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A B S T R A C T

Within the framework of three-dimensional linear micropolar media, the Asymptotic Homogenization Method
(AHM) has been recently applied to obtain the effective engineering moduli for a laminated composite with
imperfect contact between the layers. The imperfect contact is prescribed by using a micropolar spring-type
interface model, and the interface parameters enter the engineering constants related to the stiffness and torque.
In this work, we obtain the concentration tensors linking the macroscopic averaged quantities (stress/couple-
stress and strain/curvature) with their microscopic counterparts. A numerical example is proposed to illustrate
the influence of the phases volume fraction and of the interface parameters on the strain/curvature and
stress/couple-stress concentrations.
1. Introduction

In the last decades, composite materials and structures gained large
popularity due to their integration into mechanical and civil engi-
neering, aerospace, automotive, and marine applications, as well as
in biomedical and sports products. The successful use of composites
in practical applications significantly depends on the ability to accu-
rately predict their mechanical properties and behavior using suitable
mechanical models. Micromechanical modeling of composite structures
is often challenging due to the complex distribution and orientation of
multiple inclusions and reinforcements within the matrix, along with
their local mechanical interactions. Hence, it is essential to develop
multi-scale approaches that effectively link the microstructure to the
overall behavior whilst based on rigorous mathematical techniques.
Homogenization techniques offer a viable route and have been applied
in many cases in micromechanics of composites, see for instance [1–9]
and references therein. Among homogenization techniques, asymptotic
homogenization allows rephrasing an initial equilibrium problem, in-
volving one or more small parameters related to the small scale of
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the microstructure, into an equilibrium problem for a homogeneous
solid. The effective properties of this homogeneous equivalent material
are determined by solving local problems defined on the composite
material’s unit cell. Notably, asymptotic homogenization enables us to
determine with a high accuracy the local stress and strain distributions
defined by the microstructure of the composite material. The recon-
struction of the local stress field results has a pivotal role in developing
strength criteria from homogenized modeling approaches. In the litera-
ture, other homogenization approaches allow the representation of the
local fields, see, for example, the locally-exact homogenization theory
based on the Fourier’s series proposed in [10,11], and the equivalent
inhomogeneity method proposed in [12,13].

Among composites, laminates are multilayered materials composed
of alternating layers of different materials. Layered materials are widely
used in many fields, such as aerospace engineering, automotive indus-
tries, electromechanical systems, and smart structures. Imperfections at
the interfaces between the layers are inevitably introduced through the
https://doi.org/10.1016/j.compstruct.2025.118898
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Composite Structures 357 (2025) 118898 
manufacturing processes [14–16]. These defects can lead to debonding
or slippage, and ultimately to overall performance degradation. A
correct approach should incorporate their presence, and the spring-type
interface is a classical modeling choice, owing to its mathematical sim-
plicity [5,17]. The spring-type interface is a contact model prescribing
the traction vector field to be continuous at the interface and linked
to the jump discontinuity of the displacement vector field by a second-
order stiffness tensor, usually diagonal, whose components represent
the stiffness of the springs in the tangential and normal directions.
Using asymptotic techniques, it can be shown that the spring-type
interface is an imperfect contact model arising as the limit behavior
of a very thin layer made of a soft elastic material [18–20]. The
alidity of the spring-type interface model has been experimentally
ssessed by observations based on laser profilometry [21], or ultra-

sound analysis [22]. In [23], the spring-type interface model has been
roven to correctly reproduce the peeling stress distribution along
he adherents/adhesive interfaces calculated using the finite element
nalysis for a thin adhesive interphase.

Nevertheless, the aforementioned models, conceived within the set-
ings of linear elasticity, are unable to accurately describe the me-
hanical behavior of materials with microstructure, such as molecules,
rains, fibers, or pores, and also size-dependent phenomena, which
ecomes more and more pronounced as the composite structure reduces
ts size to the micro/nano-scale. The effect of microstructure and size ef-
ects can be adequately modeled with higher-order continuum theories
uch as micropolar elasticity, see e.g. [11,24–27]. In order to take into

account the possible influence of the internal microstructure among
the composite constituents, classical elastic contact models have been
recently generalized in the framework of micropolar elasticity [28] and
train gradient elasticity [29].

In the literature, numerous studies are devoted to the derivation of
he effective elastic properties of layered materials under the presence
f imperfect adhesion, cf. [17]. Among these, Brito-Santana et al. have

applied the two-scale asymptotic homogenization method to obtain the
effective elastic properties of laminates characterized by non-uniform
imperfect adhesion [30] and by localized damage in the interface
between the layers [31]. Recently, Fergoug et al. [32] have proposed an
pproach based on asymptotic homogenization to estimate consistent
icroscale fields in the vicinity of the boundaries. Notably, classical

laminate theory successfully applies to obtaining the effective response
f laminates in form of plate-like solids, for which the thickness is

much smaller than the other characteristic dimensions [33,34]. Here,
he object of the investigation is not a plate-like solid but a laminate
ntended as a stratified material, cf. [6,35].

A possible application of the present analysis could, for example,
ind application in the Earth’s sciences, where micropolar theory has

been shown to better described the effect of rotational motions dur-
ng seismogenic deformation compared to the linear elastic theory,
f. [36] and references therein. Micropolar theory has recently found

interesting applications in the description of lattice metamaterials,
see for example [37]. Recent advances in modern nanotechnology
pen to the fabrication of periodic stratified metamaterials to tune the

transmissivity within the frequency band of negative refraction [38].
The present study stems from some recent work, where the ho-

mogenized properties of a stratified material composed of alternating
micropolar thin layers under imperfect contact conditions have been
obtained using the two-scale asymptotic homogenization method [39–
41]. The motivation of the present work is the reconstruction of the
local stress field from the homogenization results, a field that could
possibly enter a homogenized strength criterion of the type proposed
in [42]. Our work represents a proposal for the development of tools
n the framework of homogenization theory useful for the computation
f the local stresses. The evaluation of the latter ones is crucial in the
ssessment of the structural integrity of mechanical components.

After reviewing the main results obtained in [39–41], we evaluate
the micropolar strain/curvature and stress/couple-stress concentration
 m

2 
tensors arising from the local strain and stress field. These tensors
enable to calculate of the (constant) strain/curvature and stress/couple-
stress in the adherent layers given the externally applied (or averaged)
strain and stress field. For the type of composite here studied, a strati-
fied medium composed of alternated layers of micropolar materials in
imperfect contact, the calculation of the stress and strain concentration
tensors in the layers together with the displacement and microrotation
jump concentration tensors at the imperfect interface are all elements
of novelty. The effect of imperfection parameters of the interface on
the concentration tensors is investigated. Another original result of the
present work is that, while strain and curvature concentration tensors
are found to depend on the interface parameters, the stress and couple-
stress concentration tensors are not. This outcome is not a foregone
conclusion. To better understand and validate this result, a simple
example is proposed in the framework of linear elasticity, indicating
that the independence of the stress and couple stress in the adherent
layers may be attributed to the simple nature of the interface law
hosen to model the imperfect contact. Finally, a numerical application
s presented to study the effect of a uniform imperfect interface on
he local values of strain and stress in a bi-laminated composite with
entro-symmetric micropolar isotropic constituents.

2. A micropolar laminated elastic continuum with imperfect con-
tact between the layers

Let us consider a linear elastic micropolar continuum in the three-
dimensional Euclidean physical space, occupying the reference con-
figuration 𝛺 . Introduced a Cartesian coordinate system

{

𝑂; 𝑥1, 𝑥2, 𝑥3
}

,
e assume 𝛺 to be described by a parallelepiped of dimensions 𝐿𝑖
𝑖 = 1, 2, 3) generated by repetitions of a periodic cell Y along the
3-axis. At the microscale, the cell Y is a bi-laminated composite, see

Fig. 1, with two constituent material phases denoted as 𝑆𝛾 (𝛾 = 1, 2)
uch as Y = 𝑆1 ∪ 𝑆2, 𝑆1 ∩ 𝑆2 = ∅. Each layer 𝑆𝛾 is characterized by the
olume fraction V𝛾 , with V1 + V2 = 1, and 𝑙𝑖 is the cell length in the
𝑖-direction. Imperfect contact conditions are assumed at the interface
egion 𝛤 between the layers, following contact laws to be specified
ater.

At the macroscale, two independent fields, the displacement 𝑢𝑖(𝒙)
nd the microrotation 𝜔𝑖(𝒙), characterize the degrees of freedom of the
ontinuum at each material point 𝒙, cf. [26].

In the case of small displacements, microrotations, deformations and
curvatures, at equilibrium the linear and angular balance equations
must hold

𝜎𝑗 𝑖,𝑗 (𝒙) + 𝑓𝑖(𝒙) = 0, 𝜇𝑗 𝑖,𝑗 (𝒙) + 𝜖𝑖𝑗 𝑘𝜎𝑗 𝑘(𝒙) + 𝑔𝑖(𝒙) = 0, in 𝑆1 ∪ 𝑆2, (1)

where 𝜎𝑗 𝑖(𝒙) [N∕m2] is the (non-symmetric) stress tensor, 𝜇𝑗 𝑖(𝒙) [N∕m] is
he couple-stress tensor, 𝑓𝑖(𝒙) [N∕m3] are the body forces, 𝑔𝑖(𝒙) [N∕m2]
re the body couples functions, 𝜖𝑖𝑗 𝑘 is the Levi-Civita’s alternator tensor
nd a comma indicates partial derivative. Einstein’s summation conven-
ion is used Latin indices take values in the set {1, 2, 3}, while Greek
ndices are in the set {1, 2}, cf. also [39–41] for the index notation.

Note also that the addition of the extra microrotation field variables,
𝜔𝑖(𝒙), removes the symmetry of the Cauchy stress tensor, a condition
that is replaced by the second set of equations in (1).

The model of linear micropolar centro-symmetric continuum is
ased on the following two constitutive relations

𝜎𝑗 𝑖(𝒙) = 𝐶𝑖𝑗 𝑚𝑛(𝒙) 𝑒𝑛𝑚, 𝜇𝑗 𝑖(𝒙) = 𝐷𝑖𝑗 𝑚𝑛(𝒙) 𝜓𝑛𝑚 in 𝑆1 ∪ 𝑆2, (2)

linking the stresses, 𝜎𝑗 𝑖(𝒙) and 𝜇𝑗 𝑖(𝒙), with the micropolar strain 𝑒𝑚𝑛(𝒙)
nd the torsion-curvature 𝜓𝑚𝑛(𝒙) [m−1] tensors, respectively, defined as

𝑒𝑛𝑚(𝒙) = 𝑢𝑚,𝑛(𝒙) + 𝜖𝑚𝑛𝑠𝜔𝑠(𝒙), 𝜓𝑛𝑚(𝒙) = 𝜔𝑚,𝑛(𝒙) in 𝑆1 ∪ 𝑆2. (3)

In Eqs. (2) and (3), the symmetric part of 𝑒𝑚𝑛(𝒙) corresponds to the
lassical strain tensor whereas its skew-symmetric part accounts for
he local reorientation of the microstructure. In the context of linear
icropolar elasticity as proposed by Eringen, for the free energy density
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Fig. 1. Laminated micropolar composite with the detail of the unit cell Y composed of two different laminae in contact through a layer of linear springs.
to be invariant, the term coupling 𝑒𝑛𝑚 and 𝜓𝑛𝑚 in the constitutive
equations must vanish, see discussion after Eqn. (20.10) in [26]. Also,
the major symmetry conditions 𝐶𝑖𝑗 𝑚𝑛(𝒙) = 𝐶𝑚𝑛𝑖𝑗 (𝒙) and 𝐷𝑖𝑗 𝑚𝑛(𝒙) =
𝐷𝑚𝑛𝑖𝑗 (𝒙) are satisfied, cf. [26, Eqns. (20.11)].

The equilibrium problem of the micropolar continuum is described
by the system of Eqs. (1)–(3) together with the boundary conditions on
𝜕 𝛺. The boundary 𝜕 𝛺 is assumed to be made of four regular disjoint
surfaces, 𝜕 𝛺𝑖, 𝑖 = 1, 2, 3, 4, such that 𝜕 𝛺 =

⋃4
𝑖=1 𝜕 𝛺𝑖, and on which the

displacements, microrotations, surface forces, and surface couples are
assigned. In particular, the domain 𝛺 is constrained in such a way that
the displacements 𝑢𝑖 vanish on 𝜕 𝛺1, the microrotations 𝜔𝑖 vanish on
𝜕 𝛺2, the tractions 𝜎𝑗 𝑖𝑛𝑗 are assigned on 𝜕 𝛺3, and the moments 𝜇𝑗 𝑖𝑛𝑗
are assigned on 𝜕 𝛺4, as follows:

𝑢𝑖(𝒙) ∣𝜕 𝛺1
= 0, (

𝐶𝑖𝑗 𝑚𝑛(𝒙) 𝑒𝑛𝑚(𝒙)
)

𝑛𝑗 ∣𝜕 𝛺2
= 𝐹𝑖(𝒙),

𝜔𝑖(𝒙) ∣𝜕 𝛺3
= 0, (

𝐷𝑖𝑗 𝑚𝑛(𝒙)𝜓𝑛𝑚(𝒙)
)

𝑛𝑗 ∣𝜕 𝛺4
= 𝐺𝑖(𝒙), (4)

where 𝐹𝑖(𝒙) and 𝐺𝑖(𝒙) are the surface forces and moments. The for-
mulation defined by Eqs. (1)–(4) represents the static boundary value
problem associated with the linear theory of micropolar elasticity
whose coefficients are rapidly oscillating. Also, in Eq. (4), 𝑛𝑗 denotes
the unit outer normal vector to 𝜕 𝛺.

In addition to Eqs. (1)–(4), contact conditions at the interface 𝛤
between the laminae 𝑆1, 𝑆2 of the cells are prescribed, following the
spring model:
(

𝐶𝑖𝑗 𝑚𝑛(𝒙) 𝑒𝑛𝑚(𝒙)
)

𝑛𝑗 = 𝐾𝑖𝑗
[[

𝑢𝑗
]]

,
[[(

𝐶𝑖𝑗 𝑚𝑛(𝒙) 𝑒𝑛𝑚(𝒙)
)

𝑛𝑗
]]

= 0 on 𝛤 ,
(

𝐷𝑖𝑗 𝑚𝑛(𝒙) 𝜓𝑛𝑚(𝒙)
)

𝑛𝑗 = 𝑄𝑖𝑗
[[

𝜔𝑗
]]

,
[[(

𝐷𝑖𝑗 𝑚𝑛(𝒙) 𝜓𝑛𝑚(𝒙)
)

𝑛𝑗
]]

= 0 on 𝛤 , (5)

where [[𝑝]] = 𝑝(1) − 𝑝(2) is taken to denote the jump of the function
𝑝 across the interface 𝛤 . The symbols 𝐾𝑖𝑗 [N∕m3] and 𝑄𝑖𝑗 [N∕m] are

the interface material parameters, such that (𝐾𝑖𝑗 ) =
⎛

⎜

⎜

⎝

𝐾1 0 0
0 𝐾2 0
0 0 𝐾3

⎞

⎟

⎟

⎠

and (𝑄𝑖𝑗 ) =
⎛

⎜

⎜

⎝

𝑄1 0 0
0 𝑄2 0
0 0 𝑄3

⎞

⎟

⎟

⎠

. Here, 𝐾1, 𝐾2, 𝑄1, and 𝑄2 are the in-

terface parameters in the tangential directions, while 𝐾3 and 𝑄3 are
the interface parameters in the normal direction of the interface 𝛤 .
The coefficients 𝐾𝑖 have a clear physical meaning, directly related
to the material (type of material symmetry, elastic constants) and
geometrical (thickness) parameters of the adhesive. For example, for
an isotropic adhesive material, the tangential stiffness components 𝐾1,
𝐾2 are equal to 𝜇∕ℎ and the normal stiffness component 𝐾3 is given
by (2𝜇 + 𝜆)∕ℎ, where 𝜆, 𝜇 are the Lamé’s moduli of the adhesive and
3 
ℎ is its thickness [20,43,44]. An equivalent form of the imperfect
contact conditions (5), together with a clear physical interpretation of
the coefficients 𝑄𝑖, have been rigorously obtained for soft micropolar
interfaces by applying asymptotic techniques in [28].

3. Summary of results of asymptotic homogenization method and
effective engineering moduli for periodic laminated micropolar
media

In this framework, the applied methodology based on the AHM for
centro-symmetric micropolar laminate composites with perfect contact
conditions [39,41] is implemented in the case of an uniform imperfect
interface. The AHM provides averaged expressions for the rapidly
oscillating elasticity tensors of the original problem and proposes a
homogeneous equivalent medium with the same behavior. Its main
assumptions are that all fields are considered as power series of the
small and positive definite dimensionless parameter 𝜀 whose coeffi-
cients are dependent on the macro (𝒙) and micro (𝒚) scales, see, for
instance, [3,4,9,45]. Both scales are related as 𝒚 = 𝒙∕𝜀, where 𝜀 =
𝓁∕𝐿 ≪ 1 is defined by the ratio between the characteristic size of the
periodicity cell (𝓁) and the diameter of the body (𝐿).

The AHM starts from the substitution of the expansions for the
displacements 𝑢𝜀𝑚(𝒙) and the microrotations 𝜔𝜀𝑚(𝒙)

𝑢𝜀𝑚(𝒙) =
∞
∑

𝛼=0
𝜀𝛼𝑢(𝛼)𝑚 (𝒙, 𝒚), 𝜔𝜀𝑚(𝒙) =

∞
∑

𝛼=0
𝜀𝛼𝜔(𝛼)

𝑚 (𝒙, 𝒚), (6)

into the problem (Eqs. (1)–(5)), and following algebraic operations
and differentiation rules. Here, 𝑢(𝑖)𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) and 𝜔(𝑖)

𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) (𝑖 = 0, 1, 2,… )
are infinitely differentiable and Y-periodic functions with respect to 𝑦𝑦𝑦.
Thus, a sequence of problems given by partial differential equations
is obtained in relation to the power of the 𝜀 parameter. From them,
the formulation of local problems on Y, the effective moduli, and
the equivalent homogenized problem with its asymptotic solution is
obtained. Details about the AHM methodology related to micropolar
laminated composites are shown in [39,41] and are summarized in the
sequel.

The order zero terms of the asymptotic expansion (Eq. (6)), namely
𝑢(0)𝑚 and 𝜔(0)

𝑚 , are proved to be independent of the local variable 𝑦𝑦𝑦, so
that 𝑢(0)𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) = 𝑢(0)𝑚 (𝑥𝑥𝑥) and 𝜔(0)

𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) = 𝜔(0)
𝑚 (𝑥𝑥𝑥). Besides, the first order

terms 𝑢(1)𝑚 and 𝜔(1)
𝑚 can be expressed as follows:

𝑢(1)𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) = 𝑝𝑞𝑁𝑚

(

𝑢(0)𝑝,𝑞 + 𝜖𝑝𝑞 𝑠 𝜔(0)
𝑠

)

+ �̃�(1)𝑚 , 𝜔(1)
𝑚 (𝑥𝑥𝑥, 𝑦𝑦𝑦) = 𝑝𝑞𝑀𝑚 𝜔

(0)
𝑝,𝑞 + �̃�

(1)
𝑚 ,
(7)
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where 𝑝𝑞𝑁𝑚 and 𝑝𝑞𝑀𝑚 are the local 𝑝𝑞-displacements and 𝑝𝑞-
microrotations defined in the cell 𝑌 , respectively. The terms �̃�(1)𝑚 and
�̃�(1)
𝑚 are constant functions. Functions 𝑝𝑞𝑁𝑚 and 𝑝𝑞𝑀𝑚 only depend

on 𝑦3 and satisfy the periodicity conditions 𝑝𝑞𝑁𝑚(0) = 𝑝𝑞𝑁𝑚(𝓁𝑖) and
𝑞𝑀𝑚(0) = 𝑝𝑞𝑀𝑚(𝓁𝑖).

The local functions 𝑝𝑞𝑁𝑚 and 𝑝𝑞𝑀𝑚 can be explicitly characterized
as shown in [39,41] and they verify:

𝑝𝑞𝑁
′
𝑚 = 𝐶−1

𝑚3𝑖3
(

𝛼𝑖𝑝𝑞 − 𝐶𝑖3𝑝𝑞
)

, 𝑝𝑞𝑀
′
𝑚 = 𝐷−1

𝑚3𝑖3
(

𝛽𝑖𝑝𝑞 −𝐷𝑖3𝑝𝑞
)

, (8)

with

𝛼𝑖𝑝𝑞 =
(⟨

𝐶−1
𝑖3𝑖3

⟩

+ 𝓁−1
3 𝐾−1

𝑖
)−1 ⟨𝐶−1

𝑖3𝑐3𝐶𝑏3𝑝𝑞
⟩

,

𝑖𝑝𝑞 =
(⟨

𝐷−1
𝑖3𝑖3

⟩

+ 𝓁−1
3 𝑄−1

𝑖
)−1 ⟨𝐷−1

𝑖3𝑐3𝐷𝑏3𝑝𝑞
⟩

,
(9)

where (∙)′ = d(∙)∕d𝑦3 and the symbol ⟨𝑝⟩ denotes the Voigt’s average of
he property 𝑝, i.e., ⟨𝑝⟩ =

∑𝑁
𝑖=1 𝑝

(𝑖)V𝑖 with 𝑁 the number of phases in
 and ∑𝑁

𝑖=1 Vi = 1. In case of a bi-laminated composite, ⟨𝑝⟩ = 𝑝(1)V1 +
𝑝(2)V2 where V1 = 𝑐∕𝓁3 and V2 = 1 − 𝑐∕𝓁3 are the volume fractions
per unit length occupied by the layer 1 and 2, respectively; such as,
1 + V2 = 1. 𝑐 represents the thickness of the adhesive contact region
nd 𝑙3 is the cell length in the thickness direction 𝑦3, related to the
mall parameter 𝜀. The consideration 𝑙3 → ∞ enables us to derive the
quivalent expression for a micropolar laminated medium with perfect
ontact (classical case), where imperfections are absent. However, the
xistence of imperfections is crucial for analyzing localization effects in
his study. Notably, the Voigt’s average entering (9) is a result of the

asymptotic analysis.
The above relations will help to find effective properties of the

laminated composite, which are defined as follows:

𝐶∗
𝑖𝑗 𝑝𝑞 =

⟨

𝐶𝑖𝑗 𝑝𝑞 + 𝐶𝑖𝑗 𝑚3 𝑝𝑞𝑁 ′
𝑚

⟩

,

∗
𝑖𝑗 𝑝𝑞 =

⟨

𝐷𝑖𝑗 𝑝𝑞 +𝐷𝑖𝑗 𝑚3 𝑝𝑞𝑀 ′
𝑚

⟩

.
(10)

By replacing the expression Eq. (8) into Eq. (10), the corresponding
tiffness and torque effective properties are obtained as functions of the

constituent properties, the imperfection parameters and the constituent
volume fraction, see for instance, Rodríguez-Ramos et al. [39]:
𝐶∗
𝑖𝑗 𝑝𝑞 =

⟨

𝐶𝑖𝑗 𝑝𝑞 − 𝐶𝑖𝑗 𝑚3𝐶−1
𝑚3𝑎3𝐶𝑎3𝑝𝑞

⟩

+
⟨

𝐶𝑖𝑗 𝑚3𝐶−1
𝑚3𝑎3

⟩ (⟨
𝐶−1
𝑎3𝑎3

⟩

+𝓁−1
3 𝐾−1

𝑎
)−1 ⟨𝐶−1

𝑎3𝑐3𝐶𝑐3𝑝𝑞
⟩

,

𝐷∗
𝑖𝑗 𝑝𝑞 =

⟨

𝐷𝑖𝑗 𝑝𝑞 −𝐷𝑖𝑗 𝑚3𝐷−1
𝑚3𝑎3𝐷𝑎3𝑝𝑞

⟩

+
⟨

𝐷𝑖𝑗 𝑚3𝐷−1
𝑚3𝑎3

⟩ (⟨
𝐷−1
𝑎3𝑎3

⟩

+𝓁−1
3 𝑄−1

𝑎
)−1 ⟨𝐷−1

𝑎3𝑐3𝐷𝑐3𝑝𝑞
⟩

.

(11)

Let us consider the case of micropolar centro-symmetric isotropic elas-
tic materials, whose elasticity constitutive tensors are defined as fol-
lows:
𝐶𝛾𝑖𝑗 𝑚𝑛 = 𝜆𝛾𝛿𝑖𝑗𝛿𝑚𝑛 + (𝜇𝛾 + 𝛼𝛾 )𝛿𝑖𝑚𝛿𝑗 𝑛 + (𝜇𝛾 − 𝛼𝛾 )𝛿𝑖𝑛𝛿𝑗 𝑚,
𝐷𝛾
𝑖𝑗 𝑚𝑛 = 𝛽𝛾𝛿𝑖𝑗𝛿𝑚𝑛 + (𝜅𝛾 + 𝜖𝛾 )𝛿𝑖𝑚𝛿𝑗 𝑛 + (𝜅𝛾 − 𝜖𝛾 )𝛿𝑖𝑛𝛿𝑗 𝑚,

(12)

where 𝛿𝑖𝑗 is the Kronecker’s delta tensor and 𝜆𝛾 , 𝜇𝛾 , 𝛼𝛾 , 𝛽𝛾 , 𝜅𝛾 and
𝜖𝛾 denote the micropolar elastic constants for the materials in the
domains 𝑆𝛾 , with 𝛾 = 1, 2. Among the twelve elastic constants appearing
n Eq. (12), 𝜆𝛾 and 𝜇𝛾 are the classical Lamé coefficients, with 𝜇𝛾 the

shear moduli of the two layers’ materials. The other eight constants,
i.e. 𝛼𝛾 , 𝛽𝛾 , 𝜖𝛾 and 𝜅𝛾 , are the micropolar elastic constants. The clas-
sical theory of elasticity is recovered for vanishing micropolar elastic
constants.

Substituting the expressions of Eq. (12) into Eq. (11), the 9 × 9-
matrix of (𝐶∗

𝑖𝑗 𝑝𝑞) in Voigt’s notation takes the form
(𝐶∗ )
𝑖𝑗 𝑝𝑞

4 
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐶∗
1111 𝐶∗

1122 𝐶∗
1133 0 0 0 0 0 0

𝐶∗
2211 𝐶∗

2222 𝐶∗
2233 0 0 0 0 0 0

𝐶∗
3311 𝐶∗

3322 𝐶∗
3333 0 0 0 0 0 0

0 0 0 𝐶∗
2323 0 0 𝐶∗

2332 0 0
0 0 0 0 𝐶∗

1313 0 0 𝐶∗
1331 0

0 0 0 0 0 𝐶∗
1212 0 0 𝐶∗

1221
0 0 0 𝐶∗

3223 0 0 𝐶∗
3232 0 0

0 0 0 0 𝐶∗
3113 0 0 𝐶∗

3131 0
0 0 0 0 0 𝐶∗

2112 0 0 𝐶∗
2121

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

(13)

where
𝐶∗
1111 = 𝐶∗

2222 =
⟨

4𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

⟩

+
⟨

𝜆
𝜆 + 2𝜇

⟩2 ( 1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩)−1
,

𝐶∗
3333 =

(

1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩)−1
,

𝐶∗
1122 =

⟨

2𝜆𝜇
𝜆 + 2𝜇

⟩

+
⟨

𝜆
𝜆 + 2𝜇

⟩2 ( 1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩)−1
,

∗
1133 = 𝐶∗

2233 = 𝐶∗
3311 = 𝐶∗

3322 =
⟨

𝜆
𝜆 + 2𝜇

⟩ (
1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩)−1
,

∗
2323 =

(

1
𝓁3
𝐾−1

2 +
⟨

1
𝛼 + 𝜇

⟩)−1
,

𝐶∗
1313 =

(

1
𝓁3
𝐾−1

1 +
⟨

1
𝛼 + 𝜇

⟩)−1
,

𝐶∗
1212 = 𝐶∗

2121 = ⟨𝜇 + 𝛼⟩ ,

∗
3232 =

⟨

4𝛼 𝜇
𝜇 + 𝛼

⟩

+
⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩2 ( 1
𝓁3
𝐾−1

2 +
⟨

1
𝛼 + 𝜇

⟩)−1
,

𝐶∗
3131 =

⟨

4𝛼 𝜇
𝜇 + 𝛼

⟩

+
⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩2 ( 1
𝓁3
𝐾−1

1 +
⟨

1
𝜇 + 𝛼

⟩)−1
,

𝐶∗
2332 =

⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩ (
1
𝓁3
𝐾−1

2 +
⟨

1
𝛼 + 𝜇

⟩)−1
,

𝐶∗
1331 =

⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩ (
1
𝓁3
𝐾−1

1 +
⟨

1
𝜇 + 𝛼

⟩)−1
,

𝐶∗
1221 = 𝐶∗

2121 = ⟨𝜇 − 𝛼⟩ .

(14)

The effective elastic tensor (𝐶∗
𝑖𝑗 𝑝𝑞) is thus characterized by twelve

ndependent constants, ten of which depend on the stiffness properties
f the interface 𝐾𝑖. In the purely elastic case, i.e. for vanishing microp-

olar elastic constants, and for perfect contact between the layer, i.e. for
𝐾𝑖 → ∞, tensor (𝐶∗

𝑖𝑗 𝑝𝑞) reduces to the 6 × 6 effective elasticity matrix,
whose components have been computed by Backus for a horizontally
layered medium in [35, Eqns. (8) and (13)].

By taking the inverse of the effective elastic tensor, the compliance
effective tensor (𝑆∗

𝑖𝑗 𝑝𝑞) can be calculated. The 9 × 9 compliance matrix
has the same structure of the effective elastic tensor, presenting vanish-
ing components in the same positions, and it can be expressed in terms
of generalized Young’s moduli and Poisson’s ratios as follows:
(𝑆∗

𝑖𝑗 𝑝𝑞)

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1
𝐸∗
1

−
𝜈∗21
𝐸∗
2

−
𝜈∗31
𝐸∗
3

0 0 0 0 0 0

−
𝜈∗12
𝐸∗
1

1
𝐸∗
2

−
𝜈∗32
𝐸∗
3

0 0 0 0 0 0

−
𝜈∗13
𝐸∗
1

−
𝜈∗23
𝐸∗
2

1
𝐸∗
3

0 0 0 0 0 0

0 0 0 1
𝐺∗
23

0 0 −
𝜈∗74
𝐺∗
32

0 0

0 0 0 0 1
𝐺∗
13

0 0 −
𝜈∗85
𝐺∗
31

0

0 0 0 0 0 1
𝐺∗
12

0 0 −
𝜈∗96
𝐺∗
21

0 0 0 −
𝜈∗47
𝐺∗
23

0 0 1
𝐺∗
32

0 0

0 0 0 0 −
𝜈∗58
𝐺∗
13

0 0 1
𝐺∗
31

0

0 0 0 0 0 −
𝜈∗69
𝐺∗
12

0 0 1
𝐺∗
21

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

(15)
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The engineering constants are related to the material constants of the
adherents and of the interface by the relations

𝐸∗
1 = 𝐸∗

2 = ⟨𝜇⟩
⟨

𝜇(3𝜆 + 2𝜇)
𝜆 + 2𝜇

⟩ ⟨
𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

⟩−1
,

∗
3 =

(

1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩

+
⟨

𝜆
𝜆 + 2𝜇

⟩2 ⟨𝜇(3𝜆 + 2𝜇)
𝜆 + 2𝜇

⟩−1
)−1

,

∗
12 =

1
2

⟨

𝜆𝜇
𝜆 + 2𝜇

⟩ ⟨
𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

⟩−1
,

𝜈∗13 = 𝜈∗23 =
1
2

⟨

𝜆
𝜆 + 2𝜇

⟩ ⟨
𝜇(𝜆 + 𝜇)
𝜆 + 2𝜇

⟩−1
,

𝐺∗
23 =

(

1
𝓁3
𝐾−1

2 +
⟨

1
𝜇 + 𝛼

⟩

+
⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩2 ⟨ 4𝜇 𝛼
𝜇 + 𝛼

⟩−1
)−1

,

𝐺∗
13 =

(

1
𝓁3
𝐾−1

1 +
⟨

1
𝜇 + 𝛼

⟩

+
⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩2 ⟨ 4𝜇 𝛼
𝜇 + 𝛼

⟩−1
)−1

,

𝐺∗
12 = 𝐺∗

21 =
(

1
4 ⟨𝜇⟩

+ 1
4 ⟨𝛼⟩

)−1
,

𝐺∗
32 = 𝐺∗

31 =
⟨

4𝜇 𝛼
𝜇 + 𝛼

⟩

,

𝜈∗74 = 𝜈∗85 =
⟨

𝜇 − 𝛼
𝜇 + 𝛼

⟩

,

𝜈∗96 = 𝜈∗69 =
⟨𝜇⟩ − ⟨𝛼⟩
⟨𝜇⟩ + ⟨𝛼⟩

.

(16)

The remaining Poisson’s ratios can be calculated using the relations
𝜈∗𝑖𝑗∕𝐸

∗
𝑖 = 𝜈∗𝑗 𝑖∕𝐸∗

𝑗 , 𝑖, 𝑗 = 1, 2, 3, 𝜈∗47∕𝐺
∗
23 = 𝜈∗74∕𝐺

∗
32, and 𝜈∗58∕𝐺

∗
13 =

𝜈∗85∕𝐺
∗
31, that guarantee the symmetry of the compliance matrix. Finally,

one finds that 𝜈∗47∕𝐺
∗
23 = 𝜈∗58∕𝐺

∗
13, and 𝜈∗74∕𝐺

∗
32 = 𝜈∗85∕𝐺

∗
31. Notably,

the homogenized laminate composite is characterized by ten linearly
independent engineering constants, that can be chosen to be 𝐸∗

1 , 𝐸∗
3 ,

𝐺∗
23, 𝐺

∗
13, 𝐺

∗
12, 𝐺

∗
32, 𝜈

∗
12, 𝜈

∗
13, 𝜈

∗
74, and 𝜈∗96. Only three of them depend on

the elastic properties of the interface: 𝐸∗
3 , 𝐺∗

23, and 𝐺∗
13, which depends

on 𝐾3, 𝐾2, and 𝐾1, respectively. The Poisson’s ratios 𝜈∗13, 𝜈
∗
47, and 𝜈∗58

also depend on 𝐾3, 𝐾2, and 𝐾1, respectively.
As seen above, the effective elastic tensor (𝐶∗

𝑖𝑗 𝑝𝑞) was characterized
by twelve elastic constants, while its inverse (𝑆∗

𝑖𝑗 𝑝𝑞) turned out to be
characterized by ten elastic coefficients, two less. This is due to the
fact that, if 𝐾1 ≠ 𝐾2, the components 𝐶∗

3232 and 𝐶∗
3131 are different from

each other, as the components 𝐶∗
2332 and 𝐶∗

1331. In contrast, one can find
that 𝐺∗

32 = 𝐺∗
31, implying 𝑆∗

3232 = 𝑆∗
3131, and 𝜈∗74∕𝐺

∗
32 = 𝜈∗85∕𝐺

∗
31, implying

𝑆∗
2332 = 𝑆∗

1331.
Since both the effective tensors (𝐶∗

𝑖𝑗 𝑝𝑞) and (𝐷∗
𝑖𝑗 𝑝𝑞) in Eqs. (11) have

the same structure, only the analytical expressions for the (𝐶∗
𝑖𝑗 𝑝𝑞) and its

inverse have been shown. The analytical expressions of the components
of (𝐷∗

𝑖𝑗 𝑝𝑞), of its inverse (�̃�∗
𝑖𝑗 𝑝𝑞) and of the effective engineering moduli

related to torque, �̃�∗
1 , �̃�∗

3 ,…, can be found by replacing 𝜆, 𝜇 and 𝛼, with
, 𝜅 and 𝜖, respectively.

A numerical example illustrating the variation of the effective en-
ineering moduli with the volume fraction of the adherents and the

imperfection parameters has been given in [40].

4. Micropolar strain/curvature and stress/couple-stress concen-
ration tensors

Following the approach proposed in [3] for heterogeneous elastic
materials, local microscopic quantities, such as strains and stresses, cur-
vatures, and couple stresses, can be connected with their macroscopic
counterparts via relations of the form:
𝑒𝑗 𝑖(𝒙, 𝒚) = 𝐴𝑖𝑗 𝑝𝑞(𝒚)𝑒𝑞 𝑝(𝒙), 𝜎𝑗 𝑖(𝒙, 𝒚) = 𝐵𝑖𝑗 𝑝𝑞(𝒚)�̄�𝑞 𝑝(𝒙),
𝜓𝑗 𝑖(𝒙, 𝒚) = �̃�𝑖𝑗 𝑝𝑞(𝒚)�̄�𝑞 𝑝(𝒙), 𝜇𝑗 𝑖(𝒙, 𝒚) = �̃�𝑖𝑗 𝑝𝑞(𝒚)�̄�𝑞 𝑝(𝒙),

(17)

with 𝑒𝑞 𝑝, �̄�𝑞 𝑝, �̄�𝑞 𝑝 and �̄�𝑞 𝑝 denote the average strain, stress, curvature,
nd couple stress, respectively (see e.g. [2]). In these expressions,
𝐴𝑖𝑗 𝑝𝑞 , 𝐵𝑖𝑗 𝑝𝑞 , �̃�𝑖𝑗 𝑝𝑞 and �̃�𝑖𝑗 𝑝𝑞 represent the strain concentration tensor,
the stress concentration tensor, the microcurvature concentration, and
5 
the couple-stress concentration tensor, respectively. In periodic asymp-
totic homogenization, the strain concentration tensor arising from the
displacement field over the cell Y is given by

𝐴𝑖𝑗 𝑝𝑞 ∶= 𝐼𝑖𝑗 𝑝𝑞 + 𝑝𝑞𝑁 𝑖|𝑗 , �̃�𝑖𝑗 𝑝𝑞 ∶= 𝐼𝑖𝑗 𝑝𝑞 + 𝑝𝑞𝑀 𝑖|𝑗 , (18)

where 𝐼𝑖𝑗 𝑝𝑞 ∶= 𝛿𝑖𝑝𝛿𝑗 𝑞 is the fourth-order identity tensor, and 𝑝𝑞𝑁 𝑖|𝑗 and
𝑝𝑞𝑀 𝑖|𝑗 represent the derivatives with respect to the local coordinate 𝑦𝑗
of the local problem solutions. As shown in the previous Section 4,
for laminates whose layered direction is along the 𝑦3-axis, the solu-
tions 𝑝𝑞𝑁 𝑗 and 𝑝𝑞𝑀 𝑗 depend only on the local variable 𝑦3. Thus, the
components of 𝐴𝑖𝑗 𝑝𝑞 simplifies as

𝐴𝛾𝑖𝛽 𝑝𝑞 = 𝐼𝑖𝛽 𝑝𝑞 , 𝐴𝛾𝛼3𝑝𝑞 = 𝐼𝛼3𝑝𝑞+
(

𝑝𝑞𝑁
𝛾
𝛼

)′
, 𝐴𝛾33𝑝𝑞 = 𝐼33𝑝𝑞+

(

𝑝𝑞𝑁
𝛾
3

)′
, (19)

where the superscript 𝛾 = 1, 2 indicates the layers of the periodic bi-
aminated composite, and, thus, the top and bottom adherents within
he cell Y, respectively. Clearly, the same properties hold for tensor
�̃�𝛾𝑖𝛽 𝑝𝑞 .

In view of Eqs. (8) and (12), the strain concentration tensor takes
the following form:

(𝐴𝛾𝑖𝑗 𝑝𝑞) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

𝐴𝛾3311 𝐴𝛾3322 𝐴𝛾3333 0 0 0 0 0 0
0 0 0 𝐴𝛾2323 0 0 𝐴𝛾2332 0 0
0 0 0 0 𝐴𝛾1313 0 0 𝐴𝛾1331 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

(20)

with

𝐴𝛾3311 = 𝐴𝛾3322 =
𝑏3

𝜆𝛾 + 2𝜇𝛾
⟨

𝜆
𝜆 + 2𝜇

⟩

− 𝜆𝛾

𝜆𝛾 + 2𝜇𝛾 ,

𝐴𝛾3333 =
𝑏3

𝜆𝛾 + 2𝜇𝛾 ,

𝐴𝛾2323 = 𝐴𝛾3223 =
𝑏2

𝛼𝛾 + 𝜇𝛾
,

𝐴𝛾1313 = 𝐴𝛾3113 =
𝑏1

𝛼𝛾 + 𝜇𝛾
,

𝐴𝛾2332 =
𝛼𝛾 − 𝜇𝛾

𝛼𝛾 + 𝜇𝛾
+

𝑏2
𝛼𝛾 + 𝜇𝛾

⟨

𝜇 − 𝛼
𝛼 + 𝜇

⟩

,

𝛾
1331 =

𝛼𝛾 − 𝜇𝛾

𝛼𝛾 + 𝜇𝛾
+

𝑏1
𝛼𝛾 + 𝜇𝛾

⟨

𝜇 − 𝛼
𝛼 + 𝜇

⟩

.

(21)

In the above relations, we have introduced the redundant notation

𝑏3 ∶=
(⟨

1
𝜆 + 2𝜇

⟩

+ 1
𝓁3
𝐾−1

3

)−1
= 𝐶∗

3333,

𝛽 ∶=
(⟨

1
𝛼 + 𝜇

⟩

+ 1
𝓁3
𝐾−1
𝛽

)−1
= 𝐶∗

𝛽3𝛽3, no sum on 𝛽 = 1, 2, (22)

to highlight the dependence of the strain concentration tensor on the
nterface parameters 𝐾𝑖. Analogous relations can be provided for the
urvature concentration tensor �̃�𝛾𝑖𝑗 𝑝𝑞 with interface stiffness 𝑄𝑖.

It is easy to verify that, considering a perfect interface by letting
𝐾𝑖 tend to infinity, the strain concentration tensors verify 𝑉1𝐴1

𝑖𝑗 𝑝𝑞 +
𝑉2𝐴2

𝑖𝑗 𝑝𝑞 = 𝐼𝑖𝑗 𝑝𝑞 . Given Eq. (17), the inspection of the non-vanishing
components of the tensors 𝐴𝛾𝑖𝑗 𝑝𝑞 indicates that a macroscopic strain
with non-vanishing normal component 𝑒𝑖𝑖 (no sum on 𝑖) will induce
concentration only on the local strain normal component 𝑒33, i.e. 𝑒33 =
𝐴𝛾33𝑖𝑖𝑒𝑖𝑖. Moreover, due to the non-symmetry of the strain concentration
tensor, the shear components 𝑒3𝛼 and 𝑒𝛼3 will induce concentration only
on the local shear strains 𝑒3𝛼 , i.e. 𝑒3𝛼 = 𝐴𝛾𝛼3𝛼3𝑒3𝛼 and 𝑒3𝛼 = 𝐴𝛾𝛼33𝛼𝑒𝛼3 (no
sum on 𝛼). This is due to the laminated structure of the composite and
the assumed material symmetry assumptions, i.e. the centro-symmetric
isotropy of the adherents and the choice of diagonal matrices 𝐾 (𝑄 ).
𝑖𝑗 𝑖𝑗
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To better evaluate the local deformation of the laminated compos-
ite, it is interesting to compute the jumps of the displacements and

icrorotations fields at the interface between the two adherent laminae
in terms of the macroscopic deformation. Using Eqs. (5) and (17), the
jumps are
[[

𝑢𝑖
]]

(𝒙) = 𝐾−1
𝑖𝑗 𝐶

𝛾
𝑗 𝑙 𝑚𝑛 𝐴

𝛾
𝑚𝑛𝑝𝑞𝑒𝑞 𝑝(𝒙)𝑛𝑙 ,

[

𝜔𝑖
]]

(𝒙) = 𝑄−1
𝑖𝑗 𝐷

𝛾
𝑗 𝑙 𝑚𝑛 �̃�

𝛾
𝑚𝑛𝑝𝑞�̄�𝑞 𝑝(𝒙)𝑛𝑙 .

(23)

One can introduce a displacement jump concentration tensor (𝐹𝑖𝑝𝑞) and
 microrotation jump concentration tensor (𝐹𝑖𝑝𝑞), with 𝑛3 = 1 and
𝛼 = 0, such that
[[

𝑢𝑖
]]

(𝒙) = 𝐹𝑖𝑝𝑞𝑒𝑞 𝑝(𝒙),
[[

𝜔𝑖
]]

(𝒙) = 𝐹𝑖𝑝𝑞�̄�𝑞 𝑝(𝒙). (24)

Substituting the expressions of 𝐶𝛾𝑗 𝑙 𝑚𝑛 and 𝐴𝛾𝑚𝑛𝑝𝑞 given by Eqs. (12) and
(20), respectively, one obtains that

(𝐹𝑖𝑝𝑞) =
⎛

⎜

⎜

⎝

0 0 0 0 𝐹113 0 0 𝐹131 0
0 0 0 𝐹223 0 0 𝐹232 0 0
𝐹311 𝐹322 𝐹333 0 0 0 0 0 0

⎞

⎟

⎟

⎠

, (25)

with non-vanishing components given by the relations

𝐹𝛽 𝛽3 = 𝐾−1
𝛽

(

1
𝓁3
𝐾−1
𝛽 +

⟨

1
𝛼 + 𝜇

⟩)−1
= 𝑏𝛽 𝐾

−1
𝛽 ,

𝛽3𝛽 = 𝐹𝛽 𝛽3
⟨

𝜇 − 𝛼
𝛼 + 𝜇

⟩

,

𝐹333 = 𝐾−1
3

(

1
𝓁3
𝐾−1

3 +
⟨

1
𝜆 + 2𝜇

⟩)−1
= 𝑏3 𝐾

−1
3 ,

𝐹3𝛽 𝛽 = 𝐹333

⟨

𝜆
𝜆 + 2𝜇

⟩

.

(26)

Analogous form and relations can be obtained for the tensor (𝐹𝑖𝑝𝑞) and
ts components by substituting the tensor components 𝐶𝑖𝑗 𝑘𝑙 (i.e. the
aterial parameters 𝜆, 𝜇 and 𝛼) with 𝐷𝑖𝑗 𝑘𝑙 (i.e. 𝛽, 𝜅 and 𝜖), and 𝐾𝑖
ith 𝑄𝑖. Notably, the limit of

[[

𝑢𝑖
]]

(
[[

𝜔𝑖
]]

) is zero as 𝐾𝑖 (𝑄𝑖) approaches
infinity, and one recovers the case of perfect contact between the
adherents.

Considering the stress and couple stress tensors, using the consti-
tutive relations between the stress and strain, and couple stress and
curvature at the macro- and micro-scale and relation (Eq. (17)), one
can infer that:
𝜎𝑗 𝑖 = 𝐶𝑖𝑗 𝑝𝑞𝑒𝑞 𝑝 = 𝐶𝑖𝑗 𝑝𝑞𝐴𝑝𝑞 ℎ𝑘𝑒𝑘ℎ = 𝐶𝑖𝑗 𝑝𝑞𝐴𝑝𝑞 ℎ𝑘𝑆∗

ℎ𝑘𝑟𝑠�̄�𝑠𝑟,
𝜇𝑗 𝑖 = 𝐷𝑖𝑗 𝑝𝑞𝜓𝑞 𝑝 = 𝐷𝑖𝑗 𝑝𝑞�̃�𝑝𝑞 ℎ𝑘�̄�𝑘ℎ = 𝐷𝑖𝑗 𝑝𝑞�̃�𝑝𝑞 ℎ𝑘�̃�∗

ℎ𝑘𝑟𝑠�̄�𝑠𝑟,
(27)

giving the following relation for the stress and couple stress concentra-
tion tensors:

𝐵𝑖𝑗 𝑟𝑠 ∶= 𝐶𝑖𝑗 𝑝𝑞𝐴𝑝𝑞 ℎ𝑘𝑆∗
ℎ𝑘𝑟𝑠, �̃�𝑖𝑗 𝑟𝑠 ∶= 𝐷𝑖𝑗 𝑝𝑞�̃�𝑝𝑞 ℎ𝑘�̃�∗

ℎ𝑘𝑟𝑠. (28)

Using the Voigt’s notation, the 9 × 9-matrix form of the stress concen-
tration tensor takes the following form:

(𝐵𝛾𝑖𝑗 𝑝𝑞)

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝐵𝛾1111 𝐵𝛾1122 𝐵𝛾1133 0 0 0 0 0 0
𝐵𝛾2211 𝐵𝛾2222 𝐵𝛾2233 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 𝐵𝛾1212 0 0 𝐵𝛾1221
0 0 0 𝐵𝛾3223 0 0 𝐵𝛾3232 0 0
0 0 0 0 𝐵𝛾3113 0 0 𝐵𝛾3131 0
0 0 0 0 0 𝐵𝛾2112 0 0 𝐵𝛾2121

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

(29)
i

6 
where the non-vanishing components are:

𝐵𝛾1111 = 𝐵𝛾2222 =
𝜇𝛾

(

𝜆𝛾
⟨

𝜇(3𝜆+4𝜇)
𝜆+2𝜇

⟩

+ 4𝜇𝛾
⟨

𝜇(𝜆+𝜇)
𝜆+2𝜇

⟩)

⟨𝜇⟩ (𝜆𝛾 + 2𝜇𝛾 )
⟨

𝜇(3𝜆+2𝜇)
𝜆+2𝜇

⟩ ,

𝐵𝛾1122 = 𝐵𝛾2211 = −
2𝜇𝛾

(

𝜆𝛾
⟨

𝜇2

𝜆+2𝜇

⟩

+ 𝜇𝛾
⟨

𝜇 𝜆
𝜆+2𝜇

⟩)

⟨𝜇⟩ (𝜆𝛾 + 2𝜇𝛾 )
⟨

𝜇(3𝜆+2𝜇)
𝜆+2𝜇

⟩ ,

𝐵𝛾1133 = 𝐵𝛾2233 =
𝜆𝛾

⟨

𝜇(3𝜆+2𝜇)
𝜆+2𝜇

⟩

− 𝜇𝛾 (2𝜇𝛾 + 3𝜆𝛾 )
⟨

𝜆
𝜆+2𝜇

⟩

(𝜆𝛾 + 2𝜇𝛾 )
⟨

𝜇(3𝜆+2𝜇)
𝜆+2𝜇

⟩ ,

𝐵𝛾1212 = 𝐵𝛾2121 =
1
2

(

𝜇𝛾

⟨𝜇⟩
+ 𝛼𝛾

⟨𝛼⟩

)

,

𝐵𝛾3223 = 𝐵𝛾3113 =
(𝜇𝛾 − 𝛼𝛾 )

⟨

𝛼 𝜇
𝜇+𝛼

⟩

− 𝛼𝛾𝜇𝛾
⟨

𝜇−𝛼
𝜇+𝛼

⟩

(𝛼𝛾 + 𝜇𝛾 )
⟨

𝛼 𝜇
𝜇+𝛼

⟩ ,

𝛾
1221 = 𝐵𝛾2112 =

1
2

(

𝜇𝛾

⟨𝜇⟩
− 𝛼𝛾

⟨𝛼⟩

)

,

𝐵𝛾3232 = 𝐵𝛾3131 =
𝛼𝛾𝜇𝛾

(𝜇𝛾 + 𝛼𝛾 )
⟨

𝜇−𝛼
𝜇+𝛼

⟩ .

(30)

A long but straightforward calculation shows that the stress concentra-
ion tensor verifies the condition 𝑉1𝐵1

𝑖𝑗 𝑝𝑞 + 𝑉2𝐵2
𝑖𝑗 𝑝𝑞 = 𝐼𝑖𝑗 𝑝𝑞 . Concerning

he concentration tensor of the micropolar couple stress, similar re-
ations can be obtained by substituting the tensor components 𝐶𝑖𝑗 𝑘𝑙
i.e. the material parameters 𝜆, 𝜇 and 𝛼) with 𝐷𝑖𝑗 𝑘𝑙 (i.e. 𝛽, 𝜅 and
). Considering the expression of the stress concentration tensor, we
irst note that the presence of the unit components follows from the
ontinuity of the traction vector at the interface between the adherent

laminae, cf. Eq. (5). Next, the application of a macroscopic in-plane
stress �̄�𝜏 𝜎 produces a stress concentration on the corresponding in-plane
microscopic stresses 𝜎𝛽 𝛼 = 𝐵𝛾𝛼 𝛽 𝜎 𝜏 �̄�𝜏 𝜎 . An equivalent concentration can
be induced by applying �̄�33, i.e., 𝜎11 = 𝜎22 = 𝐵𝛾1133�̄�33. Furthermore,
due to the non-symmetry of the strain concentration tensor, the shear
stress components �̄�3𝛼 and �̄�𝛼3 will induce concentration only on the
local shear stress 𝜎𝛼3, i.e. 𝜎𝛼3 = 𝐵𝛾3𝛼 𝛼3�̄�3𝛼 and 𝜎𝛼3 = 𝐵𝛾3𝛼3𝛼 �̄�𝛼3 (no sum
on 𝛼).

Notably, while the components of the strain concentration tensors
are always well-defined with respect to the volume fractions of the
dherents, the components of the stress concentration tensors may be

not, due to the vanishing of the averages
⟨

𝜇(3𝜆 + 2𝜇)
𝜆 + 2𝜇

⟩

,
⟨

𝛼 𝜇
𝜇 + 𝛼

⟩

, ⟨𝜇⟩ , ⟨𝛼⟩ , (31)

at some values of the volume fraction 𝑉1. The first of these aver-
ages enters the engineering moduli 𝐸∗

1 , 𝐸∗
3 , the second one the shear

moduli 𝐺∗
23, 𝐺

∗
13, 𝐺

∗
32 = 𝐺∗

31, and the last two ones the shear moduli
𝐺∗
12 = 𝐺∗

21. The vanishing of one or more of these engineering elastic
constants and the analogous engineering micropolar constants signals
the indefiniteness of the compliance tensor. This in turn implies that
the last step in Eq. (27) is no longer valid, and one should be content
with calculating the local stress in terms of the average macroscopic
strain. In the next Section, we provide a numerical example where some
engineering constants vanish at some specific values of 𝑉1, and, as a
result, components of the micropolar couple stress tensor (�̃�𝛾𝑖𝑗 𝑝𝑞) are
found to diverge at these values of 𝑉1.

Interestingly enough, the components of the stress concentration
tensor turn out to be independent of the imperfection parameters 𝐾𝑖, 𝑄𝑖
mplying that a macroscopic stress will induce local stress concentration
ndependently of the properties of the contact surface. In the next
ection, we provide an example showing that the independence of the
tress concentration tensors of the imperfection parameters 𝐾𝑖, 𝑄𝑖 is not
nexpected, and it is due to the assumption of the particular imperfect
ontact model between the laminae, i.e. the layer of springs.

In the proposed example, we consider a simplified setting, a lam-
nate made of two laminae composed of linear elastic materials and
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in perfect contact. It is known that imperfect contact conditions of
he type (5) can be viewed as arising from the limit behavior of a
eak layer, i.e. a very thin layer made of a soft material, cf. [18–

20]. Thus, using the explicit solution proposed by Glüge and Kalisch
in [46] for an elastic bi-laminated composite, we show that when one
amina becomes thin and soft, modeling a thin layer of spring, the stress
oncentration tensor in the other lamina becomes independent of the

elasticity properties of the weak lamina. The present analysis based on
HM generalizes the example of the bi-layered laminate to the case of

a micropolar elastic multi-laminate.
Finally, it is noteworthy that the independence of stress concentra-

tion tensors of the properties of the imperfect contact surface impacts
the modeling strategies adopted for the composite laminate. This aspect
will be discussed in the Conclusion section.

5. An example: a bi-laminated elastic composite with a weak layer

In this Section, we restrict ourselves to the simpler case considered
by Glüge and Kalisch in [46] of a bi-layered laminate composed of
inear elastic materials with elasticity tensors 𝐂𝛾 and volume fractions
𝛾 (𝛾 = 1, 2), such that 𝑉1+𝑉2 = 1. Let us denote with n, the unit normal
ector to the interface between the two layers, oriented outward from
he layer with 𝛾 = 2 to the layer with 𝛾 = 1, and we take 𝛾 (𝛾 = 1, 2) as
he second-order acoustic tensors associated with the two layers, such
hat 𝛾

𝑖𝑟 ∶= 𝐶𝛾𝑖𝑗 𝑟𝑠𝑛𝑠𝑛𝑗 . In addition, let  be the second-order tensor
uch that −1 = 𝑉2

1 + 𝑉1
2, and Z𝑆 be the symmetric part of the

ourth-order tensor defined as Z𝑗 𝑖𝑟𝑠 ∶= 𝑛𝑗𝑖𝑟𝑛𝑠.
In [46], it is shown that the effective stiffness C∗ of the laminate

takes the form

C∗ = ⟨C⟩ − 𝑉1𝑉2 𝛥C Z𝑆 𝛥C, (32)

with 𝛥C ∶= C1 − C2. The Eq. (32) shows that the effective stiffness is
given by Voigt’s bound diminished by a negative semi-definite term.

The strain concentration tensors in the two layers are

A1 = I𝑆 − 𝑉2Z𝑆 𝛥C, A2 = I𝑆 + 𝑉1Z𝑆 𝛥C, (33)

where I𝑆 is the fourth-order identity tensor on symmetric second-order
tensors and the stress concentration tensors are calculated as

B1 = C1A1S∗, B2 = C2A2S∗, (34)

where S∗ = C∗−1 denotes the effective compliance tensor.
Now, let us suppose that the layer, labeled with 𝛾 = 2, is a thin, soft

layer, so that

𝑉2 = 𝜀𝑉0, C2 = 𝜀C0, (35)

with 𝑉0 a constant and C0 a constant elasticity tensor, both independent
of the small parameter 𝜀, [18–20]. In the sequel, the index 0 will be
taken to denote quantities independent of 𝜀. Substituting the relations
(35) into the expressions of the tensors 2,  and Z𝑆 gives

2 = 𝜀0,  = 𝜀−10, Z𝑆 = 𝜀−1Z𝑆0 . (36)

Then, substituting these results into Eqs. (32) and (33), we obtain
he following approximations for the effective stiffness and the strain
oncentration tensor of layer 1:

C∗ = 𝑉1 C1
(

I𝑆 − 𝑉0 Z𝑆0 C
1) + 𝜀 𝑉1𝑉0

(

C1Z𝑆0 C0 + C0Z
𝑆
0 C

1) + 𝑜(𝜀), (37)

A1 = I𝑆 − 𝑉0 Z𝑆0 C
1 + 𝜀 𝑉0 Z𝑆0 C0 + 𝑜(𝜀), (38)

and replacing the latter ones into Eq. (34), we find that

B1 = 𝑉 −1
1 I𝑆 + 𝜀 𝑉 −1

1 C0
(

I𝑆 −
(

I𝑆 − 𝑉0 Z𝑆0 C
1)−1

)

(C1)−1 + 𝑜(𝜀)

= I𝑆 + 𝜀
(

𝑉0 I𝑆 + C0
(

I𝑆 −
(

I𝑆 − 𝑉0 Z𝑆0 C
1)−1

)

(C1)−1
)

+ 𝑜(𝜀), (39)

being 𝑉 −1
1 = 1 + 𝜀𝑉0 + 𝑜(𝜀).

This shows that at the zero-th order in 𝜀 the stress concentration
tensor becomes independent of the elasticity properties of the weak
7 
Table 1
Material parameters of the two micropolar layers constituting the periodic laminate
47].
Materials data 𝜆 (MPa) 𝜇 (MPa) 𝛼 (MPa) 𝛽 (N) 𝜅 (N) 𝜖 (N)

SyF 2097.0 1033.0 114.8 −2.91 4.364 −0.133
PUF 762.7 104.0 4.333 −26.65 39.98 4.504

layer, but it does depend on them at the first order in 𝜀. In [18–20], it
is shown that an imperfect interface of spring-type can be seen as the
imit of a weak layer, in the sense specified by Eq. (35), as 𝜀 goes to

zero. In other words, the spring-type interface is the order zero interface
model that better approximates the mechanical behavior of a very thin
soft layer. At higher orders in 𝜀, the form of the interface law is more
elaborate and can be found in [20].

Thus, the result obtained in Section 4, namely, the stress concentra-
tion tensors of a two-layer micropolar laminate with imperfect contact
conditions are independent of the stiffness parameters of the spring
ayer, is not unexpected, and it can be viewed as a generalization to
he case of micropolar elasticity of the particular (pure elastic) case
llustrated in this Section when only the terms at order zero in 𝜀 are
etained. Based on these results, we also expect that a homogeniza-
ion analysis for a composite incorporating a higher order interface
ondition would give stress and couple stress fields dependent on the
mperfect interface parameters.

6. Numerical results

In this Section, we numerically study the effect of a uniform im-
perfect interface on the local values of strain and stress in a centro-
ymmetric bi-laminated composite with isotropic constituents employ-
ng the strain and stress concentration tensors defined in Section 4. For

our computations, we assume the layer 1 to be made of SyF (syntactic
foam - hollow glass spheres in epoxy resin) and the layer 2 to be made
of PUF (dense polyurethane foam). The material properties for SyF and
PUF are taken from [47], and they are listed in Table 1.

Figs. 2 and 3 show the variation of the components of the strain
and curvature concentration tensors, respectively, with respect to the
olume fraction of SyF, 𝑉1. In view of (17), the components of (𝐴𝑖𝑗 𝑝𝑞)

and (�̃�𝑖𝑗 𝑝𝑞) represent local strain and curvature components, respec-
tively, normalized with respect to single applied uniform macroscopic
strain and curvature components. Black and gray curves represent
normalized local strains and curvatures in SyF and in PUF, respectively.
Continuous, dashed, dash-dotted, and dotted lines refer to different
alues of the imperfection parameters 𝐾 ∶= 𝐾𝑖 [N∕m3], and 𝑄 ∶=
𝑖 [N∕m], 𝑖 = 1, 2, 3, taken to range between 106 and 1012. Note that,

n view of the results presented in [20,43,44], the values chosen for 𝐾
would correspond to a soft thin elastic layer with modulus/thickness
ratio varying from 10−3 MPa/mm to 103 MPa/mm. For the micropolar
coefficients 𝑄, they would correspond to a soft thin layer with micropo-
ar modulus/thickness ratio varying from 103 N/mm to 109 N/mm [28].

For the cell length 𝓁3, a fixed value of 10−6 m is assumed.
The plots in Fig. 2 indicate that (the absolute value of) the strain

is locally larger in PUF than in SyF. This is consistent with the larger
values of the elasticity constants of SyF compared to PUF (cf. Table 1),
ndicating that SyF is more rigid than PUF. The opposite occurs for the
icro-polar constants 𝛽, 𝜅 and 𝜖, whose absolute values are larger in
UF than in SyF, thus causing (the absolute value of) the curvature
o be always larger in SyF, as illustrated in Fig. 3. The effect of the
mperfection parameters is similar in both Figures: larger values of 𝐾

and 𝑄 are associated with greater absolute values of normalized local
strain and curvature.

Figs. 4 and 5 show the variation of the displacement and micro-
rotation jumps, respectively, with the volume fraction of SyF, 𝑉1, for
different values of the interface parameters.
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Fig. 2. Effect of the volume fraction of SyF, 𝑉1, and of interface parameters 𝐾 ∶= 𝐾𝑖 , 𝑖 = 1, 2, 3, on the variation of normalized local strain components 𝐴3333 = 𝑒33∕𝑒33, 𝐴33𝛼 𝛼 = 𝑒33∕𝑒𝛼 𝛼 ,
𝐴𝛼3𝛼3 = 𝑒𝛼3∕𝑒𝛼3, and 𝐴𝛼33𝛼 = 𝑒𝛼3∕𝑒3𝛼 , for single applied uniform macroscopic deformation components 𝑒33, 𝑒𝛼 𝛼 , 𝑒𝛼3, and 𝑒3𝛼 , respectively, in SyF (black lines) and PUF (gray lines).
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The plots of Figs. 4 and 5 show that smaller values of (the absolute
alue of) the jumps are associated with increased values of the interface
arameters. Together, Figs. 2, 3, 4 and 5 indicate that, as expected, the
tiffer the interface, the greater the strain and curvature localization on
he layers and the smaller the displacement and microrotation jumps

at the interface. Interestingly, the normalized strain and curvature
omponents 𝑒𝛾33∕𝑒𝛼 𝛼 and 𝜓𝛾33∕�̄�𝛼 𝛼 may be positive, indicating that the

layers locally exhibit an auxetic behavior, i.e. they expand along the 3-
xis when the composite is macroscopically uniaxially stretched along
he 1-axis or 2-axis, and vice versa. Similar considerations apply to the
ormalized components 𝑒𝛾𝛼3∕𝑒3𝛼 and 𝜓𝛾𝛼3∕�̄�3𝛼 .

Figs. 6 and 7 show the variation of the normal and tangential
local stress concentration components, respectively, with respect to the
volume fraction of SyF, 𝑉1, while Figs. 8 and 9 show the variation of the
ormal and tangential local couple-stress concentration components.
s before, black and gray curves refer to components in SyF and PUF,
espectively.

These plots do not depend on the interface parameters, 𝐾 and 𝑄,
as shown in the previous Sections. The trends of the plots indicate that
yF, the more rigid material, absorbs a larger amount of the applied
tress, as expected. The situation is reversed for the couple-stress,
8 
being PUF the stiffer material for the micropolar part. The couple-
stress concentration is also found to exhibit an asymptotic behavior at
specific volume fractions of SyF. In particular, as shown in Figs. 8 and
9, the local couple-stress components �̃�𝛾𝛼 𝛼 𝛼 𝛼 , �̃�𝛾𝛼 𝛼 𝛽 𝛽 , and �̃�𝛾𝛼 𝛼33 exhibit
an asymptotic behavior at 𝑉1 ≈ 0.83331, the component �̃�𝛾3𝛼 𝛼3 at 𝑉1 ≈
0.96722, and the components �̃�𝛾𝛼 𝛽 𝛼 𝛽 and �̃�𝛾𝛼 𝛽 𝛽 𝛼 at 𝑉1 ≈ 0.97132. At these
three particular values of 𝑉1, the averages
⟨

𝜅(3𝛽 + 2𝜅)
𝛽 + 2𝜅

⟩

,
⟨ 𝜖 𝜅
𝜅 + 𝜖

⟩

, ⟨𝜖⟩ (40)

vanish, thus determining the observed asymptotic behavior of the
ouple-stress components. It is interesting to notice that the effective
ngineering torsional Young’s modulus �̃�∗

3 (and, thus, the twist Pois-
on’s ratio �̃�∗32) is also found to vanish at 𝑉1 ≈ 0.83331, due to the
anishing of the first average in (40), cf. the first and last plot of

Figure 19.3 in [40]. Similarly, the effective engineering torsional shear
modulus �̃�∗

13 is found to vanish at 𝑉1 ≈ 0.96722, due to the vanishing of
he second average in (40), cf. the middle plot of Figure 19.3 in [40].

Accordingly, the engineering shear torsional elastic modulus �̃�∗
12 is

expected to vanish at 𝑉1 ≈ 0.97132, due to the vanishing of the third
nd last average in Eq. (40). The average ⟨𝜅⟩ is never found to vanish

for 𝑉 in [0, 1], thus the asymptotic behavior is not observed in �̃�𝛾 .
1 3𝛼3𝛼
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Fig. 3. Effect of the volume fraction of SyF, 𝑉1, and of interface parameter 𝑄 ∶= 𝑄𝑖 , 𝑖 = 1, 2, 3, on the variation of normalized local torsion-curvature components �̃�3333 = 𝜓33∕�̄�33,
̃
33𝛼 𝛼 = 𝜓33∕�̄�𝛼 𝛼 , �̃�𝛼3𝛼3 = 𝜓𝛼3∕�̄�𝛼3, and �̃�𝛼33𝛼 = 𝜓𝛼3∕�̄�3𝛼 , for single applied uniform macroscopic deformation components �̄�33, �̄�𝛼 𝛼 , �̄�𝛼3, and �̄�3𝛼 , respectively, in SyF (black lines)
nd PUF (gray lines).
i

u

7. Conclusion

This paper investigates the strain, curvature, stress, and couple-
stress concentration tensors in the adherents materials of a laminate
composed of thin micropolar laminae joined by layers of springs. These
concentration tensors link macroscopic averaged quantities (stress/
couple-stress and strain/curvature) with their microscopic counter-
parts.

As expected, the components of the strain and curvature concen-
tration tensors are found to depend on the elasticity constants of the
two laminae and the stiffness properties of the spring-type interface.

otably, the components of the stress and couple-stress concentration
ensors turn out to depend only on the elastic constants of the two

laminae, i.e. they are independent of the elastic properties of the spring-
type interface joining the adherents. In Section 5, we show that this
result is not unexpected, as it is also found in the simplified setting of
 composite laminate composed of identical laminae joined by a soft
hin elastic layer.

The independence of the stress concentration tensors of the prop-
erties of the imperfect contact surface impacts the modeling strategies
adopted for a laminated composite. Indeed, one would expect stress
 m

9 
concentrations to arise as a consequence of interfacial defects. Thus,
the results obtained in the present paper could be attributed to the sim-
plicity of the spring-type interface model. In the example proposed in
Section 5, taking higher order terms would give a stress concentration
tensor depending on the elastic properties of the soft thin layer. This
suggests that the modeling design of the laminate can be improved by
the introduction of higher order interface laws of the type proposed
n [20,43,44,48]. On the other hand, it is known that in the presence

of debonding, strain- and stress-driven homogenization approaches lead
to different results, cf. [49,50]. The present investigation was based on
a displacement approach. It can be conjectured that a homogenization
approach based on the expansion of the stress field could lead to
different results for the dependence of the stress concentration tensor
on the interface parameters. These aspects will be the object of future
work.

The primary goal of the paper was to demonstrate how to determine
local stress and deformation components from macroscopic quantities
using tools from asymptotic homogenization theory. We believe that
nderstanding how material parameters — such as the elastic and
icropolar properties of the adherents and interface — affect local
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Fig. 4. Effect of the volume fraction of SyF, 𝑉1, and of interface parameters 𝐾 ∶= 𝐾𝑖 , 𝑖 = 1, 2, 3, on the variation of normalized local displacement jumps 𝐹333 =
[[

𝑢3
]]

∕𝑒33,
𝐹3𝛼 𝛼 =

[[

𝑢3
]]

∕𝑒33, 𝐹𝛼 𝛼3 = [[

𝑢𝛼
]]

∕𝑒𝛼3, and 𝐹𝛼3𝛼 =
[[

𝑢𝛼
]]

∕𝑒3𝛼 , for single applied uniform macroscopic deformation components 𝑒33, 𝑒33, 𝑒𝛼3, and 𝑒3𝛼 , respectively, in SyF (black lines) and
PUF (gray lines).
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Fig. 5. Effect of the volume fraction of SyF, 𝑉1, and of interface parameters 𝑄 ∶= 𝑄𝑖 , 𝑖 = 1, 2, 3, on the variation of normalized local displacement jumps 𝐹333 =
[[

𝜔3
]]

∕�̄�33,
𝐹3𝛼 𝛼 =

[[

𝜔3
]]

∕�̄�33, 𝐹𝛼 𝛼3 = [[

𝜔𝛼
]]

∕�̄�𝛼3, and 𝐹𝛼3𝛼 =
[[

𝜔𝛼
]]

∕�̄�3𝛼 , for single applied uniform macroscopic deformation components �̄�33, �̄�33, �̄�𝛼3, and �̄�3𝛼 , respectively, in SyF (black lines)
and PUF (gray lines).
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Fig. 6. Effect of the volume fraction of SyF, 𝑉1, on the variation of normalized local stress components 𝜎11∕�̄�11, 𝜎11∕�̄�22, and 𝜎11∕�̄�33, for applied uniform macroscopic stress
components �̄�11, �̄�22, �̄�33, respectively, in SyF (black lines) and PUF (gray lines).
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Fig. 7. Effect of the volume fraction of SyF, 𝑉1, on the variation of normalized local stress components 𝜎12∕�̄�12, 𝜎12∕�̄�21, 𝜎32∕�̄�23, and 𝜎32∕�̄�32 for applied uniform macroscopic
stress components �̄�12, �̄�21, �̄�23, and �̄�32, respectively, in SyF (black lines) and PUF (gray lines).
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Fig. 8. Effect of the volume fraction of SyF, 𝑉1, on the variation of normalized local couple-stress components 𝜇11∕�̄�11, 𝜇11∕�̄�22, and 𝜇11∕�̄�33, for applied uniform macroscopic
couple-stress components �̄�11, �̄�22, �̄�33, respectively, in SyF (black lines) and PUF (gray lines).
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Fig. 9. Effect of the volume fraction of SyF, 𝑉1, on the variation of normalized local couple-stress components 𝜇12∕�̄�12, 𝜇12∕�̄�21, 𝜇32∕�̄�23, and 𝜇32∕�̄�32 for applied uniform macroscopic
stress components �̄�12, �̄�21, �̄�23, and �̄�32, respectively, in SyF (black lines) and PUF (gray lines).
F
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stress and strain components is crucial for developing an effective dam-
ge and failure theory, analyzing interlaminar cracks or delamination.
owever, these topics lie outside the scope of the present work.
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