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Compositional Taylor expansion in cartesian
differential categories

Walch Aymeric
Université Paris Cité, CNRS, IRIF
F-75013 Paris, France
walch@irif.fr

Abstract—This paper provides a compositional approach to
Taylor expansion, in the setting of cartesian differential cate-
gories. Taylor expansion is captured here by a functor that gen-
eralizes the tangent bundle functor to higher order derivatives.
The fundamental properties of Taylor expansion then boils down
to naturality equations that turns this functor into a monad.
This monad provides a categorical approach to higher order
dual numbers and the jet bundle construction used in automated
differentiation.

The combination of the theory of the differential calculus
with the theory of programming languages has seen a tremen-
dous growth in the last decades, most notably in the fields
of automated differentiation (AD) [I] and of the differential
A-calculus [2]. Both AD and the differential A-calculus aim
at computing the derivative of a program in a compositional
way, this compositionality is crucial to scale those methods
to complex assemblies of programs. Because of this interplay
between derivatives and composition, category theory provides
a strong mathematical basis for both of those fields. Categor-
ical semantics provides critical proofs methods of correctness
of the AD algorithm [3], [4], and the differential lambda
calculus is deeply related to the categorical semantics of Linear
Logic (LL) from its very inception [2], [5]. Among those
categorical approaches, cartesian differential categories [6]
provide a direct axiomatization of derivatives in any cartesian
category. As such, they serve as a framework to understand the
differential calculus through the lenses of compositionality.

The compositionality of the derivative is expressed by the
chain rule: (go f) (xz) = ¢'(f(x)) - f'(z). The issue of the
chain rule is that it is not entirely compositional, because
the derivative (g o f)" also depends on f, and not only on
g’ and f’. For this reason, one often consider the rangent
bundle operator T that intuitively maps f : X — Y to the
function Tf : (z,u) — (f(z), f(x) - w). This operator exists
in any cartesian differential category, and the chain rule boils
down to a functoriality equation on T: T(go f) = Tgo Tf.
Furthermore, the other axioms of the differential calculus
(such as the linearity of the derivative or the symmetry of the
higher order derivatives) turn out to be equivalent to naturality
equations [7], [8] that turn T into a monad [8] whose algebraic
structure is similar to that of dual numbers widely used in AD.
This suggests that differentiation is an effect in the sense of
Moggi [9], further cementing the use of category theory as a
strong mathematical foundation for the differential calculus.

Contribution of the paper: This article provides a similar

compositional approach to Taylor expansion, in any cartesian
differential category. The computation of the Taylor expansion
of a composition g o f is not straightforward because it
requires to compute the higher order derivatives (g o f)™).
These derivatives are given by the Fad di Bruno formula [10]
(4) which is notoriously combinatorial. We solve this issue
by defining an operator T, that maps f : X — Y to
Tof : X X X" = Y x Y"” such that the i-th component
of T,f(w,ui,...,uy,) provides the term of order £’ in the
Taylor expansion of f(z + euy + --- + €™uy,). The order n
Taylor expansion of f can be recovered from T, f simply
by computing T, f(x,u,0,...,0), but generalizing this to
any vector (x,uy,...,up) is the key to turn this into a
compositional operation such that T,,(go f) = T,,go T, f. We
prove that T, is a functor, and satisfies naturality equations
that are clear analogues of the naturality equations of the
tangent bundle T. These equations turn T, into a monad,
whose algebraic structure is similar to that of higher order
dual numbers recently used in AD [11]. We explore some
consequences of these observations, such as expressing the
partial Taylor expansion with regard to one variable in terms of
monad strengths, or by combining multiple Taylor expansions
using distributive laws [12].

Proofs methods: The combinatorics of Taylor expansion
usually involves quite a lot of heavy lifting. A key contribution
of this article is to hide all this combinatorics behind categor-
ical equations. In particular, we will heavily rely on functo-
riality and naturality equations on the iterated tangent bundle
functor T"f : X2" — Y2" rather than direct style equations
involving the higher order derivatives (™ : X x X" — Y.
More precisely, we prove that T™ has a canonical monad
structure that arises from a distributive law [12] of the monad
T on itself. Then, we express T,f : X x X" — Y x YY"
using T™f instead of f(™). To this end, we generalize to
any cartesian differential category the notion of higher order
directional derivative of [13], that we tweak with coefficients
in order to erase redundancy. Then, it is quite straightforward
to check that the functoriality and naturality equations on T"
induce similar equations on T,. This process also yields a
family of morphisms (L,)x : T,X — T"X that turns out to
be a monad morphism [14], or monad transformer [15], from
T, to T™. This gives an insight on the link between the higher
order derivatives as studied in [16], [17] and Taylor expansion.

Links with the differential \-calculus: The operator T,, is



directly inspired from the coherent Taylor expansion of [18].
In this article, Ehrhard and Walch provide a new categorical
semantics of the differential A-calculus [2] and of Taylor
expansion [19] that accounts for the deterministic nature of
computation, as opposed to the previously known models
of [5]. This determinism is modeled by a notion of partial sums
that prevents the summation of incompatible information (such
as summing true and false in the type of boolean). Taylor
expansion is axiomatized in their work as a bimonad, whose
monad structure is an infinitary counterpart of our monad
T,,. There are however two main differences with our work.
First, they deal with infinite partial sums which are inherently
positives in the sense that x + y = 0 implies z = y = 0. This
clashes with the cartesian differential categories arising from
traditional analysis. More importantly, Ehrhard and Walch do
not provide any explicit description of their Taylor expansion
in terms of derivatives outside of examples. This sharply
contrasts with our work in which we explicitly define Taylor
expansion from the derivative, in any cartesian differential
category. We explore in sec. IV-A and VII the relation between
their Taylor expansion and ours. In particular, we use our
construction T,, to prove that any model of the differential
lambda calculus and of Taylor expansion [5] is an instance of
coherent Taylor expansion [18]. This solves an open problem
of [18], and ensures that coherent Taylor expansion is a
generalization of the previous axiomatization.

Related work: The idea behind T, is very similar to
higher order dual numbers [!1] and jet bundles that have
found recent applications in AD for computing higher order
derivatives [20], [21]. It is quite likely that a generalization
of the content of this article to tangent categories [7] would
provide a categorical abstraction of jet bundles.

QOutline of the paper: Sec. I reintroduces necessary
material on cartesian differential categories and higher order
derivatives. Sec. II introduces the tangent bundle T, and
reviews how the axioms of cartesian differential categories boil
down to functoriality and naturality equations on T. Sec. III
exhibits the canonical monad structure of T™. Sec. IV defines
T,, explains why it corresponds to a Taylor expansion, and
proves its functoriality as a consequence of the functoriality
of T™. Sec. V proves that T,, is a monad, by using the monad
structure of T™. Sec. VI proves that any functor satisfying
the same naturality equations as T, is the Taylor expansion
associated to a derivative, meaning that the categorical equa-
tions of T,, exactly capture Taylor expansions. Finally, sec. VII
considers infinitary Taylor expansions in cartesian differential
categories featuring arbitrary countable sums. We prove that in
that setting, the derivative induces a coherent Taylor expansion
as defined in [18]. Thus, every model of [5] is a model of [18].

I. CARTESIAN DIFFERENTIAL CATEGORIES

We recall necessary material on cartesian differential cat-
egories, with the specificity that the homset are not only
commutative monoids but k-semimodules over a commutative
semiring k. We mainly recall material from [!7], with the
difference that we use the word additive instead of linear in

order to stick to the conventions of [6], [18]. A commutative
semiring k is a set equipped with two commutative monoid
structures (k,0,+) and (k,1,-) such that @ - 0 = 0 and
a-(b+c¢) =a-b+ a-c For example, the set of natural
numbers N is a commutative semiring, with the usual addition
and multiplication of natural numbers. For any semiring k,
there is a canonical semiring morphism ¢ : N — k given by
d(n) =1 + -+ 1j.

Definition 1. A semiring k& has multiplicative inverses for
integers if for all n € N*, there exists an element % €k
such that L - ¢(n) = 1;.

A k-semimodule consists of the data of a commutative
monoid M and a multiplicative action _-_ : kx M — M
that respects addition in each variable, and such that for all
a,bekand z € M, (a-b) -z =a-(b-z) (this is why the
multiplicative action has the same name as the multiplication
in k). Amap f : M — L between two k-semimodules is
k-additive if f(x +y) = f(x)+ f(y) and f(a-z) =a- f(z)
(the case a = 0 ensures that f(0) = 0).

Notations 1. For any cartesian category C, we write the
categorical product X x X7, the pairing of f € C(X,Yp) with
g € C(X,Y7) as (f,g) € C(X,Y, x Y1), and the projections
as po € C(Xo x X1, Xp) and py € C(Xp x X1, X71). We write
X*™ and f*™ the cartesian product of X and f with itself
taken n-times.

Definition 2. A left k-additive category is a category C such
that each hom-set C(X,Y") has a k-semimodule structure and
such that for all object Z of C and f € C(X,Y), the map
_of:C(Y,Z) — C(X, Z) is k-additive.

A morphism h € C(Y,Z) is k-additive if for all object
X, the map ho_: C(X,Y) — C(X, Z) is k-additive. A k-
additive category is a left k-additive category in which all the
morphisms are k-additive.

A cartesian left k-additive category is a left k-additive
category that is cartesian and such that the projections of the
cartesian product are k-additive. This last condition means that
the k-module structure is compatible with the tupling, in the
sense that (fo, go) + (f1,91) = (fo + f1,90 + ¢1) and for all
TEk’T'<fag> = <r'f77a'g>'

Given any cartesian left k-additive category, it is straight-
forward to check that there exists a k-additive category C?44
whose objects are the objects of C, and whose morphisms
are the k-additive morphisms of C. The composition of f €
C*4(XY) with g € C*4(Y, Z) is g o f, but we write this
composition g f to stress the "linear" nature of the morphisms.
By k-additivity of the projections, C*44 is also cartesian.

Definition 3. A map f € C(Xy x --- x X,,,Y) is k-additive
in an argument ¢ if the map g — f o (H;;é idx, < g x
[1,2;.1idx,) is k-additive.

Let S,, be a functor on C?d4 defined as S, X = X x X*"
and S,,f = f x f*™. In particular, let S = Sy, so that SX =
X xXandSf = fx f. Forall i € [0,n], we write m; = p; :



S, = Id (m; and p; are the same, but we use different names
to stress their respective role). Intuitively, an element of S,, X
is a vector (x,uq,...,uy,), where x is the base point, and
u; is an order % variation around x. The following definition
corresponds to Def 2.4 of [17], with a slight variation on D-lin
and D-sym that are equivalent to items (vi) and (vii) of [17]
thanks to Prop. 4.2 of [7].

Definition 4. A derivative in a cartesian left k-additive cate-
gory C is a family of operators D : C(X,Y) — C(SX,Y) for
all objects X,Y such that

Definition 7. The n-th derivative of f € C(X,Y) is the map
f = (D))" f € C(S,X,Y).

Let us detail the relationship between the n-th derivative
f™ € €(S,X,X) and the n-th total derivative D"f €
C(S™X,Y). For any set I, let By be the set of partitions of I,
and B9 the set of ordered partitions of I. More precisely, an
element of By is a set {I1,...,I;} and an element of BY is
a vector (Iy,...,1I,) such that Iy,..., I, is a partition of I.
This notation is based on (unordered) Bell numbers, that give
the numbers of (unordered) partitions of a set.

D-proj for any p; € C(Xp x --- x X, X;), Dp; = pi m1;
D-sum D is k-additive;
D-chain Did = and D(go f) =Dgo (f om,Df) ;
D-add Df is k-additive in its second argument ;
D-lin DDf o (x,0,0,u) = Df o (x, u);
D-sym DDf o (z,u,v,w) = DDf o (x,v, u, w).

Notations 2. Let [n] = {1,...,n}. There is a bijection
between words w € {0,1}* of length [(w) = n and subsets
of I, C [n], given by I,, = {i € [n] | w; = 1}. The weight
|w]| is the number of 1 in w (and not its length as it is often
standard), so that the weight |w| matches the size |I,,| of its
corresponding set. We will often consider sets and words up

A cartesian k-differential category is a cartesian left k-additive
category equipped with a derivative.

We refer to sec. 2.2 of [17] for a more involved description
of those axioms. As explained in [17], any monoid is a N-
semimodule, so the cartesian differential categories of [0]
based on left additive categories where the hom-sets are only
assumed to be monoids are instances of this definition with
k = N. The most fundamental example of cartesian differential
category is the category Smooth whose objects are the
Euclidean vector spaces R™ and whose maps are the smooth
functions. The derivative D in Smooth is the usual derivative
of functions, Df(x,u) = f'(z) - u.

Proposition 1 (Lemma 2.6 of [16]). For any operator D that
satisfies D-proj and D-chain, D (f,g) = (Df, Dg).

Definition 5. A map f € C(X,Y) is D-linear if Df = fom.

In Smooth, this definition means that f'(z) - u = f(u)
so the D-linear maps are the linear maps between Euclidian
spaces. There exists a category CP'"™ with the same objects
as C, whose morphisms are the D-linear morphisms of C,
and whose composition coincides with the composition in
C. It follows from prop. 1 that CP'" is cartesian, with the
same projections and tupling as in C. By D-add, any D-linear
morphism is also k-additive, but the converse is not true in
general, see [6]. Thus, CP'™ is a subcategory of C?19. We write
the composition of f with g as g f, as in C*!4, Smooth is a
particular case in which Smooth®"™™ = Smooth®19.

Definition 6. Given f € C(Xy x --- x X,,,Y) and i €
[0,n], the i-th partial derivative of f is the morphism
D;f € C(Xog x -+ x X, x X;,Y) defined as D;f = Df o
<p07 <oy Py OXiJ Pn+1, 0><n—i>‘

A morphism f € C(Xg x -+ ,%xX,,Y) is D-linear in its
i-th argument if D; f = fo(po,... <y Pn)-

In Smooth, this partial derivative D; coincides with the
usual partial derivative 0;, this is an immediate consequence
of the fact that for all smooth map f: Xy x --- x X, =Y,

(@) - (uo, ... un) = Z?:o 0 f(x) - u;.

y Pi—15 Pn+1, Pi+1, - -

to this bijection. For example, B, is a set whose elements
are the sets {w?!, ..., w*} of words of weight at least one and
such that for all ¢ € [l(w)], Z?=1 wF = w; For any word
w = wy - - - Wy, of length n, we write m,, = 7y, - Ty, . Let
0™ and 1™ be the words 0---0 and 1---1 of length n (the
context in which this notation is used will make clear that this
corresponds to a word).

Intuitively, S™X can be seen as the set of polynomials of
degree 1 over X, with n formal indeterminates €1, .. . , €, such
that for all i, 7 = 0. The projection ..., (a) provides the
coefficient in a of the monomial £} - - - .

1. Forall f € C(X,Y):
(1) f (") g symmetric and D-linear in its last n variables;
(2) D"f = Z{wl,...,w"}GB[n] f(k) o <7TO"77Tw1 Y. ,7ka>, this
is well-defined by symmetry of the f*);
(3) if k has multiplicative inverses for integers, then D™ f =
Z(wl,---,wk)EBE’ ] %f(k) O (Trgny Myply -« oy Mok ).
Proof: Proofs for items (1) and (2) are in [17]. Item (3)

is a direct consequence of item (2). O
For example, items (2) and (3) for n = 2 implies that

DDf0<m,u,v,w>:f(2)0<x,u7v>+Dfo<x,w> (D

Proposition 2 (Lemma 3.2 of [

which can be understood in Smooth by the fact that the
derivative of the map ¢ : (x,u) — f/(x) - u is equal to

g/(m?u) . (va) = 309(957 u) U+ alg(,il,"u) "W
= [P (@) - (u,0) + f'(2) - w

by definition of f(*)(z) and linearity of u +— f'(z) - u.
Example 1. Cartesian differential categories notably include
the models of the differential A-calculus [22] and its syn-
tactical Taylor expansion [5]. One example of such model
is the weighted relational model Reli(k) [23]. Let k be a
complete semiring (a semiring with arbitrary countable sums),
for example £ = R>o = R>qUoco. A finite multiset over A is
a function m : A — N such that {a € A | m(a) # 0} is finite.
The objects of the category Rel,(k) (it arises as the coKleisli



category of the ! comonad of a model of Linear Logic) are
the (countable) sets, and the morphism from A to B are the
matrices kMrin(A)XB where Mg, (A) is the set of all finite
multisets over A.

The category Rel(k) is cartesian, the product of A and B is
the disjoint union: AWB = {(0,a) | a € A}U{(1,b) | b € B}.
In particular, we have Mg, (AW B) = Mgn(A) X Mgn(B).
The category Rel(k) is a cartesian differential category.
For all f € Reli(k)(A,B), the higher order derivative
f™ € Rel(k)(w7_,A, B) can be described by a matrix
f) g pMean(A)xMan(A)"XB gych that

(m+ a1, ...
m!

 an))!

fm,[al],...,[an],b = fm+[a1,...,an],b

and all other coefficients are set to 0. In the above, [a] is
the multiset with one element, and m! = [[,.,m(a)l. A
morphism s € Rel; (k) (W' ; A;, B) is D-linear in a coordinate
i if and only if s, .. p, 7# 0= p; = [a;] for some a; € A;,
so D-linearity coincides with the linearity of linear logic.

II. THE TANGENT BUNDLE CONSTRUCTION

We now introduce the tangent bundle functor T and prove
that the equations of derivatives are equivalent to naturality
equations that turns T into a monad. The functorialization of
differentiation can be found in two (orthogonal) generaliza-
tions of cartesian differential categories: tangent categories [7],
[24] and cartesian coherent differential categories [8] that
differ by their action on objects. Both of those theories end
up identical when restricted to cartesian differential categories,
with action on object TX = X x X.

There is a bijection between operators D : C(X,Y) —
C(SX,Y) (not assumed to be derivatives) and operators T :
C(X,Y) — C(SX,SY) such that mpo Tf = f o my.

Tf={fom,Df) Df=moTf 2
Proposition 3. The following assertions are equivalent.
(1) D satisfies D-chain: Did = w1 and D(go f) =Dgo Tf.

(2) T is a functor with action on objects TX = SX.

Proof: Observe that T(gof) = (go fom,D(go f)) and
TgoTf ={gomy,Dg)o(fom,Df)=(go fom,DgoTf)
so T(go f) = TgoTf if and only if D(go f) = Dgo Tf.
Similarly, Tid = id if and only if Did = 7. O

This functorial point of view on the derivative is used in [16]
to provide an alternative to the heavy combinatorics of the Fad
di Bruno formula. Indeed, by definition D" f = m»n o T f, so
by functoriality of T™ it immediately follows that

Dn(gof> — DngOTnf. (3)

The simplicity of this equation sharply contrasts with the
combinatorial Fad di Bruno formula (cor. 3.2.3 of [25])

(g0 )™ =" g® o (FO, fI0, L ) @)
{Ilf"'#lk}eB[n]

where for any set I = {iy,...,i,} C [n], fO) = f0™ o
(0, Tiys -+, ) (by symmetry of n-th derivative, this value
does not depend on the choice of ordering of I).

Proposition 4. A morphism f € C(X,Y) is D-linear iff Tf =
Sf. Thus, T coincides with S when restricted to CP'™.

Proof: If f is D linear then Tf = (fomy,Df) =
(f omg, fom) = Sf. Conversely, if Tf = Sf then Df
moTf=m0oSf=fom. O
We now define natural transformations in 249 and CP'»,
c=mg+m :S=1Id
forall r € k,h(r)=7r-id: 1d = Id

that consists of a sum operation and the homotheties. These
are natural transformations by k-additivity of the morphisms
in C*44, We also define the following natural transformations

z=(id,0):1d = S
$?=5S
§?= 52
S =52
S=S

The naturality follows from the fact that the pairing (c, 3)
of two natural transformations o, : F = G (where F,G
are functors whose codomain is C?d4 or CP'"™) is a natural
transformation F' = SG, and that their sum is a natural trans-
formation F' = (. Observe that those natural transformations
are natural with regard to S, and not T. In fact, the naturality
with regard to T of the families of (6) corresponds exactly to
the axioms of cartesian differential categories, as discovered
in [8]. The forward implication of this observation was first
discovered in sec. 2.4 of [7] in the proof that every cartesian
differential category is a tangent category.

Theorem 1. Let D : C(X,Y) — C(SX,Y) be an operator
that satisfies D-proj and D-chain. Then:
(1) D satisfies D-sum iff To = So and T(h(r)) = S(h(r))
Sor all v € k (that is, h(r) and o are D-linear);
(2) D satisfies D-add iff z : \d = T, 0 : T2 = T and
t(r) : T =T (for all r € k) are natural in C;
(3) Assuming that z : id = T is natural in C, D satisfies
D-lin iff | : T = T2 is natural in C;
(4) D satisfies D-sym iff ¢ : T2 = T2 is natural in C.
Thus, there is a bijection between derivative operators D and
Sfunctors T such that TX = SX, Tp; = Sp;, To = So,
Th(r) = Sh(r) and such that m, z, 0, t(r) (for all r € k), |
and c are natural in C with regard to T.

&)

0—<7T0’/T0,71’0’/T1+7T1’/T0
(6)
|:<<7TO7 > <0 7Tl>

)

¢ = ((mo mo, Mo 1) , (M1 Mo, T1 1)) :
)

for all r € k,t(r) = (mo,7 - m1) :

This theorem and its proof, see sec. A, are a slight adap-
tation of thm. 7 of [8]. The difference is that [8] deals with
partial sums but does not feature a k-module structure. The
proof idea is similar to that of prop. 3: the equations of def. 4
correspond to the rightmost projections of the equations on T,
while the other projections always hold by definition of T.

Proposition 5. (S,z,0) is a monad on C*% and CPYn,

meaning that the following diagram commute.
e e

0s). 1o

S $? ——S



(T,z,0) is a monad on C (same diagrams, replacing S by T).

Proof: Let us prove the rightmost diagram.

mOx Osx = E Tiy Tip Osx = E Tjy Tja Tja
i1+ia=1 Jitie+is=i

miO0x SOx = E iy Ox ™y = E Tjy T T
i1 +io=i Jitje+jz=i

so 86S = 0 S6. The proof of the left diagram is very similar,
and we conclude that (S,z,0) is a monad. We also conclude
that (T, z,0) is a monad on C by naturality of z: I[d = T and
0 :T? = T (see thm. 1) and because T coincides with S on
CPln by prop. 4. O

The Kleisli category Ct of the monad T is the cate-
gory whose objects are the objects of C, and such that
Cr(X,Y) = C(X,TY). The composition of f € Cr(X,Y)
with ¢ € C1(Y,Z) is given by 6 o Tg o f. A morphism
f € Cr(X,Y) corresponds to a polynomial fo + fie with
coefficients in C(X,Y) and a formal indeterminate ¢ such
that £2 = 0. The composition of f with ¢ = go + gi€
is equal to go o fo + (g1 © fo + Dgo o (fo, f1))e. This
monad captures the concept of dual numbers widely used in
automated differentiation [1].

Notations 3. Define 6/ = 1 if i = j, and 67 = 0 otherwise.

Proposition 6. The natural transformation c is a distributive
law [12] of the monad S over itself. This means that the
following diagrams commute in C*3% and CP"»,

S \S 525 —5¢, 555 S . gg2
S § 05 1so
S —=5SS  SS _ SS
S . $25 «5¢ 555 S gg2
S § 05 1so
SS+——SS SS _ SS

Similarly, c is a distributive law of T over itself in C.

Proof: We prove that cx (zS) = Sz as follows.

T TjCX ZSX = T; T Z = (5671']‘

T T4 SZX =T ZX Ty = 5671']'
We prove that ¢ (6S) = (S6) (cS) Sc as follows.

7T1'7TjCX95X:7Tj7T¢95X:7Tj E Tiq Miy = E g Ty Ty
i1+i2=1 i1+i2=1

T T4 59)( Csx SCX =T GX T CsX SCX
= Z T, ’/Tig’ﬂ'jCSXSCX: Z 5 Ty Tig
i1+i2=1 i1+i2=1
The two other diagrams hold upon observing that c is an
involution: cc = id. We conclude that c is also a distributive

law of T over itself, by naturality of ¢ : TT = TT (thm. 1)
and because T coincides with S on CPln, 0

III. THE ITERATED TANGENT BUNDLE MONAD

This section presents the following new result: T™ has a
canonical monad structure that arises from the distributive law
c of T over itself. The naturality equations of this structure
provide a higher order variant of the axioms of cartesian
differential categories, in the same way that the functoriality
of T™ provides a higher order variant of the chain rule (3).
Let us provide some intuition on T™ f. An element a € S"X
intuitively corresponds to polynomials over X in n formal
indeterminates €1, . . ., &, such that ¢ = 0,

a(El, - ,En) = Z awl,.“,wngiﬂl e E?L)n
wl,...,wne{oal}
where G, ... w, = Tw,,...w, (). Then, T"f € C(S"A,S"B)

can be seen as a map between polynomials defined as follows.
Let b = a — agn, so that by Taylor expansion

Fl@) = Flage) + 3 25/ (a0 )b, ... B) + OB")
k=1

But then, b"*! = 0 because €7 = 0 for all i. So all the higher
order term of the Taylor expansion vanish. This expression
can then be developed by linearity and multilinearity of the
derivatives, and simplified thanks to the equalities ? = 0. This
yields a polynomial over €1, . . ., €,. This polynomial precisely
corresponds to the polynomial T" f(a).

For any functors F,F' : C — D and G,G' : D — £ and
natural transformations o : F' = F’, B : G = G’, we write
the horizontal composition . * 8 : GF = G'F".

(axf)x = BrxoGax = Flax o frx

As it is standard [12], the existence of the distributive law ¢
of S over itself induces a monad structure on S? given by

Z2 = 1d SS
9[2) = SSSS >, 5555 %0, gg

We describe a similar structure for any n € N. The natural
transformation c satisfies the Yang-Baxter equation.

/
<P SSS —» SSS — s

s ., 585 —, 559 s

SSS SSS

By thm 2.1 of [26], this induces a canonical monad structure
on S™ for any n € N, and a canonical distributive law of
S™ over S™. Let us provide an explicit description of this
structure. Define natural transformations z[™ : Id = S” and
olnl . 52 = gn clvml o gngm = gmSn and tl7l(r) : 5" =
S” in Cadd and CDlin by

T 2™ = 62:Lid T O = Z Tl T2
(wl,w?)eBy, (7)

[n,m]

Tt (r) = rlvlr, My TyC =TT, Ty

Proposition 7. For all n € N, S™ is a monad with unit z["
and multiplication 0™ : S"S™ = S™. Furthermore, cl™™! is
a distributive law of S™ over S™.



Proof: The proofs of the monad diagrams is the same as
the proof of prop. 5, recplacing the integers in the indices by
words. The proof that c[™! is a distributive law is the same
proof as prop. 6, upon observing that cl™mlclnml —=id. O

Theorem 2. Foralln €N, zZ" : |d = T, ol?l . T T = T
and c™™ . TPT™ = TMT™ gre natural in C. Thus, T™ is a
monad and ™™ is a distributive law of T over T™.

Proof- First, we prove that z} is a natural transforma-
tions Id = T™. We can prove by a straightforward induction
that zI"! is the horizontal composition of z : Id = S in CP»
with itself, taken n times

Zk-+okZ

2l — ... 0d —22 L LS

But z is linear, so Tz = Sz. Thus, z is also the horizontal
composition of z : Id = T in C with itself, taken n times.
Thus, it is a natural transformation Id = T in C. The proof
of naturality of t”!(r) is the same. Then, we prove that c[™"]
is a natural transformation T"T™ = T"T™ for all n, m. We
can prove by a straightforward computation that

[1,m+1] Scltmd

— s55m <=~
[n+1 m] __ — ggngm ¢ Sclm

SSSm
" ggmgn <s]

SS’HLS
; SmSSn,

C

this corresponds to a decomposition of a cyclic permutation
into a product of transpositions. But we know that c[™™! is
D-linear for all n,m € N, so we get that

C[l,n+1] — Tc[l,m}o(ch) C[n+1,m]
We conclude that <[] : T*T™ = T™T" is a natural trans-
formation by a straightforward induction, using the naturality
of ¢ : TT = TT. Finally, we prove that §") is a natural
transformation T"T" = T™. Observe that

gln+1) = gnsgn SIS gggngn IS, ggngn SO, ggn

By D-linearity of c[! and 6", we get that gl»+1

TOM o (T™) o (Tc™HUT™). We conclude that 1 is a natural
transformation T"T™ = T by a straightforward induction,
using the naturality of # and c['""]. O

IV. TAYLOR EXPANSION AS A FUNCTOR

In this section, we address the central question of the paper.
We define an operator T, that performs an order n Taylor
expansion, and we prove its compositionality. Remember that
the Taylor expansion of a smooth function is given by

Zw‘“

Intuitively, we would like to define T, such that the i-th
component of T,, f(z,u1,...,u,) provides the term of order
e’ in the Taylor expansion of f(z + euj + -+ + €™u,). For
example, Tof(z,u1,us) should be equal to

(fm, F(@)

T+ cu) u) +o(e")  (8)

310) () + (@) ). )

= (cBmITm)oTclml,

Formally, let us assume that C is a cartesian differential
category, and that its associated semiring k& has multiplicative
inverses for integers (see def. 1). For any f € C(X,Y), define
T,.f € C(5,X,S,Y) by the following equation:

J
o f =Y % %(mo

k=1 i1,...,ig>0 s.t.
i1 ip=]

(0, Tiy s vy iy ) - (10)

This functor corresponds to the push forward of higher order
dual numbers [ 1 1]. Intuitively, an element e € S, X is a degree
n polynomial over a formal variable ¢ such that e"+! # 0.
Then, T, f maps this polynomial to the best polynomial
approximation of f(eg+ (e —eg)) given by Taylor expansion.

Example 2. We can check in the relational model (see exam-
ple 1) that the functor T,, maps f € Reli(k)(A, B) to a ma-
trix Tof € Rely(k)(W_ oA, Wl B) ~ kMun(A)" xi,B
whose coefficients of degree ¢ are given by
(mo + -+ my)!
mol---my!

(T ) (mos..oymn), (i5) = Jrmot-+mn,b

if 1/my|+---+mn|my| = 4, and are equal to 0 otherwise (here,
|m| = > ,c4m(a) is the size of the multiset). As explained
in Sec. 9.4.2 of [18], those coefficients correspond to a Taylor
expansion on formal power series.

A. Alternative definition of Taylor expansion

The issue with (10) is that it is hard to manipulate. The
computation of T,,(go f) would intensively require the Fad di
Bruno formula, and the computation of T2 f seems nightmar-
ish (we want to show that T,, is a monad, this implies intensive
uses of T2 f). We solve this issue by relating T,, with the
higher order total derivative D™ f rather than the higher order
derivative f (), For example, (1) and (9) imply that

mp o Tof o (11

We generalize this alternative definition to all n and prove
in thm. 3 that this coincides with (10). This provides simpler
equations on T,, that we use to prove that T, is a functor
using the functoriality of T™. We use a similar proof technique
in sec. V in order to prove that T,, is a monad, using the monad
structure on T of sec. III. For any n € N*, define two natural

1
(x,u,v) = DDf o (x,u, 5u,v>.

transformations k,,, k], : S,, = SS,,_1 in C24d apd CPlin by
/n,X = ((T0s -+ oy 1) 5 (15 -0, )
1 n (12)
ka = <<7‘(’07 e 771'71,1> , <7T'17 ey 7Tn>> .
n n
The subscript X is omitted when writing k,, x and k/, . For

any n € N and f € C(X,Y), define A, f € C(S,. X, Y) and
Al f €C(S,X,Y) by induction on n: Agf = Ajf = f and

n+1 DA, f

n+1f Sn+1X SS X Y
™ (13)

AL f = Se X 2 ss, x P2y

Observe that A;f = Ajf = Df. The operator A/, is a
generalization to differential categories of the higher order



Figure 1: Graphical representation of L3

directional derivative of def. 1 of [13]. On the other hand,
thm. 3 proves that A,, is equal to the sum in (10). For example,
Asfo(z,u,v) =DDf o <zzc,u7 %u,v> coincides with (11).

Remark 1. Both k,, and k], duplicate values. As such, they do
not exist in the setting of [8], [18] in which sums are partial.

There is an alternative definition of A, and A/ that refers
directly to the iterated derivative D™. Define for any n € N
two natural transformations L,,L! : S, = S™ in CPU® by
induction on n: Lo x = Lg y = idx € C(X, X) and

Lusix = Supi X 9% g5 x X, gni

(14)

n+1 X rL X

Ui x = Snpn X 5 55, x 2%, gty

Again, the subscript X is omitted when writing L,, and L/,.
Fig. 1 provides a graphical description of L. The following
result is the counterpart of Theorem 1 of [13].

Proposition 8. A, f =D"fol, and A,f =D"fol/,

Proof: By induction on n. The base case n = 0 is trivial,
and the inductive case consists of the following computation.

D" fol, 1 =DD"foTL, okyyy
=D(D"fol,)oknpt1
= DAnf o kn+1 =A

by linearity of L,
by D-chain

witf LH.

The proof for the equation on A/ f is the same. O
We now give an explicit computation of A, f that involves
the higher order derivatives f(*) in order to ensure that A,, f
corresponds to (10). First, let us describe explicitly what are
the components of L,,. For any word w € {0,1}*, let w! =
[lic. 7 (recall that w can be seen as the set {i | w; = 1}).

Proposition 9. For any word w of length n,

|wl!

/
Tw ani' 71'|w‘ Tw Ln:7r|w‘.
w.

Proof: We do the proof for L, by induction on n. The
base case n = 0 is trivial (remember that Sq = Id). Let w =
v -0, where v is a word of length n.

Tw Lnt1 = Ty mo Ly by definition of m,

=7y Ln (w0, .., Tn) by definition of L,,
!
= %Wlw\ by inductive hypothesis.

Now, let w = v - 1, where v is a word of length n.

Trw L1 = Ty 1 Ln1 = 7y Ly 711 Ky by (14)
[
= %W lv] ™1 kn by inductive hypothesis
_ Wt (v[+1) |w]|!
Tl (n 1) T Sy el

This concludes the proof. The proof for L/, is a simpler version
of this proof, not involving coefficients. O

Theorem 3. For all f € C(X,Y),

N E DS

k=1 i1,....ip>0 si.
i1+ t+ig=n

O (o, Tiyy o> i) (15)

1
— ¢(k)
k!f

Proof: We start the proof with the following computation.
Anf=D"fol,
i f(k) .

prop. 8

(Tony Tty « o« y T ) © Ly prop. 2

1 (k) \wl\' |wk|'
= Z y O<7T0,W7T‘w1|,...,m77|wk‘>
(wl,..., )EB["]
I PO AT
Jw! [w* |ty
= Z !l f( <7T0,7T|w1|,...,7'('|wk‘>
(wt,.. wk)EB[n
We now use a well known result in combinatorics.
Fact 1. For all i,...,i; > 0 such that iy + - - - i = n, the

number of partitions w", ..., w* of [n] such that for all j,

|w?| = i; is equal to the multinomial coefficient ——"=—.
J i1l e ag!

Thus, we can regroup terms of the sum based on the number
of words k and on the sizes |w!|, ..., |w*| to conclude that

1
nf Z Z ﬁf(k)o<7r077ri1v--~77rik>'
k=1 11,..., 1, >0 s.t. ’
i1+ t+ig=n
This concludes the proof. O

Remark 2. Observe that by similar arguments invoking
props. 2, 8 and 9,

ALf=Y W

{w ,w"}EB[n]

7T0,7T‘w1‘7...,7|'|wk|>

This equation is a clear counterpart of Thm 7.7 of [27] shown

in the setting of the abelian functor calculus.
For any n,m € N such that m < n, we define a natural
transformation g, : S, = Sy, in CPU" and C*44 by q,,.,, =
{po,--.,Pm). For any f € C(X,Y) and any n € N, define
two morphisms T, f and T/, f in C(S,X,S,Y) by
moTnf= Avf O Qn,i RS T/nf = A;f O dqn,i

By Thm. 3

(16)
, this definition coincides with the definition in (10).
B. Functoriality of the Taylor expansion

The goal of this section is to prove the following result.

Theorem 4. For any n € N, T,,, T}, are functors, defining the
action on objects as T, X =T, X =5, X.

The proof consists in two steps. First, we show that k,, k/,,
L,, L), and qy, ., satisfy equations that will eventually turn
them (once we have shown the functoriality of T,, and T7)
into natural transformations in C:



(D) qum: Tn=Tyand qupm: T, =T,,.

2) kp:Tp=TTpqand kl,: T, =TT, _1;

B L,:T,=Trand L, : ij =T7

Then, we use those commutations and the functoriality of T"
to prove the functoriality of T,, and T/,.

Proposition 10. The following diagrams commute.

Adn,m An,m

Sp X — S X Sp X — S X

T.f Tt TLfL 3T f
S,Y 45— SmY S,Y 45— SmY

Proof: First, observe that for any £ < m < n, qmk 0
Qn,m = dn.k- Thus, for any &k € [0, m],

Tk © Tmf SQn,m = Akf O qm,k ©Qn,m = Akf O qn,k
=mpoT,f=mo qn,m © T.f

so we conclude that T,,f o qnm = dn,m © T f. The proof
that T/, f o dpm = qn,m © T, f is the same. O

Proposition 11. The following diagrams commute.
k/
S"X — Sn_lX

T/l T f
SnY T> Sn—1Y

SnX k4> Sn_lX
Tafl ITThaf
SnY T) Sn—1Y

Proof: We prove the commutation on k,,. Observe that
Moo TTp_1foky=Tp1fomoky =Tn_1f0dnn-1
mookpoTpf =dnn_10Tnf
sompo TT,_1fok, =myoky,oT,f by prop. 10. Then,
m1 0 TTho1f ok = D{Aif 0 qnri) g o kn

= (D(Aif 0 dno1,0))1 g © kn
= <DAlf an—l,i o kn>¢:0
= (DA;foSqy_1,0 kn>?:_ol

prop. 1
D-chain

by D-linearity of q,,_; ;. But, for any ¢ # 0,

1 n
kn = ({9n—-1,i9n,n—15 n-1,; { —T1,..., —Tp
n n
1 1+ 1
= 9n,i» { —T15---, Ti4+1
n n

141 1 141
= n,i —— Ty ee.y — T
G, n i+ 1 ! 1+ 1 +

Thus, Sqn—1,i kn = t(2:L) kif1 Gy i41. But then,

Sqn—Li

4+ 1
DA;foSqn_10k, =DA;f o t(i) 0 Kit1 0 A it1
n

1
it D-add

DA;f oKiy10dnit1
i—l—l

= Ajr1f odn,it1

and it follows that m; o TT,,_1f o k, = m ok, o T, f. This
concludes the proof for k,,. The proof for k/, is similar. ~ [J

Proposition 12. The following diagrams commute.

S, X s SnX
Tufl s
S, Y — Ssn

S, X —y Sn X
Tofl s
S, Y —_Q sn

Proof: By induction. The equation holds trivially for Ly =
Ly = id. Now, observe that L1 = SL;,, k11 = TLy, 0 kpgg
by D-linearity of L,,. We conclude that the commutation on
L,+1 holds by a straightforward diagram chase.

S X Sty gg x Thny gony
Trt1 f\L prop. 11 \LTTan.H. \LTT"f

Sp+1Y —— S5, Y —— SS™Y
kn+1 TLn,

The proof for L/, is the same. O

Proposition 13. L,, and L), are monic: if f,g € C(X,S,Y)
satisfy Loog=1L, o forL og=L) o f then g= f.
Proof: Assume that L,g = L, f. Let i € [0,n], and let w
be any word such that |w\ = 4. Then m,ol,09 = mpol,of.
That is, = ’! Tiog = 1 7r20f by prop. 9. Thus, ;0 f = m;0g
for all 7 (k has multlphcatlve inverses for integers), so f = g.

The proof that L/, is monic is similar. O
Proof of thm. 4: Let f € C(X,Y) and g € C(Y, Z).

LyoTa(gof)=T"(go f)oL,
=T"goT"fol,
=T"gol,oT,f
=L,oTugoT,f

by prop. 12
by functoriality of T"

by prop. 12

by prop. 12
so Tp(go f) =T,goT,f by monicity of L,. We prove that
Tridx =id7_x in a similar way, using that T"idx = idtnx
The proof that T/, is a functor is similar. O
Remark 3. It immediately follows from thm. 4 that for all
fel(X,Y)and g €C(Y,Z),

An(gof):AngoTnfv A’/I’L(gof)
This equation is a clear counterpart of Theorem 3 of [13].

Proposition 14. A morphism f € C(X,Y') is D-linear if and
only if Tnf =S, f.

Proof: If T,,f =S,, f then by (16), A1 foq,1 = fom.
It immediately follows that Df = Ay f = f omy, so f is D-
linear. Conversely, if f is D-linear, then D" f = fom» (by a
straightforward induction). Thus,

Apf=D"fol,=fommnol,=fom,

and by (16), m;oT,,f = fom; =moS,fso T, f=S,f. O

=ALgoT,f (7)

V. THE MONADIC STRUCTURE OF TAYLOR EXPANSION

We have proved the existence of a functor T,, that performs
an order n Taylor expansion in a compositional way. We now
prove that T,, has a monad structure similar to the monad
structure of T. Define natural transformations z,, : Id = S,,,
0, : S2 = S,, coum : SuSm = SmSns In + S, = S2 and



ta(r) : S, = S, (for all » € k) in C*I4 and CPU™ as the
tuplings characterized by the following equations:

T 0, = E T

i+j=k
(18)
These natural transformations are the counterpart of the natural
transformations defined in (6).

Tk Zn :§2Id Tk tn(r) :’I"kﬁk

_ v/
T TjCnym =T T 7Ti7rj|—6i7ri

A. The natural transformations of Taylor expansion

The goal of this section is to prove that z,,, ,,, Cp m, |, and
tn(r) are also natural transformations on T,. As mentioned
in sec. IV, we avoid heavy combinatorics by making use of
the canonical monad structure of T™. This proof is similar
to the proof of functoriality. First, we show in prop. 15 that
L, : T,, = T" satisfies equations that will eventually turn
L,, (once we have shown that T,, is a monad) into a monad
morphism [14] (also called monad transformer [15]) from T,
to T that sends the distributive law c,, ,,, to cl®™] Then, we
use these commutations and the naturality equations on T" to
prove the naturality equations on T,,.

Proposition 15. The following diagrams commute.

S,S, it gngn
ig[n]

Sp —/—— 5"

Id ——— Id
Zn 12 6,]

SnﬁS"

S, —s St S,S,, ftn gngm
tn (r)\L \Lt["] (r) CTL,W‘L\L \Lc[nmn]
S, T) Sn SnSn m gmgn
The same diagrams commute when replacing S,, by T,.

Proof: We prove the diagram on z,/zl" as follows.
! n
Tw Lp z2n = me‘ Z, = 5|0w‘id = 52) = 1y 2™
w!

The proof on t,(r)/t"(r) is similar. We now prove the
diagram on cn,m/c["vm]. Observe that for any words u,v,
Ty * M, = T, Ty, SO the projections of the two path are

| |
(T * ) (Lin * L) Com = [l folt

wl v (Tr\u| * 7T\'u|) Cn,m

_ ! ol!

u! v! (WM * W\UI>

(0 % 7o) ™™ (L, % L) = (7 % 70) (Ly % L)
lul! |v]!

= e (Tl * )

Finally, we prove the diagram involving 6,, and 6",

|w]!

w!
’/TwLnan:Uﬂ\ud n:| |

o 2 Tam

’ i1+i2:\w|

Tw a[n] (Ln * Ln) = Z (71-11)2 * 7'(‘“}1) (L” * Ln)
(w',w?)EBg,
L ]!

|
ZZwT

(wh,w?)eBy,

Mt | Tw?|

We conclude that the two operands are equal, upon observing
that there are exactly —“ partitions (w!, w?) of w such that
. 111 12°
|w?| =i, by fact 1.
Finally, the same diagrams commute when replacing S,, by
T,, by D-linearity of L,, and prop. 14. O

Theorem 5. The following families of morphisms are natural
transformations in C: z, : ld = T,, 0, : T2 = T, Crnom °
T T = T Th and ta(r) : T, = T

Remark 4. On the other hand, 6,, is not a natural transforma-

tion T, T, = T/ because of the lack of coefficients that erase

redundancy. This can be checked by an explicit computation
in Smooth for n = 2.

Proof: We prove the naturality of t,(r).
LpooTufota(r) =T"f oL, oty(r)
=T"fotl(r)oL, by prop. 15
=t"(r)oT"foL, naturality of t((r)
= t["}(r) olL,oT,f
=Ly,oty(r)oTyf
so by monicity of Ly, T, f otny(r) =ta(r) o T,,f and t,(r) is
natural. Similarly,
(L L) o T, T focnm
=T"T"fo(Lm*Ly)ochm
=TT foc™™ o (L, * L)
=, T"T™fo (L, * L)
=™ o (L, % L) o TuTof
=(Ln*Ly)ocymoTpyThf

naturality of L,

naturality of L,

by prop. 15

naturality of L,
by prop. 15
naturality of cl™™!
naturality of L,
by prop. 15

so T, T fo Cnym = Cnym © Ty T f by monicity of Ly, * L,
(the composition of two monos is also a mono) and c,, ., is
natural. The proof that z and 6,, are natural follow a very
similar pattern. O
Those equations rewrite as direct equations on A,,, in the

same way that naturality equations on T rewrite as equation
on the derivative D.

Corollary 1. For all i € [0,n] and j € [0, m],
T4 O Tanf = A]Alf © (qm,j * qn,i)

Thus, A, satisfies the following equations:

(1) Apfoz,=0;

(2) Anf o an = Z?:O An—zAzf © (qn,n—i * qn,i);

(3) AnAmf ©Cnym = AmAnfv

(4) Apfo tn(r) =r"A,f.

Proof: We prove (19) first,

19)

mimjo Ty Tnf=mjo0oTmoTy,T,f D-linearity of m;
=70 Tp(mioTy,f)

;0 Tm(Aif © qn,i)

=m0 Ty (Aif) o Tdn,

= DjAf 0 Gm,; 0 Tan,i-



S, X
SmX

An,m

S, X +—— 7.

Figure 2: The cone of Taylor expansions

Then, all of the equations above are simply the projections ,,
of the naturality equations on T,,. For example, m;0T,, fof, =
Aifoqnioby=2;fob;0(dn,*dqn,), and

i
mobpoTaf=> m kmpoT,f
k=0

K3
= Z Ak Arfo(Qii—k*9ik) by (19)
k=0

so item (2) holds by naturality of #,, and by straightforward
equations on the g, ,,. The other proofs are similar. O
We now prove that |,, is also a natural transformation, so
that T,, satisfies the same naturality equations as T. Using
the same proof technique as above, we would like to define
a natural transformation " : S® = S2" characterized by

Ty Ty 11 = oum, and to prove that

S, —_,gn
Ind Qi

ngn
SnSn [T S"S

commutes. However, this diagram does not commute, we
can check that (m, x m,) (L, * L,)l, # 0 if and only if
|u| = |v|, whereas (7, * m,) I L,, # 0 if and only if u = v.
Thus, we need to perform a more explicit (and combinatorial)
computation, making use of the relationship between A,, and
D™. The proof is done in sec. B.

Proposition 16. For all n,i,j such that n > i,n > j,

Aifoqn,iifi:j

. (20)
0 otherwise

A]Alf © (qn,j * qn,i) o In = {

and |, is a natural transformation T, = T%.

B. An infinitary Taylor expansion

This section defines a functor T, performing Taylor expan-
sion at all order. Assume that for all object X of C, there
exists a countable cartesian product S, X = [[2,X. Let
7k © Sw = Id, as it is now standard. Let N, = N U {w}.
All the natural transformations in C?39 and CP™ defined in
(18) generalize to n,m € N,,. Similarly, let q,, », : So, = S,
be the natural transformation in CP'"" and C2d4 given by
= (mg,..., 7). Observe that this yield a cone in C,
and CP", see fig. 2.

Let T,X = S,X, and for all f € C(X,Y), let T, f €
C(T,X,T,Y) be the unique morphism characterized by the
equation m; 0 To, f = Ap f o qu .

qw,n
Cadd

Proposition 17. T, is a functor, 7o : T, = Id, z,, : Id := T,
Op : T2 = Tu, lw 2 Tw = T2, and t,(r) : T, = T, are
natural transformations, and Cpm : Tp Ty = Ty T, Qoo ¢
T, = T, are natural transformations for all n,m € N,,.

Finally, f € C(X,Y) is D-linear if and only if T,,f =S, f.

Proof: The functoriality and the naturality equations on
T, are equivalent, by projections, to equations on A, f for
all n € N. These equations are in turn equivalent to the
functoriality and the naturality equations on T, for all n € N.
For example, the functoriality of T, is equivalent to the
equations of (17), for all n € N. These equations were proved
as a consequence of the functoriality of T,. Similarly, the
naturality of z,, 6., t,,(r) and ¢, ,, is a consequence of cor. 1,
because the equations on A,, given in cor. 1 are the projections
of the naturality equations on T,,. Similarly, the naturality of
l, : T, = T2 is a consequence of prop. 16. The proof that
Jw,n is natural is the same as the proof of prop. 10. Finally,
the characterization of the D-linear morphisms is the same as
the proof of prop. 14. O
This functor T, is the counterpart of the coherent Taylor
expansion T of [18], more detail in sec. VII.

C. The monad structure of Taylor expansion

In this section, we only consider indexes n,m € N, such
that S,, is defined (so » and m can be equal to w, provided
that the category has countable products).

Proposition 18. (S,,,z,,0,) is a monad in C* and CP'™,
and Cy, ., is a distributive law of S,, over S,,.

Proof: Same proof as the proofs of props. 5 and 6, using
that ¢, 1 C,p = id. O

Corollary 2. (T,,z,,0,) is a monad in C and ¢, is a
distributive law of T, over T,,.

Proof: Direct consequence of prop. 18 and prop. 14. [
The Kleisli category Ct, of the monad T, formalizes a
notion of higher order dual numbers [I1]. For all n € N,
a morphism f € Cr, (X,Y) corresponds to a polynomial
>oreo fre® of degree n over a formal indeterminate € such
that e"*! = 0. When n = w, a morphism is a power series
over a formal indeterminate ¢ that satisfies no equation. The
composition of f with g = >"}'_, gke® € Cr,, (Y, Z) consists
of performing a Taylor expansion of each g; around f; on
the variation f — fj, and returning the induced polynomial (or
formal power series, when n = w) over ¢, taking into account
that "1 =0 if n € N.

As in sec. III, the distributive laws c,, ,, satisfy the Yang
Baxter equations, so by thm 2.1 of [26], there exists a canon-
ical monad structure on T,, ---T; for any %1,...,%, € N,
as well as canonical distributive laws between those monads.
The associated natural transformations are generalizations of
the natural transformations given in (7), with projections taken
on words on integers instead of words on {0, 1}. The intuition
behind these monads is very similar to the intuition behind T"
given in sec. III. Intuitively, an elemente € T;, ---T; X isa

in



formal power series over n formal variables €1, ...,¢&, such
that for all j, Eé-ﬁl = 0 (if 7; = w, then this is simply a formal
variable, with no equation on it). The projection 7y,....s, (€)
gives the coefficient in e of the monomial £ - - - ¥». Then,
T,, -+ T;, f(e) pushes forward this power series using the
power series given by the Taylor expansion of f, taking into
account that the monomials eventually vanish at high order,
since s;.j =0 for all i; # w.
By D-linearity of the projections p;, the natural iso

Cx = (Snpl,Snp2> S Cadd (S"(Xl X XQ),SnXl X SnXg)

is also a natural isomorphism T, (_ x _) = T,(_) X T,().
Then, both S,, and T,, equipped with cy are strong monoidal
monads, which turns them into commutative monads [28],
[29]. Concretely, it means that there exist two natural trans-
formations ' and 2 called strengths defined as

’l/)l = C;l <id,Zn> S C(T7LX0 X XlaTn(XO X Xl))

2 1 : 2D
’l/) = Cy <Zn,ld> € C(XO X TnXl,Tn(XO X Xl))

These strengths induce two operators T9' and T2 that map
f e C(XO X Xl,Y) to Tgof = T,fo ’L/Jl S C(TnXo X
X, T,Y) and T f = T, fo9? € C(Xo x ToX1,T,Y).
These operators perform a Taylor expansion of f with regard
to only one of its argument. The commutativity of the monad
means that

0, o TOTUf =0, o TOTO f =T, focy.

It corresponds to the fact that the Taylor expansion of
f € C(Xo x X1,Y) can either be computed directly, or
by expanding f with regard to its two arguments separately
(in any order) by using the partial derivatives. Note that
those fundamentals categorical equations capture a complex
underlying combinatorics.

VI. A DIRECT AXIOMATIZATION OF TAYLOR EXPANSION

In this section, C is a cartesian left k-additive category
where k& has multiplicative inverses for integers. Let n € N,,.
We may assume n = w or not, depending on the existence
of S,X in C. The work of the previous section suggest a
direct categorical axiomatization of Taylor expansion. This
axiomatization is very similar to def. 116 of [18], except that
their work considers a setting with infinite partial sums.

Definition 8. An order n Taylor expansion in C is a functor

U such that UX =S, X and

(1) Up; = S,pi, Uo = S,,0 and Uh(r) = Sph(r);

(2) the families 7y : U = Id, z, : Id = U, 6,, : U2 = U,
ta(r) : U= U, ¢, : UU = UU and I,, : U = U? are
natural transformations in C.

Proposition 19. Any cartesian k-differential category such
that k has multiplicative inverses for integers has an order
n Taylor expansion, given by T,,.

Proof: T,, satisfies the equations of item (1) by prop. 14.
T, satisfies the naturality equations, by thm. 5 and prop. 16
when n € N, and by prop. 17 when n = w. O

We now show that def. 8 only describes functors that are
indeed Taylor expansions. More precisely, we prove that any
order n Taylor expansion U induces a differential D and that
U = T, where T, is the Taylor expansion induced by D.
First, we show that the term of degree ¢ in Uf only depends
on the first ¢ coordinates. For all m < n, let ry, ,, : S, = Sy,
and s, ., : S, = S, be natural transformations defined by

7w, if K <m 7 if k<m
Tk rmn = . Tk Sn,m = .
e 0 otherwise, e 0 otherwise.

Observe that q,, ,,, and r,, ,, are sections and retractions since
Un,m rm,n = ids, x, and that s,, ,, = 5 Qpm.

Lemma 1. For all Taylor expansion U, m;oUf = m;oU fos, ;.

The proof of this statement is in sec. C. Let AYf = 7, 0
Ufori, €C(S;X,Y). By lemma 1, moUf = AV f oq,,,
so AYf is to U what A;f is to T,,. As such, the naturality
equations on U imply equations on AY that are very similar
to the equations of cor. 1.

Proposition 20. For all Taylor expansion U,

mimioUUf = AYAY f o (qn,; * dn,i) (22)

Thus, the naturality equations on U are equivalent to the
following equations:

(1) AYf=fand AVfoz; =0 fori>1;

(2) AP f o0 =370 o ALLALS o (dii-k * Gik);

(3) A,LLJA;Jf [¢] Ci,j = AUAEf,

(4) AVfoti(r) =r AV f;

(5) A;JA?JC © (qn,j * qn,i) o ln = ! f a .1 f J

0 otherwise

and AY is a derivative, in the sense of def. 4.

Proof: The proof of (22) is the same as the proof of (19)
in cor. 1. The other equations are simply the projections of the
naturality equations on U, we also refer to the proof of cor. 1.
We conclude that AY is a derivative, taking those equations
on ¢ = j = 1, and by projections of the other equations of
def. 8 to recover D-sum, D-proj and D-chain. O

Thus, there are two maps ¢ : U — AY and o : D — T,
between differentials and Taylor expansions, and by definition
¢ o1 = id. We want to prove that 1) o ¢ = id. First, we prove
that this is the case when restricting ¢ on Taylor expansions
that are "functorializations" of an actual Taylor expansion.

Proposition 21. The maps ¢ and 1) induce a bijection between
differentials and order n Taylor expansions U such that

Uo (z,u,0,...) = <]€1'f(k)o<:c,u,...,u>>

(23)
k=0
where f*) s the higher order derivative defined from the
derivative AY = ¢(U).

The proof is in sec. C. We now prove that (23) always hold
when the additive structure of C is cancellative, in the sense
that f +¢g = f + h implies g = h. We do not have a proof in
the general case.



Remark 5. Unfortunately, categories in which the additive
monoid is not cancellative include the categories with total
sums that we will see in sec. VII. Those include the weighted
relational model of example 1. Indeed, the completeness of
a semiring k induces the existence of an infinite coefficient
00 = Zzek x, and for all element x co + z = oo. Still,
prop. 21 is already a satisfactory result, because it shows that
the "functorialization" of a Taylor expansion is unique.;

Theorem 6. Assume that the additive structure of C is can-
cellative. For all n € N, such that n > 1, there is a bijection
between differentials D and order n Taylor expansions U,
given by the maps ¢ : U+ AY and 1) : D+ T,,.

The proof is in sec. C.

VII. TAYLOR EXPANSION AND COUNTABLE SUMS

We now assume that C admits countable sums. Formally,
this means that & is a complete semiring, that C(X,Y) is a
complete monoid, and that the multiplicative action _

k x C(X,Y) — C(X,Y) respects countable sums in each
variable. We call such semimodules complete semimodules.
A map between complete k-semimodules is k-additive if it
preserves all countable sums, and the multiplicative action.
The notions of cartesian left k-additive categories and cartesian
differential categories directly carry to this new setting. We
refer the reader to Sec. 6 of [30] for a more detailed definition.

Definition 9 (Prop. 6.3 of [30]). A cartesian differential
category with countable sums is Taylor if k has multiplica-
tive inverses for integers and if for all f € C(X,Y) and
z,u € C(Z,X),

fo(a;+u)zf(x)—i-z%f(k)o(x,u,---,u> (24)
k=1 "

One main examples of such Taylor categories is the
weighted relational model of example 1 over semirings with
multiplicative inverses for integers. Typically, those categories
are closed, and the differential is assumed to be compatible
with the closed structure, see def. 4.4 of [22]. As observed
in [30], a cartesian differential category with countable sums
which is closed is Taylor if and only if it models Taylor
expansion, in the sense of def. 5.19 of [5]. As such, those
categories serve as models of the differential A-calculus and
its associated Taylor expansion [5], [19].

Definition 10. Let o : S, = Id be the natural transformation
in C*4d defined as 0 = >_p- , m),. An order w Taylor expansion
U, is analytic if ¢ is a natural transformation U, = Id.

The analytic Taylor expansions of def. 117 of [18] coincide,
in cartesian differential categories that admit countable sums,
with the analytic Taylor expansion of def. 10, hence the
following result.

Theorem 7. A cartesian differential category is Taylor if and
only if T, is an analytic Taylor expansion. Thus, any model

of [5] is a model of [18].

Proof: Assume that T, is analytic. Then, 0 o T, o
(x,u,0,...) = fooo(x,u0,...) = fo(xr+ u), this
is exactly (24) upon observing that T, f o (x,u,0,...) =

<%f(") o{x,uy. .., “>>Zo:0~ Conversely, assume that C is Tay-
lor. Then,

fOU:fO(W0+7T1)O<7TOaZ7Tk>
k=1
e 1 > s
:Zk!f(k)o<ﬂ-0327rk,...,27rk> by (24)
k=0 k=1 k=1

By multilinearity of the derivative, we get that

k=0ay,...,ar EN*

Cy Tag) -

By a reordering of the sum and thm. 3, this sum is equal
to > g Apnfodun =00T,f. So o is natural and T, is
analytic. O

VIII. CONCLUSION

This paper defined a functor T, that performs an order
n Taylor expansion in a compositional way, in any cartesian
differential category (with multiplicative inverse for integers).
The fundamental properties of Taylor expansion then boil
down to naturality equations that turns T, into a monad.
This monad provides a categorical approach to higher order
dual numbers [11] and the jet bundle construction [20], [21]
recently developed in automated differentiation. Of particular
interest is the canonical monad T;, ---T; , that freely com-
bines various Taylor expansion over different dual numbers,
thanks to the theory of distributive laws.

A syntactical approach to this monad should be developed,
with applications both in AD and in the differential lambda
calculus. In particular, the coherent Taylor expansion of [18]
suggest that the coherent differential PCF of [31] based on the
tangent bundle T can be generalized to the infinitary Taylor
expansion T,. This calculus would provide an alternative
to the Taylor expansion of programs that accounts for the
determinism of computation, and thm. 7 ensures that this
calculus would be a generalization of the previous one.

It should also be possible to unify this article with [8], [18]
in a single framework, by providing a more general theory of
Taylor expansion with partial sums that encapsulate both the
finite total sums of this article, and the partial positive sums
of [18]. A good candidate for the sums would be the notion
of partial commutative monoids [32].

This article also opens up a lot of perspective on the
study of the categorical properties of Taylor expansion. A
generalization of the Taylor expansion functor to tangent
categories [7] should provide a categorical axiomatization of
the jet construction. A generalization to reverse derivative [33]
and reverse tangent categories [34] would allow a computation
of higher order derivatives and Taylor expansion in a reverse
mode, which is very well suited for AD because of its
efficiency. This should be similar to the notion of covelocity
(the dual of jet bundles) mentionned in [20].



[5]

[6

=

[7]

[8

[t}

[9]

[10]

[11]

[12]

[13]
[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

(23]

REFERENCES

A. G. Baydin, B. A. Pearlmutter, A. A. Radul, and J. M. Siskind,
“Automatic differentiation in machine learning: a survey,” J. Mach.
Learn. Res., vol. 18, no. 1, p. 5595-5637, Jan. 2017.

T. Ehrhard and L. Regnier, “The differential lambda-calculus,” Theoret-
ical Computer Science, vol. 309, no. 1-3, pp. 1-41, 2003.

D. Mazza and M. Pagani, “Automatic differentiation in pcf,” Proc.
ACM Program. Lang., vol. 5, no. POPL, Jan. 2021. [Online]. Available:
https://doi.org/10.1145/3434309

M. Huot, A. K. Lew, V. K. Mansinghka, and S. Staton, “wpap spaces:
Reasoning denotationally about higher-order, recursive probabilistic and
differentiable programs,” in 2023 38th Annual ACM/IEEE Symposium
on Logic in Computer Science (LICS), 2023, pp. 1-14.

G. Manzonetto, “What is a categorical model of the differential and
the resource A-calculi?” Mathematical Structures in Computer Science,
vol. 22, no. 3, p. 451-520, 2012.

R. Blute, R. Cockett, and R. Seely, “Cartesian differential categories,”
Theory and Applications of Categories, vol. 22, pp. 622-672, 01 2009.
R. Cockett and G. Cruttwell, “Differential Structure, Tangent Structure,
and SDG,” Applied Categorical Structures, vol. 22, 04 2014.

T. Ehrhard and A. Walch, “Cartesian coherent differential categories,”
in 2023 38th Annual ACM/IEEE Symposium on Logic in Computer
Science (LICS). Los Alamitos, CA, USA: IEEE Computer Society,
jun 2023, pp. 1-13. [Online]. Available: https://doi.ieeecomputersociety.
org/10.1109/LICS56636.2023.10175717

E. Moggi, “Notions of computation and monads,” Information and
Computation, vol. 93, no. 1, pp. 55-92, 1991, selections from 1989
IEEE Symposium on Logic in Computer Science.

L. E. Fraenkel, “Formulae for high derivatives of composite functions,”
Mathematical Proceedings of the Cambridge Philosophical Society,
vol. 83, no. 2, p. 159-165, 1978.

L. Szirmay-Kalos, “Higher order automatic differentiation with dual
numbers,” Periodica Polytechnica Electrical Engineering and Computer
Science, vol. 65, 10 2020.

J. Beck, “Distributive laws,” in Seminar on Triples and Categorical
Homology Theory, B. Eckmann, Ed. Berlin, Heidelberg: Springer Berlin
Heidelberg, 1969, pp. 119-140.

H.-N. Huang, S. Marcantognini, and N. Young, “Chain rules for higher
derivatives,” The Mathematical Intelligencer, vol. 28, 03 2006.

J. M. Maranda, “On fundamental constructions and adjoint functors,”
Canadian Mathematical Bulletin, vol. 9, no. 5, p. 581-591, 1966.

S. Liang, P. Hudak, and M. Jones, “Monad transformers and modular
interpreters,” in Proceedings of the 22nd ACM SIGPLAN-SIGACT
Symposium on Principles of Programming Languages, ser. POPL °95.
New York, NY, USA: Association for Computing Machinery, 1995, p.
333-343. [Online]. Available: https://doi.org/10.1145/199448.199528
J.-S. P. Lemay, “A tangent category alternative to the Faa di Bruno
construction,” Theory and Applications of Categories, vol. 33, no. 35,
pp. 1072-1110, 2018. [Online]. Available: http://www.tac.mta.ca/tac/
volumes/33/35/33-35abs.html

R. Garner and J. Lemay, “Cartesian differential categories as skew
enriched categories,” Applied Categorical Structures, vol. 29, no. 6, pp.
1099-1150, Dec. 2021.

T. Ehrhard and A. Walch, “Coherent taylor expansion as a bimonad,”
Mathematical Structures in Computer Science, vol. 35, p. €9, 2025.

T. Ehrhard and L. Regnier, “Uniformity and the taylor expansion of
ordinary lambda-terms,” Theoretical Computer Science, vol. 403, no. 2,
pp. 347-372, 2008.

M. Betancourt, “A geometric theory of higher-order automatic differen-
tiation,” arXiv: Computation, 2018.

M. Huot, S. Staton, and M. Vikdr, “Higher Order Automatic
Differentiation of Higher Order Functions,” Logical Methods in
Computer Science, vol. Volume 18, Issue 1, Mar. 2022. [Online].
Available: https://Imcs.episciences.org/9239

A. Bucciarelli, T. Ehrhard, and G. Manzonetto, “Categorical models
for simply typed resource calculi,” Electronic Notes in Theoretical
Computer Science, vol. 265, pp. 213-230, 2010, proceedings of the
26th Conference on the Mathematical Foundations of Programming
Semantics (MFPS 2010).

J. Laird, G. Manzonetto, G. McCusker, and M. Pagani, “Weighted rela-
tional models of typed lambda-calculi,” in 2013 28th Annual ACM/IEEE
Symposium on Logic in Computer Science, 2013, pp. 301-310.

[24] J. Rosicky, “Abstract tangent functors,” Diagrammes, vol. 12, pp. JR1-
JR11, 1984, talk:3.

R. Cockett and R. Seely, “The faa di bruno construction,” Theory and
Applications of Categories [electronic only], vol. 25, 01 2011.

E. Cheng, “Iterated distributive laws,” Mathematical Proceedings of the
Cambridge Philosophical Society, vol. 150, no. 3, p. 459-487, 2011.
K. Bauer, B. Johnson, C. Osborne, E. Riehl, and A. Tebbe, “Directional
derivatives and higher order chain rules for abelian functor calculus,”
Topology and its Applications, vol. 235, pp. 375-427, 2018.

A. Kock, “Monads on symmetric monoidal closed categories,” Archiv
der Mathematik, vol. 21, pp. 1-10, 01 1970.

——, “Strong functors and monoidal monads,” Archiv der Mathematik,
vol. 23, pp. 113-120, 12 1972.

J.-S. P. Lemay, “An ultrametric for cartesian differential categories for
taylor series convergence,” Electronic Notes in Theoretical Informatics
and Computer Science, 2024.

T. Ehrhard, “A coherent differential pcf,” Logical Methods in Computer
Science, vol. Volume 19, Issue 4, 10 2023.

P. Hines, “A categorical analogue of the monoid semiring construction,”
Mathematical Structures in Computer Science, vol. 23, no. 1, p. 55-94,
2013.

R. Cockett, G. Cruttwell, J. Gallagher, J.-S. P. Lemay, B. MacAdam,
G. Plotkin, and D. Pronk, “Reverse Derivative Categories,” in
28th EACSL Annual Conference on Computer Science Logic (CSL
2020), ser. Leibniz International Proceedings in Informatics (LIPIcs),
M. Fernandez and A. Muscholl, Eds., vol. 152. Dagstuhl, Germany:
Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2020, pp. 18:1-
18:16. [Online]. Available: https://drops.dagstuhl.de/entities/document/
10.4230/LIPIcs.CSL.2020.18

G. Cruttwell and J.-S. P. Lemay, “Reverse Tangent Categories,” in
32nd EACSL Annual Conference on Computer Science Logic (CSL
2024), ser. Leibniz International Proceedings in Informatics (LIPIcs),
A. Murano and A. Silva, Eds., vol. 288. Dagstuhl, Germany:
Schloss Dagstuhl — Leibniz-Zentrum fiir Informatik, 2024, pp. 21:1-
21:21. [Online]. Available: https://drops.dagstuhl.de/entities/document/
10.4230/LIPIcs.CSL.2024.21

[25]
[26]

[27]

(28]
[29]

(30]

[31]

[32]

(33]

[34]

APPENDIX A
PROOFS OF SEC. 11

The goal of this appendix is to prove thm. 5, that we recall
below. This proof was left as an appendix, because it mostly
consists of an adaptation of the proof of Thm. 7 of [£].

Theorem. Let D : C(X,Y) — C(SX,Y) be an operator that
satisfies D-proj and D-chain. Then:
(1) D satisfies D-sum iff To = So and T(h(r)) = S(h(r))
Sor all v € k (that is, h(r) and o are D-linear);
(2) D satisfies D-add iif z : Ild = T, 8 : T2 = T and
t(r): T =T (for all r € k) are natural in C;
(3) Assuming that z : id = T is natural in C, D satisfies
D-lin iff | : T = T2 is natural in C;
(4) D satisfies D-sym iff ¢ : T2 = T2 is natural in C.
Thus, there is a bijection between derivative operators D and
functors T such that TX = SX, Tp; = Sp;, To = So,
Th(r) = Sh(r) and such that m, z, 0, t(r) (for all r € k), |
and c are natural in C with regard to T.

Let D: C(X,Y) — C(X,SY) be an operator for all X,V
that satisfies D-proj and D-chain.

Proposition 22. D satisfies D-sum iff To = So and T(h(r)) =
S(h(r)) for all v € k (that is, h(r) and o are D-linear).

Proof: Assume that D satisfies D-sum. By prop. 4 it
suffices to prove that Do = o o m; and Dh(r) = h(r) o m;


https://doi.org/10.1145/3434309
https://doi.ieeecomputersociety.org/10.1109/LICS56636.2023.10175717
https://doi.ieeecomputersociety.org/10.1109/LICS56636.2023.10175717
https://doi.org/10.1145/199448.199528
http://www.tac.mta.ca/tac/volumes/33/35/33-35abs.html
http://www.tac.mta.ca/tac/volumes/33/35/33-35abs.html
https://lmcs.episciences.org/9239
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2020.18
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2020.18
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2024.21
https://drops.dagstuhl.de/entities/document/10.4230/LIPIcs.CSL.2024.21

to conclude that To = So and T(h(r)) = S(h(r)). By D-lin,
Dp; = p; o m1. Thus, by D-sum,

Do = Dmp+Dmy = mgomy+m0m = (mg+m1)omy = oomy.
Dh(r) =D(r-id)=r-Did=r-m =h(r)om

and it concludes the proof of the forward implication. Con-
versely, assume that o and h(r) are linear. Then,

D(f+9)=D(oo(f,g)) =DooT(fg) by D-chain
=comoT{(f,g)=00D(f,g) by assumption
=o0o(Df,Dg) =Df+Dg by prop. 1

D(r- f) = D(h(r) o f) =Dh(r)oTf by D-chain
=h(r)omoTf =h(r)oDf by assumption
=r-Df

so D is k-additive. O

Before moving on to the other results, we describe a bit
more precisely the components of T2 f.

Lemma 2. For all f € C(X,Y),
T2f = ({f omom, Df o mg), (Df o Tmg, DDF))

Proof: Two of the coordinates are given by a straightfor-
ward computation, by definition of T.

7r07rooT2f:7rOono7T0:fO7T07T0
7717TOOT2f:7T10TfO7T0:DfO7T0

The other two relies on D-chain and D-proj.

mim o T?f =m Smy o T2f naturality of 7, in CP!n
=moTm oT2f by D-proj and prop. 4
=moT(moTf) by D-chain

=m0T(Df)=DDf
mom o T2f = m Smoo T2 f

=m 0T7T0°T2f

by definition of T

naturality of 7, in C2dd

by D-proj and prop. 4
=moT(mpoTf) by D-chain
=m0 T(f omp) by definition of T
=DfoTmy by D-chain and definition of T

1
We now decompose the proof of item (2) into 3 different
subgoals.

Lemma 3. Let r € k. The following assertions are equivalent:

(1) Dfo(z,r-u)=r-Dfo(x,u) forall f eC(X,Y) and
z,uelC(Z,X);

(2) Dfot(r)=7r-Df;

(3) t(r) : T = T is a natural transformation in C.

Proof: (1) < (2) Observe that (2) is a special instance of
(1) in which = mp and u = ;. Conversely, the composition
of the equation of (2) by (x, u) on the right yields the equation
of (1).

(2) < (3) Observe that

Tfot(r) = (fomo,Df ot(r))
t(r)oTf = (fomy,r-Df)
so t(r) : T = T is natural if and only if Df ot(r) = r - Df.
0

Lemma 4. The following assertions are equivalent:
(1) Dfo(x,0) =0 forall f€C(X,Y),xz€C(Z,X);
(2) Dfoz=0;
(3) z is a natural transformation |d = T.
Proof: (1) < (2) Observe that (2) is a special instance

of (1) in which = = my. Conversely, the composition of the
equation of (2) by (x,0) on the right yields the equation of

(1).
(2) < (3) Observe that
Tfoz={(f,Df oz)
zo f=(f,0)

so z: Id = T is natural if and only if Df oz = 0. O

Lemma 5. The following assertions are equivalent:

(1) Df o (z,u+v) =Df o(x,u) + Df o (x,v) forall f €
C(X,Y) and z,u,v € C(Z,X);

(2) Dfo@=DfoTrng+Dfomg forall f €C(X,Y);

(3) 0 is a natural transformation T? = T.

Proof: (1) < (2) Observe that (2) is an instance of (1),
taking x = mg g, u = mo w1 and v = w1 . Conversely, the
composition of the equation of (2) by ((x,u), (v,0)) on the
right yields the equation of (1).

(2) < (3). Observe that
79000 T?f = mompoT2f = fomgmg = fompol = mpo T fob
by lemma 2. Thus, 6 : T2 = Tf is natural if and only if
mofoT?f=moTfod

and we can check that this is equivalent to the equation of (2).
Indeed,

T o00oT2f =mmoo T2f + mom T2f
=Dfomy+DfoTmg
moTfof=Dfob
s0 (2) holds if and only if 6 : T2 = T is natural. O

Proposition 23. D satisfies D-add iifz:1d =T, 0 : T2 =T
and t(r) : T = T (for all r € k) are natural in C

by lemma 2

by assumption

Proof: Direct consequence of lemmas 3 to 5. O

Proposition 24. Assuming that z : id = T is natural in C, the
following assertions are equivalent:
(1) D satisfies D-lin, that is, DD f o (x,0,0,u) = Df o (x,u)
Sforall f € C(X,Y) and z,u € C(Z, X);
(2) DDfol=Df;
(3) |: T = T2 is a natural transformation in C.



Proof: (1) < (2) Observe that (2) is a special instance of
(1) in which z = 7y and u = 7;. Conversely, the composition
of the equation of (2) by (x, u) on the right yields the equation
of (1).
(2) & (3) By lemma 2

mmoT?fol=DDfol mmoloTf=mTf=Df

so the equation of (2) consists of the rightmost projection of
the naturality equation on |. Thus, it suffices to show that

7ri7rjoT2fo|:7ri7rjo|on

for all (i,7) € {0,1}2\ {(1,1)} to conclude the equivalence.
We make use of lemma 2.

e Case i =0,j=0: mpomgoloTf=mgoTf = fomg
and mgompo T2fol= fomyomyol = fomy;

eCase i =1, =0: mgomoloTf=00Tf =0 and
momyo T?fol=Dfomol=Dfozom = 0 by
naturality of z;

e Case i1 =0, =1:mgomoloTf=00Tf =0 and
mpomoT2fol=DfoTmol=Dfozom =0 by
naturality of z.

]

For the last goal, we first prove useful equations on c.

Lemma 6. 7;c = Sm; = Tm; and Tm;c = Smjc =,
Proof: First,

T C= T Ty 7TjS7Tj:7Tj7Ti

so m; ¢ = Smr;. Similarly,
7TjS7TiC=7Ti7TjC =TT

so Str; o c = ;. We conclude the proof by prop. 4 and D-lin.
1

Proposition 25. The following assertions are equivalent:

(1) D satisfies D-sym, that is, DDf o {(x,u,v,w) = DDf o
(x,v,u,w) for all f € C(X,Y) and z,u,v,w €
C(Z,X);

(2) DDf oc=DDf;

(3) c:T? = T2 is a natural transformation.

Proof: (1) < (2) Observe that (2) is a special instance
of (1) in which x = momg, u = mo 71, v = 7o and w =
w1 m1. Conversely, the composition of the equation of (2) by
({x,u),(v,w)) on the right yields the equation of (1).

(2) & (3) By lemma 2,

mmoT2foc =DDfoc m mocoT?f = moT?f =DDf

so the equation of (2) consists of the rightmost projection of
the naturality equation on c. Thus, it suffices to show that
T oT2foc:7ri7rj ocoT?f

for all (i,7) € {0,1}%\ {(1,1)} to conclude the equivalence.
We make use of lemma 2 and lemma 6.

e 1 = 0,5 = 0: the computation is immediate;

. izl,j:()l 7T17T00COT2f:7T07T1 OTQf:DfOTﬂ'O
and T ompo T2foc=Dfompoc=Df o Tag;
ei=0,j=1:momoT?foc=DfoTrgoc=Dfomn
and momioco T2f =momgo T2f = Df omp.
O
This concludes the proof of thm. 5.

APPENDIX B
PROOF OF PROP. 16
Lemma 7. For all i € [0,n] and j € [0,m], we have
A]Alf = Di+jf o (l__7 * Lz)

Proof: This is a direct consequence of prop. 8§ and (3):
AjAlf: DJ(DZfOLl>OL] = DH_ijTjLZ'OLj. O
Proposition 26. For all n,i,j such that n > i,n > j,
Aifoquiifi=j

; (25)
0 otherwise

AjA;fo(dn,j*An,i)oln = {

and \,, is a natural transformation T, = T2.
Proof: By prop. 2,
" 1
+ o k
D* jf — Z yf( ) o <7r01:+j,7TU1 K Tqly e vey Tyl *7Tuz>
(ulvl,...,ukvk)EB[oi+j]

where I(u') = i and I(v!) = j for all [. Thus, by lemma 7
and prop. 9,

(I te1) (T 1)

il gkl

AGA; fo (G #ani)oln = Y
kyk o
(ulvl,...,ukv )eB[iﬂ.]

k
f( ) e} <7TO,7T‘u1‘7T|1)1‘,...77T‘uk|7'("vk|> 9 |n

By definition of |, and by additivity of f) in its k last
variables, the terms of this sum vanish as soon as there is
I € [k] such that |u'| # |v!|. This is always the case when
i # j, because 23:1 | =i #j = Zle [v!|. So we get
that

AjA;fo(dn;*qni)ol, =0

for i # j. We now assume that ¢ = j. Observe that

Bl = {(utol, ... uFoF) | (Wt ul) € By,
and (v',... 0") € By}
By fact 1, for any (u!,...,u*) € By, there is Zf‘luk“
elements (v',...,v*) € Bf) such that [v!| = |u'| for all | €

[k]. So we can regroup terms of the sum above to get that
A;A; f o (Am,i *An,i) © |y, 1s equal to

k l!
Z Mf(k)O<7TO77T\u1|7""7T|’U«k‘>'

This quantity is equal to A; f, as shown in the proof of thm. 3.
This concludes the proof of (25). Finally, we prove that |, is
natural. Observe that

m; Tj 0 Ti olp =A;A;fo(dn;*dny)©ln.



By (25), this is equal to 6?Anf OQn; =mimjolpoTyf, s0
T2fol, =1l,0T,f and |, is natural. O

APPENDIX C
PROOFS OF SEC. VI

Lemma. For all Taylor expansion U, m;oUf = m;oUfos, ;.

Proof: By induction on i, the case ¢ = 0 is a direct
consequence of the naturality of 7y. For the inductive hypoth-
esis, assume that ¢ > 1. Then, let h; € C(S5,X,S,X) and
gi € C(S,X,S2X) defined by

ok {wkﬂ if k€ [i,n—1]

i = sniahi701"'
0 otherwise g (sn, )

so that 6,, o g; = id. Then,
mioUf=moUfob,og =mob,oUfogy;

by naturality of 6,,. Thus,

i
7rion:mTrooUQfogiJer_kTrkoU2fog¢.
k=1

Observe now that m; mpoU?fog = m;0Uf os, ; by naturality
of my. Furthermore, for all k € [1,n],

Ti—kmro U fog;

=meoUmi_roU?fogy; because Um;_p = S, mi_k
=mpoUm_roU?foUs,; rog; inductive hypothesis
=mpoUm_oU?foS,sukogi Usni—k =SnSni sk
=moUmi_go U2f ©Zy OSpni—k Sn,i—k© hi =0 (k > 1
=mpozpomi—goUfosy ;g

=0

naturality of z,
k>1

using the fact that s, ;_3 o h; = 0, since k > 1. This conclude
the inductive step: m; o Uf = moUf os, ;. |

Proposition. The maps ¢ : U+ AY and 1 : D — T,, induce
a bijection between differentials and order n Taylor expansions
U such that

Uo (x,u,0,...) = < lf(k)o<z,u,...,u>>n

- (26)
k! b0

where f*) is the higher order derivative defined from the
derivative AY = ¢(U).

Proof: We have seen that ¢ o1 = id. Let U be an order n
Taylor expansion that satisfies (26), we prove that o ¢(U) =
U. Let D = AY, and define A,, and T,, from D as in sec. IV
so that T,, = ¢(4(U)). We want to prove that U = T,, so it
suffices to prove that AYf = A;f for all f € C(X,Y) and
1 < n. We proceed by induction on .

The case ¢ = 0 holds by naturality of 7, and the case ¢ = 1
holds by definition, since A; = D = A&J. Now, assume that
i > 2. Define h; € C(SiX, 51X) as h; = <0,7T2,. .. ,7Ti,0> SO

that 6; (s; 1, h;,0,...,0) = id. Then, by items (1) and (2) of
prop. 20,
Alsz = Alijfooio (si,1,h4,0,...,0)
:Ayf0<71'0,7T1,0,...,0>+Ri

with R; = 22;11 AYAY | fo(qik*Gii—k)o(si1, hiy0,...,0).
Similarly, by cor. 1,

Aif:AifO<7T077T1,0,...,0>+R;

with R} = S0 h ApAi g fo(qix*ii—k)o(Si1, hi, 0, ..., 0).
By induction hypothesis, R; = R/. Furthermore, AYf o
<7T077T1,0,. . ,0> = Alf o <7T0,7T170, ce 70> by (26) So
AYf = A, f, this concludes the inductive case. O

Theorem. Assume that the additive structure of C is cancella-
tive. For all n € N, such that n > 1, there is a bijection
between differentials D and order n Taylor expansions U,
given by the maps ¢ : U AY and 1) : D~ T,,.

Proof: Tt suffices to prove that all order n Taylor ex-
pansion U satisfy (26) in that setting. Let U be an order
n Taylor expansion. Then, (26) holds if and only if AYf o
(7o, m1,0,...) = A;fo(mg,m,0,...) forall i > 1, where A,
is defined from the derivative AY as in sec. IV-A. We proceed
by induction on ¢. The case ¢ = 1 holds by definition of A;.
By prop. 20,

AV fo(mg,2m1,0,...) = 2°AY f o (mg, 71,0,...)
and, defining g = (my,0,...), we have by item (2)
AV f o (mp,271,0,...)
=AVfob;0(si1,9,0,...)
=2AY f o (m,71,0,...) + Q;
with Q; = ;c_:ll A,LCJAlLka o (Qi,k * Qi i—k) © (5i1,9,0,...).
So, if the additive monoid is cancellative, it follows that
(2" = 2)AY f o (mg, 71,0, ...,0) = Q;.

Similarly, (2" — 2)A; f o (my,m1,0,...,0) = Q; with Q; =

L ARAG ,fo(qik*iik)o(Si1,9,0,...). By induction
hypothesis, Q; = Q. so AYf o (my,71,0,...,0) = A;f o
(mo,71,0,...,0) which concludes the proof. O
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