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MONOTONICITY FOR SOLUTIONS TO SEMILINEAR PROBLEMS
IN EPIGRAPHS

NICOLAS BEUVINT, ALBERTO FARINAT, BERARDINO SCIUNZI*

ABSTRACT. We consider positive solutions, possibly unbounded, to the semilinear equation
—Au = f(u) on continuous epigraphs bounded from below. Under the homogeneous
Dirichlet boundary condition, we prove new monotonicity results for v, when f is a (locally
or globally) Lipschitz-continuous function satisfying f(0) > 0. As an application of our
new monotonicity theorems, we prove some classification and/or non-existence results. To
prove our results, we first establish some new comparison principles for semilinear problems
on general unbounded open sets of RY, and then we use them to start and to complete a
modified version of the moving plane method adapted to the geometry of the epigraph €.
As a by-product of our analysis, we also prove some new results of uniqueness and symmetry
for solutions (possibly unbounded and sign-changing) to the homogeneous Dirichlet BVP
for the semilinear Poisson equation in fairly general unbounded domains.

1. INTRODUCTION AND MAIN RESULTS

We consider solutions, possibly unbounded, to the problem

—Au = f(u) in Q,

(1.1) u>0 in 2,
u=20 on 0f),
where f is a (locally or globally) Lipschitz-continuous function satisfying
f(0) >0,

and Q is an epigraph of RV, with N > 2, i.e.
Q:={z= (" 2y) eRV' xR : zy > g2},

where g : RV~! — R is a continuous function bounded from below.

The main results of the present paper prove that the solution w is strictly increasing in the
xn-direction, i.e., (;jﬁ—ljv > 0 in 2. Our monotonicity results are new. They cover the case
of uniformly continuous epigraphs (not necessarily locally Lipschitz-continuous), coercive
epigraphs, as well as that of a large family of merely continuous epigraphs (with possibly
arbitrary growth at infinity and not necessarily coercive). Furthermore, we do not assume
that u is bounded.

Half-spaces and coercive epigraphs are a very special case of the geometries covered by our
analysis. Thus, our results recover, extend and complete existing ones, which mainly deal
with the case of a half-space ([1]-[4],[8],[9],[17],[19],[20],[21],[22],]26]) or a locally Lipschitz-

continuous coercive epigraph ([4],[14],[19]).

Key words and phrases. Semilinear elliptic equations on unbounded domains, monotonicity of solutions,
comparison principles.
2020 Mathematics Subject Classification: 35J61, 35B06, 35B51.
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Our results apply to classical solutions of (|1.1)) as well as to those in the sense of distribu-
tions. To deal with the latter case and settle the general framework in which we work, we
introduce the following functional space :

(1.2) H}.(Q) ={u:Q+— R, u Lebesgue-mesurable : v € H' (2N B(0,R)) VR > 0}

The choice of the distributional framework is quite natural and justified by the fact that,
in many cases, the epigraphs we consider are merely continuous (i.e., the functions g that
define them are assumed to be continuous and nothing more).

Let us first state the main results for uniformly continuous epigraphs.

Theorem 1.1. Let € be a uniformly continuous epigraph bounded from below.
Assume f € Lip,,.([0,400)) with

t
(1.3) lim inf () >0
t—0+ ¢
and let u € CO(Q) N H},
uous on finite strips,
Then u s strictly increasing in the xn-direction, i.e., 8‘2—7]‘\[ >0 in Q

(Q) be a distributional solution to (I.1)) which is uniformly contin-

The epigraphs considered in the previous result could be very wild, as shown by the following
two-dimensional examples constructed by using the Weierstrass-type functions g .(x) =
Yoo b cos(b"mx), where b > 1is an integer and o € (0,1). The function gy, , is uniformly
continuous, bounded and nowhere differentiable ([25]).

If we further assume that the epigraph satisfies a weak regularity assumption, we can
prove the monotonicity result for any (locally or globally) Lipschitz-continuous function f
satisfying f(0) > 0 (and this by also weakening the assumptions on u).

Theorem 1.2. Let Q be a uniformly continuous epigraph bounded from below and satisfying
a uniform exterior cone condition.

Assume f € Lip,,.([0,+00)) with f(0) >0 and let u € C°(Q) N HL,
solution to which is bounded on finite stm’ps.ﬁ

Then u 1is strictly increasing in the xy-direction, i.e., % >0 in .

Theorem 1.3. Let Q) be a uniformly continuous epigraph bounded from below and satisfying
a uniform exterior cone condition.

Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N H}.(Q) be a distributional
solution to with at most exponential growth on finite stripsﬁ

Then u 1is strictly increasing in the xy-direction, i.e., ai—“N >0 wn .

(Q) be a distributional

1., u is Lebesgue-measurable on Q and u € H'(U) for any open bounded set U C Q.

2 j.e., for any R > 0, u is uniformly continuous on the strip €N {xn < R}.
3 Continuous distributional solutions of —Au = f(u) in Q belong to C?(Q), by standard elliptic theory.
4 ie., for any R > 0,

(1.4) sup u < +oo.
Qﬁ{$N<R}

® i.e., for any R > 0, there are positive numbers A = A(R), B = B(R) such that
u(z) < AePlel VeeQn{zy < R}.
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Note that Theorem [I.2) and Theorem [I.3] cover the case of uniformly continuous epigraphs
bounded from below, which are not necessarily locally Lipschitz-continuous. See Example

[7.1] in Section [7.

Although the following results are special cases of the preceding theorems, even in this
weaker form, they are new.

Corollary 1.4. Let Q) be a uniformly continuous epigraph bounded from below. Assume
.f € Liploc([()?—{—oo)) with
t
(1.5) lim inf () >0
t—0t t

and let u € C?(Q) N C%(Q) be a classical solution of (L.1)) such that Vu € L=(2). Then u
15 strictly increasing in the xy-direction, i.e., % >0 in Q.

Corollary 1.5. Let Q be a globally Lipschitz-continuous epigraph bounded from below. As-
sume f € Lip,,.([0,+00)) with f(0) > 0 and let u € C*(2) N C%(Q) be a classical solution
of (L.1)) such that Vu € L*()). Then u is strictly increasing in the xy-direction, i.e.,
Ju :

=L > 0 in €.

89:N

Corollary 1.6. Assume o € (0,1) and let Q be a globally Lipschitz-continuous epigraph
bounded from below with g € Cp.®(RN=Y). Assume f € Lip,,.([0, +00)) with f(0) > 0 and
let u € C%Q) N C%Q) be a classical solution of which is bounded on finite strips.
Then u s strictly increasing in the xy-direction, i.e., % >0 in .

When the epigraph is coercive, the monotonicity result holds under the sole assumption
of continuity of g, i.e., we do not need to require either uniform continuity or the uniform
exterior cone condition for the epigraph. Moreover, this result holds regardless of the value

of f(0). More precisely, we have

Theorem 1.7. Let Q be a coercive continuous epigraph. Assume f € Lip,([0, +00)) and
let ue C°(Q)N HE.(Q) be a distributional solution to (1.1)). Then u is strictly increasing

loc
in the xy-direction, i.e., ai—?jv >0 in €.

To prove our main results, we first establish some new comparison principles for semilinear
problems on general unbounded open sets of RY, and then we use them to start and to
complete a modified version of the moving plane method adapted to the geometry of the
epigraph . Then, by a delicate analysis based on the translation invariance of the equation
and on some fine compactness and regularity arguments, we obtain the desired results of
monotonicity.

The flexibility of our methods also allows to prove various extensions of our main results to a
large class of merely continuous epigraphs bounded from below (see the class G introduced in
definition and the list of examples that follows it). Those general results (see Theorems
, and [5.3)) are stated, discussed and proven in Section . Below we illustrate them

with some particularly evocative examples.
Theorem 1.8. Let N > 2 and let g : R¥=1 = R be a continuous function such that :
(1) N=2 and limg,_o g(z) € (—00, +00], limg 100 g(z) € (—00, +00];

(2) N = 2 and g is quasiconvexr (resp. quasiconcave) and bounded from below (in
particular monotone or convez functions bounded from below qualify);
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(3) N >2 and g of class C?, bounded from below and with bounded second derivatives;

(4) N > 2 and g bounded from below, g = ¢ o @, where 0 is uniformly continuous on
RN and ¢ : R +— R is a continuous bijection;

(5) glx1,...,xn_1) = g(x1,. .., Tp_1), where 2 < n < N and g : R"' — R is one of
the functions defined in one of the items (1) — (4).

Let Q be the epigraph defined by g and assume f € Lip,,.([0,400)) with

t
(1.6) lim inf /) > 0.
t—0+t 1
(i) If u € CO(Q)NHL.(Q) is a distributional solution to (1.1)) which is uniformly continuous
on finite strips.

Then u 1is strictly increasing in the xy-direction, i.e., % >0 in .

(i3) If u € C*(Q)NCY(Q) is a classical solution of (1)) such that Vu € L>(Q). Then u is

strictly increasing in the xx-direction, i.e., % > 0 in €.

Typical examples of functions ¢, for which Theorem applies but not Theorem (resp.
Corollary [L.4)), are provided by : gi(71) = €™ — 4arctan(z;) — 2, ga(71) = e if N = 2

and g(@1, . an1) = (@) + [1 siniay), 9o, .. ay) = e HE5 V@) i N > 3

Theorem 1.9. Let N > 2 and let Q be as in the statement of Theorem[1.8. Also suppose
that Q) satisfies a uniform exterior cone condition.

(i) Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N HL.(Q) be a distribu-
tional solution to (1.1)) with at most exponential growth on finite strips. Then u is strictly

increasing in the xy-direction, i.e., 8(3:_1;\; >0 in €.

(i) Assume f € Lip,,([0,+0c)) with f(0) > 0 and let u € C°(Q) N H} (Q) be a distribu-
tional solution to (1.1) which is bounded on finite strips. Then u is strictly increasing in
the x n-direction, i.e., 8‘1—1 >0 in €.

Notice that Theorem [1.9 applies (for instance) to epigraphs defined by g(z1,...,zy) = €'
or g(xy,...,xyx) = e” —4darctan(x;) —2 if N > 1 and to g(z1,...,xy) = 2} +e2 if N > 2.

The next result applies to solutions of ([1.1)) where €2 is merely a continuous epigraph and
f is a non-increasing function, possibly discontinuous, and with no restriction on the sign

of f(0) (see Theorem 5.3|in Section 5).

Theorem 1.10. Let 2 be a continuous epigraph bounded from below and let f : [0,00) — R
be any non-increasing function. Letu € CO(Q)NH. (Q) be a distributional solution to (1.1))
with subexponential growth on finite strips E|

Then u is non-decreasing, i.e., 82_1; >0 n Qﬂ

Moreover, if f € Lip,,., then u is strictly increasing, i.e., % > 0 in €.

6i.e., for any R > 0,
Inu(x)

lim sup <0.

lw| o0, |z]

zeQN{zn <R}

7 Note that u € C*(2), since f(u) € L2 ().

loc
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We conclude the introduction by observing that

1) the new comparisons principles we have demonstrated have also allowed us to prove
some new results of uniqueness and symmetry for solutions (possibly unbounded and sign-
changing) to the homogeneous Dirichlet BVP for the semilinear Poisson equation in fairly
general unbounded domains (see Corollary and Corollary in Section ;

2) as an application of our new monotonicity theorems, we also prove some new classification
and/or non-existence results for solutions to the nonlinear problem (L.1)) (see Section [6]).

For the reader’s convenience, the notations used in the paper are collected in Section [8]
The paper is organized as follows :

1. Introduction and main results

2. Some new comparison principles on unbounded domains and their applications to the
uniqueness and symmetry of solutions to the semilinear Poisson equation

. Some uniform estimates in unbounded domains

. Proofs

. Extensions to merely continuous epigraphs bounded from below and further observations
. Some applications to classification and non-existence results

. Some examples

o J O Ot =~ W

. Notations

2. SOME NEW COMPARISON PRINCIPLES ON UNBOUNDED DOMAINS AND THEIR
APPLICATIONS TO THE UNIQUENESS AND SYMMETRY OF SOLUTIONS TO THE
SEMILINEAR POISSON EQUATION

In this section we prove some new comparison principles for solutions of semilinear problems
on unbounded open sets, whose section has some ”good properties”. Those results recover
and considerably improve the comparison principle on strips (or on open subsets included
in strips) proved by the second author in [I7]. Their role in this paper is twofold:

1) they are crucial for proving our monotonicity results on epigraphs,

2) they allow us to prove some new results of uniqueness and symmetry for solutions (pos-
sibly unbounded and sign- changing) to the homogeneous Dirichlet BVP for the semilinear
Poisson equation in fairly general unbounded domains.

To this end we need the following

Definition 2.1. Assume N > 2. Let 2 be an open subset of RY and let v be a unit vector
of RV,

We denote by Rv the vector space spanned by the unit vector v and by {v}* the orthogonal
complement of v in RV.

(i) We shall say that Q is locally bounded in the direction v if
(2.1) VR >0 C,(R)= (B'(0/,R) x Rv)NQ s a bounded subset of RV,

Here B'(0/, R) denotes the N — 1-dimensional open ball of radius R centered at the origin
0 of {v}=+.
(ii) For every x’ € {v}* let us define the set S¥, = ({z'} x Rv) N Q.



6 NICOLAS BEUVIN', ALBERTO FARINAT, BERARDINO SCIUNZI*

We shall say that €2 has bounded section in the direction v if
(2.2) S, () := sup L£'(S%) < +o0,

' e{v}t
where L' denotes the 1-dimensional Lebesque measure.
The positive number S,(2) will be called the section of 1 in the direction v.

(1ii) We shall say that Q has good section in the direction v if it is locally bounded
in the direction v and if it also has bounded section in the direction v (that is, if it satisfies

both (2.1) and (2.2))).

The following remark shows how large the families of sets defined above are.

Remark 2.1. (i) Open sets (possibly unbounded and not necessarily connected) that are
bounded in a fized direction v (i.e., open sets such that, up to a rotation, are included in a
finite strip {z = (2',zn) € RN : a < zy < B}, with o, 8 € R) have good section in the
direction v. Indeed, they clearly satisfy as well as with 8,(2) < — a.

(ii) The family of open sets with good section in a fixed direction v is much larger than the
one of sets that are bounded in the direction v. Indeed, the unbounded open connected set
O ={(z,y) € R? : |z| —h(z) <y < |z|+hx)} U{(z,y) € R* : —|z| —h(z) <y <
—|x| + h(z)} U {(z,y) € R2 |y| < 1}, where h(x) = sinh~ (e 17) (see Figure|1) has good
section in the direction ex = (0, 1), with S.,(Q21) < 4, but it is unbounded in any direction.
Actually, it is not contained in any affine half-plane. Also note that the Lebesque measure
of 1y is infinite.

Y

O! T

FIGURE 1.

(i1i)) We also note that open sets with bounded section in a fized direction v are not
necessarily locally bounded in the direction v and vice versa. Consider the open sets
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Q2 = U, {(,y) eR* i n<y<n+ 4} and Q3 = {(z,y) €R? : 0 <y < 2%}, then Qy
has bounded section in the direction es, but it is not locally bounded in that direction, while
Q3 is locally bounded in the direction e, but it has not bounded section in the direction es.

Our first comparison principle is the content of the next result.

Theorem 2.2. Assume N > 2. Let ) be an open subset of RN and let v be a unit vector
of RV,

(i) Assume that Q has good section in the direction v. Let f € Lip,.(R), M > 0 and
u,v € HL (Q)NC%Q) satisfying

loc
—Au— f(u) < —-Av— f(v) in D'(Q),

(2.3) ul, [o] < M in 9,
u<w on OS2

Then, there ezists € = e(f, M) > 0 such that

(2.4) S,() <e = u<vin.

(ii) Assume that Q has good section in the direction v. Let f € C°(R) be a non-increasing
function, M > 0 and u,v € HL (Q) N C°(Q) satisfying
—Au— f(u) < =Av— f(v) in D'(Q),
(2.5) jul, Jo] < M in Q.
u <o on 0S2.

Then, u < v in ).

(iii) Assume that Q has bounded section in the direction v. Let f € Lipy,.(R), M >0 and
u, v € Lip.(Q) satisfying

—Au— f(u) < =Av— f(v) in D'(2),

(2.6) ul, |v] < M in Q,
' |Vul,|Vu] < M a.e. in S,
u <o on of.
Then, there ezists € = (f, M) > 0 such that
(2.7) Su(Q) <e = u<wvin.

More generally, we have the following resultﬁ

Theorem 2.3. Assume~y >0, 6 >0, N > 2 and let Q be an open subset of RN with good
section in the direction ey, the last vector of the canonical base of RY, such that

(2.8) sup (/ |xN|25627‘$N|de> < 400.
SEN

z/eRN-1

Let f = fi + fa, with f1 € Lip(R) and fy : R +— R be a non-increasing function.

8 For sake of clarity, Theorem and Theorem are stated with respect to the direction ey, the
last vector of the canonical base of RY. Since the considered problems are invariant by rotation, it is clear
that they also hold true if the unit vector ey is replaced by any unit vector v (and with the corresponding
natural modification of condition in the case of Theorem .
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Let a >0 and u,v € HL () N CO(QY) such that
—Au— f(u) < =Av— f(v) in D'(Q),
Jul, [v] < alz|’e in €,
u<wv on OfL
Then, there ezists € = e(Ly,,7v) > 0 such that
Sen(2) <e = u<wvind

Here, Ly, denotes the Lipschitz constant of fi.

Some remarks are in order

Remark 2.4. (i) Any open set Q included in a strip {z = (2',zy) € RY : a < a2y < B},
with o, B € R, clearly satisfies the assumption (2.8)) for every v,d > 0.

(7i) Notice that the preceding theorem applies to the set 0y described in Remark . Indeed,
Oy satisfies the assumption (2.8)) for any 6 > 0 and any v € [0,1/2].

(iii) The previous comparison result applies, in particular, to the case where f is globally
Lipschitz-continuous. We shall use it in this form to prove Theorem[1.3

When f is non-increasing on R, the comparison principle holds even without the smallness
assumption on the section of 2. More precisely we have the following

Theorem 2.5. Assume N > 2 and let Q be an open subset of RN bounded in the direction
en, the last vector of the canonical base of RV . Let f : R+ R be a non-increasing function

and u,v € HL (Q) N C°(Q) such that
—Au — f(u) < =Av— f(v) in D'(Q),

lu|, |v| < a|z|’e® in ),
u<w on 0f),

for some a >0, >0 and v € [O,W).
Then, u < v in Q.

The smallness assumption on the section of €2 is necessary for the validity of both Theorem
2.2 (item (i) and item (4é¢)) and Theorem [2.3] Indeed, the functions u = sin(y) and v = 0
satisfy —Au—u = 0 = —Av—wv on the two-dimensional strip 2 = {(z,y) e R* : 0 <y < 7}
and u < v on 02, but the conclusion of the comparison principles fails.

That the growth assumption on u in Theorem is necessary to ensure the comparison
principle is seen from the following classical example involving harmonic functions on finite
strips of R%, namely, when f = 0. It is well-known that, for any integer k£ > 1, the function
up(z,y) = 28 _ (€™ 4+ e~™) sin(ma) is harmonic on the strip Q = {(z,y) € R? : 0 <
y < 7} and vanishes on 0f2. Therefore, a restriction on the exponential growth must be
prescribed in order to get the desired results.

As an immediate consequence of our comparison principles, we have the following result
about the uniqueness of the homogeneous Dirichlet problem.
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Corollary 2.6. Let €2 and f be as in the statement of Theorem (resp. Theorem or
Theorem . Then, the Dirichlet problem

{—Au = fu) inD(Q),

2.9
(2:9) u=>0 on 0,

has, at most, one solution u satisfying the reqularity and the growth conditions stated in

Theorem (resp. Theorem or Theorem .

In particular, if f(0) =0, the function uw = 0 is the only solution to the Dirichlet problem

(2.9)-

The examples considered after Theorem [2.5, prove that the preceding result is no longer
true if either the assumptions on the size of €2 or those on the growth of v are not met.

An immediate consequence of Corollary is the following general symmetry result for
solutions to the homogeneous Dirichlet problem (2.9)).

Corollary 2.7. Let 2, f be as in the statement of Corollary and assume that the
Dirichlet problem

(2.10) {—Au:f(u) in D'(Q),

u=2>0 on 052,
has a solution u satisfying the regularity and the growth conditions stated in Corollary[2.6,

Let p be an isometry of RN, N > 2. If Q is invariant with respect to p, i.e., Q satisfies
p(Q) = Q, then the solution u inherits the same symmetry, namely, u(zx) = u(p(x)) for any
x e .

Let us illustrate the above result on the torsion problem for an infinite solid bar. Let us
start with the case of an infinite solid straight bar with spherical cross section. That is, the
study of the solutions to the problem

{—Au =K inD'(Q),

2.11
( ) u=>0 on 0f),

where Q = Qg p = RV"K x BE where 1 < K < N is an integer, and B denotes the
open ball of R¥ centered at the origin and of radius R > 0.

Since 2k r is invariant with respect to any translation in the variables 1, ..., xy_x and also
to any rotation in the variables xy_g.11,...,xyN, Corollary tell us that the unique solu-
tion u of , with subexponential growth at infinity, must be independent of x1, ..., ony_g
and radially symmetric in the variables zy_k11,...,2N.
It is therefore easy to check that the function

R — (2} gy +-- - +23)

U(l‘) = 9 s xr € QK,R

is the only solution to the problem (2.11) with subexponential growth at infinity.

The previous analysis extends to general infinite solid bars (not necessarily straight). For
instance, it applies to the following examples :

9 applied with the non-increasing function f = K.
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1) Q = RY"K x w, where 1 < K < N is an integer and w is an open bounded subset of
RX. In this case, the unique solution u of (2.11)) with subexponential growth at infinity,
depends only on the variables xn_gi1,...,TN-

2) Q = {(z1,m12) € R? : —p(x1) < 23 < @(z1)}, where ¢ : R + (0,400) is a bounded
continuous function. In this case the solution u must be symmetric with respect to the line
To = 0.

3) Q is a domain of revolution of RN, N > 3,i.e., Q = {x eERYN . /a3 +.. . +2% < 4,0(:51)},
where ¢ : R +— (0,+00) is a bounded continuous function. Here, u must have the form
u=u(ry, /T34 ...+ 2%).

Also observe that, if ¢ is T-periodic, with 7" > 0, then the solution u is T-periodic in the
1 variable.

It is clear that the above discussions and results also hold true for general non linear function
f satisfying the assumptions of Corollary [2.7]

Now we are ready to prove our comparison principles.

Proof of Theorem [2.3. Since our problem is invariant under rotation, we may and do
suppose that v = ey, the last vector of the canonical base of RY. By assumption, for every
¢ € CF(Q), ¢ > 0, we have

(2.12) / V(u—0)V < / (F(w) — F(0))o.

Q

Let us first consider the cases (i) and (i7), where we suppose that {2 has good section in
the direction ey.

Observe that, for any ¥ € C>'(R¥ ") and for any open ball B C RN~ with supp(¥) C B/,
we have g := (u — v)"W¥? € C°(Q). Let us prove that g also belongs to H (2N (B’ x R)).
The assumption ([2.1)) ensures that QN (B’ x R) is a bounded open subset of R¥ thus, from
the assumption u,v € HL_(Q) N C°(Q), it follows that (u — v)T™ is a bounded, continuous
function on the set QN (B’ x R) such that (v —v)T € HY(Q N (B x R)). Also, since
U2 e COYRN1), we have g € HY(Q N (B’ x R)) and

(2.13) Vg=V((u—v)")0?+2¥(u—0v)*VT in D'(QN(B xR)).

Also note that

e if z € 00N (B’ x R), then g(x) = 0, since u(z) < v(z) on 99,

o ifx = (2/,2y) € QNO(B xR), then ¥(z') =0, and so g(z) =0,
hence g = 0 on d(QN(B'xR)) = (92N(B'xR))UNA(B'xR)). Then g € HL(QN(B'xR)),
g > 0, and so we can find a sequence of functions ¢, € C*(Q2 N (B’ x R)), ¢, > 0, such
that

Jim {lén = gz onesm) = 0.

By , for any n > 1 we have
/QO(BIXR)V(U—U)V% = /QV(u—v)V% < /(f(u)—f(v))gbn - /m(foR)U(u)_f(U))%

Q
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and passing to the limit, we obtain

(2.14) [ vt-0vs< [ - s

since the support of g is contained in QN (B’ x R). Plugging into yields
(2.15) /QV(U —v)(V(u—0)t02 + (u—v)"20VVT) < /Q(f(u) — f(0)(u —v) T2
and so

(2.16) / V(- o)t P02 + /Q(u )2V (1 — 0) VW < LLM/((U e,

Q

where Ly s is any positive number greater or equal to the Lipschitz constant of f on the
compact set [—M, M] if we are in the case (i), while L; = 0 if the case (i7) is in force.
Hence

/ V(- o) 202 < -2 /Q(u ) UV (4 — )V £ Ly /Q((u )2

vt e < <2 [ Va0 () [ (o

Jivte= e < [ - o) (BEU D) g f - o

and by Young’s inequality

/|v )P < /522((u—v)+>2\wy2+/9‘I’QW(”; M +Lf,M/Q((u—v)+)2qu2.

Therefore we have

(2.17) / IV (u—v)T ]P0 < 4/9((u —0) VY + 2Lf,M/((u — )22,

Q

Since
V(u—v)"*>> |0n(u—2v)"|* ae on Q,

we get

/QW(“ V202 > /|aN V202 = //N O (1 — ) (2, ) 202 () ! —
:/y?(f)(/sy O (u — 0)* () Py ) '

Now we observe that, for every ' € B’, the one-dimensional set S can be written as
the disjoint union of an at most countable family of open bounded intervals (its connected
components), i.e., S;¥ = Ujec @yl ;, with J(2') C N and I,/ ; an open bounded interval.
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Therefore, by Poincaré’s inequality, we have

/S 1O (u — v)* (@', zy)|Pday = Z / O (u — o) (', ) [Py >

=S m [ =0t pany >

jed(z ) Iy
Z Sen Z / A (u—v)* (@', an)) don =
_W_Q o — o) (2 o) 2o
(5 ()2 /S;;v“ )H(@'oy))d
and so
(2.18) /QIV(u—v)+| e > WL((U_U)+) o2

Now, thanks to (2.17) and (2.18)), we deduce that

2

(2.19) ((S:W ~2Lyu) /Q((u — )20 < 4 /Q((u o) VP

If the case (i) is in force, we set e(f, M) = . Then, if 8., (Q) < e(f, M) we have

2L

(2.20) [w= 0w < e [ (-o2ver,

Q Q

. 4

with Cy(f, M, Q) = ——; > 0.

Eov@p 2k
When the case (i7) is in force, equation (2.19)) yields
2.21) [ =09 <o) [ (- vvar

0 Q
487 () . o .

where C5(2) = —25— (and without any restriction on the size of S, (€2)).

For 0 < a < b, set h =b — a and consider the Lipschitz-continuous function

m i RT - R
1 if tel0,al
tsq B te [a,b],
0 if te b +o0).

For any 2/ € RN™! set WUy (2) := nu(|a’]), then U), € CHHRN™Y) and [V, (a")| < & for
almost every 2’/ € RV-1,
For r > 0, recall that C., (r) = QN (B'(0/,r) x R) and consider the function defined by

(2.22) w(r) == /c ( )((u —v)")2
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If the case (i) is in force, from (2.20]) we have

w@=[ (@0t @ s o0 e

Q

scmﬂwa/«u—mﬂ@fwwme

Q
Cl(f7 Ma Q) + 2
< — 7 7 _
- h? /ceN (B)\Cen (a>((u o)

AUMD) 1(a) to both sides of the latter, we have

h2

and by adding

1
w(a) < e
Cl (f:MvQ)

w(a+ h), Va,h > 0.

To conclude it is enough to prove that w = 0. If not, we can find A > 0 such that

(2.23) w(A) >0,

and so, we can apply Lemma 3.1 in [5] with a = m >0,0=0,y=2and =1 to
infer that, for any h > 0, the function w satisfies

(2.24) w(R) > w(A)(ah®+1)" ', VR>A+h

If we take h — \/% ~ 0, then

(2.25) w(R) > w(A)(ah?+ 1) % = w(A)e G ter,  VR>> 1.

On the other hand, the boundedness of u and v leads to

(2.26) w(R) < AM?LN (O, (R)) < 4AM?S. (Qwy RN VR >0,

where £ denotes the N-dimensional Lebesgue measure and wy_; is the Lebesgue measure
of unit ball of RV~!. Inequality (2.26) is in contradiction with ([2.25)), so w = 0 and the

desired conclusion follows.

The case (i) is proven in exactly the same way. Simply replace the constant Cy(f, M, Q) by
the constant Cy(€2) in the previous argument. Indeed, since f is non-increasing, inequality

becomes
/Qwu C ) (V= )T 4 (1 — 0) 2OV < /Q(f(u) () (= 0) T <0

and so (2.16)) holds true with Ly = 0.

The proof in the case (iii) is similar to the one of the case (7). However, we must pay
attention to the fact that in this case we do not assume that € is locally bounded in the
direction ey, and therefore we have to use a different path to prove that g € Hg (QN(B’'xR)).
To this end, we set w = QN (B’ x R) and we observe that £~ (w) < +o00. Indeed,

LY (w) = / dz = /B | ( /S N da:N)dx’ < S, (LY Y(B') < +oo,

where £V~ denotes the (N —1)-dimensional Lebesgue-measure of the open ball B' C RV,
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We already know that g € C°(@w) and g = 0 on dw. Moreover g € L*(w) since
/g2(x)dq; _ /((u — ) (@)U ) < AMP B 1) £ () < o0

Also, g is locally Lipschitz-continuous in €2, since u,v € Lipio.(Q) by assumption. Hence,

formula ([2.13)) holds true and so g € H(Q2 N (B’ x R)), since

/ (O5((u— 0 PO < AV ) £ (),

/ 2 ((u - U)+)2(aj‘1/)2 < 4M2||\1’||%00(RN—1)||3jqj||%w(RN—l)£N(w)-

Then, g € Hj(w) and so, we can proceed as in the proof of the case (i) to obtain the desired
conclusion. O]

Proof of Theorem . We proceed as in the proof of the case (i) of Theoremuntil .
(This is possible, since in this case holds even under the assumption f = f; + fo,
where f; is a non-increasing function, possibly discontinuous. Indeed, in this case f(u)
and f(v) are bounded measurable functions on the bounded set 2 N (B’ x R)). Then we
obtain , where now Ly s is any positive number greater or equal to Ly, , the Lipschitz
constant of fi. Here we have used that (f(u) — f(v))(u —v)* < (fi(u) — fi(v))(u —v)*,
since f5 is non-increasing. After that, the same proof leads to inequality .

T
= and we observe that -2.20
\/16(6 — 1)’}/2 + 2Lf,M ‘ '

is still satisfied if 8., (2) < €(Ly,,y). Therefore, we can consider once again the function w
defined by ([2.22)) and then follow the proof until (2.25), i.e.,

R
h
)

To complete the proof we set e(Ly,, )

(2.27) w(R) > w(A)e e VR>>1,

where h = 1/%, A >0 and w(A) > 0. On the other hand, for R > 1, we also have

(2.28) w(R) = / ((u—v)")2dz < 4a2/ |x|2562'y‘a;|dl‘
Cen (R) Cep (R)
(2.29) < 4a2/ (R + |z |) P e BHanD gy
Cep (R)

(2.30) §4a2(2R)25627R/ / eAenldy | da'+
B!(0/,R) 5°N

x!

(2.31) 4a2225627R/ / 2| PPN dey | da!
B/(0/,R) SN

(2.32) < 4a*(2R)¥ 1R / / (14 |zy|?)e?enldey | do’
B'(0/,R) SN

z!
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Now we obeserve that

(2.33) / (14 Jox|2)eenldgy =
SN

T

(2.34) / (1+ |z ]?)e? ¥ day + / (1+ |zn|*)e? v dz y
N Ol <1}

SN O{|zn|>1}

(235 <2Ms..(Q) + / D[Py < 2678, (Q) + 205 1= Cy < +o0,
SN

x

where C3 := sup,/cpn—1 </ |xN|26627|zN‘de> < +o0, by (2.9).
SEN

x

From the previous inequalities we infer that, for R > 1,
(2.36) w(R) < 4a*(2R)Xe* R, LNY(B'(0, R)) = 4a*2%C, LY "H(B/(0/, 1)) R¥ TN 12 E
The latter inequality contradicts ([2.27]), since

m
< ;
V/16(e — 1)72 + 2L\

1
2y < and Sen ()

therefore w = 0 and so u < v on €. O

Proof of Theorem . We proceed as in the proof of the case (i7) of Theoremuntil .
(This is possible, since holds even when f is a non-increasing function, possibly
discontinuous. Indeed, in this case f(u) and f(v) are bounded measurable functions on the
bounded set 2N (B’ x R)). Then we consider the function w defined by and then

follow the proof until (2.25)), i.e.,
R
h

(2.37) w(R) > w(A)e G e, YR>>1,

where h = /<1, A > 0 and w(A) > 0. On the other hand, we also have

(238) ’lU(R) = / ((U _ U)+)2d$ S 4(12/ |x|2562'y|x|dx
Cen (R)

Cen (R)
(2.39) < 4a2/ (R + |zy|)20e? BHanD gy
Cen (R)
(2.40) < 4a2627R/ / (R + |lzn) P~ dzy | da’
B/(0/,R) SN
(2.41) < 4a* LV TN (B/(0/,1))8ey (Q)(1 4 B)PeFP RNV 10R - YR > 1,

where in the latter we have used that Q C {z = (¢/,zy) € RY : —3 < ay < 8}, with
£ > 0, since () is bounded in the direction ey .

The latter inequality contradicts ([2.37]), since vy € [0, W) implies 2y < 7. O
enN e—
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3. SOME UNIFORM ESTIMATES IN UNBOUNDED DOMAINS

In order to prove some of our results we need to establish some uniform estimates for
solutions to semilinear problems on epigraphs satisfying a uniform exterior cone condition.
Let us recall that an open set w C RY (not necessarily an epigraph) satisfies a uniform
exterior cone condition if for any xg € Ow there exists a finite right circular cone V,,, with
vertex zg, such that wNV,, = {x¢} and the cones V,, are all congruent to some fixed cone
V. The cone V is called the reference cone.

Any globally Lipschitz-continuous epigraph satisfies a uniform exterior cone condition, but
the converse is not true. Indeed, the epigraph defined by the function z + e” is bounded
from below, it satisfies a uniform exterior cone condition (by convexity) without being
uniformly continuous.

In the following we consider a (merely) continuous function h : R¥=1 — R, its epigraph
= {z=("zy) ERY' xR : 2y > h(z)}

and, for any R > 0 and any 7 > sup |h|, we set
B/(0,R)

(3.1) "0, R,7)={z=(2",zy) eRY, 2’ € B'((',R) and h(z') <zy <7},
the intersection of the epigraph w with the truncated cylinder B'(0, R) x (—7,7) and
¢h(0, R, 7) = €0, R,7)U{zx = (', zy) € B'(0,R) x R, 2y = h(z))} .

Then, the next uniform estime holds true.

Proposition 3.1. Let w be the epigraph of a continuous function h : RN"1 — R and
suppose that w satisfies a uniform exterior cone condition (with reference cone V).

Let R>0,7>max{ R, 4 sup |h| p andue HY(C"(0',R,7)) N COC (0, R, 7)) satisfy

B/(0,R)

{ ~Au=f(u) in DE0,RT)),

3.2
(32) u=0 on 8wﬂ¢h(O’R7)

where f € Lip,,.(R). Then, there exists « = a(N,V) € (0,1) such that u € C**(E"((/,r, 1))

~ 3~
forany 0 <r < % and any sup |h| <t < -7 and
B/(0,r) 4

(3.3) ||u||co,a(¢h(o/7r,t)) <C(Ly+[f0)]+1) <||uHLoo(¢h(o/ﬁf)) + 1> 5
where C = C(r, ﬁ, 7,V,N) > 0 and Ly is the Lipschitz constant of f on the interval
[_“u”Loo(e‘h(o/ﬁ,;))a ||U||Loo(¢h(ofﬁ,;))] :

In order to prove the previous proposition we need two preliminary results.
Lemma 3.2. Let N > 1, U C RY be a domain and u € C*(U) be a solution of
(3.4) —Au=f in U,
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with f € C°(U).
Let § >0 and y € U such that B(y,0) C U. Then, for any x € B(y, g) we have

VN ] ]
(35)  Ju@) — u)] < 5= (N0l e aand ™+ 1m0 )l = ol

with v €]0, 1].

Proof. By the mean value theorem, for any ~ €]0, 1],
1—y
(3.6) uz) —u(y)l = sup  [Vulz)lle —yl < 5= sup_|[Vu(z)|lz —y[".
zEB(y,g) ZGB(y,%)

Moreover, for any z € B(y, g) we have B(z, g) C B(y,6), and so by Brandt’s inequality
(see [6] or Theorem 3.9 in [23])

2N .
[Giu(2)] = —=llull 1=, 5) HfHLoo Buay  vied{l,--- N}

2

Thus, for any z € B(y, 5)

(3.7 Vul) < VI (e + 1 o)
The claim then follows by combining (3.6)) and . O

To prove the next result, let us recall that a domain w satisfies a uniform exterior reqularity
condition, if
LY (we N B(zo, p))
=z
LN(B(xo,p))
Condition (3.8)) will be denoted by C., ,,. It is well-known that any domain that satisfies a
uniform exterior cone condition, also satisfies a uniform exterior reqularity condition C. ,,

with suitable parameters v and py depending only on the reference cone. Consequently, the
following result applies to any epigraph that satisfies a uniform exterior cone condition.

(3.8) v >0,p0>0 : Vpe(0,p], Vg€ dw,

Proposition 3.3. Let w be the epigraph of a continuous function h : RN=1 — R and
suppose that w satisfies the condition C., .

Let R > 0, 7 > max{ R, sup |h|p, f € LN(€"(0',R,7)) and u € H(E"(0/,R,7)) N
B'(0/,R)

CO(eh(0/, R, 7)) satisfy

(3.9)

—Au=f in D’(€h(0’ R, T))
u=0 on 8wﬂ€h(O’R7')

Then, there are constants C = C(N, po, 7, R) > 0 and a = a(N,~) € (0,1) such that for
any r > 0 and for any xo € Ow N (B’(O’,E/Q) X ]R),

___osc u < C(H“Hpo(@h(o',ﬁ,;)) + HfHLN(@h(o/,R,;)))Ta-
¢ (0", R,7)NB(wo,r)
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Proof. To simplify the exposition we set ) = th(O’,}N%, 7), T = 0w N <B’(0’,]§/2) X R),

T = mm(?, £,1) and, for r > 0 and xo € T', we also let Q. = QN B(xg,7).

For any r € (0,7] we set My = sup u, my = gnfu M, = supu and my; = inf v and we

4r Qr

Qur
apply Theorem 8.26 in [23] to the functlon Wy = My —u, Wlth g = 2N and p = 1, to obtain

3.10) Il < G | inf W4l v

where m = infponp,, (z9) Wa (here we have used the notations of Theorem 8.26 in [23]). To
proceed further, we observe that m = My, since 7 > R > 47 > 4r implies 0Q N By, (z9) C
Ow N @h(O’ R, 7). Hence

r MWl 2 (Bar o)) < C1(N) {Bif(leo) Wym + THfHLN(Q):|
< Ci(N)[My — My + 7 fllov @)

(3.11)

Moreover, since 2r < pg, we also have
(3.12) PN NW il 1 Barwoy) = 77 MaLN (Q° N B(wo, 2r)) > MyyLY(B(0,2)).
In the latter we have used that the epigraph w satisfies the uniform condition C, ,, at .

Therefore, from (3.11]) and (3.12)) we deduce that

(3.13) LY (B(0,2))yMy < Ci[My — My + 7| fl| v ()
The same argument applied to the function ws = u — my yields
(314) —EN( (0 2))’ym4 < Cl [ml — My + ’I“”f”LN(Q)],

hence, by adding (3.13]) and ( - we obtain
LY(B(0, ))7(M4 —my) < Ci(My —my) — Cr(My —my) + 2rCh|| fl| v @)

Thus
LY(B(0,2))y
(3.15) 0scu < (1 - T>%ESU + 27| fll v ()
Now, we observe that the function w(R) = oscu + 2R|| f|| L~ (@) is well-defined and non-
R

decreasing on (0,7] and satisfies

R LN(B(0,2))y
w(R/4) = gscu+ 5 Il < (1 — %

_ (1 £,

Cy

LN(B(0,2))y 1
T’ﬂ [%SISUWL?RHJCHLN(Q)} = Cyw(R)

R R
)%SRCU + §||f”LN(Q) + EHfHLN(Q)
Joscu + 5 x 2RIl
oscu+ o LN(Q)
< max [1 —

where Cy = Cy(N,7) := max [1 — %&02))7 1] (0,1). Hence, we can apply Lemma 8.23
in [23] to get

(3.16) w(R) §C’3< )aw(m VR e (0,7,
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where C3 = C3(N,7) > 0 and o = a(N,7) € (0,1). From the latter we immediately infer
that

7\ ¢« _ r\ & —
(3.17)  oseu <w(r) < Ca(=) w() < 2Cs(%) (ull@ + Iflve)  ¥re (0,7

Now, if » > 7 then for any z,y € €Q,

r\ &
u(e) = u(y) < fu(e) = u(y)] < 2ullim@ x 1< 2ulim@ (%)

thus
(3.18) oset < 2fullz= (o) (2) Vr>T.
. T
Finally, (3.17) and (3.18)) imply the desired conclusion. O

We are now ready to prove Proposition 3.1

Proof of Proposition|3. 1. -
Set Q@ = €"(0',R,7), Ry = min(§ —r, g) and pick x,y € €0/, r,t) with z # .

R
1. If |z —y| > Zl then, for any v € (0,1), we have

4 N7/ R{\"7
u(z) — u(y)| < 2||ull ) = 2IIUIIL°°<9>(E) ( T )

(3.19) e
<25 ) Nl = ol = MifJull i@l —y"

R
2. If |z —y| < Il’ then we consider the set
T := {x = (/,zy) €eRY 1 &' € B(0V,R/2) and zy = h(m’)}
and, by observing that x and y play a symmetric role, we distinguish (only) three cases.
Case 2.1(see Figure@ cd(y, T) > &

In this case we have B(y, %) c e, R, 7). To see this, we first observe that B(y, %) C w,

thanks to the assumption d(y,7) > % and by the definition of R;, and thus, for any

E 2
z € B(y, %), we have

! 1 31 T 31 _

h(Z)<ZN:ZN_yN+yN<ZN—yN+tS7+Z<Z—}-Z:T,

and ~
R R ~
2 < |2 =]+ < 71+7“< §—T+T<R.
Now by applying Lemma with § = % and for any v € (0, 1), we deduce

o0y 1) )] < Y (2Nl ()7 10 i () Vi

< Ma(Ly + 1 £(0)| + D) (Jul| oo () + D]z — y|”

10 Note that u € C? by standard elliptic regularity results, since u is continuous and f is locally
Lipschitz-continuous.
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TN w

e, R, 7)
e, 1, t)

—/
|

FIGURE 2. Case 2.1

where M, — Y (21\7(&) Ty (i)M).

21— 2 2

Case 2.2 (see FigureH/ cd(x, T) <d(y,T) < % and |z —y| > 1d(y,T).

E w

e (0, R, 7)

(]_‘h.(()!j r, {)/

—R/2 T

B(yo, 6z —y[) N

FIGURE 3. Case 2.2

Since T is a compact set, there exists yo = (y), h(y()) € T such that d(y,T) = |y — yo.
Therefore

z,y € B(y076|$ - yl)v
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since
[z —yol <z —yl+ |y —vol <lz—yl+ 4z —y| =5z -y,
and
[y — ol = d(y,T) < 4z —yl.

Now, we apply Proposition with r = 6]z — y| and xy = yo, thus there exist constants
C'=C'(N,V,R) >0 and a = a(N,V) € (0,1) such that

[u(z) —u(y)] < 6°C'(|ull =@ + 1 @)Ly @)z = y|*

(3:21) < Ma(Lg + [ £(0)] + 1) (Jlufl ooy + 1) — gl

where Mz = 6°C" {1 + (277£N71(B'(0', 1))}§N1>N}
. R, )
Case 2.3 (see Figurelf): d(z,T) <d(y,T) < - and |z —y| < 3d(y,T).

o w

=
Il
o

eh(0', R, 7)
e, t)

NS

T

L
Yo [0 T G

B(yo, 2d(yo, T)) N Q

FIGURE 4. Case 2.3

By applying Lemma ﬁ with § = @ and v = a,

(3.22) lu(z) — uly)| < ﬂ (Hf(u)”mm) (d(yz,T))a_a
- QNHUHLN(B(%%)) (d(yz,T))—a) -

Now, we want to estimate ||u||Loo

) Let = € Bly, 455) and yo = (yn, h(yf)) € T
such that d(y,T) = |yo — y|. Then z € QN B(yo, 2d(y,T)) since

3
z—wl=lz—y+y—wl <|z—yl+ |y — vl < id(y,T) < 2d(y,T).
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Thus we can apply Proposition with r = 2d(y,T') and zy = yo to get
u(z)] = |u(z) — wlyo)| < 2°C'([[ull (o) + [ (W)l @y)d(y, T)*.
Hence

(323) el .y, < 2°C iy + 15 ()l o)y )

and by (3.22)) and (3.23)), we have
(3.24) u(z) — w(y)| < Ma(Ly + [f(O)] + D ([[ull (o) + 1|z — y|*.

— u(
2—a - %
where M, = 21@ {(%) +2N22 (" [1 + (27N (B0, 1) RN } }

The desired conclusion (3.3)) then follows from (3.19),(3.20)),(3.21) and (3.24) by taking
C:maX(Ml,MQ,M3,M4). ]

4. PROOFS

Thanks to the translation invariance of problem (|1.1)), we may and do suppose that the
function ¢ : RV~! — R, defining 05, satisfies infgx-1 g = 0.

The proofs of our main results are based on the moving planes method suitably adapted to
the geometry of the epigraph €. To this end, we first set the notations that will be used in
our analysis.

For 0 < a <band A > 0 we set (see Figures 5| and [6)):
Yhi={zeRY : 0<aoy <A},
Y ={zx=(2,zn) €RY : g(z) < zy < b},

¥, ={r=(2,zy) e RN : g(2') +a < zy < b},

Vo e 3§, ux(z) = u(2', 2\ — zy).

FIcURE 5. Case 2.1 FIGURE 6. Case 2.2

In the following, for any subset S C RY, we denote by UC(S) the set of uniformly contin-
uous functions defined on S.
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Proof of Theorem[1.1.
Weset A:={t >0 : u<uy in XY, V0 < 6 <t} and we aim at proving that

t:=supA = 4o0.

To this end we split the remaining part of the proof into three steps.

Step 1 : A is not empty.
For any 6 > 0 small enough, we have u, uy € HL (X9) N UC(X9) and

—Au— f(u) =0=—Aup — f(ug) in XY,
u < ug on 0%9.

For the latter, notice that %) = ({xy =60} N Q) U (02N {zx < 0}) and so

o if v € {wy =0} NQ, then u(x) = uy(z),
o if x € 00 N{xzy < 0}, then u(z) = 0 and wp(z) = u(z’,20 — xx) > 0, since
(2,20 —xn) € Q.

Since X C {z € RY : 0 < ay < 0}, we also have that S., (29) < 6. Moreover, u has at
most linear growth on X9, since u is uniformly continuous on ¥j by assumption. Therefore,
we can apply Theorem [2.3| (see Remark , with any 6 < e(Ly, 7),@ to get

u<ug on Xf.
Hence, (0,e(Ly, 7)) C A.
Step 2 : t = sup A = +o0.
If  := sup A < 400, then we have

Proposition 4.1. For every 6 € (0, %) there is €(0) > 0 such that
(4.1) Ve € (0,e(0)) u<ug, on Eg,f—é'

Proof of Proposition . If the claim were not true, there would exist § € (0, %) such that

1 -
(4.2) VkE>1 deg € (O, E) ,dab e 2?,575 cou(a®) > up, (2),
and so
(4.3) § < g((@®))+0<ahk <t—4, VE > 1.

Therefore, the sequence (z%) is bounded, and so, up to a subsequence, we may and do

suppose that 2% — 2%, as k — oo.
Now, set
(4.4) gr(2') = g(a’ + (z%)) V' e RN Wk > 1,

and observe that the sequence (g ) is uniformly equicontinuous on RV=! (since g € UC(RY™))
and that 0 < gp(0") = g((z*)") < ¢, thanks to (4.3]). Therefore, by Ascoli-Arzela theorem
(and a standard diagonal procedure) there exists a function g., € UC(RY 1) such that, up

' Here ~ can be any positive real number.
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to a subsequence, gr — goo in CP (RN1).

We also observe that, passing to the limit in (4.3)), we obtain

(4.5) 6 < goo(0) 46 <2y <t—4.

For any k > 1, let us consider Q* = {(z/,zy) € RN, xxy > gi(2')}, the epigraph of gy,
O ={(2/,2y) € RY, 25 > goo(2')}, the epigraph of g, and define

o fou(x) if 7eQ,
(4.6) i) = { 0 if zeRV\Q.
Clearly, u € UC({zny < R}) for every R > 0, and so the sequence (uy) defined by
(4.7) g (r) = a(z' + (2%), zn) Vo= (2 zy) e RY, VEk>1,

is uniformly equicontinuous on {xy < R}, for any R > 0. We also notice that, for k large
enough, the point (0’, —1) belongs to RY \ Q, since g, — goo in C2_(RV~1) and g, > 0 on

loc
RN~ Hence, (0, —1) = 0, for k large enough, and the sequence (a;(0’, —1)) is bounded
in R. Therefore, using once again the Ascoli-Arzeld theorem, there exists ., € CO(RY)

such that, up to a subsequence, @y, — iy in C2_(RY) and

—Alls, = f(io) In D'(Q%),
(4.8) lice > 0 in 0%,
U = 0 on 0>,
where the boundary condition follows by observing that,
Vk>1, Va' e RV = (2", gr(2")),
and thus
0 = ax(2', gp(2')) — U (2, goo(2')) as k — oo,

thanks to the uniform convergence of (u) and (gx) on compact sets.

By construction, s := fogge € C°(Q>). Furthermore, u,, € C%(Q>®) by ([#.8) and
standard interior regularity theory for elliptic equations, and it satisfies

—Auy = f(us) In 0%
(4.9) Uso > 0 in Q%
Uso = 0 on 0.

Since u < uz in ¥, then 4, < 1,7 in ¥2*, for any k > 1. Passing to the limit, we get

(4.10) Uso < Upoj 0 XI%.

Also,
ur(0', %) = w(@®) > upe, (%) = e, (0, 2),

so, taking the limit as k — +o00, we have

(4.11) Uoo (07, 2F) > g 7 (0, 2%).

In view of (4.5) we see that (0, 2%) € ¥ . C ¥7* and so, by combining (4.10) and (4.11)),

we obtain

(4.12) Uoo (0", ) = o 7(0', 2).
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Next we use the assumption ([1.5) to prove that u., > 0 on 2°°. We first observe that, by
(1.5)), we can find n > 0 and ¢y > 0 such that

(4.13) f(t) >nt for any t € [0,&0],

then, we choose R large enough so that the first eigenvalue A;(R) of —A on the open ball
B(0,R) C RN (with homogeneous Dirichlet boundary condition) satisfies A\;(R) < .
Since gy — goo in CY

0 (RN=1), there is C(R) > 0 such that
Ve>1 0<g,g.<C(R) on B(0,2R)CR .
In particular, for T > 2(C(R) + R), the open ball B := B((0/,T), R) C RY satisfies
(4.14) BcCQ, BcQ, Vk>1, and BC Qs
and so, also
(4.15) B+ ((z1),0) CcQ Vk>1.

Now, set my = mingu > 0 and denote by ¢; the positive first eigenfunction of —A on B
such that maxz ¢; = 1. Therefore, the first eigenfunction ¢ := min {%, 50} ¢ satisfies

0<op<u in B,
Ap+ f(¢) 20 in B,
o=0 on 0B,

where in the latter we have used that (4.13)) is in force.

Now, since (2 is an epigraph and (4.14))-(4.15)) hold, we can use the sliding method (see for
instance [4]) to get

o(x' — (zp), zn) < u(x) VxeB+ ((x),0) CQ,

that is,
o(x) <ug(x) YazebB.

By passing to the limit, we deduce that
0<o(z) <us(z) Vaeb,
therefore, by and the strong maximum principle, we deduce that u,, > 0 on 2*°.
Now we are ready to complete the proof of Proposition [£.1]
To this aim, we set w; 1= Uy, 7 — U On L7 and we claim that
(4.16) w; =0 in the connected component of %27 containing the point (0', 2%7).

Indeed, denote by O the connected component of Ztg‘x’ containing the point (0, %) and let
B = B((0/,2%), R) be any open ball such that B C O. Then

—Aw; = f(uoo,f) - f(uoo) > —wag in B,

w; >0 in B,
wg(ol, Ioo) = 0,
where Ly is the Lipschitz constant of f on the compact set [0, maxz u,, ;| (here we have

also used (4.10))).

Since (0',z2%) € B and (4.12)) holds, the strong maximum principle ensures that w; = 0 in
B and thus, a standard connectedness argument implies (4.16]).
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Since > is an epigraph, the continuity of u., on Q° and (4.16]) imply that u., must vanish
at some point T € 2. This contradicts u,, > 0 on Q2 and so, the proof of Proposition
is complete.

To conclude the proof of step 2, let us pick § > 0 such that 3§ < mln( e(Ly,7)). By
Proposition [4.1] there exists 5(5) € (0,9) such that, for any € € (0,£(d)) we have u < uz, .

S
1n26t6

On %¢ \Z we have u, uz, . € Hy (%7 \E“ ;) NUC(ZZ, \Z and

5687 5t— 6)

{ —Au — f(u) =0= _Auers - f(ut~+s> on 29 \Eét 5

u < up,, on 8<Ef+€\26t 6)

For the latter, notice that

( 2 \ST 5) = ({ax =i+ e} n ) JOn {an <i+HJOET, ).
and so

o if v € {ay =t+¢e}NQ then u(z) = uz, (z),
o if r € 90N {xy <t+e} then 0=u(z) < uz, . (2),
o if 8(E§t ;) then Proposition [4.1] implies that u(z) < uz,.(z).

Notice that S, (X7 \EM 5) <20 +¢e <36 <e(Ly,v) and that X7 \Zét ;S0 <oy <

t + ¢} (see Figure E[) Hence, since u is uniformly continuous, we can apply Theorem ,
as in Step 1, to get

u<ug, in NI \XI

t+e 5,t—5"

Q
Z;(5~]+z-: \ 23,5—5 oy =i+e /\
N\ N ay-d 7\ :
$N=t~75
g
g 25,5—5

FIGURE 7. Proof of Step 2

The latter and Proposition imply that v < uz,, in Eg e This contradicts the definition
of £, thus ¢ = +o00.

Step 3 : End of the proof.
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For each t > 0, let (2/,t) € QN {zy =t} and pick r > 0 such that B((z/,t),r) C Q. From
the previous step we infer that

—A(us —u)+ Ls(ug —u) >0 in XN B(
up—u >0 in XN B(
u—u=>0 on {zy=t

t),r),
t),r),
N B((z',t),r),

(',

(@,

rn
where Ly, is the Lipschitz constant of f in the compact set [ maX t] .
SINB((#',t),r)

So, by the Hopf lemma, we have

u O(ut—u
(4.17) —2 28 (o 1) = 2 (o 1) < 0.
The latter proves the desired conclusion. U

Proof of Theorem[1.5 We follow the proof of Theorem However, this strategy requires
significant changes in Step 2 (recall that Step 2 in the proof of Theorem was crucially
based on the assumption (L.5]), as well as on the uniform continuity of u on Q N {zy < R}
for any R > 0).

Step 1 : A is not empty.

It is enough to observe that Step 1 in the proof of Theorem holds true irrespectively of
the value of f(0) and that we can apply Theorem [2.3] (see also Remark [2.4), since u has at
most exponential growth on finite strips by assumption.

Step 2 : t =sup A = +o0.

To prove the claim, it is enough to show that Proposition is still true under the (more
general) assumptions of Theorem Unfortunately, the method used in the proof of
Theorem no longer works if the assumption (|1.5)) is not in force. Indeed, in this case we
cannot exclude that the limit profile u., coincides with the function identically equal to 0,
and this prevents us from proceeding as before. Also, the fact that u is no longer uniformly
continuous on finite strips adds new difficulties. To circumvent those problems we use a
different strategy based on translation and scaling arguments.

Proof of Proposition[4.1) under the assumptions of Theorem[I.3. We proceed as in the proof
of Proposition (in Theorem [1.1)) until formula (4.5) and, for any k& > 1, we consider
again OF = {(2/,zy) € RY, 2y > gr(2')} and Q® = {(2/,2n) € RY, 2y > goo(2')}.

Since goo(0) < t — 24, by the continuity of g, and (4.5, we can choose R > 0 small enough
such that

(4.18) sup  geo(2') <t — 4,
+'€B/(0 AR)

where B'(0/,4R) C RY~!. Since gy — goo in CP (RV1), there exists k; = k1(R) > 1 such
that

! / 5
< gr(2") Sgoo(l')+;1-

>

(4.19) Vk > ki, Va' € B'(0/,4R), Joo(2) —
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Moreover, in view of (4.3),(4.5) and (4.19)) there exists ko = ko(R) > k; such that for any
k> ko

— J
(4.20) (0, 2%) € {x =(2,oy) €eRY 2/ € B(0,2R), goo(2) + 5 < xN} :

Pick T > 2t 4+ 2R and define the compact set
- gt
c— (B’(O’, 2R) x R) Azt
and the bounded open set

)
O = (B'(0,4R) x R) N {x = (2" zy) €RY 1 goo(2)) + 7 <an < 2T + 1},

then, by (4.19) and (4.20]), we have (see Figure

(4.21) Yk > ks, (0, 2%)eCcc Ocr
C @
//\
5/
J Gk, (k>k2)

=

NZa N N

—4R'

FIGURE 8. CCcC O C QF

Now, for any k > ky and any z € Q* we define

u((2¥) + ' xy)  u((2h) + o' xy)

(4.22) vg(x) =

u(zk) B Qg ’
where oy, = u(z*) > 0, and
(4.23) wi(z) = v(x) + 1) (zn — k)’
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Then, for any x € O we have

u((Z®) + 2 xn)) —
02w = -aug - L0 S ) 0
_ flu(@®) + ' 2y)) — £(0) -
(4.25) = (2] wi(x) = cp(x)wg(x),
where ¢ (z) = flu(=h) + x’,(x];/)) — /) is a bounded continuous function satisfying
ALWE\T
(4.26) leelimior < Lps Yk > ke

Indeed, for any k > ko and any x € O,

|f(u((@*) + 2, 2n)) — f(0)]

apwi(x)

u((2®) + 2/ ay) . v(e)
apwy(x) wg(z) ~
since f is globally Lipschitz-continuous and vy < wy, in QF, in view of f(0) > 0.

We also note that

(4.27)  |ex(z)| <

< Ly

u(z®) 1

(4.28) wi(0, 2y) = o (0, ) = u(zb) ’

VEk > k.

Therefore, for any k > ko, the function wy satisfies

—Aw, = cpwy, in O,
(4.29) wy >0 in O,
’Ck‘ < Lf in O,

and so we can apply Harnack inequality on the compact set C to obtain

(4.30) Vk > ko, supwy, < C iréf W,
c

for some constant C7; = C7(N, Ls,C,O) > 0.
By combining (4.30]), (4.28) and (4.21]) we get that

(4.31) Vk > ko, s%p v < sgp wy, < Cy iréf wy, < Crwg (0, 2%) < 4.
From the latter we also deduce that

f(0) _ 27
4.32 Vk >k < —2 < —
( ) = 2, = a = 52 ;
indeed, since the point (0', 2% + &) € C, from (4.31]) we have

0)62

(4.33) 0< JO)7 < wi((0, 2% +6)) < Cr.

2@14

Furthermore, for k > 1, if z € £ N (B/(0/,2R) x R) then (2’ + (2*)’, zy) € X7, therefore
by definition of A we get

0

%(f + (), an) > 0,
and so, from (4.22) we deduce that

vy L Ou

) = —
ory o 0T N

(4.34) Vk>1, VzeX¥n(B(0,2R) xR), = (' + (2", 2n5) > 0.
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The latter combined with (4.31]) immediately leads to the following uniform bound
(4.35) Vk > ko, VYa e XN (B(0,2R) x R), () < Cf.

To proceed further we observe that X35 N (B'(0/,2R) x R) = €% (0, 2R, 2T") and that, for
any k > ko,

QR :
(4.36) —Au = f(a]; ) _ fr(vk) in o €9(0, 2R, 2T),
v, =0 on INFN(B'(,R/2) x R),
~ flout) . . )
where, for any ¢t > 0, we have set f(t) = . Notice that f; € Lip(]0, +00)) with
097
2
Qf;

By definition of g, all the epigraphs QF satisfy a uniform exterior cone condition on 9Q*
with the same reference cone V' (the reference cone for the epigraph Q),Ntherefore we can

apply Proposition with h = gp,w = Q¥ u=v,, R=2R,7=2T,r = % = g,t = g =T
and k > ko, to get
(4.38) Ja=a(N,V)e(0,1) : Vk>ky, v,€CO(Cn(0,R/2,T))

and

(4.39) vkl co.e@r@rmm) < Cs(R,T,V,N) (L, + [ fx(0)| + 1) (vkllzoe (et (0 2m 2my) + 1)

2C!
(4.40) < Cs(R,T,V, N) (Lf + 5_27 + 1) (Cr+1) = C,

for some constant Cs = Cs(R,T,V, N, L¢,0) > 0.

Now we consider the compact set K = B/(0/, R/2) x (=T,T) (see Figure @) and, for any
k > ko, we set

i) = vp(x) if x e (0, R/2,T),
YU 00 if zek\ e (0, R/2,T),

then, by (4.38) and (4.39), o), € C**(K) and

(4.41) [0kl coe ey < G,
and so, by Ascoli-Arzela theorem,
(4.42) Jue € CP(K) © Up = v in CUK),

along a subsequence.

In view of (4.36)), for any k > ko, we have that

— AT, = f1(Th) in e (0, R/2,T) C K,
(4.43) Up > 0 in e (0, R/2,T),
' =0 on 9QF N (B'(0, R/2) x R),

oR(0, %)) = vp (07, 2K,) = 1.

Since f € Lip([0,4+00)) and (4.37) is in force, another application of Ascoli-Arzela theorem
tell us that, up to a subsequence,

(4.44) fr = foo i CR([0, +00)),
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or
// QOO
/

(0, 25)
N @9 (0/, 2R, 2T)
o

.
K Gk, (k>k2)

FIGURE 9. K = B/(0/,R/2) x (—T,T)

for some f, € Lip(]0, +00)) satisfying f.(0) > 0.

0 (RV1) and that,
(4.42) and (4.44)) are in force, therefore we can pass to the limit, as k — 400, into (4.43)
to get

Now we recall that, 2% — 2% € [9(0') + 6,6 — 6], g — goo in CF

—Avs = foo(Vso) in D'(&=(0', R/2,T)),
(4.45) Voo > 0 in €90, R/2,T),
' Voo =0 on 0Q*N(B(0,R/2) x R),
(0, 2%) € €=(0/, R/2,T), Voo (0, 2%7) = 1.

By standard interior regularity theory for elliptic equations we see that v, is a classical
solution to (4.45) and the strong maximum principle then implies

(4.46) Voo >0 in ¢~ (0", R/2,T).
By letting & — +o00 into (4.34)), and recalling the definition of v;, we deduce that
(4.47) Voo (7) < Vo 1) Vo € X7~ 0 (B(0, R/2) x R).

We notice that (4.2)) implies u, (0", 2%) > w7, (0, 2
of vy, and Uy, we deduce that 0, (0, 2%) > Vg4, (0, @
in the latter we deduce

k), for any k > 1. Then, by definition
k
N>

), for any k > 1. Passing to the limit

Voo (0, 2%) 2 veo 107, 7).
and so

Voo (0, 27) = veo (07, 2%)
since (0, 2%) € ¥ N (B'(0', R/2) x R) and holds true.
Now, for any z € ¥ N (B'(0', R/2) x R) we set

Woo(T) = Uoo,f(x) — Voo (),
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then w,, satisfy

—AWge = foo(Voo i) = foo(Vss) > —Ljwo, in Ztg"" N (B'(0, R/2) x R),
(4.48) Woo > 0 in ¥~ N (B'(0, R/2) x R),

(0, 2%) € ¥ N (B'(0, R/2) x R), Woo (0, 237) = 0.

By applying the strong maximum principle to (4.48]), we infer that w., = 0 on the domain
7= N (B'(0), R/2) x R). Therefore, we have

0 = Voo (7, goo (7)) = V0o (2, 2t — goo(2')), Vo' € B'(0, R/2),
which contradicts (4.46)), since 0 < 2t — goo(2') < T whenever 2’ € B'(0, R/2). This
completes the proof of Proposition when f(0) = 0.

The remaining part of the proof of Step 2 is the same of the one of Step 2 in Theorem
, just observe that one can use Theorem (see also Remark , since u has at most
exponential growth on finite strips by assumption.

Step 3 is unchanged. O

Proof of Theorem[1.Z. The proof of Theorem [I.2]is a straightforward adaptation of the one
of Theorem [[.3] Indeed, any step of the proof of Theorem [I.3] remains unchanged if one
observes that

i) one can apply Theorem , since by assumption u is bounded on any finite strip and f
is a locally-Lipschitz continuous function,

ii) Step 2 only requires that u is bounded on any finite strip and that f belongs to
Lip,,.(]0, +00)) and satisfies f(0) > 0. Indeed, those properties imply the validity of (4.26])

and (4.27)), where Ly is replaced by the Lipschitz constant of f on the interval [0, M]. Here,
we have set M := supony,, <271} 4, Which is finite by assumption.

Step 3 is unchanged, since it only requires that f belongs to Lip,,.([0, +00)). O

Proof of Corollary|[1.4).

Since Vu is bounded on ©, u € C°(Q) and u = 0 on 91, it is straightforward to check that u
satisfies [u(x) —u(y)| < [[Vulleo|z —y| for any z,y € Q. Then, u is uniformly continuous on
Q and u € W,(Q) C H}

loc
Proof of Corollary|[1.5,

we Wh2(@Q) € HL (Q), since u € C°Q), u = 0 on dQ and Vu is bounded in Q by
assumption. The latter assumption also implies (via the mean value theorem) that wu is

(€2). The conclusion then follows by applying Theorem . U

loc loc

bounded on finite strips. The conclusion then follows by applying Theorem [I.2] O
Proof of Corollary|[1.6,

Since 9 is locally of class Ct* and u € C?(Q) N C°(2), standard regularity results for

elliptic equations implies that u € C*(Q). Therefore u € H! () and the conclusion then
follows from Theorem [1.2] O

loc loc
Proof of Theorem [1.7]

The proof is similar to the one of Theorem but it is easier, since the coercivity assump-
tion on g implies that any cap X is a bounded open set of RY. Thus, we provide only the
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modifications necessary to deal with the new points of the proof related to the fact that g
is supposed to be merely continuous and that no restriction on the sign of f(0) is imposed.
Since every cap Xj is bounded, the comparison principle immediately gives the conclusion
of Step 1.

To achieve the conclusion of Step 2 we need to show that Proposition 4.1 still holds under
the assumptions of Theorem

To this end we first observe that the sequence of points (z*) appearing in is bounded
(since the cap Z?f 518 bounded) and so, up to a subsequence, we may and do suppose that

2 — 2% = ((x°), 1), as k — co. Therefore, the sequence of continuous functions (g)
defined by (4.4]) is again relatively compact in Cp (R¥~1). Hence, up to a subsequence,

loc

Gk — goo in C2_(RN=1). Note that goo(2') = g(z’ + ()" for any 2/ € RV

loc

Moreover, the sequence (i) defined by (4.7) is again relatively compact in CP_(RY). This
is because the sequence (7, (0’,—1)) is bounded in R and the function @ is bounded and
uniformly continuous on any finite strip. Hence, up to a subsequence, @iy, — @io in CP (RY),

loc
where fio(x) = (2’ + (), zy) for any z € RY.
Thanks to those information, we can follow the proof until (4.12)). Now, if we set w; :=
Ugo 7 — Uoo ON L7, we see that
—Aw; = f(Uogi) = f(Uoo) > —Lpw; in ¥,
(4.49) w; > 0 in X%,
UJ{(O/, IOO) = O,

o0,t

where now L; denotes the Lipschitz-constant of f on the closed interval |0, maXsss s 7
t

(note that ¥7* is a compact set, since g, is coercive). Since (/,z%) € X7, the strong
maximum principle and the continuity of w; ensure that

w; =0 in the connected component of %7 containing the point (0, 25).

Since 2 is an epigraph, the latter implies that u., must vanish at some point of 2°°. But
(in view of the form of g, and u.,) the latter implies that the solution w must vanish at
some point of 2. A contradiction. This proves the claim of Proposition [.1]

The remaining part of the proof of Step 2 is the same of the one of Step 2 in Theorem [I.1]
since u is bounded on finite strips.

Step 3 is unchanged, since it only requires that f belongs to Lip,,.([0, +00)). O

5. EXTENSIONS TO MERELY CONTINUOUS EPIGRAPHS BOUNDED FROM BELOW
AND FURTHER OBSERVATIONS

In this section we prove some monotonicity results for solutions of on certain merely
continuous epigraphs €2 bounded from below, i.e.,where the function g defining 9€) is con-
tinuous but not necessarily uniformly continuous. To this end we observe that the uniform
continuity of the function g enters into the proofs of Theorems [I.141.2| only to use the fol-
lowing classical compactness result (via the Ascoli-Arzela theorem): let (gx) be a sequence
of translations of a uniformly continuous g : RN"1 — R, i.e., gr(-) = g(- + x1), for some
sequence (xy,) of points of RN=L. If the sequence (gi) is bounded at a fized point of RN 1,
then it admits a subsequence converging uniformly on every compact sets of RN=1

Therefore, all we need for the above mentioned proofs to work, is that the continuous
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function ¢ : R¥~! — R is bounded from below and it satisfies the following compactness
property :

(P)  Any sequence (gi) of translations of g, which is bounded at some fized point of RN7Y,
admits a subsequence converging uniformly on every compact sets of RN,

The above discussion leads to the following

Definition 5.1. Assume N > 2. We say that a continuous function g : RN~ s R belongs
to the class G, if it satisfies the compactness property (P).

Before stating the new monotonicity results, let us show how large the class G is. Hereafter,
we provide a wide (but non-exhaustive) list of members of G.

(1) Uniformly continuous functions on R¥~! belong to G.
(2) Coercive continuous functions on R¥~! belong to G H

In particular, any continuous function on R¥~! such that lim, |, g(z) € (—00, +-00]
belongs to G.

(3) Let us denote by G(RY~!) the set of continuous functions g : R¥~! — R enjoying
the following property : there exists a continuous bijection ¢ : R — R such that
pog€eQG.

It is immediate to check that G(RV~1) ¢ G[F Moreover, the family G(RV™!) strictly
contains the one of uniformly continuous functions on R¥~! and the one of coercive
continuous functions on RV~ as shown by the next examples.ﬂ

(3a) For instance, the functions g;(z1) = e if N = 2, and g(x) = P50 (@) if
N > 3, are neither uniformly continuous nor coercive on R¥~!. Nevertheless,
they belong to the class G(RV~!) (consider, for instance, the function

t if ¢t<0,
¢(t)_{ log(t+1) if ¢t >0,

in the previous definition and observe that ¢ o g € G is uniformly continuous,
hence ¢o g € G). The same argument also proves that g(z;) = " and g(z) =

N—-1__j
R ) g belong to G(RY~1). Since this argument can be iterated, we
see that the class G(RY~!) contains smooth functions, bounded from below,
that are neither uniformly continuous nor coercive, and with arbitrary large
growth at infinity. Also note that, g; being convex, its epigraph satisfies a
uniform exterior cone condition.

(3b) Assume N > 2 and let g € C?*(RY™1) be any positive function such that Vg €
L>*(RN-1), then /g is globally Lipschitz-continuous on RV~! (see Lemma

12Since the sequence (gx) := (g(- + 1)) is bounded at some point of RN~ and g is coercive, it follows
that the sequence (zy) is bounded in RN¥~!. Therefore (gz) is uniformly equicontinuous on compact sets
of RV=1 | and the compactness follows from the Ascoli-Arzela theorem.

13 Assume that (g;) is bounded at some point of RN =1, say Z, then the sequence of functions ((¢og)x) 1=
((¢ 0 g)(- + 1)) is bounded at Z. Therefore, up to a subsequence, (¢ o g)r — ¢ uniformly on compact sets
of RV~ since ¢ o g € G by assumption. But then we also have g, = ¢~ 1((¢o g)x) — ¢! 0 uniformly on
compact sets of RV ~1,

14 Taking the identity function as ¢, we immediately see that uniformly continuous functions, as well
as coercive continuous functions g : R¥~=! — R do belong to G(RV~1).
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n [24] for N = 2). Therefore, we have g € G(R¥™1)[F More generally, any
g € C?(RN=1), bounded from below and such that Vg € L*®(RN71) is a
member of the class G(RV~1).

For instance, the function g = g(z1, ..., 2n_1) = (1) +H§V:_21 sin(jx;) belongs
to G(RM-1) for any N > 3.

(4) For N = 2, any continuous function g : R — R such that ¢_ := lim,,, - g(z) €
(—o0, +00] and (4 := lim, o g(z) € (—00,+00] belongs to G. Therefore, any
quasiconvex (resp. quasiconcave) continuous function bounded from below belongs
to G. In particular, any monotone continuous function bounded from below and
any convex functions bounded from below belongs to G.

(5) Assume 2 < n < N and let g : R"! — R be a member of G. Then, the function
g : RY"! — Rdefined by g(x1,...,2x_1) = g(x1, ..., 7, 1) satisfies the compactness
property (P), as a function on R¥~1. Therefore, § € G, as a function on R¥~1,

In particular, for N > 2, the functions g(z1,...,2y) = €' and g(z1,...,2N) =
e’ — 4arctan(z;) — 2 belong to G, are bounded from below and their epigraphs
satisfy a uniform exterior cone condition.

(6) Assume N > 2. Let g € G and let T : RV~! — R~ be a transformation of
the form T'(z) = Az + b, where A an invertible real matrix and b € R¥~1. Then,
goT € G. In particular, this results applies when T is an isometry of RV -1,

(7) Assume N > 2 and A > 0. Let g,§ € G be bounded from below. Then, A\g € G and
g+geg.
In particular, for N > 2, the function g(xy,...,zy) = 21 + €* belongs to G, is
bounded from below and its epigraph satisfies a uniform exterior cone condition.

(8) By combining items (1)-(7), one can easily build further examples of functions g
belonging to G in any dimension N > 2. In particular, one can construct members
of G bounded from below, that are neither uniformly continuous nor coercive, with
arbitrary large growth at infinity, and such that their epigraphs satisfy a uniform
exterior cone condition.

In view of the above discussions, we can now state the monotonicity results for continuous
epigraphs defined by functions g belonging to the class G. Let us start with the extension

of Theorem [I.1] and Corollary [1.4]
Theorem 5.1. Let N > 2 and let €2 be an epigraph bounded from below and defined by a

function g € G. Assume f € Lip,,.([0, +00)) with
(5.1) lim inf @ > 0.

t—0+

(i) If u € C°(Q)NHL (Q) is a distributional solution to (1.1]) which is uniformly continuous
on finite strips.
Then u s strictly increasing in the xn-direction, i.e., % >0 in Q.

(i4) If u € C*(Q)NC(Q) is a classical solution of (1)) such that Vu € L>(Q). Then u is
strictly increasing in the xy-direction, i.e., 6%\, >0 in Q.

5Choose the function
—/—t if t<0,
‘b(t)_{ Vi oif t>0,
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If we also assume that the epigraph satisfies a uniform exterior cone condition, then we can
prove the following extensions of Theorem [I.3] and Theorem [I.2]

Theorem 5.2. Let N > 2 and let € be an epigraph defined by a function g € G. Also
suppose that € is bounded from below and satisfies a uniform exterior cone condition.

(i) Assume f € Lip([0,+00)) with f(0) > 0 and let u € C°(Q) N H..(Q) be a distribu-

tional solution to (1.1 with at most exponential growth on finite strips. Then w is strictly
increasing in the xy-direction, i.e., 8‘1—1; >0 in €.

(i) Assume f € Lip,,([0,4+00)) with f(0) > 0 and let u € C°(Q) N H} (Q) be a distribu-
tional solution to (1.1 which is bounded on finite strips. Then u is strictly increasing in

the xy-direction, i.e., a%, > 0 in €.

Note that Theorem and Theorem apply to the explicite examples of functions g
provided in the above items (1)-(7). They also recover the results in the very recent preprint
[22], where the monotonicity is proved for some classical solutions to (1.1)) with f(¢) = ¢

and g > lm

The next result applies to solutions of ([1.1)) where €2 is merely a continuous epigraph and
f is a non-increasing function, possibly discontinuous, and with no restriction on the sign

of f(0).

Theorem 5.3. Let Q) be any continuous epigraph bounded from below and let f : [0,00) — R
be any non-increasing function. Letu € CO(Q)NHL (Q) be a distributional solution to (1.1))
with subexponential growth on finite strips E|

Then u is non-decreasing, i.e., 8(1_1;] >0 n Qm

Moreover, if f € Lip,,., then u is strictly increasing, i.e., (,)Z,—’jv > 0 in €.

Proof. The proof is a straightforward application of Theorem Indeed, for any 6 > 0 we
have u,up € HL (39) N C°(XY) and

—Au— f(u) =0=—Aug — f(up) in XJ,
u < ug on 0%.

Since u and uy have subexponential growth on X (which is bounded in the direction ey)
we can apply Theorem [2.5] to get that

: g
u<wug in Xj.

Therefore, u is non-decreasing in the zy-direction.
If f is locally Lipschitz-continuous, we conclude as in Step 3 of Theorem [1.2] O

161t is immediate to see that any semicoercive and continuous function is bounded from below and
belongs to our class G (see items (5) and (6) above). This observation and Lemma A.2 in [22] also show
that the convex epigraph case is covered by the techniques we have developed in the present article.

7 e., for any R > 0,

Inu(z)

lim sup <0.

|| o0, |z

zeQN{zn <R}

18 Note that u € C'(Q), since f(u) € L3,(Q).



MONOTONICITY FOR SOLUTIONS TO SEMILINEAR PROBLEMS IN EPIGRAPHS 37

Some remarks are in order.

Remark 5.4. (i) We note that the proof of Theorem also applies to some unbounded
domains that are not necessarily epigraphs. Indeed, given any domain Q@ C RY bounded
from below, it 1s immediate to see that the proof of Theorem applies if Q) contains the
reflection (with respect to the hyperplane {xn = 0}) of any cap QN {xn < 0}. Since the
latter property is clearly satisfied if Q@ C RY supports a monotone solution to , we
see that the above result actually caracterizes the euclidean proper domains for which the
homogeneous Dirichlet BV P admits a monotone solution.ﬂ

For exzample, the domain Qy = J,z{x € R? : |z1 — (3+4k)| <1, 2o > -1} J{z € R? :
x9 > 0} (see Figure and the open orthant Qs = {x € RY : z; > 0,..., xy > 0} satisfy
this property, but they are not epigraphs with respect to ex (in fact, 4 is never an epigraph,
that is, there is no unit vector v of R? that allows it to be represented as an epigraph with
respect to v).

Another example is depicted in Figure |11,

FIGURE 10. €4 Fic 11
IGURE

(ii) We also observe that the first conclusion of Theorem namely that u is non-
decreasing, is sharp. See the explicit example in Section[7.

We conclude this section with the following general result, which we believe to be of in-
dependent interest. This is a straightforward application of our comparison principles (see
Step 1 in the proof of our monotonicity theorems). It shows that the moving plane method
can be started irrespectively of the value of f(0) and for a large class of unbounded domains.
Specifically we have the following

Corollary 5.5 (Starting the moving planes method). Assume N > 2. Let 2 be a
domain contained in the upper half-space Rﬁ and also assume that ) contains the reflection
(with respect to the hyperplane {xx = R}) of a finite strip QN {xy < R} Z 0.

19 this can be formulated in the following equivalent way : Problem with f non-increasing, admits
a monotone solution on a domain  C RY | if and only if,  is contained in an affine half-space (whose
inner normal is denoted by v) and, for any = € Q the open half-line {x + tv, t > 0} is contained in §2. That
is, if and only if, Q is contained in an affine half-space (whose inner normal is denoted by v) and Q is
v-invariant.
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Let u be a distributional (resp. classical) solution to (|1.1)). Suppose that one of the following
assumptions is in force :

(i) [ € Lip,,.([0,400)) and u is bounded on QN{zxy < R};

(i) f € Lip([0,400)) (resp. a non-increasing function) and u has at most exponential
growth on QN{zy < R}.

Then there ezists Ry € (0, R) such that QN {zy < Ro} # 0 and

ou .
%>0 m Qﬂ{xN<R0}.

The above result extends the one proved in [I7] for the special case of a half-space.

For sake of clarity (and simplicity) we have stated the above result in the case Q C RY.
Since the considered problem is invariant by isometry, it is clear that the same result holds
if ) is contained in an affine open half-space H. In this case, the monotonicity will be
obtained with respect to v, the inner normal to H.

6. SOME APPLICATIONS TO CLASSIFICATION AND NON-EXISTENCE RESULTS

In this section, we apply our monotonicity results to prove some classification and nonex-
istence results for the problem (|1.1)) on general continuous epigraphs defined by a function

g € G (see Section [f]).

Theorem 6.1. Let Q) be an epigraph defined by a function g € G. Also suppose that ) is
bounded from below and satisfies a uniform exterior cone condition.
Let u e CY(Q) N HL () be a bounded distributional solution to

loc
—Au= f(u) in Q,
(6.1) u>0 in €,
u=>0 on Of).

Assume that f € C'([0,400)), f(t) > 0 fort > 0 and 2 < N < 11, then u = 0 and
£(0) = 0.

Proof. By standard interior regularity theory for elliptic equations u belongs to C?()
hence, either v = 0 in  or v > 0 in 2 by the strong maximum principle. Let us rule

out the second case. Suppose v > 0 in €2, then we can apply Theorem to prove that

0
a_u > 0 in Q. Hence, u is a bounded stable solution to (6.1)) of class C?(2) and so, the
TN

function

v(z') = lim u(2,zy), ¢ e RV
TN—+00

is a positive stable classical solution to —Av = f(v) in RV~ with N —1 < 10. We can
therefore apply Theorem 1 in [10] to get that v = const. = a > 0 et f(a) = 0. Since the
latter contradicts the positivity assumption on f, we infer that « = 0 and so f(0) =0. O

The previous theorem remains true even for N > 12, if we add an assumption about the
behaviour of f at the origin. In this case, the desired conclusion is obtained by making
use of some Liouville-type theorems for stable solutions established in [16], [11] and [I§]
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(instead of Theorem 1 in [10]).
The desired results are the contents of Theorem [6.2] and Theorem [6.4] below.

Theorem 6.2. Assume N > 12 and let  be an epigraph defined by a function g € G. Also
suppose that €2 is bounded from below and satisfies a uniform exterior cone condition.
Letu € C°(Q)NHL () be a bounded distm’butional solution to (6.1)) where f € C1([0, +00))
satisfies f(t) > 0 fort > 0 and lim 1nftﬁ0+ ) > 0, for some s € [0, % g’)

Then w =0 and f(0) =

Proof. By proceeding as in the proof of Theorem [6.1, if v > 0 in © we can construct
v € C*(RN1) which is a positive, bounded, stable solution to —Av = f(v) in R¥~!. Now,
pick z > supgy-1v > 0 and consider the new nonlinear function fecyo,+ )) defined
as follows : f = f on [0, supgy-1v], f > 0 on [supgn-1v,2), f <0 on [z, +00)PY Hence, v
is also a bounded stable solution to

—Av=f(v) in RN,
(62) { v >0 on RN-L
f() f() >0and f>0on (0, supgn-1v), we see that
36, >0 : VzeRYV! fu(z)) > 6,0°(z).
Therefore we can apply Theorem 1.2 of [18] to v (with M = N —1) and find that v = 0. A
contradiction. Hence u = 0 and f(0) = 0. O

Notice that Theorem and Theorem immediately imply the following non-existence
result when f(0) > 0.

Corollary 6.3. Assume N > 2 and let Q C RY be a uniformly continuous epigraph bounded
from below and satisfying a uniform exterior cone condition.

If f € CY[0,+00)) satisfies f(t) > 0 for t > 0, then problem does not admit any
bounded distributional solution of class C°(2) N Hlloc(ﬁ)

The next result concerns the following natural class of nonlinearities introduced in [I1]:

f € CH[0,400)) N C*((0, +00)),  f(0) =0,

(6.3) f >0, nondecreasing and convex in (0, +00)

!

. u 2
S.1. hmu_>(]+ % =qo € [0, ‘l‘OO]

where, in the latter, we agree to set )(f,z(u) +oo if f"(u) = 0.

Notice that, we necessarily have gy € [1, +00] (see Lemma 1.4 in [I1]).

The typical representative of this class is given by the function f(u) = w?, p > 1. In this
/ 2

case % = ]% and so ¢y coincides with the conjugate exponent of p. Consequently, if

we define pg € [1,+0o0] as the conjugate exponent of gy by pio + qio = 1, we have that the

exponent py can be considered as a "measure” of the flatness of f at the origin.

20Note that, thanks to the assumptions on f and z, such a function f does exist.
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n uk

Other members of the preceding class are provided by the functions f,(u) = e* —> /" (%,
n+1

where n > 1 is an integer. It is easily seen that qo(f,) = "= and so po(f.) = n + 1.
Theorem 6.4. Assume N > 12 and let ) be an epigraph defined by a function g € G. Also
suppose that € is bounded from below and satisfies a uniform exterior cone condition.

Letu € C°(Q)NH} (Q) be a bounded distributional solution to (6.1)) where f satisfies (6.3)).

loc

Suppose that pgy, the conjugate exponent of qo, satisfies
(6.4) 1 <po <pe(N 1),
where p. is the Jospeh-Lundgren stability exponent given by

(N —2)2—4N +8/N — 1

Pe(N) = (N —2)(N — 10)

Then u = 0.

Note that the preceding theorem applies to f(u) = uv? if 1 < p < p.(N — 1) and to f, if
n+1<p(N-1).

Proof of Theorem[6.4 By proceeding as in the proof of Theorem if u > 0in 2 we can
construct v € C*(RN™!) which is a positive, bounded, stable solution to —Av = f(v) in
RN=1. Since the assumption is in force, we can apply Theorem 1.5 in [T1] to get that
v =const. =a>0et f(a) =0. A contradiction, hence u = 0. O

Next we state the following immediate consequence of Theorem

Corollary 6.5. When the epigraph € is coercive, the conclusion of Theorems and
Corollary [6.5 holds true under the sole assumption of continuity of g, i.e., we do not need
to require the uniform exterior cone condition for the epigraph.

Theorems and Corollary recover and extend/complement some results in [16],
[10], [7], [12] and [22].

We conclude this section with the following classification result for solutions of (6.1)) that
tend to zero at infinity.

Theorem 6.6. Assume N > 2 and let §2 be an epigraph defined by a function g € G. Also
suppose that 2 is bounded from below and satisfies a uniform exterior cone condition.
Assume [ € Lip,.([0,+0)) and let v € C°(Q) N HL (Q) be a distributional solution to
(6.1) such that

(6.5) lim wu(z)=0.

e,
|z|—ro0

Then w =0 and f(0) = 0.
When the epigraph €2 is coercive, the above conclusion holds true under the sole assumption
of continuity of g.

Note that, in the previous result, we make no assumptions on f (beside f € Lip,,.([0, +00)))
or the boundedness of u.

The above result recovers and improves upon a result of [14], where the conclusion has been
obtained for a smooth coercive epigraph.
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Proof of Theorem[6.6. First we prove that u is bounded and then we use this information
to deduce that f(0) = 0. The boundedness of u easily follows from the continuity of u
on Q and . Then, pick an open ball B CC €2 and, for any integer k > 1 and any
x € B, consider the function ug(x) = u(2’, xy + k). By the boundedness of u and standard
elliptic estimates, we have that a subsequence of (u;) (still denoted by (uy)) converges
in the C?_(B)-topology to a solution v € C*(B) of —Av = f(v) in B. Since is in
force, we necessarily have v = 0 which, in turn, yields f(0) = 0. By the latter and the
strong maximum principle, either u = 0 in 2 or u > 0 in 2. Let us prove that the second
case cannot occur. Since u is bounded and f(0) = 0, we can apply Theorem (resp.

Theorem when € is coercive) to prove that a_u > 0 in 2. But the latter contradicts
TN
the assumption (6.5). Hence uw = 0 and f(0) = 0. d

7. SOME EXAMPLES

Example 7.1. Let us consider the following two functions g1, go : R +— R defined by
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Note that g1 is globally %—Hélder—contmuous and go 1s locally %—Hdlder—contmuous, but
neither g, nor go are locally a-Holder-continuous, for any a € (%, 1]. Also observe that
g2(x) = g1(x)+(x—6)7 for any x € R, therefore the two-dimensional epigraphs defined by ¢y
and gs are uniformly continuous, bounded from below, but not locally Lipschitz-continuous.
Moreover, it is easily seen that both of them satisfy a uniform exterior sphere condition (of

radius %) Hence, they also satisfy a uniform exterior cone condition.
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Example 7.2. Assume N > 2 and let Q be the half-space {x € RN : 25 > 0}.
The bounded function

— _ 4 -

is a classical C? solution to (1.1)), where f is given by the following non-increasing function

12 if t<0,

(7.2) ft)y=1¢ 12y/1—t if 0<t <1,
0 if t>1.

Note that f is globally Holder-continuous, but not locally Lipschitz-continuous on R.

The following example (inspired from [15]) shows that we cannot remove the assumption
on the Lipschitz character of f in our main results.

Example 7.3. Assume N > 2 and let Q be the half-space {x € RN : z > 0}.
The bounded function (see Fz’gure

) U=y =2 df L<ay <3,
(7.3) WE) =9 (1= (ey =) if 3<an<d
1 if >4,

is a classical C* solution to (1.1)), where f is given by the following globally Hélder-
continuous function

0 if t<O0,
(7.4) ft) =19 —192(t(1 —t3))2(1— 3t3) if 0<t<1,
0 if t>1.

Note that f 1s not locally Lipschitz-continuous on R and that 53@_1; changes sign on RY.

=z

=
St

e

FiGURrE 14. Graph of u
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8. NOTATIONS

RY ={z = (2/,2n) € R""' X R | zy > 0}, the open upper half-space of R".

| - | : the Euclidean norm.

B(z, R) : the Euclidean N-dimensional open ball of center x and radius R > 0.
B'(2', R) : the Euclidean N — 1-dimensional open ball of center 2’ and radius R > 0.
Bg := B(0,R) and B}, := B'((/, R), where 0 = (0/,0) € R¥~! x R is the origin of R".
UC(X) : the set of uniformly continuous functions on X.

Lip(X) : the set of globally Lipschitz-continuous functions on X.

Lipioe(X) : the set of locally Lipschitz-continuous functions on X.

C*(U) : the set of functions in C*(U) all of whose derivatives of order < k have continuous
(not necessarily bounded) extensions to the closure of the open set U.

C%(U) : the vector space of bounded and globally a-Hélder-continuous functions h on the
open set U endowed with the norm :

h(x)—h
17l co.a @y = l1Bll oo @) + [Blooaw) = suPser ()] + Sup, yepp, 2L

C*e(U) : the vector space of functions in C*(U) all of whose derivatives of order < k
belong to C%*(U), endowed with the norm :

”h”CW(U) = ZO§|B|§k Ha’BhHCO»a(ﬁ) :
D'(U) : the space of distributions on the open set U.

H} (U)={u:Uw~ R, u Lebesgue-mesurable : u € H'(UN B(0,R)) VR >0},

i.e., u is Lebesgue-measurable on the open set U and u € H'(V) for any open bounded set
VcuU.

WL (U) = {u: U — R, u Lebesgue-mesurable : u € W'(U N B(0,R)) VR >0},

loc
i.e., u is Lebesgue-measurable on the open set U and u € WH*°(V) for any open bounded

set V CU.
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