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A p-ADIC ARITHMETIC INNER PRODUCT FORMULA

DANIEL DISEGNI AND YIFENG LIU

ABSTRACT. Fix a prime number p and let E/F be a CM extension of number
fields in which p splits relatively. Let m be an automorphic representation of
a quasi-split unitary group of even rank with respect to E/F such that w is
ordinary above p with respect to the Siegel parabolic subgroup. We construct the
cyclotomic p-adic L-function of 7, and a certain generating series of Selmer classes
of special cycles on Shimura varieties. We show, under some conditions, that if the
vanishing order of the p-adic L-function is 1, then our generating series is modular
and yields explicit nonzero classes (called Selmer theta lifts) in the Selmer group
of the Galois representation of E associated with m; in particular, the rank of this
Selmer group is at least 1. In fact, we prove a precise formula relating the p-adic
heights of Selmer theta lifts to the derivative of the p-adic L-function. In parallel
to Perrin-Riou’s p-adic analogue of the Gross—Zagier formula, our formula is the
p-adic analogue of the arithmetic inner product formula recently established by
Chao Li and the second author.
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1. INTRODUCTION

In 1986, Gross and Zagier published a groundbreaking formula relating the heights
of Heegner points on modular curves to derivatives of L-functions, known as the
Gross—Zagier formula [21]. For a cuspidal eigenform f of weight 2, an imaginary qua-
dratic field K and an unramified Dirichlet character £ of K, the formula shows, under
the so-called Heegner condition (which implies that the Rankin—Selberg L-function
L(s, f, ) vanishes at the center 1), that up to some explicit constant, L'(1, f, &) equals
the Néron-Tate height of He(f) — the f-isotypic component of the K-Heegner point
weighted by £ on a modular curve. Shortly after, Perrin-Riou found an analogous
result in the p-adic world [60]. Namely, she constructed a p-adic analogue of the
(complex) L-function as a p-adic measure Z,(f, &) in the Iwasawa algebra that inter-
polates L(1, f ® x,§) where x is a Dirichlet character ramified only at p, assuming
that f is ordinary at p and p splits in K. Then she proved that under the same Heeg-
ner condition, up to some explicit constant, the derivative of the p-adic L-function
Z,(f,€) at the trivial character equals the p-adic height of He(f) — this is known as
the p-adic Gross—Zagier formula.

Since the original work of Gross and Zagier, the Gross—Zagier formula and its p-
adic avatar have been extended to various settings but all (essentially) for curves or
fibrations/local systems over curves (see Remark 1.10 below for a brief review of the p-
adic results), until the very recent works by Chao Li and one of us [15,46]. There, the
authors proved a formula computing central L-derivatives for unitary groups of higher
ranks in terms of the Beilinson—Bloch heights of special cycles. This originates from a
program initiated by Kudla [39-41] and can be regarded as a Gross—Zagier formula in
higher dimensions, as well as an arithmetic analogue of Rallis’ inner product formula
in the theory of the theta correspondence [G1]. The current work contains a p-adic
avatar of the arithmetic inner product formule in [15,46]; this is likewise the first
generalization of the p-adic Gross—Zagier formula to genuinely higher dimensional
varieties. A secondary aim of this article is to develop some foundational results in
the theory of p-adic heights of algebraic cycles (in the two appendices); in particular,
we prove a crystalline property of bi-extensions, which generalizes the fact that p-adic
regulators take values in Selmer groups.

In the rest of this introduction, we explain our results in more detail. Throughout
the article, we fix a prime number p, an algebraic closure @p of Q,, and a CM extension
E/F of number fields such that every p-adic place of F' splits in E. Denote by

e ¢ € Gal(E/F) the Galois involution,

° V;f)) the set of places of F' above a finite set  of places of Q,!

e Vi the set of non-archimedean places of F,

. Vi?l, Vitt and V3™ the subsets of VM of those that are split, inert and ramified

in F, respectively.

When ¢ = {w} is a singleton, we simply write V%w) for ng}).
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For every number field K, we denote by 'k, the p-completion of

X

KX\ACI)(O’X/ OK®HZ1U ’

w#F#p

which is naturally a finitely generated Z,-module; and let 2% , be the rigid ana-
lytic space over Q, such that for every Qp-affinoid algebra R, Zk ,(R) is the set of
continuous characters from ', to R*.

1.1. Cyclotomic p-adic L-function. Take an integer » > 1 and put n = 2r. We
equip W, := E" with the skew-hermitian form (with respect to c) given by the matrix
w, == (_, '"). Put G, :== U(W,), the unitary group of W,, which is a quasi-split
reductive group over F'. Denote by { the involution of G, given by the conjugation
by the element (1’“ —h) inside Resg/p GL,. For v € Vf}“, let K,, C G,(F,) be the
stabilizer of the lattice OF .

Definition 1.1. Let L be a field embeddable into C. A relevant LL-representation of
G, (AY) is a representation 7 with coefficients in L satisfying that for every embedding
t: L —C,

‘o= (®”Ev;oc)7rq[f]> ® o

is a tempered cuspidal automorphic representation of G,.(Ar). Here, for v € V%OO), 7T1[,T]
denotes the (unique up to isomorphism) holomorphic discrete series representation of

G,(F,) = G-(R) with the Harish-Chandra parameter

(L—lL—?) 1. 1 _n=3 ,L—l)
50 0 s o > > )

In particular, 7 is admissible and absolutely irreducible.

We consider a finite extension L/Q,, contained in @p and a relevant L-representation
7 of G(A¥). By Lemma 3.14, # := (7V)' is a relevant L-representation of G,.(A¥)
as well.

Definition 1.2. For v € Vg)), let P, be the set (of two elements) of places of E above
v. For u € P,, we have the representation m, of GL,(F,) as a local component of 7
via the isomorphism G,.(F,) ~ GL,(E,) = GL,(F,). In particular, 7,/ ~ 7,.. We say
that m, is Panchishkin unramified if

(1) 7, is unramified;

(2) if we write the Satake polynomial of ,, which makes sense by (1), as

r(r—1) n(n—1)

Pr,(T)=T"+ Buy-T" "+ +Bur-qv ° T+ +Pun-q ° LT

(see Definition 3.18 for more details), then 3, , € O], where g, is the residue
cardinality of F,.

We collect two important facts about Panchishkin unramified representations:

e The representation m, is Panchishkin unramified if and only if 7, is (Lemma
3.22). In particular, it makes sense to say that 7, is Panchishkin unramified.

e If 7, is Panchishkin unramified, then there is a unique polynomial Q. (T) €
L[T] that divides P, (T") and has the form

r(r—1)

Q’T\'u (T) =71 + Yu,1 * T‘T_1 + Yu,2 quT_Q + -+ Yu,r * Qv 2

with 7, € O (Proposition 3.25). In particular, we have an unramified
principal series m, of GL,(F),) defined over L. whose Satake polynomial is

Qr, (7).

Remark 1.3. In fact, 7, is Panchishkin unramified if and only if 7, is unramified and
7 is ordinary at v with respect to the standard Siegel parabolic subgroup of G, in the
sense of Hida [20].
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Theorem 1.4. Under the above setup, suppose that m, is Panchishkin unramified for

every v € Vg)). For every finite set O of places of Q containing {oco,p} such that m,

is unramified for every v € V*}“ \ Vg?), there is a unique bounded analytic function

fpo(w) on the rigid aﬁalytic space Z,p Qq, L sugh that for every finite (continuous)
character x: I'rp — Q) and every embedding v: Q, — C, we have

1 Z[F:Q]

Lgpo(ﬂ—)(X) = Piir : bg?;(l) ) H H ’7(1—5T,L(@®X1})7wﬂv)_l

vevg’) u€EP,,
x L(3,BC(1m®) @ (1x% o Nmp,r)),

where

e P! € C* is a certain period for m with respect to ¢ for every embedding ¢: L —
C, satisfying Pt = P%;
— ro—r?—r_r? _T(1)--I(r) ; i v
o 7, = (=1)"2 T )ty 8 the walue of a certain explicit
archimedean local doubling zeta integral;

o b9.(1) = T2, LO(i, iy ) is defined in §2.1(F);

o (5, (mu ® Xu), VF,v) is the gamma factor [29] in which 1 p = g o Trp,q with
Yo Ag = C* the standard automorphic additive character;?

e L(s,BC(tr®)®@(1x®oNmpg,r)) is the complex L-function of the (complex) rep-
resentation BC(1m®) @ (1x® oNmp/r) of GL,(AY), hence is an Buler product
away from §.

Remark 1.5. We have the following remarks concerning Theorem 1.4.

(1) A bounded analytic function on the rigid analytic space ZF,, ®q, L is equiv-
alent to an element in Zy[[I'r,]] ®z, L, that is, an L-valued p-adic measure
on I'p . In particular, the uniqueness of ,,Sfpo(ﬂ) is clear.

(2) The collection of periods (P%), is only well-defined up to a common factor in
L* (see Notation 3.15). In particular, the p-adic L-function fpo(ﬂ) is only
well-defined up to a factor in LL*.

(3) The vanishing order of Epo(ﬂ) at 1 does not depend on ¢. From the interpo-
lation formula, we have £ () = £ (#).

(4) Our p-adic L-function is defined over the p-adic field of definition of the repre-
sentation and interpolates complex L-values along all isomorphisms @p ~ C;
this is a rationality property stronger than the one under a fixed isomorphism
Qp ~ C as in the setup of many previous works in this field.

(5) Among other technical assumptions, at least when 7 is ordinary at p in the
usual sense (that is, for every u € P, By.m € O] for every 1 < m < n in the
Satake polynomial of 7, ), our p-adic L-function has already been constructed
in [17] up to some constant (and with a weaker rationality property). In
fact, in [17] the authors construct more generally a multi-variable p-adic L-
function in which 7 is allowed to vary in an ordinary Hida family as well. In
this article, we will give a (relatively) self-contained construction of our p-adic
L-function independent of [17] since first, the process of the construction itself
is an ingredient for the p-adic height formula; and second, our construction is
technically much simpler to follow.

1.2. Modularity of generating functions in Selmer groups. In this subsection,
we construct a Selmer group analogue of Kudla’s generating functions and state a
theorem on its modularity. We now suppose that F' # Q. Fix an embedding F — C
and regard F as a subfield of C. For the simplicity of the introduction, we fix an
embedding Q, < C and will not pay attention to the rationality of the constructions
below, while the full details with full generality can be found in §4.2 and §4.3.

Let V be a hermitian space over E of rank n = 2r that has signature (n — 1,1)
along the induced inclusion F' C R and signature (n,0) at other archimedean places

2By definition, for every v € Vg?) and u € Py, 1Ty ® | |g is tempered, which implies that
_— v
7( 1;7l7L(7Tu ® X’U)7¢F,U) eCx.
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of F. Put H := U(V). We then have a system of Shimura varieties {X}; indexed
by neat open compact subgroups L of H(A%), which are smooth projective schemes
over E of dimension n — 1. Take a neat open compact subgroup L C H(A). Let
V.1, be the 6(r)-isotypic subspace of H*~1(X[ ® E,Q,(r)) (which could be zero),
where 6(7) denotes the (product of) local theta lifting of 7. We have a canonical map

o H" (X1, Qp(r)) —» H'(E, V. 1)

from Lemma 4.7.
For every Schwartz function ¢ € .7 (V" @ A®)L and every g € G,.(AY), we have
Kudla’s generating function

Zorlg)= Y S (@)@ 2"
TeHerm, (F)* 2€L\V"QprAF
T(x)=T

as a formal power series indexed by totally semi-positive definite hermitian matrices T’
over E/F of rank r, with coefficients that are special cycles Z(x);, € CH"(X},) indexed
by elements x € L\V" @p AZ with moment matrix 7. Denote by Z7 ;(g) its image
under the composition of the absolute cycle class map CH" (X)) — H?*" (X, Q,(r))
and the canonical map g, mentioned above. We say that 7 satisfies the Modularity
Hypothesis if:

There ezists a (unique) holomorphic automorphic form Z7 ; on G,(Ar) valued in
the Bloch—-Kato Selmer group H}(E7V7T,L) [5] such that the q-expansion of g - Z7 |
coincides with ZF 1 (g) for every g € G.(AF).

Our first result concerns the Modularity Hypothesis under certain assumptions.

Assumption 1.6. Suppose that F' #£ Q, that VSFpl contains all 2-adic (and p-adic)
places, and that every prime in Vi2™ is unramified over Q. Suppose that the relevant
L-representation 7 of G, (A%) (with L/Q, a finite extension contained in Q,) satisfies:

(1) For every v € V@™, m, is spherical with respect to K, ,, that is, T {0}.
(2) For every v € ViB® m, is either unramified or almost unramified (see [15,
Remark 1.4(3)]) with respect to K, ,; moreover, if m, is almost unramified,
then v is unramified over Q.
(3) We have R, US, C VL (see below), where
e R, C Vi?l denotes the (finite) subset for which 7, is ramified,

e S, C Vit® denotes the (finite) subset for which 7, is almost unramified.

(4) For every v € ng), 7y is Panchishkin unramified.

Here, we recall from [46] (and refer to [46, Remark 1.2] for its technical nature) that
VY is the subset of VP! UVnt consisting of v satisfying that for every v’ € V¥ nyiam,
the subfield of F, generated by F, and the Galois closure of E, is unramified over
F,. In particular, Vg contains ng).

Theorem 1.7 (Theorem 4.20). Suppose that we are in the situation of Assumption
1.6 and n < p. If the vanishing order of .,?po(w) at 1 is one, then m satisfies the
Modularity Hypothesis.

1.3. A p-adic arithmetic inner product formula. In this subsection, we construct
a Selmer group analogue of the (arithmetic) theta lift, and state a corresponding inner
product formula for it, which we call the p-adic arithmetic inner product formula. The
details can be found in §4.3 and §4.4. We keep the setup from the previous subsection.

Suppose that both 7 and 7 satisfy the Modularity Hypothesis. For every ¢ € 7,
we define 92‘31(4,0)L to be the convolution of ¢f and Z7 1, which is an element of
H}(E,Vm ). The element 6291(@) 1, is the Selmer group analogue of the arithmetic
theta lift constructed in [45,49], which we call a Selmer theta lift.

The Poincaré duality for X, induces a pairing VX Vi 1 — @p(l). By Nekovar’s
theory [56], we have a p-adic height pairing

()t Hy(E,\Var) x Hi(E, Vi) = Ty ®z, Qp
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using certain canonical Hodge splitting at p-adic places. For every ¢; € 7, every
2 € 7 and every pair ¢1, ¢ € L (V" @ AS)E, the height

vol*(L) - (05 (1)1, O3 (¢2) 1) b € T p @2, Qp

is independent of L, where volh(L) denotes a certain canonical volume of L in-
troduced in [15, Definition 3.8]. We will denote the above canonical value as

(05 (1), O (02))2

Theorem 1.8 (p-adic arithmetic inner product formula, Theorem 4.21). Suppose that
we are in the situation of Assumption 1.6 and n < p.

(1) If the vanishing order of .,?po(w) at 1 is one (so that both ™ and # satisfy the
Modularity Hypothesis by Theorem 1.7 and Remark 1.5(3)), then for every
choice of elements

1 = QRup1y €T and py = Q2 € T such that for every v ¢ V%O), V10
and s, are fived by K, , such that <cp1,v,g02,v>m =1,
° b1 = @uru P2 = Ruba, € L (V" @p AF) with ¢¢ = ¢S being the
characteristic function of (A®)" in which A° is a self-dual lattice of V @p
A%7
the identity

Nmp,p(03 (¢1), 05 (02))i p = 022 (m) (1) - [ T 7445 7w ¥oro)

vev? u€EP,

SW
X H Z(QD]LU & ¢21v’f¢1,1)®¢2,v)
T TR

holds in I'ry ®z, C, where the term Z(go}v ® Y2, fngu®¢2’v) is the local dou-
bling zeta integral with respect to the Siegel-Weil section fdfz\j)@m,u associated
with ¢1,v & ¢2,v-

(2) If the vanishing order of fpo(w) at 1 is not one, then assuming that both w
and 7 satisfy the Modularity Hypothesis, we have

Nmp, (059 (1), 05 (2))% ;= 0

for every w1 € T, w2 €, and ¢1,¢2 € L (V" @p AY). (See Theorem 4.21(2)
for a version of this part that does not rely on the Modularity Hypothesis.)

The above theorem is only nontrivial when r[F : Q]+ |S,| is odd (Remark 4.22(3)).

The theorem has applications to the p-adic Beilinson—Bloch—Kato conjecture. As-
sociated with 7, we have a semisimple continuous representation p, of Gal(E/E) of
dimension n with coefficients in Q,, satisfying pS ~ pY(1 — n) (Lemma 4.10). Then
in the interpolation property of ,,Sfpo(w) in Theorem 1.4, we have

L(3,BC(r) ® (x® o Nmpy)) = LO(0, dpn(r) © Xl guz )

where on the right-hand side we view yx as a Q,-valued character of Gal(E/F) via the
global class field theory. The following corollary provides evidence toward the p-adic
Beilinson-Bloch-Kato conjecture for (genuinely) higher-dimensional motives, whose
deduction is provided after Remark 4.22.

Corollary 1.9. Suppose that we are in the situation of Assumption 1.6 and n < p.
If the vanishing order of .,Z’p() (m) at 1 is one, then

dim@p H}(E7 pr(r)) = 1.

Remark 1.10. When n = 2, this result is a variant of the main application of the p-
adic Gross—Zagier formula of [60], as generalized to totally real fields by one of us [13]
following the development of [21] in [76]. In different directions, Perrin-Riou’s results
had been generalized to the case of higher-weight modular forms by Nekovar [57]
and further to the case with twists by higher-weight Hecke characters by Shnidman
[68], to the supersingular case by Kobayashi [37], and to the case where p is not
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5,07

necessarily relative split by one of us [15].* A common generalization of [13,15,5
was developed in [14].

,68]

Remark 1.11. Strictly speaking, Theorem 1.8 (together with Corollary 1.9 and Corol-
lary 1.12 below) relies on a hypothesis on the characterization of the tempered part of
the cohomology of certain unitary Shimura varieties (see Hypothesis 4.11 and Remark
4.12), which is expected to be verified in a sequel of the work [36].

1.4. Application to symmetric power of elliptic curves. The above results have
applications to the motives of symmetric power of elliptic curves. We consider a
modular elliptic curve A over F' without complex multiplication that has ordinary
good reduction at every p-adic place of F'. Denote by V? C V‘}n the subset consisting
of places over which A has bad reduction.

By the very recent breakthrough on the automorphy of symmetric powers of
Hilbert modular forms [59], there exists a unique cuspidal automorphic representa-
tion IT(Sym™ ! A) of GL, (Ar) satisfying

e for every v € V%OO), the base change of II(Sym" ' A), to GL,(C) is the prin-
cipal series representation of characters (arg!=", arg3=", ... arg"=3 arg"~!)
where arg: C* — C* is the character given by arg(z) = z/v/2%;

e for every v € ViP\v4, II(Sym™ ' A), is unramified with the Satake polynomial

)

1_1 (7 - al,0i5" ) e,

where a, 1 and «, 5 are the two roots of the polynomial T? — a,(A)T + g,
(with g, the residue cardinality of F,).

Let TI(Sym™ ' Ag) be the (solvable) base change of ITI(Sym™ ' A) to E, which is a
cuspidal automorphic representation of GL, (Ag). The representation II(Sym" ' Ar)
satisfies II(Sym" ' Ag)Y ~ II(Sym" ' Ag) ~ II(Sym" ' Ag)°, hence is a relevant
representation in the sense of [53, Definition 1.1.3]. By [53, Remark 1.1.4] and the
endoscopic classification for quasi-split unitary groups [54], there exists a cuspidal
automorphic representation 7(Sym™ ' Ag) of G,.(Ar) satisfying

e for every v € V%OC), 7(Sym™ ! Ag), is isomorphic to i,

e for every v € Vi \ V4, 7(Sym" ' Ag), is spherical with respect to K., and

its base change to GL,,(E,) is isomorphic to II(Sym" ' Ag),.
In particular, there exists a relevant Q-representation 7 in the sense of Definition 1.1
such that ™ ®g C ~ 7(Sym"~t Ag)*°. Moreover, for every v € Vg), Ty @g Qp is
Panchishkin unramified. Applying Theorem 1.4 to 7 (or rather T ®g @Q,), we obtain
a bounded analytic function .iﬂpo (m) on &, for every finite set { of places of Q
containing {oo,p} and every prime number underlying V@™ U V?. For every v € Vg)

and u € P,, the unramified representation 7, of GL,(F),) is the one with the Satake
polynomial

n—1
[1 (T -alai5' ™) e i),
j=r

where we have ordered o, 1,2 € Q; in the way that a,; € qj,—lz;. The following

is an immediate consequence of Corollary 1.9 in which S, = ().

Corollary 1.12. Under the above setup, we further assume that
n <p,

[F:Q]>1,

r[F : Q] is odd,

every prime in VE™ is unramified over Q,

vAUVY s contained in VP,

3In fact, in [37], a formula in the nonsplit case is deduced from the split case by making use of
some special features of the setup under consideration.
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Then fpo(ﬂ)(l) = 0. Moreover, if 8$p<>(77)(1) # 0, then
dimg, H}‘ (E, Sym" ™! Hét (A%, Q) (r)) > 1.

1.5. Structure and strategy. We explain the structure of the article and the strat-
egy for the proofs. Before that, we point out that throughout the article, we have
restricted ourselves to only use p-adic measures valued in finite products of finite
extensions of @@, to reduce the technical burden such as infinite dimensional p-adic
Banach spaces.

In Section 2, we make preparation for proving the rationality property of our p-
adic L-function. In §2.1, we collect two sets of more specialized notation that will
be used throughout the main part of the article. In §2.2, we introduce the notion of
Siegel hermitian varieties which are over @, and are the main stage to characterize
the rationality of automorphic forms on the unitary group G,.. In §2.3, we review the
construction of an auxiliary Shimura variety over Q that is of PEL type in the sense
of Kottwitz, which is needed to prove the rationality of certain Eisenstein series used
in the doubling method. The main reason we pass to this auxiliary one is that the
theory of algebraic g-expansions is only available for such Shimura varieties. However,
if the reader is satisfied with fixing an isomorphism Q, ~ C from the beginning and
does not care about the field of definition of the p-adic L-function, then there is no
need to use those parts of §2.2 that are related to Shimura varieties and the entire
§2.3.

In Section 3, we construct the p-adic L-function. The main strategy is to use the
doubling method for an “analytic” family of sections in the degenerate principal series
of the doubling unitary group Ga,, similar to [17]. However, it is worth pointing out
that our computation makes no use of Weil representations (or their twisted versions).
In particular, we do not need any explicit Schwartz functions on hermitian spaces.
In fact, we do not even need an explicit formula for the sections in the degenerate
principal series at p-adic places — what we need is just their Fourier transforms, which
have very simple forms. The main reason we can simplify the computation is a formula
obtained in the previous work [45] for computing the local doubling zeta integral (see
Lemma 3.26). Using this formula, the gamma factor in Theorem 1.4 appears naturally
and immediately. In §3.1, we review the doubling degenerate principal series and
collect some facts on their Siegel-Fourier coeflicients. In §3.2, we review the doubling
Eisenstein series and prove a certain rationality property of their pullbacks to the
diagonal block. In §3.3, we make all the representational-theoretical preparations; in
particular, we study Panchishkin unramified representations. In §3.4, we prove several
formulae for local doubling zeta integrals. In §3.5, we complete the construction of
the p-adic L-function by defining it as an inner product of a specific element in 7 X 7
and the pullback of the family of doubling Eisenstein series with respect to a careful
choice of sections in degenerate principal series. In §3.6, we collect some basic facts
about p-adic measures that will be used later.

In Section 4, we construct the so-called Selmer theta lifts, which are Selmer group
analogues of the classical theta lifts, and study their p-adic heights. In §4.1, we
introduce further notation for the whole section and study the rationality of local
theta liftings. In §4.2, we construct a canonical projection from the absolute p-adic
cohomology to the Galois cohomology H'(E, V. 1) or H(E, Vs 1), and define p-adic
height pairings on the latter. In §4.3, we state a theorem (Theorem 4.20) on the
modularity of Kudla’s generating functions valued in the Selmer groups of the above
Galois cohomology, and then construct Selmer theta lifts which belong to the Selmer
groups. In §4.4, we state the precise version of our p-adic arithmetic inner formula
(Theorem 4.21), which is slightly stronger than Theorem 1.8 by taking rationality into
account. In §4.5, we present our strategy of reducing Theorem 4.20 to the problem of
computing p-adic height itself, and explain that it makes sense and suffices to consider
the p-adic height pairing (Zr, (¢1), Z1,(¢2)) E between (weighted) special cycles for a
certain pool of Schwartz functions, together with a formula decomposing the (global)
p-adic height pairing into local ones. In §4.6, we compute local p-adic height pairings
between special cycles at (nonarchimedean) places of E not above p, based on a result
of Scholl that relates local p-adic heights to Beilinson’s local indices and the formulae
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for the latter from previous works [45,46]. In §4.7, we study local p-adic height pairings
between special cycles at p-adic places of E. With a crucial ingredient (Theorem A.8)
on the crystalline property of the corresponding bi-extensions, we show that the local
p-adic heights approach 0 p-adically when one repeatedly applies a certain operator
U, to the Schwartz functions. In §4.8, we finish the proof of Theorem 1.9 assuming a
nonvanishing result (Proposition 4.46), by using the previous formulae on local p-adic
heights together with certain limit processes. In §4.9, we prove Proposition 4.46 by
a variant of the p-adic doubling formula from §3.5; then we complete the proof of
Theorem 4.21.

The article has two appendices. In Appendix A, we develop further the theory
of p-adic heights on general varieties, after Nekovar. For local p-adic heights above
p, we state a key theorem (Theorem A.8) on the crystalline property for certain bi-
extensions, whose proof occupies the entire Appendix B.

1.6. Notation and conventions.
e We denote N :={0,1,2,...}.
e We denote by Z, the ring of integers of Q,,.
e We write m = 3.1415926. .., to be distinguished from the representation .
We also write ¢ for the imaginary unit in C, to be distinguished from the
commonly used index i.

e When we have a function f on a product set A; x --- x A, we will write
f(a1,...,as) instead of f((aq,...,as)) for its value at an element (a1, ..., as) €
A x o x As.

e For a set S, we denote by 1g the characteristic function of S.

e All rings are commutative and unital; and ring homomorphisms preserve units.

However, we use the word algebra in the general sense, which is not necessarily

commutative or unital.

If a base ring is not specified in the tensor operation ®, then it is Z.

For an abelian group A and a ring R, we put Agp := A ® R as an R-module.

For an abelian group A, we denote by AT its free quotient.

For a ring R, we denote by Sch'/ r the category of locally Noetherian schemes

over R.

We denote by G the multiplicative group scheme, that is, Spec Z[X, X ~1].

e For an integer m > 0, we denote by 0,, and 1,, the null and identity matrices
of rank m, respectively, and by w,, the matrix (_1m 1’")

o Let q: Q\A@ — C* be the standard automorphic additive character that
sends w™! at a prime w to exp(—2mi/w), and put Y = g oTrg q for every
number field K.

e For a subring R C C and a positive integer A, we denote by R(A) C C the
subring generated by Al-th roots of unity for all I > 0.

e For a locally compact totally disconnected space X and a ring R, we denote
by .(X, R) the R-module of R-valued locally constant compactly supported
functions on X. We omit R from the notation when R = C.

Acknowledgements. D. D. would like to thank Ellen Eischen and Zheng Liu for corre-
spondence on p-adic L-functions. Y. L. would like to thank Yichao Tian for some gen-
eral discussion related to Theorem A.8. We would like to thank Marc-Hubert Nicole
and Congling Qiu for useful comments. Finally, we are grateful to the anonymous
referee for many helpful comments and suggestions. The research of D. D. is partially
supported by ISF grant 1963/20 and BSF grant 2018250.

2. SIEGEL HERMITIAN VARIETIES

Recall that we have fixed the CM extension E/F of number fields with the Galois
involution c, such that every p-adic place of F' splits in E.

2.1. Running notation. We introduce two sets of more specialized notation that
will be used throughout the main part of the article.

(F1) We denote by
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e Vp and Vf}“ the set of all places and non-archimedean places of F', respec-
tively;

o VP! Vit and V2™ the subsets of VA" of those that are split, inert and
ramified in E, respectively;

) Vg,?) the subset of Vg of places above a finite set ¢ of places of Q.

Moreover,
e for every v € Vi, we put E, = E Qp Fy;
o for every finite set ¢ of places of Q, we put Fy := Hvev(;” Fy;

e for every v € Vl}n, we denote by p, the underlying rational prime of v
and by p, the maximal ideal of Op,, put ¢, = |Op, /p,| which is a power
of p,, and let d, > 0 be the integer such that pd» generates the different
ideal of F,/Q,, .

(F2) For every v € ng), let P, be the set of places of E above v. Put P := Uuev“’) P,.
F

We fix a subset Poy of P satisfying that Pcy N P, is a singleton for every
v e ng).
(F3) Let m > 0 be an integer.
e We denote by Herm,, the subscheme of Resp, /0, Maty, m of m-by-m
matrices b satisfying ¢ = b. Put Herm?, := Herm,,, N Reso, /0 GLn.
e For every (ordered) partition m = my + --- + m, with m; a positive
integer, we denote by

Oma,...,m, - Herm,, — Herm,,,, X --- x Herm,,,

the morphism that extracts the diagonal blocks with corresponding ranks.
e We denote by Herm,,,(F)" (resp. Herm,, (F)") the subset of Herm,, (F)
of elements that are totally semi-positive definite (resp. totally positive
definite).
(F4) Let ng/p: F*\Aj — C* be the quadratic character associated with E/F.
For every finite character x: F*\Aj; — C* and every integer m > 1, we put
e for every v € Vp,

bno () = [ [ LG xomig )
=1

e for a finite set ¢ of places of Q,

bm,O(X) = H bm,v(X)v b?n(X) = H bm,v(X)a

vev(® veVp\VY)

in which the latter product is absolutely convergent when m is even or

x# 1.

Let m > 1 be an integer. We equip W,, = E*™ and W,, = E?>" with the skew-
hermitian forms (that are E-linear in the first variable) given by the matrices w,, and
—Wm, respectively.

(G1) Let G,y be the unitary group of both W, and W,,,. We write elements of W,
and W,, in the row form, on which G,, acts from the right. Denote by { the
involution of G,, given by the conjugation by the element (1’" _1m) inside
ResE/F GLQm.

(G2) We denote by {e1,...,ea,} and {€1,...,€2,} the natural bases of W, and
W, respectively.

(G3) Let P, C G,, be the parabolic subgroup stabilizing the subspace generated
by {€m+1,---,€2m}, and Ny, C P, its unipotent radical.

(G4) We have

e a homomorphism m: Resg,p GLy, — P, sending a to

o) = (* et).

which identifies Resg,r GL;, as a Levi factor of P, denoted by M,,.
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e a homomorphism n: Herm,, r — N,, sending b to

n(o) = (lm 0 ) ,

which is an isomorphism.
(G5) We define a maximal compact subgroup K, =[]
following way:
e for v € V" K,, , is the stabilizer of the lattice O%T;

e forv e V%OO)

K of G (Ap) in the

veVE

, K. is the subgroup of the form

0 k],_g ki + ke —iky + iko
L2 9 \iky —dky ki + ke )7

in which k; € GL,,(C) satisfies k; tkj— =1,, fori=1,24%
Moreover,
o for every place w of Q, put K, ,, = Hvev<’”’) K03
F

e for a set ¢ of places of Q, put K9 = Hw€<> K.

(G6) For every v € V%Oo), we have a character K, »: Ko — C* that sends [kq, k2]
to det ky /det ko.
(G7) For every v € Vg, we define a Haar measure dg, on G,,(F,) as follows:
e forv e V%n, dg, is the Haar measure under which K, , has volume 1;

e for v € V%OO)7 dg, is the product of the Haar measure on K,,, un-
der which K, , has volume 1 and the standard hyperbolic measure on
G (Fy)/Km. o (see, for example, [16, Section 2.1]).
Put dg =[], dg., which is a Haar measure on G,,(Afp).
(G8) Let my,...,ms be finitely many positive integers. Put

Gony,ome = Gy X -+ X G,

We denote by A, ..m. the space of both Z(gm,.. . m.oo)-finite and
Ky oo X -+ X Ky, oo-finite automorphic forms (in the sense of [7, §4.2]) on
Gumy,...my (Ap), where Z(gm, ... m, 00) denotes the center of the complexified
universal enveloping algebra of the Lie algebra gm,,... m.,00 Of G,
For every integer w > 0 (as weight), we denote by

ey

° Alﬂms the maximal subspace of A,,, ... . on which for every v € V%OO)
and every 1 < j < s, Ky, » acts by the character 7,

m;,v?
. A%},..‘,ms,hol - Ailf}m the subspace of holomorphic ones.
(G9) For every vector space H on which Gy, . m.(AY) acts, we put H(K) = HE

for every open compact subgroup K C G, ,....m, (AF).

2.2. Siegel hermitian varieties and line bundles of automorphy. We first re-
call the construction of a CM moduli problem following [53, Section 3.5]. Let T
be the subtorus of Resg g G that is the inverse image of Gg under the norm map
NmE/F: ResE/@ G — RGSF/Q G.

For every nonzero element § € E=~! we denote by W? the E-vector space E
(itself) together with a pairing ( , )°: E x E — Q given by (z,y)% = Trg/q(dxy®).
For every Q-ring R, we have

T(R) = {t € (F®q R)* | (tx,ty)’ = c(t){z,y)° for some c(t) € R*}.

For every neat open compact subgroup K of T(A*), we define a moduli prob-
lem X°(Kr) on Sch'/Qp as follows: for every S € Sch’/Qp, S (K7)(S) is the set of
equivalence classes of quadruples (Ag, o, Ao, 7o) in which

e A is an abelian scheme over S of relative dimension [F : Q),
e ip: F — Endg(4p) ® Q is an E-action such that for every x € E,

tr(io(z) | Lieg(40)) = »_ Trp, g, ()

uEPoMm

4Here, we choose a complex embedding of E above v to identify G, (F) as a subgroup of GLam (C).
However, neither Ky, , nor the character Km » in (G6) depends on such a choice.
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holds, where Pcy is the fixed subset of P (§2.1(F2)),
e )\o: Ag — Ay is a quasi-polarization under which the Rosati involution coin-
cides with the complex conjugation on F under iy,
o no: W2 ®g A® — H{*(Ap,A®) is a Krp-level structure (see, for example,
[53, Definition 3.5.4]).°
It is known that 2‘5(KT) is a nonempty scheme finite étale over Q,, which admits
a natural action by the finite group T(A*)/T(Q)Kr such that each orbit is a finite
Galois étale scheme over Spec Q,, with the Galois group T'(A>)/T(Q)Kr. We fix such
an orbit X3 (Kr).
For every neat open compact subgroup K C G,,(A¥), we consider the moduli
problem ¥° (K, Kr) on Sch’/Qp as follows: for every S € Sch'/Qp, »0 (K, Kr)(S) is
the set of equivalencep classes of octuples (Ao, g, Ao, 70; 4, %, A, n7) in which

(Ao, 0, Ao, m0) is an element of Eg(KT)(S),

A is an abelian scheme over S of relative dimension 2m/[F : Q],

i: E — Endg(A) ® Q is an F-action such that for every z € E, tr(i(z) |
Lieg(A4)) = mTrg q(z),

e \: A — AV is a quasi-polarization under which the Rosati involution coincides
with the complex conjugation on E under 1,

n: Wi, @p Ay — Hompe (HS' (Ao, A), HS (A4, A>)) is a K-level structure,
where ng denotes the space E?™ equipped with the hermitian form 6% - w,,
(see, for example, [53, Definition 4.2.2]).

It is known that 3° (K, Kr) is a scheme finite type over X(Kr), which admits a
natural lift of the action of T(A>)/T(Q)Kr. We denote by X° (K, K1) the quotient
of 2 (K, Kr) by T(A®)/T(Q)Kr, as a presheaf on Sch’/Qp.

Now we discuss the relation between Efn(K , K7)? and usual Shimura varieties. For
every CM type ®, we have the Deligne homomorphism

hfl: Resc/r G — (Resp/g Gim) ®g R
zZ = ([1m7 (E/Z)lmL Tty [1m7 (E/Z)lm]) € Km,oo,

in which for every archimedean place v of F, the notation [1,,,(Z/2)1,,] is under-
stood via the unique complex embedding of E in ® inducing v. Then we obtain a
projective system of Shimura varieties {E2 (K)}x associated with the Shimura data
(Resg/q Gm, h?) indexed by neat open compact subgroups K C G,,(A%), which are
smooth quasi-projective complex schemes of dimension m?[F : Q], with the complex
analytification
S (K)™ = G (F)\Gm(Ap) /K s K.

For every embedding ¢: Q, — C, we denote by ®, the set of complex embeddings
i: E — C such that the p-adic place induced by the embedding i: E — i(E)..(Q))
belongs to Poy (§2.1(F2)). Then ®, is a CM type of E.

Lemma 2.1. The presheaf E%(K, Kr)" is a scheme over Q, independent of the
choices of Kr, 6, and the orbit Eg(KT).G Moreover, for every embedding v: Q, — C,
we have a canonical isomorphism

20 (K, K1)’ ®q,,C = 22 (K).

Proof. By definition, the reflex field Eg, C C of ®, is contained in ¢(Q,). Then there
is a canonical isomorphism

(XK @Ba, YEr) Opg, -1 Qp =0, (K, Kr)

of schemes over Q,, where Xg and Yk, are the usual Shimura varieties for G,
and T of level K and Ky, respectively, over their common reflex field Fg,. Under
such isomorphism, T(A>)/T(Q)Kr acts on the left side via the second factor Y.

5In this article, we have been vague in writing level structures: Strictly speaking, one should choose
a geometric point s on every connected component of S and the level structure is a 1 (S, s)-invariant
orbit (with respect to the level subgroup) of isometries concerning the fiber at s.

6But 0 (K, KT)b depends on the fixed subset Pcy.
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whose quotient is nothing but Spec Eg,. Thus, we obtain a canonical isomorphism
Xk ®pg, -1 Q ~ X0 (K, Kr)’. The lemma follows. 4

Definition 2.2. We define the Siegel hermitian variety (of genus m and level K') over
Q,, denoted as X,,,(K), to be =2 (K, K7)?, which makes sense by the lemma above.”

Now we define the line bundle of automorphy on X,,(K). Denote by A (the A part
of) the universal object over ¥ (K, K7). Then Lie(A) is a projective & ®g E-module
of rank m, where 0 = Os;s (i ) is the structure sheaf. Put

Wl = dety (detog,r Lie(A)Y)
which is a line bundle on X2 (K, K7). Since T(A>®)/T(Q)K7 acts trivially on w?

m?
W’ descends to a line bundle w,, on X,,(K). Tt is easy too see that w,, does not
depend on the choices of K, d, and the orbit ES(KT).

Now suppose that we are given a partition m = my + - - - + mg of m into positive

integers. We have a natural isometry
(2.1) Wi, @& Wy, 2 Wi,

such that if we write {e!,..., egmj} as the standard bases for Wy, for 1 < j < s, then
the standard basis of W, is identified with

1 1 s s 1 1 s s
S TN oot P M i TN 7 T TS PN T
In particular, we may regard G, ...m, = Gm, X -+ X G, as a subgroup of G,,,. We
obtain a map

(2.2) Prvs vy Aﬁf}hol — Al

mi,...,ms,hol

(see §2.1(G8)) given by the restriction to the subgroup Gu,,.... m.(Ar).
For neat open compact subgroups K; C Gy, (A¥) for 1 < j < s, we put

J

é é 5
th_“’ms(Kl X o0 X K37KT) = E"Ll (Kl,KT) ng(KT) Ce ng(KT) EmS(KMKT)y
Wiy, = Wy B B W)
and

Sy (K1 X oo X K ) = 3, (K1) Xq, -+ X, Zm, (Ks),
Wimy,.mg = Wiy X X Wi, -
We have the natural quotient map

et By (K1 X X K Kp) = By,

.....

. * 5
under which &, Wiy o, X wp,

For a neat open compact subgroup K C G,,(A¥) containing K; X - x Kj, there
is a natural morphism

of X (K x - x K, K7) = 2° (K, K7)

mi,...,m mi,...,mg
sending ((Ao, 0, Mo, 105 Aj, 15, Aj,m5))1<j<s tO
(AOai07A07n0;Al X X Asa(ilw-wis);)‘l X X )\57(771;-~-a775))~

It is clear that U,‘;h‘_ . descends to a morphism

Ot Dma,.oma (K1 X oo X Kg) = 3, (K)
rendering the following diagram

5
mi,..., mg

(2.3) > (K1 % - x Ky, Kp) — 2™ 539 (K o)

mi,...,Mg

Yo (K1 X - X K)

"By construction, ., (K) also depends on the choice of the subset Py of P (§2.1(F2)).
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in Sch//Qp commutative. It is independent of the choices of Kp, §, and the orbit
s

mM1,...,Ms?

)(Kr). For the line bundles of automorphy, we have (00, m) W, 2w
and hence afnl,m’mswm >~ Wiy, m -
For every integer w > 0, put

H:Jrjn,...,ms (Kpx - x K) = HO(Emh..-,ms (Kpx - x KS),w%?}w’ms),
Mo =l HE (KX x K
K1, K.

For every embedding ¢: Q, — C, we have an injective map

(2.4) Rl s ALY L HE o ®g,. C,

M yeney mi,...,Mg,ho

which fits into the following commutative diagram

[w] Pmy,..., ms [w]
Am,hol (2.2) Aml,...,ms,hol
N .
o*

mi,..., mg

,H% ®Qp¢ C Hivnl,...,ms ®Qp1// C
of complex vector spaces.

Definition 2.3. Let the notation be as above.

(1) We define ’Hkﬂm to be the maximal subspace of H;, =~ such that for

s
every embedding ¢: Q, — C, H&ﬂms ®q,,. C is contained in the image of

[w]
Aml,...,ms,ho

(2) For every ¢ € ’Hkﬂm and every embedding ¢: Q, — C, we denote by ¢*

L
, under b,

ey, Mg

the unique element in Aq[qﬂ,...ms,hol such that by, .. (¢") = p.

Remark 2.4. We have the following remarks concerning %L?E,‘..,ms-

(1) The inclusion H,[qﬂms C Hop, ..m. s proper in general since in the definition
of Hy). ., we do not impose any growth condition along the boundary.

(2) It is clear that the subspace Hkﬂ,,,.,ms is closed under the action of
Gm,,...m.(A%). Moreover, in its definition, it suffices to check for some
embedding ¢.

(3) The natural map HLZ;”} ®q, '+ ®q, ’HE{J] — Hmm given by exterior product
is an isomorphism. Indeed, it suffices to check it at every finite level, which is
then an isomorphism of finite-dimensional Q,-vector spaces.

To end this subsection, we review the notion of analytic g-expansion (or Siegel—
Fourier expansion).

Definition 2.5. For every ring R, we denote by SF,,,, . . (R) the R-module of formal
power series

Ty, Ts
E ary,..., 7.9 ! y o ary,.T, € R
(T1,...,Ts)EHerm,y,, (F)* x - xHerm,, (F)*

in which ar,, . 7, vanishes unless the entries of T1,...,T, are in a fractional ideal of
E. We have a restriction map

Oma,omyt SFm(R) = SFpy . m. (R)

Z arq"

TeHerm,, (F)+

sending

to

Z Z Ty,... T,
ar | ¢ ! )

(T1,...,Ts)€EHermy,, (F)* X---xHermp,  (F)* TeHerm,, (F)*
Omy,...;ms T=(T1,...,Ts)



A p-ADIC ARITHMETIC INNER PRODUCT FORMULA 15

where Op,,...m,. is the map from §2.1(F3). It is an easy exercise to show that the
interior summation is always a finite sum.
For every integer w > 0, we have a map
(2.5)
q?rr;l,...,ms : ‘A[W] 1 - Sth...,ms (C>

mi,...,Ms,ho

T1,...,Ts
P > ary,..r.(p)q
(T1,...,Ts)€EHermp,; (F)* x---xHermpy,  (F)*

in which ap, .. 1. (¢) equals
/ - (n(B1); . n(b)) o (tr Tybr)
Herm,; (F)\Herm,,, (Ar) Herm,, , (F)\Herm,, (Ar)
X hp(tr Tybg) ™t dby - - - dby

with db, ..., dbs being the Tamagawa measures.
We have the following commutative diagram

Al Pmems )
m,hol (2'2) 777/17...,777/371‘101
a5, l iqml .....

SF,,(C) — "= SF,, . m.(C)

under restrictions.
We also need an equivariant version of the above constructions for use in §4.

Definition 2.6. For every ring R, we denote by SF .. m, (R) the R[Gpy ... m, (AF)]-
module

Map (Gmly---yms (A?‘?)7Sle7'“vms(R))
in which G, .. m.(A¥) acts via the right translation. We have an injective
Gma,....m, (AF)-equivariant complex linear map

qfr?l,.“,ms : Agluj,...,mwhol - SJ:ml»-uJ”s (C)

an

such that g;7, ., (¢) sends g to gpy ., (9-¢).

2.3. Relation with PEL type moduli spaces. In order to show the rationality of
some Eisenstein series later, we need the theory of algebraic ¢-expansions. However,
since such theory was only developed for PEL type Shimura varieties (in the sense of
Kottwitz), we need to study its relation with our Siegel hermitian varieties.

Let Wm be the space E?™ equipped with the pairing

Trg/go(, Ywa, : B> x E*™ = Q.

Let ém be the similitude group of Wm, which is a reductive group over Q. Let 13m -
ém be the parabolic subgroup stabilizing the subspace generated by {es11, ..., eam},

Consider a partition m = my + - - - + my of m into positive integers. We denote by
éml,“.,ms the subgroup of éml X - X @ms of common similitudes; in other words, it
fits into a Cartesian diagram

o Gy X % G,

Gml,...,m

(}l(@ diagonal G@

s

in which the vertical arrows are similitude maps. In particular, we may regard
Gy ,...m. as a subgroup of G,,,. Put Py, . m. =Gm,,...m. N Pn.
For every neat open compact subgroup K, .m, C Gm,,..m,(A>), we consider

s

the PEL type moduli problem X,,, . . (Km, .. ..m.) on Sch’/Q as follows: for every

S € Sch//Q, f]mh___,ms(Kmh___ms)(S) is the set of equivalence classes of s-tuples of
quadruples ((Ah ila )\1a 771), cey (As» isa >\sa ﬁs)) in which
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o for 1 < j < s, Ajis an abelian scheme over S of relative dimension 2m; [F: Q]

e for 1 < j <s, tj: E — Endg(A4;) ® Q is an E-action such that for every
r € B, tr(ij(z) | Lies(A4;)) = m; Trg q(z),

o for 1 <j<s, A\t 4 — AJV is a quasi-polarization under which the Rosati
involution coincides with the complex conjugation on E under i;,

. {ﬁj: Wm ®g A %H‘ft(Aj,AOO)}KKS is a I~(m17,__,ms—orbit of skew-

hermitian similitudes with similitude factors independent of j.

Then iml,...,ms (IN{mlm) is a scheme of finite type over Q. Now for a neat open
compact subgroup K C G,,(A>) containing K,,, .. m,, we have an obvious morphism
am17-~7ms: Emla-~7ms (Km1;~-7m3) — EW(K)
over Q by “taking the product of all factors” For neat open compact subgroups
KJ C Gm] (Ao") containing the image of Km _.,m, under the natural projection map

Gml,_..’ ne — Gm], we have another obvious map

Tt seeme  Smyeem, (Ko m, ) = By (K1) X -+ X B, (K)

over Q. On im(K ), we have the line bundle of automorphy @,,, similar to w’ , which
satisfies
o Wy > T (@D, B K0y, ) -

mi,...,Ms 1003 Ms

~ e, ~
Put Wiy, m, =0, m,Wm for future use.

Remark 2.7. For every 1 < j < s, we have an isometry W5 R WS W . These
isometries induce a homomorphism

le,...,ms : ReSF/Q) (;m,l,...,m.S x T — Gml,...,m

sending (g1, ..., 9gs,t) to (g1t,...,gst), which is independent of the choice of 4. Using
this map, we regard Resr/q Gm,,....m, as a subgroup of G, n, in what follows.

For neat open compact subgroups K; C G, (AF) for 1 < j < s and K7 C T'(A*)
such that Ky x --- x K x Kp is contained in Kml,_“,ms, we have a natural morphism

le,.uﬂns : zfnl,.“,ms (Kl X X KS7KT) — Eml,...,ms ([?ml,...,ms) ®Q Qp

Sending ((Ao, io, )\0, MNo; Aj, ij, )\j7 ’l’}j))1<j<5 to ((Aj, ij, )\j, ﬁj))lgjgs, where ﬁj sends
w @ v to nj(w)(no(v)). The morphism (, ... m, is finite étale.

In summary, for every neat open compact subgroup K C G,,(A¥) containing
Ki x -+- x K and such that ¢, (K x Kr) is contained in K, we have a diagram

(2.6)

= ~ Tmy....,m = ~ Omy,....m = =

B (K1)e, xo, -+ X, Tm. (Kq, T B oy oy ) S (K)q,
Cr,,LIX---XCMT Cmy, T T<m
5
lef Tmy,...,mg
ml(KlﬁKT) XE‘s(KI) ES(KT) Efnq(KS*K ) = Efnl m_q(Kl s x K, KT) > 2 (KKT)

Emy ><-~~><Em,<l Emy, .msl ‘(&n

def Tmy,...,ms
Eml (Kl) XQI, e XQ,, qu (Ks) _— 2771,1,...,771,_., (Kl X X Ks) ‘4> Em(K)

in Sch’/(@p expanding (2.3) as the lower-right square, in which various line bundles of
automorphy are compatible under pullbacks.
Similar to A%},...,ms,hol (§2.1(G8)), we define a space AE:]

L oooima hol of certain auto-

morphic forms on Gy, .. m, (A) with the additional requirement that (t1,,,,...,t1y,)
acts trivially for every ¢t € T(R). We have a map

(2.7) Py ooom, 2 ALy AT

m,ho mi,...,mg,hol

given by the restriction to the subgroup émh”_,ms (A).
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For every integer w > 0, put

Hw (f{ml my) = Ho(i Mg (f{ml,..»,ms)v‘:’®w...,ms)a

mi,...,Mg

Hrur)Ll, LM = lg Hml, mS(Kml,---7ms)‘

ms

Definition 2.8. Similar to (2.4), we have an injective map

iiml,..‘,ms : K[w] 1 - Hml, M ®Q C

mi,...,mgs,ho

for w > 0. We define Hml .,m, to be the subspace of 7-7,“,’1

of hml,...,ms coincides with Hgﬂ ,ms ®g C. Thus, we obtain an isomorphism

such that the image

1yeeeyMs

(28) ’F;’ml-,---yms: "Z[w] ...,mg,hol ; ;i_z[w],.,.,mS ®Q C.

Now we review the algebraic theory of g-expansion for Eml .m, from [43]. Take an
open compact subgroup Kml,‘.., - Gm1 (Aoo) We choose a smooth projective
toroidal compactification 3,,, . (Kml, 7ms)t°r of Emh e (Kml,___ms) over Q, and

t ~tor

tor
let w,,, .. bethe canonical extensmnofwml m. to Eml,_”, (K, m.)™. Then

by [43, Definition 5.3. 4], for every w > 0, we have the algebraic g-expansion map

Ho(iml,.-.,ms ([?ml,-..,ms)tora (‘:’mr ,ms)®w) ®Q C— Sth...,ms (C)

mM1y...

(Definition 2.5) at the cusp “at infinity”. We remark that the map q,,, . is not
necessarily injective, since we only expand the section on the connected component
of Eml, (Kmh m. )" ®@g C that contains the cusp “at infinity”. By [13, Re-

mark 5.2.14] the natural map

/Hkﬁ, M (f(ml,m,ms) - Ho(i"”h---a"ls([?mlw--vms)’ (@myenrim) )

(here we adopt a similar notation as in §2.1(G9)) factors through a map

ﬁ[w] Mg (I?mla“wms) - Ho(imh“-ams (Km17---ams)t0r7 (&}tor

mi,... m17~~;ms)

=)

)

hence we obtain a map
(29) qrnlw.,mS : ﬁkﬂ,...,ms ('[?mlwugms) ®Q (C - Sle,m,ms (C)7

which is independent of the choice of the toroidal compactification. Thus, by passing
to the colimit, we obtain a map

(210) qml,...,ms : ﬁkﬂ,...,ms ®Q (C - Sle,-u,ms (C)’

which fits into the following commutative diagram

Tlw Pmy,..., ms Tlw
(211) AL)’L,]}'!OI (12'7) ALn},...,ms,hol
[w] ®q C —m> ﬁ[ﬁ},...,ms ®q C
qml lqml _____
Omyq,..., mg
SFm ((C) W Sle’”_’ms ((C)

of complex vector spaces.

Definition 2.9. Denote by © C Op the different ideal of E/Q. The (projective)
Ogp-lattice W, = (Og)™ @ (D3")™ of W,,, defines an integral model Gm (resp. Gm)
of Gy, (resp. ém) over Op (resp. Z).® Similarly, we have Gma,...m, and thm’ms and
their parabolic subgroups Pp,,,...m, and ﬁml,wms, respectively.

8For v € V%n7 Gm(OF,) = Km,v if and only if d, = 0 and v & V2™.
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Notation 2.10. For future use, we introduce some standard open compact subgroups.
Take two positive integers A and A’ that are coprime to each other. We put

Kony,oma (A, A/) = Gmy,..om. (AF) N kmh...,ms (A, A/)
in view of Remark 2.7.

Lemma 2.11. When f(ml,-u,ms = IN(mh___,ms(A,A’), the map (2.9) is equivariant
under Aut(C/Q(A")), where we recall that Q(A"Y C C is the subfield generated by
A" _th roots of unity for all 1 > 1.

Proof. This follows from the fact that the cusp “at infinity” is defined over the subfield
Q(A’) at this level structure. See [43] for more details. O

Remark 2.12. Denote by C:“E,ff

the maximal abelian quotient G?,'fhm’ms = Gy ..o [GLT .. Since Gder is

mMy,...,m yeeey Mg

...m, the derived subgroup of émh-..,ms and consider

simply connected, for every open compact subgroup IN(mh___7ms C émh,,,,ms (A®>°), the
natural map

2m17---7ms (I}ml,--~7ms)(c) - é?r];)l,...,ms (Q)\éi}l,...,ms (Aoo)/f{*ab

mi,...,Ms

has connected fibers, where IN{f‘,})lywms denotes the image of IN(ml,,__,mS in
Gab m.(A®). Tt is clear that Komy....m. (A, A")2 depends only on A/, which

MY yenny

we denote by K?2P (Ah.

M1,...,Mg

3. CYCLOTOMIC p-ADIC L-FUNCTION

In this section, we construct the p-adic L-function. We fix an even positive integer
n = 2r.

3.1. Doubling space and degenerate principal series. We have the doubling
skew-hermitian space WTD =W, ®W,. Let GTD be the unitary group of WTD, which

admits a canonical embedding 2: G, x G, < GY. We now take a basis {e[, ..., e[}
of WE by the formula
O O = O B >
€ =€ Crpy = —C Copyi = Crtir C3p4i = Cri

for 1 < ¢ < r, under which we may identify WF with W5, and GE' with Go,. Put
wo) == Wy, PD = P, and N7 := Ny,. We denote by

‘. '
oF: PP - Gp

the composition of the Levi quotient map P,.D = Py, — Mb,,, the isomorphism
m~l: My, — Resp,r GLay, the determinant Resg,p GLa2, — Resg,p G and the norm
NmE/F: RGSE/F G — Gp. Put

(3.1) W, = e GH(F).

Then PP - w, -4(G, x G,) is Zariski open in G%.
In what follows, we will regard G- x G, as a subgroup of G, = G via the isometry
(2.1), which is precisely the embedding

aiq bl
aq b1 a9 bg a b2

I (VI R a3 ) I PR
Co dg

Remark 3.1. The embedding +: G, x G, — G’E = (G, coincides with the embedding
(3.2) twisted by the involution id x { on G, x G,..
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Let x: I'rp, — C* be a finite character, regarded as an automorphic character of
A7. For every place v of F', we have the degenerate principal series of GB(F,), which
is deﬁned as the normalized induced representation

GR(F,
Loy () = Indp:DEFvg(Xv )

of GY(F,) with complex coefficients. For every f € IEU(XU) and every T9 €
Hermj,.(F,), we can regularize the following integral

(33) Woolh)= [ fa2n(e) v (T b
Hermo, (Fy)

where db is the self-dual measure on Herms, (F,) with respect to ¢r,. Indeed, one
has a family of integrals W, o (fs) for s € C, where fs € IEU (Xvl |f,) is the standard
section induced by f; it is absolutely convergent when Re s is large enough and has an
analytic continuation to C. Then W, ao(f) is defined as the value at 0 of this analytic
continuation. See [73, Theorem 8.1] and [33, Corollary 3.6.1] for more details.

In order to show the rationality of our p-adic L-function, we need to extend
the degenerate principal series to G, along the natural inclusion Resp/q G,‘;' =

Resp/q Gar — CNT'QT. We have a map
S: GQ — 6'27«

sending ¢ to (27, ). Then the natural map Resg/q P2y x s(Gg) — Pa, is an
isomorphism.
Take a place w of Q. Put

Vrw = [ Yro
UEV;‘“)
Xw = H Xvs
vev(®
O .
Ir,w(Xw) = ® I'r‘v Xv
uev(;“)
and
0w =TI on: ] P7(F.) = Respq P7)(Qu) = (Fu)*.
1)€V§:w) UGV;‘))

The map 5Ew extends uniquely to a map S’Ew along the inclusion (Resg/qg P2)(Qy) =

(Respg P2r)(Quw) € P5,(Qy) that sends s(c) to ¢ for ¢ € QX. Then we have a
canonical isomorphism

Gr w AD
12, 0w) = % @), 0 50, )

so that Igw(xw) becomes a representation of Ga,(Qy). For every T2 € Herms, (F.,),

we define the functional Wpo(—) on IEw (xw) to be the product of the corresponding

ones over v € V(w)

Lemma 3.2. For everyv € V%OO), denote by fl) € IE’U (xv) = IEv(l) the unique section

whose restriction to Ko, is the character x5, . Put f([;] = ®UEV(°°)f1[)T]' Then there
’ F

exists Wa, € Q¢ such that

Woro(fI1) = W, - b32(1) - exp(—27 Trp g tr T0)
for every TH € Herm$, (F)*.

Proof. For two elements x,y € C*, we write x ~ y if their quotient is rational.
By [19, Proposition 4.5(2)], we have

)" (2r+1) [F:Q]
WTD(fég]) = (F(l()i(%) F(Qr)) exp(f27rTrF/@ trTD)
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for every T € Herm3, (F)*. The positivity of Wa, then follows. Thus, it remains to
show that b2 (1) ~ 7 (2r+DIF:QL

Write L(s, nt, / ) for the complete L-function for the self-dual character 7', F Then
by the functional equation, we have

2r
HL(Z',UE/F HL —1 77E/F
i=1

By a well-known result of Siegel, Hi:l L>(1—1i,nk / ) is rational. It follows that

r . r . o\ [F:Q
H?:l Loo(l - ZJ?E/F) _ (H?—l LR(l — z,sgnl)>
H1221 L (i, 77?5/1?) Hf:l LR(ia sgni)

( 2 [F:Q]
- L _ __r(2r+1)[F:Q]
qr—r(r+1) ) =m ’

The lemma follows. ]

b3y (1) ~

From now to the end of this subsection, we assume w # oc.

Lemma 3.3. We have
(1) Forv e Vg,w) and b € Hermy, (F,), the relation

Wro(n(b) f) = p. (tr TOb) - Wia (f)
holds for every f € IEU (xv) and every TZ € Herm3, (F,).
(2) Forv e V%w) and a € GLqy,.(E,), the relation

Wro(m(a)f) = xu(Nmg, /5, det a)~|det alfy, - Wegero,(f)

holds for every f € IEU (xv) and every TY € Herms (F,).
(3) For c € Q), the relation

Wra(s(e)f) = xw(c)™ 7, Wero(f)
holds for every f € Irw(xw) and every T2 € Herm3 (F,).

Proof. This is well-known. For readers’ convenience, we give a (formal) proof.
For (1), we have

We (n(b) )
- / SR (b)) (b T D
Hermo, (Fy)

= b (tr TED) / FE@En@® + b))p, (tr T2 + b))~ dy

Herma, (F,)

= g, (tr TOb) - Wi (f).
For (2), we have
Wyo(m(a)f)

- / F@En)ym(a))r., (tr TE0) 1 db
Herma, (Fy)

-/ f(a
Hermg,. (F)

= / Fm(ta® (a0 a® 1)) e, (tr(ta°Ta) (a b ta®1)) "L db
Hermo,. (Fy)

*D

m(a)n(a'b a® ")), (tr TEb) 1 db

= xo(Nmp, /7, deta)~*|det al};, / FE@En(0))pr. (tr(fa*T a)b)~t db
Hermo,. (Fy)

= Xo(Nmp, /p, deta) " |det alf; - Wi ero, (f).
The proof for (3) is similar to (2) and we omit it. The lemma is proved. O

Notation 3.4. Let v € Vi be a finite place.
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(1) We denote by IEU (xv)° the subspace of IEU (xv) consisting of sections that are
supported on the big Bruhat cell PP(F,) - - N2(F,).
(2) When v € Vin\ ng), we denote by fiPh e IEU(XU) the unique section that
takes value 1 on Koy, .
It is clear that ITD,U(XU)O is stable under the action of PY(F,). For f € IE'U (xw)°
and TV € Herms, (F,), we put

Wro(f) = /H o TR T

which is in fact a finite sum and coincides with (3.3) for TH € Herm$, (F,). It is clear
that the assignment 75 +— W0 (f) is a Schwartz function on Hermy, (F,). Conversely,
using the Fourier inversion formula, we know that for every f € . (Herma, (F})), there
exists a unique section £Xv € IEU (x»)° such that Wyo(£X) = £(T5) holds for every
TP € Hermy, (F,). In other words, we obtain a bijection

(3.4) —Xv 1 (Herma, (F,)) = T2, (x0)°.

Put IEw(Xw)O = ®vev<;’> IEU(XQJ)O and we obtain an isomorphism

—Xw . y(HeerT(Fw)) :—> IEw(XW)O

by taking product over v € V%w).

Lemma 3.5. Suppose that (the rational prime) w # p.
(1) For every v € Vg”) \ V2™ and every g € Gor(Fy), there exists a finitely gener-

ated ring O, contained in Z,) (w) such that for every T € Herm§, (F,), there
exists a unique element gWSTpE}ll , €0y [X, X1 such that

QW;Pél,U(Xv (Wv)) = barp (X) -Wrpo (g ' f;I:h)

holds for every finite character x: I'p,, — C*, where w, is an arbitrary uni-
formizer of F,,. Moreover, W?’Dh’v = 14’“W;f’mhm € Z[X].
(2) For every f € Igw(xw) and every TP € Herm$, (F,), we have
Wro(of) = oWro(f)
for o € Aut(C/Q(w)).
(8) For every f € IEw (Xw)® that is fived by Par(Zy) and every TH € Herms,.(F,,),
we have
Wro(of) = oWro(f)
for o € Aut(C/Q).
Proof. For (1), by Lemma 3.3(1,2) and the Iwasawa decomposition Ga.(F,) =
Py, (Fy) K2y, it suffices to consider the case where g = 14,. Then the statement fol-
lows from [47, Theorem 3.5.1], together with the discussion in [47, Sections 3.2 & 3.3].”
Part (2) follows from the proof of [33, Corollary 3.6.1] and the fact that ¢ g, takes
values in Q(w).
For (3), put 9, == {c‘a®ba | a € GL2,.(Og,),c € ZX} for every b € Hermy,(F,,),
which is an open compact subset of Herms,.(F,,). It follows easily that

Cr0 o, = /D Yp, (tr TEY) LY € Q.
b

Since x,, is unramified, the assignment b’ +— f(w-'n(b')) is constant on each subset
Oy, which we denote as fo,. Then (of)p, = ofo,. It follows that

Wro(of) = ZCTDp (of)o = ZCTD,D o fo
O O

= UZCTQD < fo = oWpn(f)
O

9Though [47] only treats the case where v is inert in E, the same argument works in the case
where v splits in E as well.
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in which the sum is taken over a finite set of disjoint open compact subset of
Herms, (Fy,) of the form 9. Thus, (3) follows. O

Lemma 3.6. The representation IEw(Xw) is semisimple and of finite length as a
representation of Gor(Qu). When w # p, every irreducible summand of IEw(xw)

contains a nonzero element f in 15, (yw)® that is fived by Por(Zy).

W

Proof. The first statement follows since it is the parabolic induction of a unitary
character.

Now we show the second statement. For every v € v(;), by [42, Theorem 1.2
& Theorem 1.3], IEU(XU) is an irreducible representation of Ga,.(F,) unless x2 = 1.
Moreover, when Y2 = 1, each direct summand of IEU(XU) is of the form I(V;) for
some (nondegenerate) hermitian space V, over E,, of rank 2r. Here, I(V},) is the image
of the Siegel-Weil section map .7 (V;>") — IEU(XU) under the Weil representation
with respect to (the standard additive character ¢, and) the splitting character
Xv o Nmpg, /p, (again see [42]). Put V:= {v € Vg;”) | x2 =1}

Now let I be an irreducible summand of Igw (Xw) as a representation of Ga,(Qy).
One can find a collection of hermitian spaces V,, over F, of rank 2r for v € V such
that I contains

@@Hw0® R i)

vev vev{\v

For every v € V%w), we define a subset ¥, of Hermg, (F,) as follows. If v € V, then

we define T, to be the intersection of Herms,.(F,) and the image of the moment map

V2" — Hermg,.(F,) (see §4.1(H1) if one needs recall). If v € V, then we define T,, to be

Herms, (F,). Take any open compact subset T of Hermo, (Fy,) = Huev(“’) Herms, (F,)
F

that is contained in [] w) Ty N Herms, (OF,) satisfying that cta*Ta = T for every

vGV;

a € GLg,(Og.) and every ¢ € Z. Then (1z)Xv € Igw(xw)" is a nonzero element of

I. Moreover, by Lemma 3.3, it is fixed by Pay(Zy,).
The lemma is proved. O

In the rest of this subsection, we construct some explicit sections in IF (xp)°-

P
Notation 3.7. For every place v € V%’), we

e fix a uniformizer w, of F,,

o for every element e = (e, ), € Z™, put |e| ==} p e, and denote by w§ the
element in F, = Huer E,, whose component in F, is wi*,

e for u € P,, denote by 1, € ZP* the element that takes values 1 at u and 0 at
uc,

e for every u € P, introduce an element

1, U—dv bt ’Llju -1,
v= > [ E(E )] emene,

beHerm,(OF, /w.)

where b* € Herm,.(OF,) denotes the Teichmiiller lift of b,
e for every e = (ey), € NPv, define

Up = ] Ui e ZIGH (),
UEP,
where we note that the subalgebra of Z|G,(F,)] generated by U, for u € P,
is commutative.

)

Construction 3.8. For v € ng and every element e € ZFv, put

O O
e Joo_ (Ta Tp
R {T Qﬁ @9

TE,TEQ € Herm,.(Opv),TB €w, - GLT(OE,U)}

as a subset of Hermy,(F),). Define a function fgfl € .Y (Hermy,(F,)) by the formula
£11(T) .= X, (Nmp, /p, det T13) - Lyt (T5).
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In particular, we obtain a section (fgfl)’(“ € IEU(XE)° by (3.4).

In what follows, we will identity ZF and NP with Hvev;?) ZFv and Hvev;”) NPo,

respectively. For e € ZF, we put

le]l == max e, ],
UEVFp>

gl = J] 2,
UEV;?)

le] .— lev]

erp ._ ® fxev :
uevg,f”

For e € NF, we put
Us = Q) Uy € Q) ZIG(F,)] = ZIG(F @ Z,)].
vev'®) vev'®)

For two elements e, e € N¥, we have the element Upt x Up? as the image of Uj @ Up?
under the natural map Z[G,(F ® Z,)]|  Z|G,(F @ Z,)] — Z[Ga,(F ® Z,)] induced by
the embedding (3.2).

Ezxample 3.9. Suppose that F' = Q and write P = {u,u°}. If we take w, = p and
identify Ga,(Qp) with GL4,(Q,) via u, then

1, bt pl,
Ul“ UO _ l'r 1r
p x P Z 17" 17‘
beHerm, (F,) 1 1
[ /1, b 1,
1 1,
1ye 0 __ T T
Up x Uy, = Z 1, p~11,
beHerm, (Fp) 1 1
[ /1, 1,
1 b 1
0 1., _ r ply
Up X Up - Z 1, 1,
beHerm, (F,) 1 1
[ /1, 1,
1 b 1
0 lye r r
Uy xUpe = > L L
beHerm, (F,) 1 p_ll

and the general ones Uj' x U2 are the composition of the above four.

Lemma 3.10. For every element e € Z¥, the section (fﬁj}))w € IEP(XP)O is invariant

under the subgroup 75T7T(Zp) (Definition 2.9) of égr((@p).
Proof. This follows immediately from the construction of f gfl O
Lemma 3.11. For every element e € ZF and every e1,es € NF, we have
(Ug x U (el e = (554,
where ef == e o c.

Proof. By induction, we may assume either e; = 0 or e = 0. We consider the case
where e = 0 and leave the other similar case to the reader. Again by induction, we
may assume e; = 1,, for some u € P, with v € ng) its underlying place.

For two square matrices a and b, we write [a, b] for the block diagonal matrix. As
an element in Z[G2,(Q,)], we have

US x U = > [n([ew, - 0, 0,]) - m([wy - 11, 1,])]
beHerm,(OF, /@)
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in which all components away from v are 14,.. By Lemma 3.3, we have
(3.5) Wro (Ut x Ug?)(£])%)

= > Wro(n([w, ® - b%,0,]) - m([@y - 1, 1,]) - (£1)xr)
beHerm,(OF, /w.)

> Yro(w, ™ tr T ,bF)
beHerm, (Op, /w,)

X Wro (m([w};u 1, 1T]) : (fgf])x”)

P

Z Y (w;dv tr TlDl,vbﬁ)
beHerm, (Op, /w,)

2
X Xv(w:;)_l%TT : fgcel([wa)uc ' 17‘, 1T}T|:|[w11)u ' 1r; 1r])

Yoo melw e Th )
beHerm, (OF, /@)

O 1yc O
r—1_—r% e wy Iy @, T
X Xv(wv) qy Xp <(w11)“ . T2|:,1 T2D2
Since
Z ,(/JF,’U (w;du tr TE,vbu)
beHerm, (OF, /w,)

q;2 if TFM € Hermy, (O, ),
0 if TE,U € w, 'Hermy, (O,) \ Hermy, (OF,),

we have

(3.5) = xo (@) " Xp(Nmp, /5, det @, Tip) - 1 _iesess (T7)

P

T
= Xp(Nmg, ,p, det T5) - 1 feres) (1)

_ el
The lemma follows. O

3.2. Siegel hermitian Eisenstein series. Let x: I'r, — C* be a finite character,
regarded as an automorphic character of Ax. We define IH(x) to be the restricted
tensor product of IEU (xv) over all places v of F, which is a smooth representation of

Gar(A). For f € ID(x), we have the Siegel hermitian Eisenstein series'
E(g, fy) = S K9, g€ Ga(Ap),
YEP2r (F)\Gar (F)
E(g, fy) = > A(g), g€ Ga(h).
YEP2-(Q)\C2r (@)

For a finite set ¢ of places of Q containing {oo, p}, an element e € ZF and a section
feI7(x)>P, we put

(3.6) ES =, £) =65, ()7 b3.(x) - E(—, f @ (glh)yw @ f),

10We remind the reader that the sums in the following expressions are not absolutely convergent in
general; they are rather defined by analytic continuation. For example, one has a family of Eisenstein
series E(g, fx,s) for s € C, where fy,s € IJ(x] |KF) is the standard section induced by fy; it is
absolutely convergent when Re s is large enough and has a meromorphic continuation to C. Then
E(g, fx) is defined as the value at 0 of this continuation, known to be analytic.
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where b$,.(1) is defined in §2.1(F4); f[T] is introduced in Lemma 3.2; and (£ £ ])XP is
introduced in Construction 3.8. It is clear that E<[>e}(—, X, f) belongs to AQT’hol. Put
(3.7) W3 = Way - by o0 (o0} (1) € Q%

where Ws, is the constant in Lemma 3.2.

Lemma 3.12. Suppose that ||e|| > 0. Then for f = ®yjoopfuw that is a pure tensor,
q2rh2r ( ( » Xo f))

m}
=Wy > Xp(Nmp, /p, det )1 ) - [T wés q"

THeHerm$, (F)+ wioop

in which the product is finite. Here, hy, is the map (2.8); gy, is the map (2.10); and
WO (fu) {WTan) fweo,
bor.w(X) - Wro(fuw) if w & 0.

Proof. First, one notices that when |le]| > 0, we have :ngl (TH) = 0 for every element

T € Hermy, (F) \ Herm3, (F). By the discussion in [50, Section 2B] and Lemma 3.2,
the analytic g-expansion (2.5) of E(—, fi (f[e] Xr @ f) equals

O
War 032(1) ) Xo(Nmg, /, det Ti) 1o (T7) - [T Wro(fu) | o

TDEHermST(F)Jr wioop
in which we recall that b32(1) is absolutely convergent as in §2.1(F4). It follows that
the analytic g-expansion of E<[>e ](—7 X, f) equals

O
Wy, > Xp(Nmp, /r, det T3)1 el ( @ I w. q’

TE’EHermgT(F)Jr wfoop

in which the product is actually finite by [69, Proposition 3.2]. The lemma follows by
the coincidence of the analytic and the algebraic g-expansions [13, Theorem 5.3.5]. O

Put
(3:8) D5 = 1) = (BS(=x. 1)) € AL
(see (2.7) for the map p,,)."" The following proposition concerns the rationality of
55}(—, X, f), which is the main result of this subsection.

Proposition 3.13. Suppose that |le|| > 0 and let f € IZ(x)>P be a section. For every
o € Aut(C/Q), we have

’Nlm' (55](_@%70}0)) = Uﬁm’ (ﬁg](_ﬂéaf)) )
where R, is the map (2.8).

Note that for f € IH(x)®?, of € I (ox)>P. Thus, the statement of the proposition
makes sense.
Proof. Take an integer d > 1 such that (£ [e])XP is fixed by the kernel of the map
Gor(Zp) — Gor(Z/p?). The proof consists of two steps.

Step 1. We first show that for every f € IZ(x)®? and every o € Aut(C/Q(p)),
the relation

(3.9) By (B (< ox.00)) = ohar (BN (=, x. )
holds.

Take an irreducible summand I of IZ(x)>? (as a representation of Ga,(A™P)).
Choose a positive integer A = Ay > 1 that is coprime to p such that

HThe letter D stands for pullback along the diagonal block.
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(1) for every rational prime w not dividing pA, I, has nonzero invariants under

Gor(Zw);
(2) one( car)l write A = Ay - Ay with (A;,As) = 1 such that for i = 1,2,
Hw‘Ai ﬁgr((@w) maps surjectively to é%?(@)\é%E(A"o)/IN(%E(pd) (Remark
2.12).
For every o € Aut(C/Q(p)), since the map

[ hoy (S (= 0x,0f)) = oha (E§ (=% 1)

is Ga, (A°°P)-equivariant, it suffices to show that there exists a nonzero element f =
fo € I'such that

(3.10) har (ES (— ox.00)) = ohar (E5(=x. ) = 0.

In practice below, we will first check (3.10) for ¢ € Aut(C/Q(A;)) and then for
o € Aut(C/Q(A2)).

Choose a nonzero element f = ®yo0pfuw € I such that f,, satisfies the condition
in Lemma 3.6 (that is, it belongs to IT':)lw(Xw)O and is fixed by Pa,(Zy)) for w | A

and that f,, is the unique section that is fixed by C;ZT(Z,U) and satisfies f,,(14) = 1
for w t A. Replacing A by a power of A, we may assume that f,, is invariant under
Gor(Zy) X G (Zn /) Par(Zy/A) for every w  cop. In particular, we have

E([)e](fa X5 f) S "Z[Qﬂ,hol(l?Zr(Aapd))
(Notation 2.10). For such f, we first show that (3.10) holds for o € Aut(C/Q(pA,)).
By property (2) for A and Remark 2.12, the g-expansions of ha, (Eé&] (=% 9" f)) for

all g € mel ﬁQT(Qw) determines Eg}(f, X, f). For every g € Hw|A1 ﬁQr(Qw), there
exists an integer dg, > 1 such that EE;](—, X, 9 f) belongs to jgr],hol(l?Qr(Ag,pdA‘fg)).
Then by Lemma 2.11, to check (3.10) for o € Aut(C/Q(pA;)), it suffices to check that

s, har (E[f](—,axyg : Uf)) — 0qy,har (Eg”}(—,x,g : f)) =0

for every g € [[,|a, P3,(Qy). However, this follows from Lemma 3.12 and Lemma
3.5(2,3). Since the roles of Ay and As are symmetric, (3.10) also holds for o €
Aut(C/Q(pAsz)). Together, (3.10) holds for o € Aut(C/Q(p)). Thus, (3.9) holds.

Step 2. By Step 1 and the upper square of the functorial diagram (2.11), for the
proposition, it suffices to show that for every f € ITD(X)‘X’”, there exists a positive
integer A that is coprime to p such that

(3.11) . (551(—70x,0f)) —ohy, (f?ﬁf](—,x,f)) =0

holds for every o € Aut(C/Q(A)).
By linearity, we may assume that f = ®o0pfw 18 a pure tensor. Let A be a
positive integer that is coprime to p such that
(3) for every prime w not dividing pA, f,, is the unique section that is fixed by
Gar(Zy,) and satisfies fo,(14,) = 1;
(4) for every prime w dividing A, f,, is fixed by the kernel of the map Gs,(Z,,) —
g27‘ (Zw/A)
Combining with Lemma 3.10, we see that Dl (=, x, f) belongs to Al (I?M(pd, A)).

r,7,hol

Thus, by Lemma 2.11 (with A = p and A" = A), for (3.11), it suffices to show that

(3.12) qmﬁm (l~)£>e](—,ax,af)) - aq,.J.lAiT,T (f)gf](—,x,f)) =0

holds for every o € Aut(C/Q(A)) (this time, we only need to consider the g-expansion
on one connected component since we argue for all f). By Lemma 3.12 and Lemma
3.5(2), (3.12) holds for o € Aut(C/Q(A)).

The proposition is proved. O
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3.3. Relevant representations.

Lemma 3.14. LetL/Q, be a finite extension and let m be a relevant L-representation
of G (A¥) (Definition 1.1).
(1) The representation % := (7)1 is also a relevant L-representation of G,(A¥),
where T is the involution introduced at the beginning of §1.1.
(2) The L-vector space Homg, (as)(, e ®q, L) has dimension 1.

See Definition 2.3 for the notation HLT].

Proof. Part (1) follows from the fact that for every v € Vi), ((xl)V)! is isomorphic
to m[)r].

For (2), it suffices to show that for every embedding ¢: . — C, the complex vector
space HomGT(A"F")(WaAKLd) has dimension 1. However, this follows from Arthur’s

multiplicity one property proved in [54]. |

Now we fix a relevant L-representation 7 of G,.(A%°) for some finite extension L/Q,
contained in Q, such that , is unramified for every v € ng). After Lemma 3.14, we

let V; and V; be the unique subspaces of HLT] ®q, L that are isomorphic to 7 and #,
respectively.

Notation 3.15. We fix a G, (A% )-invariant pairing (, ),: V; X V. — L. For every
embedding ¢: L. — C, since 7 is absolutely irreducible, there is a unique element
P! € C* such that

/ Pi(g")eb(g) dg = P - (61 02).
GT(F)\GT(AF)
for every ¢1 € V;x and ¢y € V. See Definition 2.3 for the notation .

Remark 3.16. Since @ = m, the pairing ( , ). is equivalent to a similar pairing
(, )#: VI x Vi — L for #, for which we have P4 = P. for every embedding ¢: I — C.

Lemma 3.17. There is a unique L-linear map
pr.: ’H[f] ®q, L — Vr

satisfying that for every Z € H[TT] ®q, L, every ¢ € Vi and every embedding v: . — C,

/ ¢ (9" 2" (9)dg =P - (!, prr(2))x
GT(F)\GT(AF)

holds.

Proof. Take an open compact subgroup K of G,(A%¥). The L-vector space

rl (K) ®q, L is a semisimple module over L[K\G, (A% )/K], in which V;(K) is the
unique summand that is isomorphic to 75. We denote by H!"’ (K)™ C (e (K) ®q, L
the direct sum of the remaining summands. Then we have a direct sum decomposition

HI(K) ®g, L = Vo (K) @ 1 (K)"

of L[K\G,(A¥)/K]-modules. Denote by prk: Lr](K) ®q, L — Vi(K) C V; the
corresponding projection map. It is clear that the maps prX are compatible with each
other for different K, hence defining a map pr_: Lr] ®q, L = Vr which satisfies the
property of the lemma by construction. The lemma is proved as the uniqueness is
obvious. d

In the rest of this subsection, we take an element v € ng). For every u € P,, we

have the representation m, of GL, (F,) as a local component of 7 via the isomorphism
G,(F,) ~ GL,(E,) = GL,(F,) (recall that n = 2r). In particular, 7, ~ T, ~
(V). Note that we will also speak of m,, a representation of G, (F,) without any

identification with GL,(F,).

Definition 3.18. We let {ay,1,...,aun} € Q) (as a multi-subset) be the Satake
parameter of m,,.
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(1) Define the Satake polynomial of m, to be

n

H( — nl).

(2) For every integer 1 < m < n, put

A(ru,m) = | ] ows | va™ " ™| C{1,...;n}, 10| =m
jeJ
as a multi-subset of @p.
Note that to define the Satake parameter, one needs to choose a square root of g, in
Q,. However, both P, (T') and A(m,, m) are independent of such choice.
Lemma 3.19. We have
(1) There exist By, .-, Bun € OL such that

s(s—1)
P (T) = T"+Zﬂus g 2 T"S.

s=1

(2) For every integer 1 < m < n, A(m,,m) is contained in Z, and contains at
most one element (with multiplicity one) in ). Moreover, A(m,, m)NZ)Y # ()
if and only if Bym € O .

(3) We have that A(m,, m) NZY # 0 is equivalent to that A(mye,n—m) NZY # 0.
Proof. Part (1) follows from Definition 1.1 and [26, Theorem 8.1(3)], that is, the
Newton polygon is above the Hodge polygon.

For (2), we may order the multi-set {1, .., 0y, n} in the way that oy, j11/00,; €
Zp for 1 < j < n. Then it follows by (1) and induction that for every 1 < m < n,

[T (i /@0 )Eq@ N Zyp. Thus, (2) follows.

Jj=1
Part (3) follows from the fact that []" =1 u,j is a oot of unity and the fact that
{owe 1, ouen}y ={agh . on k) O
Put
(3-13) I, = gT(OFv) XG(OF, /@) ,PT(OFW /wv)

which is an open compact subgroup of G,.(F,). For every u € P,, define two Hecke

operators
+1
+ . wy v 1y
T, =1, ( v wf}Fluc '1T> I,

(in which the volume of I, is regarded as 1). In particular, T} = U, - I, (Notation
3.7).

Lemma 3.20. For every u € P, the multisets of generalized eigenvalues of the actions
of T+ and T on wlv are A(m,,r) and A(Tye,7), respectively.
The proof of this lemma will be given at the end of this subsection.

Definition 3.21. We say that the (unramified) representation m, of G,.(F,) is Pan-
chishkin if 3, , € O] for every u € P, under the notation in Lemma 3.19.

Lemma 3.22. The following statements are equivalent:
(1) m, is Panchishkin unramified;
(2) %, is Panchishkin unramified;
(3) A(my,r) contains a unique element in O] for some u € P,,.

Proof. This is an immediate consequence of Lemma 3.19. The fact that the unique
element in A(7,, 7)NZ, belongs to L follows from the Galois action and the uniqueness.
O

Lemma 3.23. Suppose that 7, is Panchishkin unramified.
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(1) The one-dimensional subspace of !> that is the eigenspace of the operator T
for the eigenvalue that is the unique element in A(m,,r) N O is independent
of u € Py,.

(2) The one-dimensional subspace of wl that is the eigenspace of the operator T,
for the eigenvalue that is the unique element in A(mye,7) N O} is independent
of u € Py,.

The proof of this lemma will be given at the end of this subsection.

Notation 3.24. Suppose that 7, is Panchishkin unramified.

(1) For every u € P,, we denote by a(m,) € O the unique element in Lemma
3.23(3).

(2) In view of Lemma 3.20 and Lemma 3.23, we denote by m and 7, the one-
dimensional subspaces of 7» that are the eigenspaces of the operators T, and
T,, for the eigenvalues a(m,) and a(mye) for every u € P,, respectively.

Proposition 3.25. Suppose that w, is Panchishkin unramified.

(1) For every u € P, there is a unique polynomial Q,(T) € L[T] that divides
P..(T) and has the form

r(r—1)

Qﬂ'u (T) =T" + Yu,1 TT_l + Yu,2 - qu'r—Q + -+ Yu,r - Qo 2

with vy, € O .

(2) There is a unique L-valued locally constant function &, on G(F,) such that

(a) there exist o, € (7))~ and p, € 7, such that &, = () (9)@y, pu)r, for
g € G.(F,);

(b) &r,(wy) = 1.

In particular, &, s bi-I,,-invariant.

(3) For u € P,, denote by m, the unramified principal series of GL,(F,) with
Qr, (T) as its Satake polynomial, which is defined over L. Then there exist
GL, (Op,)-invariant vectors ¢, € m, and ¢, € (my,)" for every u € P, such
that

&n,(mla)iy) = [ (wulau)bus 1) (my)v

UEP,
holds for every a = (ay)u € GL,(Ey) = [[,ep, GLr(Ew).

In this rest of this subsection, we prove Lemma 3.20, Lemma 3.23 and Proposition
3.25. To ease the notation, we will suppress the subscript v hence F' = F,,, P = P,,
and m = m, temporarily. It is easy to see that for these three statements, we may
replace L by a finite extension (inside @,). Thus, without loss of generality, we may
assume that I contains both Va and a,; for u € P and 1 < j < n. We need some
preparation on Jacquet modules.

For every subset J C {1,...,n}, put J := {1,...,n} \ J. For every subset J C
{1,...,n} of cardinality r, every u € P and every sign ¢ € {+,—}, we denote by
I(u,j4/q"|j € J) the unramified principal series of GL,.(F') with the Satake parameter
{aw /47" | j € J}, with coefficients in L.

Put P, = W, 1P.w, and let N, be its unipotent radical. We identify both Levi
quotients P,./N, and P, /N, with Resp/p GL, via the map m in §2.1(G4). We define
the Jacquet modules

7N, =7/{p —m(n)p|n € N.(F),p € 7},
my. =1/{p —m(n)p|n € N.(F),¢p € n},

which are admissible representations of GL,.(E) of finite length. Fix an order {ui,us}
of P. Recall that {ay, 1,...,Qun} = {a;;l, coant Without loss of generality,

s Sug,m S
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We may assume vy, j0y, j = 1 for 1 < j < n. It is well-known that

™o~ P Uaw,va e T) B w7 |jed),

JE{1,...,;n}
|J|=r
2 D Howgva |j e ) B lau, Vi | € d).
JCA{1,...,n}
[J|=r

as representations of GL.(E) = GL,(E,,) x GL.(E,,). Since w, conjugates
m(a1,as) € Gor(F) to m(tay !, %ar?), the isomorphism w,: 7 = 7 descends to an
isomorphism 73— 7% that sends

o, jva " | € J)RI(aw,;v/a " |j€J)
to

o, j3/4" |5 € J) B 0w, /7" |5 € ).

Proofs of Lemma 3.20 and Lemma 3.23. The element

1y
(_wlu . 1T “ ) € GT‘(F)

normalizes I and induces an operator on 7! that switches T; and w!'«~1« . T, . In
particular, if the multiset of generalized eigenvalues of T;% on 7! is A(7,,7), then the
multiset for T, is

—lye |

2
[Tead | va |Jc{t...nbldl=rg,
jeJ
which is nothing but A(mye,r). Thus, it suffices to study T in both lemmas.

The quotient map m — 7, induces an isomorphism

s —>7TN

under which the operator T, (which is nothing but the operator U, in Notation 3.7)

corresponds to the operator ¢" - (wlu'lr L )

Since the operator (wlu'lr L ) acts on

awjvg " 1je )R (o j/q |5 €J)

by the scalar [];c ; au,; \/67’“2, the multiset of (generalized) eigenvalues of T, on
is A(my, 7). Lemma 3.20 is proved.

Now we consider Lemma 3.23, for which it suffices to show (1). For i = 1,2, let J;
be the unique subset of {1,...,n} of cardinality r such that HjeJi Oy, \/ﬁ_rz € Z;.
Then J; U Jy = {1,...,n}. Thus, for both ¢ = 1,2, the one-dimensional subspace of
7! that is the eigenspace of the operator T,j‘i for the eigenvalue that is the unique
element in A(my,,r) N O} is the GL,(Og)-invariant subspace of

I(Oéuhj\/a_r |] € J1) X I((XU2,]‘\/§_T |] S JQ)
Lemma 3.23 is proved. O

I

Proof of Proposition 3.25. Without loss of generality, by Lemma 3.22, we may assume
2
that the unique subset J of {1,...,n} with |J| = r such that \/g" [[;c; au,; € Of
is {1,...,r}. It follows that the unique subset J of {1,...,n} with |J| = r such that
2

VT Tljesou,; €Of is {r+1,....n}.
For (1), note that every factor of P, (T) in L[T] that is monic of degree r has the

form
H (T — oz%j\/&"_l)

jeJ
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for some J C {1,...,n} with |J| = r. In particular, the corresponding term -, ,
2
equals \/q" HjeJ 0y, ;. Thus, we must have

r

Qu, (1) = [T (T = @wrsv@ ™).

J=1

Qn,, (T H (7~ cwasvd™™)

j=r+1

For (2) and (3), it suffices to show the following claim: For nonzero vectors ¢V €
(mV)~ and ¢ € 77, there exist nonzero GL,(Or)-invariant vectors ¢1 € mu,, ¢f €
(Tuy )Y P2 € Tuy, G5 € (Tu,)" such that

2
<7rv(m(a1,a2)w7 QD QD H 7Tul az—i ¢za¢z >(7ru1:)v
i=1

holds for every (a1,a2) € GL,.(E) = GL.(Fy,) X GL.(E,,).
Again by Lemma 3.22, the two factors

W, jv/q@ "1 1<) <r) B (ay, /9 |r+1<j<n),
I(auhj\/zl_r | r+lsr n) &I(auz,j\/a_r | I<s< ’I“)

are direct summands of my,.. We see from the proof of Lemma 3.23 that under the
projection ™ — 7. , the one-dimensional subspaces 7, 7~ C 7! map to

U iv/@ " 11<5 <) O BTy /G |7 +1 < j < 0)rOF),

Lo, jv/a " |7 4+1<r <n) O Ry, G " | 1< 5 <r)C 0]
respectively. However, we observe that

W, jva " |r+1<r

o, jv/a " [1<

<
<

The claim follows.
The proposition is proved. (|

3.4. Local doubling zeta integral. Let 7 be as in §3.3. Let x: I'r, — C* be a
finite character, regarded as an automorphic character of Aj.

Take a finite place v € Vi, For every ¢y € m), ¢, € m, and f € I, (x,), we have
the local doubling zeta integral

Z0Y ® o, f) = / (Y (@)@Y s 0)m - F(Wrlg, 121)) dg

G, (Fy)

for every embedding ¢: I — C. Here, w, is defined in (3.1) and (g, 12,) is an element
of Ga,.(F,) via the embedding (3.2). Since ¢m, is tempered, the above integral is
absolutely convergent by [74, Lemma 7.2].

Lemma 3.26. Define a maps: (Resg,p GL,) x Hermp x Hermp — G, by the formula

1, wus —a 0 1, wu
slaunu)={g g _eget)¥ g 1)

whose image is contained in the big Bruhat cell Prw,N,. Then Z'(p) & vy, f) equals

/ oY (s(ay 1, 142)) 0 o), - X(Nmip, /, deta)|det alf,
(Fo)wr Ny (Fy)

t . c
x f (w,‘;| n(Z Z)) ds(a, ug,us),

where the integral is absolutely convergent. Here, we recall that WE = Wo, = (_1% 12T)
from §1.6.

Proof. This formula is deduced in the proof of [45, Proposition 3.13]. (]
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Definition 3.27. For a pair ¢, € 7 and ¢, € 7,, we say that an element £ €
S (Herma, (F,)) is (¢, @y )-typical if its Fourier transform f € . (Hermy, (F,)) with
respect to g, (recall from §1.6) satisfies

(1) T takes values in Q;

(2) £ is supported on the subset

up  ‘tac
a U2
(3) T satisfies

- t,c
| e m)el e, 3 ((“ a )) - de(asunyuz) = 1,
G.(Fy)

a u9

a € GL.(Og,),u1,usz € HermT(OFv)} C Hermy, (Fy);

where the integration is in fact a finite sum by (2) and ¢ is the map in Lemma
3.26.

(WT>(ID’[\)/’ (ID’U>7\'»U E QX .
, 0p)-typical element

Remark 3.28. Tt is clear that (o), i, )-typical element exists if {7

e< =L

Lemma 3.29. Consider elements o, € 7, vy € Ty, and a (¢
f € S (Hermy,-(Fy)). If xov is unramified, then
ZH oy @ o, £X7) =1
(see (3.4) for £Xv ) holds for every v: L — C.
Proof. This is immediate from Lemma 3.26 and Definition 3.27. (|

This following lemma will not be used until Section 4.

Lemma 3.30. For every ¢, € ./, o, € T, and a Q-valued section f € IEv(l), there
erists a unique element

Z(py ® pu, f) €L
such that for every embedding v: L. — C, 1Z(pY @y, f) coincides with Z* (@, @ vy, f).

Proof. We may regard IEv(l) as a representation with coeflicients in Q. Let 2 be the
set of all embeddings ¢: . — C. The assignment

(301\;/ by (me) = {ZL(<)01\)/ & Sp’uaf)}LEQ

defines an element
3 S HomGr(Fv)XGr(Fu) ((7‘(‘1\]/ X 7TU) & IEU(l), (CQ) .

We need to show that 3 takes values in I, which is tautologically a subring of C**. By
[45, Proposition 3.6(1)], it suffices to find one pair of elements (¢,/ ® ¢y, f) such that
3(py ®py, f) € L*. Indeed, choose ¢ € 7/, ¢, € m, such that (7 (w, )¢, Yuv)r, = 1,
and a (¢, py)-typical element £ € .(Herms, (F,)) (which exists by Remark 3.28).
Then £! is Q-valued. By Lemma 3.29, 3(pY ® ¢,,f!) = 1 € L*. The lemma is
proved. O

Lemma 3.31. Suppose that v ¢ ng),

oy, oy are both K, ,-invariant such that (¢, , ¢u)r

If 7, is unramified with respect to K, , and
, =1, then for every v: L — C,

L(3,BC(umy) ® (xo o Nmp, /r,))
b2r,'u(X) ’

ZL(%\;/ @ P, ;?,h) =

where f;‘:h is defined in Notation 3.4(2).

Proof. This is a well-known calculation of Piatetski-Shapiro and Rallis. See [48, The-
orem 3.1] for a full account including our case. O

Proposition 3.32. Suppose that v € Vg)) and that 7, is Panchishkin unramified. For

every embedding v: L — C, we have

2 —
/G (F )L’gﬂ'v (g) : (fg)x” (Wr(ga 127")) dg = qg“r H f}/( 1§T’L@® X’anF,v) 17

u€P,

where &, and m, are introduced in Proposition 3.25.
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Note that the left-hand side is a local doubling zeta integral.

Proof. To ease notation, we omit v and ¢ in the proof. In particular, w? generates the
different ideal of F'/Q,, and &, is C-valued.
By Lemma 3.26, we have

(3.14) /G 50 (00,120 dg

:/ ( )fﬂ(g(a,ul,ug))-X(NmE/Fdeta)-|NmE/Fdeta|}v
G (F

X fg?] (a7u17u2) . d§(a7u1,u2),

where

[0] o / (0] (0 < (Ul tac) (Tu T12>) 0
3 (a,ur,us) = T )yYp | tr dT
X ( ' 2) Hermo,. (F) X ( ) a U2 TQDI TQDQ

in which d7" is the self-dual measure with respect to ¥ p.
It follows easily that

(3.15)

fg?] ((L, Uy, ’UQ) =

q_dr2 / X(Nmpg,pdet T)yp (TrE/F tr aT) dT  if uy,ug € w_dHermr(OF),
GL,(Og)
0 otherwise,

in which dT is the self-dual measure on Mat,. ,(E) with respect to ¢p.
Since &, is bi-I-invariant, (3.15) implies that

2
(3.14) = ¢ /GL (E)fﬁ(m(a)wr) -X(Nmg/pdeta)-|Nmg,pdet a|p

X / X(Nmpg,pdet T)Yp (TrE/F traT) dT | da,
GL.(Og)

which, by Proposition 3.25(3), equals

¢ I1 </GLT(F)<7TU(G)¢W¢X>(M)V -x(deta) - [det affp - X(a) da)

uEeP

= da2 I;IP (/GLT(F)«M@ x)(a)¢u,¢x>(&®x)v - |det a| - X (a) da>

u

with
X(a) = / x(det T)¢p (traT’) dT.
GL,(OF)

Applying [29, Proposition 1.2(3)] with ® = (x odet) - 1g1,,.(0,), We have

[ (ra®0@60 8o - detalf - X(a)da
GL,.(F)
=7(45", (mu © X)", ¥r)
/GL (G T2 ©207 (@00 e - Idet al7 - x(deta) - Lar, op(a)da

= (15 (mu ® X) ¥, ¥F) - (D4 > Pu)ra
= (5, m @ X, Ur) T () Pu)m, -
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Together, we have

(3.14) = ¢ [T v (42 1w ® X, ¥) L - (O), )

u€eP

= q" () [ v (4 7w @ X 0or) ™!

u€EP

2 —
=q" [[v(3 mu@x vor)
ueP

The proposition is proved. U
3.5. Construction of the p-adic L-function. Let 7 be a relevant L-representation

of G,(A%) for some finite extension L/Q, contained in Q, such that , is Panchishkin

unramified for every v € ng).

Choose a finite set ¢ of places of Q containing {oco, p} such that =, is unramified
(hence v ¢ Vi@2™) for every v € Vp \V%O).

We choose decomposable elements @1 = ®,p1,, € Vi and @2 = Qpp2,. € Vi
satisfying

(T1) (m ()l 2.0)m, = 1 for v e V&P,

v
(T2) ¢l € (m)", oo €y and () (4r)] s @2.0)m, = " for v € VP,
(T3) gpli’v € (m)Krv, @, € 5 and <g0;v,(102’v>ﬂ-v =1forveVg \VE[?).
Note that (T2) is possible by Proposition 3.25(2). We also choose a ((pJ{’w 2.,)-typical
element £, € . (Herms,(F,)) (Definition 3.27, which exists by (T1) and Remark 3.28)
for v & YOMooPD)
a :

For every finite character x: I'r, — C*, put
. O
Fer= Q) fu €700,
vevtin\v®)
O fe . : Xo 3 sph (O\{oo,p}) L
where f,, € I, (xv) is the section £Xv (resp. fiP") for v € Vi (resp. v €

)
Ve \ V7).
Consider an open compact subset {2 C I'r,. By the linear independence of charac-

ters, one can write
1o = E Ci* Xi
i

as a finite sum in a unique way with ¢; € C and finite characters y;: I'r, = C*. For
an element e € ZF, we put

(316) 55%—,9) = Zciﬁg](—,xi,fx?op),
i

where ﬁgf](—, Xi, fy>r) is defined in (3.8).
For every w ¢ ¢, we choose a nonnegative power A,, of w such that

G2T(Fw) ﬂ (§2T(Zw) ngr(Zw/Aw) 'ﬁ2T(Zw/Aw)>

is contained in Ky, ,, (and we may take A,, = 1 when w is unramified in E). For every
w € O\ {oo,p}, we may choose a nonnegative power A, of w such that ® _ ) fy,
F

is fixed by the kernel of the map JQT(Zw) — GVQT(ZUJ /A,,) for every finite charac-
ter x: I'pp — C*. Indeed, by Definition 3.27(2), the restriction of f,, to Ka,, is
independent of y,, which implies the existence of A,,. Finally, put

A=]law A= ][] Aw
wgo weP\{oo,p}
Lemma 3.33. For every open compact subset Q@ CT'pp, if |le|| > 0, then
By (D5(=,9)) € lim ALY (K, (074, A))
delN
(Notation 2.10).
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Proof. By construction and Lemma 3.10, it is clear that
Ry (DS)(-,0)) € L 77 (Ko (', A)) @0 €
€

It remains to show the rationality when ||e|| > 0.
Take an arbitrary element o € Aut(C/Q). We have ofy, = foy, for every v €

V?;“ \ng) and every finite character x: I'r,, = C* by construction. By Proposition
3.13, we have

(2

O"F;,r’r (55%_,9)) = ?Lr,r (Z J(Ci)ﬁgf](—7axi7faxfcp)> .

On the other hand, we have 1o = 0lg =), 0(¢;) - ox;, which implies that

’Nlrﬂn (Z U(COEE?(_, OXis fo_Xioop)> = ”‘irm (lﬂjga](_’ Q)) .

The lemma is proved. ]

Lemma 3.34. For every open compact subset Q C T'p,,, if |le]| > 0, then there is a
unique element
DY (=, ) € lim HI) (K, (074, A))
deN
(Notation 2.10) such that

f:,rpge](*v Q) = C:,r’;r,r (Dge](fa Q))
in terms of the diagram (2.6).

Proof. Since the center of Go,.(A®) (as a subgroup of G,.,.(A)) acts trivially on
Eg](—7 Q), the element C:yrﬁg](—, ) descends to the desired element Dg](—, Q). d

Notation 3.35. By Remark 2.4(2), we have a map
Pl s = DLy @ prz: YL = HI @g, HI = Ve L Vs
that is the tensor product of pr, and pr; from Lemma 3.17. In what follows, for every
v e Hm, p1 € V7 and @9 € V,, we put
(1 ® 02, V) 5 = <90§, <<p1, prﬂ,ﬁ\I’>W>A

Definition 3.36. We define an L-valued distribution fpo (m) on I'p,, to be the fol-
lowing assignment

~1
0 C FF,p = <H 05(77u)> <301 & QOQaIDE)l](*? Q)> )

u€EP ™
which is additive from the construction. Here, 1 is regarded as a constant tuple in NF.
Theorem 3.37. The distribution £ () on Tp,, in Definition 3.36 is a p-adic mea-

sure. Moreover, for every finite (continuous) character x: T'p, — @; and every
embedding v: @p — C, we have

1z .
23 (MO0 = 57 75 O TT TT v el © xo)s dr)
™ 2r

vev{P) UEPy
x L(3,BC(tn?) @ (1x® o Nmp, p)),
where
> I'(1)---T'(r)
(r+1)---T(2r)
and m, 1s introduced in Proposition 3.25. In particular, in terms of the data chosen
from this subsection, fpo (m) depends on § only, justifying its notation.

Zr — (_1)r272r2 .2r27rﬂ_r
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Proof. For the first statement, it amounts to showing that the map
-1
Q— /Q d$p<>(7r) = <H oz(7ru)> <g01 ® @2,D£>1](77 Q)>7r N el
u€EP ’

is uniformly bounded.
Now we show the uniform boundedness. By Lemma 3.38 below, for every €2, there
is an integer ¢ = eq > 1, regarded as a constant tuple in NF, such that

DY (—,Q) e HIL(K, . (pA, A)).

By (T2) and Lemma 3.11, we have

/Q dﬁpo(ﬂ) = (H Ol(ﬂ-u)> B <§01 ® (T;)Fl(ﬂz»Dg](*a Q)>

_ (H a(m)) . <%01 @ o, (1 U~ )DL (-, Q>>ﬂ,ﬁ
= <H oz(ﬂ'u)) B <<,01 @ P2, Dg](—, Q)>7T7TAr )

where T, = [],cp T, . Since a(m,) € Of for every u € P and 'H[TT]T(K(pA,A’)) is
a finite-dimensional Q,-vector space, it suffices to show that there exists an integer
M > 0 such that

Mgt (g- DS~ Q) € SF,.(Z(y)

holds for every g € G,...(A?), every e > 1 and every Q. By (2.11), it suffices to study
a3 (g By (=,9)), where

E¢ (=, 0) = 3 6B (= fyr)

is similarly defined as (3.16). By Lemma 3.12 and Lemma 3.5(1), we know that for
every g € G,.,.(A?), there exists a finitely generated ring 0y contained in Z,) and a col-

X
lection of Og-valued functions {gWgD |TY € Herm$, (F)} on A%X/ (OF S | Zw)
with finite support such that

@ig B (- ) =w >

THeHerm$, (F)+

— O
11 fv(TD)1T[;](TD)Z19((NmEp/FpdetTg,x))-gwgm(m) q"

vev(OMeorh)

X
in which « is taken over the set A%X/ (OF ® Hueo Zw) and (Nmpg_ ,p, det T, )
is regarded as an element in I'p ,. We may choose an integer M such that

MWy ] £(T) € Zg,

vev(O\eorh)

for every TH € Herms,.(F). Tt follows that p™ q32(g - Eg](f, Q)) € SF2,(Z()) holds
for every Q, every e > 1, and every g € G,.,.(A®). Thus, d.i”po(w) is a p-adic measure.

Next, we show the second statement, that is, the interpolation property. By con-
struction, Remark 3.16 and Lemma 3.11, for every finite character x: I'p, — @g and
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embedding ¢: @p — C,
129 () (x)

-1
1
=<LHa<m>> e // 05 (9]) 04 (91 ES (g1, 92), 0 fixer) dgr dgo
uer " (G (FNGr (b))

1
—wrJ[ AGDADE (01,92, 0x fomr) o o

(Gr(F\NG(Ar))?
BGAE // (D) (9194 (92) EX (g1, 98)s 0, fir=r) dgr dga.
G PN G (ar))?
By (3.6),
LZL2 () (x)

(P} )2 ’ bgr(l)_l ’ bg’r(l’X)
/ / (1) (91)4(92) E((g1, 08, £} @ (£19 )% @ £, s dgy dgs

(Gr(F)\Gr(AF))?
1

= (PL )2 ’ bgr(l)il : bgr(LX)

// (@) (g1)¢5(92) E(e(g1, g2), [ ® (£19 )Xr @ fyoer) dga dga,
(G (F)\Gr(AF))*

where we have used (g1, g%) =1(g1, g2) as in Remark 3.1. By the well-known doubling
integral expansion (see [61] or [19, Section 2B] in the case of unitary groups) and
Lemma 3.31, we have

/ / () (01)04(92) E (g1, 92), £ © (£ )% foy ) Ay g
(Gr(F)\Gr(AF))?
L(L, BC(m®) © (1x® o Nmg ) S
=2 . 2 Z((0)) 5 ® (94)oos £
bQT(LX)

< J[ 2l @ o E)>) - I 22l ® 0200, fir,)-

ver(®) vev(O\l=rh)

There are three cases:
e By [16, Theorem 1.3 & Proposition 3.3.2] (with n = k = 2r, a = b = r,
m=--=7.=r,v=-=1v,=—r,and xh. = 1), we have (see the proof
of [15, Proposition 3.7] for more details)

Z((]) @ (ph)oos FI)) = P - Z1C,

e By (T2) and Proposition 3.32, for v € Vg’), we have

Z4(] , ® 2, (£ )20y = T 75 e @ Xo), ¥r0) ™

u€EP,

(O\{oo:p})

e By Lemma 3.29, for v € Vi , we have ZL(ng{w ® 924, fix,) = L.

Putting together, we have

pro(ﬂ)(x) = PT L : : H H 7(1#7L(E®Xv)awl7,v)il

x L(3,BC(tm®) ® (1x% o Nmg,/p)).

The theorem is proved. O
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Lemma 3.38. For every finite character x: I'r, — C*, there exists e, € N such that
[e]

for every e € NF satisfying e, > ey for every u € P, the section (£, )X» is invariant

under Hvevg) Grr(OF,) Xg, . (0p, jw.) Pror(OF,/®@y) (Definition 2.9).

Proof. Tt is well-known that for every v € V&f) and u € P,, we have I9U,I? =
137U, If for every integer d > 2, where I := G,(OF, )X g, (0p, jo.)Pr(OF, /@d). Since
(:Eg?},)x@ is fixed by [], _y@ Prr(OF,), it follows that there exists a pair (ey1,ey2) €
N x N such that for eve;y (e1,e2) € NP x NP satisfying €1, > ey1 and ez, = €y
for every u € P, (Ut x U;;?)(fg?z],)xl’ is invariant under Huev(F’)) Grr(OF,) Xg, .(OF, j=.)
Py (Op, /w,). By Lemma 3.11, we have

(Ug x Ug) (£ = (i teel o
Thus, the lemma follows by taking e, = ey + ey2. O

To end this subsection, we discuss the parity of the vanishing order of .fpo () at 1.
For every v € Vi, the root number e(BC(m,) ® tx, © Nmp, /) does not depend on
the finite character x: I'p;, — QX and the embedding ¢: @, — C, which we denote
by €(m,). Put e(m) = Hvev’j;‘ €(my), which is indeed a finite product.

Proposition 3.39. The vanishing order of .iﬂpo(ﬂ') at 1 has the same parity as

1
r[F: Q]+ 726(70
Proof. Denote by F% , the subgroup of I'r,;, generated by uniformizers above O\{o0, p}.
For every v € V;?\{m’p}), there is a unique element £, (m,) € ]L(F%p) such that for

every finite character x: I'r, — QX and every embedding ¢: @, — C,
12y(m0)(x) = L(5, BC(tmy) @ (1xv © Nmp, /5,)).

In particular, %, (m,) has neither poles nor zeros at points corresponding to finite
characters.
Put

Lp(m) = fpo(ﬂ-) H b2r,v(1)71 (o),
vev O\ 2
regarded as an element of Z,[[['r,]] Dz,r9 ] L(F%p). Then .%,(r) is the unique
element such that for every finite character x: I'r;, — Q) and every embedding
1:Qp, = C,
1 Z[F Q)
P

12y (m)(x) = U7y ® Xo), YF0) "

V(p) UEP,

x L(3,BC(r”) @ (1x” o Nmp )
) =

holds. As BC(i#t,) ~ BC(umr)/) ~ BC(umry,) o ¢ for every v € Vg, we have the functional

equation
(3.17) LZ,(m)(x) = e(BC(m) @ 1x o Ningy/ ) - 1.2 (m) (x )
(Definition 1.1) for the root number
€(BC(*m) ® tx o Nmpp) = H e(BC(‘my) ® txo o Nmp, /) € {£1}.
veVEp

It is clear that for v € V(Foo), e(BC(‘my) ® txy o Nmp, /5,) = (—1)"; and for v € VP,
€(BC(‘my) ® txy c Nmpg, /5, ) = €(m,) by definition.

To summarize, if we denote by V the involution on Z,[[I'p )] ®z,r9, | L(I‘%p)

induced by the inverse homomorphism of I'p,, then (3.17) implies the functional
equation

Zy(m) = (=1)" T e(x) - L (m)".
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It follows that the vanishing order of %, (m) at 1 has the same parity as r[F : Q] +

1_%(”). The proposition is then proved since the vanishing order of Xpo(w) at 1 is
same as that of £, (). O

Remark 3.40. We expect that the p-adic L-function .Z,(m) constructed in the proof
of Proposition 3.39 is again a p-adic measure, that is, an element of Z,[[I'r]] ®z, L.

3.6. Remarks on p-adic measures. In this subsection, we review some facts about
derivatives of p-adic measures and make some remarks that will be used in the next
section. For d > 1, we denote by Uy the image of 1 + Op ® dep in ', which is an
open subgroup of finite index.

Let p be an L-valued p-adic measure on I'p,, (for a finite extension L/Q,). For
every continuous character x: I'r, — R* for an L-affinoid algebra R, we put

p(x) = /F F’pxdu = lim > x(z) vol(zUs, 1)

zely

where I'y € I's C --- is an arbitrary increasing chain of sets of representatives of
I'pp/Uqgford=1,2,.... Then u(x) does not depend on (I'g)q; and hence p is nothing
but a bounded rigid analytic function on 2%, ®q, L, or equivalently, an element in
ZPHFF,pH ®Zp L.

We consider its derivative (1) at 1, which is an element in I'r, ®z L - the
cotangent space of 2, ®qg, L at 1. Since in this article, we only consider derivatives
at 1, we will simply write du for Ou(1) in the rest of the writing.

More precisely, Oy is the linear functional in Homz, (Homgz, (I'r,p, Z,), L) that sends
A E:HfﬂnsziFm,Zp)tO

O = Jlim, — (u(exp(p" ) = (1)

= lim 1 lim (exp(p°A(x)) — 1) vol(zUqg, 1).

aﬁa}pcd—ﬂm

z€ly
Since
1 ¢ _ PANx)®  pPA(@)?
— lep(pA@) — 1) = Mo) + ET + B S
and vol(xUyg, pt) is bounded independent of x and d, we have
(3.18) Oap = lim ; M) vol(xUqg, ).
x d

Definition 3.41. We say that an L-valued p-adic measure p on I'p, is integral
if vol(2, ) € O for every open compact subset Q& C I'p,, that is, u belongs to
OL[[I'F,p]l-

Lemma 3.42. Let i be an integral L-valued p-adic measure on I'r ;. Then for every
A € Homgz, (I'ryp, Zy) and every d > 1, we have

O\t — Z Az) vol(xUy, p) € p?Or.
zel'y

In particular, Ou € F‘;{p ®z, OL.

Proof. Since Uy C piT g, we have A(z) — A(z') € p?Oy, if # = 2’ in Tp,/U,. Then
the lemma follows from (3.18) since p is integral. O

The discussion of this subsection can be easily generalized to p-adic measures valued
in a finite product of finite extensions of L.

4. SELMER THETA LIFTS AND THEIR p-ADIC HEIGHTS

In this section, we introduce Selmer theta lifts and study their p-adic heights. We
fix an embedding £ < C and regard F as a subfield of C and regard E as the algebraic
closure of F in C. Fix an even positive integer n = 2r.
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4.1. Hermitian spaces and Weil representations. Let m be a relevant IL-
representation of G,.(A%®) for some finite extension L/Q, contained in Q.

Choose a finite set ¢ of places of Q containing {co,p} such that m, is unramified
(hence v & V'ia™) for every v € Vp \ V;?).

Let V, (', )v be a hermitian space (that is nondegenerate and E-linear in the second
variable) over E of rank n that is split at every v € Vp \ V%}), has signature (n —1,1)
along the induced inclusion F' C R and signature (n,0) at other archimedean places
of F. We introduce the following sets of notation.

(H1) For every F-ring R and every integer m > 0, we denote by
T(z) = ((zi,x;)v),; ; € Hermp, (R)

the moment matrix of an element © = (z1,...,2,) € V" ®p R.
(H2) For every v € Vg, we put €, = ng/p((—1)"det V) € {£1}. In particular,
€, =1 for v §ZV(F<>).
(H3) Let v € Vi" be an element and m > 0 an integer.
e For T € Herm,,(F,), we put (V,")r ={zx € V" |T(z) =T}, and

(va)reg = U (va)T7

TeHerm? (F,)

where we recall Herm;, from §2.1(F3).
e For every Z[p; '](p,)-ring M, we have a Fourier transform map

SV M) — (VM)

v 7 v o)

sending ¢ to (Z defined by the formula

o(z) = |  SW)ro <TYE1,/FW Z(%lﬁ)v) dy,
i=1

vm

which is in fact a finite sum, where dy is the self-dual Haar measure on
V. with respect to ¥r,. In what follows, we will always use this self-dual
Haar measure on V.
(H4) Put H = U(V), which is a reductive group over F.
(H5) For v € Vin\ {v € V2™ | either €, = —1 or v | 2}, a good lattice of V, is an
Og,-lattice A, of V, that is a subgroup of AY of index ¢l=¢, where

A ={xeV,| Trg, /p, (2,y)v € p, % for every y € A, }.

We say that
e an open compact subgroup LY of H (A%) is good if it is the product of
the stabilizers of good lattices at v & Vp \Vg?);
e a Schwartz function ¢ € (V™ @p A%) is good if the it is the product
of 1pm in which A, is a good lattice of V.

(H6) Denote by T the (abstract) spherical Hecke algebra of rank-n unitary groups
over E away from ¢, and S® its subring consisting of Hecke operators sup-
ported on places split in E. In particular, for every good open compact sub-
group LO of H(A$), we have canonical isomorphisms

TO = ZLO\H (42)/L%),

SO = lm  ZIL\H(Fr)/LS) @ 101
TCvePh\v(®)
|T|<o0
of commutative rings.

(H7) For every integer m > 1, every v € Vi and every Z[p, !](p,)-ring M, we have
the Weil representation wy, , of Gy, (F,) x H(F,) on #(V,*, M) given by the
following formulae:

o for a € GL,,(E,) and ¢ € .Z(V,",M), we have

wm,o(m(a))¢(x) = |det al, - p(za);
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o for b € Herm,,(F,) and ¢ € #(V,", M), we have

Wi, (n(0))$(z) = Ypo (trbT'(x))p();
o for ¢ € .7 (V,", M), we have

Wi, (9m) $(@) = Ay, - D),
where vy, 4., € {£1} is the Weil constant of V, with respect to 9 r;
e for h € H(F,) and ¢ € .#(V,;",M), we have
Wi (R)g(x) = ¢(h™ ).
(H8) When m = n = 2r, we have the Siegel-Weil section map
VL A (VPN = 1,(1)
for v € V" sending ® to f3"V defined by the formula

57 (9) = (W2r0(9)®) (0), g € Gar(Fy) = G (Fy).
(H9) For every v € Vil there is a unique Q-valued Haar measure dh, on H(F,),

called the Siegel-Weil measure, satisfying that for every TH € Herm$, (F,)
and every ® € .(V.2"),'?

ITD ((I)) = /H(F ) Q)(hljlx) dh, = b2r,v(1) : WTD (f<IS>W)v

where x is an arbitrary element in (V,2"),0. When v is unramified over Q and
H ®p F, is unramified, the measure dh, gives volume 1 to every hyperspecial
maximal subgroup of H(F,). For ® € (V2" R) with R a general Q-ring,
I;0(®) is well-defined and belongs to R.

(H10) Let ¢: L — C be an embedding. For every v € Vi® put
0(tmy) = Homg, (5, (-7 (Vy,), 170)
as a complex representation of H(F,). Then put
O(im) = @’ 0(vmy)

£
vev”

as a complex representation of H(AY).

Lemma 4.1. For everyv € V%“, there exists a (unique up to isomorphism) hermitian
space Vi, over E, of rank n such that for every embedding v: L. — C, 0(vm,) # 0 if
and only if Vi, >~ Vi . When V, ~ V., 0(vm,) is a tempered irreducible admissible
representation of H(F,), satisfying

Homp (p,) (' (Vy.),0(umy)) ~ v,
as C[G,(F,)]-modules.

Proof. For every fixed embedding ¢: L — C, the existence and the uniqueness of V.
follow from the local theta dichotomy [20, Theorem 3.10] (see also [25, Corollary 4.4]
and [24, Theorem 2.1.7]). As V., does not change if we twist the additive character
Y, by automorphisms of C, it is the same for all ¢.

Since v, is tempered, the irreducibility and the temperedness of §(vm,) follow from
[18, Theorem 4.1(v)] and (the same argument for) [19, Theorem 1.3(ii)], respectively.
The last isomorphism follows from the dual statements. (I

Definition 4.2. We say that V (as above) is 7w-coherent if V,, ~ V., for every v € Vi¥.

Remark 4.3. We have the following remarks.

(1) The following conditions are equivalent for V' as above: m-coherent, V-

coherent, wf-coherent, #-coherent.
(2) There exists a hermitian space V as above that is w-coherent if and only if

(4.1) H ne/r (1) det V) = —(—I)T[F:@]_

vevOM D

Moreover, when (4.1) holds, . () vanishes at 1.

12We recall our convention from §1.6 that .#(V,2") means .&(V,2", C).
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In the rest of this subsection, we discuss the rationality of local theta liftings. For
readers who are willing to fix an embedding @, < C and do not care about the
rationality of the coefficients of the Selmer theta lifts below, this discussion may be
ignored.

Take a place v € Vg‘,n. We say that m, is symmetric if for every element a € F,°,
Wl“ ~ m,, where t, is the automorphism of G, (F,) given by the conjugation of the
element (1T alT) S GLQT(EU).l?’ Denote by U, the subset of V%“ consisting of v such
that 7, is not symmetric.

It is easy to see that

(4.2) (aw)w € [ 25 =2"|awe () Nmg,/p, B

w<oo veU, NV

is an open subgroup of A Thus, we may define Q, to be the finite abelian extension
of Q contained in C determined by this subgroup via the global class field theory.

Remark 4.4. We have the following remarks concerning Q.

(1) Tt is clear that Qs = Q, since Uz = U+ = Uy.

(2) Tt is clear that in (4.2), we may replace U, by U, N V@™,

(3) Suppose that we are in the situation of Assumption 1.6. For every v € V@™
and every a € O;w since f, preserves K, ,, we have mt“ ~ m,, that is, m, is
symmetric. In other words, U N V2™ = () hence Q, = Q. For this reason, the
readers may just assume Q. = Q for further reading.

(4) Since every p-adic place of F splits in E, p is unramified in Q.

Lemma 4.5. For every v € Vf}“, every embedding v: L. — C, and every o €
Aut(C/Qx), 0(oumy) is isomorphic to of(umy,).

Proof. We have o0(tm,) = Homg, (p,) (0 (Vy ), 0um,). The representation 0.7 (V] )
has the same formulae of definition as (V] ) except that n(b) sends ¢ to the function
x = Ypo(atrdT(x))¢(z) for some element a € Z,; (resp. a € Z; NNmg, g E)) if
v & Uy (resp. v € Uy). It follows that

Homg, (5, (07 (Vy)),oumy) =~ Homg, (g, (-7 (V}), ULﬂ'l“) = 0(0’L7TT”).

By definition, we have Wl” ~ 7,. The lemma follows. O

4.2. p-adic height pairing on unitary Shimura varieties. From this subsection,
we will assume F' # Q. Put L, :=L ®q Q.

Back to the setup in §4.1, we have the projective system of Shimura varieties X7,
associated with Resp,q H indexed by neat open compact subgroups L C H(A%),
which are smooth projective schemes over F of dimension n —1. Put X = X, Qg E.

Lemma 4.6. For every L, there exists a unique decomposition

HE ™ (X, L (7)) = HE ™ (X1, L (1) [0) @ HE ™ (X 1, L (7)) 6]
of L. [L\H(A%)/L]-modules such that for every homomorphism v: L, — C extend-
ing the inclusion Q. C C, (H3 ~H(X 1, L (r))[0x] is isomorphic to a finite sum of
copies of O(um) (§4.1(H10)) and HZ (X 1, L (r))[0x] does not contain 0(im)" as a
subquotient.'*

In what follow, we put V,r = H3 (X, L.(r))[0:]. Tt is clear that V. is
nonzero only if V' is m-coherent (Definition 4.2).

Proof. For every given ¢, the existence of such a decomposition follows from Mat-
sushima’s formula. It follows from Lemma 4.5 that these decompositions are the same
for all «. O

I3Note that 71'3,"’ ~ my, when a € Nmg, /r, EY.
14\We warn the readers that the statement could be wrong if we replace L by L.
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The Hochschild—Serre spectral sequence in [30, Corollary 3.4] induces a decreasing
filtration

+ CFUHE (X1, L (r)) € FOHE (X7, L (r)) = HE (X1, L ()

of HZ"(Xp,L.(r)) in the category of L.[L\H(A%)/L]-modules so that there is a
canonical inclusion'®
FIHE (X1, La(r))
F2HE (X1, La(r))

Lemma 4.7. There exists a unique map of L.[L\H(A%)/L]-modules
pr: HE (X2, L (r)) — H'(E,HE ™ (X1, L (1) [0])

C HY(E,HZY(X 1, L (r))).

that vanishes on F2H2I (X1, L. (r)) and induces the inclusion map on
FUE (X, Lo(r)
F2HE (X1, L (1))

HY (B, B2~ (X1, L (1)) [6]) 0

Proof. By Lemma 4.1, 0 is tempered, so that it does not appear in H (X, L. (7))
. . . . F'HZ (XL,L. (1) . .
for 4 ‘;é 2r —1 ‘asia subquotient. In particular, since Wﬁm is a subquotient

of H(E,H2~"(X 1, L.(r))), we have
Homy, 2\ s (ase)/ ) (FPHE (X1, L (7)), HZ 1 (X 1, L (1)) [6]) = 0.
Then by Lemma 4.6, we have a unique map
ot FUHE (X1, L (r) — HY (B, HE ™ (X1, L () [0])

satisfying the property in the lemma. It remains to show that pl extends uniquely
to H' (X, L.(r)). The uniqueness follows from the same reason that 6, does not
appear in H2 (X, L. (r)). For the existence, note that [45, Proposition 6.9(1)] actu-
ally implies that there exists an element s € SE (by possibly enlarging ¢) such that
s* annihilates H2/ (X 1, L (r)) and acts by the identity map on HZ[ (X 1, L. (r))[0x].
In particular, p, = pl os* is such an extension. (I

Denote by ng ;, the subset of SH?,, consisting of elements s such that s* annihilates
F2HZ (X1, L. (r)) and the induced endomorphism of HZ (X, L. (r))/F2H2 (X1, L, (r))
has image in H'(E, V. ). It is clear that SSL is an ideal. On the other hand, we
have the Hecke character

X Sﬂ? — L
given by its action on 7.

Lemma 4.8. Suppose that L is of the form Lo LO in which L° is good (§4.1(H5)).
(1) For every s € SSL, we have

s* = x2(5) - pr: HE (X1, Lo (1)) — HY(E, V1)

(2) If L is of the form [] _yo\iesp) Ly in which for every v € V;?\{OO}) \Vil’l, L,
F

is special mazimal and 0(im,)v # 0 for every embedding v: L. — C, then the
restriction of Xg to Sﬁ 1, s surjective.

Proof. By [49, Corollary A.6(2)], for every embedding ¢: L — C and every v € Vi,?l \
V%)), we have 0(vm,) ~ 71, @1, C. This already implies (1).

For (2), For every embedding ¢: . — C and every ¢ € Z, we have
(4.3) HY (X1, L(r)) ®1, C

~ P ()" ®c Home(p\meass) oy (7)) H (X1, L(r) @, C)

15Indeed, the above Hochschild—Serre spectral sequence should degenerate from the second page,

F'H2"(X1,Lrx ; i
as pointed out in [31, Page 262], which implies that i (r(;; L(T()T))) =H'(E, Hg: (X, Lx(r)))
ét i

for every i > 0.
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in which 7’ runs over all irreducible admissible (complex) representations of H(A%¥),

by Matsushima’s formula. By [15, Proposition 6.9(1)], we may find s € S]f that

annihilates Hi, (X, L(r)) for every i # 2r — 1 and such that x%(s) = 1. Tt remains

to show that if 7/ contributes nontrivially to H2/ ~! (X, L(r)) in (4.3) satisfying that
spl

m, ~ O(um,) for every v € VX \ng)7 then the same must hold for every v € Vin.

Indeed, by the strong multiplicity one property [62, Theorem A] and the local-global
compatibility of base change [32], we already have the isomorphism for v € Vi,?l and
that BC(n,) ~ BC(0(tm,)) for v € ViR \ V?l. Now take an element v € Vil \ Vi?l.
Since both 7, and 6(um,) have nontrivial L,-invariants and L, is special maximal,
they are constituents of the same principal series representation p of H(F,). Since

prv is one-dimensional, they must be the same constituent. Thus, (2) follows. O

Lemma 4.9. Forv € ng), if m, is unramified, then Vi, 1 is crystalline at every place

u of E above v.

Proof. If m, is unramified, then its local theta lift is also an unramified representation
of H(F,). In particular, we may assume that L is of the form L,L" in which L,
is hyperspecial maximal. By [63, Theorem 4.5] (or a more closely related discussion
after [15, Proposition 7.1]), X admits a finite étale cover that has smooth reduction
at every place u of I/ above v. Thus, V 1, is crystalline at . (|

Lemma 4.10. There is a unique up to isomorphism semisimple continuous repre-
sentation pr of Gal(E/E) of dimension n with coefficients in Q, such that for every
place u of E not above { that is split over F, p, is unramified at v and a geometric
Frobenius at u acts with a characteristic polynomial that coincides with the Satake
polynomial of m,, regarded as an unramified representation of GL,(E,). Moreover,
we have pz ~ pS ~ pY(1 —n).

Proof. The uniqueness of p, follows from its property and the Chebotarev density
theorem; and the last statement follows from the uniqueness. It remains to show the
existence of p;.

Choose an isomorphism ¢: Q, = C. By [54], the automorphic base change of

®, ev(oomq[f} ® v is an isobaric sum of distinct unitary cuspidal automorphic represen-
F

tations II; of GLy,; (Ag) for some partition n = ny +--- +n,. By [10, Theorem 3.2.3],

for each 1 < j < s, we have a semisimple representation pr, of Gal(E/E) such that

for every place u of E not above ¢ that is split over F, the restriction of pr; to
the place w is unramified and corresponds to the irreducible admissible representation

1—n J—
(iju ® | |E) ®c,—1 Qp of GLy,(E,) under the unramified local Langlands corre-
spondence. Then p, = @jzl p11; does the job. ]

Hypothesis 4.11. For every homomorphism t: L, — Q, over L and every irreducible
Qp[Gal(E/E)]-module p that is a subquotient of V. 1 @1, Qp, p is a direct summand
of px (T)

Remark 4.12. We have the following remarks concerning Hypothesis 4.11.

(1) Hypothesis 4.11 is equivalent to the parallel statement for 7.

(2) We understand that Hypothesis 4.11 will follow from a sequel of the work [36].

(3) A precise prediction of the semisimplification of V. 1 ®p,_, Q,, if not zero, can
be found in [45, Hypothesis 6.6]. Such prediction is independent of ¢.

(4) It is conjectured that V. 1, ®]L7r,b@p is irreducible as a module over the algebra
Qp[L\H(A¥)/L][Gal(E/E)]. However, this does not seem reachable at this
moment.

From this moment, we will assume Hypothesis /.11 without further mentioning.
Lemma 4.13. For every finite place u of E not above p, we have
HY(Fy,Vyr) =H(E,, Vi) =0
for every i € Z.
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Proof. By symmetry, we only need to consider V. 1. By Hypothesis 4.11, it suffices to
show that H'(FE,, p(r)) = 0 for such u. By [8, Theorem 1.1] and [70, Lemma 1.4(3)],
we know that the associated Weil-Deligne representation of p,(r)|g, is pure of weight
—1, which implies that H*(E,, p.(r)) = 0 by (the proof of) [5%, Proposition 2.5]. O

Lemma 4.14. Toke v € ng). If m, is Panchishkin unramified (Definition 3.21), then
both Vr 1|g, and Vi 1|g, satisfy the Panchishkin condition (Definition A.12) and are
pure of weight —1 for u above v.

Proof. By symmetry and Lemma 3.22, we only need to consider V. . We will use
the results and notational conventions introduced in §A.6. Since V. r, is crystalline
(Lemma 4.9), by Lemma A.14 and Hypothesis 4.11, it suffices to show that p.(r)|g,
satisfies the Panchishkin condition and is pure of weight —1 for u above v. By [9,
Theorem 1.1], we know that for every embedding 7: E, — Q,,
(1) pr(r)|g, is crystalline and has Hodge-Tate weights {—r, —r+1,...,7 — 1} at
T
(2) the associated Weil-Deligne representation WD (p, ()| g, )~ (see §A.6) is un-
ramified and its multiset of generalized geometric Frobenius eigenvalues is

{av,l\/%_la cee aav,nm_l}-

By (2), we know that p,(r)|g, is pure of weight —1. Moreover, by Lemma 4.9 and
Remark A.10, the multiset of generalized g-eigenvalues on D = Deyis(pr (7)|E,) is
{awiv@ e Qo /@ ) as well.

For the Panchishkin condition, by Lemma 3.22, we may assume that the unique
subset J of {1,...,n} with |J| = r such that \/qT)T2 [Licsou; € o is {1,...,r}
without loss of generality. Then ozw‘\/qul belongs to Zp if and only if ¢ > r 4+ 1.
Let DT C D be the L ®q, Fuo-submodule spanned by the generalized eigenspaces
with respect to the crystalline Frobenius for the eigenvalues {av, j/¢ " |1 < j < 7},
which is the negative-slope submodule defined in general in Lemma A.13. By the weak
admissibility of D and rank counting, the map (A.4) for DT is an isomorphism, and
by inspection of the Newton and Hodge polygons, Dt is weakly admissible. It follows
that the equivalent Panchishkin condition of Lemma A.13 is satisfied. O

If m, is Panchishkin unramified for every v € ng), then we may apply §A.7 to the
case where K = FE, X =X, d=d =r,L=L,, V=V, and V' = V; ;. Indeed,
(V1) is due to Lemma 4.13; (V2) and (V3) are due to Lemma 4.9 and Lemma 4.14.
Consequently, we have a canonical p-adic height pairing

(4'4) < , >(V«,L,Vﬁ,L),E: H}(E’VW,L) X H}‘(Evvﬁ',L) — FEvP ®Z;n Lr.

4.3. Selmer theta lifts. We take a finite set 4 of places of Q containing {co} and a
subfield M of C containing Q(] [, c ¢\ {00} w) and Q.

Consider a neat open compact subgroup L C H(A%). Recall that for every element
z € VM @p A, we have Kudla’s special cycle Z(z)y, € Z™(Xp) if T(z) € Herm,, (F)*
and Z(z)r, € CH™(X)g in general. See [45, Section 4] for more details in our setting.
For every ¢ € S (V™ @p A%O,M)K%XL and every T € Herm,, (F), we put

Zr(P)L = Z P(x)Z(x)L
zEL\V"QprAF
T(z)=T

as an element in Z™(X) ® M if T € Herm,,(F)* and in CH™(X) ® M in general.
Denote by

Z3(6)r € HE" (X1, Qp(m)) ®g M
the image of Zp(¢), under the (absolute) cycle class map
Z™(X1) — CH™(Xp) — HZ" (XL, Qp(m)).
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Definition 4.15. Suppose that m = r. We define the w-Selmer generating function
to be

Z;(Q)L = Z P (Z%t(wr(g)gb)L) 'qT
TeHerm, (F)*
€ H'(E, V. ) @L, SF.(L ®g C)

for g € G, (A%). Here, w, is the restricted tensor product of w,, (§4.1(H7)) over all
v E V‘}n; and g, is the map in Lemma 4.7.16

Hypothesis 4.16 (Modularity of 7-Selmer generating functions). For every element
pe L (V" AR, (C)K'r’ XL there exists an element

25, € HW(E, V. 1) 9, AL,

such that (1®q;")(g-ZF 1) = Z5(g) 1 holds in HY(E,V,.1)®L, SF.(L&gC) for every
g € G.(AY), where 2" is the analytic g-expansion map (Definition 2.5).

Remark 4.17. We have the following remarks concerning Hypothesis 4.16.

(1) This hypothesis is implied by [45, Hypothesis 4.5].

(2) The natural map L ®gC — [],. ¢ C is injective. Indeed, it suffices to show
that for every finitely generated subfields M and M’ of C, the map M ®q
M’ — [1,. y_c C is injective. For this statement, we immediately reduce it to
the case where M is purely transcendental, say generated by x1,...,zq that
are algebraically independent over Q. Then we may find a single embedding
t: M — C such that tzq,...,txq are algebraically independent over M/, so
that the map M ®g M’ — C induced by ¢ is already injective.

(3) We warn the readers that this hypothesis is stronger than the following state-
ment: For every embedding ¢: . — C, there exists an element Z;rz in the

space H}(E,VmL) QL ,ix1 AE:]]HOI such that for every g € G, (A¥), (1@¢*")(g-
Z31,) coincides with the natural image of Z7(g)r in H'(E,Var) @L,.x1
SF,.(C) induced by ¢.'” The stronger statement in Hypothesis 4.16 reflects,

in some sense, the conjecture that the image of the absolute cycle class map
CH"(X1) — HZ (X1,Q,(r)) is a finitely generated abelian group.

Recall from Definition 2.3 the Q,-vector space ’HLT] and the subspaces V;, Vi of
i ®q, L introduced after Lemma 3.14.
Proposition 4.18. Assume that Hypothesis /.16 holds for w. Then for every ¢ €
V" Qp A%",M)K:XL, there exists a unique element
27 €H}(E, Vr L) L, (Ve ®gM)
such that for every embedding v: L — C, (Z;;L)L, regarded as an element in
H}(E, V1) ®0, A[ﬂlol via the inclusion M C C, coincides with ZF | .

Proof. We first explain that it suffices to find the element Z7 ; in

H}(E,Vr.1) ®Q,500. (H[f] Rq M) .

Indeed, if we can find such elements, then the assignment ¢ — Z7 ; defines a functional
in
Hom; (7 (V" @p AT, M) L, HY (B, V1) @0, 500, (M) €0 M))

with ? = Q;[K?\G,(A®)/K2[L\H(A%)/L]. By the definition of V, ; from Lemma
4.6 and Lemma 4.1, the functional Z” ; must take values in the (possibly zero) sub-
space

H(E, Vi) ®L, (Vr®M).

168ince SF, (L ®q M) strictly contains L ®qg SF(M), a priori we do not know whether zy (9)r
belongs to H'(E, V. 1) ®qg, SFr(C).
17 particular, Theorem 4.20 below is stronger than Theorem 1.7.
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Now we show the existence of Z7 ; as an element in
H}(E, V1) 80,000, ('HW ®q M) ,

Put G. := Resp,q Gy, which has been regarded as a subgroup of ér in Remark 2.7.
For every w ¢ 4, choose a nonnegative power A,, of w such that the intersection of

K’r‘,w = gr(Zw) XGNT(ZW/Aw) PT(Zw/Aw)

with G}.(Qy) is contained in K, ,, (and we may take A,, = 1 when w is unramified in
E). Put K¥ = [l,ze Krw and K'* =G.(AYNK?*CK?.
We claim that for every open compact subgroup K’ of [],,c4 G7.(Qu), there exists

an open compact subgroup K of Hwe. C:'T(Qw) containing K’ such that the natural
map

GLQ\GHR)™ x G (A®)/K'K[® — GL(Q\G(R)™ x G,(A®)/KK?
is injective, and hence an open and closed immersion. In fact, since ér(Q) is discrete
in G.(A*), we have

lim G, (Q\Gr(R)™ x Gy (4%)/KEY = Gr(@\G (R)™ x G, (A%) /KK
K'CK
Then the claim follows from the obvious injectivity of the map
GLQ\G,(R)™ x G (A®) /KK — Gr(Q\GH(R)™ x Gr(A™)/K'KY.
Choose a sufficiently small K’ as above such that
25, € H{(E,Va1) @g, Al (K'KD).
By the above claim, we may extend Z7 ; by zero to obtain an element
751 € HY(EVr) G, A (KKY)
for some K as above.

Note that for every LL,-module M, the commutative diagram

M ®q, SF,(M) —— M @, SF, (L ®g M)

i i

M ®q, SF, (C) — M ®y,, SF, (]L (2%0) C)

in the category of L-modules, in which all arrows are natural inclusions, is Cartesian.
Thus, by Lemma 2.11, we have

h, (ZQ,L) € H}(E, Vr 1) ®q,c00. (ﬁ[f] ®Q M) -
It follows from the construction that, in view of (2.6), the element
&Gy (Z51) € HE(E Vi 1) 80,000, (H(Zp(KKL®), 6 (w)") @ M)
belongs to the subspace
H}(E, V1) @g,000, (H(Z(K'KY), w?") ©g M)
(along the canonical subbundle w®" C &..(w®)®"). Then we define Z7 1 to be

r

& ;Vlr (Zg L), which satisfies the requirement. The proposition is proved. O

Definition 4.19 (Selmer theta lift). Suppose that Hypothesis 4.16 holds for 7. For
every ¢ € (V" Qp A%O,M)K:XL and every ¢ € Vi, we put

03 () = (¢, 2] )

(see Notation 3.15 for the pairing) as an element of H}(E, Var.1)®qg, M, called a Selmer

theta lift of m. It is clear from the construction that 9291(90)L is compatible under
pullbacks with respect to L.
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At last, we state our theorem concerning Hypothesis 4.16, whose proof will be given
in §4.8.

Theorem 4.20. Suppose that we are in the situation of Assumption 1.6 and n < p.
If the vanishing order of .,fpo(ﬂ) at 1 is one, then Hypothesis /.16 holds for .

4.4. A p-adic arithmetic inner product formula. Recall from [45, Definition 3.8]
that we have a canonical volume VOlh(L) € Q-¢, which in fact equals the product of
the constant Ws, in Lemma 3.2 and the volume of L under the Siegel-Weil measure
in §4.1(H9). If Hypothesis 4.16 holds for both 7 and #, then for every ¢ € Vi, every
w2 € Vr and every pair ¢1,¢2 € L (V" @p AP, M)K:XL, we have the height

VOlh(L) ) < 2?1(4101)11’ 8221(¢2)L>(VW,L7V%,L)7E € FE,P ®Zp Lr X, M
=I'pp @z, L& M

from (4.4), which is independent of L. Denote the above canonical value by

(05 (1), O3 (02))? g,
and then put

(O3 (1), O3 (92))2 p = Nmp/p(03 (1), O3 (02))2
S FF,p ®ZP L ®Q M.

Now we can state our p-adic arithmetic inner product formula, whose proof will be
given in §4.9.

Theorem 4.21. Suppose that we are in the situation of Assumption 1.6 and n < p.

(1) If the vanishing order offpo(ﬂ) at 1 is one (so that Hypothesis 4.16 holds for
both m and & by Theorem 4.20 and Remark 1.5(3)), then for every choice of
elements

o V1 = Qup1p € Vi and g2 = @y, € Vi both fized by KS such that
<§01,v7 902,v>7rv =1 fOT every v € Vg \V;«?);
o b1 = Db, b = Bubay € L (V' @p AF, MK with 67 = 63 good

(§4.1(H5)),
the identity

(45) <®§7§1(901)3 ®Szl(¢2)>i,F = agpo(ﬂ) : H H ’Y(%aﬂ—iﬂa QZJF,U)

UEV;{?) u€EP,

x H Z(g@}v ®302,v,f§z\i®¢2,u)

vevO\eoh

holds in I'rp @z, L @g M, where
. 7(%7@7 YE.y) s the unique element in L™ satisfying w(l—y,@, VEy) =
7(1%, 1Ty, YFy) for every embedding v: L — C;
o the term Z(QO]LU ® P20, fsy@qgm) € L ®g M is from Lemma 3.50.

(2) If the vanishing order of fpo(w) at 1 is not one, then
Nmg,/r (pr (27, (61)1) , 07 (Z2,(62)L)) v, v, 1y e = O
for every ¢1,¢92 € L (V" @p A, C)L and Ty, T> € Herm,.(F)*.

Remark 4.22. We have the following remarks concerning Theorem 4.21.

(1) By the interpolation property of Xpo (r) and Lemma 3.31, the right-hand side
of (4.5) does not change when enlarging ¢. In particular, we may enlarge ¢
to prove the theorem.

(2) Note that when we vary ¢1,v, 2.0, 91,0, P2, for v € V;?\{OO}), both sides of

(4.5) define elements in the space

® Homg, (r,)xG.(F,) (IE,U(I),M X 7%) ;

vev( O\ =)
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which is one-dimensional if V is m-coherent [416, Proposition 4.8(1)]'® and
vanishes if not. In particular, when V is not m-coherent, all quantities in the
theorem are trivially zero.

(3) In the situation of Assumption 1.6, we have e(m,) = —1 (resp. e(m,) = 1) if
v € Sy (resp. v € VIR \ S.1), where €(r,) is introduced before Proposition 3.39.
By [52, Theorem 1.2] and [46, Proposition 3.9], V' is m-coherent if and only if
ne/r ((—1)" det V,) = €(m,) for every v € Vi, In particular, the theorem is
trivial unless r[F' : Q] + |S,| is odd by Remark 4.3(2).

(4) Tt is clear that Theorem 4.21(2) implies Theorem 1.8(2).

(5) The role of the set 4 is only to control the coefficient field M (the smaller ¢ is,
the smaller M we can take). For the proof of the theorem, we may just take
M = C and ignore the choice of ¢.

Proof of Corollary 1.9 assuming Theorem 4.21. When the vanishing order of fpo(w)
at 1 is one, we may choose V that is m-coherent by Proposition 3.39 and Remark
4.22(3). In particular, we may find data @1, @2, @1, d2 such that the right-hand side
of (4.5) is nonzero. Thus, @iil(cpl) # 0, which implies that H}(E, Var.r) # 0. Then
the corollary follows from Hypothesis 4.11. ([l

The rest of this section is devoted to the proof of Theorem 4.20 and Theorem 4.21.
Once again, for the proof of these theorems, we may assume M = C hence the choice
of ¢ is irrelevant.

From now on, we will assume that we are in the situation of Assumption 1.6. In
particular, Q,; = Q (Remark 4.4(3)). We may also that V' is m-coherent (Definition 4.2)
hence the vanishing order of Z,(7) at 1 is at least one (Remark 4.3), since otherwise
both theorems are trivial.

To shorten notation, we put

Ri= v\ P vl vy,
Ti= Vi \ (v n vl nvy),

so that ng) URUT is a partition of V. By enlarging ¢, we also assume the following
assumption.

Assumption 4.23. The set of primes of F above R is nonempty and generate the
relative class group of E/F.

4.5. Strategy for the modularity. We first reduce Hypothesis 4.16 to a problem
about height pairing. The lemma below is the starting point.

Lemma 4.24. If 7, is unramified for every v € Vg)), then the image of the composite
map

CH"(X1) — HE (X1, Qpu(r)) 2= HY(E, V. 1)
is contained in H}(E, V1) for every neat open compact subgroup L of H(AY).
Proof. By Lemma 4.13 (which relies on Hypothesis 4.11), it suffices to show that the

image of the above composite map is a crystalline class at every p-adic place of E.
This then follows from Lemma 4.9 and [58, Theorem 3.1]. O

Definition 4.25. We say that an element ¢ € L ®q .A[ﬂml is strongly nonzero if for

every embedding ¢: . — C, the induced element 1y € .A[TT)LOI is nonzero.

Lemma 4.26. Suppose that we can find

a neat open compact subgroup L of H(AF),
an element ¢1 € S (V" @p AR)E,

an element ¢ € H}(E,V;T,L),

an element A € Homgz, (I'g p, Zy),

[r]

r,hol’

a strongly nonzero element p; € L®g A

18Here, we regard G x Gy as a subgroup of Ga, through (3.2) rather than : from §3.1, which
explains the change from 7 to #, (see Remark 3.1).
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such that
(1x Qin)(g 1) = Z A <@7r (Z%t(wr(g)(bl)L) 7C>(V1r,L;V7”r,L)7E ’ qT
TeHerm, (F)+
holds in SF,(L ®q C) for every g € G.(A¥F) (in which the height pairing makes sense
by Lemma 4.24). Then Hypothesis 4.16 holds for every ¢ € L (V" @p AY).

Proof. First, we note that m can actually be defined over a number field E contained
in L and we will assume that 7 has coefficients in E in this proof. For every embedding
e: E— C, put

V: == Homp () <9(57T)v @Hgfl(XL,L(r)) QK. C)
L

as an (L ®g . C)[Gal(E/E)]-module, where we recall §(e7) from §4.1(H10). Then for
each individual L, V, 1 ®g . C = 0(em)L ®@c VE, so that

H}(E,Vr 1) ®gc C = 0(em)” @c Hy(E, V3).
For every neat open compact subgroup L of H(A%), the assignment ¢ — Z7(—)r,
(Definition 4.15) defines a functional
Z € Hom; (S (V" @p AF)" H}(E, V, 1) @L SF.(L &g C))
with ? = C[G,(A¥)][L\H (A%)/L] (Definition 2.6). For the lemma, it suffices to show
that for every embedding €: E — C, the functional Z¢ in
Hom; (# (V" ®@p AF)",0(em)* @c H} (E, V) ®Lgyc SF(L ®g C))

factors through the subspace 0(em)* ®c H} (B, V) ®c (q;',O.AE:]hOl) (Definition 2.6) of
the target. By Lemma 4.1, there exists an irreducible C[G,(A%)]-submodule M of
H}(E,Vfr) QLgec SFr(L ®g C) such that Z¢ takes values in 6(er)” ®c M. Thus,
it suffices to show that M and H} (B, V%) ®c (q‘r’oA[:]hd) have nonzero intersection,

which is implied by the situation of the lemma. O

In practice, we are not able to study the height pairing
<pﬂ' (Z’_(Zé:c(w’f(g)¢1)lz) ’C>(VW,L,V7"—,L),E

for every g € G,(A¥) for given ¢ and (. However, the following lemma shows that
it suffices to consider a much smaller set of g. Recall the subgroups M, C P, C G,
from §2.1(G3,G4).

Lemma 4.27. Let {: CH"(X)g — L be a Q-linear map. For every ¢ € (V" Qp
AR)L that is fived under Hvevf;n\R (Ko N M, (F,)) and every ¢ € L ®q AE:LOI, if

Axa@™g-e)= > L(Zrw(9)d)r)-q"

TeHerm, (F)*
holds in SF,.(L ®q C) for every g € M, (Fy), then it holds for all g € G,(AF).

Proof. To prove the lemma, it suffices to show the identity for every embedding ¢: L. —
C by Remark 4.17(2). Thus, we may assume that the coefficients are in C instead of
L ®g C and that ¢: CH"(X1)c — C is a complex linear functional.

We first turn the generating function into the automorphic setting. For every
v € V%OO), let V% .= (E,)?" be the standard positive definite hermitian space defined
by the identity matrix 1a,., ¢5'¢ the standard Gaussian function on (V5*4)" and w,.,,
the Weil representation of G,.(F,) generated by ¢4 in which every function factors
through the moment map 7: (V') — Herm, (F,). Put w, = @uevpWy,r and ¢ =
(®U€V;oo>¢>f)td) ® ¢. For every T € Herm,.(F)* and g € G,.(AF), put

Zr(wr(@d)r = >,  (wr(9)d)(T,x)Z(x), € CH (Xp)c.
2€L\V"QrA¥
T(z)=T
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Denote ¢ the subset of G,.(A¥) consisting of g such that for every go € G,(Fw), the

sum
Y. (Zr(wi(g=0)9)r)
T€Herm, (F)+
is absolutely convergent and equals ¢(gsg). Thus, the lemma is equivalent to the
following statement: If M, (Fg) C ¢, then ¥ = G, (A¥).
Choose an open compact subgroup K of G,.(A%¥) that fixes ¢ and contains the
subgroup
[1 .0 (F).
veVir\R
It is clear that ¢ is preserved under the right translation by K. On the other
hand, Assumption 4.23 implies that M, (Fy) maps surjectively to the double quotient
G.(F)\G,(A%)/K. Thus, it suffices to show the following claim:
(x) If g € 4, then yg € ¥ for every v € G.(F).
The above claim is slightly stronger than the formal modularity property of Kudla’s
generating functions as proved in [49, Theorem 3.5] as we do not assume the absolute

convergence a priori. Nevertheless, it can be proved by essentially the same argument.
First note that G,.(F) is generated by P,.(F) and the element

17"71

17’—1
-1
Claim (*) is obvious for v € P,(F'). Thus, it remains to consider v = w. Denote by
0: Herm, — Herm,_; the map that sends T to its upper-left block of size »r — 1. The
proof of [19, Theorem 3.5(1)] indeed shows the following: If g € ¢, then for every
Joo € Gr(Fi), the sum

) Y Zr(wr(wgsg)d)L)

T’€Herm, 1 (F)* \ TeHerm, (F)*
oT=T"

is absolutely convergent in order, and equals p(wgoog). It remains to show that the
above sum is indeed absolutely convergent as a double sum. Since Herm,.(F') is dense
in Herm, (A%), it follows that

e(n(b)wgscyg) = > > (Zr(wr(n(b)wgeeg)d)r)
T’eHerm,_1(F)* TeHermT(F)+
oT=T"’

for every b € Herm,(Ap), in which the right-hand side is again understood as a
convergent sum in order. Then it is easy to see that for every T' € Herm, (F),

/ Pn(B)wgcg) 5 (11 TH) b = € (Zr(wr (w99 B)r).

Herm, (F)\Herm, (Ar)

Thus, > renerm, (p)+ L (Zr(wr(wgscg)®) ) is absolutely convergent and equals
»(WPsog). In other words, wg € 4. Claim (*) hence the lemma are proved. g

The candidate ¢ in Lemma 4.26 will also be (the limit of) elements of the form
p# (25 (¢2)1) for some Ty € Herm (F)* and ¢, € (V" @pAF )L, Next, we construct
some pairs of Schwartz functions in . (V;") for every v € V! that will be candidates
in Lemma 4.26.

Notation 4.28. For every v € ng), we denote by e, € NP the element that takes
value 1 on P, NPcy (§2.1(F2)) and value 0 on P, \ Poym. Put € := (), € NP

For v € R, define
(46) *@v = {(¢v,1a ¢’U,2) S y(vvr’ Z(;17))2| Supp(¢v,1 & ¢v,2) g (Vv2r)reg}

(§4.1(H3)), which is stable under the action of M, (F,) x M, (F,).
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(S1) For v € R, choose an arbitrary pair (¢y,1, ¢y,2) € Zy.
(S82) For v € T, choose a good lattice A, of V;, and put ¢,1 = ¢p2 = 1ar €
LV 7).
(S3) For v € ng), choose a good lattice A, of V, and a polarization A, = A, 1 &
p, Ay 2 of free Op,-modules, namely, A, 1 and A, o are free isotropic Og,-
submodules of A, of rank r. For e € NPv, define
° Ak]l to be the subset of (w;e*“ Ay @ w;e+6’c” . AU72)T consisting of z
such that T'(z) € Herm, (O, ) and z mod A, »®Q generates w, ¢~ Ay 1;
o AE}S]2 to be the subset of (w; € A, 1 @@, A,2)" consisting of z such
that T'(z) € HermT(OF ) and zmod A, 1 ® Q generates w, ¢ - Ay 2.
For i = 1,2, let (;5 € S (V],Z) be the characteristic function of AL }Z

For i = 1,2 and e € NF, we put

o= Qe Q oui| SV Or AT L)
vev? vevin\y()
At last, we choose an open compact subgroup L, C H(F,) for every v € Vi}“.

e For v € R, we choose some L, that fixes ¢, ; for i =1,2.

e For v € T, we define L, to be the stabilizer of A,.

e Forv e Vg), we define L, to be the stabilizer of the lattice chain

Av,l S vav,Q - Av,l S2) Av,2-

Put L == [[, L, € H(A¥) so that L® is good. We may assume that L is neat by
shrinking L, for v € R(# 0).

Lemma 4.29. Take an element v € Vg,f).

(1) Fori=1,2 and e, ¢’ € NP, we have Ue/¢[e] (bgije’].

(2) Fori=1,2 and e € NFv, ¢Uei is fixed by L,,.

(8) For every (e1,ez) € NFv x NFv_ the support of ¢[el] gi)[eQ] is contained in
(V2 Vreg (§84-1(HS3)); and we have

(4.7) P80 e = barn (1) 0l (L, dhy) - (e,
v,1 v,2

where vol(L,, dh,) denotes the volume of L, under the Siegel-Weil measure
dh, in §4.1(H9).

Proof. For (1), by induction, it suffices to consider the case where ¢’ = 1,, for some
u € P,. We will prove the case where ¢ = 1 and leave the other similar case to the
reader. By definition, we have

(UL gl () = > (wr o (n(wy b )m(wl)) gl ) (@)

beHerm,(OF, /w,)

= (wroo(m(w}))glh) (@) 3 Y (trw, PHT(x))

beHerm, (OF, /wy)
=g, (@) Y pl(trw MHT (@),
beHerm, (OF, /w,)
Since
S rlm w b T@)
beHerm, (OF, /w,)
B qzz if T(x) € Herms,-(OF,),
0 if T'(x) € w;lHermgr(OFv) \ Herms,(Op, ),
we have (Ulr¢l)(x) = ol /().
For (2), by (1), it suffices to consider the case where e = 0, for which the invariance

under L, is obvious.
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For (3), it is easy to see that the image of A[ 1] X A[eQ] under the moment map
T: Vfr — Hermy, (F,) is contained in the set SP +E“’+62 in Construction 3.8, which
is contained in HeerT(F ). For (4.7), by (1) and Lemma 3.11, it suffices to consider
the case where e; = ey = 0. In the definition of A’ the condition that T(x) €

Herms, (OF,) is automatlc. Thenitis a stralghtforward exercise in linear algebra that
the image of A[O]1 X A[O]2 under the moment map T is exactly ﬂf“]; and that for every
x € A[O]1 X Av &, an element h, € H(F),) keeps z in ALOA X ALOL if and only if h, € L,.
It follows from §4.1(H9) that

Wro(f

_ —1 1 . (O
‘7)5],]1@%0,]2) = bar» (1) vol(Ly, dhy) lgfu](T )

for every T € Herm$, (F,), which implies (4.7) (when e; = ey = 0).
The lemma is proved. O
Recall the ideals Sg) ;, and Sg’ ;, of SH? introduced in front of Lemma 4.8. For
(T1,Ty) € Herm;(F)* x Herm, (F)*, (s1,s2) € Sﬁ’L X Sg,L and (e1,e2) € NP x
NP, we have Z%tl(sl [161])L = leet( [fl])L and Z%(SQ [262])L = SQZ%( [262])L by
[45, Lemma 4.4] (see Remark 4.51 below). In particular,
Z8 (51081 = or (51288 (01)) € HY(B, Vi),
Z8 (52051 = s (SQZ (65, ) € H}(E, V1)

by Lemma 4.24. By [15, Lemma 6.4] (in which we may take R’ as RU ng) by Lemma
4.29(3)), the algebraic cycles Zp, (s1¢[1€1])L and Zp, (SQd)[;z])L do not intersect. There-
fore, by the discussion in §A.7, we have a decomposition formula
(4.8) (288 (5105 ) L, Z8E (5205 ) 1) (v v )
= (Zn( (s165 )2, Zm (s2057))1 )(Var£Van),Bu € TEp ®z, L
ufoo
for our p-adic height pairing. In what follows, to shorten notation, we will suppress

the part (Vi 1, Vz 1) in the subscript of height pairings.

Notation 4.30. For a finite place u (resp. v) of E (resp. F') not above p, we denote
by [u] (resp. [v]) the image of an arbitrary uniformizer at u (resp. v) in I'g , (resp.
Lrp).

4.6. Local height away from p. In this subsection and the next one, we study the
local summands in (4.8).

Lemma 4.31. For every v € T and every TS € Herm$ (F,), there exists a unique
element Wro , € Z[X] such that

WTD,U(XU(WU)) = baro(Xx) - Wro (va)

holds for every finite character X I‘Fp — C*, where f, € IIj »(Xv) is the unique
section that satisfies fy,|k,,., = 1A2T | Ky, and Ty s an arbztmry uniformizer of F,.

Proof. When v € V@™, this follows from [46, Remark 2.18 & Lemma 2.19]. When
v € Sy, this follows from the discussion in [47, Section 9]. The remaining cases have
been settled in Lemma 3.5(1) as in these cases f,, = fiP" (Notation 3.4(2)). O

Notation 4.32. For every T5 € Herms,.(F)T, put
Diff(T5, V) == {v e Vi | (V") ;0 = 0},

v

which is a finite subset of Vi \ V' of odd cardinality.'” We define Herm3, (F)7, to
be the subset of HeerT(F)+ consisting of T such that Diff(T5,V) is a singleton,
whose unique element we denote by v,o.

19The fact that Diff(T5, V) has odd cardinality follows from the Hasse principle for hermitian
spaces, in view of the signature of V.
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Proposition 4.33. There exists a pair (t1,t2) € SY xSP satisfying x2 (t1)x2 (t2) # 0,
such that for every (Ty,Te) € Herm, (F)* x Herm, (F)", every (s1,s2) € S%L X S%L
and every (eq,e2) € N® x NP we have

Nmg/p | vol(L) . (Zr, (t1s16y" )1, Zm, (t25205)) 1) s,

ufoop

= Ws, Z W/TDWTD (]_) . ITD((t151¢[1€1] (24 t252¢[2€2])1)TD) . [’UTD]

0 GHcrmgT(F)‘t
8T,7‘TD =(T1 7T2)

2 h e ea]\v
+War 3 S W () Lo (o) @ tasagl?)?) | [v]
vES, Y TDEHermg,,.(F)Jr
87‘,7‘TD=(T17T2)

in 'y @z, L, where Wa,. is the rational constant in Lemma 3.2, W?gw € Z[X] is the

polynomial in Lemma 5.5(1), and Iro is (the product of) the functional in §4.1(H9).

Proof. We first note that by Proposition A.7, the local p-adic height at u { cop coin-
cides with Beilinson’s local index. To compute the local indices at different u, we have
four cases:

Suppose that u lies over VS},PI. By [46, Proposition 4.20] in which we may take R’
to be RU V;?) which has cardinality at least 2 (see Remark 4.50 below), we can find a
pair (t},t%) € S¥ x Sﬂ? satisfying xﬁ(t%)xﬁ(t%) # 0 such that

(Zr, (416 ) 1, Z, (t450052) 1), = 0.

Moreover, we may take t} = t§ =1 for all but finitely many wu.
Suppose that u lies over an element v € Vi \ S,. By [45, Proposition 8.1] and
Remark A.6, we have

Vol (L) - (Zr, (516 1, Z, (5265 1) s,

=—War Y w0 ) s (0l @ s20f)) | ),
TDEHerm;r(F)t 8%
O e TO=(T1,T2)
V0=
where Wra(s, 1ar, 1p2-) denotes the usual Siegel-Whittaker function with complex
variable s (see [15, (3.3)] for example). In our case, the character x, plays the role as
| |, , which implies that

n

(4.9) Wro (4, °) = H L(s +1, 77%7}”) “Wiro(s, Lay, 1azr).
i=1

Together with the relation Nm g, p[u] = 2[v], we obtain

(4.10) Ny p (VOB(L) - (Z1, (510" . 2, (52057 1) 5, )

— W, > oD Iro((s105) @ sa05)) | o).
70 EHermg,,.(F)ir,

8 TH=(T1,T2)
V0 =Y
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Suppose that v lies over an element v € Vi2™. By [416, Proposition 4.28] and Remark
A.6, we have

Vol (L) - (Zg, (516 1, Zy (5205°)) 1) s,

barw(1 e1 ea]\v
—we |8 W 1) fpo (il @ 520 |l
TDGHcrm;T(F)t Y
BT,TTDZ(leTz)
v,0=0

Now we have (4.9) again but Nmpg,p[u] = [v], which imply (4.10) as well.

Suppose that u lies over an element v € S,. By [45, Proposition 9.1] (see Re-
mark 4.50 below) and Remark A.6, we can find a pair (t{,t4) € SY x SO satisfying
X2 (83)x2 (8%) # 0 such that

vol* (L) - (Zr, (t1s16) 1, Zr, (t45205 ) ) .

b,- 1 u e U € v
= W, ) i)gf]g’ 1500, L, Lpze) - I (151617 @ ts2057)") | u]
TDEHerm§7,(F)¢ v
8y,r T =(T1,T2)
’UTD:’U

Yoo Wi () Lo((siel @ tsek)) | [ul.
TDEHermgr(F)+
ar,rTD:(Tl 7T2)

Wap ——
+ Wa 2 —1

Now we have (4.9) and Nmpg,p[u] = 2[v], which imply

N p (Vo' (L) - (2, (61165 )1, Zr, (855205 1), )

= W, > 1o, (1) - I (61101 @ t552657)") | [o]
TDGHermgr(F)t
Oy » TH=(T1,T2)
’UTD:’U
tWae | Y W) I (ol @ egsadl)) | ol
v TDEHerm;T(F)+

Oy TH=(T1,T2)
Finally, for ¢ = 1,2, we take t;, = [[, t* to be the (finite) product of the above

auxiliary Hecke operators. The proposition follows by taking the sum over all u { cop,
which is a finite sum. O

4.7. Local height above p. Take an element u € P with v € ng) its underlying

place. For technical purposes, we fix an E-linear isomorphism E, — C.

Lemma 4.34. Suppose that n < p. There exists a pair (t1,t2) € SE X Sﬁ satisfying
X2 (t1)x2(ta) # 0, such that for every (Ti,Ty) € Herm((F)* x Herm(F)*, every
(s1,82) € S%L X S%L and every (e1,e2) € NP x NP we have

(71, (15105 ) 1, Z1, (625205 1) B, € (0%) @2, L.

Proof. In view of Remark A.15, we would like to apply Theorem A.8, for which we
need an integral model of Xy, over Op, . For this, we need an auxiliary Shimura variety
that admits such a model via moduli interpretation. Choose a CM type ® of E such
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that the p-adic places of F induced by @ via the fixed isomorphism F, — C form a
subset Pg of P of cardinality [F' : Q] that contains u. Then the reflex field Fg C C
of ® is contained in F,. Recall that we have the Q-torus T from §2.2 and fix a neat
open compact subgroup Kp of T(A*) that is maximal at primes not in ¢ \ {p}. We
have the Shimura variety Y, of T' with respect to the CM type ® at level K, which
is finite étale over Spec Eg. Put X = (X ®g E,) ®g, Yk, which is a finite étale
cover of X; ®g E, and hence a smooth projective scheme over F,, of pure dimension
n — 1. The ring S® extends naturally to a ring of finite étale correspondences (see
§A.1) of X. For every z € V" @p AY, we denote by Z(z) the pullback of Z(z), to X.
Now for the lemma, it suffices to find elements (t1,t2) € Sﬁ X Sﬁ satisfying
Xg(tl)xg (t2) # 0, such that for every z1,22 € V" ®@p AY satisfying
(4.11) T(z;) € Horm(F)*, aine | AL

v,

i=1,2,
e€NPv

we have (t]Z(z1),t5Z(x2))x,E, € Of ®z, L.

Put K = E, with the residue ﬁeld K. The K-scheme X admits an integral model
X over O such that for every S € Sch’ 10, X(S) is the set of equivalence classes
(given by p-principal isogenies) of tuples (Ao, Ao, o3 A, A, 1; Gye — G 4 ) Where

e Aj is an abelian scheme over S with an action of Og of signature type ®,
together with a compatible p-principal polarization Ay and a level structure
1o away from p,

e A is an abelian scheme over S with an action of Og of signature type n® —
inc + inc® (inc being the inclusion E «— C), together with a compatible p-
principal polarization A, so that G 4 - = A[(u®)*] is an Op,-divisible module
of dimension 1 and relative height n,

e 7 is an L"-level structure for the hermitian space Homo, (Ao, A) @ p AF",

o Gyc — Gaye is an isogeny of Op, -divisible modules over S whose kernel is
contained in Gc[w,] and has degree ¢,.

The reader may consult [15, Section 7] for more details about the first three items,
which are not so related to our argument below. By the same argument for [70,
Proposition 3.4], we know that X is a projective strictly semistable scheme over O
to which finite étale correspondences in Sﬂ? naturally extend. Moreover, if we put
X=X ®o, k and let X; (resp. Xg2) be the closed locus of X on which the kernel of
Gue = Gaye (resp. Gaue — Gue/Gue[wy]) is not étale, then under the notation of
§A.5,

XM = X, Hx% X®@ =X, ﬂx27 X =x@W = ... =,

We then would like to apply Theorem A.8 with T = SH? , m = Ker Xg and m’ =

Ker x%. To check (A.3), we realize that both Xg and x¢ can be defined over a number
field E contained in L. Thus, by [35, Theorem 2], it suffices to show that

(4.12) P HE (X @, 7 E)m = D HE (XP @ B Be)ur =0

q=0 q=0

where / is an arbitrary prime of E not above p. Indeed, there is a finite flat morphism
X1 — X to which finite étale correspondences in SH? naturally extend, in which &} is the
integral model with a Drinfeld level-1 structure at v as the one used in [45, Section 7].
Then (4.12) follows from claim (2) in the proof of [15, Lemma 7.3] with m = j = 1.
Denote by Z(x) the Zariski closure of Z(z) in X. By Theorem A.8 and Remark
A.15, it suffices to show the following two claims for the lemma.
(1) For every 1,22 € V" ®p A satisfying (4.11) and every tq,t2 € SH?, we have
t1Z(z1) Nt 2 (z2) = 0.
(2) Forevery z € V'@pA¥ with T(x) € Herm{(F)T, the dimension of Z(z)NX")
is at most r — h for h =1, 2.

Part (1) follows from (the same argument for) [45, Lemma 7.2].
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For (2), since Z(z) remains the same if we scale z by an element in F*, we
may assume that z, € (A,1 ® Ay 2)" for every v € ng). Up to a Hecke trans-
lation away from p, which does not affect the conclusion of (2), we may also as-
sume that x € V". We have a moduli scheme Y(z) finite over X, such that for
every object S = (Ao, Ao, 10; A, N, 1;Gue — Gaye) of X, the set Y(z)(S) consists
of elements y € Homo, (A", A) ® Z, satisfying T(y) = T(z) and y? € n(LPz).
By [45, Lemma 5.4], Z(x) is contained in the image of Y(z) in X. Thus, it suf-
fices to show that the dimension of Y(z)® is at most » — h for h = 1,2, where
Y(z)P) = Y(x) x ¢ XM,

Let V, C V be the hermitian subspace (of dimension r) that is the orthogonal
complement of the subspace spanned by z. Put H, := U(V,) which is naturally a
subgroup of H, and put L, := L N H,(A%). We have a similar moduli scheme X,
over Oy for V,, similar to the one for V but with the hyperspecial level structure at
p. More precisely, for every S € Sch//o > Xz(9) is the set of equivalence classes (given
by p-principal isogenies) of tuples (Ao, Ao, 10; A1, A1, 71) where

e (Ao, Ao, n0) is like the one in the definition of X,

e A; is an abelian scheme over S with an action of O of signature type r® —
inc + inc®, together with a compatible p-principal polarization Ap,

e 7y is an LP-level structure for the hermitian space Homo, (Ao, A1) @ AR7.

In particular, X, is a projective smooth scheme over Ok of pure relative dimension
r—1. Put X; := &, ®o, ; and for h > 1, denote by X&h] the closed locus of X, where
the height of the connected part of Ga, 4c = Aq[(u®)*>] is at least h. It is known
that X! has pure dimension r — h. Claim (2) will follow if there is a finite morphism
f: Y(x) = X, that sends Y(z) into X" for h = 1,2, which we now construct.

Take a point P = (Ao, Ao, n0; A, A1 Gue — Gayesy) of Y(x)(S). Put A" =
(AV /(X o y)AS™)V, which inherits an action of Op which has signature type r® —
inc + inc® and admits a natural map to A. Since T'(z) € Herm; (F), the induced map
N:A 5 AN AV 5 AV s a quasi-polarization such that M [p*] is an isogeny. For
every @ € P, we have the induced isogeny Mic: Gar g — Gx,ﬁ. Put

A=A @ Ker A\

UEPS

and let \;: A; — AY be the quasi-polarization induced from ), which is in fact
p-principal from the construction. We can also define a natural LP-level struc-
ture 77 for A; whose details we leave to the reader. Then we define f(P) to be
(Ao, Aosn0; A1, A1,m1). Since the Op, -divisible module G, ¢ is étale, the height of
the connected part of G4, 4 equals to that of G4 . In particular, f sends Y(x)(h)

into Xgl] for h = 1,2. It remains to show that f is finite. Since )(x) is proper over
Ok, it suffices to show that the fiber of f over an arbitrary R-point is finite. Indeed,
when S = Spec®, G4/ gz has dimension 1 (resp. is étale) if & = u (resp. @ € Ps \ {u}),
and the degree of \j. is bounded by the moment matrix T'(z). It follows that up to
isomorphism, there are only finitely many such isogenies G as 43c — G4, 4 With fixed
G 4,4 for every @ € Pg. Thus, f is finite and claim (2) is confirmed.

The lemma is finally proved. O

Proposition 4.35. Suppose that n < p. There exist an integer M > 0 and a pair
(t1,t2) € SgL X SgL satisfying X2 (t1)x8(t2) # 0, such that for every (T1,Ty) €
Herm; (F)* x Herm, (F)", every (s1,s2) € (S%L N SgL) X (S%L N Sgb) and every
(e1,e2) € N° x NP, we have

(Zr, (415165 1, Zr, (t252057) L) 6, € (05)F @3, (pl217MOy).

The rest of this subsection is devoted to the proof of this proposition. We may
assume that V. ; # 0 and V; 1, # 0 since otherwise the proposition is trivial.
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Let S be the kernel of the norm map Nmg,r: Reso, /0. G — Go,. Consider the
reciprocity map
(4.13) rec: Aut(C/E) — EX\AL™ — S(F)\S(AY)
in which the first one is from the global class field theory and the second (surjective)
one sends a to a®/a. For d € N, we
e put Lglv = S(OF,) N (1 +p20g,),
e let El¥ C C be the finite abelian extension of E such that the map rec (4.13)
induces an isomorphism

Gal(EWW/E) ~ S(F)\S(A¥) / L, I s©r),

FevEn\ (v}
e denote by Zf, (X1) the image of the norm map
NmE[d]/E: ZT(XL RE E[d]) — ZT(XL).

Lemma 4.36. For every xz € V" @p AY satisfying T(x) € Herm, (F)* and x, € ALe’]Q
for some e € N*, we have
Z(.T)L € Z’fle‘](XL)

Proof. Up to a Hecke translation away from p, which does not affect the conclusion of
the lemma, we may assume that x € V. Let V, C V be the hermitian subspace (of
dimension r) that is the orthogonal complement of the subspace spanned by xz. Put
H, = U(V,) which is naturally a subgroup of H, and put L, = LN H, (A% ). We have
the Shimura variety X, 1, for H, with level L, similar to X . By definition, Z(z),
is the fundamental cycle of the finite unramified morphism X, ;, — X defined over
E.

We have the determinant map det : H; — S ®o, F which identifies S ®o, F
with the maximal abelian quotient of H,. Then the set of connected components of
XL, ®p C is canonically parameterized by the set S(F)\S(A%¥)/det L,. For every
s € S(F)\S(A¥)/detL,, we denote by X ; the corresponding connected component.
The definition of canonical models of Shimura varieties implies that y X3 ; = sz(:)s
for every v € Aut(C/E), where rec is the map (4.13). /

We claim that det L, , C L[SL’GT[]. Then we have the quotient map

S(F)\S(AF)/det L, — S(F)\S(AF) / L I s©r)

pevin\{v}

Let & be the fiber of 1 in the above map. Then > s X3 is defined over Ellell;
and Nmpgie, g Y oses X; r, = Xor,. The lemma then follows.

It remains to show the claim, which is an exercise in linear algebra. We assume e # 0
as the case for e = 0 is trivial. By definition, L, , is simply the subgroup of L, that

fixes x,,, or equivalently, a} = w¢-x,. By the definition of AEQ in §4.5(S3), «!, belongs
to (Ay1 @ Ay 2)" such that T'(z)) € wLe‘Hermr(OFu) and that =/ mod A, ; generates
Ay 2. Tt follows that the image of z; in (A, 1 © Ay2)" ®op, OFv/p‘vel generates a
Lagrangian Og, ®0, OF, /plfl—subrnodule of (Ay1® Ay 2)®0,, OF, /o In particular,
every element in L, ,, which stabilizes A, 1 ® A, 2, has determinant 1 modulo plvel. The
claim follows. O
For d € N, let ug be the place of El4 induced from the fixed isomorphism E, — C,
which is above u. Put K = F,,, K4 = (E[d])ud for d € Nand K, == Ud>0 K,4. Then
Ko/K is unramified and K,/Kj is totally ramified of degree (g, — 1)¢?~1/|Ug| for
d > 0, where Ug is the torsion subgroup of OF.
Recall that V. r and V; ; are subspaces of Hé:’_l(YL, L(r)). Put
Tﬂ-’L = V‘n-,L N Hzg_l(YL, OL(T))H,
Trr = Var NHZ (XL, OL(r)T,
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both being Op [Gal(E/E)]-modules. For d € N, we put

NooH} (Ka, Trp) = | Im (Corg,, jxc,: Hp(Kar, T 1) = H} (Ka, Tr 1))
d'>d

in which Corg , /i, denotes the corresponding corestriction map.

Lemma 4.37. There exists an integer M > 0 such that pM annihilates
H}(Ka, Tr,L)/NocH} (Ka, Tr,1)
for every d € N.

Proof. By Lemma 4.14, we know that V. 1|k, satisfies the Panchishkin condition
(Definition A.12) for every d € N. By Lemma 4.9, we may apply [56, Theorem 6.9]
to Vir.r|k,-2° Thus, by the same argument at the end of the proof of [57, Proposi-
tion I1.5.10], it suffices to show that HO(KOO,VmL) =HKw,Var)=0.

We follow the strategy in [68, Section 8]. We may choose an element £ € S(F)
such that ¢ = (cwle=1ee) KoKl in Gal(EL!/E). Then by the same argument for [68,
Proposition 8.3], K is contained in K¢ — the field attached to the Lubin-Tate group
relative to the extension K,/K with parameter £. Let x¢: Gal(K¢/Ky) — O be the
character given by the Galois action on the torsion points of this relative Lubin—Tate
group; and let K (x¢) be the corresponding one-dimensional representation. Let L be
the maximal subfield of K that is unramified over Q,. By the same argument for
[68, Proposition 8.4], we see that K (x¢) is crystalline, and that the g,-Frobenius map
(which is L-linear) acts on Deris(K (xe)), which is a free K ®q, L-module of rank 1,
by multiplication by £¢~1.2* Note that L is a subfield of C and hence K via the fixed
isomorphism K = F, — C. Let V be either VoL ®L K or Vo QL K. Repeating

the argument in [68, Proposition 8.9] (which followed an approach in [57]) to V, we
obtain HY(K¢, V) = 0 since V is crystalline of pure weight —1 by Lemma 4.14.
The lemma is proved. O

Proof of Proposition 4.35. Let M > 0 be the integer in Lemma 4.37 and (t1,t3) €
Sgn‘ X SgL the pair in Lemma 4.34. We first note that Zr, (tisigﬁgei])L €Z"(X)® 0L
for i = 1,2. By Lemma 4.36, we may find an element Z € Z" (X ®p E”e"‘v“H) ® O
such that NmEHeQVUH/E Z = Zr, (t2¢[262]),;. We may also assume that the support of Z
is contained in the support of Zr, (t2¢[;2]) 1. Put

Zy = NmEHez“H@EK/K‘FQ | ZQr K € ZT(XL OF K‘E2TU‘) ® O]L7

so that NmK‘E“‘/K Zy = Znp, (t2¢[262])L ®g K. Since the natural map
HE (X1, OL(r)™/Ta,p — HE H(X 1, L(r))/Va,r
is injective, the class Z& (tlslq&[lel])L =sjZ% (slqb[fl])L sits in H}(K, Ty ). Similarly,
the cycle class of 837 sits in H} (K|, |, T#,). By [77, IL(1.9.1)], we have
(Zr, (t15161) 1, Zr, (t25205 ) L) ¢
=Nmg,, /x(s12n (t1of) @k Kie, ,1»5222) K ., -

By Lemma 4.34, we have
<STZT1 (t1¢[1€1])L R K\ez,vh S;ZQ>K‘52,U‘ S (O;E-‘EQ.U‘ )fr ®Zp L.

In other words, the corresponding bi-extension is crystalline (Remark A.15). By the
argument for [57, Proposition I1.1.11], we have

(s1Zr (16", @5 Kies1:8322) K., | € (O, )" @z, (M OL).

e2,0| e ol

20Though our extension Koo /K, is in general not a Zp-extension as assumed in [56, 6.2], the
argument for [56, Theorem 6.9] works without change.
21Note that in this article, we always use the covariant version for Dgr and Deyis.
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Finally, since the image of the norm map Nmp, k: (le(d)fr — (O5)f is precisely
p?(O%)" for d € N, we have

(Zr, (t1518)) 1, Zr, (825205 ) 1) i € (OF)™ @z, (P21~ MOL).
The proposition is proved. O

4.8. Proof of Theorem 4.20. In this subsection, we prove Theorem 4.20. As we
have already pointed out, the key strategy is to use Lemma 4.26, which, in some sense,
transfers the modularity problem to the scalar case by using p-adic height pairing as
a projector. To apply this lemma, the main work is to find the testing element (.
It turns out that we can take ( to be special cycles themselves, or more precisely,
their p-adic limits. The reason we need to consider limits is that for the computation
of local p-adic heights above p in Proposition 4.35, we only know their asymptotic
behavior.
Take e € N, which is regarded as a constant tuple according to the context.
For every v € R, we
o choose a pair (¢u,1,v,2) € %y (4.6) and put @, == ¢, 1 ® ¢y 2,
o let £, € . (Hermy, (F,), Z)) be the unique element such that £1» = c%fv,
e put fy, =£fX € IEU (xv) (3.4) for every finite character x: I'r, — C*.
For every v € T, we
[ ] put @v = d)v,l ® ¢’U,2 = 1A%T <§45(82)),
o let f,, € IEU (xv) be the section from Lemma 4.31 for every finite character
x: I'rp — C, that is, the standard section such that f;, = ;XV

For every v € ng), we

o put i) = ¢’} @ ¢, (§1.5(53)),
o put fI = by, (1)71 - vol(Ly, dhy) - (£ %0 € IZ,(xv) for every finite
character x: I'r,, — C*, so that f{e] fS by Lemma 4.29(3).

Then we
e put

(P) fin\ y(P)
veEVy veEVEM\V

le] .
2

® ¢v,2

vevin\y{P)

v€V<p)

(4.14) b1 = o) ( QR v |
ol (

in (V" @p AR, Z,) 57 <F,

e put
(I)[e] = ® @Le] X ® q)v S y(vr RF A%Oaz(p))Ké}TXLa
vev® vevin\y®)
e put

L=l @A e| ® fu|elle

vev'® vevin\y{

for every finite character x: I'p, — C*.

Finally, we
e let M € N be the smallest element such that all of the following elements
My OMp}
pM vol*(L), % [T vol(L, dhy),¥v' € s,

UEV;?)
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belong to Z,), where WQOT\{”} is defined in (3.7);
e fix an open compact subgroup KT of G, ,(A¥) = G(A¥) x G.(AF) of the
form

Kl oomy X | I1 9n7(OR,) X, (0p, jmu) Prr(Or, [m0) | x (K x KP)

vevﬁ,f)
(Definition 2.9) in which Kj)\{oo,p} contains

11 (Kpp N Mp(Fy)) X (Kpy N M, (F,))

vev(O\eer\g

and fixes Hvevw\{m,p}) fx., for every finite character x: I'r,, — C*;
F

o fix (t1,t2) € SgL X SgL that is the product of those pairs from Proposition 4.33
and Proposition 4.35 for every u € P (and a suitable scalar), which satisfies
(N (t2) # 0

o fix (s1,s2) € (Sg,L N ng) X (S%L N ng) such that x2(s1)x0(s2) # 0, which is
possible by Lemma 4.8(2).

spl

Remark 4.38. For every v € V; \V%O), we have a canonical isomorphism

ZIL\H (Fy)/ Ly] ~ Z[Ky ) \Gr(Fy) /Koo

of rings via Satake isomorphisms. By [19, Proposition A.5], we know that the action
of s € Z[L,\H(F,)/L,) on (VI )Erv*Lv yia the Weil representation w,., coincides
with that of § € Z[K, ,\G,(Fy)/ Ky, where § denotes the adjoint of s.

Motivated by Proposition 4.33, for every e € N and every pair (g1, ¢92) € M,.(Fg) x
M,.(Fy), we define the following elements in I'r,, ®z, L«

(g([z]l,g2))TD = pMWQT . W/TD (1) . ITD((t18191¢1 X t282g2¢[26])vTD) . [UTD]

V0

for every T2 € Herm3 (F)}, (Notation 4.33), and

("€, )10 = "W

2 —1 W;Pél,v(l) Lo ((t1519161 ® t25292057)°) - [v]

for every T € Herm$, (F)* and every v € S;.
For every finite character x: I'r, — Q,
extension of L generated by values of x, which is a subfield of Q,,.

we denote by L, the finite (normal)

Lemma 4.39. We have

(1) There exists a (module-)finite Zy-ring O contained in C such that for every
e € N, every pair (91, g2) € M, (Fy) x M,(F), and every TS € Herm§, (F)*,
there is a unique integral L @z, O-valued p-adic measure (Definition 3.41)

(éa([i gz))TD on Ty, such that for every finite character x: Tpy, — QF and

every embedding v: Q, — C,
@15) &l )00 = PMWE 05, (x) - Wro (91, 90) - (161, 5280) £ ),

where W is from (3.7).

(2) The measure (o@([e] )po in (1) satisfies (@@[e] )ro(1) =0 and

91:92) (91,92)
el 1 [Egy)ro 17 € Hemg (P,
( (91’92))7{] B s ] o + o +
0 if T- € Herms, (F)™ \ Herms,.(F){,.

(3) For every finite character x: I'pp, — @;, the assignment

(S € e ]
00 (1,9 = 68 00 = Y (& )e(0d”
THeHermg, (F)+
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belongs to O, ®z,, SFy,.(Q)M-UF)XM:(F2) 22 For every o € Gal(Q,/L), we

have 60([51792)(ax) = 05’([;1,92)(X), where o acts on O, @z, SF2.(0) via the
first factor.

(4) For every v € S, the assignment
vele] velel] — v ole] T
e (91’92) = 5(91,92) T Z ( 5(91a92))TDq
TDEHermgT(F)Jr
belongs to Or, ®z,) SFQT(Z(Z,))MT(FR)XMT(FR).

Proof. By Lemma 4.29, the right-hand side of (4.15) equals the product of the follow-
ing five terms

0

PMWE I barw(1)7! vol(Ly, dhy),

UGV;?)

LXp (NmEP/Fp det Tlljz)].{zgwrgq (TD)7

H Wro (91,05 92,0) fixs )5

vER

H Wro (fLX':))’
vev(O\ = rh\g
b9, (1x) - Wro (1(S181, $282) fir0 )-
We have
e the element
C=p"Wg [ berws(1)"! vol(Ly, dhy)

vev}”)

=MW T vol(Le, dhy)
vEV;F)

belongs to Zy);
e there is an element %0 , € Z[['r ] satisfying

o ,(x) = txp(Nmp, /g, det TFQ)LI;+EC] (T")

for every x,t¢ as above;

e for every v € R, there is a constant Cp
Wy (91,0: 92.0) fix) for every x as above;

e by Lemma 4.31, for every v € T, there is an element %70 , € Z[I'p,p) satisfying
o ,(X) = barw(X) - Wro(fiy,) for every x, ¢ as above;

e it is easy to see that for every v € Vg?\{oo’p}) \ R, there is an element %, €

Z|TF,p) satisfying 1%, (x) = bar,(tx) ™! for every x, ¢ as above;
e by Lemma 3.5(1), there exist O as in the statement of (1) and finitely many

0,(91,0,92,0) € Zpy that equals

elements cy,...,¢; € Op such that for every TH € Herm$, (F)*, there are
elements WT<>D L WTOD , in O[l'p,] satisfying

t
ey e ® i (X) = 05,(ex) - Wro ((si1,$62) fiyo)
=1

for every ,t¢ as above.
For each ¢, put

e ¢
Wy 1, = II Yo, | 75, €0,
vev{O\ o rh\g

220nce again, we have strict inclusions

OL, ®Z () SF2T(©)M7‘(FR)X1\/IT(FR) C (O]LX ®Z(p)SF2T(@))MT(FR)><NIT(FR) C SFQT(O]LX ®Z(p)@)]%,‘(FR)><MT(FR).
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Moreover, for every v € T\ V;I’17 we can write #ro ¢, = #ro,, - #in ., for a unique
element #'5 € O[L'gy).
. g
For (1), we may take (g(;,gz))TD to be

¢
Z € ® (C H CTDv(gl,vng,v)) ‘ H By | W7o, Pron,
i=1

vER vev(OMe g

in (OL ®z,,, O)[['Fp). The uniqueness is automatic.

Part (3) is obvious from the construction in (1).

The proof of (4) is similar by realizing that S!_ ¢; ® 70, (1) € Zy).

For (2), note that W o(f1,) = 0 for every v € Diff(T™, V), which implies that
(60([51792)%5(1) =0, and for TV € Herm$, (F)* \ Herm3, (F);, that 3(60([;1792)%5 =0.
For TV € Herm$, (F);;, we have Er0,0,0 (1) = 0. Then by the p-adic Leibniz rule, we

have
[e]
8(5(91)92))’1—“]
= pMW2r ) bc2>7°~(1)b2r,va (1)71 -Wra((g1,92) - L(SAltAla Saté)ffi]oo%m) 'aWTD,vTD'
By Remark 4.38 and §4.1(H9), we have
3 (Wb2ra,o (17" Wro((91,92) - (S160,822) f v )
= I;o((t1519101 ® tosagagh))'r0).
This, it remains to show that

Wy =Wy, (1) [orel,

) op0 WTD»UTD
The lemma is proved. |

which is tautological as #,0 ([vpa]) from Lemma 4.31.

We search for Eisenstein series whose g-expansions are given by (5{6] (x) and “& [f].
We refer to §3.2 for the notation concerning Eisenstein series. For every e € N, every
finite character x: I'r, — Q, and every embedding ¢: Q, — C, define an Eisenstein
series

Bl = pM - 58,(1) 785,00 - B(—, [ @ u(sith, ) i) € AL
and, for every v € S, an Eisenstein series

2
v el . M
B =pM

v

CB(—, fI @ u(s1th,$5t0) [flo) € A[;j,hol?

where “f [lelc is obtained from f{i]o after replacing the component f1, by fffj’h from
Notation 3.4.

Lemma 4.40. We have
1) For every finite character x: T'r, — QX and every embedding v: Q, — C,
sP ¥ P

a3 ((g1,92) - B = 8] (0

holds for every (g1,92) € M, (Fr) x M, (F3).
(2) For every v € S, and every embedding ¢: Q, — C,
a3 (g1 92) - "EF) = vl

holds for every (g1, g92) € M,.(Fg) x M, (Fg).

Proof. Since for v € R (which is nonempty), g1,,¢1,0 ® 92,002, again belongs to Z,,
both cases follow from the discussion in [50, Section 2B| and Lemma 3.2. g

Definition 4.41. For every open compact subgroup K C G,(A¥) and every subring
M of C, we define Af§ the M-submodule of Al | consisting of all ¢ that are fixed

r,7,ho

by K and satisfy ¢;.((g1,92) - ¢) € SF,..(M) for every (g1,92) € M,.(FR) x M, (FR).
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Lemma 4.42. Suppose that K contains
II  (KronM(F) x (Ko 0 Mo(F))
vevdMeh\r

so that the tautological map AI{,If — SFT,T(M)MT(FR)XMT(FR) sending o to the assignment
(91,92) = @35.((91, 92) - ) is injective.
(1) For rings Z,y €M C M’ C C, the natural diagram

O BZpy Ag O ®Zp) A{Mf/

! |

O]L ®Z<p) SFT,T(M)MT(FR)XMT(FR) > O]L ®Z(p> SFT,T(M/)MT(FR)XMT(FR)

is Cartesian.
(2) For a ring Z(p) C M C C, the natural diagram

Oy ®Z(m AI@ H A({:{

| ]

O @,y SFy (V)M (X M(B) __ [] SF,,, (C)M-(Fx Mo
v: L—C

is Cartesian.

Proof. Part (1) follows from Definition 4.41 and the fact that O is flat over Z,).
For (2), consider an element x = 2;21 ¢j @ x; of Oy ®z,, SF,.,. (M) Mr (Fr) < M- (Fr)
in which ¢1,...,cs are Z,)-linearly independent elements of O, satisfying that for
every t: L — C, its image in SF, ,.(C)M-FR)*M(F) comes from AK. Since L has
characteristic zero, we may find embeddings ¢1,...,ts such that A == (;¢;)1<,i<s IS
invertible. If we write t;z = y; for y; € AK, then t(331, s xg) = AL t(yl, ooy ys). In
particular, z belongs to O, ®z,,, SF,..(C)Mr(F)xMr(F2) - Applying (1) with M/ = C,
we obtain (2). O

Lemma 4.43. Recall the map o, , from Definition 2.5.
(1) For every finite character x: I'p, — @;, there exists e, € N such that for

every e > ey, there exists a (unique) element Dﬁf] € OL, ®z,, Agt satisfying
(1% @) ((91,92) - D) = 00, ()

for every (g1,92) € M, (FR) X M,(Fg). Moreover, the sequence {D&N!]} con-
verges in O ®z,,, AgT when N — oo.

(2) For every v € S; and e € N, there exists a (unique) element DIl € Oy, Rz,
Ag(:)) satisfying

(1% ) ((91,92) - D) = g, €1
for every (g1,92) € M,(Fy) x M,(Fy). Moreover, the sequence {* DN} con-

verges in Oy, ®z,,, Ag; when N — oco.
Proof. For (1), note that by Lemma 4.39(3),

Qr,r(’?([g617gz)(>() € OL, ®z,,, SFy,(0)Mr(FR)XMr(F),

Then by Lemma 4.40(1) and Lemma 4.42(2), for every e € N, there is a (unique)
element Dgf le O, ®z,, AEK “ for some subgroup K¢l C KT of finite index such that

(1% @) ((91.92) - D) = 0,610 (1)

holds for every (g1,g2) € M-(Fg) X M, (Fg). Now Lemma 3.38 tells us that we may
take K¢l = KT when e > ey in that lemma.
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For the convergence, we have a natural inclusion
(4.16) OL, ®z,, A — Ly ®q, (’HL’}(KT) R0 Mm)

(Definition 2.3) for some number field M+ C C containing O depending on K.

N1/2

It is well-known that the limit of the operators {U), UZZ,V Y/ 2}N>2 exists in

Endg, ( Lrl(K T)), which is the projection to the (Siegel-)ordinary part (see, for ex-
ample, [26, Page 685]). Thus, by Lemma 3.11, {D&N!]} converges in
Ly ®q, (HLT,]T(K ") ®q Mm) :

Since the inclusion (4.16) is closed, the limit belongs to the source.
The proof for (2) is similar, by using Lemma 4.39(4) and Lemma 4.40(2). O

Lemma 4.44. For every go € G,.(Fg) and every To € Herm((F)", the sequence
. ! .
{z3, (t282g2¢[2N'])L}N converges in H}(E,Vfr,L).

Proof. Fix an embedding Q(p) — Q, and all representations will have coefficients in
@p. The assignment

¢, L (V" @F F,, Q) — Z% (t2s292056,)1L

factors through 6(#,)" (§4.1(H10) but with C replaced by Q,) as a Q,[L,\H (F,)/L,)-
module, by the influence of sy. Write (Q,)r, the character of N,.(F),) such that for
every b € Herm,(F,), n(b) acts by ¢, (trT2b). Then, by Lemma 4.1, there exists
an element w € Homy, () (#p, (Qp)r,) such that the assignment Z§ (t25292q§2 )L
factors through the composition

SV @F Fyp, Q) — 71, @5 0(,)" =25 0(7,)".
By Lemma 4.29(1), ¢p2 = gzb[(f]z hence is invariant under I, = Hvev%p) I, (3.13).
Since {UZ[,V '} is convergent as a sequence of endomorphisms on fr;p and w|ﬁzrjp is con-
tinuous, the lemma follows. (Il
In what follows, we put

D, = lim D[N!] € O, ®z,,, AgT

N—o00

D= lim "DV € Oy @z, AE

N—oo
(oot =DM i Z8 (t2509205" ) € HY(E, Vz 1)

For every integer d > 1, we recall the subgroup Uy of I'r,, and the set of representative
I'q of 'y /Uy fixed from §3.6. For every A € Homg, (I'r, Zy), define

I)\’d = Z | Fp/Ud| Z X(m)—lDX + (Z UD) .

zely X: FF,p/UdA)@; VESK

By Lemma 4.39, we have D<[76>]< = UDgf] hence D,, = oD, for every o € Gal(Q,/L).
Thus, I, 4 belongs to O, ®z,, AgT

Proposition 4.45. Suppose that n < p. Take an element A € Homgz, (I'ry,Z,) and
put Ap = AoNmpg,p.

(1) The sequence {Ixa}a>1 is a convergent sequence in L ®z, AgT
(2) Put Iy = dlim Iy 4. Then
ade el

(1 x g;5)((g1,92) - In)

= VOlh (L) Z )\E <Z76’t1 (t15191¢1)L3 Cg2,T2>E : thTZ
T1,T>€Herm? (F)+ xHerm? (F)+
holds for every (g1, 92) € M, (Fg) x M, (Fy).
(8) The limit I belongs to O, Rz, Ag;).
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Proof. To simplify the notation in the proof, we introduce the following.

e For a function .# on the set of finite characters x: I'r, — @;, we put

N R IR A

v€la x: Trp/Ua—Qy

for every integer d > 1.2

e For two elements z,y € L ®z, O and an integer d, we write x =gy if z — y
belongs to p?Oy, ®z,, O.

For every (g1,92) € M,(Fg) x M.(R) and (T1,T») € Hermy(F)* x Herm)(F)™,

denote by (Z(g,,9.))1:.72(X) the qTvT2-th coefficient of (1 x q‘;‘f‘r)((gl,gg) - D) and

“(D(gy,g2)) 11,1 the ¢T2-th coefficient of (1 x g&%.)((g1,92) - "D). We claim that the
two sequences

(4'17) (@(917g2))T1,T2 ()‘d) + <Z U(D(QMQZ))TMTZ) )

vVESK

(V] gV
(418) Z (a/\ggl g2) TD + Z (91,92 > ’
TDEHerIngT(F)Jr vESy
8y,r T =(T1,T2)
in L®gz,, O, both converge to Ag (Z% (t1s19101) L, <927T2>E when d — co and N — oo,
respectively.
Parts (1) and (2) already follow from the limit formula for (4.17) since L ®z,, .Agf
is a finite dimensional L-vectors space. For (3), by the convergence of (4.18), the
assignment

(91,92) = (1 x g75)((91,92) - 1)
belongs to SFT,T(OL)MT(FR)XMT(FR). It is straightforward to check that

L &z, SFr,r(@)MT(FR)XMT(F“) N SF,. (OIL) (Fr) X M. (Fg)
= 0L ®Zp) SFT,T(Z(;D))MT(FR)XMT(FR).

Then (3) follows from (1) and Lemma 4.42(1) (with M = Z,) and M’ = Q).

It remains to prove the claim. Without loss of generality, we assume (g1, g2) =
(1,,1,) and suppress it (together with redundant parentheses) from the notation (in
particular, {r, means (1, 1,). For every d > 1, we may find an element Ny € N
satisfying:

(a) Ng! > ey (Lemma 4.43(1)) for every x: I'ryp/Ug — Q)5
(b) for every integer N > Ny,

Dr1y,1:(Aa) =a > EXT(a);

70 €Herm$, (F)*
3y »TH=(T1,T2)

(c) for every integer N > Ny,
N
"Dy, =d > vl

70 E€Herm$, (F)*
3y »TH=(T1,T2)

holds for every v € S,

(d) Ng! > d+ M, for every u € P, where M, is the integer from Proposition 4.35
(for w);

(e) for every integer N > Ny,

vol’(L) - Ag <Zqé~tl(t151¢1)L7pMZé (tos2eh" )L >
=4 vol'(L) - Ap {Z% (t15101) 1, 1 ) -

E

23Here7 we can think of Ay as the Ug-invariant function that agrees with A on I'g; though it is not
a character.
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By (b) and (c), for the claim, it suffices to show that

(4.19) S s+ Y el

TDEHermgT(F)+ VESK TDEHerm;T(F)+
0y n TH=(T},T2) Or » TR =(Ty,T)

=4 VOlh (L) - AE <Z§ﬂg (t181¢1)L5 CT2>E

for every integer N > Ny. By Lemma 4.39(1,2) and Lemma 3.42,

> & () =4 3 osi.

TDGHerm;T(F)+ TDGHermgT(F)"'
8, TE=(T1,T») O TH=(T1,T3)

By (4.8), Proposition 4.33 and Proposition 4.35 (which is applicable by (d)),

S
TDEHermST(F)+ vESy

Oy n TH=(T},T2)

=4 vol*(L) - A\ <Z%t1 (t131¢1) 1, P 285 (t282¢[2N!])L>E .

Thus, (4.19) follows from the above two relations and (e).
The proposition is proved. |

Proposition 4.46. Suppose that
(a) n <p;
(b) L5 (m) £ 0;
(c) for every v € R, there exist o) € w)/, 0, € Ty such that Z(g) @ oy, f§V) # 0
(Lemma 3.30).
Then there exists X € Homg, (I'ry, Zy) such that Iy # 0.

The proof of the above proposition will be given in the next subsection. Now we
move to the proof of Theorem 4.20.

Proof of Theorem 4.20. By [45, Proposition 3.13], for every v € R, we may choose a
pair (¢y1,00,2) € %y (§4.5(S1)) such that condition (c) in Proposition 4.46 holds.
Choose A € Homgz, (I'rp, Zy) such that Iy # 0 by this proposition. In particular, we
may choose some go € G,.(F) and Ty € Herm? (F) T, such that the g72-th coefficient of
(1, g2) - I, which we denote by ¢g4, 7,.x, is nonzero. Since I belongs to O, Rz, Ag(p)

by Proposition 4.45(3), @4, 7, is a strongly nonzero element in IL®QA[;:LOI (Definition
4.25), which satisfies
(1x ") (g1 * gs.1.0)
= Z )\E <Z§*tl(glt151¢1)L7<gg,T2>E 'qu

T1€Herm? (F)+
= Z AE <@7T(Z'ze“tl (gltlsl¢l)L)7Cg2,T2>E 'qu
Ti1€Herm? (F)*

for every ¢1 € G,(Fr) by Proposition 4.45(2). By Lemma 4.27, the above identity
indeed holds for every g1 € G, (A%). Thus, we may apply Lemma 4.26 with L, t1s81¢1,
Cg2,T5» AE and @g, 15,2, hence Theorem 4.20 follows. ]

Remark 4.47. Unfortunately, the strategy for proving Theorem 4.20 hence giving an
unconditional construction of the Selmer theta lifts can not be applied to give an
unconditional construction of the arithmetic theta lifts (on the level of Chow groups)
appeared in [45,410], since our strategy relies on the fact that H(E, H*"~1(X 1, Q,(r)))
as a Q,[L\H (AY)/L]-module is semisimple and automorphic — this is not known for
CH"(XL).
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4.9. Proof of Theorem 4.21. In this subsection, we prove Proposition 4.46 and
Theorem 4.21. Both proofs require choices of vectors from 7 and 7, which we do now.
Choose decomposable elements 1 = ®y,p1,4 € Vi and pa = Ryp2,, € Vi satisfying

(T2) @], € (m))~, 20 €Ty and< V()L s P2,0)m, = @y for v e VP,

(T3) QDLU € (m)&rv, @9, € 7Xrv and (gpl)v,gogﬁv%v =1forveT\S,,
(T4) gp]i’v,gogw are new vectors®* with respect to K, and (@va,wgﬁvﬂv =1 for
v E S;.
Proposition 4.48. Suppose that n < p. Take an element A € Homgz, (I'p,,Z,) and
regard Iy as an element of L ®q, (’HH(KT) ®q (C) (Definition 2.3). Then

(p1 @2, I0), »
Mox@ts)xS(tase) - Ll (m) - [ 20l @ o fr,),

vev(O\eerh)

where ()
3.30.

».4 18 introduced in Notation 3.55 and Z((pl{,v ® Y2, f1,) is from Lemma
Proof. We first compute (o1 ® p2, Dy) . - and (p1 @ @2,"D) ..
Let x: I'pp — @; be a finite character. By definition, we have
{01 @ @2, D)y 5 = lim <<p1 ® w2, D&N”>m

For the right-hand side, we perform a computation similar to the one in the proof of
Theorem 3.37. For every embedding ¢: Q, — C, we have

<901 ® 9027D[N']>

“my J[ eADaeER o dn o
"G (NG (k)
~w (A )i, 0

(Gr(FO\Gr(AF))

by Lemma 4.43(1) and Lemma 4.40(1). By the doubling integral expansion and
Lemma 3.31,

L <901 ® Y2, D&Nq>

1 Z[FZQ]
=pM., Lxy (tlsl)bx7r (tas2) - - 57 . L(%,BC(M‘FO) ® (LXO oNmg/r))
P b2r(1)
x II 20l @ paw, D) [T 20, @ 020, fir)-
vEV(p) UEV(O\{OO ,p})

By (T2) and Lemma 3.11, for every v € ng),

NI
Z4(], @ o, (ENT)X0) = ( IT e(ra ) Z'(}, ® 2, (£1%,)X).
UEP,

By Proposition 3.32 and (T2), for every v € V(p)

Z (gol'u ®S02 ’Ua LX LXU H

u€EP,

W)

24A new vector in an almost unramified representation of G,(F,) is a vector in the (one-
dimensional) space in [52, Definition 5.3(2)].
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Together, we have

L <901 ® 3027D£<N!]>

1z X )
= P bO ’ H H ’7(#’[’(@@9)&))7#}}7,1})_

P% 2r(1) vev;p) wWEP,,
x L(3,BC(t7®) @ (1x® o Nmp/r))
x pM - x € (t131)ex 8 (t252)

-\
x(Lnaw) L 26 e da),

vev%@\{mvp})

7

which, by Theorem 3.37 and Lemma 3.30, equals

pM 0 (X (b151)X 8 (t282)) - 120 () (x)

XL <H a(ﬁu)N!> 2 H Z(@]{,v & 2,05 va)

u€EP vev(O\ =)
As a consequence, we have

<§01 & Y2, D&N’]> R

= pM X8 (t151)xC (t252) - L2 (m)(X)
: <H O‘(Wu)_N!> ' H Z(ﬂm ® 2,0, fx.)s
ueP wey©O\oeph)
F

hence
(4.20) {¢1 ® 02, Dy, -

=p™M XQ(ts)x S (tas2) - L0 (M) - ] Z(1, ® 02,0, fx)-
vev;@\{mm})

By a similar argument, for every v € S, we have

<901 ®9027UD[N!]> =0

since Z(@J{yv ® Q2 4, fi‘jh) = 0. Thus, (¢1 ® ¢2,"D), . = 0.
Now the proposition follows from (4.20), (3.18), and the p-adic Leibniz rule. a

Lemma 4.49. For every v € ng\{oo’p}) \ R, we have Z((pJ{,U ® Y20, f1,) # 0.

Proof. By [52, Proposition 5.6] and (T4) when v € S, [16, Proposition 3.6] and (T3)
when v € V2™, Lemma 3.31 and (T3) when v € T\ (S UVR™), we have

L(3,BC(m))
b2r,v(1)

for a constant C, € Q*. Then the nonvanishing is clear. O

Z(@I,U & L)02,1)7.]01,,1) = C’U .

Proof of Proposition 4.46. We would like to apply Proposition 4.48. By condition (c),
for every v € R, we may find @) € 7/, ¢, € ™, such that Z(¢) ® ¢y, f3"") # 0, that

is, Z(cp;v ® 2., f1,) # 0. Together with Lemma 4.49, we have

H Z(QDLU ® 2,05 fl,l,) 3& 0.

vev( O\ =)

By condition (b), there exists A € Homgz, (I'r;, Z;,) such that 6,\92”1)0 () # 0. Thus, by
Proposition 4.48, I # 0. The proposition is proved. (I
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Proof of Theorem 4.21. For (1), we may apply Theorem 4.20 so that we have elements
25 pand Z;;;L from Proposition 4.18. By Remark 4.22(2), it suffices to show (4.5) for
a single choice of data (1, @2, @1, P2) (as in the statement of Theorem 4.21) satisfying

I[I 2, @0 Y es.) #0.
vev(OMeeD
Thus, by Lemma 4.49, it suffices to show (4.5) for our particular choices of (41, ¢2 =

qﬁ[zo}) as in (4.14) and (p1,¢2) from (T2-T4), together satisfying the following extra
requirement

(T1) Z((pJ{,U ® <,02ﬂ,,f¢1 '\ ©¢s.,) 7 0 for v ER.
This is possible by [45, Proposition 3.13].
By Remark 4.38 and Lemma 4.29(1),

O3 (1)1 = X% (t151) 'O, (1)L,

05 (p2)r = X8 (t2s2)~ <H a(my) > @SEI e 1(p2)L

uepP
hold for every e € N. By Definition 4.19,

@tslcsll¢1 (@I)L - <<‘01’Z€;Sl¢'17 > ™
@tsesl ¢[5 (SDQ)L - <<102’Zt So ¢[5 >

in which

Zl o € HH(E, Vi 1) @L (Vs ®g M),

Z; 20l L € Hf(E Vir) L (Vi g M)
for some field M C C. Indeed, for given R-components of ¢; and ¢o, we can shrink M
to a number field, which is in particular independent of e. Again by Lemma 4.29(1),
the sequence {Zt’r (1) L} converges when N — 0o, whose limit we simply denote by
28205 7,

Z5. Then
05 (¢2) = X8 (tas2) " (0], Zo)s.
Therefore, for every element A\ € Homgz, (I'ryp, Z,) with Ag == Ao Nmp,p, we have

)\<@Sel( N @Sel( )>h
= vol*(L) - /\E<@Sel(§01)L7®¢zl(§02)L>E
= X,?(tlsl)_ X (t252)_1 : <‘P1 & @27V01h(L) - AE <Z€T1$1¢1,L’ZZ>E>

By Proposition 4.18,

T,

9 (91 Z{s6,,L) = Z Z5 (t1s19101) g™
T1€Herm? (F)+
QT,r(g2 . ZQ) = pr Z Cg2,T2
Tr€Herm? (F)+

hold for every pair (g1, g2) € M, (Fg) x M,.(Fg), where we recall that
. & N!
(oo, =PV A Z8 (62529205 )1
Thus, we have, by Proposition 4.45(2),
vol'(L) - A (2] g, 40 10 Z2) y =0 M I,
and by Proposition 4.48,
MO3 (1), 03 (02)) p
= X3 (t1s1) X2 (tas2) Tt (1 ® 90271171\413)#7;r
= (9A«$po(77) . H Z(‘PLU ® 2.0, f1,)-

vev(OMeerh)
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In other words,

<®Sel( 1)7 @SEI(@Q»Er,F = 8"%1)0(71—) : H Z(@I,v ® P20, flv)

vev(O\eerh)

=020 Il 26l ® 020 £ epn.)-

UGV%O\{OOW})
Finally, by Proposition 3.32 and (T2),

Z(@i,v®@2,vaf§y,®¢2v H ’Y 1+7" Wu»¢F,u)_1

UEP,

for every v € V(p) Together, we obtain (4.5). Part (1) is proved.

For (2), it sufﬁces to show the vanishing under every embedding ¢: . — C. Thus, we
may regard L as a subfield of C and 7 as defined over C. For every A € Homgz, (I'rp, Zy)
with Ag := Ao Nmg,p, we have a map

it SV AF) = S (V" @p AY) @c S (V" @p AF) — SF,..(C)

T

(Definition 2.6) of C[G,,(A¥)]-modules sending (¢1, ¢2) to the assignment

(91,92) = > A {px (25 (wrlg1)d1)L)  pr (255 (wr(g2)d2)L)) - "
(T1,T2)

in which the sum is taken over Herm,.(F)™ x Herm, (F)*.
We prove (2) by contradiction. Assume the opposite hence iﬁr
some A. Then it is clear from the construction that z'j}m factors through successive

Gy (AY)-equivariant quotient maps

is nontrivial for

SV epAF) - 10(1) = J] I,1) > R4

veVy

We claim that the image of 'L;\ is contained in g, .ATThOl (Definition 2.6). By [46,

Proposition 4.8(1)], it suffices to show that zw((ﬁl, ¢2) € q2 TALT]thI for one choice of
pair (¢1, ¢2) such that ¢; ® ¢ has nonzero image under the unique nontrivial map in
Homg, (ax)xa, (a3) (ITD(l),w X ﬁ) Indeed, we choose the pair to be (t151¢1,t282¢0%)
in which ¢; and (¢5)P (away-from-p part) are from the proof of (1), and ¢, for
v € V(p ) is an arbitrary element in .% (VT) Whose image in the quotient #, X 6(#,)
(Lemma 4.1) is the limit of the images of qS 2 in that quotient when N — oo (which
exists by Lemma 4.29(1)). By Lemma 4.27 (apphod to both variables), it suffices to

show that there exists Jy € Am Lol Stuch that

qrr r((g1,92) - )
Z {pr (Z8 (wr(g1)t18101)L) , Pr (Z%(WT(QQ)t2S2¢/2)L)>E'qu’TZ

Z £ (24, (wr(91)t15101) 1, 27, (wr (g2)b28205) L) - ¢ T
1, Ts)

for every pair (g1,92) € M,(Fr) x M,(Fg), in which the sums are taken over
Herm,.(F)* x Herm,(F)*. Then by Proposition 4.45(2), we may take Jy to be

vol*(L)~1p~M . T, (regarded as an element of AMhol) It remains to show that Iy

Vanlshes hence the map i '~ vanishes, resulting in a contradiction. Once again, since

- factors through 7 X 7 77, it suffices to show that (¢ ® <p2,I,\>7r’ﬁ = 0 for a single
(decomposable) pair (¢1,p2) such that Z(api,v ® pa.u, f1,) # 0 for every v € Vi
Indeed, we can just take (¢1,¢2) to be the pair from the proof of (1). Then the van-
ishing of {1 ® e, IA>7T,7% follows from Proposition 4.48, since we have assumed that
the vanishing order of fpo(w) at 1 is at least one. Part (2) is proved. O
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4.10. Errata for [LL21, LL22]. In this subsection, we correct two errors in the two
preceding articles [45,46] in two remarks.

Remark 4.50. In both [15] and [16], the authors mistakenly identified x®, with (x&)°,
where X% : T.. — Q*° is the Hecke character in [45, Definition 6.8] (and similarly for
x%.); in fact, they only coincide when restricted to Taacnﬂi' As a consequence, one
should replace x2 (s)¢ by x&. (s) in [15, Proposition 6.10(1)]; and whenever one asks for
two elements in S§.. \ m%, they should actually be in S§.. \ m}.. Such modifications
do not affect the proof of the results.

Remark 4.51. The result in a recent preprint [67] indicated that two formulae we
claimed in the proof of [45, Lemma 4.4] regarding the Hecke correspondences of special
cycles and Schwartz functions are both incorrect in general (though the statement of
the lemma does hold). Here, we give a correct (and alternative) argument. For every
moment matrix 7' € Herm,,(F)", by the same argument for [35, Proposition 5.10],
the assignment ¢ — Zp(¢>)r, is compatible with changing L’ that are neat open
compact subgroups of H(A%) fixing ¢ under pullbacks, hence defines a functional

y(vm Oap A%o) — hﬂCHm(XL/)C.
L/

It is a map of smooth representations of H(A%), where H(A%) on the right-hand side
by Hecke translations. Thus, for every neat open compact subgroup L of H(A%¥), the
above map restricts to a map

L
L (V™ @ap AF)E — (h_H} CHm(XLf)«:>
L/
of C[L\H(A%)/L]-modules. However, by definition, the above map factors through
the submodule CH™ (X,)¢, which confirms [45, Lemma 4.4].

APPENDIX A. BI-EXTENSIONS AND p-ADIC HEIGHT PAIRINGS

In this appendix, we develop further the theory of p-adic heights on general varieties.
We fix a prime number p and an integer n > 2. Moreover, W denotes a finite flat local
extension of Z, and L denotes a finite product of finite extensions of Frac(W).

A.1. Etale correspondences. Let X be a scheme. An étale correspondence on X is
a diagram

tx L x5 x
in which both f and g are finite étale morphisms.

The collection of all étale correspondences on X forms a monoidal category
EtCor(X). See [51, Definition 2.11] for more details. We denote by EC(X) the (uni-
tal) Z-algebra generated by the underlying monoid of isomorphism classes of objects
of EtCor(X). For every ring R, an R-ring of étale correspondences on X is an R-ring

T together with a homomorphism T — EC(X)g that is R-linear and unital. Usually,
we only write T for the notation when the homomorphism T — EC(X)g is clear.

Notation A.1. Let S be a subset of X. For an étale correspondence t as above, we
put St := f(g~*(S)). For a finite linear combination ¢t = 3_ ¢;t; with ¢; # 0, we put
St=, Sh.

A.2. Remarks on sheaves. Let S be a site. For a diagram of rings R,, we denote
by
e M(S, R,) the abelian category of sheaves of R,-modules on S,
e CT(S,R,) = CT(M(S, R,)) the abelian category of bounded below complexes
in M(S, R,),
e DT(S,R,) = DT (M(S, R.)) the derived category of M(S, R,) with bounded
below cohomology.
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In this article, we mainly use two kinds of diagrams of rings. The first is a singleton
valued in a ring R so that M(S, R,) = M(S, R) is the usual category of sheaves of
R-modules on S. The second is the diagram

We: - — W/p* = W/p*> = W/p

so that M(S,W,) consists of sequences Fq = (--- — F3 — Fy — F}) of sheaves of
W-modules on S in which Fj is annihilated by p’. Then we have the left-exact functor

@: M(S, W,) — M(S, W)
and the exact restriction functor
—: M(S,W,) — M(S,W/p!)

for every [ > 1.

In what follows, we suppress S (together with the comma after it) in the notation
when S is a point. We have the global section functor T'(S, —): M(S, Re) — M(R,).
For every ¢ € Z, denote by H%(S, —) the ¢g-th cohomology of RT'(S, —).

Example A.2. For a scheme X and an integer r, we have the object ,ufff € M(Xet, Zpe)
and put

L(r)x = (Rlim (45) ) @2, L € D¥ (X, L),

Then H?(X4;,L(r)x) coincides with Jannsen’s continuous étale cohomology [30] of
X (with coefficients in L), usually denoted by H%(X,L(r)). For a relative scheme
m: X — S of finite type, HY(Se, RmL(r)x) coincides with the continuous cohomology
of X/S with proper support, usually denoted by H?(X,L(r)) when the base S is clear.

Now let G be a profinite group that acts on S. We similarly define three categories
Mc (S, R.), C&(S, Re), and D{(S, R,) for compatible G-equivariant Re-modules on
S. We have the global section functor I'(S,—): Mg(S, Re) = Mg (R.) and the G-
invariants functor I'g: Mg(Re) — M(R,). For every q € Z, denote by H{ (S, —)
the g-th cohomology of RI'g o RI'(S,—). The natural transformation from I'g to
the forgetful functor (forgetting the G-action) induces, for every ¢ € Z, a functor
H{ (S, —) — H%(S, —), whose kernel we denote by H{ (S, —)°.

For an object ¢ € D{(S, W,), we put

(A1) G = (R@%) @wlL € DE(S,L).

Definition A.3. We say that an object ¥ € Dg(S, W,) is admissible if

(1) HI(S,%) is a discrete G-module for every ¢ € Z and [ > 1, that is, every
element of HY(S, %) has an open stabilizer;
(2) R'lim, HY(S, %)) has finite exponent for every ¢ € Z.

It is clear that if € is admissible, then the natural map
HY(S, %) — (1&1 H%S,%)) @w L
1

is an isomorphism of G-modules, through which we view H4(S,%1,) as a topological

2

G-module. The following lemma slightly generalizes [30, Corollary 3.4] in the case of
rational coeflicients.

Lemma A.4. Let € € D{(S,Zye) be an admissible object. Then there is a spectral
sequence

H? . (G,HY(S,61)) = HE (S, 6L).
In particular, we have the edge map

Hg}(S7 %]L)O — H(lzont(Ga qul(s’ Cg]L))

Proof. We first note that (I'g o T'(S,—)) o im = (g o m) o T'(S,—) and all of the
three functors preserve injectives. By the same argument for [30, Theorem 3.3], there
is a spectral sequence

HP(G, (H'(S,41))) = Hg(S, R lim %)
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which is simply the Grothendieck spectral sequence for the composition R(I'g o @1) o
RI'(S, —). Here, we recall that 4, € D (S, Z,/p') is the restriction of 4. By the similar

argument for [30, Theorem 2.2] and Definition A.3, there is a canonical isomorphism
HP(G, (H*(5,%1))) @w L ~ Heon (G, HY(S, €1)).
The lemma then follows as H (S, Rlim %) @w L = HZ(S, %) O

The lemma below will only be used in §B.6.
Lemma A.5. Let S be a site with an action of G and q an integer. Consider a
distinguished triangle
a5 Bl

of admissible objects in DE(S, W), inducing the following commutative diagram

HY (S, %) —> HL(S, o) —> HY(S, %) —~ HL (S, %1)

| | P
HY (S, %.) — > HI(S, o) —"—~ H(S, B) — > HI(S, )

in which all vertical maps are induced from forgetting G-actions. Then for every
element b € H{, (S, L) satisfying v(v(b)) = 0, the image of v(b) under the composite
map

Hq‘l(S (5]1‘)
G,H" (S, 4 H! G =——"
( ) ( ’ ]L)) — Heont ( 7Hq71(S, %]L)
can be represented by the (continuous) 1-cocycle g — ga —a for g € G, where @ is an
arbitrary element in HI(S, eA,) satisfying f(a) = B(b).

H(S,%1)° — H!

cont

Proof. 1t is easy to check that the 1-cocycle does not depend on the choice of Z. Thus,
it suffices to check the statement for one §uch element.

Take an injective resolution 0 — A2 £~ B¢ v C3 — 0 in CL(W,) (the bullet in
the superscript denotes the cohomological degree) of the exact triangle

RI(S, /) — RI(S, B) — RT(S, %) 15 .
Put X = (@l Xl') ®@w L € C§(L) for X = A,B,C. Then the diagram in the
statement can be replaced by

HI~1((C2)9) —2=He ((Ap)C) —=He ((Bg)C) —=He ((C2)C)

i la lﬂ lw
HI~ () —— HI (A7) —— H7 (BY) —— H1(C)
in which all vertical arrows are induced by natural inclusions. By definition, we have
HY (S, %.)" = HY ((CH:)G)O _ Ker ((EIE)G 4, (CH‘Z'H)G) AIm (Cﬁ_l A, E]E)

Im ((Cf )G = (£2)°)

It follows from the formation of the spectral sequence in Lemma A.4 that for
c € H? ((C’]I'J)G)O7 its image in H! (G, H9"}(C?)) under the edge map can be rep-
resented by the 1-cocycle that sends g € G to the (cohomology class in HI™1(C})) of
gcd™! — 71, where c?7! € Cﬁ_l is an arbitrary element whose differential dc9=! in
C{ represents ¢ (so that gc?™! — ¢! is closed).

To prove the lemma, let b7 € (Bf)® be a closed element that represents b €
HY ((B£)¢). Since v4(y?) induces an element in HY ((Cﬁ)G)O, we may choose an
element c?71 € C]ﬁ*l whose differential de?~! in Cf equals v%(b?). To construct an el-
ement @ that lifts 5(b), we take an element 7~! € B{™" such that 9= (b91) = ¢4~
Then v?(b? — db?~!) = 0, which implies that a? :== b? — db?~! belongs to Af and is
closed. Then we may take @ € H? (A}) to be the cohomology class of a?. Since b? is
fixed by G, we have for every g € G, ga? — a? = gdb?™! — db9~1 = d(gb?™! — p971),
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which is a closed element in Af. However, d(gb?=1 —b971) exactly represents the class
of gc?=! — ¢4~ under the coboundary map A\: H4=! (Cf) — H?(A?). The lemma is
proved. (|

In what follows, G will be the absolute Galois group of a field K of characteris-
tic different from p, which we denote by Gg. As for common practice, we simply
write HY(K, —) for HI  (Gk,—). We also introduce the additive category Mg (L) of
topological L-vector spaces with continuous actions by Gg.

A.3. Bi-extensions of cycles. Let K be a field of characteristic different from p
with a fixed algebraic closure K. Let X be a projective smooth scheme over K of pure
dimension n — 1. For every integer d, put

Z4X)P = Ker (2(X)L — H*(X%,L(d))) .

Now we consider two elements ¢ € Z4(X)? and ¢ € Z% (X)9 with d 4+ d’ = n, such
that ¢ and ¢ have disjoint supports. Choose disjoint nonempty closed subsets Z and
Z' of X of pure codimension d and d’ containing the supports of ¢ and ¢/, respectively.
Denote by i: Z — X and i': Z' — X the closed immersions and put U := X \ Z and
U' =X\ Z'. We have the following diagram

Unu' —-=u
v x

of open immersions. We have the following induced diagram

(A.2)

H242(Ugz, L(d)) —> H24-2(Z%, 1L(d)) — B2~ (U

7 JL(d)) —— szfl(Uf, L(d)) ——=0

H2(Zg, i'L(d)) ——

(X, j{L(d))

H?(X7, L(d))

The element c gives rise to a map £°: L — H?¥(Z,4'L(d)) whose image is con-
tained in the kernel of the map HQd(Z?,i!L(d)) — H2d(X?,]L(d)). The element ¢/
gives rise to a map Ke : H2d*2(Z'F, L(d — 1)) — L that vanishes on the image of the
map H?*7%(X#,1L(d)) — sz’Q(Z’?,]L(d)). Applying the pullback along ¢ and the
pushforward along x. (1) to the diagram (A.2), we obtain the following bi-extension
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diagram
0 0
0 L(1) Eu H21 (X%, L(d)) — 0
0 L(1) ES, E° 0
L L
0 0

in Mg(L). It is easy to see that the above diagram does not depend on the choices
of Z and Z’'. We have three induced extension classes

o [E] € H'(K, H*! (X%, L(d))),
o [EV(1)] = [E] € H' (K, H* Xz, L(d))),
e [E5] € HY(K,E).

A.4. Relation with Beilinson’s local index. In this subsection, we assume that
K is a non-archimedean local field whose residue field has characteristic different from
p. We study the relation between Nekovai’s local p-adic height and Beilinson’s local
index.

Assume that the cycle classes of ¢ and ¢ in H2(X,1L(d)) and H2>¥ (X,1L(d’)) vanish,
respectively.”” Then the image of [E¢] in H'(K,H?!~!(X+,L(d))) vanishes, hence
[E¢] belongs to the image of the map H'(K,L(1)) — H'(K,E.) which is injective.
Following Nekovaf [56], we denote by (¢, ¢/ >§( x the image of [ES ] under the natural
isomorphism H(K,L(1)) = K* ®5 L given by the Kummer maps.

We recall the definition of Beilinson’s local index [1, Section 2] (see also [45, Ap-
pendix B]). We have the refined cycle class [c] € HZ(X,L(d)) = H?4(Z,;'L(d)),
which is contained in the kernel of the map HZ!(X,L(d)) — H??(X,L(d)), hence
we may choose an element v € H21(U,L(d)) that maps to [¢] under the cobound-
ary map H*"1(U,L(d)) — H%(X,L(d)). Similarly, we can choose an element
~ e sz/_l(U’, L(d")) for ¢. Beilinson’s local index, which we denote by (e, c’);B(’K, is
defined as the image of v U~ under the composite map

H>"“2(U N U’,L(n)) — H*" (X, L(n))

Trx,x

H!(Spec K, L(1)) = H'(K,L(1)) = KX ®; L,

in which the first map is the coboundary map in the Mayer—Vietoris exact sequence
for the open covering X = U U U".

Remark A.6. In fact, in [1, Section 2] and [45, Appendix B], the local index (c, /)%
takes value in L via the canonical isomorphism H!(Spec K,Q,(1)) ~ Q, that is the
composition

H'(Spec K, Q,(1) — ngem(Spec Ok,Q,(1)) = H(Spec &, Q) ~Q,
in which & is the residue field of K. By [23, 2.1.3] or [57, I1.(2.16.1)], the induced
isomorphism K~ R Qp, — Q, sends a uniformizer of K to —1, rather than 1.

The following proposition is simply [66, Theorem 5.3].
Proposition A.7. Let the situation be as above. Then
<C7 C/>§{,K = <C, Cl>)B(,K'

25This is automatic if the monodromy-weight conjecture holds for HZd_l(Xg, L(d)).
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A.5. Crystalline property of bi-extensions. In this subsection, we assume that
K is a finite extension of Q, with residue field k. Denote by W the Witt ring of x,
and by Ky the fraction field of W, which is canonically a subfield of K.

We assume that X admits a proper strictly semistable model X over Og. Put X :==
X ®o, k. For every integer h > 1, denote by X" the disjoint union of intersections
of h different irreducible components of X, which is either empty or a proper smooth
scheme over k.

Theorem A.8. Suppose that n < p. Let T be an L-ring of étale correspondences on
X and m,m’ two mazimal ideals of T satisfying that

A3 P (ngis(xw) /W) ®z, L)m P (Hﬁris(x(h) /W) @z, L) =0

h>1,q=0 h>1,q20

Then there exist elements t € T\ m and t' € T \ m’ depending only on X such that
the following holds: For two arbitrary elements ¢ € Z4(X)? and ¢ € Z% (X)? with
d+ d = n satisfying that
(1) (suppC):N(suppC') =0 for every t,t’ € T, where C and C' denote the Zariski
closures of ¢ and ¢ in X, respectively;
(2) the codimension of suppC’ in XM s at least d' for every h > 1,
the following properties
o [EV] € H}(K, H* ! (X%, L(d))),
o [EY.o(1)] € H (K, H* 7! (X, L(d)),
o [ELS)] € HH(K, Epeo),
hold simultaneously. Here, the bi-extension EL.E, exists by (1).

Remark A.9. By taking T = I, Theorem A.8 asserts that E¢, is crystalline as long as
supp CNsuppC’ = () when X is a proper smooth model of X over O .?® This confirms
the (equivalent) conjecture in the remark after [68, Theorem 8.7] when n < p.?”

Our main strategy of proving Theorem A.8 is similar to [65]. The main difficulty
is to show that the bi-extension [EL.C,] is a crystalline class. We consider the Abel-
Jacobi map from the homologically trivial part of the degree 2d syntomic cohomology
of X\ (suppC’) with proper support to H!(K, Hgd_l(U’?,(@p(d))). After we show
that Ey«. is crystalline for suitable #, it suffices to show that if a syntomic class
comes from a (homologically trivial) cycle, then its Abel-Jacobi image vanishes in
HY (K, HH(Ur, Qp) ®q, Beris) “after localization at m'” (and replace K by a finite
extension in fact), under the conditions in Theorem A.8. However, the main challenge
for us is that unlike the situation in [65] where U’ = X, we do not have a comparison
theorem for Hgd’l(U’?,QP) with some cohomology on the special fiber in general.
Also, due to the constraint of the conditions in the theorem, we can not reduce the
theorem to an alteration. We solve this problem in the following way. First, we
show that the kernel of the Abel-Jacobi map from the above syntomic cohomology
to H! (K, H2d~1 (U, Qp) ®q, Beris) contains the kernel of another map whose range is
a certain space defined by log rigid cohomology (Proposition B.9). Second, we show
that a cycle class will vanish in this space “after localization at m’”. For the first step,
which shall hold more generally without the conditions in the theorem, we pass to a
strict semistable alteration.

The full proof of Theorem A.8 will occupy the entire Appendix B.

A.6. Recollection on p-adic Galois representation. Let K be as in the previ-
ous subsection. Let V be a finite-dimensional continuous representation of Gx with
coefficients in L, which we assume to be de Rham, that is

Dar(V) = (V ®q, BdR)GK

26We warn the readers that this assertion is wrong if one replaces the word smooth by strictly
semistable.

27Hovvever7 our strategy for the proof of Theorem A.8 is different from the case of (local systems
over) curves in [68, Theorem 8.7].
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is a free L. ®@g, K-module of rank dimg, V. In the rest of this subsection, we assume
that L is a subfield of Q,; and one can generalize the discussion to a finite product of
finite extensions of QQ, by considering all homomorphisms L. — @p over Qp.

We have a decreasing filtration F'Dqg (V) of L®g, K-submodules of Dyg (V), known
as the de Rham filtration. Moreover, for every embedding 7: K — @p, Fontaine con-
structed a Weil-Deligne representation WD(V), of the Weil group of K with coeffi-
cients in Q,, with underlying Q,-vector space Dgg (V) ®Lgg, K107 Qp. The isomor-
phism class of WD(V), is independent of 7. See, for example, [70, Section 1] for more
details. We also recall that V is crystalline if

Dcris(v) = (V ®Qp IBcris)
is a free L. ®g, Ko-module of rank dimg, V.

Remark A.10. Tt follows from the construction of WD(V), that if V is crystalline,
then the following polynomials coincide:

Gk

e the characteristic polynomial of a geometric Frobenius on WD(V).., for any 7;
e the characteristic polynomial of ¢ on Deis(V), where ¢ denotes the K : Q,)-
th power of the crystalline Frobenius.

Definition A.11. Let p be a real number. We say that V is pure of weight p if for
some (hence every) 7: K — Qp, all geometric Frobenius eigenvalues of gr, WD(V)
are Weil |k[*Ti-numbers for every i € Z, where gr, WD(V), denotes the i-th graded
piece of the monodromy filtration on WD(V),.?®

We make the following definition, after [56, 6.7].

Definition A.12. We say that V satisfies the Panchishkin condition if there exists a
necessarily unique L[G]-submodule V* C V (with V= := V/V™T) such that

FODar (V') = Dgr(V™)/F'Dgr (V™) = 0.

Lemma A.13. For a crystalline representation V of G over L, the following are
equivalent:

(1) V satisfies the Panchishkin condition;
(2) the L®g, Ko-submodule D} (V) C Deyis(V) on which the crystalline Frobenius

cris

acts with negative slopes™ is weakly admissible, and the natural map
(A.4) (DF (V) @k, K) © FODar(V) = Dar(V)

is a splitting of the Hodge filtration on Dar (V).

Proof. Assume that V is Panchishkin with a subrepresentation VT as in the def-
inition. By the weak admissibility of Des(V*), the crystalline Frobenius acts on
Deris(VT) with negative slopes and on Des(V™) with non-negative slopes; it follows
that D}, (V) = Deis(VT) satisfies the second condition. Conversely, that condi-
tion implies that DT, (V) C Deis(V) is weakly admissible, hence by [11] it arises as
D} (V) = Deis(VF) from a subrepresentation V* C V, which witnesses the Pan-
chishkin condition. ]

Lemma A.14. Let u be a nonzero integer and 0 — Vi — V — Vo — 0 a short exact
sequence of crystalline representations of Ggx. If V1 and Vo are pure of weight i, then
so is V. If V1 and V4 satisfy the Panchishkin condition, then so does V.

Proof. The first statement is clear. We prove the second one. The sequence
0 — F'Dyr (Vi) = F'Dyr (V) = F'Dgr(Vz) — 0

is exact, and by definition, so is

0— Djris(vl) - D;‘lb(v) - Dz“is(VQ) —0.
This implies that (A.4) is an isomorphism. By [l1, Proposition 3.4], the module
D}, (V) is weakly admissible too, so that the equivalent Panchishkin condition of

Lemma A.13 is satisfied. O

281n particular, L(1) is pure of weight —2.
291 other words, the submodule ]D)jris(V) generated by the generalized ¢-eigenspaces relative to
the eigenvalues of negative valuation.
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A.7. Decomposition of p-adic height pairing. In this subsection, we take K to
be a number field. Let X be a proper smooth scheme over K of pure dimension n — 1
and take two positive integers d, d’ satisfying d + d' = n.
Consider L[G k]-submodules V and V' of H?>?~1 (X%, L(d)) and sz/_l(Xf, L(d")),
respectively, satisfying
(V1) For every nonarchimedean place u of K not above p, HY(K,,V) =
HY(K,,V') =0 for i € Z.
(V2) For every place u of K above p, both V|g, and V'
of weight —1 (Definition A.11).
(V3) For every place u of K above p, both V|, and V'|, satisfy the Panchishkin
condition (Definition A.12).

We have the canonical p-adic height pairing
(v H(K, V) x Hi (K, V') = Tk, @z, L

K, are semistable and pure

constructed in [50], using the Hodge splitting map (A.4). The pairing is L-bilinear.
Recall that we have the Abel-Jacobi map

AJ: Z4X)) — HY (K, H*7 1 (X%, L(d))).
We denote by Z¢(X)? the subspace of Z4(X)? that is the inverse image of H (K, V).

By [58, Theorem 3.1], the image of AJ is contained in HY, (K, H2?~! (X%, L(d))). More-
over, (V2) implies that H} (K, V) = H}(K, V). Thus, we have the Abel-Jacobi map

AJ: ZG(X)P — HF (K, V).
Similarly, we have Z%/, (X)? and the corresponding Abel-Jacobi map
AJ: Z8(X)0 — HE(K, V).

Combining the p-adic height pairing with the two Abel-Jacobi maps, we obtain a
pairing

(A.5) (v ZHX)D x Z8,(X)? — Tk ©z, L.

Take two elements ¢ € Z%(X)? and ¢ € Z%,(X)? with disjoint supports. Then
according to [56, Section 4], we have a decomposition

{c, C/>(V,V/),K = Z<C7 C/>(V,V’),Ku
ufoo

of the pairing (A.5) into local ones (¢, c) (v v/ x, € Ku ®z L over all nonarchimedean
places u of K, in which (c,c')v vk, = (¢, C/>§(H,Ku for u not above p.

Remark A.15. For a place u of K above p, the bi-extension class [ES] € HY (K, E.)
belongs to H} (Ky,E) if and only if (¢, ) (v.vi) Kk, € OIX< ®z, L.

APPENDIX B. PROOF OF THEOREM A.8

Let K be a finite extension of Q, with residue field x. Denote by W the Witt ring
of k, and by K the fraction field of W, which is canonically a subfield of K. We fix
an algebraic closure K of K with the residue field %. For every finite extension K’ of
Ky contained in K, put G = Gal(K/K') as a profinite group.

B.1. Preparation. For a scheme Z of finite type over O with K " a finite extension
of Ky contained in K, we

put Z = Z ®p,, K’ for the generic fiber,

put Z; == Z® Z/p' for every integer [ > 1,

put Z := Z ®o,., ' for its special fiber, where £’ is the residue field of K”,
denote by 3 the formal completion of Z along Z,

denote by 3, the generic fiber of 3, regarded as an analytic space over K’ in
the sense of Berkovich,

. puté:zZ@oK/O A

> 7 =7Qkg K,and Z =7 ®, R.
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We apply the similar notational convention to morphisms over O as well.>
Suppose that X is a subscheme of Z, we denote by |X[3, its tubular neighbourhood
in 3,. We have the quasi-étale site |X[3, q¢¢ [2, §3] with the natural map |X[3, qs—

(5/;)&, where :’;/; denotes the formal completion of 3 along X. On the other hand,

the natural map (E&)ét — Xg4 is an equivalence of sites [3, Proposition 2.1]. Together,
we obtain the specialization map s(x 3): |X[3,,q¢t— Xest, and will simply write s when
no confusion arises.

Definition B.1. Let R be a ring. In the situation above, suppose that X is a closed
subscheme of Z and U an open subscheme of X, we define a functor
1

fux)t M(X[3,qet, B) = M(JX[3,,qet, R)

to be the kernel of the unit transform id — g.og*, where g denotes the open immersion
XA\ U[3,=]X[3,

Remark B.2. The functors ¢g*, g., and f!(u x) are all exact. Moreover, there is in general
no functor £: D¥(Xe;, R) — DT (Xg, R) such that foRsx 3y, RS(X,S)*Of!(U x)> even
when X = Z.

Lemma B.3. Let the situation be as in Definition B.1. The diagram

FioF*oRgx 3 ————0

| |

Rs(x,3)« — = Rs(x,3)x 09+ 0 g

of functors from D (]X[3, qéts R) to DT (Xet, R) commutes, where F: U — X denotes
the open immersion. In particular, there is a canonical natural transform

FroF*oRs(x,3) = Rsx,3)« © fux): DT (IX[3,.q¢t, R) = DT (Xat, R).

Proof. 1t suffices to notice that the unit transform Rsx 3). — Rs(x, 3)«0g«0g" factors
through

Rs(x,3)« = G« 0 G* 0 Rs(x,3)» = Gx o Rs(x\u,3)« © 9 — Rsx,3)« © g+ 0 ¢,
where G: X\ U — X denotes the closed immersion. ]

In what follows, we will work with log-schemes, written as (X, L) with the first
variable the underlying scheme and the second variable the log structure. Since the
integral model in Theorem A.8 is strictly semistable, we assume that the log structures
are defined in the Zariski topology.

For a scheme X and a closed subset Y, we denote by LY the log structure O'x N
Jx ﬁ)x(\y — Ox, where j: X \'Y — X denotes the open immersion. For a log-scheme

(X, L) and a morphism f: X’ — X, we write f*L for the pullback log structure or
simply L|xs when f is clear from the context.

We write WHY for (Spec W, W>), W[t]° for (Spec W[t], L) where L is the log
structure associated with 1 — ¢, W*° for the fiber of W[t]° at ¢ = 0, and k° for
the fiber of W° at p = 0. Note that the natural morphism W[t]° — W%V is log-
smooth. For every extension K’/K, contained in K with the residue field /, we put

0521 = (Spec Or, LEPects ).

Let (X,M) be a fine log-scheme over a fine base log-scheme (S,L) of finite
type. Recall that an embedding system for (X,M)/(S,L) is a projective system
{(X*,M*) — (Z*,N*)}4=0,1,... of exact closed immersions of log-schemes over (S, L)
in which X* is a Zariski hypercovering of X, M* = M|x~, and (Z*,N*) is a fine
log-scheme log-smooth over (S, L) of finite type. Note that embedding system always
exists.

In the case where (S, L) = Wt]° and (X, M) is a strictly semistable log-scheme over
k° [22, §2.1] of finite type, we say that an embedding system {(X™*, M*) — (Z*,N*)}
for (X, M)/(S,L) is admissible if

30 ater, we will see C,D,E,T,U,V, X, Y, Z for schemes and A, F,G, H for morphisms over Opgr.
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(X%, M%) — (Z° N°) induces an isomorphism (X°, M?) ~ (Z° N°) xyy g0 5%
79 is flat and generically smooth over Wt], and is smooth over W
Y9 := Z° @y W is a relative strict normal crossings divisor of Z° over W;
NO — LYO.

70
o (X* M*) — (Z*,N*) is (isomorphic to the one) induced from (X% M?) —
(ZY, N°) in the process described in [22, §5.1].

B.2. Rigid de Rham—Witt complexes. Let (X, L) be a fine log-scheme over «° of
finite type. Let F: U — X be an open subscheme. For every Zariski hypercovering X*
of X, we put F*: U* := U xx X* — X*.

Choose an embedding system {(X*, L*) < (Y*, M*)} for (X,L)/W°. Denote by
u: X* — X the augmentation map for the hypercovering, and put s* := sx+ g)»). We
define the rigid de Rham-Witt complex of (X, L) to be’!

wyx = RU* (RSI (sz*,]w*)/wo ®ﬁy* ﬁM*[‘«Z)*)) € D+(Xét,K0),

where an M*)/Weo denotes the complex on Y of relative logarithmic differen-
tials of the log-smooth morphism (Y*, M*)/W*°. By (the same argument in) [22,
Lemma 1.4], the complex wx does not depend on the choice of the embedding system
for (X, M)/We.32

On the other hand, choose an embedding system {(X*,L*) — (Z*,N*)} for
(X, L)/WIt]°, hence for (X, L)/W*V. Then

{(X*, L") = (Y*,M*) == (Z*,N*) Xy W}
is an embedding system for (X, L)/W*°. We have the short exact sequence

0 — it — O

(V*,M*)/Wo (Z*,N*)/Wtriv ®ﬁz* ﬁy* —Q —0

(Y*,M*)/We

of coherent sheaves on V%, in which the first map is given by A dlogt, for every ¢ > 0

compatible with differentials. We put

wx = Ru, (Rs: (QZZ*’N*)/WHW R, ﬁ}x*[@*)) € D (Xet, Ko).
Then there is a distinguished triangle
(B.1) Wl wx[—1] = @x = wx 2 wx
in DT (X¢, Ko), where N denotes the connecting map; it is independent of the choice
of the embedding system for (X, L)/W[t]°. Moreover, for a morphism f: (X', L) —
(X, L) of fine log-schemes over k° of finite type, we have an induced map wf — R f*(:’)%,

of distinguished triangles in D (Xe, Ko).
We put

! °
Ww,x) = Ru, (Rsif'(u*,x*) (Q(y*,M*)/WO ®ﬁy* ﬁ)]x*[m*>> s

B = Rua (Re2tly. o) (Uze ey won @0z Oty ) )

both in D¥(Xe, Ko) (see Definition B.1). Then by definition, we have a distinguished
triangle

~ N
(B2) w(AU,X): W (u,X) [71} — WU,X) 7 WUX) 7 WU,X)

in D*(Xe, Ko), and a distinguished triangle of distinguished triangles
A A A+
(B.3) WX = wWx = Gy —
where G: X\ U — X denotes the closed immersion.
From now on, we assume that (X, L) is strictly semistable over x°. We recall the
construction of several crystalline complexes of (X,L). For every [ > 1, let Dj and

31More precisely, it should be called convergent de Rham—Witt complex since it gives the log
convergent cohomology in general. However, later we will take (X, L) to be strictly semistable and
proper.

320f course, wy depends on the log structure L. However, as a common practice for de Rham—Witt
complexes, we will not include L in the notation.
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&l be the (scheme part of the) PD envelopes of X* in Y and Z} (over the base W
equipped with the usual PD structure), respectively.®® We have complexes

Dy areywe @oy. Opy,
QEZ*’N*)/WUMV ®ﬁz* ﬁp:,
QEZ*’N*)/W(’JWV ®ﬁz* ﬁg:7
Wze Noyywige Qs Oty
in CT(X%,, W,). Put
%(X,L)/WO = RU* (Q * M*)/Wo ®ﬁy* ﬁfD )
ngEX,L)/WO = RU* (Q * N*)/Weriv ®ﬁz* ﬁ'D*)
<g()(,L)/m/cnv = RU* (Q Z* N*)/W““’ ®ﬁz* ﬁg )
Gx.Ly/wie = Ru, (Q(Z*,N*)/W[t]o X6z ﬁs;) )

all in D (Xg, W,). It is well-known that the above objects do not depend on the
choice of the embedding system for (X, L)/W{t]°. In fact, €(x,r)/we is nothing but

the modified de Rham-Witt complex Wwy [27,28], and €(x,1),we is simply Wwy.
Applying the notation (A.1) (with W = W and L = Kj), we obtain a distinguished
triangle
. ~e ° N .
(B4) wa,Ko [_1] — wa7K0 — wa,Ko — WWXJ{O
in DT (Xe, Kp), similar to (B.1), in which the first arrow is given by Adlogt, the

second arrow is the natural one, and the last arrow is the connecting map.
We would like to compare (B.1) and (B.4). We have a canonical map

g = im0y = Rim Oy
as in [4, (1.9.2)], which induces maps
Rs} (QZJJ*,M*)/WO X6y ﬁ]x*[m*)

~ <Q(.y*,M*)/W° ®ﬁy* ﬁ@* > Qw KO

— (RI'&HQ(‘th*)/WO Qs ﬁD;) ®w Ko
1
and
RS: (QZZ*,N*)/W”W ®ﬁz* @X*[QJ*)

= ( (2*,N*)weriv Doz %/;;) @w Ko

— (RL&HQ('Z*JV*)/WMV ®p . ﬁD;) @w Ko
1

in DT(X%,Ko). These maps are in fact equivalences since (X*,L*) is strictly
semistable over x° by an argument similar to [4, §1.9]. Applying Ru,, we obtain
equivalences

(B.5) wx 1) Ww)’(,K()? L:JX l> Wa).(yK()’

33The natural morphism D} — & @y W is an isomorphism, where W (t) denotes the PD
envelope of (Wt], (t)) over W.
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under which (B.1) is equivalent to (B.4). On the other hand, by Lemma B.3, we have
a natural map

(B6) F!F*WZJXJ(O — RU*FT(F*)* ((RI.&HQEZ*,N*)/W"W ®02* ﬁDZ‘) ®W KO)
l

= Ru. (FI(F)"Rs (202 ey @0 Oy ))

_> Ru* (RS:fI(U*)(*) (QZZ*,N*)/W“W ®ﬁz* ﬁ]X*[Q_)*)>
= W)

in DT (Xes, Ko)-

When the model in Theorem A.8 is not smooth, we also need a cohomological
variant of the rigid de Rham—Witt complex, which we now introduce. We choose an
admissible embedding system {(X*, L*) — (Z*, N*)} for (X, L)/W|t]°.

For every g > 0, we have a natural subsheaf Q%*/W C Q?Z*,N*)/W“‘V' Put

q+1

—q L Q(Z*J\[*)/Wtriv

=zZx T T Aagtl
Qz w

which is an 0y+-module. The map A dlogt induces a diagram

(B.7) Q. age e

q+1 =4
Q(Z*,N*)/W“iv ®ﬁ2* ﬁy* - —Z*

*
ét)

of coherent sheaves on compatible with differentials. Define
wy = Ru, (Rs} (2%. ®0,,. ﬁ]x*[m*» )
+ — ! e
Wiy x) = Rus (Rsifw*,xw (B2 ®oy. ﬁ]X*[@*)) ,
and we have a natural diagram

(B-S) w(u,x)[—l]

—

wux) —> ""ax) [-1]

in DT (X4, Ko), in which the vertical arrow is same as the first arrow in the first line in
B.3. Let WE§ € D (Xet, We) be the cohomological de Rham-Witt complex defined
in [65, Definition 8.3]. Similar to (B.5), we have a natural equivalence

wy =~ WES k,
in D*(Xet, Ko) by [05, Proposition 8.4]. Similar to (B.6), we have a natural map
(B.9) FIFWES K, = @ux)
in DT (Xes, Ko), fitting into the following diagram
(B.10) FIF*WOS g, — FIFWES g [-1]

(B.G)\L i(B.Q)

1]

Wux) —>= w0~

in which the upper horizontal arrow is induced by the one in [65, Proposition 8.10].
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B.3. Log rigid cohomology with proper support. Let the situation be as in the
previous subsection with (X, L) strictly semistable over x°. We also assume that X
is proper of pure dimension n — 1. For every h > 1, let X(") be the disjoint union of
intersections of h different irreducible components of X, and put U := U xy X(P),

Recall from [22, §1.5] that for a scheme Y over X of ﬁnlte type, we have the log rigid
cohomology Hy;, (Y/W?) and the log convergent cohomology Hg,,,, (Y/W?) for the log-
scheme (Y, L|y), with a natural map Hy,,(Y/W?) — He, .. (Y/W?). In particular, we
have

H* (Xét7 wx) conv (X/WO)
H* (Xét7 G*wX\U) conv(x \ U/WO)

for every ¢ > 0.>* Moreover, the natural map Hy (X/W°) — Hg

COUV(X/WO) iS an
isomorphism by [22, Theorem 5.3(ii)].

Definition B.4. We define, in an ad hoc way, the log rigid cohomology of U with
proper support to be
((U,X)/W?) == H?(Xst, w(u,x)),

rlg

which a priori depends on the embedding U < X. For U C U’ C X, we have a natural
pushforward map HZ, (U, X)/W°) — HZ,((U’,X)/W*®) by construction.

rig rig

The distinguished triangle (B.3) induces a long exact sequence

(B.11) — HLL(X\ U/W°) — HL ((U,X)/W°)

conv rig

— Hig(X/W?) = HE, (XA U/W®) —

rig

of Ky-vector spaces.

We now review the weight spectral sequence for log rigid cohomology from [22,
§5], which is the rigid analogue of Mokrane’s spectral sequence for log crystalline
cohomology [55]. Take an admissible embedding system {(X*,L*) < (Z*,N*)} for
(X, L)/W]t]°. For j > 0, put

P Q(Z* N*)/Wtr]v — Im (Q(Z* N* )/Wtrw ® Q /W — Q(Z* N*)/Wtrlv) .

We have the double complex
i+j+1
(Z* N* /Wtriv

Ql+3+1
(Z* N*)/Wtrw

LY
Al =

of Oy.-modules, in which the differential A7, — A(Zlfl)j is given by (—1)7d and the
differential A%, — Ag{H) is given by Adlogt, with the filtration

it+j+1
PAT Pojrt1 €z o s
kfze = Qz+J+1
(Z* N*)/Wtrlv
for k > —j. In particular, A%, is nothing but the complex =%, from the previous

subsectlon. Let A%. be the total complex of A%.. It is shown in [22, §5.2] that
the augmentation map sz* M) we Z%. = A%, in (B.7) induces an equivalence

Dy ey yweo = A%. in DT(Y%, Ko). Then the total filtration on A%. induces spec-
tral sequences
—kq+k k j o
EX) "= @ HETTRXETD KG) = HE (X W),
j>zmax{0,—k}
—k,q+k 2j—k j o
EU ™= @ HETTHUETHYKG) = HE (U/W),

j>max{0,~k}

34He1re7 we use the fact that computing cohomology of coherent sheaves in the quasi-étale topology
of analytic spaces is the same as in the G-topology.
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which already appeared in [22, (4)], and
(B.12) E(X\ U);"eth

= P HLF XA YGHRY R = Y (X U/,
j>max{0,—k}
(B.13) E(U,X); -tk
= P HLT U XEIER) JRG) = HE (U, X) /).

jzmax{0,—k}

Here, Hy,, (UGITRHD), X@i+k+1)) /K() is defined similarly as for Hy, ((U,X)/W®) but
without the log structure, which in fact coincides with the rigid cohomology with
proper support H;,rig(U(szrk“)/Kg) defined by Berthelot since X(2/+%+1) is proper.
In particular, the spectral sequence (B.13) can also be written as
—k,q+k —2j—k ; o
E(U) "= @ HIZTHUETHY/K) = HE (U, X)/W°).
j>zmax{0,—k}

The following two lemmas will be used later.

Lemma B.5. Let d > 1 be an integer. Suppose that dim(X") \ UM) < d — h for
every h >

(1) The natural map HL ((U,X)/W°) — HL (X/W?°) is an isomorphism for q >

rig rig
2d.

(2) The natural map Ec(U)7"9* — BX) "9 is an isomorphism for ¢ > 2d —
K.

(3) For the map E.(U)?? " = B(X)"24 | the direct summand
@sz 1-2j U(QJ“)/K %@Hgd 1— 2J(X(2j+1)/KO)

c,rig rig
j=1 j=1

s an isomorphism.

Proof. For (1), it suffices to show that HZ (X \ U/W®) =0 for ¢ > 2d — 1. By the
spectral sequence (B.12), it suffices to show that

Hgng_y k(x(2j+k+1) \ U(2j+k+1)/K0) -0

for every j, k, and g > 2d — 1, which follows from the fact that
2d—1—2j—k>2(d—2j—k—1) > 2dim(XZTr+D\ y@i+ht1))
For (2), it follows from the fact that

H;Ii;2j—k—1(x(2j+k+1) \ U(2j+k+1)/KO) _ H;Ii;2j—k(x(2j+k+1) \ U(2j+k+1)/K0) —0

for every j > max{0, —k} when ¢ > 2d — |k|.
For (3), it follows from the fact that

H24-1-2- l(x(2j+1) \ U(2j+1)/K ) = 21— 2J(x(2j+1) \ U(2j+1)/K0) =0

rig rig

for j > 1. O
Lemma B.6. There is a spectral sequence EF (U); 9% = Hq(Xét,W?[J,X)) with

(k+1) .

E;F(U)l—k,q+k — Hc rlg( /K ) k 2 07

0, k <O0.

Moreover, the map H, (U, X)/W°) = H(Xet, wux)) — Hq(Xét,sz’X)) is abutted
by the map E.(U)] katk _, E"‘(U)fk’ﬁk given by the obvious projections.

Proof. The spectral sequence follows from the filtration Py A%, of AL, = Z%,. Recall
that the map wyx) — w?b’x)‘ is induced by the natgral projection map A%, — A%..
The lemma follows since P, A%, is the image of P, A%. under this map. O
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B.4. Abel-Jacobi map via rigid cohomology. We start to prove Theorem A.8.
We fix a uniformizer w of K, and regard O as an W{t]-ring via ¢ — w, making O%"
an exact closed log-subscheme of W[t]°. Let Bs be the crystalline period ring and
Bgt the semistable period ring with respect to w.

We fix a proper strictly semistable scheme X over Ok of pure (absolute) dimen-
sion n > 2. Then (X, L%) is log-smooth over O$", and (X, L = L%|x) is strictly
semistable over k° of finite type. Consider an open immersion F: U — X. The fol-
lowing definition will be frequently used later, which is related to condition (2) in
Theorem A.8.

Definition B.7. For an integer d > 1, we say that U is d-dense if dim (X" \ UM) <
d — h for every h > 1.

Put i: X —» X and j: X — X for the special fiber and the generic fiber of X,
respectively. Take an integer d satisfying 0 < d < p— 1. Let . (d)x € DV (Xet, Zpe)
be Kato’s (log) syntomic complexes for (X, L%X.).>> We have the period map .7 (d)x —
*Ryj. (n) x which induces equivalences .7 (d)x = 7<% Ry, (u&h)x ([34,72]). Put
iy: U — U and jy: U — U for the special fiber and the generic fiber of U, respectively.
We have a sequence of maps

FIF* " Ry (e x = Frif Rijue (05 o = i FiRGus (05 = "R B (ue) v

in D*(Xet, Zpe), in which the last one is given by adjunction. Then we obtain the
maps

RT (Xet, FIF R 1im . (d) x )
~ RT (X, R lim FiF*.%(d) x )
S RD (xét, R Jim F!F*i*Rj*(u;‘?.d)X)
= RT (Xe, Rlim "R F (150 )
=R (Xer, Rlim Ao )
where we have used the proper base change for the last equivalence. Put
RIo(U, @y(d)) = RT (Xe, Rlim F(4)0 ) @2, @ = R (Xe, BQ,(d)0),

whose ¢-th cohomology gives HI(U,Q,(d)). Then the composition of the previous
sequence gives a map

(B.14) RI (Xg, FiF*.7(d) x,0,) — RI(U, Qp(d))
in D*(Xet, Qp), where we have again applied the notation (A.1) (with W = Z,, and
L=Q,).

The Hochschild—Serre spectral sequence (Lemma A.4) induces the edge map
HE(U, Qy(d))° — H (K, HI™' (U, Qy(d))),

where _

HZ(U, Qp(d))" = Ker (HI(U,Qy(d))) — HI(U, Qy(d))) -
Let H?(Xs, FiF*.7(d)x,0,)" be the inverse image of H4(U, Q,(d))° under the map
(B.14) (after taking g-th cohomology). Then we have the induced composite map
(B.15) ag: HI(Xe, FIF"(d) v 0,)% — H' (K, HI™ (U, Qy(d)))

— Hl(Ka Hg_l(Uv Qp) ®Qp IBCris)a

where in the last map we use the canonical embedding Q,(d) < Bg,s in the category

Mk (Qp).

To study the kernel of asg, we need to use crystalline complexes for X’ rather than
its special fiber. Let €y weiv and €xjwge be the objects in D (Xet, W) defined
similarly as €(x,z)/weiv and G(x r)/wpe in §B.2, respectively, for which we use an

35We will recall the construction of many syntomic and crystalline complexes in §B.6 in which
Z(d)x is a special case.
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embedding system for (X, L%)/W[t]° and just replace & by the PD envelope of & in
Z[. We have the following commutative diagram

(B16) Y(d);{’@p — %X/W“iv,Ko — %X/W[t]O,KO

l l

~e °
wa’ Ky WwX’ Ko

in Dt (X¢t, @p), in which the first arrow is the natural map from the syntomic com-
plex to the crystalline complex over W™V, and the vertical maps are induced by the
specialization at t = 0.

Using (B.6), we obtain a map

(B.17) FIF*7(d)x,0, = @u.x)
in DT (Xs, Qp).
Lemma B.8. Suppose that U is d-dense if d > 1. Then the composite map
H?(Xe, FIF*.7(d) x,0,) — H**(Xat, @ U x))
— sz(xémw(u,x)) = Hffé((U,X)/WO)
(Definition B.J) vanishes on H?*¥(Xey, FIF*.%(d) x,0,)° -

Proof. When d = 0, the natural map H%,((U,X)/W°) — HY (X/W®) is injective.
When d > 1, since U is d-dense, by Lemma B.5(1) and the long exact sequence

(B.11), the natural map HZ%((U, X)/W®) — HZL(X/W®) is an isomorphism, in par-
ticular, injective as well. Thus, in both cases, we may assume & = X'. Then the map

H2(Xet, 7 (d) v g,) — HEL(X/W?) factors through the map H* (X4, .7 (d)x,q,) —

rig
H2?(Xe, €x ywiige, i) by (B.16). We have the commutative diagram

H2(Xey, & (d) x,0,) — H?¥(Xep, G ywrinv iy ) —>= H2(Xay, Cxywinge 1)

N i
ax C d(xX
H? (Xé‘m %E/Wtrivl(g) H? (Xém %?/W[t]O,KO)
in which the injectivity of the two arrows follows from [65, Proposition A.3.1].%¢ By [65,

Lemma 9.5], H?¥(X¢;, . (d) x,g,)" is contained in the kernel of the dashed arrow hence
contained in the kernel of the map H?** (X4, .7 (d) x,q,) = H?*(Xet, € ywige,x,)- The
lemma follows. O

The long exact sequence induced by (B.2) gives an isomorphism
q—1 o
Hrig ((U7 X)/W )

NHY (U, X)/We)

rig

= Ker (Hq(Xét,&}(U,x)) — Hq(Xét7W(U’X))) .

Thus, by Lemma B.8, we obtain a map

* HE (U, X))
(BlS) P2d: H2d(Xét, F\F y(d)?(,@p)@ - NHQd_l((U,X)/WO)

rig

For every finite extension KT/K contained in K and every object V € Mg (Q,), we
denote by
resgt: HY(K, V) — HY (KT, V)
the restriction map.
The following proposition is the key to the proof of Theorem A.8, whose proof will
be given in §B.6.

36We will in fact review the definition of the objects ('X/Wtriv and (}?/W[t]o of DgK (Xet, We)

in a more general setup in §B.6. Meanwhile, it suffices to note that in terms of the notation, our

map H?% (X, %?/W"i",KO) — H2? (X, %E/W[t]O,KO) is parallel to the map ngdys((Y, H)/W)Qp —

H2L (X, M)/(&, Mg))g, in [65].

crys
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Proposition B.9. Suppose that n <p, 1 <d <p—1, andU is d-dense. There exists
a finite extension Ky /K (depending on U) contained in K such that
Ker(p2q) C Ker(resk,, o aaq)
holds. Moreover, we may take Kx to be K.

Now we bring the L-ring T of étale correspondences on X’ in Theorem A.8. In what
follows, we write Vi, :== V ®q, L for a Q,-vector space V. In the situation of Theorem
A.8, we may assume 1 < d < n — 1 without loss of generality.

For every t € T, put

Uy = X\ ((X\Z/{)tv)7 Foilly = X

(see Notation A.1), where ¢V denotes the transpose of . Then we have (U;)! C U. The
element ¢ acts on various cohomology and spectral sequences compatibly,®” giving a
commutative diagram

(B.lg)
HEL (U6 X)/ W) = HZ (U, )/ W),
| I
HZL (U, X) /W)L . HEH (U, X) /W)L
H2d—1(xéhwajhx))ﬂ_ L>H2d’1(><et w(U )()
H (X, @, x))L - 2(Xer, @(ux) )L
a7 [ HAL((Ug, X)/We)L t* HZL((U,X)/W°)L, | (B.17)
H2(Xei, FuF; 7 (d) 2,0, )1 = H2(Xei, FiF* 7 (d) 2,0, )1

in which the two triangles are induced from (B.8).
Let I C T be the annihilator of

@ Hcrls /W) ®Z L= @ Hrlg h)/KO)]L'

h>1,g30 h>1,g30

Lemma B.10. Suppose that U is d-dense. Then for every t € I*"~>, the kernel of

the map
HE (U, X) /W)

NH2E1((U,, X) /o),

rig

— szi1 (Xét, w?[Jt,X))]L

is annihilated by t*.
Proof. Since U is d-dense, U; is d-dense as well. Let

0=F"'CF'C-.- CF"“?=HJ"((U,X)/W°)
be the filtration induced by the spectral sequence E.(U;)7 *7™. Let V be the kernel
of the map in the lemma. For every ¢, we regard F{ NV as the intersection of V' and
the image of F} in the target of the map in the lemma.
By Lemma B.5(2,3) and Lemma B.6, we know that F/NV/F/~'NV is a subquotient
of P-1, ng(X(h /Ko)L for every 0 < i < 4d—2. Thus, every element in I annihilates

Fﬁ N V/Fﬁ LAV for 0 <i < 4d — 2, which implies that t* annihilates V. O

3TWe note that for a finite étale morphism f: Xy — X, one can choose admissible embedding
systems {(X§, L§) — (Z%,Ng)} and {(X*,L*) — (Z*,N*)} for (Xo, Lo)/W[t]° and (X,L)/W[t]°,
respectively, with an étale morphism (Z§, Ny) — (Z* N*) that is compatible with f. We have the
similar statement for embedding systems for (X, L )/W[t]O and (X, L%)/WIt]°.
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Proposition B.11. Suppose that n < p and U is d-dense. Let t be an element in
I4"=5. Then for every c € Zd(X)]L such that the Zariski closure of its support in X is
contained in Uy, we have

resie, (*fe) € Hy(Ky, H2 (U, L(d))),

where B, € HY (K, H2=1(Uy,1L(d))) is the image of the cycle class of ¢ in H24(Uy, L(d))°
under the edge map, and Ky /K is the finite extension in Proposition B.9.

Proof. Let 7 (d) x be the object in DT (Xqt, Zype) defined in [64, Definition 4.2.4], which
fits into a distinguished triangle

(B.20) Vi —d — 1] = T (d)x — 754 R (uS) x 5 vt [~d]

where u)‘z 1 ¢ M(Xet, Zpe) is the (projective system of) logarithmic Hodge-Witt

sheaves on X¢; defined in [64, §2.2].

Let C be the Zariski closure of ¢ in X. Let {#;: C; — X'} be the (finite) set
of irreducible components of suppC, which are projective flat schemes over Ok of
pure (absolute) dimension n — d. The construction of the refined cycle class of C; in
[64, Definition 5.1.2] induces a map

@(Zp/in')ci — H,.7 (d) x[2d]

in D" (X, Zpe) and hence a map

P @y)c; = H T (d)x g, [2d]
i
in Dt (Xet, Zp). As suppC is contained in U, the natural map HithFrﬂ(d)X’Qp —
H,.7 (d)x,q, is an equivalence. Thus, we obtain a Gysin map

P H(C;, L) — H*(Xer, FuF; 7 (d) 2.0, )L-
i
Let 7. € H?¢(Xg, FuF;.7(d)x,g,)L be the image of the cycle C under the above map.
Since d < n < p, the period map induces equivalences .7 (d)x — 7% *Rj*( D x.
Replacing 7% *Rj*( Hx by L(d)x in (B.20) and applying (A.1), we obtaln a
distinguished triangle

Vg Q1 [ d— 1] - y(d)/y»@p - y(d)x Qp —> V)% le[ d]

in D" (X4, Qp). Denote by o, € H24(Xg4, FuF;.7(d)x,q,)L the image of 7. under the
above sequence, which then belongs to H2?(Xg, FyF;.7(d) X,Qp)f since the cycle class
of ¢ vanishes in H2¢(X,1(d)) and hence in H2¢(Uy,L(d)). Now we compute paq(o.),
where pag is defined in (B.18).

In the following diagram

" (B.16) Trr~e (B.6) .
Ft!Ft y(d)x,(@p Ft!Ft WWX,Q,, w(u,x)

| | -

i S (B.9)
FuFivig, [-dl —————=FuF[ WSy g, [-1] ——— w{j [ 1]

in Dt (Xet,Qp), the left square commutes as shown in the proof of [65, Proposi-
tion 9.10] (followed by taking limit and applying FuF}), and the right square is (B.10).
It follows that

HZL 1 ((Ug, X) /W)
.) €k U8 ’ — H2-1 Xe ,w+ .
p2d(0e) € ker (NHQd LUy X)) (Xet (Ut,X))]L

rig

By Lemma B.10 and the diagram (B.19), we have poq(t*o.) = t*p2q(o.) = 0. Finally,
by Proposition B.9, we have resg,, (a24(t*o.)) = 0. Since resg,, (azq4(t*o.)) coincides
with the image of resg,, (¢*5.) under the map

H! (Ky, B2 (U, L(d))) — H'(Ky, B2 (U, Qp) ®q, Beris)L,
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resg,, (t*Bc) belongs to H}c (Ky, H24=1(U,1L(d))). The proposition is proved. O

Proof of Theorem A.8. We consider the localized cohomology H2¥ V(X L(d'))m,
which is a direct summand of H24 ~1(X,L(d')) in the category Mg (L). By the
Cst-comparison theorem for X', Mokrane’s weight spectral sequence [55] and (A.3),
we know that H2% ~1(X,L(d’))w is either zero or a semistable representation of G g
pure of weight —1 (Definition A.11). In particular, [56, Proposition 1.25] implies the
following

() For every short exact sequence
0—L(1) - E— H* (X ,L(d)) = 0
in Mg (L) such that [EV(1)] belongs to
H (K, B (X, 1L(d) N B (K, B2 (X, L(d))w),
we have a short exact sequence
0 — Hj(KT,L(1)) - Hy(K',E) » Hy (KT, H*" (X, L(d))) = 0

for every finite extension KT/K contained in K.
Let J’ C T be the annihilator of
n—1
D Ker (Hl(K, 24 —1(X,L(d'))) — H'(K, H2d’—1(Y,L(d’))m,)) .
d'=1
In particular, we have [Ef¢'] € HY (K, H2¢ =1 (X, L(d'))) for every t) € J'. We need
to apply Proposition B.11 three times.

First, we apply Proposition B.11 to the case ¢ = t{*¢, d = d’;, and U = X. Then
for every th € 1*"=5 the class Biyeireer = t’;ﬁtll*c/ belongs to H}(K, H2d/_1(7,]L(d’))).
In other words, we have

(B (1)] € Hy (K, H* (X, L(d))) N H' (K, H* 7 (X, L(d)),
where ¢’ == t|t}. By (*), we have a short exact sequence

0 — Hp(KT,L(1)) = Hy (KT, Eyp-o) — Hp (KT, H*7 (X, 1L(d))) = 0

for every finite extension K/K contained in K. Now we denote by Hj (K T Epeer)
the inverse image of the subspace H} (KT, H2?=1(X,L(d))) under the map
HY (KT, Eyeer) — HY(KT, H271(X,1L(d))).?® Then the diagram
(B.21)

0 —— HY(KT,L(1)) — HY(KT, By ) — HY(K, H2-1(X, L(d))) — 0

| |

0 ——H'Y(KT,L(1)) —— H} (K", Epnr) —— Hp(KT, H**" (X, L(d))) —0

is a pushout of extensions.
Second, we apply Proposition B.11 to the case ¢ = ¢, d = d, and Y = X. Then for
every t; € I""7%, the class fiz. = t7f, belongs to H}(K,H**"'(X,1L(d))). In other

words, [E'1°] € H}(K,H2¢~1(X,L(d))) and hence [E?fc,] € Hi(K,Eper).

Third, we apply Proposition B.11 to the case ¢ = tj¢, d = d, and U = X\
(supp C')tl. Then for every to € 1#"75, the class resg,, (ﬂt;t;c) =Tesky, (tzﬁqc) belongs
to H}(KU,Hgd_l(a,]L(d))), where ¢t := t;t5. Note that the fact that U is d-dense
follows from condition (2), and that suppC C U; follows from condition (1). Since

[EL.c,] is the image of B¢+, under the pushout map

HY(K,H2~1(U;,L(d))) = HY(K,Ep-e),

BIn fact, H} (KT, Eyer) = HL (KT, Byregr).
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we have resg,, ([ELC]) € H}(Ky,Ep-o). Since the inverse image of Hj(Kp,L(1))
under resg,, coincides with H}(K,1L(1)), we conclude that [ELe,] € H} (K, Ey-cr) by
the diagram (B.21) (for KT = K, Ky;).

From the above discussion, the conclusion of the theorem holds for every pair of
elements t € (I*" 5\ m)Z and ¢’ € (J/ \ m’) - (I*"=5 \ m/). It is clear that J' \ m’ # 0.
By (A.3), we also have I\ m # () and I\ m’ # ().

The theorem is proved. (I

B.5. Further preparation. Let A be a W-linear additive category. Following
Fontaine, we say that a (¢, N)-module in A is an object C in A with a W-
semi-linear endomorphism ¢c: C — C (called the Frobenius operator) and a W-
linear endomorphism N¢g: C' — C (called the monodromy operator) satisfying that
Neope =p-¢coNe. A map between (¢, N)-modules is a map that commutes with
both Frobenius operators and monodromy operators.

Suppose that A admits W-linear tensors. For two (¢, N)-modules C' and D in A,
we equip C' ®@w D with a (¢, N)-module structure with the obvious W-action, together
with

vcewp =pc ®¢p, Negwp:=Nc®1+1® Np.

When A is an abelian category, we say that a (¢, N)-module is nilpotent if it has

finite length and the monodromy operator is nilpotent.

Definition B.12. Let D be a triangulated category. For a finite complex
G —> 61— — Cm
in D, we have a canonical diagram
¢ 1 —0

l

o ——>0 ——>

|

¢

- =<0

0

|

<gm—l - Cg’m

<~ 0 <—20

in D, in which every square is a homotopy fiber. We call €_; the successive homotopy
fiber of the complex 65 — 61 — -+ — Gm-

If 6y — € — - = 6y, is a complex of (¢, N)-modules in a W-linear triangulated
category, then ¢_1 is canonically a (¢, N)-module.

Next, we review some period rings. For every [ > 1, let R; be the PD envelope of
Ox/p' in W[t]/p', and let P, be the R;-ring wit a discrete action by G defined in
[34, (3.2)] or [71, §1.6]. Then R, and P, are (¢, N)-modules in M(W,). Put

K = <1£1 Rl) Qw Ko € M(K)),
l

o~

IB%:; = (l&nﬂ) @w Ko € Mg (Ko),
l
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which are again (¢, N)-modules in relevant categories. See [6, §2 & §4] for an explicit
description.®’

Lemma B.13. The following holds.

(1) There is a canonical isomorphism B, ~ (Bf)N—nilp,
(2) The ring BY, is flat over K.

3) The monodromy operator N : Bl — B is surjective.
st st

Proof. For (1), this is [71, Proposition 4.1.3].

For (2), this is [71, Proposition 4.1.5].

For (3), we have N = (@l Nl) ®z, Qp, where N; is the monodromy operator
on P, [34, Definition 3.4]. Then (3) follows from the fact that N; is surjective and
R! lim, Ker Ny =0 [34, Corollary 3.6]. O

For two (¢, N)-modules C' and D in M(Kj), the (p, N)-module structure on C®Qy D
clearly descends to C® g, D. Now we consider a nilpotent (¢, N)-module D in M(Kj).
By Lemma B.13(1,3), we have a Frobenius equivariant diagram

N=0

0— (D@, Bf)" ~ —— Dok, Bf —> D@k, B —=0

0— (Dog, BE) "

—~ —~
——= D®k, B} —= D ®k, B, —=0
in Mg (Kp), in which the two rows are short exact sequences. It induces a diagram

D N=0
5 H' (K. (Do, BE) ")

|

D@Ko K
N(D XK, K)

' (K, (Do, BE) ")

of edge maps as (BJ;)* = K and (Ié;\g)GK =K [6, Corollaire 4.1.3].

Lemma B.14. For every integer r, the restricted edge map

Dok, K \*7* _
(Fmeng) - (KEokE)"™)
0

factors through the map

Dox,K D
N(D®g,K) ' ND

induced by the specialization map K — Kg at t = 0.

Proof. This follows from the same proof of [44, Lemma 2.6].*° O

Remark B.15. Lemma B.14 is certainly wrong without the restriction to the part
p = p" since the specialization map K/NK — Kj has a large kernel. However, we do
not know whether the edge map D ®x, K — H' (K, (D @, Bs)V=") factors though
the quotient D/N D, which is equivalent to the inclusion Ker(K — Kj) C N(I@;)GK

where I@; = B, ®@p+ Beis. See [0, §5] for the mystery of (I@;)GK.

390ur K and ]B:; are denoted as Sy, and B;; in [6], respectively.
401 [44], the author works with K (t), which is different from our K when K/Qp is ramified.
However, such difference will not affect the proof in view of the explicit description of K in [6, §4].
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B.6. Proof of Proposition B.9. This subsection is devoted to the proof of Propo-
sition B.9, for which we use de Jong’s alterations. We may assume 1 < d <n — 1.

By [12, Theorem 6.5], we may find a finite extension K’ of K (depending on U)
contained in K, a projective strictly semistable scheme X’ over Ok~ and a generically
finite morphisms A: X’ — X over O, such that (X', A71U) is a strict semistable
pair [12, §6.3]. Let F': U/’ — X’ be the open subscheme with U’ = A~'U and such
that X’ \ U’ is flat over O . Note that U’ may strictly contain A~'U. We have
objects with respect to (X’,U’) and we put a prime for their notations.

Lemma B.16. Suppose that n < p. Then for every q = 0, the composite map
HY (X, FIF" 7 (d)a g,) = HI(Xep, 0w x1))
— HI(XG, wr x) = Hi, (U, X)/W7)
(Definition B.J) vanishes on H1(X}, FIF"*.% (d)x' g,)" -

Note that this lemma does not follow from Lemma B.8 even for ¢ = 2d, since U’ is
not necessarily d-dense anymore. By Lemma B.16, we have the map

Hq._l((U' X/)/W/o)
B.22 HYX P S () g ) s R
(02 po: B, AFZ7(D)x0,) NHE (U7, X! /Wre)

rig

similar to (B.18) for every g > 0.
Lemma B.17. Suppose that n < p. Then

Ker(p;,) € Ker(ay)
holds for every q = 0.

We now prove Proposition B.9 assuming the above two lemmas, whose proofs are
postponed later.

Proof of Proposition B.9. Take Ky = K'. Tt is also clear that we may take Kx to be
K. We have the commutative diagram

H (U, X)/ W) A" HE (U, X) /W)
NHZEH(U,X)/We) NHZH (U, X) /W)

T !

H2(Xg, FiIF* 7 (d) 2 q,)” —— H2(X,,, FIF* 7 (d)x q,)°

i |

HI(K’ Hgd_l(U’ Qp) ®Qp BCriS) L Hl(K/7 H(de_l(ﬁa Qp) ®Qp IBgcris)

of Qp-vector spaces.*? By Lemma B.17, to prove the proposition, it suffices to show
that the map

H(K',HX"1(U,Q,) ®q, Bes) — H (K, H2(T7,Q)) ®q, Bexis)

is injective. However, this follows from the fact that the map HY(U,Q,) — H4(U’,Q,)
in the category Mg/ (Q,) admits a section, which is a consequence of the usual Poincaré
duality for étale cohomology of U and U’. The proposition is proved. O

It remains to show Lemma B.16 and Lemma B.17. Since we will only study (X”,U")
from now on, we will suppress the prime from all notation to release some burden.
Put V= X\ U, and for every h > 1, let V(1) be the disjoint union of intersections of
h different irreducible components of V, which is either empty or a strictly semistable
scheme over Ok of pure (absolute) dimension n — h. For notational convenience, we
also put V@ = X and V=Y = (i, X). Denote by G : V() — X the obvious
morphism for A > 0.

4The letter A stands for alteration.

42Note that U’ may properly contain A~'U. By A*, we mean the restriction map with a possible
composition of the pushforward map along the inclusion A=1U C U’(C X') of log rigid cohomology
(Definition B.4) or étale cohomology with proper support.
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Lemma B.18. For every h > 0, the pullback of the log structure L)} for X to V(W)
coincides with L\;((}h))

Proof. The question is local in the Zariski topology. By [12, §6.4], Zariski locally X

is smooth over Og|t1,...,t;,81,...,5;]/(t1---t; — w). We may assume j > h since
otherwise V(" is empty in this chart. It suffices to consider the open and closed
subscheme 7~ of V(") defined by s;_j41 = --- = s; = 0. Now locally LX and LT

are the log structures associated with the pre-log structures N — &y and N! — Or
sending 1 in the #’-th factor to the pullback of ;; for 1 < ¢’ < 14, respectively. The
lemma follows immediately. O

Our first step is to construct, for every r > 0, a syntomic complex .7 (r) €

_ )
DgK (Xet, Zpa), together with a period map
(B.23) S (r)ye= — i R]*Fl( )T

when 0 < r < p — 1, that becomes an equivalence when n —1 < r < p— 1. The
construction is inspired by the observation in the following remark.

Remark B.19. After choosing an order on the (finite) set of irreducible components of
V, we have an exact sequence

0 — Fi(pps )—>G(0)( V)
— GO, (1S))

= GO (15 )y

e G (

Vv (0)
—0

Vv (2) )V(n 1)

in Mg, (X¢t, Zpe). In particular, F.(,up )z is canonically equivalent to the successive
homotopy fiber of the complex

GO (5 )y = GO )y — G ()

In order to unify the notation, we put

ve T G(nfl)*(/‘?'r)vm—l)'

N () = T RGF (5 ) € DE, (Xets Zpe),
N (P)y-n =P RGF (s v € DY (Xer, Zpe),
and
JV(T)W =1"Rj.G G ( )V<h) € DgK (Xétvzm)»
N ()yon =R GL (UED )y € DH (Xer, Za),
for h > 0.4

To define 7 (r)3;=5, we need to consider all extensions of K in K. A Galois
embedding system for OF" /Wt]° consists of
e an increasing tower K = K; C Ky C K3 C --- of finite Galois extensions of
K with J,, K, = K (and we regard O3 as a log-scheme over O2"),
e for every m > 1, an embedding system {OC"“‘ < (20,,N},)} for O2n /W[t]°
with a compatlble action of Gal(K,,,/K) that fits into a commutative diagram

Oca:;+1 (Zﬁn-&-l’ Nﬁn-‘rl)

can ( 5 (Zb

K m> m)

of log-schemes over Wt]° that is Gg-equivariant.

43The letter .4 stands for nearby.
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It is clear that Galois embedding systems for O%2" /W [¢]° exist.
We now choose a Galois embedding system for OZ"/ W[t]° as above, and write

kK= k1 C kg C k3 C --- for the induced tower of residue fields. We also choose an
embedding system {(X*, L*) — (Z*, N*)} for (X, L%)/W[t]°. For m > 1, put
(23, N3 = (2%, N%) e (27, N,,).

Let 7 be an irreducible component of V) for some h > 0. Lemma B.18 implies
that

{(T.1F) ey (X%, 1) = (27, N)
is an embedding system for (7, L})/W{t]°. For every m > 1, let &£, be the PD
envelope of 7* ®o, Ok, /p' in 2}, @ Z/p. For i >1,let g}, C Oc.  be the i-th
divided power of the ideal ¢, ; = Ker (ﬁg;ﬂ — ﬁT*@oKoxm /pt ) For i < 0, we put
/m 1= ﬁg;ﬂ’l. We have the complex
(B.24)
B(T)7—7m:

r—1 r—2]
« fmo ]®ﬁz* Q(Z N7 )/ Wtriv — jmo ®ﬁz* Q(ZM)NT*")/WmV —

m’T'm

regarded as an object in CgK ((T xXx X* ® £m)et, We), where /m). is placed in degree
0. Put

(B25) B(T)? = @B(T)T,m‘?xxxw
where the colimit is taken in the abelian category CEK (T xx X*)g, Ws). For every

h > 0, we put
s = D B

where the direct sum is taken over all 1rreduc1ble components of V") regarded as an
element in Cgk (X*et, We) via pushforward along closed immersions T — X. Then
parallel to Remark B.19, we have a complex

B(T’)W — B(r)55 — B(r )v<2> — -+ = B(r)

in CEK (Wét,W.).
Take h > 0. Put C—55 = B(0)555

V(h)/Wtrlv Vv(h)*
B(r)ym — Cym Wiy given by the inclusions 7} il = I 97 " We also have the crys-

talline complex Cl75 Wi which is obtained in the same way as Cry v

that in the definition of B(0)7 ,, (B.24), we replace Q(z* Nt )W by Q¢

v Vy(n—1)

Then we have the canonical map

except

(ZrNE) /Wt

We have natural Frobenius operators on both Cfm5 v and o Iwige and a dis-
tinguished triangle

A . A —_—
(B26) OW/W[t]" . Cv(h)/w[t]o [_1] - OV(}L)/Wt!'lV - Cv(h)/w[t]o —> CV(}L)/W[ t]°

in DJCEK (X*¢t, We), where the first arrow is given by Adlogt, the second arrow is the
canonical one (which is Frobenius equivariant), and the third arrow is the connecting

map, such that Cys ), becomes a (¢, N)-module in D{, (X*s, We). We define

S(r)ya to be the homotopy fiber of the map

L—p "orie: B(r ) vy C VY jWtriv

(see [72, Page 540] for more details) in the category D¢ (X*st, Zpe).
Let B(r)s— be the successive homotopy fiber (Deﬁmtlon B.12) of the complex

B(r)ye = B(r)ya — B(r)ye

in DEK (X*4, Ws), and similarly for Csr T e CV<*1>/W[t]°’ and S(r)y=. Then

Cm/wtriv is a (¢, N)-module and we have a similar distinguished triangle (B.26)

for h = —1.

y(=1)

(1) V()
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Finally, for A > —1, put

%W/Wtriv = Ru, C V() W triv)
%W/W[t]o = RU C (")/W [¢]e”

in DgK(Xet,Z o) DgK (Xst, We), and DGK (Xst, Ws), respectively. In particular, we
have a canonical map

(B~27) Er: y( ) NIO) — % V) Wty
in D (Xst, Zpe ), and a distinguished triangle

A . > > Noep
(B28) %VUI)/W[t] Cgv(h)/w[t] [ ] — Cg (h)/thv — Cgv(h)/wmo — Cgv(h)/w[t]o

in DEK (Xét7 W.)
When 0 < r < p—1, the usual period maps for V") with h > 0 give a commutative
diagram

()

G(O) Z(O)*RJ(O) ( )

V() v (0)

y(r)y(n ————— G, *R](l) (ﬂ?‘r)v(n

y(r) — > Gn— 1)*7,(” 1)*RJ(” 1) (

Y(n—1) )V(n 1)

in D (Xct,Zp.) where i("): V(W — P() and ;0. () PO denote the special
and generic fibers, respectively, for h > 0. However since the natural map

'/V(T)W = i*Rj*G(h)*(Up ) y G(h) Z(h RJ(h) ( )V(h)
is an equivalence for every h > 0, we obtam the period map
(B.29) Tyt (5”( )V(h) — JV( )V(h)

in DJéK (Xes, Zpe) for every h > —1 by Remark B.19 and the process of taking succes-
sive homotopy fibers. If n —1 < r < p— 1, then (B.29) is an equivalence. The desired
map (B.23) is simply (B.29) for h = —1.

To proceed, we need versions of syntomic and crystalline complexes for V(*) rather

than V(") The construction is similar to ./ (r)ﬁ and €5 but only taking

VR /W triv
m = 1 without the colimit (B.25). More precisely, for h > —1, <zve have
o Z(r)ym in DT (Xet, Zpe ), which is obtained in the same way as & (r)yay but
only taking m = 1,**
® Gy v in DT (X, We), which is obtained in the same way as (ng/wtrw
but only taking m = 1,*
® Gy jwpe in DT (Xgg, We), which is obtained in the same way as %V(h)/W[t]O

but only taking m = 1;*¢

it is a (¢, N)-module,
® Gy jwo and Gy o in € DF (Xgg, W, ), which are obtained after we replace

B(0)7,1 (B.24) by the following complexes
Crwo: Op; = Op; @020 sz neyywo = O0; @0 Vge oy ywe = -
441n particular, Z(d),,(0) coincides with .#(d)x from §B.4.

451 particular, % V(O0) jpytriv coincides with ¢, X Wiy from §B.4.
461y particular, )(0) ywigpe coincides with %) x vy (o from §B.4.
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and
Crywe: Ops = Op; @6y Qye preyywo = OD; @6y Wy apeyjwo —
respectively, where (Y*, M*) := (Z*, N*) Xy o W° as in §B.2 and D} denotes
the PD envelope of T in Y} for [ > 1.47
By construction, we have maps
Er L(T)yin = G v,
T L)y = A (r)ym,
in D (X, Zpe) similar to (B.27) and (B.29), and a distinguished triangle
(B.30) %ﬁh)/wmoi Goom pwitge [=1] = Goom pwee = Goon pwige —> Gom jwige

in DT (X, Zpe) similar to (B.28), without bar.

In order to prove Lemma B.16 and Lemma B.17, we need to connect the syn-
tomic cohomology to the log rigid cohomology via crystalline complexes we have just
constructed. By construction, we have a commutative diagram

&
(B31) y(r)v(h)’(@p — Cgv(h)/Wtriv’KO —— %V“”)/W[t]O,KO

| |

Cgv(h)/WO,Ko %V(h)/WO,KO

in Dt (X¢t, Q) for every r > 0 and every h > —1, similar to (B.16). Now we study
the cohomology of various crystalline complexes.

We start from ‘KV(M/WO. Note that, as in §B.2, for h > 0, the object ‘KV(M/WO is
equivalent to the modified de Rham—Witt complex Wwy,,. By the construction and
(B.5), we have

e a distinguished triangle

= N
(g\/A(h)/Wo : (gv(h)/wo [—1] — Cfv(h)/wo — Cfv(h)/wo — (g\/(h)/wo

in DT (Xgt, We) for every h > 0 hence also h = —1, similar to (B.30), so that
CKV(M/WO is a (¢, N)-module,
e a commutative diagram

(B.32)
N ) A 1 A (n-1) A
Wy (-1 > G Wy ) — Giwyo) —— =G Wy
g0 o D oA
VD /W K, V©) /We, Ky V) /e, K V1) /e K,

of distinguished triangles in DT (X¢;, Ko), in which terms in the top row are
from (B.1); note that all vertical arrows starting from the second are equiva-
lences.

Lemma B.20. The first vertical arrow in (B.32) is also an equivalence. In particular,
for every h > —1 and q > 0, we have a canonical isomorphism

HY (V(h), WO) ~ Hq(XétngW/W"»Ko)

rig
of Ky-vector spaces which commutes with monodromy operators.

Proof. Tt suffices to show that the map wy-1 = wx) is the successive homotopy
fiber of the complex

0 1 —1
Gi )wv(o) — Gi )wv(1> — = ng )wv(n—l).

471 particular, (gvm)/wo and ‘Kvm)/wo coincide with CK(X,LQIX)/WO and CK(X,L;(AX)/WO from

§B.2, respectively.
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However, this follows from the easy fact that for an embedding system {(X*, L*) —
(V*, M*)} for (X, L% |x)/W?, the complex
! [} .
O — f(U*,X*) (Q(y*,M*)/WO ®ﬁy* ﬁix*[;’)*) — Q(y*,M*)/WO ®ﬁy* ﬁ’]x*[m*
— sz*,M*)/WO ®ﬁy* ﬁ’]v(l)*[gj* — = QZJJ*,M*)/WO ®ﬁy* ﬁ’]v(n—l)*{m* — 0
in CH(Y; ,e0r Ko) is exact. Here, for h > 1

Oy, = EB O+ [y
T

where the direct sum is taken over all irreducible components of V). The lemma is
proved. O
Recall that by [71, (4.5.1)] we have the canonical identification

=I'(Speckr, CKSPEC O /Wt o)s

B; = F(SpeCH (gSpeCOK/W[] Ko)
of (¢, N)-modules in Mg (W, ) and Mg (Kj), respectively.
Lemma B.21. The following holds for every h > —
(1) The object Gy ywige of DY (Xer, We) is admissible (Definition A.3).
(2) There is a canonical isomorphism
H (Xet, Gy ywinge ko) = H (Xet, Guon ywo 1) @ K
of (¢, N)-modules in M(KO) for every q > 0.

(3) The object %V(h)/w[t]o of D§, (Xer, We) is admissible.
(4) The natural map
H (Xet, Coon jwine, ko) @0 Bl = B Xet, G55 100 10,

of (¢, N)-modules induced by functoriality and cup product descends to an
isomorphism

HY(Xet, Cym ywiige, i) Ox Bl = Hq(ié“(gv(h)/w[t]o o)
of (¢, N)-modules in Mg (Ky) for ¢ = 0. In particular, the natural map

(Xéta%\/(’l)/w[t]o,Ko) — HY (Xétvcgv(h)/w [t]°, Ko )
1s injective.

(5) The object €5 of DgK (Xet, W) is admissible.*

(h)/Wtrw
(6) The distinguished triangle %V(H/W[t]o (B.28) induces a Frobenius equivariant
isomorphism
N=0
(xet7 %V(h)/Wt“V Ko ) = (Hq(xét7 %V(M/WO,Ko) <X)I(O B;’;)

in Mg (Ky) for every q = 0.

Moreover, the isomorphisms in (2,4,6) are compatible with h in the obvious sense.

Proof. 1t is clear that condition (1) of Definition A.3 holds for 6},m) jyy e trivially as
G is the trivial group and holds for Cgv@) S and (ﬁv(h) Jwrisiv since they are defined
as injective limits over terms fixed by open subgroups of Gy . Thus, it remains to check
condition (2) of Definition A.3 for the three objects. Below in the proof, we say that
two objects ¢ and ¢” in either DT (X¢t, W) or DEK (Xet, W) are almost equivalent if
there exists a map ¥ — %’ whose fiber is annihilated by some power of p. It is clear
that condition (2) of Definition A.3 is preserved under almost equivalence.

First, we prove (1) and (2). Note that [28, Lemma 5.2] is applicable to V(") with
h > 0, and hence also to the case for h = 71 by long exact sequences induced by
taking successive homotopy fibers. In other words, for every h = —1, €y ywiye

and Gym) JWeo ®I§V. R, are almost equivalent. It is already known by the proof of

48However, the object %\;(h)/wtriv of D1 (Xgt, We) is in general not admissible.



A p-ADIC ARITHMETIC INNER PRODUCT FORMULA 99

(65, Proposition A.3.1(1)] that, when h > 0, Gyum we @iy, Re (hence Gy o)
satisfies condition (2) of Definition A.3 and we have the canonical isomorphism in (2).
To pass the same argument for h = —1, it suffices to show that H(Xs, %V(;L>/Wo7l) is
finite for every ¢ > 0 and [ > 1, which follows from long exact sequences induced by
taking successive homotopy fibers.

Second, we prove (3) and (4). It is known by [71, Proposition 4.5.4] that for h > 0,
the natural map

H?(Xet, Gy ywige) @w, I'(Speck, %M/W[t]o) — H9(Xet, %W/W[t]O)

of (¢, N)-modules descends to an isomorphism

(B33) Hq(Xét,cgv(h)/W[t]o) ®R_ F(SPGCE, CgSpecioK/W[t]") :) Hq(iéh(gW/W[t]O)

of (pn)-modules in Mg, (W,) for every ¢ > 0. The same holds for h = —1 by the
long exact sequences induced by taking successive homotopy fibers and the fact that
L(Speck, Careco ywine) = P is flat over R, [71, Proposition 4.1.5].

To show (3), since Gy /e and Gym e @y, Re are almost equivalent for i >
—1, it suffices to show that R! @l Hq(Xét7(gv(h)/Wowl> ®@wy/pt 1 = 0 which has been
argued in the proof of [65, Proposition A.3.1(2)].

To show (4), by (B.33) (for h > —1), we have

%il_HlHq<Xét7<gv(h)/W[t]°,l) ®r, P = %i;_an(Xét,(fW/W[t]o,l)-

Since both R, and P, have surjective transition maps, we have

(@ H?(Xet, G0 ywigge 1) @Ry Pl) @w Ko
1

= (1&11 Hq (Xét, (gv(h,)/W[t]oJ) ®W KO) ®]K IB:;
l

By (1) and (3), we have

<_

<hm Hq(Xét, %V(’L)/W[t]o,l)> Rw KO = Hq(Xét7 %V(’L)/W[t]o,Ko)a
l

(gﬂ Hq(xét’cg]/(h)/w[t]",l)) Qw Ko = Hq(iét’%W/W[t]O,Kg%

respectively. Together we obtain (4); and the injectivity follows from Lemma B.13(2).

Finally, we prove (5) and (6). It is well-known that when h > 0, the monodromy
operator on HY(Xet, 6y jwo) is nilpotent for every ¢ > 0. The same holds for
h = —1 by long exact sequences induced by taking successive homotopy fibers. Since
the monodromy map on P, is surjective [34, Corollary 3.6], the monodromy map on
H(Xet, Gy jwo) @w, Peo is surjective for every h > —1.

To show (5), since € jwpge and Gym) o @}y, Re are almost equivalent and by
(B.33) for every h > —1, it suffices to show that

Rl I&H (Hq(Xét, Cg\/(h,)/wo) ®W. P.)N:O =
l

0,

which follows from the argument in the proof of [65, Proposition A.3.1(3)].
To show (6), we first note that

N=0 ~ N=0
(Hq(><ét7 %V“‘)/WO,KU) ®K0 ]B;) = (Hq(xétv %V(h)/WO,Ko) ®K0 B;)

by Lemma B.13(1). Then by (2) and (4), it suffices to show that the monodromy map
N: Hq(Xét, %V(’L)/WO,KO) ®KO @St — Hq(xéta %V(’L)/WO,KO) ®K0 @;

is surjective for every g > 0. However, this follows from Lemma B.13(3) and the fact
that the monodromy operator on HY(Xgt, ‘5\,<;L)/WO7KO) is nilpotent. O
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Lemma B.22. Consider integers r satisfyingn —1 < r < p—1. For every h > —1
and every q = 0, the Bgi-linear extension of the composite map

(B.34) H?(Xgt, N (O)W,Q,,)
= HY (X, N (N ) @, Qp(—7)
l) Hq(iét, Y(T)W@p) ®Qp Qp(—r)

— Hq(xétv %W/Wtriv7Ko) ®@p QP(_r)

= (HY(Xet, Gy ywo i) Ok B:@)N:O ®q, Qp(—7)
— HI(Xet, Gvom ywo, k) @Ko Bt
is independent of v and induces an isomorphism
H (Xet, A (0)535 g, ) @0, Bse = HI (Xet, Gy o 1e,) @y Bt

of (¢, N)-modules in Mg (Ky). Here in (B.34), the second arrow is induced by the in-
verse of the period map 7, (B.29), the third arrow is induced by the map &, (B.27), the
fourth arrow is the isomorphism from Lemma B.21(6), and the last arrow is induced
by the canonical map Qp(—r) — By.

In particular, the above isomorphism induces a Frobenius equivariant isomorphism

_ N=0
H (Xet, A (0)5575 g, ) ©0, Beris 2 (HT (Xer, Gyin e, i) @y Bt

m MK (Ko)

Proof. For h > 0, the statement follows from [71, Theorem 4.10.2] (the usual Cg-

comparison theorem for proper strictly semistable schemes) together with the com-

patibility properties [71, Corollaries 4.8.8 & 4.9.2] for the independence of r (which

is at least dim V(")) of the map. The case for h = —1 follows from the series of long
exact sequences induced by taking successive homotopy fibers.*’ O

Lemma B.23. Suppose that n < p. For every h > —1, every q > 0, and every
0 <r <p-—1, the following diagram

i

H(Xet, 7 (Mg g,) (B.29) H (Xt A (P g,)
&i(B.z?) J{Qp(r)‘—ﬁi?cris
HY (Xet, Gy pypon 1, HY(Xgq, N O)pm g,) ©a, Beris

zl l:

N=0 N=0
(HY(Xet, Gy ywo ko) @K, BY) < (H?(Xe, Cum ywo ko) @K Bgt)

in Mg (Qp) commutes, in which the isomorphism in the left column is from Lemma
B.21(6), and the isomorphism in the right column is from Lemma B.22.

Proof. When h > 0, the commutativity follows from the compatibility properties
[71, Corollaries 4.8.8 & 4.9.2]. The case for h = —1 follows from the series of long
exact sequences induced by taking successive homotopy fibers. O
Lemma B.24. Suppose that n < p. The map
FIF*S(d)x,0, = 7 (d)xq, =7 (d)vo g,
factors though 7 (d)y-1) g, In particular,
(1) the map (B.14) factors as
RI'(Xet, FIF*7(d) x,0,) = RT' (Xet, L (d)pi-n g,)
5 RT(Xet, A (d)yi,q,) = RTe(U, Qy(d))
493uch an isomorphism for h = —1 has already been obtained in [75]. The results there are much

stronger than ours and in particular they contain a Cyr-comparison isomorphism. Thus, the log
structure on X used there is L))((UV, which makes things more complicated.
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when d < p—1;
(2) the map (B.17) factors as

F!F*y(d)/n@p — y(d)v(_n@p — Cé:/(—l)/WO,KO ~ G’(U,X)
in which the last equivalence comes from Lemma B.20.

Proof. Since the complex . (d)v<h>,Q,, is supported on V for every h > 1, the factor-
ization follows from the construction. (|
For every h > —1, every ¢ > 0, and every 0 < r <p— 1, put
(B.35)
HY (Xet, 7 (r)yn g,)° = Ker (HQ(xét,y(r)v(h>7Qp) = HI (X, A (1) g, )) :

Now we can give a proof of Lemma B.16.

Proof of Lemma B.16. By Lemma B.24(1), H?(X¢, FiF*.%(d)xg,)" coincides with
the kernel of the composite map

Hq(Xét, F!F*y(d),y,@p) — Hq(Xét,y(d)V(—l)’Qp)

= B (Xat, (D)5 g, )
T HY (X, A Dyeng,)-

By Lemma B.23, it is also the kernel of the composite map
Hq(Xét, F!F*Y(d)XQP) — Hq(Xét,f(d)v(_l)@p)

— HY (Yét, y(d)mﬁ(@p)

&r 2
— Hq(Xét, %W/W“'iv,l(o).

By Lemma B.24(2) and (B.31), we have the following commutative diagram

_ . _ v _
Hq(xét7 y(d)m’(@p) — H1 (Xéta Cgm/wcrivy[{o) - Hq(xét7 %W/W[t]O,KO)

T T §

&r
H¢? (Xét, y(d)v(fm@p) —— H¢? (Xét, Cgv(—l)/wtriv,KO) —— H? (Xét, %VFD/W[t]O,KO)

| l

H?(Xet, C@;VH)/WO,KO) — H(Xst, Cy-1) ywo i)

in which p and v are injective by Lemma B.21(4) and (6), respectively. Thus,
HY(Xet, FIF*.7(d) x,0,)" maps to zero all the way to the term at the lower-right corner
HY (Xet, Gp-1 jwo k) = Hig (U, X)/W*). The lemma is proved. O

In order to prove Lemma B.17, we need to compare edge maps in both étale and
crystalline settings. For every h > —1, every ¢ > 0, and every r > 0, put

Hq(Xét, JV(T)v(h)’Qp)O = Ker (Hq(Xét,e/V(T)v(h)’Qp) — Hq(yét,ﬂ(r)m’(@p)) ,
Hq()(ét7 %v(}L)/Wt[-iV1K0)0 = Ker (Hq (Xét7 CKV(M/W”“’,KO) — Hq(iét, %W/W“i",KO)) .
Suppose that n < p. Then by definition, 74 induces a map
(B.36) H(Xst, 7 (d)yim g,)7 = HI Xat, A (d) i g,)°
By Lemma B.23 and the definition of the syntomic complex, £; induces a map

_d
(B.37) HY (Xee, 7 (d)ym g,)° — (HI(Xer, Gy jwiniv 16,)°) T

As A (d)yqy is clearly an admissible object of D¢, (Xet, Zype) and %W/th is an

admissible object of DJCSK (Xst, We) by Lemma B.21(5), we have the spectral sequences
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and hence the corresponding edges maps for them from Lemma A.4. Composing (B.36)
and (B.37) with the corresponding edge maps, we obtain maps

Bat B (Xet, 7 ( )y ,)% = H' (K HI (R, A ()57, ) -

HY (Xeq, 7 (d)ym g,)° — H' (K, Y (et Gy g i, ))

respectively.
The following lemma is an “Abel-Jacobi” version of Lemma B.23.

Lemma B.25. Suppose that n < p. For every h > —1 and every q > 0, the following
diagram

- 6:1 — eva
HY (Xgo, 7 (A g,)% 1 (K HT (Ree, A (D7)

’qu/ i@p(d)(_)]Bcris

Hl <K7 Hq_l(iéta fm/wtrivyl{“)) Hl (K7 Hq_l(iéta ‘/V(O)Wva) ®Qp ]Bcris)

zl iz

, N=0 _ N=0
H! <[(7 (Hqil(Xét,%V(h,)/Wo,KD) R K, B;) ) —H! (K, (Hq T (Xes, %V("V)/WO,KO) R Ko Bst) )

of Qp-vector spaces commutes, in which the isomorphism in the left column is from
Lemma B.21(6), and the isomorphism in the right column is from Lemma B.22.

This is not an immediate consequence of Lemma B.23 since H?(Xg4, Y(d)v(h>@p)o,
by our definition (B.35), is in general larger than

Ker (Hq(xéta L (d)ym q,) = HY (Xet, y(d)m’(@p)) '

Proof. Take an integer r satisfying (1 < d <)n—1 < r < p—1 (which exists as n < p).
We have
o themap 7, _q: L(r—d)e=—p5—
alent to Zye(r —d),
e the object G555 /v I D (W), which is equivalent to PN=0,
e themap &,_g: L(r dlspec o cfspec O /Whsiv in DJC:K (Zpe ), which is equiv-

alent to the natural map Zye(r — d) < PN=0.

SpecOn = N (r— d)SpeCO in DJCEK (Zpe), both equiv-

For every h > —1, consider the following diagram

(B38) (Xem (ng)/Wmv) ®Iip. %Spec Ox /Wtriv RF(Xéta %W/Wmv)
Ed®€r—dT Tér
RT (Xet, 7 (D)) @%,, L (r = d)gsecom RT (Xet, 7 (7))

TaRTr—q i J{ﬂ'r

RF(XétN/V( )V(h))®% ‘/V( )SpeCO RF(XEtaJV( )V(h))

in DéK(Zp.), in which all horizontal maps are induced by cup products. We claim
that (B.38) commutes. For h > 0, the upper square commutes by definition, and the
lower square commutes by the compatibility of period maps with cup products (see
[71, §3.1] in a more general context). The case for h = —1 follows from the process of
taking successive homotopy fibers.

Using the equivalences

RF(Xét,y(d)V(h)) :RF(Xétay(d)v(h))(gZ y(r d)
RF(Xétaf/V(d)y(h)) (XetaJV( ) (h)) ®Z pe '/V(T d)

®Z Z (d - T)v
®Z ZP'(d - T)v

Spec Ok

Spec Ok
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and the fact that 7, (for X ) is an equivalence, we obtain the following commutative
diagram

RI (Xgt, L (D))

|

< €07, ) ®Zpe (d—T —
R (Xey, A (d) Eromy DO @) R PR,

v(h,)/Wtriv

o) ) ®Iip. Zpe(d—1)

in DgK(Zp.) from (B.38).°Y Composing with R(I'g, o ILm) ®z, Qp and taking edge
maps, we obtain a commutative diagram

H?(Xet, - (d)pom ,@P)(?

|

iy (Erom, 1)®Qp(d=7)
H! <K)Hq 1(Xét,,/1/(d)m)(@p)) e Ry 2

H! (K HY Xet, G55 v 1) ©0, Qo(d — 7’)) :
The lemma follows since we have the commutative diagrams

(Ero7, 1 )@Qp(d—7) iy
v g,) . HY (Xat, Gt e i) ©0, Qold = 7)

HI (X, A (d)
’:lLemma B.21(6)
N=0
Qp (d) = Beria (HT (Xet, Gy ywo 1ey) @0 BS:) ®q, Qp(d—1)

\LQP (d—r)—Bst

~

Lemma B.22

N=0

HI! (Xe, ‘/V(O)W,Q,,) ®q, Beris (HT (Xat, Guem ywo 1) s Bst)

and

Hq—l(Xét’ _— Hq—l(Xét, %W/W“”,Ko) ®@p Qp(d — ’I“)

%V(h,) /Wtriv Ko )

:\LLemma B.21(6) l

N=0 N=0
(Hq_1 (Xét, %\/(h,) /WO,KO) ®K0 B;) —— (Hq—l (Xét, %V(h,)/Wo7KD) ®KU Bst)

in which the upper horizontal arrow is induced by the canonical map

N=
Qp(r —d) — (BS) 0~ %Spec Ox /Wi Ko

and the cup product, and the right vertical arrow is the composition of two right
vertical arrows in the previous diagram. O

Proof of Lemma B.17. By Lemma B.24, we may replace the source of both o, and
pq, which is originally H?(Xs, FiF*.7(d) x,0,)", by H?(Xe, Y(d)wfl)’@p)@. Then «y
(B.15) coincides with the composite map

HY (Xt 7 (d)yin g,)7 = B (K H Koy 4 (055 ) O, B

from the diagram in Lemma B.25 (with A = —1). By Lemma B.25,

Ker (HY(Xa, 7 () g,)7 = B (K, (HI (Xe, Gon jwe ie,) @0 BE) ") )
is contained in Ker(ay). Thus, the lemma will follow if we can show
(B.39)

Ker(p,)
— Ker (Hq(xét,csﬂ(d)v(_l)@p)QQ S (K, (HT (Xet, Gy jwe 1) @ B;)Nzo)) .

Lemma B.21(4,6) implies that
H?(Xet, Gy pwriniv 1c,)°
= Ker (Hq(Xét,cgv(—l)/Wtriv,Ko) — Hq(Xét,(gv(—l)/W[t]o,Ko)) ,

50The above commutative diagram is parallel to [65, (A.6.4)]. However, somehow unfortunately,
the roles of d and r here are switched from those there.
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which induces an isomorphism

H (Xet, Cyi-1) ywrige 1)
NHT(Xet, Gy ywigge k)

~ 0
— HY (Xét, %V(q)/wu-iv’;(o)

by the distinguished triangle %‘ﬁ,l)/w[t]o Ko (B.30), under which the Frobenius oper-
ator on the right side corresponds to p times the one on the left side.

Consider the following diagram

(B.40)
d—1
HY (Xet, Gy ywigge, ko) o —p?
’ : = H%(Xg, Gyt triv 0y¥=p
<NHql(xéh(gv(—l)/W[t]o,Ko) ( ( t v=b/w ,KD) )

|

Hq_l(xéta %Vkl)/wo,KU)
Nqul(Xét, (gv(—l)/wo’KO)

c -8

N=0
H! (K, (Hq*I(Xét7ch(—l)/Wo’KD) R Ko BI) >

in which

e the map ¢ is the edge map induced from the short exact sequence

_ N=0 _
0 — (HY (Xet, Gy-v ywo i) @i BL) T = HIT Xer, Guon ywo ko) Ok Bl
L Hqil(Xét, Cg\/(—l)/v{/o)lﬁ)) ®K(J B; — O
in 1\/_[K(I(0)7

o the left vertical arrow is the specialization map at t = 0, and
e the right vertical arrow is the composite map

HY (Xét, %V(—l)/wtriv7Ko)0 — Hl (K7 Hq_l (Xétv (gm/wtriv,KO)>

~ _ N=0
~ H (K (H (Xet, Gy jwo ) @ o BE) )

in which the isomorphism is from Lemma B.21(6).

We show that (B.40) commutes. Applying Lemma A.5 to S = X¢;, the distinguished
triangle

—N[-1] +1
Cgv(fl)/wmo [71] ? (gv(—l)/w[t]o [71] — Cgv(fl)/wmv — %V(fl)/w[t]o
. + . . . . .. . . VAN .
in D, (Xet, We) (which is a shift of the distinguished triangle %W/W[t](’ (B.28)) in

which all objects are admissible by Lemma B.21(3,5), we know that the image of an
element ¢; € HI71(Xg, Gy jwiie,k,) under the composite map

Hq_1(>(ét7 %V(’l)/W[t]O,Ko) — Hq(Xét, %V(—l)/wtrivaO)O

q (Y, > 0
- HK (Xet; (g\}(*l)/Wm",KO)

— Hl (Ka Hqil(iétv (gm/wtriv’KO)>
can be represented by the (continuous) 1-cocycle g — géy — ¢ for g € Gk, where ¢

is an arbitrary element in HI~! (X, yens JWie Ko) satisfying that — N (¢p) coincides
with 7

er € HI™H (Xet, Gy pwige, i) © B (Xt 6555 g0 6, )-

Then the commutativity of (B.40) follows from Lemma B.14 (with D =
HY ! (Xg1, Gy-1) ywo k) and Lemma B.21(2).
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Now (B.39) follows since the composite map

B.37 =p?
Hq(Xémy(d)w—l),@p)@ B4, (HI(Xet, Gy-v v 1)°) 7 "

- o=p?~"
HY (Xet, Co-v) jwinge, i)

NHT (Xet, G- ywine k)
. Hq*l(xéta(fv(—ﬂ/woxo)
NHq_l (Xét, (gV(*l)/WO,KO)

is nothing but p, (B.22) composed with the isomorphism from Lemma B.20.
Lemma B.17 is proved. |
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