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Abstract

We show that the same algebraic data that permit to construct the Lax

pair and the r-matrix of an integrable non-linear σ-model in 1 + 1 dimen-

sions can be also used for the construction of Lax pairs and of r-matrices

of several other non-trivial integrable theories in 1 + 0 dimension. We call

those new integrable theories the point particle E-models, we describe their

structure and give their physical interpretation. We work out in detail the

point particle E-modelsassociated to the bi-Yang-Baxter deformation of the

SU(N) principal chiral model. In particular, for each complex �ag manifold

we thus obtain a two-parameter family of integrable models living on it.

1 Introduction

Integrable dynamical systems with �nite and with in�nite number degrees of free-
dom represent two related areas of research which often in�uenced each other in
the past. The �nite case is certainly more tractable analytically, but this fact
does not really make easier the task to construct new integrable models comparing
with the same task in the in�nite case. Indeed, to identify the Lax pairs and the
r-matrices of the models represent a tough problem in the both, �nite and in�nite,
cases, and one may even argue that it was the progress in the in�nite case in the
sixties of the last century that changed the game also in the �nite case and made
possible to go beyond a few examples with �nite (and low) number of degrees of
freedom that had been known before. We stress at this point that the in�uence
of the in�nite on the �nite was not merely at the level of a sort of inspiration
but there exist explicit quantitative bridges linking the in�nite to the �nite. As
an example of that situation we may mention the dynamics of a �nite number of
solitons of some in�nite dimensional integrable �eld theories which turns out to be
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captured by the dynamics of the integrable systems with �nite numbers of degrees
of freedom, like the celebrated Calogero or Ruijsenaars-Schneider models [7, 42].

Nowadays, the integrability is still a very active domain of research, as we may
wittness looking e.g. at the spectacular recent progress achieved in the �eld of
integrable nonlinear σ-models describing string dynamics in curved backgrounds
[22, 40, 10, 23, 8, 2, 9, 12, 11, 41, 13]. In the present article, we construct another
bridge from the in�nite to the �nite, by associating nontrivial integrable systems
with �nite number of degrees of freedom to the recently constructed integrable
nonlinear σ-models in 1 + 1 dimensions.

It turns out that the �rst order Hamiltonian dynamics of the most (if not all)
of the known integrable nonlinear σ-models is expressible in terms of the so-called
E-models. Recall that the E-model is a �rst order Hamiltonian dynamical system
originally introduced in [18] in the context of generalized T-dualities in string
theory and, somewhat surprisingly, it became clear only much later how useful is
this concept also in the theory of integrable models [24, 26, 27, 33, 34, 36, 14, 15].
As its name suggests, the E-model is constructed out of a quantity denoted by
E , which is actually any involutive symmetric linear operator acting on the Lie
algebra D of certain quadratic Lie group D referred to as the Drinfeld double.
The symplectic form ω and the Hamiltonian HE of the E-model are given by the
formulas1

ω = −1

2
(l−1dl ∧, (l−1dl)′)LD, (1)

HE =
1

2
(l′l−1, E l′l−1)LD. (2)

Here l = l(σ) is an element of the loop group LD and the prime denotes a partic-
ular derivative on the loop Lie algebra LD which is actually the standard deriva-
tive ∂σ with respect to the loop parameter σ. Furthermore, l−1dl is the left-
invariant Maurer-Cartan form on LD, (., .)LD ≡

∮
dσ(., .)D is the non-degenerate

ad-invariant symmetric bilinear form on LD where (., .)D is the canonical bilinear
form with the same properties on D.

Not every E-model is integrable. However, if the data D, E ful�l some su�-
cient conditions found in [39, 29] then the integrability is guaranteed, that is, one
can construct the Lax matrix and the r-matrix of the E-model (ω,HE). Those
su�cient conditions are quite simple and, what is essential for us, they have �nite

dimensional Lie algebraic character. Namely, it is required the existence of an
one-parameter family of linear maps2 O(λ) : D → G verifying

[O(λ)x,O(λ)Ex]G = O(λ)[x, Ex]D, ∀x ∈ D (3)

1Strictly speaking, the phase space of the E-model is the homogeneous space LD/D and the
form ω on LD given by (1) is the pull-back of the true symplectic form by the projection map
LD → LD/D.

2If the spectral parameter λ takes a complex value, the map O(λ) is considered as the map
from D to GC.
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and of a two-parametric family of linear operators r̂(λ, ρ) : G → G verifying

[O†(λ)x,O†(ρ)y]D +O†(λ)[x, r̂(λ, ρ)y]G +O†(ρ)[r̂(ρ, λ)x, y]G = 0, ∀x, y ∈ G (4)

(O†(λ)x,O†(ρ)y)D + (x, r̂(λ, ρ)y)G + (r̂(ρ, λ)x, y)G = 0, ∀x, y ∈ G. (5)

Here G is a Lie subalgebra of D equipped with a quadratic structure (., .)G that is
not necessarily induced by the quadratic structure (., .)D, and O(λ)† : G → D is
the adjoint of the operator O(λ) de�ned by the relation

(O(λ)x, y)G = (x,O†(λ)y)D, ∀x ∈ D, y ∈ G.

By now many solutions of the su�cient conditions (3), (4) and (5) are known,
but our goal here is not to �nd yet some new ones. Instead, we want to show that
to every known solution D, E , O(λ), r̂(λ, ρ) of those su�cient conditions we may
associate not just one integrable E-model living on the loop group homogeneous
space LD/D but also many other integrable theories with �nite number of degrees
of freedom living on appropriate homogeneous spaces of the group D. How this
comes about?

Let D, E , O(λ), r̂(λ, ρ) be a solution of the su�cient conditions (3),(4) and (5)
and pick an element ξ ∈ G ⊂ D such that it holds

adGξ r̂(λ, ρ)− r̂(λ, ρ)adGξ = 0, adGξO(λ)−O(λ)adDξ = 0. (6)

Then we can construct an integrable dynamical system living on a �nite dimen-
sional phase space which has the structure of the homogeneous space D/Dξ, where
Dξ is the stabilizer of ξ by the adjoint action of D. The easiest way to describe the
symplectic form and the Hamiltonian of this �nite dynamical system is in terms of
their pullbacks ωξ and Hξ

E with respect to the projection map D → D/Dξ. They
read

ωξ = −1

2

(
l−1dl ∧, (l−1dl)′

)
D, (7)

Hξ
E =

1

2

(
l′l−1, E l′l−1

)
D, (8)

where
l′l−1 := ξ − Adlξ, (l−1dl)′ := adξ(l

−1dl).

By an abuse of notation, we shall refer to ωξ and Hξ
E as the symplectic form and

the Hamiltonian and we shall call the dynamical system (D/Dξ, ω
ξ, Hξ

E) the point

particle E-model because of the similarity of the formulas (7),(8) with (1),(2).

Given the integrable string data D, E , O(λ), r̂(λ, ρ), there are typically many
solutions ξ of the supplementary conditions (6). The point particle E-models based
on the same data D, E , O(λ), r̂(λ, ρ) but di�erent choices of ξ are often dynamically
nonequivalent. It is worth stressing that it is the expression l′l−1 := ξ−Adlξ which
is the crucial one for the whole construction. We elaborate more on its origin, on
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various choices of ξ and on the related residual gauge symmetries at the beginning
of Section 3 and in Remark 4.1.

The E-model, whether the standard string one living on LD/D or the point par-
ticle one living on D/Dξ, is the �rst order Hamiltonian dynamical system. In order
to give it a physical interpretation, we have to postulate which coordinates of the
phase space play the role of coordinates on the con�guration space and which are
generalized momenta. In the stringy LD/D case, the momenta are parametrized
via a choice of maximally isotropic subgroup H of the Drinfeld double D while the
coordinates on the con�guration space are expressed in terms of the functions on
the space of cosets D/H. Said di�erently, the stringy E-model is interpreted as the
non-linear σ-model on the target space D/H, where the geometry of this target
can be unambiguously extracted from the data (D,H, E) (see [16, 17, 19, 29] for
details).

In the point particleD/Dξ case, the physical interpretation may be also achieved
by choosing a maximally isotropic subgroup H of the Drinfeld double D, but the
geometry of the con�guration space, on which the point particle moves, depends
on the choice of ξ. In Sections 5 and 6, we discuss several concrete examples work-
ing with two particular Drinfeld doubles of the group SU(N) and with various
choices of ξ ∈ Lie(SU(N)). In all those cases the con�guration space turns out
to be an appropriate complex �ag manifold. We do not provide all details here in
the introduction, but we do give a �avour of what is going on by considering the
Drinfeld double D = T ∗SU(2) and ξ being the generator of the Cartan subalgebra
of su(2). Thus, for a suitable choice of E , the con�guration space turns out to
be the standard sphere S2 and the corresponding second order action of the point
particle E-model is

S =
1

2

∫
dt
(
ẋ2

1 + ẋ2
2 + ẋ2

3 + 4x3

)
, x2

1 + x2
2 + x2

3 = 1. (9)

We recognize in (9) the action of the spherical mathematical pendulum in the
homogeneous gravitational �eld which is of course known to be integrable. For
comparison, in the string LD/D case, the same Drinfeld double D = T ∗SU(2)
and the same operator E turn out to give rise to the principal chiral model on the
group SU(2) governed by the second order action

S =
1

2

∫
dτdσtr

(
−(k−1k̇)2 + (k−1k′)2

)
=

=

∫
dτdσ

3∑
j=0

(∂τnj∂τnj − ∂σnj∂σnj), (10)

k =

(
n0 + in3 −n1 + in2

n1 + in2 n0 − in3

)
, n2

0 + n2
1 + n2

2 + n2
3 = 1.

Comparing the actions (9) and (10), we observe the the former is not the
standard dimensional reduction of the latter. In particular, there is a potential
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term in (9), that the dimensional reduction cannot produce. This is consistent
because what we do here is not the dimensional reduction of two-dimensional
theories. Indeed, we do not let the space derivative terms vanish but we rather
replace them with the commutators with ξ. In particular, this yields the potential
term in (9). The "raison d'être" of our procedure resides in the fact that we thus
obtain the mechanical Lax pairs from the �eld-theoretical ones automatically.

The plan of the paper is as follows: In Section 2, we remind the structure of
the LD/D string E-models and, in Section 3, we describe in detail the structure of
the D/Dξ point particle E-models. Then in Section 4, we show how to construct
the Lax operators and the r-matrices of the integrable point particle E-models out
of the solutions O(λ), r̂(λ, ρ) of the su�cient conditions (3),(4) and (5). Then we
work out examples of the point particle E-models based on the Drinfeld doubles
of the group SU(N); in Section 5 we work with the double T ∗SU(N) while in
Section 6 with the Lu-Weinstein double SL(N,C). In the both cases, we work out
the second order actions on the con�guration spaces which turn out to correspond
to the motion of point particles on �ag manifolds. We �nish by conclusions and
perspectives.

2 Reminder: stringy E-models

Recall that the Drinfeld double D is a connected even-dimensional Lie group
equipped with a bi-invariant pseudo-Riemannian metric of maximally-Lorentzian
(split) signature. This pseudo-Riemannian metric naturally induces the non-
degenerate ad-invariant symmetric bilinear form (., .)D de�ned on the Lie algebra
D of D.

A stringy E-model, introduced in [18, 24], is the �rst-order Hamiltonian dy-
namical system (ω,HE) living on the loop group homogeneous space LD/D. The
pull-backs of the symplectic form and of the Hamiltonian from LD/D on LD are
respectively given by the formulas

ω = −1

2
(l−1dl ∧, (l−1dl)′)LD, (11)

HE =
1

2
(l′l−1, E l′l−1)LD. (12)

Here l = l(σ) is an element of the loop group LD and the prime denotes the
derivative ∂σ with respect to the loop parameter σ. Furthermore, l−1dl is the
left-invariant Maurer-Cartan form on LD and (., .)LD ≡

∮
dσ(., .)D is the non-

degenerate ad-invariant symmetric bilinear form on LD. Finally, E : D → D is the
R-linear operator squaring to identity, symmetric with respect to the bilinear form
(., .)D and such that the bilinear form (., E .)D on D is strictly positive de�nite.

It turns out, that the left action of the group LD on LD/D is generated by the
moment map j = l′l−1. The components of the current j then verify the Poisson
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current algebra

{(j(σ1), T1)D, (j(σ2), T2)D} =

= (j(σ1), [T1, T2])Dδ(σ1 − σ2) + (T1, T2)Dδ
′(σ1 − σ2), (13)

which plays a crucial role in the dynamics of the E-models. Indeed, the Poisson
brackets (13) as well as the explicit form (12) of the Hamiltonian give the following
�rst order equations of motion of the E-model

∂j

∂τ
= {j,HE} = (Ej)′ + [Ej, j].

3 Point particle E-models

To every stringy E-model, we associate a family of dynamical systems living in 1+0
dimension which we shall call the point particle E-models. Given the stringy E-
model and its underlying Drinfeld double D, each member of this associated family
corresponds to some choice of an element ξ from the Lie algebra D of the double.
Thus, if ξ ∈ D, the symplectic form and the Hamiltonian of the corresponding
point particle E-model are given by the formulas (see for comparison (11) and
(12))

ωξ = −1

2

(
l−1dl ∧, (l−1dl)′

)
D, (14)

Hξ
E =

1

2

(
l′l−1, E l′l−1

)
D, (15)

where now
l′l−1 := ξ − Adlξ, (l−1dl)′ := adξ(l

−1dl).

Let us give some motivation, why we start our construction from the expression
l′l−1 := ξ−Adlξ. Consider �rst the string case and note that the standard deriva-
tive ∂σ with respect to the loop parameter is the (outer) derivation of the loop Lie
algebra LD. Given a loop group element l ∈ LD, the expression ∂σ −Adl∂σAdl−1

is then also a derivation acting on LD but that time it is the inner derivation
because we have

∂σ − Adl∂σAdl−1 = ad∂σll−1 ≡ adl′l−1 . (16)

Summarizing, to the derivation ∂σ and to the group element l we have associated
another derivation ad∂σll−1 and it is the Lie algebra element ∂σll−1 featuring in it
which plays the crucial role in the construction of the string symplectic form (11)
and the string Hamiltonian (12).

The key observation which is at the origin of our construction in the present
paper is the following. If we replace LD by the �nite-dimensional group D and the
outer derivation ∂σ acting on LD by an arbitrary inner one adξ acting on D, then
we can also associate an appropriate inner derivation to the pair adξ and l ∈ D by
the analogue of the expression (16):

adξ − AdladξAdl−1 = adξ−Adlξ. (17)
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Again by the analogy with (16), we use the notation l′l−1 := ξ − Adlξ because
it permits us to write down in the �nite dimensional case formally the identical
expressions for the symplectic form (14) and the Hamiltonian (15) as the stringy
expressions (11) and (12).

If we do not care for the integrability of the constructed dynamical system,
then in the �nite dimensional case whatever choice ξ ∈ D is consistent. Indeed,
we observe that the Drinfeld-Kirillov form (14) is closed for every ξ ∈ D because
it can be written as

ωξ = −d(ξ, l−1dl)D. (18)

Note in this respect that the form ωξ is only presymplectic and not symplectic
since it is never non-degenerate, whatever ξ ∈ D we choose. However, the form ωξ

can be made symplectic in the canonical way by factorizing out all (gauge) vector
�elds in its kernel. Concretely, ωξ is the pull-back of a closed non-degenerate
(hence truly symplectic) form ωξc living on the space of cosets D/Dξ, where the
gauge subgroup Dξ ⊂ D is determined by the condition that it stabilizes ξ under
the adjoint action of D on D. We have thus

ωξ = π∗ξω
ξ
c ,

where πξ : D → D/Dξ is the projection mapping. Note that the dimension of the
phase space D/Dξ depends substantially on the choice of ξ.

As far as the Hamiltonian (15) is concerned, it is worth remarking that it is
invariant with respect to the residual Dξ gauge symmetry by construction. Indeed,
since the expression l′l−1 := ξ −Adlξ is Dξ-invariant, the Hamiltonian (15) is Dξ-
invariant, too. It is this invariance which is needed for the consistency of our
construction because it guarantees that it exists a function Hξ

E,c living on the
space of cosets D/Dξ such that

Hξ
E = π∗ξH

ξ
E,c.

It is the function Hξ
E,c which is the Hamiltonian living on the symplectic manifold

D/Dξ.

All in all, the ξ-version of the point particle E-model is the �nite-dimensional
dynamical system living on the symplectic manifold D/Dξ, having the symplectic
form ωξc and the Hamiltonian Hξ

E,c. However, somewhat abusively, we shall often
continue to refer to D as the phase space and to the quantities ωξ and Hξ

E living
on D as to the symplectic form and the Hamiltonian of the ξ-version of the point
particle E-model.

It turns out, that the left action ∇L of the group D on the homogeneous space
D/Dξ is generated by the moment map j = l′l−1. This means that it holds

∇L
Tf :=

(
d

ds

)
s=0

f(esT l) = {f, (j, T )D}ξ, T ∈ D (19)
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where f is a function on D/Dξ and {., .}ξ is a Poisson bracket induced by the
symplectic form ωξc . In particular, we obtain from the bracket (19) the following
Poisson current algebra (cf. the formula (13))

{(j, T1)D, (j, T2)D}ξ = (j, [T1, T2])D + (T1, [ξ, T2])D. (20)

As in the string case, the �rst order equations of motion of the point particle
E-model is

dj

dτ
= {j,Hξ

E}ξ = (Ej)′ + [Ej, j], (21)

but now we have (Ej)′ = [ξ, Ej].

4 Integrable point particle E-models

In this section, we deal with integrable point particle E-models (D/Dξ, ω
ξ, Hξ

E).
The most important conclusion of the present article is the fact that the stringy
su�cient conditions of integrability (3),(4),(5) guarantee the integrability also in
the point particle case provided they are supplemented by two more conditions
(22), (24) involving the element ξ. We gather all those conditions as follows

1) It exists a one-parameter family of linear maps O(λ) : D → G which veri�es

adGξO(λ)−O(λ)adDξ = 0, (22)

[O(λ)x,O(λ)Ex]G = O(λ)[x, Ex]D, ∀x ∈ D, (23)

where G is a Lie subalgebra of D such that ξ ∈ G;
2) It exists a two-parametric family of linear operators r̂(λ, ρ) : G → G which
veri�es

adGξ r̂(λ, ρ)− r̂(λ, ρ)adGξ = 0, (24)

[O†(λ)x,O†(ρ)y]D+O†(λ)[x, r̂(λ, ρ)y]G+O†(ρ)[r̂(ρ, λ)x, y]G = 0, ∀x, y ∈ G, (25)

(O†(λ)x,O†(ρ)y)D + (x, r̂(λ, ρ)y)G + (r̂(ρ, λ)x, y)G = 0, ∀x, y ∈ G, (26)

where the quadratic structure (., .)G on G is not necessarily induced by the quadratic
structure (., .)D on D and O(λ)† : G → D is the adjoint of the operator O(λ) de�ned
by the relation

(O(λ)x, y)G = (x,O†(λ)y)D, ∀x ∈ D, y ∈ G.

Remark 4.1 In the present paper we shall exclusively consider situations in which the

subalgebra G is compact. In this case, for whatever choice of ξ ∈ G, it exists a Cartan

subalgebra T of G such that ξ belongs to T therefore, without lack of generality, we may

always consider ξ belonging to the Cartan subalgebra.

Having a solution O(λ), r̂(λ, ρ) of the su�cient conditions 1), 2), we must show
how to construct out of it the Lax pair L(λ),M(λ) and the dynamical r-matrix
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r(λ, ρ) governing the Poisson brackets of the matrix elements of the Lax matrix
L(λ). We do it similarly as in the string case [39, 29] by postulating

L(λ) = ξ −O(λ)j, (27)

M(λ) = −O(λ)Ej. (28)

Using (23), it can be checked easily, that the equations of motion (21) can be
represented in the Lax form with spectral parameter

{L(λ), HE}ξ =
dL(λ)

dt
= [L(λ),M(λ)]G. (29)

Now set
r(λ, ρ) = CAB(r̂(λ, ρ)TA)⊗ TB, (30)

where CAB is the inverse matrix of the matrix CAB de�ned by

CAB := (TA, TB)G, (31)

and TA is some basis of the Lie algebra G on the choice of which actually the
r-matrix (30) does not depend.

We wish to show, that the quantity r(λ, ρ) de�ned by (30) is the r-matrix of the
point particle E-model, which, following the general theory of the Lax integrable
systems (cf. [1]), means the validity of the following fundamental relation

{L(λ) ⊗, L(ρ)}ξ = [r(λ, ρ), L(λ)⊗ Id]− [rp(ρ, λ), Id⊗ L(ρ)]. (32)

Here the notation rp means

rp =
∑
α

Bα ⊗ Aα,

provided r has the form
r =

∑
α

Aα ⊗Bα

for some family of elements Aα, Bα ∈ G.

To see that the relation (32) is indeed satis�ed, we calculate its matrix compo-
nents. On the left-hand-side, we obtain for every x, y ∈ G

{(x, L(λ))G, (y, L(ρ))G} = {(x,O(λ)j)G, (y,O(ρ)j)G} =

= (j, [O†(λ)x,O†(ρ)y]D)D + (O†(λ)x, [ξ, O†(ρ)y]D)D, (33)

where we have used the Poisson brackets (20). On the right-hand-side, we obtain

− (O(λ)j, [x, r̂(λ, ρ)y])G − (O(ρ)j, [r̂(ρ, λ)x, y])G+

+ ([ξ, x], r̂(λ, ρ)y)G − ([ξ, y], r̂(ρ, λ)x)G. (34)

Now because of the conditions (25),(26) and (22), the expression (34) matches
precisely (33).

The validity of the Lax equation (29) and of the relation (32) means by de�ni-
tion the integrability of the model.
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5 The Drinfeld double T ∗K

5.1 Point particle principal chiral model

Let K be a simple compact connected and simply connected Lie group and denote
by (., .)K the standard Killing-Cartan form on its Lie algebra K. Then the cotan-
gent bundle T ∗K of the Lie group K can be given the structure of the Drinfeld
double D. To see this, parametrize the elements of the cotangent bundle by the
pairs (k, κ), k ∈ K, κ ∈ K. If 1 stands for the unit element of K and 0 is the
neutral element of K (it is actually the unit element of the additive Abelian group
underlying the vector space K) then the unit element of D = T ∗K is

e = (1, 0).

Furthermore, the inverse element is

(k, κ)−1 = (k−1,−Adk−1κ).

and the group multiplication law reads

(k1, κ1)(k2, κ2) = (k1k2, κ1 + Adk1κ2), k1, k2 ∈ K, κ1, κ2 ∈ K.

The symmetric non-degenerate ad-invariant bilinear form (., .)D on the Lie algebra
D is given by(

(µ1, ν1), (µ2, ν2)
)
D

= (µ1, ν2)K + (µ2, ν1)K, µ1,2, ν1,2 ∈ K,

where (., .)K is the standard Killing-Cartan form on K. The form (., .)K is strictly
negative de�nite while the form (., .)D has the split signature (+, . . . ,+,−, . . . ,−).
The ad-invariance can be checked by using the following formula expressing the
adjoint action of D on D

Ad(k,κ)(µ, ν) = (Adkµ,Adkν + adκAdkµ). (35)

We may now de�ne a natural E-model on the double D = T ∗K by de�ning the
operator E : D → D as

E(µ, ν) = −(ν, µ). (36)

It is evident that E2 =Id, moreover the form (., E .)D is positive de�nite since(
(µ1, ν1), E(µ2, ν2)

)
D

= −(µ1, µ2)K − (ν1, ν2)K. (37)

Finally, the formula (37) implies also the symmetry of E(
E(µ1, ν1), (µ2, ν2)

)
D

=
(

(µ1, ν1), E(µ2, ν2)
)
D
.
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Let ζ ∈ K be an element of the Lie algebra K and denote by Kζ its stabilizer
under the adjoint action of K on K. It is then easy to derive from the formula
(35), that the stabilizer Dξ of the element ξ = (ζ, 0) is the cotangent bundle of the
stabilizer Kζ

Dξ = {(k, κ) ∈ T ∗K, k ∈ Kζ , κ ∈ Kζ}.

In order to calculate the Hamiltonian and the symplectic form of the point particle
E-model for D = T ∗K, E given by Eq.(36) and ξ = (ζ, 0), it is convenient to
parametrize the elements l = T ∗K as

l = (k, 0)(1, ρ), k ∈ K, ρ ∈ K.

Then we have
j ≡ l′l−1 = ξ − Adlξ = (k′k−1,Adkρ

′), (38)

where
k′k−1 := ζ − Adkζ, ρ′ := adζρ.

Using the formula (15), we �nd

Hξ
E = −1

2
(k′k−1, k′k−1)K −

1

2
(ρ′, ρ′)K. (39)

In order to calculate the symplectic form (18), we need the formula for the left
Maurer-Cartan form on D

l−1dl ≡ (k, κ)−1d(k, κ) = (k−1dk,Adk−1(dκ)),

We obtain
ωξ = d(ρ′, k−1dk)K. (40)

The formulas (39) and (40) permit to write down the �rst order action principle
for the point particle principal chiral model as

S(k, ρ) =

∫
dt
(

(ρ′, k−1k̇)K +
1

2
(k′k−1, k′k−1)K +

1

2
(ρ′, ρ′)K

)
. (41)

Note that the variable ρ′ takes values in K⊥ζ . Varying the action (41) with respect
to ρ′ gives

ρ′ = −P⊥(k−1k̇), (42)

where P⊥ is the orthogonal projector which projects on the vector space K⊥ζ .
Inserting (42) back into the action (41) gives rise to the second order action

S(k) =
1

2

∫
dt
(
−(P⊥k−1k̇, P⊥k−1k̇)K + (k−1k′, k−1k′)K

)
, (43)

where
k−1k′ := k−1(k′k−1)k = k−1ζk − ζ.
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Note that the action (43) describe the motion of a point particle on the space
of cosets K/Kζ . Indeed, the action (43) has a gauge symmetry k(t) → k(t)h(t),
where h(t) is an arbitrary function of the time t taking values in the stabilizer
group Kζ .

For comparison, the stringy E-model based on the same data D = T ∗K and E
given by (36) leads to the following second order action

S(k) =
1

2

∫
dtdσ

(
−(k−1k̇, k−1k̇)K + (k−1k′, k−1k′)K

)
.

In particular, for K = SU(2) and ζ =

(
i 0
0 −i

)
we obtain the actions listed

already in the Introduction. In the point particle case it is that of the spherical
pendulum in the homogeneous gravitational �eld

S =
1

2

∫
dt
(
ẋ2

1 + ẋ2
2 + ẋ2

3 + 4x3

)
, x2

1 + x2
2 + x2

3 = 1

and in the stringy case it is that of the O(4) nonlinear σ-model in 1+1-dimensions

S =

∫
dτdσ

3∑
j=0

(∂τnj∂τnj − ∂σnj∂σnj), n2
0 + n2

1 + n2
2 + n2

3 = 1.

5.2 Integrability

Let us show that the point particle principal chiral model is integrable. For that
we take the Lie algebra G to be just K equipped with its standard Killing-Cartan
form (., .)G = (., .)K. By the very logic of this article, we borrow the required
operators O(λ), r̂(λ, ρ) from the stringy principal chiral model. They are given by
[10, 28]

r̂(λ, ρ) =
ρ2

1− ρ2

1

ρ− λ
Id,

O(λ)(µ, ν) :=
µ− λν
1− λ2

, O†(λ)µ =

(
−µλ

1− λ2
,

µ

1− λ2

)
(44)

and they therefore verify the conditions (23), (25), (26) automatically. We then
check easily that the remaining conditions (22), (24) are also satis�ed, so we con-
clude that the point particle principal chiral model (43) is integrable. Using (38),
we �nd the corresponding Lax pair (27) and (28)

L(λ) = ζ − 1

1− λ2
(k′k−1 − λkρ′k−1),

M(λ) = − 1

1− λ2
(λk′k−1 − kρ′k−1).

(45)
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Taking into account the equation (42), we can rewrite the Lax pair (45) as

L(λ) = ζ − k′k−1 + λkP⊥(k−1k̇)k−1

1− λ2
,

M(λ) = −λk
′k−1 + kP⊥(k−1k̇)k−1

1− λ2

(46)

and the Lax equation L̇ = [L,M ]K becomes

1

1− λ2

(
−∂τ (k′k−1) +

(
kP⊥(k−1k̇)k−1

)′
− [k′k−1, kP⊥(k−1k̇)k−1]

)
+

+
λ

1− λ2

((
k′k−1

)′ − ∂τ (kP⊥(k−1k̇)k−1
))

= 0. (47)

Since (47) must hold for all values of λ, we obtain two conditions to ful�ll

−∂τ (k′k−1) +
(
kP⊥(k−1k̇)k−1

)′
− [k′k−1, kP⊥(k−1k̇)k−1] = 0, (48)

(
k′k−1

)′ − ∂τ (kP⊥(k−1k̇)k−1
)

= 0. (49)

In fact, the �rst condition (48) is ful�lled automatically, it is the so called Bianchi
identity. The second condition (49) is the second order equation of motion of the
point particle principal chiral model.

5.3 Point particle on CPN

It is instructive to work out the point particle principal chiral model for the case
of the group K = SU(N + 1) and of the element

ζ = i

(
1N 0
0 −N

)
, (50)

where 1N stands for the unit N ×N matrix. In this case the stabilizer group Kζ is
the biggest possible, it has the structure S(U(N) × U(1)), where the factor U(1)
is generated by the element ζ itself and U(N) is formed by the unitary matrices of

the form
(
h 0
0 1

)
. The con�guration space K/Kζ of the models is thus the space

of cosets SU(N + 1)/S(U(N)×U(1)) which is nothing but the complex projective
space CPN .

We now evaluate the second order action (43) on the CPN on the chart where
the (N+1)-th homogeneous coordinate ZN+1 does not vanish. We can parametrize
this chart by a complex N -vector χ of the norm strictly inferior to 1 so that the
homogeneous coordinates Zj, j = 1, ..., N + 1 are of the form

Z1 = λχ1, Z1 = λχ2, . . . , ZN = λχN , ZN+1 = λ
√

1− |χ|2, (51)
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where λ is an arbitrary non-vanishing complex number. In what follows we choose
λ = 1, which implies, in particular

N+1∑
j=1

Z̄jZj = 1.

We �x the gauge in (43) by setting k = 1N+1 for χ = 0 and

k =

(
1N − αχ⊗ χ† χ

−χ†
√

1− |χ|2

)
, α =

1−
√

1− |χ|2
|χ|2

, χ 6= 0, (52)

which gives, in particular

k−1k′ = (N + 1)i

(
−χ⊗ χ†

√
1− |χ|2χ√

1− |χ|2χ† |χ|2,

)
(53)

P⊥k−1k̇ =

=

(
0 χ̇− ˙√

1− |χ|2χ− α(χ†χ̇)χ

−χ̇† +
˙√

1− |χ|2χ† + α(χ̇†χ)χ† 0

)
(54)

(k−1k′, k−1k′)K = −2(N + 1)2|χ|2.
The point particle principal chiral model action (43) therefore becomes

S(χ) =

∫
dt

(∣∣∣χ̇− ˙√
1− |χ|2χ− α(χ†χ̇)χ

∣∣∣2 − (N + 1)2|χ|2
)
. (55)

Using the notation (51) for λ = 1, the second-order action (55) can be rewritten
as

S(Z) =

∫
dt
(
|Ż|2 − |Z†Ż|2 + (N + 1)2(|ZN+1|2 − 1) + Λ(|Z|2 − 1)

)
, (56)

where Λ is a real Lagrange multiplier and a complex (N + 1)-vector Z has the
components

Z =



Z1

Z2

.

.

.
ZN
ZN+1


.

The action (56) is de�ned globally, that is it makes sense not only on the (dense
open) chart χ but on the whole CPN space parametrized by the homogeneous
coordinates normalized by the condition |Z|2 = 1. It has a gauge symmetry

Z → eiβ(t)Z, Λ→ Λ− iβ̇(Z†Ż − Ż†Z) + β̇2|Z|2,
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where β(t) is an arbitrary real function of the time t. On our chart where the
coordinate ZN+1 does not vanish, this gauge symmetry can be gauge �xed by
claiming that ZN+1 is real which is indeed solved by

Z =



χ1

χ2

.

.

.
χN√

1− |χ|2


≡

 χ√
1− |χ|2

 , |χ| < 1. (57)

Inserting (57) into the action (56), we recover the action (55).

Remark 5.1 The standard Fubini-Study metric on the CPN expressed in the normalized

homogeneous coordinates is

ds2
FS = |dZ|2 − |Z†dZ|2. (58)

We thus observe, that that our point particle principal chiral model corresponds to the

motion in the standard Fubini-Study metric and in the quadratic potential depending on

just one of the normalized homogeneous coordinates.

We can make explicit also the �rst order action (41) . To do this, we parametrize
ρ′ ∈ K⊥ζ in the block matrix way as

ρ′ = i

(
0 w
w† 0

)
, (59)

where w is a complex N -vector. The �rst order action (41) on the chart where
ZN+1 does not vanish is then

S(w,χ) = −
∫
dt
(

2=(w†(χ̇− ˙√
1− |χ|2χ− α(χ†χ̇)χ))+

+w†w + (N + 1)2χ†χ
)
. (60)

It is convenient to trade3 the variable w for another one denoted as p

p = w − w
†χ− χ†w

2
√

1− |χ|2
χ− α(χ†w)χ,

the action (60) can be then rewritten as

3 Inversely, we have

w = p+
p†χ− χ†p

2
√

1− |χ|2
χ+

α√
1− |χ|2

(χ†p)χ. (61)
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S(p,χ) =

∫
dt

(
ip†χ̇− iχ̇†p− p†p− (χ†p+ p†χ)2

4(1− |χ|2)

)
+

−
∫
dt

(
1

4
(χ†p− p†χ)2 + (N + 1)2χ†χ

)
. (62)

Looking at the �rst order actions (60), (62), we can deduce the symplectic form
and the Hamiltonian of the model to be

ω = −2d=(w†(dχ− d(
√

1− |χ|2)χ− α(χ†dχ)χ)), (63)

H = w†w + (N + 1)2χ†χ, (64)

or
ω = idp† ∧ dχ+ idχ† ∧ dp, (65)

H = p†p+
(χ†p+ p†χ)2

4(1− |χ|2)
+

1

4
(χ†p− p†χ)2 + (N + 1)2χ†χ. (66)

As for the �rst order equations of motion, they read

iχ̇ = p+
χ†p+ p†χ

2(1− |χ|2)
χ− 1

2
(χ†p− p†χ)χ, (67)

iṗ =
χ†p+ p†χ

2(1− |χ|2)
p+ (N + 1)2χ+

(χ†p+ p†χ)2

4(1− |χ|2)2
χ+

1

2
(χ†p− p†χ)p. (68)

5.4 Symplectic reduction

It is more convenient and also more elegant to rewrite the �rst order data (63),(64)
or (65),(66) in a global way, that is without restricting to the chart where ZN+1

does not vanish. We do it via a suitable symplectic reduction of a certain dynamical
system (ω̃, H̃) living on a complex symplectic manifold CN+1×CN+1 parametrized
by two (N + 1)-vectors Y , Z,

Z =



Z1

Z2

.

.

.
ZN
ZN+1


, Y =



Y1

Y2

.

.

.
YN
YN+1


.

The (non-reduced) symplectic form on CN+1 × CN+1 is given by

ω̃ =
1

2
(dY † ∧ dZ − dZ† ∧ dY ) = d<(Y †dZ), (69)
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where

Z† =
(
Z̄1 Z̄2 . . . Z̄N Z̄N+1

)
, Y † =

(
Ȳ1 Ȳ2 . . . ȲN ȲN+1

)
and the Hamiltonian is given by4:

H̃(Y ,Z) =
1

4
|Z|2|Y |2 − 1

4
|Z†Y |2 + (N + 1)2(1− |ZN+1|2). (70)

Consider now a symplectic reduction of the dynamical system (ω̃, H̃) induced
by two Poisson-commuting constraints

Y †Z −Z†Y = 0, Z†Z − 1 = 0, (71)

which generate, via the Poisson brackets, two commuting �ows

φβ1(Y ,Z) = (eiβ1Y , eiβ1Z), φβ2(Y ,Z) = (Y + β2Z,Z). (72)

It turns out, that this symplectic reduction gives precisely the �rst order data
(63),(64) of the point particle principal chiral model (56). Indeed, on the chart
where ZN+1 does not vanish, we may completely slice the �ows (72) on the con-
straints (71) by the following supplementary constraints

ZN+1 − Z̄N+1 = 0, Y †Z +Z†Y = 0. (73)

In order to describe the symplectic form ω̃ restricted to the submanifold (71),(73),
we �rst solve the constraints (71),(73) in terms of two N -vector variables ξ,χ such
that |χ| < 1:

Y = −2i

(
ξ

− χ†ξ√
1−χ2

)
, Z =

 χ√
1− χ2

 , (74)

Set also5

w :=

√
1N +

χ⊗ χ†
1− |χ|2

ξ = ξ +
α√

1− |χ|2
(χ†ξ)χ. (77)

4A similar Hamiltonian, however without the potential term, was recently considered in [5]
as a basis of (quantum) symplectic reduction leading to the standard mechanical CPN -model.

5 Inversely, we have
ξ = w − α(χ†w)χ, (75)

and we have also

p = ξ +
χ†ξ − ξ†χ
2(1− |χ|2)

χ, ξ = p− 1

2
(χ†p− p†χ)χ,

χ†p− p†χ =
χ†w −w†χ√

1− |χ|2
=
χ†ξ − ξ†χ

1− |χ|2
,

χ†p+ p†χ =
√

1− |χ|2(χ†w +w†χ) = χ†ξ + ξ†χ. (76)

17

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I:1
0.1

06
3/5

.01
59

74
8



With the notation (77), the symplectic form ω̃ and the Hamiltonian H̃ restricted
to (71),(73) become, respectively,

ω = −2d=(w†(dχ− d(
√

1− |χ|2)χ− α(χ†dχ)χ)),

H(w,χ) = w†w + (N + 1)2χ†χ.

We have thus recovered the principal chiral �rst order data (63),(64).

We wish also to rewrite the �rst order equations of motion (67),(68) in the
global way, that is without restriction to the chart where ZN+1 6= 0. To do that we
�rst derive the equations of motion of the non-reduced dynamical system (ω̃, H̃).
We deduce from (69),(70) that the �rst order action of the non-reduced system
(ω̃, H̃) reads

S(Y ,Z) =

∫
dt(<(Y †Ż)− H̃(Y ,Z)). (78)

By varying the action (78), we �nd

Ż − 1

2
Y |Z|2 +

1

2
(Z†Y )Z = 0, (79)

Ẏ +
1

2
|Y |2Z − 1

2
(Y †Z)Y − 2(N + 1)2ZN+1eN+1 = 0. (80)

Remark 5.2 Alternatively, we can �nd the non-reduced equations of motion (79),(80)

by calculating the Poisson brackets of Z,Y with H̃, knowing that the Poisson brackets

induced by ω̃ are

{Zj , Ȳk} = {Z̄j , Yk} = 2δjk, {Zj , Z̄k} = {Yj , Ȳk} = 0,

{Zj , Yk} = {Zj , Zk} = {Yj , Yk} = {Z̄j , Ȳk} = {Z̄j , Z̄k} = {Ȳj , Ȳk} = 0.

Remark 5.3 Because the constraints (71) Poisson-commute with the unreduced Hamil-

tonian H̃, we have also

d(Z†Z − 1)

dt
= 0,

d(Z†Y − Y †Z)

dt
= 0. (81)

Of course, the validity of (81) can be established also as the direct consequence of (79),

(80).

By the general principles of symplectic reduction, the reduced dynamics is
nothing but the unreduced dynamics of �ow-invariant observables on the constraint
surface (71). Setting

K := Y − (Z†Y )Z, (82)

we observe that the variables Z,K are �ow invariant with respect to the second
�ow φβ2 but not with respect to the �rst one φβ1 . However, the following matrix
variables W ,J are �ow invariant with respect to the both �ows

W := i(N + 1)(Z ⊗Z† − eN+1 ⊗ e†N+1),

J =
1

2
K ⊗Z† − 1

2
Z ⊗K†.

(83)
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Note that both W and J are traceless anti-Hermitian matrices.

From (79), (80), we �nd that on the constraint surface (71) it holds

Ż =
1

2
K, K̇ = −1

2
|K|2Z + 2(N + 1)2ZN+1(eN+1 − Z̄N+1Z),

and hence

Ẇ = [J ,W − ζ], J̇ = [ζ,W ], (84)

where ζ is given by (50). The equations (84) are the reduced �rst order equations
of motions written in the global way.

Remark 5.4 It is instructive to see how we can recover form (84) the �rst order

equations of motions (67),(68) valid on the chart where ZN+1 6= 0. For that, we use

Eqs.(61),(74),(77),(82),(83) to express the components of the N -vector variables χ,p in

terms of the matrix elements of the matrices J ,W. For α = 1, . . . , N , we �nd

χα =
−iWα,N+1√

(N + 1)(−iWN+1,N+1 +N + 1)
, (85)

pα = i
(N + 1)Jα,N+1 − i[J ,W − ζ]α,N+1

2
√

(N + 1)(−iWN+1,N+1 +N + 1)
+

+i
Wα,N+1[J ,W − ζ]N+1,N+1

2
√
N + 1(−iWN+1,N+1 +N + 1)

3
2

.

(86)

We note, that the expressions on the r.h.s. of (85),(86) are well de�ned on the chart

where ZN+1 6= 0. Finally, we use (84) to calculate the time derivatives of (85),(86) which

gives, after some work, precisely (67),(68).

De�ne now two λ-dependent matrices L(λ),M(λ) as

L(λ) = ζ − λJ +W
1− λ2

, M(λ) = −J + λW
1− λ2

, (87)

where ζ is given by (50). Inserting the expressions (87) into the Lax equation
L̇(λ) = [L(λ),M(λ)] gives

−λJ̇ + Ẇ
1− λ2

=
−λ[ζ,W ] + [W − ζ,J ]

1− λ2
. (88)

The validity of the relation (88) for every λ is thus equivalent to the ful�llment of
the following two conditions

Ẇ = [J ,W − ζ], J̇ = [ζ,W ],

which are nothing but the reduced equations of motion (84). In this way, we have
just established the Lax integrability of the point particle principal chiral model
on CPN . It may seem that we have just pulled out the Lax pair (87) out of a hat
but it is not the case. Actually, by the general construction presented in Section
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5.2 we know that the principal chiral model admits the Lax pair (45), but what
is the relation between (45) and (87)? Well, it turns out that the Lax pair (45) is
nothing but the Lax pair (87). This can be seen by inserting the formulas (52),(59)
into (45) and using the formulas (74),(75). In particular, it holds

J = −kρ′k−1, W = k′k−1, l′l−1 = (W ,−J ) .

6 Lu-Weinstein Drinfeld double SL(N + 1,C)

6.1 Bi-Yang-Baxter deformation: the general case

In this section, we work out the point particle version of a particular two-parametric
deformation of the principal chiral model which is called in the literature the bi-
Yang-Baxter model or the Klim£ík model [21, 22]. It is a particular case of the
E-model based on the Lu-Weinstein Drinfeld double D, where D is the special
complex linear group SL(N + 1,C) viewed as real group (i.e. it has the dimension
2(N2 + 2N) as the real manifold). The non-degenerate symmetric ad-invariant
bilinear form (., .)D on the Lie algebra sl(N + 1,C) is de�ned by taking a suitable
normalized imaginary part of the trace

(X, Y )D =
−1

η
=tr (XY ), X, Y ∈ sl(N + 1,C), η > 0.

The two half-dimensional isotropic subgroups K and K̃ are respectively the special
unitary group SU(N + 1) and the upper-triangular group AN with real positive
numbers on the diagonal the product of which is equal to 1.

We choose for ξ an element of the Cartan subalgebra of the isotropic subalgebra
K. The symplectic form then reads

ωξ = −d(ξ, l−1dl)D =
1

η
d=tr (ξl−1dl)

The two-parametric family of the E-operators, is given by [25]

Eη,µX =
i

2

η2 + µ2R2 − 1

η
X − i

2

η2 − µ2R2 + 1

η
X† − µRX†, X ∈ sl(N + 1,C),

(89)
where R : sl(N + 1,C)→ sl(N + 1,C) is the Yang-Baxter operator de�ned on the
Chevalley basis of sl(N + 1,C) as

REα = −sign(α)iEα, RHj = 0. (90)

The Hamiltonian of the point particle bi-Yang-Baxter model then reads
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Hξ
η,µ =

1

2

(
l′l−1, Eη,µ l′l−1

)
D =

µ

2η
=tr

(
l′l−1R(l′l−1)†

)
+

+
1

4
tr
(
l′l−1(η−2 − µ2η−2R2 + 1)(l′l−1)†

)
+

+
1

4
<tr

(
l′l−1(η−2 − µ2η−2R2 − 1)(l′l−1)

)
. (91)

We may parametrize l ∈ D in the Iwasawa way as

l = gb = gan, g ∈ SU(N + 1), b = an ∈ AN, a ∈ A, n ∈ N. (92)

We have denoted by A the subgroup of the diagonal matrices of AN and by N the
subgroup of the matrices in AN having just units on the diagonal.

In a dense open subset of SU(N + 1), we can parametrize g as

g = kkξ,

where kξ belong to the stabilizer Kξ. In this parametrization, the symplectic form
ωξ becomes

ωξ = −d(ξ, l−1dl)D = −d(bξb−1, k−1
ξ k−1dkkξ+k

−1
ξ dkξ)D−d(ξ, n−1a−1dan+n−1dn)D =

= −d(kξbξb
−1k−1

ξ , k−1dk)D − d(ξ, n−1a−1dan)D = −d(kξbξb
−1k−1

ξ − ξ, k
−1dk)D.

(93)

We �nd in the block form

kξbξb
−1k−1

ξ − ξ = −η(R− i)[ξ, ρ],

where ρ ∈ K and R is the Yang-Baxter operator.

As far as the Hamiltonian is concerned, we �rst use the Iwasawa decomposition
(92) to �nd

l′l−1 = k′k−1 + η(Rk−1 − i)(kρ′k−1),

where
Rk−1 := AdkRAdk−1 .

Then we use (91) to �nd

Hξ
η,µ = −1

2
tr
(
(ρ′)2 + (k−1k′ + (ηR + µRk)ρ

′)2
)
. (94)

The �rst order action corresponding to the data (93),(94) is therefore

Sη,µ(k, ρ′) =

∫
dt tr

(
ρ′k−1k̇ +

1

2
(ρ′)2 +

1

2
(k−1k′ + (ηR + µRk)ρ

′)2
)
. (95)
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Note that the variable ρ′ takes values6 in K⊥ξ . It is sometimes convenient to
use a variable χ ∈ K instead of Kξ and a Lagrange multiplier A ∈ Kξ forcing χ to
become ρ′ ∈ K⊥ξ . Explicitely,

Sη,µ(k, χ,A) =

∫
dt tr

(
χ(k−1k̇ − A) +

1

2
χ2 +

1

2
(k−1k′ + (ηR + µRk)χ)2

)
. (96)

We can then easily eliminate the �eld χ, which gives

Sη,µ(k,A) = −1

2

∫
dt tr

(
(k−1k̇ − A+ k−1k′)

1

1− ηR− µRk

(k−1k̇ − A− k−1k′)

)
,

or, equivalently,

Sη,µ(k,A) =
1

2

∫
dt tr

(
(k−1k′)2 − (V (k)− A)

1

1− (ηR + µRk)2
(V (k)− A)

)
,

(97)
where

V (k) := k−1k̇ − (ηR + µRk)k
−1k′.

Varying the actions (95) and (97) respectively with respect to ρ′ and A gives

ρ′(k) = − 1

1⊥ − P⊥(ηR + µRk)2P⊥
P⊥(k−1k̇ − (ηR + µRk)k

−1k′), (98)

A(k) = PV (k) + P (ηR + µRk)
2P⊥

1

1⊥ − P⊥(ηR + µRk)2P⊥
P⊥V (k), (99)

where P and P⊥ are orthogonal projectors on Kξ and K⊥ξ , respectively.

Inserting (98) back into the action (95) or (99) back in (97) gives rise to the
second order action

Sη,µ(k) =
1

2

∫
dt tr (k−1k′)2+

1

2

∫
dt tr

(
−P⊥V (k)

1

1⊥ − P⊥(ηR + µRk)2P⊥
P⊥V (k)

)
.

(100)
By construction, the action (100) lives on the �ag7 manifold K/Kξ. This can

be veri�ed directly by checking its gauge invariance with respect to the gauge
6Note also that the Yang-Baxter operator R restricted to the subspaceK⊥

ξ has a trivial kernel,
which means that it behaves as a complex structure similarly as in the in�nite dimensional context
described in [3].

7r-matrix-deformations of �ag manifold σ-models were studied in [4].The standard dimen-
sional reduction of the models [4] gives mechanical models which di�er from ours because they
miss potential terms and only the metric is deformed. As we have already stated in the Introduc-
tion, this is consistent because what we do here is not quite the dimensional reduction. Indeed,
we do not let the space derivative terms vanish but we rather replace them with the commutators
with ξ which yields indeed the potential terms. The reason of being of our procedure resides
in the fact that we obtain in this way the mechanical Lax pairs from the �eld-theoretical ones
automatically. Whether Lax pairs (if they exist) of the standardly dimensionally reduced models
[4] could be also obtained in one or in other way from the �eld theoretical ones is not clear to us.
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transformation k → kh, h ∈ Kξ. First of all we �nd

V (kh) = Adh−1(V (k)− ηΠhk
−1k′) + h−1ḣ,

P⊥(ηR + µRkh)
2P⊥ = P⊥(ηR + µAdh−1RkAdh)

2P⊥ =

= P⊥Adh−1(ηR + µRk + ηΠh)
2AdhP

⊥, (101)

where
Πh := (Rh−1 −R).

Because of the relations

[R,P⊥] = 0, [Adh, P
⊥] = 0, [R,AdhP

⊥] = 0,

we infer that the image of the operator Πh is in Kξ, while K⊥ξ is in the kernel of
Πh. This implies

P⊥V (kh) = Adh−1(P⊥V (k)), (102)

P⊥(ηR + µRkh)
2P⊥ = Adh−1P⊥(ηR + µRk + ηΠh)

2P⊥Adh =

= Adh−1P⊥(ηR + µRk)
2P⊥Adh. (103)

The relations (102), (103) then imply the gauge invariance of the action (100).

6.2 Integrability

Let us show that the point particle bi-Yang-Baxter model is integrable for whatever
choice of ξ. For that we take the Lie algebra G to be just K equipped with its
standard Killing-Cartan form (., .)G = (., .)K and, by the very logic of this article,
we borrow the required operators O(λ), r̂(λ, ρ) from the stringy bi-Yang-Baxter
context. They are given by [28]

O(λ)j = f0(λ)
j − j†

2
+ (f1(λ) + µ(1− f0(λ))R)

j + j†

2iη
, (104)

O(λ)†W = (−ηif0(λ)− f1(λ) + µ(1− f0(λ))R)W,

r̂bi−YB(λ, ρ) = (1− f0(ρ))

(
f0(λ)f1(ρ) + f1(λ)f0(ρ)

f0(λ)− f0(ρ)
Id− µR

)
, (105)

where

f0(λ) =
1 + η2 − µ2

2
+

√
(1 + η2 − µ2)2 + 4µ2

2
coshλ,

f1(λ) =

√
(1 + η2 − µ2)2 + 4µ2

2
sinhλ.

We know that O(λ), r̂(λ, ρ) given by (104), (105) satisfy the stringy conditions
(23), (25), (26) automatically. We must then check that the purely point particle
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conditions (22), (24) are also satis�ed. This follows from the fact that the Yang-
Baxter operator R commutes with adξ, as can be checked from (90) and from the
relation

adξE
α = α(ξ)Eα, adξH

j = 0.

We conclude, by the general construction of Section 4, that the Lax pair of the
point particle bi-Yang-Baxter model is therefore given by (27), (28)

L(λ) = ξ −O(λ)j, M(λ) = −O(λ)Ej.

6.3 Bi-Yang-Baxter deformation: particular cases

Let us evaluate the second order action (100) for the group K = SU(2). In this
case, the Yang-Baxter operators R, Rk can be written as

R = −1

2
adξ, Rk = R− 1

2
adk−1k′ .

Using the parametrization

k =

(
u −v̄
v ū

)
, uū+ vv̄ = 1,

we �nd

P⊥V (k) =

(
0 v̄dū− ūdv̄ + 2(η + µ)ūv̄

udv − vdu− 2(η + µ)uv 0

)
.

Setting
x1 − ix2 = 2uv̄, x3 = uū− vv̄,

we obtain (
1⊥ − P⊥(ηR + µRk)

2P⊥
)−1

i

(
0 y1 − iy2

y1 + iy2 0

)
=

= i(1 + η2 + µ2 + 2µηx3)−1×

×
((

0 y1 − iy2

y1 + iy2 0

)
+

4µ2<(uv(y1 − iy2))

1 + (η + µx3)2

(
0 ūv̄
uv 0

))
(106)

.
The action (100) thus becomes

Sη,µ =
1

4

∫
dt

 ẋ2
1 + ẋ2

2 + ẋ2
3 + µ2(x1ẋ2−x2ẋ1)2

1+(η+µx3)2

1 + η2 + µ2 + 2µηx3

+

+

∫
dt(x3 − 1)

2− (η − µ)2(x3 − 1)

1 + η2 + µ2 + 2µηx3

. (107)
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Working in the standard spherical coordinates

x1 = sin θ cosφ, x2 = sin θ sinφ, x3 = cos θ,

the action (107) becomes

Sη,µ =
1

4

∫
dt

θ̇2

1 + η2 + µ2 + 2µη cos θ
+

+
1

4

∫
dt

sin2 θφ̇2

1 + η2 + µ2 cos2 θ + 2µη cos θ
+

+

∫
dt(cos θ − 1)

2− (η − µ)2(cos θ − 1)

1 + η2 + µ2 + 2µη cos θ
. (108)

For µ = 0, we have

Sη =
1

4

∫
dt

(
ẋ2

1 + ẋ2
2 + ẋ2

3

1 + η2
+ 4(x3 − 1)

2− η2(x3 − 1)

1 + η2

)

Sη =
1

4

∫
dt

(
θ̇2 + sin2 θφ̇2

1 + η2
+ 4(cos θ − 1)

2− η2(cos θ − 1)

1 + η2

)
.

We note that, up to a renormalization by a constant, the Fubini-Study metric
does not change in the case µ = 0 and only the potential term gets substantially
deformed.

Consider now the case K = SU(3) and

ξ = i

1 0 0
0 1 0
0 0 −2

 .

We give the details of the computation in Appendix, here we write just the result
in the following dense parametrization [6] of the homogeneous space K/Kξ = CP2

k =

a −b̄ 0
b ā 0
0 0 1

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , aā+ bb̄ = 1.

The bi-YB action (100) then is

Sη,µ(k) =

∫
dt ∆2

(
β

|a|2|b|2
W 2

5 + ε2W
2
6 + 2qW5W6

)
+

+

∫
dt ∆1

((
β

|a|2|b|2
+ δ

)
W 2

4 + ε1W
2
7 + 2pW4W7

)
− 9

∫
dt sin2 θ, (109)

where
W4 = sin θ cos θ =(āȧ+ b̄ḃ), W5 = θ̇ − 3 sin θ cos θ(η + µ),
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W6 = sin θ<

(
ḃ

b
− ȧ

a

)
+ 3µ sin3 θ, W7 = − sin θ=

(
ḃ

b
− ȧ

a

)
,

ε1 = 1 + (η + µ cos 2θ)2 + µ2 sin2 2θ|a|2|b|2,
ε2 = 1 + η2 + µ2 + 2ηµ cos 2θ, δ = −4µ2 sin2 θ,

p = µ sin 2θ sin θ(η − µ(|a|2 − |b|2)), q = ηµ sin 2θ sin θ,

β = 1 + (η + µ)2 − 4ηµ sin2 θ|a|2,

∆1 =
|a|2|b|2

ε1β + (ε1δ − p2)|a|2|b|2
, ∆2 =

|a|2|b|2

ε2β − q2|a|2|b|2
.

Similarly as in the SU(2) case, the second order action (109) describes a dynamical
system living on the complex projective space equipped with the doubly deformed
Fubini-Study metric and with a nontrivial potential. Needless to say, the action
(109) is somewhat cumbersome, however, it is quite remarkable that it is underlied
by the simple and transparent �rst order Hamiltonian structure given by the point
particle E-model.

Finally, we work out the case K = SU(N), µ = 0 for ξ given by the block
matrix

ξ = i

(
1N 0
0 −N

)
.

For that, we parametrize CPN like in (52)

k =

(
1N − αχ⊗ χ† χ

−χ†
√

1− |χ|2

)
, α =

1−
√

1− |χ|2
|χ|2

, χ 6= 0,

which gives, in particular

k−1k′ = (N + 1)i

(
−χ⊗ χ†

√
1− |χ|2χ√

1− |χ|2χ† |χ|2

)
,

P⊥k−1k̇ =

(
0 χ̇− ˙√

1− |χ|2χ− α(χ†χ̇)χ

−χ̇† +
˙√

1− |χ|2χ† + α(χ̇†χ)χ† 0

)

(k−1k′, k−1k′)K = −2(N + 1)2|χ|2.
The point particle Yang-Baxter model action (100) for µ = 0 therefore becomes

Sη(χ) =
1

2

∫
dt

(
−(1 + η2)−1

(
P⊥(k−1k̇ − ηRk−1k′)

)2

+ (k−1k′)2

)
=

=

∫
dt


∣∣∣χ̇− ˙√

1− |χ|2χ− α(χ†χ̇)χ− η(N + 1)
√

1− |χ|2χ
∣∣∣2

1 + η2
− (N + 1)2|χ|2

 .

(110)
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Using the homogeneous coordinates (cf. (57)), we obtain a more elegant global
expression for the Yang-Baxter second order action (110)

Sη(Z) =

∫
dt

(
|Ż|2 − |Z†Ż|2

1 + η2
+

(N + 1)2

1 + η2

(
(2η2 + 1)|ZN+1|2 − η2|ZN+1|4

)
+ Λ(|Z|2 − 1)

)
.

7 Conclusions and perspectives

In the present article, we have introduced the point particle E-models, which are
the �rst order Hamiltonian dynamical systems associated to a Drinfeld double D,
to an element ξ of the quadratic Lie algebra D of D and to a symmetric involution
E : D → D. Comparing with the in�nite dimensional stringy E-models, based
solely on the data (D, E), the point particle models are �nite dimensional; the
dimensions of their phase spaces D/Dξ depend on the dimension of D and of the
stabilizer subgroup Dξ.

Similarly as in the string case, we have shown that many of the point particle
E-models are integrable and we have also identi�ed the su�cient conditions which
ensure the integrability. Those conditions (3), (4), (5) are in fact the same in the
point particle and in the string case, which means that it is easy to construct many
new integrable point particle models by borrowing from the string literature the
known solutions of (3), (4), (5). The only thing to check is whether the chosen
ξ ∈ D veri�es the supplementary purely point particle condition (6). Fortunately,
the condition (6) turns out to be only mildly restrictive, in particular, for the
Drinfeld doubles T ∗SU(N) and SL(N,C) many choices of ξ satisfy it, leading to
the physical systems living on the complex �ag manifolds.

As for the perspectives, the obvious task would be to generalize the point
particle E-models along the lines of the string generalization leading from the
standard (or non-degenerate) E-models to the degenerate ones [20, 27]. If this
point particle generalization can be found, the next question to ask would be
what are the su�cient condition of its integrability. The fact that those su�cient
conditions are already known in the degenerate string case [30] should be helpful.

Another open issue is a quantization of the point particle E-models, in partic-
ular of the integrable ones. This does not look a priori di�cult, because, similarly
as in the stringy case, the basic observables of the point particle E-models are the
D-valued currents j verifying the �nite dimensional version of the Poisson current
algebra (20). Since the Poisson brackets (20) seem easy to quantize, this should
lead to the complete quantization of the model provided we know well the theory
of representations of the given Drinfeld double D.

A successful quantization of the integrable point particle E-models could bring
about also an additional bene�t, namely, it could shed light on the di�cult problem
of the quantization of the so-called non-ultralocal theories [37, 38, 31, 32] among
which typically belong the integrable non-linear σ-models. In the non-ultra-local
case, the Lax matrix elements at di�erent values of the loop parameter do not
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commute. There is no loop parameter in the �nite dimensional case, so that the
ultra-local problem cannot arise there, but the algebraic similarity of the �nite and
of the in�nite, notably almost the same structure of the Lax operator and of the
r-matrix, might provide some clues how to quantize in the in�nite case once the
�nite case quantization is accomplished.

In the in�nite-dimensional case, the E-models are submitted to the renormal-
ization group �ow, that is a given E-model �ows in the into another one and the
direction and the rapidity of the �ow is given by the initial value of the operator E .
In particular, there are algebraically distinguished "�xed point" or "conformal" op-
erators E which do not �ow at all. The detailed classi�cation of those �xed points
was recently performed in [35] in the both non-degenerate and degenerate cases.
It could be interesting to work out the proporties of the conformal E-models in the
point particle case.

Appendix

Here we work out in detail the bi-YB action (100) for the case K = SU(3) and

ξ = i

1 0 0
0 1 0
0 0 −2

. The action lives on the homogeneous space K/Kξ = CP2

which we densely parametrize as in [6]

k =

a −b̄ 0
b ā 0
0 0 1

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , aā+ bb̄ = 1.

We then �nd

k−1k′ = 3i sin θ

− sin θ 0 cos θ
0 0 0

cos θ 0 sin θ

 , Rk−1k′ = 3 sin θ

 0 0 cos θ
0 0 0

− cos θ 0 0



k′k−1 = 3i sin θ

aā sin θ ab̄ sin θ a cos θ
bā sin θ bb̄ sin θ b cos θ
ā cos θ b̄ cos θ − sin θ

 , Rk′k−1 = 3 sin θ

 0 ab̄ sin θ a cos θ
−bā sin θ 0 b cos θ
−ā cos θ −b̄ cos θ 0

 ,

Rkk
−1k′ = −3 sin θ

 0 −āb̄ sin θ cos θ − cos θ
sin θ cos θab 0 ab sin2 θ

cos θ − sin2 θāb̄ 0

 ,

P⊥V (k) = P⊥(k−1k̇ − (ηR + µRk)k
−1k′) =

 0 0 θ̇
0 0 0

−θ̇ 0 0

+

+ sin θ

 0 0 cos θ(āȧ+ b̄ḃ− 3(η + µ))

0 0 (aḃ− ȧb− 3µab sin2 θ)

cos θ(āȧ+ b̄ḃ+ 3(η + µ)) ( ˙̄ab̄− ā ˙̄b+ 3µāb̄ sin2 θ) 0

 ,
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k−1k̇ =

 cos2 θ(āȧ+ b̄ḃ) cos θ( ˙̄ab̄− ā ˙̄b) sin θ cos θ(āȧ+ b̄ḃ) + θ̇

cos θ(aḃ− ȧb) −(āȧ+ b̄ḃ) sin θ(aḃ− ȧb)
sin θ cos θ(āȧ+ b̄ḃ)− θ̇ sin θ( ˙̄ab̄− ā ˙̄b) sin2 θ(āȧ+ b̄ḃ)

 .

Now an element χ of the su(3) is encoded in a vector column (xi), i = 1, . . . 8,
such that

χ = i

 x3 + y x1 − ix2 x4 − ix5

x1 + ix2 −x3 + y x6 − ix7

x4 + ix5 x6 + ix7 −2y

 .

We have in this basis

R =



0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0


, P⊥ =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0


.

Set
a = a1 + ia2, b = b1 + ib2, c = cos θ, s = sin θ.

Then

Adk =



2a2
1 + 2b2

2 − 1 2(a1a2 − b1b2) 2(a1b1 + a2b2) 0 0 0 0 0
−2(a1a2 + b1b2) 2a2

1 + 2b2
1 − 1 2(a1b2 − a2b1) 0 0 0 0 0

2(a2b2 − a1b1) −2(a1b2 + a2b1) 2a2
1 + 2a2

2 − 1 0 0 0 0 0
0 0 0 a1 a2 −b1 b2 0
0 0 0 −a2 a1 −b2 −b1 0
0 0 0 b1 b2 a1 −a2 0
0 0 0 −b2 b1 a2 a1 0
0 0 0 0 0 0 0 1


×

×



c 0 0 0 0 s 0 0
0 c 0 0 0 0 −s 0

0 0 1− s2

2
sc 0 0 0 −3s2

2

0 0 −sc 1− 2s2 0 0 0 −3sc
0 0 0 0 1 0 0 0
−s 0 0 0 0 c 0 0
0 s 0 0 0 0 c 0

0 0 − s2

2
sc 0 0 0 1− 3s2

2


Set

σ = =(ab) = a1b2 + a2b1, τ = −<(ab) = −a1b1 + a2b2, σ2 + τ 2 = |a|2|b|2.

29

    
Th

is 
is 

the
 au

tho
r’s

 pe
er

 re
vie

we
d, 

ac
ce

pte
d m

an
us

cri
pt.

 H
ow

ev
er

, th
e o

nli
ne

 ve
rsi

on
 of

 re
co

rd
 w

ill 
be

 di
ffe

re
nt 

fro
m 

thi
s v

er
sio

n o
nc

e i
t h

as
 be

en
 co

py
ed

ite
d a

nd
 ty

pe
se

t. 
PL

EA
SE

 C
IT

E 
TH

IS
 A

RT
IC

LE
 A

S 
DO

I:1
0.1

06
3/5

.01
59

74
8



Then

Rk =



0 1− 2c2aā −c(c2 + 1)σ −2c2sσ 0 0 2csaā 3cs2σ
2c2aā− 1 0 −c(c2 + 1)τ −2c2sτ 0 2csaā 0 3cs2τ
c(c2 + 1)σ c(c2 + 1)τ 0 0 cs s(c2 + 1)σ −s(c2 + 1)τ 0

2c2sσ 2c2sτ 0 0 s2 − c2 2cs2σ −2cs2τ 0
0 0 −cs c2 − s2 0 0 0 −3cs
0 −2csaā −s(c2 + 1)σ −2cs2σ 0 0 −1 + 2s2aā 3s3σ

−2csaā 0 s(c2 + 1)τ 2cs2τ 0 1− 2s2aā 0 −3s3τ
−cs2σ −cs2τ 0 0 cs −s3σ s3τ 0



Set
γ = cos 2θ, ξ = sin 2θ

Then we �nd

1⊥ − P⊥(ηR + µRk)
2P⊥ =


ε1 0 pτ pσ
0 ε2 −qσ qτ
pτ −qσ β + δτ 2 δτσ
pσ qτ δτσ β + δσ2

 =

=


1 0 0 0
0 1 0 0
0 0 σ τ
0 0 −τ σ



ε1 0 0 p
0 ε2 −q 0

0 −q β
τ2+σ2 0

p 0 0 β
τ2+σ2 + δ




1 0 0 0
0 1 0 0
0 0 σ −τ
0 0 τ σ


where

ε1 = 1 + (η + µγ)2 + µ2ξ2(τ 2 + σ2), ε2 = 1 + η2 + µ2 + 2ηµγ,

p = µξs(η−µ(|a|2−|b|2)), q = ηµξs, β = 1+(η+µ)2−4ηµs2|a|2, δ = −4µ2s2.

For the inverse matrix we �nd

(1⊥ − P⊥(ηR + µRk)
2P⊥)−1 =

=


1 0 0 0
0 1 0 0
0 0 σ

σ2+τ2
τ

σ2+τ2

0 0 − τ
σ2+τ2

σ
σ2+τ2




∆1( β
σ2+τ2

+ δ) 0 0 ∆1p

0 ∆2β
σ2+τ2

∆2q 0

0 ∆2q ∆2ε2 0
∆1p 0 0 ∆1ε1




1 0 0 0
0 1 0 0
0 0 σ

σ2+τ2
− τ
σ2+τ2

0 0 τ
σ2+τ2

σ
σ2+τ2


where

∆1 =
σ2 + τ 2

ε1β + (ε1δ − p2)(σ2 + τ 2)
, ∆2 =

σ2 + τ 2

ε2β − q2(σ2 + τ 2)
.

We have

P⊥V (k) =


V4(k)
V5(k)
V6(k)
V7(k)

 =


sc=(āȧ+ b̄ḃ)

θ̇ + sc<(āȧ+ b̄ḃ)− 3(η + µ)sc

s=(aḃ− ȧb)− 3µσs3

s<(aḃ− ȧb) + 3µτs3

 .
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This gives

−1

2
tr (P⊥V (k)(1⊥ − P⊥(ηR + µRk)

2P⊥)−1P⊥V (k)) =

=
(
W4(k) W5(k) W6(k) W7(k)

)
∆1( β

σ2+τ2
+ δ) 0 0 ∆1p

0 ∆2β
σ2+τ2

∆2q 0

0 ∆2q ∆2ε2 0
∆1p 0 0 ∆1ε1



W4(k)
W5(k)
W6(k)
W7(k)

 ,

(111)
where

W4(k)
W5(k)
W6(k)
W7(k)

 =


1 0 0 0
0 1 0 0
0 0 σ

σ2+τ2
− τ
σ2+τ2

0 0 τ
σ2+τ2

σ
σ2+τ2



V4(k)
V5(k)
V6(k)
V7(k)

 =


sc=(āȧ+ b̄ḃ)

θ̇ − 3sc(η + µ)

s<
(
ḃ
b
− ȧ

a

)
+ 3µs3

−s=
(
ḃ
b
− ȧ

a

)
 .

(112)
Inserting (111) into the general bi-YB action (100) gives the CP2 doubly deformed
action (109)

Sη,µ(k) =

∫
dt ∆2

(
β

|a|2|b|2
W 2

5 + ε2W
2
6 + 2qW5W6

)
+

+

∫
dt∆1

((
β

|a|2|b|2
+ δ

)
W 2

4 + ε1W
2
7 + 2pW4W7

)
− 9

∫
dt sin2 θ (113)

presented in Section 6.3.

For µ = η = 0, the equations (111), (112) become

−1

2
tr (P⊥V (k)P⊥V (k)) = W 2

4 +W 2
5 + |a|2|b|2(W 2

6 +W 2
7 ), (114)


W4(k)
W5(k)
W6(k)
W7(k)

 =


1 0 0 0
0 1 0 0
0 0 σ

σ2+τ2
− τ
σ2+τ2

0 0 τ
σ2+τ2

σ
σ2+τ2



V4(k)
V5(k)
V6(k)
V7(k)

 =


sc=(āȧ+ b̄ḃ)

θ̇

s<
(
ḃ
b
− ȧ

a

)
−s=

(
ḃ
b
− ȧ

a

)
 ,

which can be checked to correspond to the non-deformed Fubini-Study metric on
CP2.
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