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Stability of discontinuous diffusion coefficients for the heat
equation on a star-shaped tree

Emmanuelle Crépeau’ Lionel Rosier fand Julie Valein ¥
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Abstract

In this paper, we study the heat equation on a star-shaped tree network with a piecewise
regular diffusion coefficient. By developing new Carleman estimates, we establish stability
results for the identification of the diffusion coefficient. These stability estimates are derived
using either internal measurements or boundary observations, offering robust insights into
the inverse problem for this class of equations.

keywords network of partial differential equations, inverse problem, Carleman estimate,

parabolic equation.
MSCcodes 35K05, 35R30, 93C20

1 Introduction

In this paper, we address inverse problems on a network formed by the edges of a tree. While
our results are general and could apply to any tree structure, we focus on a star-shaped tree to
simplify the presentation.

The inverse problem under consideration involves determining a discontinuous diffusion coef-
ficient ¢ = ¢(z) in the heat equation

Yo — (c(2)ys)e =0

using either internal or boundary measurements of the solution y(z,¢). This problem has been
extensively studied in the literature (see e.g. [5, [6] 8, @] 17, 18, [19]). The novelty of our approach
lies in extending the analysis to cases where the spatial domain is defined on a tree network. Our
objective is to derive stability estimates that provide ”sharp” results with respect to the choice
of measurements,

More specifically, we consider a star-shaped network R consisting of n 4 1 edges e;, each of
length I; > 0, j € [0,n], all connected at a single vertex which we designate as the origin of all
edges. For any function f: R — R we set

[j = fle, the restriction of f to the edge ey,

(flg = Z £;(0) the transmission bracket at the vertex 0.
=0
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For any given T > 0, we define @ := R x (0,7). On this planar 1-D network, we consider the
heat equation with a variable diffusion coefficient, given by the following system

Y3, t(m t) (C](x)yj,f(m7t))m = gj(x7t)7 J€ [[O,TL]], (‘T?t) € (07lj) X (OvT)7
y;i(l;,t) = hji(t), je[o,n], te(0,T), (1)
( ) 0( )7 r € R,
together with the continuity condition and Kirchhoff law at the vertex 0, namely
yj(oat) = yi(oat) = y(O,t), VZ,] € [[Oa n]]ﬂ te (OﬂT)7 (2)
[eya (t ZCJ )Y5,2(0,8) = k(t), t€(0,T). (3)
7=0

The diffusion coefficient ¢ is assumed to be piecewise C!, i.e. ¢; € €1([0,1;]), i € [0,n], and
0 < ¢min < () < Cmaz, T ER. (4)
In the sequel, we shall use the following notations: Ry = (0, +00), R_ = (—00,0),
L*(R):={f:R>R, f; € L*(0,1;), Vj € [0,n] },
HY(R) = {f: R =R, f; € H'(0,1;), f;(0) = f:(0),Vi,j € [0,n]},
Hy(R) = {f:R=R, f € H(0,1), f;(l;) =0, f;(0) = £;(0),¥i,j € [0,n]} .

For the sake of shortness, for f € L'(R) := {f :R—=R, f; € LY(0,15), V) € [[O,n]]}, we write

| rao = Z / U f @)
<

The norms of the Hilbert spaces L?(R) and HE(R) are respectively defined by

ey = [ 1P Wy = [ 1o

We also denote by L the operator L := 0; — 9,(c0,,) in @ and L* its formal adjoint operator,
namely L* := —0; — 9,(cd,,) in Q.
Our first main result is concerned with stability estimates with internal measurements.

Theorem 1. Let T >0, 7' =T/2, 7 € (0,7/2) and w C R be an open set with w N (0,1;) # 0
for j € [1,n]. Let & be a piecewise C function satisfying and let h; =0 for j € [0,n].
Then for any y° € L*(R), there exists g € C°(w x (0,T)) such that for any piecewise C* function
c satisfying ,
¢i(0) = ¢;(0) Vi € [0,n], and rrﬁax ||Cj||W1.oo(07l7,) < ¢hoe
jelo :

— max?
)

if y and § denote the solutions of , , and associated with ¢ and ¢ respectively, with g,
k=0 and g9 = yo, then we have

lle —éll2ry < C (llye — BellL2@x (ry) + Nyee = Geell L2 (r))
Hlye(T") = (T 2wy + 19(T) = G2y + 19(T) = H(T )l 2wy) - (5)
Note that internal measurements are required on only n of the n + 1 edges in the network.

Our second main result is concerned with stability estimates derived from boundary measure-
ments.



Theorem 2. Let T >0, T' =T/2, 7 € (0,T/2) and ¢ be a piecewise C' function satisfying ().
Then for any y° € L*(R), there exist some functions h; € C1(0,T), j € [0,n] with ho =0, such
that for any c piecewise @' function satisfying ,

¢i(0) = ¢;(0) Vi € [0,n],
maX;eo,n] H0j||W11°o(o,zj) < 0717%3%,

if y and y§ denote the respective solutions of , , and associated with ¢ and ¢ respectively,
with g=0, k=0 and §° = y°, we have

le—éllrewy < C<Z [”ym(lj) — Gea () lL2(r) + Neea (1) = Grea(5) | 27 1)
j=1

+ 1952, T') = G2 (1, T | + [l (T7) = ﬂ(T’)llHl(az)>-

Note that only boundary measurements on n exterior nodes for n + 1 edges of the network
are required.

Theorem [I| provides a stability estimate for the discontinuous diffusion coeflicients using
measurements of the solution’s derivative on open sets of n edges along with measurements of
the solution over the entire network of n 4+ 1 edges at time 7/2. That theorem holds under
the technical assumption that the diffusion coefficients are equal at the central node. Theorem
establishes a similar result, based on n boundary measurements of the solution’s derivative under
the assumption of the equality of diffusion coefficients at the central node and at n exterior nodes
where the measurements are taken.

The key to obtain both theorems is a global Carleman estimate. In the context of parabolic
equation with discontinuous diffusion coeflicient, a Carleman estimate was shown in [10] to prove
the exact controllability to trajectories and in [6] in the context of inverse problem, under a
condition on the monotonicity of the coefficient. Without imposing such monotonicity, a sta-
bility result for identifying the diffusion coefficient in the one-dimensional case was achieved in
[B]. Moreover, [19] established the Lipschitz stability of principal coefficients for a parabolic
system, assuming partial knowledge of the coefficients on an open subset of the boundary. For
coupled systems, [8] addressed the inverse problem of simultaneously identifying two discontin-
uous diffusion coefficients in a one-dimensional parabolic system using observations of only one
component. Additionally, [9] provided stability results for reaction-diffusion equations, focusing
on the simultaneous determination of the diffusion coefficient and the potential using internal
observations.

To bypass additional assumptions on the discontinuous diffusion coefficients, we derive a
Carleman estimate in one less derivative. This approach builds on prior work: [I5] introduced
Carleman estimates for hyperbolic operators in H~! spaces, yielding Holder stability results for
inverse problems involving coefficient determination in acoustic equations with a single measure-
ment. This idea was further explored in [I1] for the controllability of parabolic systems and in
[18] for the stability of discontinuous diffusion coefficients in the heat equation.

Concerning the inverse problem on networks, the only works we know consist of determining
a potential for the wave equation in [2} B 4], for the heat and Schrédinger equations in [13],
and for parabolic equations on networks with loop in [I]. To the best of our knowledge, no
stability results currently exist for the identification of discontinuous diffusion coefficients in the
heat equation on star-shaped networks.

Our contribution addresses this gap. Both theorems presented in this work rely on global
classical Carleman estimate in L?(R) for a tree-shaped network. The primary challenge lies
in designing appropriate Carleman weights to handle terms at the central node arising from
integrations by parts. By leveraging this L?(R) Carleman estimate, we derive estimates with
one fewer derivative in the source term through a null controllability problem. Subsequently, we



establish stability results for stationary problems under specific assumptions. Our main theorems
require repeated use of these refined Carleman estimates and stability results, necessitating the
preliminary construction of a control ensuring the validity of assumptions about the stationary
solutions.

The paper is organized as follows. In Section 2, we provide some Carleman estimates in
L?(R) with internal measurements, and next we derive some Carleman estimates with one fewer
derivative. Finally, Section 3 is dedicated to the establishment of the stability estimates.

2 Carleman estimates

In this section, we will establish three Carleman estimates for both operators L and L* defined
on a star-shaped network R.

2.1 Carleman estimates in L?*(R) with interior observations

Let A > 0. We define the weight functions

M) A AB(@)
)= —— )= ————

for all (z,t) € R x (0,7T), where 3 and j3 are defined as in the following lemma.

(6)

Lemma 3. Let w; C (0,1;), i € [1,n], be n (nonempty) open sets and let w := Usepy pjwi- Then
there exist (ag, ..., an,b1,...,bn,d) € (R x (Ry)"! and B > 0 such that, defining the
weight function B on R as
Bo(x) = apz +d, for x €[0,l], (7)
Bi(x) = a;x* + bjz +d, forx €0,1;], j € [1,n], (8)

then for alli,j € [0,n] and all z € [0,1;], we have

Bi(0) = B;(0), 9)
0< g < Bj(x) < B, (10)
8;(1) <0, (11)
B'(z) #0 on R\w, (12)
and the following (n+ 1) x (n+ 1) symmetric matrix

B5(0) + B81(0) B,(0) e B4(0) —B5(0)[eB']o

BH(0) + B4(0) - 5 ~B5(0)[e8o
Ag = . . (13)

B,(0) :
B4(0) + 67,(0) —B5(0)[cB']o

B5(0)([cA']0)? + [c*(B)%]o
is positive definite, i.e.

Ja > 0, VE € R"Y, (Ag€,6) > ale]”. (14)

Proof. First we fix ag < 0. The continuity condition @ follows directly from the choice of the
weights in —. Second, the matrix Ag is positive definite if and only if all of its leading
principal minors are positive. Using the definition —, we get (3(0) = ag and }(0) = b;,



j € [1,n]. We choose b; = by > 0 for all j > 1. Thus, the symmetric matrix Ag becomes

n
ap + b1 ag ce ao —ap | apco (0) + b1 Z Cj (0)
=1
. . n
ao + b1 t. . —ag | aoco(0) + b1 Z c;(0)
j=1
Ag = a0 ,

n
ao + b1 —ag (aoCo(O) +biy 01(0)>
j=1
2

ao (aoco(o) +b1Y ¢ (0)) + a3 (0) + b3 > c3(0)
j=1 Jj=1

and to get the positivity of leading principal minors, we actually need

(jao +b1)bi ' >0, Vje[1,n] (15)

Det(Ag) > 0. (16)

On the one hand, choosing b; > —nag yields , since by > 0. On the other hand, the
function Det(Ag) = P(ag, b1, co(0), ..., ¢, (0)) is a polynomial in by of degree n+3. More precisely,

the leading order term in by of Det(Ag) comes from the product of the diagonal terms and is
given by

by "3 (0)
j=1

and choosing by sufficiently large (positive) gives P(ag, b1,co(0), ..., ¢, (0)) > 0, which gives (16).
Third, we choose a; < 0 such that holds. Indeed, for all j € [1,n], 8i(z) = 2a;z + b; =
2a;x + by, and if w; C (pj,q;) C (0,1;) we want that —by/(2a;) € (p;,q;) which is equivalent to
f%j <a; < 72%_ < 72%. This directly implies .
Finally, it remains to verify . We clearly have agly +d < Bo(x) < d and ajljz +bil;+d <
Bi(z) <d-— % for j € [1,n] Therefore, is equivalent to

d<f
~ B <, VWie[Ln]
@< 2(aolo+d)
p<2d
ﬁ < 2(0,]1]2 +bll]‘ -|—d)7 VJ S [[1,71]]

Since a; < 0 for j € [0,n], the conditions reduce to

b? 8 .
§<2(%+1)
Boo@lithb 4y vie[in]

It is then sufficient to take d large enough so that

b? aolo a;lF + bl
1—— ) <min{2(——4+1), mn 2|2 —L 41|},
s () <2 (00 (5

and next to pick any number

b2 aolo ajlz- + b1lj
1— L in<2(—2+1 in 2 22— 41
o (1) 2 (5 o) 2 (25541 )

and to set 8 = vd. O




Theorem 4. Let w; C (0,1;),4 € [1,n], be n nonempty open sets and let & := Ujc1 n]@i-
Assume that ¢ and n are as in @ with B as given by Lemma@ Then there exist A\yg > 0, sg > 0

and a positive constant C = C(T, R, @, ¢min, Cmax, 8) such that the following Carleman estimate
holds

T
sA? // olugPe” 2 dxdt 4 s \* // <p3|u|26725"dxdt+53)\3/ (0, 8)]3|u(0, t)|2e 2O gt
Q
<C [ 3)\4/ /cp lu|?e 2577dxdt—|—/ lus + (cug).|2e” 2 Tdadt

JrS/\/ (() t) |k( )|2 —2sn(0,t) dt + 7/ ‘kt 2 72577(0 t) dt] (17)
0

for s > sg, A > Ao and u € D(L) = {u € L?(0,T; H}(R)),Lu € L*(Q)} if £+ = —, or
uwe D(L*) :={u € L*(0,T; H}(R)), L*u € L*(Q)} if + = +, where k € H'(0,T) is as in (3).

Proof. We only treat the case of the operator L* = —0; — 0,(c0;), the other case (9; — 0,(c0,))
being obtained as a direct consequence by performing the change of variable t — T —t. Let s > 0
and A > 0, and set w = e~y and Pw = —e~*"L*(e’"w). After computing Pw, we split the
terms as follows:

Pw = Piw + Pow + Rw

where
Piw = (cwy)s + 2N (B)cw + snuw, (18)
Pow = w; — 25 pcBw, — 25 2pc(B)w, (19)
Rw = —s\p(cB)pw + s)pc(B')w. (20)

Therefore, Pyw + Pow = Pw — Rw and

/ |Pw — Rw|? dedt = // |P1w\2da:dt—|—/ | Pyw|? dadt
Q Q Q

+ 2/ PywPyw dxdt. (21)
Q

The main task in the proof will be to minimize the cross-terms in PywPow by positive and domi-
nant terms looking similar to the ones in the left-hand-side of and negative boundary terms
that will be moved to the right-hand-side of the estimate. For the sake of clarity, we divide the
proof in several steps.

Step 1. Main calculations
3

We set (Pyw, P2w>L2(Q) = Z I; ;, where I; i, is the integral over @ of the product of the ith-term
ik=1
in Pyw and the kth-term in Pow. Then after some integrations by parts, we obtain

Iy _// cwy ) zwy dedt = / wy (0, t)[cw,]odt,

since w(z, O =w(z,T) =0 and w;(l;,t) = 0;
Ly = s)\2/ lcw, |2 (B <pdxdt+s)\/ lew, 28" ¢ dxdt

T
—SAZ/ |Cj(lj)wj,z(ljvt)|2<Pj(lj7t)ﬂ;(lj)dt+3)\/ [lew: 28], (0, ) dt;
= Jo 0



L3 = 23)\2/ lcw,|*(8")2p dxdt + 25\ // Awwy (8¢ dedt

+25)\? // cwwyp(c(8)?)s dxdt+2s/\2/ w(0,t) [Pwy (8], #(0,1) dt;

0
I, = —52)\2 // c|w| gogaf dxdt;
Ly = 35\ // lcw|*(B")*p® dadt 4 s3)\3 // lw|?(c 3)o® dadt
g

1008 / [[e2(8')°], w?(0, )6 (0, 1) dt:

Ly = 233)\4/ lew|?p Y dxdt;

s
I;; = 77/ |w|2nttdmdt;

I3o = s$°)\° // c|lw?(B)np dedt — s2\2 // c|w|*(8) s dedt

+52)\/Q|w| (eB")wipme dmdt+s2)\/ (e8], w?(0,2)(0, ). (0, ) dt;
0

I3z = 7232)\2// clw|?o(B')*n, dxdt.
Q

Thus, we obtain
(Py (), Pa()) 12y = 352 / / lcws|? p(8)? dadt + 557\ / lew|? o384 dadt
Q Q
- 3)‘2/0 lej(l)wj (U, )] w1y, 1) B5(l) dt + X + B (22)
=0

where X is the sum of the remaining interior terms and B is the sum of the trace terms at the
central node.

From now on, M > 0 will be a generic constant depending only on the network R, the time
T, ¢min and cpax and on By, ..., B,, but independent of s and .

Step 2. Boundary terms at the central node.

Lemma 5. Under the hypothesis of Lemma[3 for the weight function (3, the sum of the trace
terms at the central node 0, denoted B in satisfies

T T
B2 5o [0 0.0 = 21k [ a(0.0e 20 k(o)
0

M T
=5 [ Ok de (23)

for s sufficiently large and any A > 1.
Proof. Gathering all the terms at the central node 0, we get
B=By1+Bi2+DBi13+ B2+ B3

where B; ; comes from I; ;.



We denote by B2 the sum of B2 and Bs o, i.e.
T

T
Biap = sA/ [lews|*B] (0, 1) dt + s°\° [ICIQ(B’)s]O/ Jw(0,1)[* (0, 1) dt.
0 0

Since w = e~ %"y gives w, = sApf'w + e 5"u,, then
n

[cwz]o = Z ¢ (0)w; 2(0,t) = sAp(0)w(0)[cB]o + e 1Ok (t), (24)

Jj=0

where we wrote ¢(0), w(0) and 7(0) instead of ¢(0,¢), w(0,t) and n(0,t) for the sake of shortness.
We can write

c0(0)wo 2 (0) = sAp(0)w(0)[cB]o + e *" O k(t) ch Jw;z(

Using this expression, we thus obtain

18" lews "o

2
5(0) (Sw( Jw(0)[cB'lo + e~ "V k(1) Z ng(O))

+ZB ) le; (0)w; .0 (0)°
e (0)285(0)w(0)%([e5]o)?
+B5(0)e 21O [k()* + 3 (5 (0)) [e(0)w;, (0) ]

+26600) D2 €i(0)e;(0)wia(0)w;0(0)

+25MB(0)w(0)p(0)[cAloe "V k(t) (0)) e Dk(t)c; (0)w; .. (0).

Jj=1

Therefore,
T T
Bias = s\ / 0(0,8) (AgW (1), W (1)) dt + sA / ©(0,1)35(0)e 21O k(1) |* dt

0 0

T
25202 / B1,(0)w(0, )2(0, £)[cBToe "D (2) dt
0
—23/\2/ B1(0)(0, E)e 10D () (0)uw;.0 0, £)

with W (t) = ((¢;(0)w;,5(0,1))j=1...n, sAp(0,t)w(0,t)) and Ag defined by (13).
Using Lemma [3] (see (14))), we get

T 3 2 = T 2
Buas > as®\? /0 10(0,8)[? [w(0, 1)| dt+asAZ /0 0(0,1) |¢; (0)w;.0 (0, 8)[2 dt
T T
1A / £(0,8)8)(0)e= 20 k(1) di + 252X2 / B5(0)w(0, )0 (0, 1) e Joe MOV k(t) dt
0

*MZ / B0 (0. e TN k(t)c;(0)0 (0,)



By Young’s inequality,

22 / B)(0)w(0, 1) (0, 1) [eBJoe =" OV k(t) dt

T

T
M
< e\ [ 0.0 0.0 d+ Eah [0 O k() e

and
SAZ / 55(0)0(0. e O k(t)es (0, 1 (0.1)
T M T
< GSAZ/ »(0,1) |Cj(0)wj7w(0’t)|2 dt + —3)\/ 0(0,1)e=25108) | k(1|2
=170 € 0
for any € > 0.

Moreover, by and the fact that ¢(z,0)w(z,0) = p(z, T)w(z,T) = 0, we have by integration
by parts

|Bi1| =

T T

s\ / (0, 1yw(0, t)wy (0, ) [cB), dt + / =100, (0, D) (¢) dt
0 0

SA

2

IN

| 001,002

0

T T
+ —/ w(O,t)e—sn(o,t)k;t(t) dt+s/ w(07t)k(t)nt(07t)e—3n(0,t) dtl .
0 0

Using Young’s inequality and the facts that for ¢ € (0,7),
T210(0,t)] > 1, (25)
e (0,8)] < T (0, )" < T% (0, 1), (26)
(since 5(0) > 0) and

T 5 T
001 mrr e S pa e = TIe0.0F = Tle.01 [p0,0"* (27

(see (|10))), we obtain
T
|Bia| <M ((s)\T3 + sT? +52T6)/ (0, 2) % [w(0, t)|* dt
T
7/ e~ 200 |, (1) dt + s/ e 21O 6(0,1)| |k (t)]? dt> :
Using again , we have
T
Brs = 25203 / w(0,£)20(0, £)%co(0) (B4 (0))? [cB], dt
0
n T
—170
J . .,
25003 [ (5100265050, (0. (0, 1)ds
j=1"0

280 / (50(0))20 (0)w(0, £)p(0, E)e 1O () dt,



and then, using Young’s inequality and (25)), we obtain

T T
|Bia| <M <52A3(T2 +T% / w(0,8)|*|0(0,8)° dt + A / (0, 1)e= 2100 k(1)
0 0

n T
Y / 165 (0)w.0 (0, £) 2 (0, 2)
j=1

Finally, by , we can prove that

|B32\<MT32/\/ w(0, D)2 (0, 1) dt.

AS B = 312’2 + Bl,l +Bl’3 + Bgyg Z 312’2 — ‘B1’1| — |Blyg| — |Bg,2|, we then obtain fOI‘ S Z ].,
A>1ande >0,

T
B> ((a—€)s* X3 — M(sAT® + sT? + s?T5 + $*\*(T? + T*) +T52>\))/ lw(0, )% |0(0,8)[° dt
0
n T T
+ (ash — MA—es)) Y / ©(0,2) |¢j(0)w; . (0,8))* dt + s\ / ©(0,1)35(0)e 21O k(1) [* dt
j=1"0 0
M ’ —2sn(0,t) 2 Mo " —2sn(0,t) 2
— (A + Ms+MN) [ @0, 0)e 21OV ()" dt — = | e 2O k(1) dt. (28)
€ 0 0

Consequently, by taking s sufficiently large and e small enough, we get . O

Step 3. Interior terms.

Lemma 6. The sum X of the remaining interior terms of satisfies

1
| X| <M (<s3)\3 + s)\4) / lw|? @ dedt + (sA+esA?) / |we|?p dxdt)
€ Q Q

for some suitable constant M = M(T) >0 and alle >0, A > 1 and s > 1.

Proof. Gathering all remaining interior terms of , we get

X=X12+X13+ )?271 +Xoo+ X3 + )}3,27

SA // |cwm|2[3"gpdxdt‘ < MsA // lw, > dadt,
Q Q

‘)}21 _‘ 25%\? // clw|*(B <p<ptd1:dt’ < MTs*\? // lw|? || dadt,

(by an estimation similar to (26))),

s3\3 // lw|?(c Hep dmdt' < Ms3)\3 // lw|? |o|® dzdt,

| X5,1] = ‘;// |w|*ne d:cdt’ < MT%/ lw|? || dadt,
Q Q

where
| X1,2] =

| X22| =

10



and

‘Xg 2’ = |s2)\? // clw|*(8)on; dxdt+32)\/ |w|?(cB")won: dxdt‘
S(MT§V+JHEAX/|wWﬂBMﬁ
Q
since
ne(, 1) < MT? |p(,1)[°
and

e, 1)) < MT [op(, )] (29)

Moreover, using Young’s inequality, the fact that
T e, t)| =1 V1) € Rx (0,1), (30)

and A > 1, we obtain

| X1 3] = [25\3 // Cwwy (83 drdt 4+ 25)\2 // cww,p(c(B)?)a dxdt'
Q
MT?
< sAt // lw)? o|® dedt + Mes/\z/ |we | dadt
€ Q Q
for any € > 0, which concludes the proof of Lemma [6] O

Combining (21] . Lemma [5| I and Lemma@, we obtain

Piw 2 dxdt + Pgw 2 dxdt + % cwm 2 ﬂ’ 2p dadt
| ¥

+233)\4// w2 o3 dxdt—?s)\Z/ o315 1) ey (1 wso (1 D BLL) dt

3ﬁ/|meMMNm</|mURMMMt

+ M 53)\3 )\4 U) dl‘dt + SA + 65)\2 Wy 2g0 dxdt
T

M
+ MsA / ©(0,1)e= 2100 |k(1)]? dt+ 5 / e 200 |k ()% dt. (31)
0 0

Using 7 and , we then obtain

T T
// | Pyw|? dacdt—i—// |P2w|2dxdt+s/\2/ / |wm|2<pdxdt—|—33)\4/ / lw|? @ dadt
Q Q 0 R\w 0 R\w

T
+ﬁv/|ﬂwWWmm%
0

1
<M (// |Pw — Rw|* dxdt + <s3)\3 + s)\4> / lw|? o dadt + (sA+esA?) / |w, |2 dxdt
Q € Q Q

T T
1
o) / (0, 1) 2100 (1)t + / €250 |1 (1) dt) .
0 0
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By (20, we have

// |Pw — Rw|?* dzdt < 2// \Pw|2dxdt+2// | Rw|? dadt
Q Q Q

2// \Pw|2dxdt—|—M52)\4// lw|? ©® dadt. (32)
Q Q

IN

Consequently, we have

// |P1w|2da:dt+// |P2w|2dxdt+s/\2// |wm|2cpdazdt+53)\4// lw|? o* dadt
Q Q Q Q

T
et / 100, £)[w(0, )| 2dt
0

1
<M (// |Pw|? dzdt + (s?’)\?’ + 2Nt 4 s/\4> // lw|? ©® dadt
Q € Q

T T
1
+ (sA + €sA?) // |w, |2 dxdt + s)\/ ©(0,1)e= 2100 |k ()] dt + 7/ e~ 20N |k, (1) dt
Q 0 s Jo

T T
—l—s)\2/ /|wz|2g0dxdt +s3)\4/ /|w|2g03dwdt>.
0 w 0 w

Taking € small enough, A sufficiently large and then s sufficiently large (which depends to A
and €), we arrive to

// | Pywl|? dxdt—i—// | Pow|? daxdt + s\? // |wm|2<pda:dt+53)\4// lw|? ©® ddt
Q Q Q Q

T
#5000 [ 10,0 w0, Pds
0

T 1 T
<M ( / / \Puwl? dadt + s\ / (0, 1) 210 k(1) dt + / =200 |1 (1) d
Q 0 0

T T
+S/\2/ /|w$|2<pdxdt+s3)\4/ /|w2ap3dxdt>. (33)
0 w 0 w

Step 4. Back to the variable u.
The facts that u = e*"w and 1, = —Af'p give that

sAZpe25m |ugg|2 <C (s)\2<p |wgc|2 + 30 |np|3 |w|2)

and
A2 |wm|2 <C (5)\2@67237] |uT/|2 + 304 |<p|3 e~ 2sm |u\2) . (34)
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These estimates combined with leads to

// | Pywl|? dacdt—l—// | Pow|? daxdt + s\? // e 2 |ug|* ¢ dudt
Q Q Q

T
+53)\4// e~ 2sm |u|2g03dxdt+53)\3/ |<p(0,t)|3\u(0,t)|26_25"(0’t)dt
0

T
<M <// =20y 4 (cug).|” dedt + s/\/ ©(0,8)e= 2100 k(1)) dt

+?/ e 25100 |k, (1) dt+s3)\4/ / =20 || 3 dadt
0
+s)\2/ /6_2817 |um|2<pdxdt>.
0 w

To prove the Carleman estimate 7 it remains to absorb the last term in the previous
inequality. To do that, following [I0, Proof of (100)], we can show that, for w C @,

T T
s/\z/ / ¢ lug|® e 2 dadt < M <s3)\4/ / % ul? e~ dxdt +/ lug + (cug) s ezsndxdt> ,
0 w 0 w Q

which leads to the Carleman estimate (17)).

2.2 Carleman estimates with one less derivative, with interior obser-
vations

Theorem 7. Let us consider the following problem.:

(CQ:C);C = fa:a in Qa

(l t) =0, vj € [0,n],Vt € (0,T),
qz(O t) =q;(0,t),  Vi,je[0,n],vte (0,T), (35)
[qu( )] = 0 Vt € (07T)7
q(x,0) = (x) Vo € R.
Let w; C (0,1;), i € [1,n], be n nonempty open sets, and let w = Ujep njwi. Assume

that ¢ and n are as in @, and that B is as given by Lemma @ Assume that qo € L*(R),
f € L?(0,T, HY(R)) with f(0,t) = 0 for a.e. t € (0,T). Let so,\o be as in Theorem pick
A > Ao, then there exist § > so > 0 and a positive constant C = C(T, R, w, Cmin, Cmaz) such that
the following Carleman estimate holds

T
// 3\ p3e™2 g2 dxdt < C (// s2\2p? _257’|f\2dxdt+/ / 83)\4<p3€_2577|q|2d1'dt> ,
0 w

(36)
for s > 5 and q satisfying .

The proof relies on the original proof of Imanuvilov and Yamamoto [I4], see also [I5], to
obtain a Carleman estimate for a parabolic operator with one less derivative in the source term.
For simplicity, we follow the proofs given in [I1] and [I8§].

Proof. Using integrations by parts and the fact that f(0,¢) = 0, we see that the function ¢ is
solution of in L2(Q) if and only if it satisfies for any g € L?(Q)

//Q qgdxdt = —//Q f%dxdt—i—/yqoz(O)dx, (37)
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where z € D(L*) is the solution of

—Zt — (Czl) in Q,
zj(l;,t) =0, Vi € [0,n],
21(0 t) = ( t), Vi, j € [0,n],Vt € (0,T),
[cza(t)], 0 vt € (0,7T),
z(x,T) =0, Vo € R.

Let s and A be as in Theorem [4] and let us introduce the following fourth order problem with
unknown

pePy:={uecC*Q); wu;(ljt)=0, u;(0,t) =u;(0,t), ¥i,j € [0,n], [cus(t)]o = 0Vt € [0,T]},

L* ( —QSULp) 4 83)\4 —QSnp]lw — 83)\49036_2877(], in Q7

(e _anLp) ( t)=0 V4 € [0,n],Vt € (0,T),

(e=257Lp); (0 t) (e7251Lp),(0,t), Vi, j € [0,n],vt € (0,T), (38)
[ (e=27 Lp) ()]0_0 vt € (0,7),

(e21Lp)(,0) = (=21 Lp) (2, T) =0, Vo e R,

where ¢ € L?(Q) is solution of (35).
We define on P? the bilinear form a and on P, the linear form b, as follows,

T
:// efQS”Lpr’d:rdtJr/ /53/\4<,03672577pp’d:17dt,
Q 0 w
:// 3N pBe™ 2 gp! dudt.
Q

It is clear that a is a positive bilinear symmetric form on P3. As Py C D(L), we can apply the
Carleman estimate to p to obtain

// s3\p3e™ 2 p|2dxdt < Ca(p, p), for all p € Py. (39)
Q

Thus (P, ||.|la), where ||.||s :== v/a(.,.), is a normed space.

Let P := 150”"'“ be the completion of Py for the norm ||.||,. Then P is a Hilbert space for
the scalar product a(.,.) and all functions in P satisfy inequality . Furthermore, thanks to
Cauchy-Schwarz inequality and we obtain,

1/2
by(p)] < CV2 (//Q 33A4¢Se25"|q|2dxdt) 1pla- (40)

Thus b, is a continuous linear form on P.
Then we can apply the Lax-Milgram Theorem and the following variational problem possesses
one and only one solution p € P:

a(p,p’) =by(p'), Vp' € P. (41)

Using some test functions p’ € Py, we obtain after integrations by parts that the solution p also
solves the first equation in in the distributional sense.

Let us set @ := —s3\*p3e™29"1,p, 2 = e~ 2" Lp. Using appropriate test functions in , we
see that 2 € D(L*) and 2 is solution of the null controllability problem,

—2 — (c2p)e = 0+ 83N p3e™ 297, in Q,

2i(l;,t) =0, vj € [0,n],

2i(0,t) = £;(0, 1), Vi, j € [0,n],Vt € (0,T),
[cz.(t)], =0, vt e (0,7),

2(x,T) =0, 2(z,0) =0, Ve € R,
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and using applied to % we have,

T
/ / SN 32 g2 dxdt = — / / fipdadt — / / qudazdt. (42)
Q Q 0 w

With we have

1/2
alp.p) = by(p) < C'V2 ( / /Q s3A4w3e—28”q|2dxdt) a(p, p) 2.

Thus

T
a(p,p) = // 623”|2|2dxdt+/ /5_3)\_4<p_3e25’7\ﬂ|2dxdt < C// SN pBe 2 g2 dadt. (43)
Q 0 Juw Q

We will now give an estimate of the integral term // sTINT2p 22 ¢| 2, |Pdxdt. Let Q, =
Q

R X (tn,T,) where the numbers 0 < t,, < T,, < T, n € N, will be defined later. Let
I = // sTENT 2 2e? | 5, | P dadt.

First, we make an integration by parts to obtain

I = // 3*2)\*29072@2877[—(0273)317}2 dmdt+// 872)‘72(507262877&(—65@)2dmdt.

n n

Ig I3

As —(c22) = 0+ 3 M p3e=2q + 2, we have

I, = / / sTINT2p2e2 54, dadt + / / sA\2pzqdrdt + / / sTEINT2p 72255, dadt
Q

n n n

Iy I Is
First of all, we have (¢2e27), = —2 @~ 2(1 + sp)B'e?*", thus for s sufficiently large we have,
(7262, < Chsp~le.

Thus we get by using
|I3] < C// sTINT o™ e | 3|5, | dadt
< ;//n 5_2)\_2cp_2623”c|2$|2dxdt+C’//Qn e**M |22 dxdt
< ;IlJrC//Q 3\ p3e™ 25 g2 dadt. (44)

By using Minkowski estimate and , we obtain

Iy < C’// 625"\2|2dxdt+0// sTINT T a2 dadt
Qn Qn
T
< C// e2sn\é|2dxdt—|—0/ /3_3)\_4<p_3628"\12|2dxdt
n 0 w
< C// 3\ pBe ™2 g2 dadt. (45)
Q
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By using Minkowski estimate and (43), we obtain

C’// 625"\2|2dxdt—|—0// 2\t p?e ™2 g2 dwdt
n Qn

C//Q 3\ B e g2 ddt. (46)

IN

|5

IN

First of all, we make an integration by parts in time:

T,
1 1 "
I = — / / 72N (262, |2 Pdudt + [2 / sT2N2p 7262 2 2
" R tn
But we have
(726 7),] = (=20 %1 + 250~ 2 )e>|
< o3 (|ne] + o) (1 + s0)e® < C'se?™,

since |¢¢| + |ne] < Cry?. Then, we get with ,

1
‘2// 5_2)\_2(Lp_2623")t|22da?dt’

IN

C// sTINTZe2N 32 ddt

Q

C’// 3\ pBe ™2 g| 2 dadt. (47)
Q

With estimates , , and , we infer that
1 I
[/ 52)\2@2625"|2|2d:17] .

2 Jx

tn

IN

|I;] < C’// 3N pBe 2| g| 2 dadt + (48)
Q

To choose the times t,, and T;,, we need the following lemma.

Lemma 8. Let T >0, r > 1 and ¢ : (0,T) — R be a measurable function with ¢ € L*(0,T).
Then there exists a decreasing sequence (tn)n>0 in (0,T) with t, — 0, such that t |C(t,)| — 0.

Proof. To prove Lemma [ we have to show the following statement:
VC >0, Ye >0, 3t € (0,¢) t"|¢(t)] < C.
If the statement is false, we may pick some numbers C' > 0 and € € (0,T") such for all ¢ € (0, ¢),
we have t"|((t)] > C. This yields /6 [C(t)|dt > C’/E t~"dt = oo, contradicting the assumption
¢ € LY0,T). ’ ’ O
We apply Lemma |8 twice to the function ((t) := /33625’7\2|2dx with » = 2. Note that

¢ € LY0,T) by . We may pick two sequences (tn)n>0, (Tn)n>0, With 0 < ¢, < T, < T,
tn 0, T, /T and
tfl|<(tn)‘ + (T - Tn)2|<(Tn)| — 0 as n — oo.

Since ¢(z,t,) 7% < Ct2 and ¢(z,T,,) "2 < C(T — T,,)?, we infer that as n — +oo

1 T7L
[ / 5_2)\_2@_2623”|2|2dx}
2 Jx

in

— 0.

Letting n — oo in , we conclude that

// 2N 22| 5, | P dadt < C// 3N pBe ™2 g2 ddt. (49)
Q Q
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With (42)), and ([49)), we have
T
// 3N pBe ™2 g2 dadt = —/ fizdzxdt —/ /qﬁdwdt
Q Q 0 w
1/2
< <// 52>\2(p2€28n|2x2d$dt> <// 52A2<p2625"|f2d1:dt)
Q Q
T 1/2 T 1/2
+ (/ /3_3A_4<p_3623"|122dxdt> (/ /33)\4<p3e_28"q|2dxdt>
0 w 0 w
1/2 1/2
<c ( / / Saw%—?s”qﬁdm) (( / / $2\2p2 —%"f|2dxdt>
Q
. /2
+ (/ / 53A4tp3625”|q|2dzdt>
0 w

Thus we obtain the desired Carleman inequality . O

1/2

2.3 Carleman estimates with one less derivative, with boundary ob-
servations

By following the same lines as in [I8], we shall obtain a new Carleman inequality for boundary
observations. We will use again the Carleman estimate with distributed observation in L?(R).

Theorem 9. Let us consider the following problem.:

(qu) fa:; in Qa

Q7 (lwt) 0, Vj € [[07 n]],
G(0.6) = q,(0,1), Vi, j € [0,n], ¥t € (0,T), (50)
[eqz ()] 0, vt € (0,T),

q(z,0) = qo(z), Vo € R.

Extend the network R in another network R with the edges [0,1; il, 7 €10,n], where 0 < I; < l
for j € [1,n] and ly = lo, and fix an open subset w C R\ R intersecting each interval (1, 1; )

for 1 < j < mn. Assume that @ and n are as in @, and that B is as given by Lemma@for R
and w. Assume that qo € L*(R), f € L*(0,T, H'(R)) with f(0,t) = 0 for a.e. t € (0,T). Let
S0, A\g be as in Theorem . Pick A > Ag. Let Vy := Ui<i<n(li —€,1;) for some € € (0,inf1<;<y ;).
Then there exist § > so > 0 and a positive constant C = C(T, R, Cmin, Cmaz) Such that if q €
L*(Q) N L3(0,T, H*(V4)) solves (B0), then the following Carleman estimate holds for s > §

// 3\ p3e™29 g2 dxdt < C (// $2\2p?e ™25 £ 2 dxdt
Q

o[ ZsAw OO f(15,0) + 05) 50, ) et

Proof. We still follow the proof given in [I8, A.2.3]. Let Q= (0,T) x R. We extend ¢ and f
on Q by setting f =0 and ¢ =0 in Q \ Q. We set go(x) =0 for z € R\ R. We also extend ¢
smoothly such that 0 < ¢pmin < ¢(2) < Cmax < 00 in R. We are then in the same situation as in
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the proof of Theorem [7] with R replaced by R. The function q satisfies the system
Lg:=q — (cqz)e = (fo)lm + X0 (cjqj0)(1)01,,  in Q,

g;(lj,t) =0, vj e [0,7],

qi(0,t) = ¢;(0,1), Vi, j € [0,n],vt € (0,T), (51)
[cq2(t)]y = 0, Wt € (0,7),

q(z,0) = qo(x), Vr € R.

Then is replaced by

/ /Q agdwdt =~ | /Q fzxdxdtJri: / 1)+ )0y, 0) 2, )+ | =0tz (52

where z € D(L*) is a solution to

—zt — (¢2z)z = g, in Q,

Zj(ij,lL) = 0, Vj S [[O,TL]],

z(0,t) = z;(0,1), Vi, j € [0,n],Vt € (0,T),
[cz2(t)], =0, vt € (0,7),

z(x,T) =0, Vo € R.

We modify the calculations in the proof of Theorem [7 by taking into account the boundary
terms. Since ¢ =0 and f =0in Q \ Q, then is replaced by

n T
Jf, o3t mmapasas == [ saadsdr 32 [7 65000 + 6005000005000 59

Then we get and with Q instead of (). To obtain the desired Carleman inequality, we
just need to prove that

n_ T
3 /0 550 + 5 (13)a5.0 (15, 025 (1, £)dt
j=1

1/2
1/2 n T
SC(// 83>\4<P36_25"|q|2dfdt) (Z/ SA%Oj(lmt)e_zg’”(lj’t)(fj(lj,t)+Cj(lj)q3',z(lj7t))2dt> - (34)
Q j=170

As for any j € [1,n] and for any t € (0,T), we have (¢~ e**"2%)(., t)j(0,1,) € W"'(0,1;), and
as for any function p € WH(0,1;), |u(l;)] < C(féj|ux|dx + folj |p|dz), we have by using (43 and
(19)

n

T
/OZs*lxhpj—l(lj,t)eQS"-f(lw%f(lj,t)dt
J

1

<C (// 871)\714,071625772261.%(#4—// 81>\1|(cp16257’22)m|dxdt>
Q Q
< C// sTINT o e | 22 dadt + CsTIAT! // ’(4,0_162‘”’)1
Q Q
+COs7IAT! // o Le? |52, |dadt
Q
< C// 628"\2|2d:cdt+05_1)\_1// o te? |25, |dadt
Q Q

< C’// e\ 22 dxdt + Cs™*A 72 // 0 2|3, |2 dadt
Q Q

< C// 3N pBe 2 g2 dadt
Q

which gives and completes the proof of the Carleman inequality. (]

22dxdt
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3 Stability results

Let y and g be the solutions of

Yt — (ny)a: = g]lwa V(xvt) € :R X (OvT)a
yj(lj,t) = hj(t), V_j S [[O,nﬂ,t S (07T),
y;(0,t) = 4 (0, 1), Vi, j € [0,n], t € (0,T), (55)
[eya (1)), = 0, vt e (0,7),
y(l’,O) = yo(x)v Vo € :R;
and
gt - (E:&w x — gﬂwa V(.ﬁl),t) € R x (OvT)a
gj(lj,t) = hj(t), Vj S [[O,nﬂ,t € (O,T),
ﬂj(O,t) = 4;(0,t), Vi, j € [0,n], t € (0,T), (56)
[Eﬂﬂf(t)}o = Oa Vt € (OvT)a
7(z,0) = §%(x), Vz € R,

respectively. Let
E:=c—¢ and v:=(y —9).

Then v satisfies the following problem

—(cve)e = (EVta) s V(z,t) € R x (0,7),
(l t) =0, V4 € [0,n],t € (0,T),
vj(O,t) = v;(0,1), Vi,j € [0,n],0<t<T, (57)
[CU;E (t)] = - [Eytw (t)] vt e (07 T)7

o(@,0) = (cy0)s — (@0)sy Yz ER.

3.1 Stability results with interior observations

In this subsection we derive stability theorem [I| with interior observations. Our method is based
on ideas borrowed from [8] [I8].

3.1.1 Stability for a stationary problem

We first investigate the L?(R)-stability of the solution c(x) of the following stationary problem

_(Cux)x = fa in :Rv

u;(0) = u;(0), Vi, j € [0,n], (58)
[cuz], =0,
where u € H'(R) and f € L*(R).
Let é(x) solve
—(Cly)e = f,  InR,
@;(0) = 1,(0), Vi, j € [0,n], (59)

0
where @ € H'(R) and f € L*(R), and let £ := ¢ — é.
For any function ¢ : R — R, we set g4(2) := q(z)e~*"=T") where 1 is as in (6) and 77 € (0, 7).
At several places, to simplify the notation, we shall write n(T") instead of n(z,T"). Moreover in
this section 7 (resp. ¢) denotes n(T") (resp. o(T")).
We begin with the following stability result:

Lemma 10. Let § > 0 and T" € (0,T). Assume that the functions ¢ and ¢ are piecewise C*, that
they satisfy , and that they are such that

(HC) CZ(O) = 61(0) Vi € [[O,nﬂ
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Let 8 be as in Lemmal[3 Assume further that

(Hy) |faz]>d6>0 in R\ w?,
(HQ) Vj € [[Ovn]]a uj € 62([0713]) and ﬂ‘j € 62([Ovlj])a
(H3) Nl + el L@y <67

for some open set w® with w° C w.

Let 59, Ao be associated with the set w® as in Theorem |Z| Pick any A > \g. Then there exists
s1 > 8o such that for any s > s1 we have the following estimate (with £ = ¢ — ¢)

2ot [ e <€ 5 fPe e Cs [ [efe e Clo, )l (60

Proof. By —, we have

{ _(Csuz)z — SN CsUy = Is
_(6s'ax)x — 8Ny Cslly = fs.

Thus
Ifs = fsllZ2) = /52 [(Cstty — Cslin)q + STz (Cotty — Esliy)]” daz.

As (a + b)? > a® + 2ab we obtain,
Ilfs — f~8||2L2(92) > 57 /Rmm(csum — Eyiiy)|Pdx + 25 /:R(csuz — Csly) g (Mu(Csty — Csliy)) dx.

We estimate each term in the right hand side of the previous inequality. We first have a look
at

By = /R|nz(csux — Cly)|Pdx = /92/\2@2(6')2(051% — Eliy ) da.
As cquy — Cslly = Eslip + c5(uy — 1) and (a + b)? > ’12—2 — b%, we have
By =\ /R P (B2 (Estia + cs(up — Ga))*da
> \? /92 0 (B)? (;ffﬂi — 2 (uy — ﬂx)2> dzx.
With Hypothesis (Hi), |Bztiz| > 6 on R\ w’, we infer that

252

By > 5

/ tp%?dax - C(p, )\,cmax)/ ©e 2 My — 1y, |2de
R\wO R

A252e28

> Sy | Eede - ) | fu, — i, da. 1
> S fy G OB e s T [l —fn o

On the other hand,

By = / (Csum - Es'ax)ac (nf(CSuI - 65&1)) dx
R

1 — . ;1 L
= 5 Z I:(Cj,suj,z - Cj7suj7:v)277j,:l)jloj - 5 A(Csuz - Csuz)277mzdl'
7=0
A - ~ o~ 2 / A - ~ o~ 2 /
= =2 (Csty — E,51152) ()B )05 (1) + 5 D (€550 — & 55.2)7 (0)85(0)0(0)
2 2
7=0 7=0

1
~5 /R(csux — Gyl ) Nped.
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First of all, we have §j(l;) < 0 for all j € [0,n], by (11). Thus the first term in the right
hand side of the previous equation is nonnegative. We now prove that the second term in this
expression is also nonnegative.

n

Let B3 := Z(cjﬁuj’m —@»)de@)Q(O)ﬂ;- (0)¢(0). We have that ¢; 4(0) = ¢, 5(0) for all j € [0,n]

j=0
(see (H.)), and hence [cs(uy — Uy )]o = [cstuy — Esliz]o = 0, so that

0,5 (0) (0.2 = T0.2)(0) = = 3 ¢1,5(0) (U0 = j.2)(0)-

It follows that

2

By = ¢(0) [ 8y(0) Z%S(O)(um = 05.)(0) |+ Y (€1,6)%(0) (uje — it.0)*(0)55(0)

= 0(0) | D (BH(0) + B5(0)) (c5,5 (0) iy — 15,)(0))”

j=1

n

+265(0) DY cis(0)(Wie — @,0)(0);,6(0) (uje — 1) (0)

i,j=1,i<j

= e(0)(AsW, W),

with Ag denoting the matrix defined in Lemma |3} and W = ((¢;,s(0)(wjz — ©;.4)(0))j=1...n,0).
As the matrix Ag is positive definite, we infer that Bz > 0. It follows that, by (Ha),

B2 Z *1/(Ceur*&9ar)2nTrd$

2 Jx

Z 70()‘55777/)/(65“1 *Esﬂz)zdl’
R
> =C [ (elun — ) + )P
R
> —C||ﬁx|\go/ éfd:r—C(s,cmam)/(um—ﬁm)2dx. (62)
R R

With (61)), and (H3) we obtain

Hfs - fsnzL?(R)

A2§2eM8 Cs
> s[?dz — C AT mm/ e — 1z)?d ——/ 2dx.
2 S S 6 O BAT ) [ (=~ 5 [ e
(63)
Thus we obtain for s large enough. |

The following lemma gives an L2-estimate of £ on a neighborhood of w?.

Lemma 11. Let c,u, f,¢ @, f be as in Lemma . Assume further that
(Hy)  There exist some open intervals w; C (0,1;), i € [1,n], such that:
1. WO Ccw!i= Uie[l,nﬂwil Cw,
2. g =0,

3. 1 € C?(w') and |ig|? — Gliye > 0 > 0 in w?.
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Assume in addition that ||c||w1.0(w,) < 2% Then there exist C > 0 and C(c;;%%,) > 0 such that

[ ez < I = Pl + Clebim = sy (64

Proof. In w!, we have

Thus

[ ~€ateanads = [ (7= F+ (etu—a))6ud (66)

wl

On the other hand, since 5,1 = 0, we obtain by an integration by parts that

/wl —Eii(Eliy)odr = /w1§z <(ﬂz)z_i(ﬂ2)zz> .

Thanks to (Hy) 3., we have (@;)? — (?)4, > §. This yields

e <00) [ (F=F+(elu-Da))6ads

wl

and hence, using Cauchy-Schwarz inequality and (Hs),

e < 00) [ (7T elu— 0ol
< CONS = s + Ok Dllu = ilfyaon,

which ends the proof of Lemma [T1] O
We are in a position to state a stationary stability result:

Proposition 12. Let ¢, ¢ piecewise C! satisfying and max;cong llcjllwre ;) < choo - Un-

— “max”

der hypothesis (H.), (Hi1), (H2), (Hs) and (Hy), there exist C' > 0, so > 0 such that for all
s > s, there exist C(s) > 0 and C(s, Cmaz, cL,22) > 0 with

& [Jeean < € [ | = FRe e+ O = Pl
+ O3, emazs i) (Ilu = @iy + = @lidreguny ) -

Proof. We have by using Lemma [10| and Lemma

52/\§|26725"dx§82/ \f|2e*2s”d:ﬂ+s2/ |€|e 2 d
R R\w? wt

<C [ |7 fPemdo - Cs [ J6Pe a4 Cls.emanllu = @l
R wO
+ C’(s)/ |€|?dx
. c/ 1f = FPPe™27da + C(5, cmaa) |u — 1l 2 ) + C(s)/ P
R wl

< C/R|f - f|26725nd$ + C (s, Cmaz)|lu = aH%ﬂ(ﬂz)

+CO)If = FllEagry + Clsscnmn)lu = all3z ).
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3.1.2 Stability for the evolution problem

Assume given y° € L?(R) and g € C°(w x (0,T)) (conveniently chosen). Let y (resp. §) denote
the solution of (resp. (B6)) with hj;(t) = 0 for j € [0,n] and ¢ € (0,T), and §°(z) = 3°(x)
for z € R. We aim at deriving stability estimates for ¢ — ¢ from measurements of derivatives of
y—g for (x,t) € wx (0,T) and for (x,t) € R x {T/2}.

Notice first that there is no loss of generality in assuming that w = U7_,(p;,¢;) with 0 <
pj < g <lj for 1 < j < n by shrinking w if nedded. In what follows, the function 8 is those
given in Lemma |3 for the open set w = U}_;(p;, q;)-

As we shall use the stability estimates in the stationary case, we need first to prove the exis-
tence of some control input g such that the assumptions (Hy), (Hz), (H3) and (Hy) are satisfied
for @ = (., T/2). This is done in the following proposition.

Proposition 13. Let ¢ be a piecewise C' function satisfying and (H.). Let T > 0 and
§° € L?(R). Pick T' = T/2. Then there exist two open sets w C w! C w, a function g €
C*®(wx(0,T)) such that the solution § of associated with §3(z) := §°(x) —2 and h;(t) = —2
for 5 €[0,n] and t € (0,T) satisfies for some & > 0

1692 (T >0 >0 in R\ '’ (67)
7;(, T € €%([0,15])  Vje[o,n]; (68)
15, T oo () + T2, T oo () < 675 (69)
9( T ot = 0; (70)
150 (o T = G0 T (-, T7) > 6 > 0 in w. (71)

Proof. We proceed as in [§]. In a first step, we construct a function p(x) satisfying conditions
very similar to In a second step, we show that a control input g can be designed so
that the solutlon 0] 0 is close enough to p for the norm [Jul| poo (®) + |[te|| oo (=) + [tz || Lo (=

at time ¢ = T (approximate controllability).

Step 1. We need the following lemma:

Lemma 14. Let ¢ be a piecewise C' function satisfying (@) and ( Hc). Then there exist two open
sets w0 C w? Cw and a function p € H*(R) such that for some §>0

18 pz] >8>0 in R\ w’; (72

(72) p;(lj) = =2 Vj € [0,n]; (77)
pi € C*([0,5,])  Vjelo, n]] (73) (€pj)a(ly) =0 Vje[o,n]; (78)
HPHLN(R) + HP:I:HLO"(iR) < o~ ) (74) (5]‘[)3‘735)35(0) =0 Vj e [[O,n]]; (79)
Plow = 0; (75) p(0) = —1; (80)
|02]* = ppra >0 >0 in w?; (76) (eoalo =0. sy

Proof of Lemma : We first construct p; = p’[Ol ] for any given j € [1,n]. Since 3j(z) # 0
svg

for x € [0,1;]\ (p;,q;) and since [0,;] \ (p;, ¢;) is compact, we can find two numbers p?, q? with
0 < p; <pY <q) <g; <l such that

L (g5 - py) (82)

0 0
Ipj = pil + a5 — il < 35

and
Bi(@) #0 Ve [0,5]\ (0], q)).
Pick some numbers p? € (pj,ij) and qu € (q?, g;). Set

pi(x) :=rj(x —p3)(q; — =) Yz € [pj,q]
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where r; > 0 is chosen so that p;(p;) > —1 and p;(g;) > —2. We note that we have p; ,(x) > 0
2 2 2 2 2 2
for = € [p;, pj;qj) and p;(z) < 0 for x € (pj;qj ,q;]. Since p? < % < q;-) by , we infer
that pj.(x) > 0 for z € [p;, p] and p; . (x) <0 for z € [¢), g;].
Pick ¢; € (0, min(p;,l; — q;)). We set

T ds
pi(x) == —1+k, —— for0<z<e¢;,
! T Jo ¢(s) !

b ds
pilz) = —2—|—k»/ —— forl;—e; <ax <l
() i) & (5) J J J

where k; > 0 is chosen (small enough) so that p;(e;) < p;(p;) and p;(l; —€;) < p;j(g;). Then
pi(l;) = =2, p;(0) = —1, and (jpj,2)=(l;) = (¢jpj2)=(0) = 0. Next, we can extend p; as
a function in €*([0,1;]) so that [B}p;.| > 0 in [0,1;] \ (p},q)). On the other hand, p;(p3) =
p;(¢3) = 0, and noticing that p; ., < 0in (p;,q;) and that p; .(p3) # 0, pj..(q7) # 0, we see that

pj.xl> = pipjae >0 in [ph, g3].

For pg, we set kg := — Z?Zl k;j <0 and
T ds
po(x) = —1+ko —— for0 <z < e,
o Co(s)
b gs
po(.’L’) = —2-— ko/ - for lo — & <z< lo,
« Co(s)

where ¢g € (0,1p/2) is chosen (small enough) so that pg(eg) > po(lo — €0). Next we extend pp as
a function in €2([0,1o]) so that pg . < 0 in [0, ).
Setting
WY = U;-Lzl(p?,q?) and w?:= U?:l(p?,q?)7

we see that (72)-(8I) hold. We note that po,(0) < 0 while p;,(0) > 0 for j € [1,n]. This
completes the proof of Lemma

Step 2. It follows from Theorem [4 that the following unique continuation property

2z € L*(0,T, H}(R))
2t + (€22)s =0 inRx(0,T)
[€z2(t)], =0 Vte (0,T),
z=0 inwx(0,T)

=2z=0 inRx(0,T)

holds for any 7' > 0. By duality, this yields the approximate controllability in L?(R) and for any
T > 0 of the system

uy — (Cug)e = 9Xw, V(x,t) € R x (0,T),

uj(ly,t) =0, vj € [0,n],t € (0,T),

u;(0,%) = u;(0,1), Vi,j € [0,n], 0 <t <T, (83)
[Cus(t)], =0, vt € (0,7),

u(z,0) =0, Ve € R,

with control input g € C°(w x (0,7)).
We denote by U(u, g, h) the solution of the system

ur — (Cug)e = gXw, V(x,t) € R x (0,T),

wj(lj;t) = hy(0), vj€[0,n],te(0,T),

u;(0,t) = ui (0, ), vi,j € [0,n], t € (0,T), (84)
[Cus(t)], =0, vt € (0,T),

u(z,0) = u’(z), Vo € R,
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where h = (hj)jeﬂo,n]]'

Let A denote the operator Au := —d,(é0,u) with domain D(A) := {u € HA(R), d,(é0,u) €
L*(R), [uz]o = 0} C L*(R). It is easily seen that the operator A is selfadjoint, nonnegative,
and sectorial (see [12]), and hence —A generates a semigroup of contractions (e~*4);>¢ which is
analytic.

Let

C(R):={u:R—=R; u; € C([0,1;]) Vj € [0,n], u;(0) =u;(0) Vi,j € [0,n]}

and

Co(R) :=={u € C(R); u;(l;) =0 for j € [0,n]}

be endowed with the norm | - || L (x). We note that Hg(R) C Co(R).
Let Au := —0,(¢0,u) denote the operator with domain

D(A) := {u € H}(R); 9,(é0,u) € Co(R), [tuz]o = 0} C Co(R).

It is easily seen (see e.g. [7]) that —A generates a semigroup of contractions in Cp(R).
Note that u € D(A) implies that u; € C2([0,1;]) for all j € [0,n], and that

14l peay = e[l () + AU oo () ~ U]l zoe () + U2l oo () + U]l oo () (85)

From classical semigroup theory, there exists C' = C(T") > 0 such that for all u® € D(A), we have
100,0,0)0l piy < Clellpoi, Ve € 0,71,
Let 7° € L%(R) and T/ = T/2. We note that e~ 7" 43° € D(A2?) C D(A). We set
pri=p+2—U(F,0,0)(I") = p+2—e T4,
Then p; € D(A), by and (77)-(81). Let £ > 0 be given. We pick n € (0,7”) such that
1T (p2,0,0)(n) = p2ll iy < € (86)

By approximate controllability of in time 77 — 1, we may pick a control input g € C°(w x
(0,T" —m)), that we may extend by 0 for ¢ > T’ — ), such that

1U(0,9,0)(T" — 1) — pallr2x) < e

On the other hand, we notice that for some constant C’ > 0 and all v° € L?(R)
1T(0°, 0,00l py < C'llv° |2 (87)

Indeed, both the map v° € L*(R) — U@°,0,0)(n) = e """ € D(A?) and the embedding
D(A?) ¢ D(A) are continuous. Using with v0 = U(0, g,0)(T" — 1) — ps and the semigroup
property yield ~ :

16(0, 6, 0)(T") — T (p2,0,0)() | pzy < C'e,

and hence, with , R
1U(0,9,0)(T") = pll peay < (C" + D)e. (88)

Let
g = U(go - 25.9’ 72) = U(g07070) + U(07970) -2

for U(—2,0,—2) = —2. Then

16T = pll ez, = 1700, 9.0)(T") = p2ll iy < (C" + L. (89)
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For any j € [1,n], we have p;(p;) <0, p;(g;) <0 and Mg e [0 4] p;(z) > 0. Using (89), we see
that for € small enough we still have g(p;,T") < 0, g(g;,T") < 0 and minme[pqu;}] g(z, T") > 0.
Therefore we can pick p} € (pj,p?) and qjl» € (q?7qj) such that ;t](p}T') = gj(q]ﬂT') = 0 and
g(z, T') > 0 for = € (pj, qj). Set w' = US_,(p},qj). Then (67)-(71) hold true for & and § small
enough. The proof of Proposition [13]is complete. O

We are ready to prove the main stability result for the evolution problem with interior obser-
vations, namely Theorem

Proof of Theorem [ Let y° € L*(R), and let §° = y°. Let g € C°(w x (0,7)) be as given in
Proposition [I3] Pick h;(t) = 0 for j € [0,n] and t € (0,T). Let y (resp. §) denote the solution
to (resp. (56)). Pick 7" = £ and 7 € (0,7”) with g =0 on w x (0,7). Let A and A be the
same operators as previously but corresponding to the coefficient c¢. Since —A is the infinitesimal
generator of an analytic semigroup with 0 € p(A), we have by [16, Theorem 6.13] that for all
t>0, e "4 L2(R) — D(A*) continuously. In particular, setting Y (¢) := e *44°, we have

Y € C([1,T], D(AY), Y, € C([r,T], D(4%)), and Yy € O([r, T}, D(A?%)).

Recall that D(A2?) C D(A). Let & := ¢ — ¢. Note that £(0) = 0. It follows from and the
fact that £(0) = 0 that the maps u® € D(A) — ul € L>®(R) and u° € D(A) — &ud € HY(R) are
continuous.

We infer that Vi, Y. € C([r,T], L=(R)), and that Yy, € C([r,T], H}(R)). Note that
y(t) = Y(t) + U(0,9,0)(t), where U is defined as above with ¢ replaced by c¢. Note that
C?(w) C D(A), so that g € C%((0,T),D(A)) and U(0,9,0) € C%([0,T],D(A)). It follows
that yes, yree € C([1,T),L>®(R)), and that fyu, € C([r,T], H(R)). Similarly, we have that
gtmagttz S C([Tv T]’LOO(:R))a and that gﬂttr € C([Ta T]a HI(R))

Replacing y° (resp. §°) by y(7) (resp. (7)), we can assume that

Yt Yttes Yt Yrew € C([0,T], LZ(R)),  &Jtta € C’([O,T],Hl(ﬂQ)).

Note that it could now happen that y° # §°. As is invariant by uniform translation of both
y and § by —2, we can pick h,;(t) = —2 (instead of 0) for all ¢ € (0,7") and all j € [0, n], so that
the function g is now the one given by Proposition while y is now the solution to with
initial data y° — 2, with boundary data h;(t) = —2 for t € (0,7) and j € [0,n], and still with
the same function g € C°(w x (0,7)) as above. Let v = (y — §)¢. Then v satisfies (57, and we

have
, T/ T/ a
/ (1) 2e=2T gy — / / v dadt + / / 022 (e=27) dadt
R 0o J=x o Jx Ot

T T
/ / 2uve 2 dadt — 25/ /|v|277te*25"dxdt. (90)
o Jx o Jx

Let us denote by A; the term at the left hand side and by A and As the two right members
of the previous equation.

1. Upper bounds for A;.
We know that [n;| < C? (see (29)), thus

T/
|As| < C’s/ /|v|2g02672s”dxdt <Cs // lv]2p3e ™25 dxdt (91)
0 R Q

where we used (30). Furthermore, we note that & (0) = 0 for all i € [0,n] (due to (H,)), so
that k(t) = —[€3:2(t)]o = 0 and (£3+,)(0,¢) = 0 so we can apply the Carleman inequality
given in Theorem [7] and get
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T
s// lv>p*e 2 dxdt < C (s/ /|v\2cp?’e*2”’dxdt+// |§gjtz|2goze2s’7dxdt>. (92)
Q 0 Juw Q

First of all, we note that (omitting variables x, )

(93)

2 It
2o — <p2(T’)e—25"(T’> (T/(T — T’)) e,zsn(Tf)(T (r-1 ),1).

(T=1)
T —t)
Picking T" = T'/2, we easily obtain that, for s, A large enough such that sn(T”) > 1, we have

, AN2Z  _ggp(y (TUT=T") _
<%) e 2T )( HT =) 1) < 1. Thus with we have the following inequality:

9026_2877 < (,DQ(T/)B_QSU(T/). (94)

Then we get, since g, € C([0,T], L>(R)),
J[ tgirtemaus < € [ o e lepas,
Q R

Then, with and (92), we obtain

T
/\@(T’)|26725"(T')|§|2d:c—|—s/ /|v|250362”’dxdt] . (95)

R 0 w

Using Cauchy-Schwarz inequality and , we have

|As] < C <// slv2pde 2 dxdt + // s_lap_le_zs"|vt2d;vdt> . (96)
Q Q

Observe that v; satisfies

|43 < C

(Vi) — (cvzt)e = (EGtta)x V(z,t) € Rx (0,T),

Uj,t(lj’t) = Oa Vj € [[Oan]]at € (OvT)a 97)
0300, 1) = v1.0(0, ), Vi, j € [0,n],t € (0,T), (
[cvra(t)]g = — [€Jua(t)]y =0, Vt € (0,7).

Applying Carleman estimate given in Theorem to v¢, we have by using , and the
fact that gy, € C([0,T], L (R))

// s~ o le™ 2Ny, |2 dxdt
Q

<Cs™* // (s0)%e ™25 vy | dadt
Q

T
| [ Spete iz [[ |§§ttx|2(5<ﬂ)2625ndl’dt]
0 w Q

T
/ /S1|Ut|2<p3€25nd33dt+/|£|282¢2(T/)€2Sn(Tl)d$]. (98)
0 w R

< (Cs?

<C

Thus, with 7 — and 7 we obtain the following upper bounds for A; for s
sufficiently large:

A <C

T
/|<,0(T’)|26_23"(T/)\§|2dx+/ /(s|v|2 +s_1|vt|2)go3e_23’7dxdt1 ) (99)
R 0 w
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2. Lower bounds for Aj.

First we have
o(T") = (Yo — €Ga)u(T"). (100)

Thanks to the study of the stationary case and Proposition [I2] we can write

Ay

/ |(Cyw - égz)w(Tl”ze_%n(T/)dx
R

Y

Cst [ ™ s = C(s) (I (T) = (T o
() = )y + (T~ 5T gz o) - (101)
Thus, combining with , we obtain
# [ g = O (T = 3T o
) = 5T s gy + 9T~ 5T s o)

T
<C /6*25’7(T,)|§\2dz+/ /(s|v|2+51|vt|2)tp3625"da:dt] . (102)
R 0 w

Thus, for s sufficiently large, we have the stability estimate

T
52/ e_QSW(T/)|§|2dx < C/ / @ (slye — Gul* + 57 yee — Guel)e " ddt
R 0 w
+ O (lye(T") = Ge(T) T2 ry + [19(T") = G2y + 1y(T") = G(T) |72y (103)

which completes the proof of Theorem [I} O

3.2 Stability results with boundary observations

We derive, in the case of boundary measurements, results similar to those obtained in the previous
section. In a first time, as for the proof of the Carleman result with one less derivative, we extend
the network R in another network R and we follow the previous case. We make the following
assumptions, (H.) and

(HEwt) Ci(li) = 61(11), Vi € ﬂl,nﬂ.

3.2.1 Stability for the stationary problem
We easily prove the following result, with the same notations as in Section

Proposition 15. Let ¢, ¢ piecewise C! satisfying and max;co,ng llcjllwie ;) < choo - Un-

— “max”

der hypotheses (Hy) (with w® =0), (Hz), (Hs), (H.) and (Hgy), there exist C > 0, sg > 0 such
that for all s > sg, there exist C(s), C(S, ¢maz) > 0,

82/ g02|§\2e_25"dx§0/|f—f~|26_28"dm
R R

n

- —2sn(l:. T’ ~ 2

+ C (5, Cmaz) | = ll3my + Y e 25T w0 (1) — i.2(1)]
j=1

We only need to take care of the boundary term appearing in By in Lemma [0} Using the
fact that 5j(lo) < 0 and that 8}(l;) > 0 for j € [1,n] (since § is as given by Lemma 3| for R and

w C R\ R), we can obtain the result.
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3.2.2 Stability for the evolution problem

We also prove the main stability result for the evolution problem with boundary measurements,
namely Theorem

Proof of Theorem[3 Let y° € L*(R). First, we pick 7 € (0,7") where T = T//2. We take h;(t) =
0 for 0 <t < 7, so that y(r) € D(A*). As in the proof of Theorem |§|, we extend the network
R in another network R, and we fix an open set w C U1 (0, I;) which intersects each interval
(1j,1;) for j € [1,n]. We also extend ¢ and & smoothly such that 0 < cmin < ¢(#) < Cmazr < 00
in R. We can extend y(7) (resp. §(7)) as a function in D(A%) (resp. D(A%)) for ¢ and R (resp.
for ¢ and R). Applying Proposition [13{to R and (), we can find an input g € C°(w x (7,7T))
such that [g,(,T)] > 6 > 0 in R and [|§(.,T")| eo(r) + T2 (-, T)||Le(m) < 671 We pick a
function ¥ € C*°(R) such that ¢(¢t) = 1 for ¢ < T” and 9(t) = 0 for ¢ > 37T/4, and we set
hji(t) = ¥(t)y;(l;,t) for t € [7,T] and j € [1,n], and ho(t) = 0 for t € [0,7]. We claim that
hj € CL([0,T]) for j € [1,n]. Indeed, 0 = h}(77) = (&ja)a(lj,7) = Bj(rT) thanks to
applied with z = ; and ¢ = 77, t = 7. On the other hand, h;(t) =0 for t € [0,T]\ (7,3T/4)
and j € [1,n].

Next, we use the same type of proof as previously for the case of interior observation. We
have three terms A;, As and As to estimate as in .

By using the same estimate as in , we get

T
[As| < Cs /O /R o> ddt. (104)

By applying the Carleman estimate given in Theorem [J] (since [cv, ()]0 = —[£7t(t)]o = 0 due to
(H.)), we obtain

s// lv|*@3e™ 2" dxdt < C (// ©2e™ 2| e |Pdadt
Q Q
T n
+/O D s hps(ly, t)e el )
j=1

As in the previous section, we can get with 77 = T'/2 and

E1) T (L, 1) + c(lj)va (I, t)[*dt | . (105)

s < C [ 1o pe o™ gk
R
T n
+/ S 570, e 2 D (1) (1,1) + el o, (1, B)Pdt | . (106)
0 -:

We clearly have and (97)). Theorefore by applying the Carleman estimate given in Theorem
[9 to v;, we obtain

// s~ o te 2y 2 dadt < Cs™* // (s)3e™ 2 vy |*ddt
Q Q

<c [ /R |o(T")[2e= 27T ¢

T n
+573 / > il )e BNl Guna (1, 1) + () vae (1, 1) dE | . (107)
)
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With (106]) and ((107)), we obtain an upper bound for A; for s sufficiently large:
< o [lemper gk
R

T n
7 / S s )e 20D (1) o (1. 1) + el oue (1, )Pt
0 4

T n
+ / > s il e 2 DIl )i (1, 1) + el v (1, t)Pdt| . (108)
(U —

We now search for lower bounds for A;. First we have that
v(T") = (cyz — ¢Ga)(T"). (109)

Thanks to the study of the stationary case and Proposition we can write

Ay

/ |(cyz — 5gx)x(T/)|2672sn(T,)dx
R

C's2 / 672577(T’) |§|2d.’L‘
R

Y

n

—C(s) [ Iy = 5T By + D 21T [y (1, T7) = G1.0(1, T | .(110)
j=1

Thus with (108)), (110) and (Hgst), we get for s sufficiently large
82/ 672577(T’)|£|2dx
R
& 2
< Cs) | I1y(T) = HT) Gy + e 2" Ny 01, T') = G521, T
j=1

T n
o / S 05, 8)e 20D (1 )i (1, ) + ol )var (1, ) Pt
0 =4

T n
+ / Z 3_1<)0j (lja t)e_anj (13:1) |€(lj)gtw (ljv t) + c(lj)vw (lj7 t)|2dt
R
This completes the proof of Theorem [2] since £(1;)0:x(l;) = 0 for j € [1,n] (see (Hgqt)). O

4 Conclusion

As it was said in the introduction, these results can be extented to general tree-shaped networks:
with boundary measurements at all exterior nodes except one, the root of the tree, or with
internal measurements at all exterior edges of the tree expect one. The key point is in the choice
of the weights in the Carleman estimates. More precisely, we obtain, by integration by parts,
instead of one matrix Ag defined in Lemma [3] several matrices of the same kind, corresponding
to each interior node. Then, we take second order polynomial functions like for external edges
and affine functions like @ for all remaining edges. The construction is made by induction in a
similar way as in [3]. The main difficulty here is just to use clear and understandable notations.
However the case of a general network with a cycle remains an open question.
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