1 on 4.
Vorve At v ety (4.6)

where V;, V; and V, are respectively the volume of the soma, the dendrite and the extracellular space, and
Cs,Cy and Cie, are constants depending on the neuron and the ion under consideration.

The ionic currents given by the GHK-formula (4.3) travel across voltage gated ionic channels. Each channel
has a conductance g, jon = mf,lonhz,longlom product of an ion-specific maximum conductance gio, and a factor
m? . hI € [0, 1] which describes the fraction of active and inactive open channels. The variables m. 1on and

*,Jon""x,Ton
h+ 1on are solutions of a couple of differential equations

dme Ton
TI;IO = am,*,lon(y*)(l - m*,Ion) - /Bm,*,lon(y*)m*,lona (47)
dhy Ton
T%IO = ah,*,lon(V*)(l - h*Jon) - ﬁh,*,lon(y*)h*,lona (48)

with opening and closing rates « and 8 depending on the membrane potential v,. The expressions for the rates
of the different gating particles are usually obtained by experimental fitting [21, 39, 40].

Leak currents

The leak currents are given by Ohm’s law,
I*,leak,lon = glon(V* - EIon) (49)

where Fr,, denotes the ion-specific potential at rest.
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Sodium-potassium exchange currents

The coupling between the neuronal and the vascular compartment is realized by the sodium-potassium
exchange pump which aims to balance the ionic concentrations between the intra- and extracellular spaces.
These pumps are present as well in the soma as in the dendrite compartment. The pump moves out three
intracellular sodium ions and two extracellular potassium ions:

I Na,pump = 3Lx pump, (4.10)
L K pump = —2Lx pump, (4.11)

where the total current I, pump due to the Na/K-exchange pump is given as the product of a function 1 . depend-
ing on the concentrations of intracellular sodium and extracellular potassium and a function s . depending on
the tissue oxygen concentration [Os],

Lepump = Imax71,« ([Kle, [Nals i) 2.« ((O2]) - (4.12)

Expressions for 1 , and 2. can be found in [21].
In turn, the variation of oxygen concentration [Os] depends on the oxygen supply and consumption, and
satisfies the differential equation

dOs] _ 7 [O2]p — [Og]

& [0s]s — (02l - M. (4.13)

Here, J is the rate of change in oxygen concentration, [Os], and [O3]y are, respectively, the steady state and
baseline oxygen concentration, and M = M ([O2], [K]., [Na]; s, [Na]; 4) denotes the cerebral metabolic rate of
oxygen (CMRO3) which accounts for variation in time of the oxygen consumption after stimulation due to the
exchange pump and other processes [21].

4.2. The vascular compartment

One of the most popular models to describe the dynamics of the biomechanical and metabolic quantities
involved in brain activation is the balloon model [18, 19]. It consists of two coupled differential equations for the
concentration of deoxygenated hemoglobin [Hb] and the cerebral blood volume CBV of the venous compartment:

d[Hb] 1 /(M  [Hb

o < M, CBv Jor ) (4.14)
dCBV 1 ( CBF

a (CBFO - f"“t) (419

Here, 73 is the mean transit time at rest, i.e. the time that a given blood volume stays in the capillary circulation,
and My and CBF are equilibrium values for the metabolic rate of oxygen M and the cerebral blood flow CBF,
respectively. The cerebral blood flow in the arterioles of the vascular compartment is of Poiseuille type,

4

CBF = CBFOR

— 4.1
i (4.16)

where R is the radius of the arterioles and Ry is the corresponding steady state value. The outgoing flow fous
is related to the blood volume CBV by

dCBV
fons = OBV 47— (4.17)

with empirical constants d and 7.
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4.3. The complete differential system

In summary, we get a system of ordinary differential equations

dU

which has to be completed by initial values U(0) = Uy. The vector U of unknowns can be split into two parts,
on the one hand the neuronal part Upeuron Which contains the membrane potentials vs; and vy, the intra- and
extracellular ionic concentrations [Ion]; , and [Ion]. and finally the gating variables m and h, on the other hand
the hemodynamic part Upg containing the concentrations of oxygen and deoxygenated hemoglobin [Os] and [Hb)]
as well as the cerebral blood volume CBV. The right hand side of (4.18) may also be split into a vector Freuron
and Jpq but due to neurovascular coupling, Freuron acts on Upeuron as well as on [Og] through the presence of
the exchange pump current I, pump, Whereas Fpnq acts on Upeuron as well as on Uyg since the metabolic rate of
oxygen M depends on the ionic concentrations [K]. and [Nal; .. Thus, system (4.18) reads

d Uneuron _ ]:neuron(Uneuronv [02]) (4 19)

de Uhd -th(Uneurony Uhd) . .
Notice that the full system of differential equations described in [20, 21] contains other compartments than the
two mentioned here, as for example astrocyte.

4.4. The time-dependent source term of the forward EEG-problem

The post-synaptic current

In response to an action potential v (i.e. a presynaptic spike), neurotransmitters are released at the presy-
naptic terminal. These neurotransmitters then move into the synaptic cleft and bind with receptors in the
postsynaptic neuron, opening ion channels. This movement of ions across the neuronal membrane generates a
postsynaptic current I, which is given by

Ipost (t) = g(t)(’/post (t) - Vrev)~ (420)

Here, the conductance g(t) depends on the presynaptic neuron, v is the potential accross the postsynaptic
membrane, and e, is a (constant) reversal potential the value of which depends on the neurotransmitter.

There are different types of neurotransmitters and the model will depend on which neurotransmitter we con-
sider. Here, we focus on a single channel model which is valid e.g. for AMPA or GABA 4 which are, respectively,
excitatory or inhibitory neurotransmitters. As before, we express the conductance as a maximum conductance
g and a factor between 0 and 1 modelling the proportion of open channels. Thus, we have g(t) = gs(¢) in (4.20)
where s is obtained by solving the differential equation [41]

d

£ = K1[T)(1 — s) — K»s, (4.21)
with K7, Ko two constants that depend on the neurotransmitter and [T'] the concentration of neurotransmitters
in the synaptic cleft. We use a relationship between [T] and v from [41] according to which [T7] is given by

Tmaa:
[Tl(vs) = 77 (s — V)]’ (4.22)




A MATHEMATICAL MODEL FOR COREGISTERED DATA 17

where Tj,q, is the maximum concentration of transmitters in the synaptic cleft, Vi the value at which the
concentration is halfed, K, models the steepness and v, is the presynaptic action potential, given by the
resolution of (4.18).

Finally, the corresponding postsynaptic current is then given by the right hand side of (4.20) where the
postsynaptic potential is taken as the membrane potential v in the dendrites.

The time-dependent current dipolar moment

The above analysis describes potentials and currents for a single neuron. EEG signals at the scalp, however,
result from postsynaptic currents generated by a large amount of synchronized pyramidal neurons with similar
orientations which sum up according to Kirchhoff’s law.

The source term of the time-dependent forward EEG problem (2.14) is the divergence of the source current
density jP which we assume here to result from one electrical current dipole, i.e. M = 1. If the active area of the
brain is time-independent and localized at the point S, this implies, according to Section 2, that j? is separated
in the variables ¢ and x and may be written as a dipolar moment q depending on the time variable ¢, multiplied
by a Dirac delta dg, depending only on x. The moment q depends on the postsynaptic current I,ost, a length
scale As and the number Ny, of synchronized neurons,

jp = q(t)65 = Nsanpost (t)Ase(t)(SSv (423)

where e(t) € R3 is a unit vector describing the orientation of the neurons at time ¢. The solution u of (2.14)
then models the spatial distribution in the head of the electric potential generated by the neuronal current Ipos¢
at S over a time interval (0, 7).

The order of magnitude of j? is of 10 (nA m~2) for the following data

Nsyn = 1067 Ipost ~ 10(pA)7 As = 1(mm)

The corresponding order of magnitude of the simulated potential u at the electrodes is about 10 (uV') which is
consistent with experimental data (cf. e.g. [42]).

4.5. Time-dependent optical parameters

Contrary to [21], we are not interested here in the BOLD signal, but in the concentrations of deoxy- and
oxyhemoglobin [Hb]y and [HbOs]x which we assume normalized by their (initial) values at rest. [Hb] is part
of the vector of unknowns of system (4.18). [HbOz]x can be obtained by the formula

[HbOs)ny = [HbT]xy — [Hb]y + 1 (4.24)
where the total normalized concentration of hemoglobin [HbT]y is given by

[Hb]y CBF v

[HbT]y = ==

(4.25)

with normalized cerebral blood flow CBFy and normalized change of oxygen consumption M.

The main chromophores contributing to absorption in the biological tissues of the brain are deoxy- and
oxyhemoglobin as well as water. The absolute absorption coefficient at rest can therefore be related to the
concentrations of the chromophores by

Ha,0 = ,Ua,waterpwater + aHb[Hb]O + anbo, [HbOQ]Oa (426)
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ODE system PDEs
I ost -
NermeEl Vascular —— P2 ! Source term |—— | EEG signal
I stim compartment compartme\nt‘
' Coupling _
“‘ ‘ > Ap, ————p{ DOT signal

[Hb],, [HbO,]

F1GURE 2. The full pipeline for simulation of coregistered EEG- and DOT-signals: a simplified
representation of the different compartments of the ODE system (Neuronal compartment (4.1)—
(4.9), Vascular compartment (4.14)-(4.17), Coupling (4.10)—(4.13)), Source term (divergence
of term (4.23)), Ap, (4.27), EEG signal (2.18)—(2.21)—(2.22), DOT signal (3.14).

TABLE 3. Characteristics of the realistic head mesh.

Nodes  Tetrahedra hpin (mm)  Apmg, (mm) diameter (mm)
108 669 590 878 0.34 14 120

where Pyater 1S the proportion of water in the cortex, and am, and appo, are the specific extinction coefficients
of Hb and HbOs [43]. Changes in deoxy- and oxyhemoglobin concentrations during cerebral activation lead to
the modification of fi,,0 which is expressed in terms of the time-dependent normalized concentrations [Hb]y
and [HbOQ]N

Ata(t) = agp[Hblo ([Hb]n (t) — 1) + abo, [HbOso ([HbO] v () — 1) . (4.27)

The effect of cerebral activity on the scattering coefficient ug is less documented and will be neglected here.

5. NUMERICAL SIMULATION OF COREGISTERED EEG/DOT SIGNALS

In this section, we explain the numerical pipeline from an input stimulation current up to simulated coregis-
tered EEG/DOT signals at the electroptodes according to Figure 2. Electroptodes are a medical device which
allows to monitor simultaneously the neuronal and vascular activities of the brain [6]

We provide numerical simulations on a realistic head model of a healthy fullterm newborn obtained from
coregistration of MR and CT images of the Amiens’ hospital database (courtesy GRAMFC, INSERM U1105,
Amiens, France (H. Azizollahi [27])). The model distinguishes between four tissues: brain, CSF, skull, and scalp.
Table 3 summarizes the mesh parameters. Tables 1 and 2 give respectively the conductivity ¢ and the optical
parameters p, o and p} of the tissues.

Synthetic measurements are observed at 8 pointwise electroptodes {eg}§:1 situated in different regions of the
scalp on the boundary I'. In Figure 3 (left), one distinguishes the electroptodes es and e5 situated respectively
in the frontal and central area as well as es and eg which are placed above the left hemisphere. We numerically
simulate the measured EEG/DOT signals at electroptodes during the observation time interval [0,T], with
T = 150 (s). The ODE system yields information about the time dependence of the moment q(t) and the
changes in the optical parameter Apu,(t). The position S of the electrical brain activity as well as the spatial
distribution of . (t,x) with respect to the value at rest 114 0 have to be fixed ad hoc. We consider a single source
point S below the electroptode e; and a moment q(t) directed normally to the brain/LCS interface (Fig. 3
middle and right). We assume that the changes in the absorption parameter occur in a ball B,.(S) of radius
r = 12 (mm) which is centered at the point S of electrical activity (see Fig. 4). The spatial distribution of Apu,
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FIGURE 3. Position of the electroptodes (left). Frontal and sagittal view of position (black
point) and orientation of the source.

e2
.

F1GURE 4. Localization in the brain of the perturbation in the absorption coefficient. Support
of A, in red. Ap, is constant in the support.

inside the perturbation is assumed to be constant such that . (¢,x) is given by the formula

ta(t, %) = pa,0(t, %) + Apa(t)xs,(s)(x), (5.1)

where x is the characteristic function of the ball B,(S). The volume of the ball is comparable to the one in

[33] and represents 1.6% of that of the brain. It models a small and localized perturbation of the absorption

coefficient caused by changes in deoxy- and oxyhemoglobin concentrations in the area of the electrical activity.
Numerical pipeline. We provide detailed information on the implementation of each part of the method.

Step 1: ODE system. The method consists first in solving the complete system (4.18) of differential equa-
tions which, recall, models the neurovascular coupling at the neuron level (Neuronal compartment + Vascular
compartment + Coupling). To this end, we apply the odel5s Matlab solver, which is an implicit variable-step
variable-order method (see [44] for details on the involved numerical differentiation formulas) intended for stiff
problems. Indeed, we need to simulate phenomena that occur at different time scales. The neuronal activity takes
a few milliseconds and can show strong variations. The vascular part is characterized by a smooth behaviour
along a period of several seconds. An order of 10000 time steps (¢x)1<k<k is required to obtain accurate results.
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Then, the EEG and DOT problems are solved simultaneously on the head mesh (see Tab. 3) during the time
interval [0, T] with input data obtained from the solution of system (4.18).

Step 2: EEG signals. We compute the postsynaptic current Ipos;(t) from (4.20) (see Sect. 4.4) and deduce the
time-dependent source term F' = V - j? of the forward EEG model (2.14) from formula (4.23). We solve problem
(2.14) by the subtraction approach and use the finite element method with Lagrange-P; elements implemented

in FreeFem++ [45] to compute the regular potentials wﬁ,?, i € {1,...,d}, solution to the variational formulation

(2.21). Notice, that the functions w%) are time-independent in the present context of a static source position S.
They require the resolution of d linear systems, d = 3 in the present three-dimensional configuration, involving
the same matrix but different right hand sides. The linear systems are solved by a direct solver for sparse
matrices. This allows to compute only once the underlying factorization of the system’s matrix. The potential
u is then computed by linear combination from (2.22) and EEG measurements are given by

U;M:u(tk,eg), k=1,...,K,£=1,...,8, (52)

where K is the number of time steps. Due to the Neumann boundary condition, the solution u is determined
up to an additive constant only. In Section 2, we considered the subspace of functions in H!(Q) with vanishing
mean value to get uniqueness of the solution. In practice, the absolute potential cannot be measured by EEG
and the measured voltage is the difference between the potential at electroptode e, and the potential at a
reference electroptode. Numerically, we therefore impose a Dirichlet boundary condition on a single node of the
mesh to fix the constant. Since the singularity of the potential u is taken into account exactly in the subtraction
approach, the discretization error is given by the error on the regular potential. We refer to [29] for a detailed
error analysis.

Step 3: DOT signals. Concerning the vascular part, the resolution of system (4.18) allows the computation
of the variation Ap, at time ¢ from formula (4.27) (see Sect. 4.5) and the perturbed absorption coefficient is
given by

tra(tr, X) = pa,0(tr, %) + Apa(tr)X B, (5)(X),

according to (5.1). The light source Qg is modeled as a Gaussian function

Qo(x) = A, exp <lexll)
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where o, = 5 x 1072 fixes the beam diameter and the amplitude is set to A, = (2mo,) L. x, is the center of the
source which should be located at a distance § ~ 1/p!, away from the surface I' in order to justify an isotropic
source term. We use Lagrange-P; finite elements implemented in FreeFem++ to compute an approximation
of the solution to the variational formulation (3.14). Notice that (3.14) requires the assembly of the matrix
associated with the sesqui-linear form a;(-,-) as well as the resolution of the underlying linear system at any
discrete time step t;. We employ a coarsened time grid in order to reduce the computational time. This is
numerically justified since variation in time for DOT arises at a larger time scale than in EEG. We normalize
the photon density ¢ with respect to the reference configuration with no perturbation, i.e pq (tx, X) = piq,0. DOT
measurements are thus expressed by

_p(tr, e

Pt = Looltnreo)]

where ¢ is the solution of the DOT problem (3.14) with piecewise constant absorption coefficient p,¢ and
K' <« K is the number of reduced time steps. Baseline values for p, ¢ and p} are those from Table 2.
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FIGURE 5. (A) Simulated postsynaptic current Ip.s for a rectangular pulse stimulation of
amplitude Igim max = 22 (mA) between 100 and 101 (s). (B) Zoom of I,os to the inter-
val [100,101]. (C) Normalized concentrations in deoxy- and oxyhemoglobin for the same
stimulation.

Simulations at the neuron level. We first analyse the link between the input stimulus Iy, and the output
of the postsynaptic current Ipes; on the one hand and variations in the normalized concentrations [Hb]y and
[HbOz2] N of deoxy- and oxyhemoglobin on the other. The model parameters are those of the neurotransmitter
GABA 4. According to [20, 21], [Hb]ny has been obtained from [Hb] by normalization with respect to the mean
of maximum and minimum values of [Hb] in the time interval [T} — 20,7;] where neural stimulation starts at
time T37. In Figure 5, we present the coupling between I,.s and the variations of [Hb|y and [HbOs]y for a
rectangular pulse stimulation Iy, with amplitude Iggim max = 22 (mA) which occurs during 1s in the time
interval [100,101]. We may notice that the most significant electrical activity is limited to the stimulation
interval whereas an increase in [HbOs]xy and a symmetrical decrease in [Hb]y arise a few seconds after the
neural activity.

We next study the influence of the amplitude of Iy, on the postsynaptic current and the hemodynamic
concentrations. In Figure 6, we present Ipos; and the variations of [Hb]y and [HbOs]y for a rectangular pulse
stimulation Iy, with different amplitudes, Isgim max = 22 (mA) (left column) and Ispim,max = 19 (mA) (middle).
We notice that the amplitude of the stimulation pulse influences the spike density of the postsynaptic current as
it was mentioned in [21, 46]. This observation can be related to results in [41, 47] where the authors state that
the generation of an action potential shows an all-or-none behaviour in the sense that below a given threshold
of the applied current amplitude, no action potential will occur. If the applied current is strong enough during
a sufficiently long time interval, a periodic action potential (a ”burst of spikes”) is generated. According to [41],
these spikes arise also in both the postsynaptic potential and postsynaptic current at the neuron level. Results
in the right column of Figure 6 correspond to an input stimulus I, containing two rectangular pulses (the
first one of amplitude Istim max = 22 (mA) and the second Istim max = 19 (mA)). The postsynaptic current has
two periods of spikes, associated to the two pulses, with a higher density for the first one. One may notice that
the global behaviour of the hemodynamic response (lower line of Fig. 6) is similar for the three configurations
even if the concentration of oxyhemoglobin shows two nearby peaks corresponding to the two periods of spikes
in the postsynaptic current.
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FIGURE 6. Simulated postsynaptic currents I, (middle line, zoom on interval [100,101])
and normalized concentrations of deoxy- and oxyhemoglobin (lower line) for different stimu-
lation currents (upper line): rectangular pulse with amplitude Igim max = 22 (mA) (left) and
Istim max = 19 (mA) (middle), two rectangular pulses of amplitudes 22 (mA) and 19 (mA)
(right).

Stmulations of EEG-DOT signals. We have numerically exhibited the neurovascular coupling at the neuron
level. Now, we are going to simulate the corresponding EEG/DOT signals at the electroptodes. We consider
the rectangular pulse stimulation Iy, of amplitude Igim,max = 22 (mA). In Figure 7, we report two views
of the electric potential u(t, ), solution to the EEG problem at time t; = 108 s. Figures 8 and 9 show the
hemodynamic counterpart, i.e. the modulus of the photon density ¢(¢x,-), solution to the DOT problem. In
Figure 10, we report the corresponding simulated EEG/DOT signals. One may notice that the magnitude of
the simulated DOT signals depends linearly on the source term which should be calibrated precisely in case of
comparison with experimental measurements. This point has not been investigated in the present study. It is
also known that the amplitude of the DOT signal decreases rapidly with the distance to the source point which
is confirmed by our simulation. A comparison between simulated signals and experimental measurements can
be found in [48] for a cylindrical phantom with optical coefficients which are about three times smaller than
those of scalp or skull. The reported normalized values vary between le-10 and 1.

According to formula (2.22), the electric potential u depends linearly on Ipest. Thus, EEG signals have the
same temporal behavior than I, (see Fig. 5). Spikes are visible between ¢t = 100 (s) and ¢ = 101 (s) whereas
the amplitude differs with respect to the position of the electrode. Electroptode es, which is located near the
brain source S, records the most important changes in both the electric potential w and the photon density
¢ (between 0.15% and 15% according to Fig. 10). We observe that the simulated EEG and DOT signals are
correlated in time. The numerical results of Figures 6 and 10 illustrate the neurovascular coupling in the sense
that variation of the chromophores [Hb] and [HbOs] starts at the onset of the EEG burst and takes several
seconds before coming back to baseline values. This is consistent with the clinical observations in [32] where
simultaneous EEG and NIRS recordings on premature infants during quiet sleep are discussed. One may notice
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that [32] mentioned a beginning of the [Hb] and [HbO3] variations 3 (s) before the EEG burst onset that we do
not observe in the simulations. The recorded EEG traces in [32] correspond to events that occur without exterior
stimulation and differ from our simulated ones. They show however a precise onset of electrical brain activity
which makes the comparison meaningful. Another clinical study [7] related to spike-and-wave discharge during
absence epilepsy shows EEG channels with a sharp onset and sharp end during the seizure as in our simulation.
The corresponding [Hb] and [HbOs] variations are however inverted in the sense that hemoglobin oxygenation
increases several seconds before the onset. This observation has been made for epilepsy seizures wheras our
simulation is not related to a particular event. We also cite a clinical study [49] which establishes a classification
of hemodynamic responses related to EEG bursts for preterm neonates. It is noticed that variations in [Hb] and
[HbOg] can differ in shape from one patient to another: [Hb] may be increasing at the onset, [HbOs] decreasing,
or vice versa, or [Hb] and [HbOg] are simultaneously increasing or decreasing.

6. CONCLUSION

In this paper, we have developed and analysed a mathematical and numerical pipeline for simulating coreg-
istered EEG and DOT measurements. It combines several compartments: a non-linear system of differential
equations (existing in the literature) which models the neurovascular coupling at the neuron level, and PDE-
based derived from the standard stationary models for EEG and DOT that allow to compute time-dependent
signals at the electroptodes on the scalp. Evolution in time has been introduced into the (stationary) EEG
and DOT models by considering time-dependent source terms in EEG and time-dependent optical parameters
for DOT. Dimensional analysis proved that time-derivatives can be neglected in the time-dependent PDEs. In
particular, this shows that time-dependent sources (resp. parameters) do not modify the nature of the models,
i.e. the stationary equations can be written over a time interval. We further assumed that the source term in
the EEG model as well as the optical parameters of the DOT model are separated in time and space variables.
This allows decoupling of the ODE system and the PDE models. For EEG, it corresponds to the common choice
of an electrical current dipole. Existence and uniqueness results in appropriate vector spaces attest the well-
posedness of both PDE models. We have detailed the pipeline from the input stimulation of cerebral activity up
to the coregistered EEG/DOT signals. Numerical results on a three-dimensional realistic head model illustrate
the electric potential and hemodynamic changes occurring from neurovascular coupling. Up to the best of our
knowledge, this is the first contribution for modelling coupled EEG and DOT signals by solving both ODEs and
PDEs. The generalization to other ionic models that provide both the postsynaptic current and the concentra-
tions of deoxy- and oxyhemoglobin is straightforward. Neural models based e.g. on reaction-diffusion PDEs or
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multi-compartmental approaches as well as spatio-temporal models for the concentration of the hemodynamic
parameters, and thus of the absorption coefficient, are an interesting perspective for more involved coupled
problems.

Coregistered EEG/DOT signals give valuable information to clinicians for a deepful understanding of brain
disorders. The derivation of a EEG/DOT forward model is therefore an essential preliminary step to the res-
olution of the corresponding inverse problem which consists in reconstructing simultaneously the location of
electric sources and the optical parameters in the brain.
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