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Twisted Adiabatic Limit for Complex Structures

Dan Popovici

Abstract. Given a complex manifold X and a smooth positive function 7 thereon, we perturb the standard
differential operator d = 0 4 0 acting on differential forms to a first-order differential operator D,, whose
principal part is n0 + 0. The role of the zero-th order part is to force the integrability property D,27 = 0 that
leads to a cohomology isomorphic to the de Rham cohomology of X, while the components of types (0, 1)
and (1, 0) of D,, induce cohomologies isomorphic to the Dolbeault and conjugate-Dolbeault cohomologies.
We compute Bochner-Kodaira-Nakano-type formulae for the Laplacians induced by these operators and
a given Hermitian metric on X. The computations throw up curvature-like operators of order one that
can be made (semi-)positive under appropriate assumptions on the function n. As applications, we obtain
vanishing results for certain harmonic spaces on complete, non-compact, manifolds and for the Dolbeault
cohomology of compact complex manifolds that carry certain types of functions n. This study continues and
generalises the one of the operators dj, = hd + 0 that we introduced and investigated recently for a positive
constant h that was then let to converge to 0 and, more generally, for constants h € C. The operators
dp had, in turn, been adapted to complex structures from the well-known adiabatic limit construction
for Riemannian foliations. Allowing now for possibly non-constant functions 7 creates positivity in the
curvature-like operator that stands one in good stead for various kinds of applications.

1 Introduction

Let 7 : X — B be a holomorphic family of compact complex manifolds X; := 7~1(t) C X with
t varying in a small open ball B about the origin in some CV. This means that X is a complex
manifold and 7 is a proper holomorphic submersion.

It is standard that the degeneration at the first page of the Frolicher spectral sequence (FSS)
is a deformation-open property, namely that Ei(Xy) = E.(Xo) implies the analogous property
FE1(X;) = Ex(X;) on the nearby fibres X; when ¢ is sufficiently close to 0. This follows at once from
the Kodaira-Spencer theory, especially from the upper semi-continuity of the functions B > t —
hZ“(t) whose values are the Hodge numbers (i.e. the C-vector space dimensions of the Dolbeault
cohomology groups H2 (X, C) ) of the fibres X;.

However, this is no longer true for the higher pages of the FSS where the analogous numbers
el d(t) := dimcEP9(X;) need not vary semi-continuously with ¢ € B when r > 2. For an example
of such a pathological behaviour, see [COUV16, Example 4.8. and Corollary 4.9.] where Ceballos,
Otal, Ugarte and Villacampa consider a nilmanifold M with underlying Lie algebra b5, endowed
with a family of invariant complex structures .J;, and observe, as a consequence of their classification
of invariant complex structures on 6-nilmanifolds, that the numbers ey ' (t) and ey ' (t) are not upper
semi-continuous functions of ¢, while the numbers eJ *(t) and eJ *(t) are not lower semi-continuous
functions of ¢.

Nevertheless, there are quite a few examples of classes of compact complex manifolds whose
Frolicher spectral sequence degenerates at FEy (though not at F;) and for which this property persists
in their small deformations. Our intuition is that this ought to be due to some geometric property
of the central fibre that forces the FSS to behave well under small deformations, so we propose the
following issue to ponder.



Problem 1.1. Let r > 2 be an integer. Find a geometric property (P) that certain compact complex
manifolds X satisfy such that, whenever Xy has property (P) and has its Frélicher spectral sequence
degenerate at E,., the Frolicher spectral sequence of every fibre X; with t € B close enough to 0
degenerates again at E,.

We refrain from speculating on the nature (metric? cohomological?) of any such property (P),
but we stress the need for it to be readily verifiable on concrete examples of manifolds. An analytic
such property, in terms of the decay rate to 0 of the small eigenvalues of certain Laplacians, was
given in [Pop19], but that result seems hard to apply in explicit families of manifolds. One of the
goals of the present paper is to generalise the main construction of [Pop19] (whose key points we
recall in outline in §1.1 for the reader’s convenience) in order to make it more flexible.

A solution to Problem 1.1 is expected to play a central role in various contexts, including in
the further development of a non-Kéhler mirror symmetry theory that started in [Pop18| and has
continued with [PSU22], [PSU21a] and [PSU21b).

1.1 Reminder of the main facts from [Pop19]

Let X be a complex manifold with dimcX = n.

By adapting to the setting of complex structures the adiabatic limit construction for Riemannian
foliations initiated and subsequently studied in e.g. [Wit85] and [MM90], we defined in [Pop19], for
constants h > 0, the first-order differential operators

dp :=ho+0:C2(X, C) — O34 (X, C), k€ {0,...,2n},
and the zero-th order pointwise operators
0y : APIT*X — APIT*X, u— Opu = h? u,

that are then extended by linearity to operators 6, : A¥T*X — A*T*X for every k.
The equality d;, = 0, d 0,:1 implies the integrability property di = 0 and the vector-space isomor-
phisms
HZICR(X7 (C) i> th <X7 C)? {u}dR — {ehu}d}ﬂ

for k € {0,...,2n}, between the de Rham cohomology groups of X and those of dj,-cohomology
defined as ker dj, /Im d},.

Fix now a Hermitian metric w on X. The pointwise inner product ( , ), induced by w on the
differential forms on X can be rescaled in the following way on (p, ¢)-forms:

(U, V), = h* (u, v),, h>0; u,ve A»IT*X,
for every bidegree (p, q). This rescaling defines a new Hermitian metric
1
h?
on the holomorphic tangent bundle TH°X of X, or equivalently, a rescaled C° positive definite
(1, 1)-form wy, = h™2w on X. This, in turn, induces a C*° positive definite volume form

Whp = — W, h >0,

__w,’f_ 1 w”_ 1
deh _W_Wm_ﬁde
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on X which, together with the pointwise inner product ( , ), , defines an L*inner product

(s 0Dy = [ s o AV = (O, 10}

X

for all forms u,v € C;°, (X, C) and all bidegrees (p, q).
The two rescalings (of the operator d and of the metric w) lead to two different Laplace-type
operators Ay, A,, : C°(X, C) — C°(X, C) defined respectively by

Api=dpdy + didy,  and A, = dd, +d,d

on the smooth k-forms for every k£ € {0,...,2n}. By d} we mean the formal adjoint of d), w.r.t.
the L2-inner product induced by the orginal metric w, while dy, stands for the formal adjoint of the
original operator d w.r.t. the L?-inner product induced by the rescaled metric wy,.

The second-order differential operators A; and A,, are elliptic, self-adjoint and non-negative,
they have the same principal part and are related by the formula

A =60,0,,0,",  h>0. (1)

This formula implies that A, and A,, have the same spectrum and their respective eigenspaces
Ea,, (A) and Ea, ()) are obtained from each other via the rescaling isometry 0y,:

On (EA% ()\)) = Ea, () for every A\ € Spec(Ay) = Spec(A,,).

The main result of [Popl9] expressed, for every positive integer r and every degree k, the di-
mension of the C-vector space EF(X) := @4t EP9(X) (representing the direct sum of the spaces
of total degree k featuring on the 7" page of the Frolicher spectral sequence of X) in terms of the
number of eigenvalues, counted with multiplicities, of any of the operators A; and A,, that decay
sufficiently fast to 0 (at a rate depending on 7) as h | 0.

Theorem 1.2. ([Pop19, Theorem 1.3.]) Let (X, w) be a compact Hermitian manifold with dimcX =
n. For every r € N* and every k =0, ...,2n, the following identity holds:

dimcEF(X) = jj{i | A¥(h) € O(R*) as h | 0}, (2)

where 0 < A¥(h) < M5(h) < -+ < AF(h) < ... are the eigenvalues, counted with multiplicities, of
the rescaled Laplacian Ay, : Ci°(X, C) — C°(X, C) (= those of A,, : C*(X, C) — C(X, C))
acting on k-forms. As usual, § stands for the cardinal of a set.

Now, 0 is always an eigenvalue of Ay : Cp°(X, C) — C°(X, C) of multiplicity exactly equal to
the k-th Betti number by, = b(X) of X (since Ay and the standard Laplacian A = dd* 4+ d*d have
1somorphic kernels, each of these two kernels being isomorphic to the corresponding cohomology
space, H(’jh (X, C), resp. H%n(X, C), and these cohomology spaces being mutually isomorphic, as
recalled above). Thus, the smallest positive eigenvalue of A, : C°(X, C) — C°(X, C) is A}, (h).

We will denote it by 8" == Af ., (h).



Meanwhile, it is standard that we always have
bi(X) < dimcEF(X) for every k € {0,...,2n}

and that the Frolicher spectral sequence of X degenerates at a given page E, if and only if all these
inequalities are equalities, namely if and only if

bi(X) = dimc EF(X) for every k € {0,...,2n}.

Therefore, the above Theorem 1.2 equates the degeneration at F, of the FSS of X to the fact
that 0 is the only eigenvalue of Ay in every degree k that decays to 0 at least as fast as Const - h*"
as h | 0. In other words, we have the following

Proposition 1.3. ([Pop19, Proposition 5.3.]) Let (X, w) be a compact complex Hermitian manifold
with dimeX = n. For every constant h > 0, let 5,(lk) > 0 be the smallest positive eigenvalue of
Ay CR(X, C) — C(X, C).

Then, for every r € N*, the Frolicher spectral sequence of X degenerates at E, if and only if

5(k)
limsupL2 =400, forall ke{l,...,n}.
h—o h*"

In the context of a holomorphic family (X;)icp of compact complex manifolds on which a C*
family (w;)iep of Hermitian metrics on the fibres has been fixed, Proposition 1.3 shows that, for

some degree k € {1,...,n}, the decay rate to 0 of 5,(1k) > 0 can accelerate when one moves from X
to the nearby fibres X; if F,.(Xo) = Ex(Xo) but E,.(X;) # Ex(Xy) for t # 0.

1.2 Constructions and results obtained in this paper

If one aims at solving Problem 1.1, the takeaway from Proposition 1.3 is that one needs to control
the bottom of the positive part of the spectrum of Ay, possibly in terms of some (curvature-like)
positive quantity whose dependence on the fibre X, should be at least continuous.

On the other hand, Bochner-Kodaira-Nakano-type (in-)equalities involving the operator Aj can-
not produce the needed positivity when h remains constant. (See e.g. [BP18].) It is this quest for
positivity that would translate into information on the smallest positive eigenvalues of Laplacians
like A;, that motivates the main thrust of this paper (and hopefully of its future sequels): trans-
forming the constant A into a C'*° function whose derivatives would produce positive curvature-like
quantities.

Let X be a connected complex manifold with dim¢X = n. Fix a C*° real-valued function 7 on
X such that n > 0 or n < 0 at every point of X.

The immediate analogue of d, when the constant h has been replaced by 7 is d, := n0 + 0.
However, if 1 is not constant, d, need not be integrable (in the sense that it need not square to
0), so it need not define a cohomology. The way round this takes us to first defining the pointwise
analogue 6, (cf. (3)) of 6, and then defining D, := 6,d6," in every degree k (cf. Definition 2.2) by
the analogue of the formula d; = Gth,jl satisfied by dj,.



If we fix a Hermitian metric w on X, we consider the formal adjoint Dy of D, w.r.t. the L2-inner
product induced by w and then the associated twisted Laplacian

A, = D,D; + DD, : CF(X, C) — C(X, C)

in every degree k. (See Definition 2.5.)

The twisted metric w, is defined analogously to the wy, of [Pop19], but the definition of the twisted
Laplacian A, is not as straightforward as in the case where 7 is constant. It is necessary to first
compute an operator T, : C*(X, C) — Cp° (X, C) such that D} = 6,70, in every degree k (cf.
Proposition 2.6) that we then use to define (cf. Definition 2.8) the twisted Laplacian

A, = dTn* + Tn*d
which is then shown to relate to the first twisted Laplacian A, via the identity (cf. Corollary 2.9)

9_1

wWn¥n

A, = 0,A

analogous to (1) of the constant 7 case. This then implies that A, and A, have the same spectrum
and that their respective eigenspaces are isomorphic via 6, as in the case where 7 is constant.

In §3, we compute the formal adjoint of D, and observe that it depends on D_—m a fact that
leads to n-twisted commutation relations (Proposition 3.5) and eventually to two Bochner-
Kodaira-Nakano-type identities relating the Laplacians A, and Z,n (cf. Proposition 3.6 giving
the rough version of the identity), respectively the Laplacians A, and [D_, +7_,, 3;7 +7%,] (cf.
Theorem 3.8), where 7, is the zero-th order operator defined as [A, D,w A -]. The latter identity is
the refined version of the former. It absorbs some of the torsion terms into the Laplacian to which
A, is compared and that can be neglected in applications due to its non-negativity. Both versions of
the n-BKN identity expressing A, in terms of another Laplacian throw up the first-order curvature
operator i [[D,, D_,], A] that is then computed in Proposition 3.9.

In §4, we run analogous computations starting from the (0, 1)-part DS’ Lof D, = D%’O —|—D2’ Land
its conjugate. This setting has the advantage that D' and D, ° anti-commute (cf. (60)), unlike
D, and D_, of the previous §3. Meanwhile, Dg’l and D#O are integrable and define cohomologies
isomorphic to the Dolbeault, respectively conjugate-Dolbeault, cohomologies of X (see (65)).

We consider the Laplacians

* 0,1 0,1°

AZ = [Dg’l, (Dg’l) ] and A% = [Dy ", Dy~ |
that we then relate to each other in what we call the rough 7-Bochner-Kodaira-Nakano (7-
BKN) identity (cf. Proposition 4.4). Further commutation relations involving torsion terms (cf.

Lemma 4.5) lead to the refined n-Bochner-Kodaira-Nakano (7-BKN) identity for this setting
(cf. Theorem 4.6). In bidegree (p, q), the zero-th order part of the first-order curvature operator

i [[DY, Diy'], A] turns out to be (cf. Proposition 4.7) the operator

(p—q) [(%ian/\an—%iaan) A, A}.



We give two applications of our n-BKN identities based on the shape of the curvature operator.

In §5, we deal with non-compact complete manifolds X on which we assume the existence of a
C* function n: X — (0, co) that induces a positive definite curvature form

2 - 1. =
Y i= —5 10N A Iy — —10dn > 0.
n n

This key positivity assumption, which amounts to requiring the smooth real (1, 1)-form =, to
define a Hermitian metric on X, is impossible on compact manifolds due to the maximum principle,
but is quite natural in the non-compact setting given the fact that it constitutes the zero-th order
term of the operator that plays the role of the curvature in our n-BKN identities. The result we
obtain can be loosely formulated as follows (see Theorem 5.2 for the precise statement).

Theorem 1.4. Under the extra assumptions that the Hermitian metric -y, on X is complete and
the pointwise ~y,-norm |0n| = |0n|,, of the (1, 0)-form On is small relative to n, there evist no non-

zero A7 -harmonic Lgn -forms of bidegree (p, q) on X whenever either (p >qand p+q>n-+ 1)
or <p<q andp+q§n—1>.

This resut (Theorem 5.2) can be compared to Gromov’s Main Theorem 2.5. in [Gro91|. They are
both vanishing theorems for certain spaces of L? harmonic forms on a complete manifold carrying a
Kéhler metric. The particular shape of our complete metric v, can be viewed as a (non-standard)
exactness property of «,, while Gromov imposed the exactness condition requiring the metric to
be d(bounded). The vanishing conclusion in Gromov’s theorem applies to all the bidegrees (p, q)
with p + ¢ # n (i.e. outside the middle degree), while our conclusion, though applicable to fewer
bidegrees, also avoids the middle degree. Moreover, much as in Gromov’s case, our Theorem 5.2 is
mainly intended for applications where the manifold X is the universal cover of a compact complex
manifold Y and the complete metric v, on X is the pullback of some Hermitian metric on Y.

We hope that Theorem 5.2 will have a role to play in the further development of a (possibly
non-Kéhler) hyperbolicity theory linking the existence of certain types of special Hermitian metrics
having a certain exactness property on the universal cover of the compact complex manifold on which
they are defined to the non-existence of entire holomorphic maps with a relatively small growth from
some CP (with p possibly > 1) into the given manifold. The Ké&hler case with p = 1 was treated in
[Gro91], while the more general Hermitian case with p allowed to be > 1 was initiated in [MP21],
[MP22] and [KP23].

In §6, we deal with compact manifolds X on which we assume the existence of a C'**° function 7 :

X — (0, co) whose induced first-order curvature operator F, := i [[Dj', D', A] is assumed to be
sufficiently positive. Exploiting the fact that ker A7 is isomorphic to the Dolbeault cohomology group
HZ9(X, C) in every bidegree (p, ¢), our n-BKN identities can be applied to give the following
result (see Theorem 6.1 for the precise statement).

Theorem 1.5. Let (X, w) be a compact complex Hermitian manifold with dimcX = n. If there
exists a C* function n : X — (0, 00) such that supy |Owl, and supy |BZ‘“ are sufficiently small,




then for every bidegree (p, q) such that
F, =i [[ngl, Dy, A] > C(n) Id

in bidegree (p, q) for an appropriate constant C(n) > 0 depending on 1, we have Hy (X, C) = {0}.

We hope further applications of these results will be obtained in future work, either to investigate
Problem 1.1 or to study cohomological and metric properties of complex manifolds, for example by
choosing particular types of functions 7 supported by certain such manifolds.

2 The twisted operators and metrics

Let X be an n-dimensional complex manifold, where n > 2.

2.1 The twisted operator D,
With every C*° function 17 on X such that n > 0 or n < 0, we associate the bijective linear operators:
Opzy : APIT7 X — APITIX
u(@) — n’(z)u(x) (3)

defined pointwise on the (p, ¢)-forms of X at every point x € X and in every bidegree (p, ¢). Thus,
we get an automorphism 6, : AP9T*X — AP9T*X of the vector bundle of (p, ¢)-forms on X
defined by 6, (u) = n*u.

We then extend 6, by linearity to an automorphism

0,: N'T*X  — AFT*X

u = Z uPl Z gn(up,q): Z nP uP 9

p+a=Fk pt+q=Fk p+g=k

of the vector bundle of k-forms on X for every k € _{O, . 2n}.
The conjugate of 6, is defined by the condition 6,(u) = 6,(u) for every form w.

Observation 2.1. The inverse of 0, is given by the formula:
Q;l = 0,1, (4)
where n~t = 1/n, while the conjugate of 0, is given by the formula:
B () = o)

for every (p, q)-form uP?.
In particular, 6, # 6, in any bidegree (p, q) with p # q.

Proof. Immediate verification. 0



Definition 2.2. For any C* function n on X such thatn >0 orn < 0 and any k € {0,...,2n},
let D, : C°(X, C) — Cp%1(X, C) be the differential operator defined on the C* k-forms on X by

Dy, = 0,d6,". (6)

Since D7 = 6,d*6," = 0, the operator D, induces a cohomology space in every degree k €
{0,...,2n} on the n-dimensional manifold X by

ker (D77 OR(X, C) — O4(X, C))

Hp, (X, C) := (7)

Im (Dn L0 (X, C) — C(X, C))

An immediate observation is that the D,-cohomology is canonically (i.e. in a way depending only
on the complex structure of X and the function n, but independent of any metric on X') isomorphic
to the De Rham cohomology of X.

Proposition 2.3. Let X be an n-dimensional complex manifold. For any C* function n on X such
thatm >0 orn <0 and any k € {0,...,2n}, the linear map

0, : Hpp(X, C) — Hp, (X, C), {u}pr — {0,u}p,, (8)

is well defined and an isomorphism.
Proof. To prove well-definedness, we need to prove the inclusions:

0, (ker d) C ker D, and 0,(Imd) C Im D,),.
These inclusions follow, respectively, from the equivalences:

Dyu=0 < d(0,'u) =0 and u= Dy <= 0, u=d(0,"v).

These equivalences actually amount to the above inclusions being equalities:

0, (ker d) = ker D, and 0,(Imd) = Im D,,.

Thanks to these equalities of vector spaces and to 6, : C°(X, C) — Cp°(X, C) being an iso-
morphism at the level of differential forms, the well-defined linear map induced by 6, in cohomology
is an isomorphism. O

Proposition and Definition 2.4. For every C*° function n on X such that n > 0 orn < 0
and every bidegree (p, q), the operator D, : C°(X, C) — C% 1 (X, C) of Definition 2.2 arises
explicitly as

Dn=n3+3—%<n0+8)m~Idn—%(dnn)A-, (9)
where the operator d,, : C3°(X, C) — C2,(X, C) is defined in any degree k by d,, = nd + 0.
We let Dp° . C° (X, C) — Cp3, (X, C) and D)y' : CX (X, C) — O, (X, C) be the

p+1l,q P, q+1
differential operators:

D%’Oznf)—pan/v and D2,1:5_I_75n/\_ (10)
n
that are the components of bidegrees (1, 0) and (0, 1) of D, in the decomposition D, = D}° 4 D",
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Proof. For every form u € ;< (X, C), we have:

_ 1 1 P
Dyu = (6,d0, Y(u) = end(ﬁ u) = 0, <% du — o dn N u)

1 1 = P P =
= - 6,(0u) + - 6,(0u) — e ,(0n N u) — e 6,(0n A u)

= n@u—i—éu—pan/\u—gén/\u,
n

where the last equality follows from the definition of 6, and the fact that the forms du and dn A u
are of bidegree (p+ 1, ¢q), while the forms du and On A u are of bidegree (p, ¢+ 1). This proves (9).
O

As with any operator, we define the conjugate En of D, by requiring the equality
Dyu = D,(u)

to hold for every form u on X. We now compute E,n as it will be needed later on. If u?is a (p, q)-
form, by conjugating the expression of D,u? 9 we get: D,uP 9 = nduP94-0uP9—p OnA\up: q—% onAuP 4.

Replacing 1 with —n, requiring D_,ur-9 = D_,(uP-7), using the fact that w77 is of type (g, p) and
then permuting p and ¢, we get

5_77:8—775—%877/\""9577/\' in bidegree (p, q). (11)

Thus, the coefficients of the zero-th order terms of D,  and D_, depend on the anti-holomorphic
degree (¢q), while the coefficients of the zero-th order terms of D,, and D_,, depend on the holomorphic
degree (p), of the bidegree in which they act. Meanwhile,

d_,=0-n0 (12)

in every (bi-)degree.

2.2 The twisted metric w,

Let w be a Hermitian metric on X. For every C* function n : X — (0, +00), we define the
following twisting of the induced pointwise inner product ( , ), on the (p, ¢)-forms on X:

(U, V), =07 (u, V) = (0(w), 0,(v))w, u,v € APIT*X, (13)

in every bidegree (p, ¢). In this way, we get a Hermitian metric w, on X induced by the smooth
positive definite (1, 1)-form

1
Wy = P w. (14)
In particular, the volume forms on X induced by the metrics w,, and w are related by the formula
1
den - nTn de (15)
This leads to the L*-inner products induced by w, and w being related as follows:
1 oo
(u, )}, = / (u, v), AV, = / S (el uw € C(X, ) (16)
b's X



2.3 The twisted Laplacians A, and A,

Suppose that (X, w) is a complex Hermitian manifold with dim¢cX = n.

Definition 2.5. For every C* function n on X such thatn >0 orn <0 and any k € {0,...,2n},
the D, -Laplacian A, : C*(X, C) — CF(X, C) is the differential operator defined by

A, = D,D;+ D:D,, (17)
where D} is the formal adjoint of D, with respect to the L?-inner product {{-, -))., induced by w.

Note that the principal part of A, is the second-order differential operator n* A’ + A", proving
that A, is elliptic (since A’ and A” are known to be so). If, moreover, X is compact, we get, in
every degree k, the Hodge isomorphism

Hlk)n(X, C) ~ ”H’ZW(X, C) := ker <An O (X, C) — C°(X, (C)) (18)
mapping every D,-cohomology class to its unique A,-harmonic representative.

We will now compute Dy in terms of the formal adjoint dg, of d with respect to the twisted
metric w,. Specifically, we will prove the following

Proposition 2.6. For every C* function n : X — (0, +00) on a compact complex Hermitian
manifold (X, w) with dimcX = n and for every k € {0,...,2n}, the operator Dy : C°(X, C) —
CX (X, C) is given by the formula:

D} = 0,170, (19)
where Ty : C°(X, C) — Cp2 (X, C) is the linear operator

T;( Z up’q> Z (U ) with u”* € C°, (X, C),

ptq=k ptq=k

and, for every bidegree (p, q), Ty, : C;5(X, C) — G5, 1 (X, C) is the linear operator defined by

* 1 * . 3 2
1, = o (dwn —2(n —p) {A, 2(5 on — 77877) A ]) 00,
where dz:n is the formal adjoint of d with respect to the L*-inner product induced by the twisted metric
wy as in (16).
Before proving this result, we prove a few formulae that will be needed.

Lemma 2.7. Let (X, w) be a complex Hermitian manifold with dimcX = n. Then:

(1) for any C* function p : X — R, any bidegree (p, q) and any smooth (p, q)-form v on X,
we have:

*(py) = p0*y + [N, iOpA-J(y)  and I (py) = pd*y — [A, idp A](7). (20)

(i1) for any C* function n: X — (0, +00), any bidegree (p, q) and any smooth (p, q)-form u
on X, we have:

a, ?O5u—2(n—pm[A, iOnAJu  and O u= Jfu+ Hn—p) [A, i0n A -] . (21)
! n

10



Proof. (i) It suffices to prove the latter equality in (20) since the former follows from it by conjuga-
tion. Using the Hermitian commutation identity (ii) of (95), we get the first equality below:

(py) = —i[A Olpy) =7 (py) = =i Mp Oy +Ip Ny) +10(p Ay) — pT" ()
= —ip (A@fy — aA’y) —1 (A(ap N ")/) — 8p A A"Y) _ P'f_*(’}/)

- r ( — A9 f*) (7) = [A, ip A-J(7) = p 0"y — [A, idp A ] (),

where the last equality follows again from the Hermitian commutation identity (ii) of (95).

(ii) e To prove the former equality in (21), we will first prove the formula

1
L (772(np) ) on (p, q)-forms. (22)

n2(n—p+1) Wn

To this end, let a € Cp°, (X, C) and 8 € 77, (X, C). We have:

(o, 05B))e = (O, B))u = / (O, B}, dV, = / %@o@ B 1P dV,y, = (B, PP,

X

— <<a, @:}n(nﬂn—p)ﬁ)))wn = /(a, 8:}n(n2(n—p)5)>wn den

X

- * n— 1 1 * n—
= /772(p Y (a, awn(??z( p)ﬁ»w nﬁde = ((a, mawn(ﬁ% p)ﬁ)»w-
X

This proves (22).
Now, let u € C;°, (X, C) be arbitrary. Identity (22) gives the first equality below:

1 1 = 1
* 2(n—p+1) g« 2(n—p+1) * : .
Gwﬁu = ar (—Q(R_p) u) =1 ( 2 p) aru+ {A, Za<—n2<“‘P>> A 1 u),

while the second equality follows from the former formula in (20). Since

(1 2(n—p) 5
a<n2(n—p)) o _772(n—p)+1 on,

we get the former formula in (21).

e To prove the latter equality in (21), we will first prove the formula

5:; _ 1 o <n2(n—l’) ) on (p, q)-forms. (23)

772(”—17) Wn

11



To this end, let a € C5°, (X, C) and 8 € C;° (X, C). We have:
_ _ _ 1 _
(, 3800 = ((Da, B))o = / (Da, B)., AV, = / 5 (00 B " VL, = (00, OB,

X

= (o 85, (PP B, / (@, B, (PP B))., Ve,

L, = e, 8 (P

772(n—p) Wy

= X/n a@* ”p)ﬁ)>w

This proves (23).
Now, let u € C;° (X, C) be arbitrary. Identity (23) gives the first equality below:

_ 1 1 1
* _ 2(n—p) A% — 2(n—p) .
Tontt =1 a‘”(nz(”‘m u) ! (772("‘1’) o [A la(nz(” ”)) : ] u)

while the second equality follows from the latter formula in (20). Since

1 ~ 2(n-—p)
0(772(np)) - _nz(n—p)ﬂ an,

we get the latter formula in (21).

Proof of Proposition 2.6. On the one hand, taking conjugates in the definition (6) of D,,, we get:

0,' D0, = 0,°d.0; (24)

since the formal adjoint of 6, with respect to any metric (in particular, in this case, with respect to

w) is 6, itself.

On the other hand, we will express the right-hand side of (24) in a different way. For any bidegree

(p, ) and any form u € C;° (X, C), formulae (21) give the latter equality below:

u-@*u+8*u-nla u+ a5, {A,i(@n—@n)/\}u

Replacing u with 7u = 7*Pu and taking 6, on both sides, the last equality transforms to:

(6,%d%62) () = n—ipa;n(e W) + — 3 (0%u) —2 L [A, i(%an—nan) A-] (0>u).  (25)

2 Wn 2
U nr

Putting (24) and (25) together, we infer that, for every u € C3°, (X, C), we have:
—1 yx 1 * . 1 2 2 *
(0, Dy0)u = o d;, —2(n—p) A i 537} —non | A-| | (Ou) =T, u
This proves formula (27) in bidegree (p, ¢). By linearity, we get (27) in any degree k.

Prompted by Proposition 2.6, we introduce the following

12



Definition 2.8. Let (X, w) be a compact complex Hermitian manifold with dimcX = n.

For any C* function n : X — (0, 00) and any k € {0,...,2n}, the twisted d-Laplacian
A, 1 CF(X, C) — C(X, C) with respect to the twisted metric w, is the differential operator
defined by

A, =dT) +Td, (26)
where T}y is the first-order differential operator introduced in Proposition 2.0.

In the special case where 7 is constant, we have T = d; , 80 A, coincides with the usual
d-Laplacian dd:)n + d:]nd with respect to w,. In general, for an arbltrary smooth function 1 > 0, d:,n

is the principal part of 77, so the usual d-Laplacian with respect to wy, is the principal part of A, .

Corollary 2.9. Let (X, w) be a compact complex Hermitian manifold with dimcX = n.
For any C* functionn : X — (0, 0o) and any k € {0,...,2n}, the twisted Laplacians A, A, :
CX(X, C) — CF(X, C) are related by the formula:

A, =0,A, 0" (27)

Wnn

In particular, they have the same spectrum:
Spec(A,) = Spec(A,,) (28)
and for every eigenvalue \, the linear map
EX,(N) 3 ur— 6, u € BX (M) (29)
15 an isomorphism between the corresponding eigenspaces.

Proof. Formulae (6) and (26) yield the second equality below:

A, = DD} + DD, = (0,d60; ) (0,T6,7) + (6,126, (6,d6, ") = 6,(dT; + T d)d; " = 0,A,, 6,

wnn

This proves (27), from which the other two claims follow at once. 0J

3 Twisted commutation relations for D, and E—n

Let X be a (possibly non-compact) complex manifold with dimcX = n > 2. We fix a Hermitian
metric w on X and denote by (, ), resp. ((, )), the pointwise, resp. L?, inner product induced by
w on C-valued differential forms on X.

In this section, we give commutation relations for D,, E,n and their formal adjoints, as well
as the identities of the Bochner-Kodaira-Nakano-type they induce. The identities we obtain are
the analogues in our twisted and possibly non-Kéhler context of the classical Kédhler commutation
relations that were subsequently given Hermitian versions in [Gri69], [Ohs82] and [Dem84] for the
standard operators 0 and 0 and then for the operators dj and d_j, twisted by a constant h € C in
[BP18]. In our present case, the twisting is by a possibly non-constant function 7.

We start with a preliminary computation.

13



Lemma 3.1. For any C* function n on X such that n >0 orn <0 and any k € {0,...,2n}, the
formal adjoint D} = Cp3,(X, C) — C*(X, C) w.rt. ((, )) of the operator D, : C*(X, C) —
Cp21(X, C) introduced in Definition 2.2 is given by the formula:

Div = 0%(nv) + v — Z p(On A -YoPtha - Z b (On A )roP et (30)

pt+q=k pt+q=k U

for every formv =57 o™ e C (X, C).
r4+s=k+1

Proof. For any forms u = Y w”7e€ C°(X,C)andv= > o e (X, C), formula (9) for

p+q=k r+s=k+1
D,u and the fact that the inner product of any two pure-type forms of different types vanishes lead

to the following equivalences:

{Dyu, v)) = {{u, Djv))

— p — "
=D {(pour T —pan Aurt P TR) £y ((uP — 5077/\’&”’(1, V) = ((u, Dyv))

pg=Fk p+q=k
3, 9 ) — (9 A et 3t = L Gy nperatty) = (G, Dy,
n
p+q=k

Now, the last term translates to

((u, Dyo)) = Y ({uh?, (Do),

p+q=Fk
so we get:
(D;U)p,q =0*(n Up+1,q) 4 QP atl p(On A ,)*Upﬂ,q _b (57] A ,)*Up,q+1
n
for every bidegree (p, ¢). Summing up over p + ¢ = k, we get (30). O

Now, we fix a degree k € {0,...,2n} and aform v = > o"° € O3, (X, C). Expressing 0",
_ _ r+s=k+1
0%, (On A\ -)* and (On A -)* by means of the commutation relations of Lemmas 7.1 and 7.2, formula

(33) reads:
D;v = 4[A, 9)(qv) — n7*(v) —i[A, O](v) — 7*(v)
+i > pIA At —i ST BIAL an A Jret),

p+a=k pt+a=Fk

Since

[A, O](nv) = A(ndv +0n Av) —ndAv — On A Av =n A, 0](v) + [A, On A -](v),

14



the above equality translates to

Do+ (nT+7)"(v) = —il[A, d—nd|(v)+[A, idn A -|(v)
-y % A, ion AP )+ N plA, idn AP, (31)
pt+a=Fk pt+q=k

On the other hand, using formula (11) for D_,, we get:

A, E—n](v) = Z A, E—n](vr’s)

r+s=k+1
= — Z A((n@ — 0" —sOnp A5 + f877 A UT’S)
r+s=k+1 U
= = —1
+ Z (nd — 9)(Av™?) — Z (s—1)onp A AvV"° + Z i on A Av™?
r4+s=k+1 r4+s=k+1 r4+s=k+1

which translates to

—i[A, D_)(v) = —i[A, 0=ndl(v) = D s[A idn Ao —idn A A(v)
r+s=k+1
+ N iAo+ ST Sap A AW (32)
r+s=k+1 r+s=k+1

The conclusion of this computation is a preliminary n-twisted commutation relation.

Lemma 3.2. For any C™ function n on X such that n >0 orn <0 and any k € {0,...,2n}, the
formal adjoint D} - C35,(X, C) — C°(X, C) of D, : C°(X, C) — Cp$4(X, C) is given by

okt - -
D+ (nr+7)* = —i[A, Dn]—T[A,zdnnA~]—%dw/\A. (33)

Proof. Let v= 3 v"° € C%(X, C).
r+s=k+1 B
Plugging into (31) the expression we obtain for —i[A, 0 — nd](v) from (32), we get:

Do+ (nm+7)*v) = —ilA, DoyJ0)+ Y s[A idnA-] (") +idnAA)
r+s=k+1
— Y 2o acl ) - Y Lo aA@) (34)
r+s=k+1 r+s=k+1
oA A- @) = S B ion AP+ S plA, idn A-)(oPHh).
p+q=k pt+q=k

We now form pairs using certain sums featuring on the r.h.s. of (34). We get:

> s[Aion A1)+ Y plAidn A (P = kA, idn A -] (v)

rds=k+1 p+q=k

15



after renaming, in the latter sum, p as r — 1 and q as s.
Similarly, we get:

— Y 2wty = S0 Za g A et =

r+s=k+1 p+q=k

_EEL oA )

after renaming, in the latter sum, p as r and ¢q as s — 1.
Finally, after using formula (12) giving d_, for the latter equality below, we get:

i ANw) — S ZapAN"T) = idn A M) - % on A Av) = —% d_,n A Av).

r+s=k+1

Putting all these expressions together and using (12), we see that (34) becomes the desired (33).
U

Note that the second and third terms on the r.h.s. of (33) are of order zero. Thus, the principal
part of D} is contained in —i[A, D_,].

We now introduce the following

Definition 3.3. For every degree k € {0,...,2n}, the n-torsion operator 7, : A*"T*X —
AFIT*X is defined pointwise on the C-valued k-forms on X by

Ty = [A, Dyw A -]. (35)
A straightforward computation yields the following

Lemma 3.4. For every k € {0,...,2n}, the n-torsion operator 7, : A*T*X — AFFIT*X s
explicitly given by

_ ) 1 -
Tn:n7+7+iw/\(8n/\-)*—%(GnA-)*(w/\-)—(n—k—l)@n/\-—(n—k‘);@n/\-. (36)
Proof. From (9), we get:
an—n8w+8w—8n/\w—%8n/\w.

Hence, for every k-form u, we get:

_ 1
U = A(n@w/\u—i—@w/\u—an/\w/\u——377/\w/\u)
n

- (an—Fécu—@n/\w—%én/\w)/\Au

= A QA -Ju+[A dwA-Ju—[A wA-J(OnAu) —wA[A IA-Tu
%[A,577/\-](w/\u)—%5n/\[/\,w/\-]u

= n7(u) +7(w) —(n—k—=1) I Au+iwA@OnA-) (u)

- lz'(@n/\-)*((,u/\u)—1577/\(71—/<:)u,
n n
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which is (36).
We have used the definition of 7, formulae (a) of Lemma 7.2 and the standard identity [A, wA-] =
(n — k)Id on k-forms. O

As a consequence of these computations, we get the following analogue of Lemma 4.1. of [BP18§]
(which dealt with the case where the function 1 was a constant h € R\ {0}).

Proposition 3.5. Let (X, w) be a complex Hermitian manifold with dimcX =n > 2. For any C*
function n on X such that n > 0 orn < 0, the following n-twisted commutation relations hold
on differential forms of any degree on X :

(a) D7*7+T;:—i[A,ﬁ_n]+%[ic_l_nnA-,A]; ) D, +7*

n -n

—i[A, Dn]—%[idnm-,f\];

(c) Dn—l—Tn:i[ﬁ:n,w/\-]—%[w/\-,i(a_nn/\-)*];

(d) Doy+7y=—i[DfwA ]+ % w AL (dyn A )Y (37)
Proof. 1t suffices to prove (a), since (b) will then follow by taking conjugates and replacing n with
—n, (c) will follow by taking adjoints in (a), while (d) will follow by taking adjoints in (b).

Taking adjoints in (36), we get:

T;:nT*+7‘*—i5n/\A+%A(3n/\')—(n—k:—1)(87)/\-)*—(7@—1@%(57}/\-)*

in degree k + 1. (Note that the switch from the degree k of (36) to the current degree k + 1 is due
to 7,u being a (k + 1)-form whenever of u is a k-form.)
Plugging the value for n7* + 7* given by the above equality into (33), we get:

L R E+1 . E+1, = k+1
Dyt = =il Doy = = = AE0nA-) + = = MinOn A-) +

i@n/\A—%niénAA
— 3877/\/\+fnénAA—ién/\AJrfA(an/\-)
1 n n
* 1 /) *
— (n—k—=1)(OnA-) —(n—k‘)ﬁ((???%) (38)

in degree k + 1.
Now, using the commutation relations (a) of Lemma 7.2, we see that the last line translates to

—(n—k—1)2’677/\A+(n—k—1)]\(i577/\-)+n i@n/\A—nT_kA(ian/\-).

Therefore, (38) becomes:
Df+71y=—i[A, D) +%[i@n/\-,/\] —nlion A -, A,

which is nothing but (a). O]

We are now in a position to give the first main result of this section. It generalises Corollary 4.2.
of [BP18] (which dealt with the case where the function 7 was a constant h € R\ {0}).
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Proposition 3.6. Let (X, w) be a complex Hermitian manifold with dimc¢X = n > 2. For any
C* function n on X such that n > 0 orn < 0 and any k € {0,...,2n}, the following rough
n-Bochner-Kodaira-Nakano (7n-BKN) identity holds on the C* forms on X:

A, = Z—n +1 HDm D—n]v Al + [E—m 7, = [Dy, T;]

-n

1 - — 1
+ n |D,, ﬁ[id_"n/\ . A]} +n [D_,?, E[z’dnn/\ . A]} (39)

Proof. Using the expression for Dy given in (a) of (37), we get the second equality below:

A, Doyf] — Dy 7] + 1 [Dn,

m 'n

1

A, = [Dy, Di] = —i[D
U

n

. i o
Now, the Jacobi identity yields the former equality below (expressing the first term on the r.h.s.
of (40)), while the n-twisted commutation relation (b) of (37) yields the latter equality:

~i[Dy. [0, D] = [(DoyilA D) +i[[D_y D). A]

= 01Dy Do A+ Do D47 B al] )
Plugging into (40) the expression given for —i[D,, [A, D_,]] in (41) and using the equality

[D_,, D",| = A_,, we get (39). O

We shall now refine the above n-BKN identity by incorporating some of the first-order terms
on the right into a twisted Laplacian. The starting point is the following analogue for a possibly
non-constant function n of Lemma 4.4. in [BP18].

Lemma 3.7. Let (X, w) be a complex Hermitian manifold with dimcX = n > 2. For any C*
function n on X such thatn >0 orn <0 and any bidegree (p, q), the following identities hold:

(1) [L, 1)) =3DywA-, (i) [A, 7)) = 207", ,

(iii) [Dnv D.) = _[Dm T ] B Dnv %(3—7777/\ ')* ’

—n] -n

- * * p) —% * * n *
(iv) [Dy, Dn] + [Dy, Tn] —[D—y, T—n] = [Dy + 7, Dn + Tn] + So(Jn) + ; [7s (dyn A )],

where
7

S .= 3 [A, [A, D_,D,wA-]] = [Dyw A+, (Dyw A ).

w

Proof. (i) The definition of 7, and the Jacobi identity yield the first and respectively the second
identities below:

(L, 7)) =[L, [A, Dyw A -]] = —[A, [Dyw A -, L]] = [Dyw A -, [L, Al

18



Now, [Dyw A+, L] = Dyw A (wA ) —w A (Dyw A -) = 0, so the first term on the r.h.s. above
vanishes. Meanwhile, it is standard that [L, A] = (k —n)Id on k-forms. So for any k-form wu, we get

[D,wA-, [L, Al]u = DywA([L, A]u)—[L, A] (D,wAu) = (k—n) DywAu—(k+3—n) DywAu = —3 DywAu.

Thus, [Dyw A -, [L, A]] = =3 D,w A - and (i) follows.

—

(ii) We know from the n-twisted commutation relation (c) of Proposition 3.5 that 7, =i [D_,, L]—
Dy —2[Li (d_,n A -)*]. This implies the former identity below, while (b) of Proposition 3.5 yields
the latter:

—% —

(A, 7] = i[A (D2, L = [A, Dn]_E[Aa [Lyi(dyn A -)"]]

—n

— [\, D", L] +i(D", +7",) — % [dn A, Al — % A, [Lyi(dogn A2 (42)

We transform the first term on the right of (42) using the Jacobi identity

A, [DZ,, L]+ [D.,, [L, A+ [L, [A, D] = 0. (43)
Since [L, A] = (k — n)Id on k-forms, we get [E*—n’ (L, A]] = ﬁn

We then transform the last term on the right of (42) using the Jacobi identity

0 = [A [Loa(dgn A )T+ L [i(dogn A ) AT+ [E(dogn A )75 [A, L]
(A, [Lyi(dagn A )] = (L idegn A+, A =i (degn A,

where we used again the identity [L, A] = (k — n) Id on k-forms to get the last term.

Meanwhile, the last term on the left of (43) can be written as [L, [A, D_,]] = [[D_,, L], AJ*, so
after putting all these pieces of information together, we see that (42) translates to:

TS * 1 e _ N n
A, 7] = —=il[Dy, LI, A" — D, +i(D_,+7) —E[dnn/\-,A]

n 7 * n-_ *
;[[L, id_,n A -], Al —;z(d,nn/\-) :

Since [d,n A -, A] = —i(d_,n A -)* (see (a) of Corollary 7.3) and [L, id_,n A -] = 0 (immediate
verification), we get:

A, 7] = —i[[D_,, L], A]* +i7",. (44)

"
Now, for an arbitrary (p, ¢)-form u, using (11) we get:
[D_,, Llu = D_,(wAu)—wAD_,u

_ _ 1 _
= (8—n8)w/\u+w/\(8—n8)u—%877/\(w/\u)+(q+1)877/\(w/\u)
— w/\(@—na)u—l—w/\%877/\u—qw/\877/\u

_ 1 _ —
= (8—778—5877/\-+8n/\->w/\u:D_nw/\u.

19



This shows that [D_,, L] = D_,w A -. Combined with the equality 7_,, = —[D_,w A -, AJ, this
transforms (44) to the desired identity [A, 7,] = 207, .
This proves (ii).

(iii) The n-twisted commutation relation (b) of Proposition 3.5 implies

=4

. . n..
(D, D) = =[Dy, T2, + i [Dy, [A, Dyl] = [D, p [idgm A -, Al (45)
Meanwhile, the Jacobi identity yields
_[Dm [Av Dn]] + [A, [Dm Dn“ + [Dm [Dm AH = 0.

Since [D,), Dy] = 0 (because D} = 0) and [D,, A] = —[A, D,], we get [D,, [A, Dy]] = 0.

Together with [id,n A -, A] = (d_,n A-)* (see (a) of Corollary 7.3), this transforms (45) into the
identity claimed under (iii).

(iv) Applying part (ii) and then the Jacobi identity, we get:

= i — i — i _
[D,n, Tfn] = ) [D,n, A, Tn“ = ) A, [Tna D,,,]] ) [Tnv [D,n, AJl. (46)
On the other hand,
) (@ ®) = (c) — _
7y, D_y] = [D_y, 7)) = Dy, [A, Dyw A -] = [A, [Dyw A -, D)l + [Dyw A -, [D—yy, A]
(d) — . « « n —
= [A, D_,DywA\-]—i[DywA-, Dn—l-Tn]—; Dyw A -, [doyn A -, Al (47)

where (a) follows from 7, and D_, being operators of odd degrees, (b) follows from the definition of
Ty, (c) follows from the Jacobi identity, while the sum of the last two terms in (d) follows from

D) . * * n
Dy, Al = —i (D) + 1)) — p [d_ym A -, Al

which is a consequence of the n-twisted commutation relation (a) of Proposition 3.5.
The computation of the first term in (d) of (47) runs, for any (p, ¢)-form u, as follows.

e First,
[Dyw A -, D_y)u = Dyw A D_yu+ D_y(Dyw A u) = Dyw A D_yu+ D_y(Dy°w Au) + D_py(D)'w Au).

e Then, we see that

D 5 q+1 _
Df"(D}?’Ow Au)= (0~ 7)8)(D}7’0w Au)— Tan/\ D%’Ow Au+ (g+1)0nA D%’Ow Au

and that

— _ q—|—2 _
D_y(Dy'w Au) = (0 —nd)(Dy'w Au) — T@n/\Dg’lw/\u—l— (q+2)OnADytwAu.
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e Putting these pieces of information together, we deduce that
[DywA -, D_yJu=DywAD_u + (0—nd)(Dyw)Au
1,0 5 q+1 5
— Dy wA ((a—na)u—Tﬁn/\u+(q+l)an/\u

_ q—|-2 _
- Dg’lw/\ ((a—nﬁ)u—Tan/\u+(q+2)8n/\u).

[Dyw A -, D_ylu = DywAD_yu+(0—n0)(Dy°w) Au+(0—nd)(Dy'w) Au
— 1 = 2 =
— an/\D_nu+D,1]’ow/\(—877/\u—877/\u)+D2’1w/\(—8n/\u—28n/\u)
n n

= E_U(D}I’Ow) Au+ D_,(D¥'w) A u.

n
e We conclude that the formula
[an A E,n] = E,nan A - (48)

holds in every (bi-)degree.
This finishes the computation of the first term in (d) of (47).

Taking the bracket with A in (47), we get:

(A, [1), D)l =[A, [A, D_,Dyw A -]l — i [A, [Dyw A -, Dy + 1] - % {A, {an Ay dogn A - A]H (49)

e Now, we compute the second term on the right of (49) starting from the Jacobi formula:

A, [Dyw A, Dy +17]] = —[DywA-, [Dy+7), A+ [Dy+ 77, [A, Dyw A -]
= _[an/\'7 [Lu D77+TT]]*]+[D;;+T;7 7—77]' (50)

Moreover, for any (p, ¢)-form u, we have:
[L, DyJu = wA Dyu— Dy(wAu)
_ 1.
= wADyu— (778+8)(w/\u)—|—(p—|—1)877/\w/\u+]i@n/\w/\u
n

= wADyu—wADyu— <(778—|—5)—(977/\~—%5n/\->w/\u
= —DywAu.
We have thus got the formula
L, D] = —D,wA -,
which, together with the one proved under (i), yields

L, D, +7)|=—DywA-+[L, 1) =2DywA-.
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Combining this with (50), we transform (49) to
A, [, Dl = [A [A, DyDyw A -]+ 20[Dyw A+, (Dyw A< )] =i [Dy + 77, 7]

B %[A {DM., -, A]H. (51)

This is the end of the computation of the last but one term in (46).
e Using (51), (46) becomes

Doy 7y = —2 [\ 8 DD A -]l + (Do A, (DoAY = 2 [Df + 75,73 (52)
~ 5 Do A+ 5 [A, [an A il A A]” .

Now, expressing i [D_,, A] by means of the 7-twisted commutation relation (a) of Proposition
3.5, the last but one term in (52) reads:

—5 7 (Do Ml = =5 s Dy 7]+ 50 [ g A AL
Meanwhile, the Jacobi identity expresses the last term in (52) as
i [A, [an/\ o lid_m A - A]H - {an A [[z’&nn/\ -, Al AH L [[zﬁnn/\~, Al [A, D,w A H
2n 2n 2n
Using these equalities, (52) reduces to

~[D-,, =D+ T+

(A A Doy Dy A1) = Dy A -, (D A-)'] (53)

3 N | .

- {Tm [id_n A - A]] + % [an A [[zﬁ_nn/\ A, AH

Now, in the last but one term, (b) of Corollary 7.3 ensures that [id_,n A -, A] = —(d,n A -)*.
Meanwhile, the last term in (53) vanishes since

oy e AL A ==l A" Al = =[L dyg 11 =0,
the last vanishing being a consequence of the equalities

(L, dnA-lu=wA (dnAu)—dnA(wAu)=0

that hold for any form w.
Thus, using these observations and the notation 55}7) spelt out in the statement, we see that (53)
translates to

) —% * * n *
—[D_,, 7 =D+, 7] + S5 + ; (7, (dy A - )]

It remains to add [D,, Dy]+[D,, 73] = [Dy, D;+7,] to either side of this equality to get the desired

equality (iv) of Lemma 3.7. O
We can now give the main result of this section.
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Theorem 3.8. Let (X, w) be a complex Hermitian manifold with dimcX = n > 2. For any C*
function n on X such that n > 0 orn < 0 and any k € {0,...,2n}, the following refined n-
Bochner-Kodaira-Nakano (7-BKN) identity holds on the C* forms on X:

Ay=[D 47, D, +7,] + TV +i([D,, D), Al

_ 1 — 1
+ n D—n"_?—m E(d—nn/\'Y} -n {Dm E(dnn/\'y} (54)

where TS is the zero-th order operator defined by
D= S = —2 A [A, DDy A )] = Doy A+, (Do A ).
Proof. Putting together the rough n-BKN formula (39) and equality (iv) of Lemma 3.7, we get:
Ay + [Dy + 1, D+ 7]+ SO + % [Ty (dyn A - )]

= Z—n +i[[Dn’ E—n]> A] + [E—m —n] [Dyy, 77l + [Dm D*] [Dy, 7] — [D—m

™ o _77]

1. = —
+n [Dn, p [id_,n A -, A]} +n [D_n, p [idyn A -, A]} .

Since [D,), D] = A, and since the terms [D,, 7] and [D_,, 7%, ] reoccur with the opposite signs,
this equality reduces to

Z—n = [D,+ Tns D:; + 7';] + Su(Jn) —i[[Dy, E—n]a A
1 1 — 1 —
+ n |:Tn, 5 (dyn A - )*] +n {Dn, 7—] (dyn A - )*] -n {D_T,, 5 (d_yn A -)*

Identity (54) follows from this by taking conjugates and replacing n with —. O

We now compute the operator [D,, D_,] that features in identity (54).

Proposition 3.9. Let (X, w) be a complex Hermitian manifold with dimcX =n > 2. For any C*
function n on X such thatn >0 orn <0 and any bidegree (p, q), the following identities hold:

(D, E—n] (uP?) = <n — %) on A OuP 9 — (77 + %) on A OuP+1

_ _ 1 _
+ 2? qu)nA@nAup’q+(q—p) (n+—) 00n A uP1,
n n

i {[Dn, D_,], A] (uP?) = (77 1) (2877/\ A] OuP 9 +i0n A [0, AjuPd

= (o

p

) (@877/\ A] OuP? +idm A [0, ] uP 1

’QSI»—‘J

_|_

~— o~
‘o
=

[1877/\877/\ A} uP 9+ (q — p) <77+%

for any C* (p, q)-form uP9.
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Proof. 'We compute separately the two terms in the sum [D,, D_,) (w9 = (D,D_,) (uP?) +
(D—pDy) (u?).

e We use (9) to get the first line and then (11) to get the next four lines below:

(D—yDy) (u?) = D_y(ndum?) + D_(Ou™?) — p D_(In AuP?) —pD_, (% o A Up’q)

= 9(nouP?) — nd(nouP 1) — %7787) A OuP* 9 4 qn on A OuP*4

_ 1 _ L
+ 00wt — L 9y A BuP e+ (g + 1) Ty A Sl
n

— pd(On AuP ) + pnd(On A uP?) — pg dn A On A uP 1
1= (1 - 1 =
- p@(ﬁ 877Aup’q) +pn8(5 anAup’q) +p—(q+ )877/\877/\up’q.

772

This leads, through straightforward computations, to

_ 2 - 1\ .5
(D—nDy) (u?) = p<q+q;; )077/\877Aup"’—p(77+5) 9o N\ u™*
+ (P—q+1)8n/\8up’q+<%+(q+1)77)577/\aup’q

1 - L
- <pn+—q:]_ >87]/\8up’q+(q—p+1)8n/\8up’q
+ (L+7n%) 00uP1. (56)

e Meanwhile, we use (11) to get the first line and then (9) to get the next four lines below:

(DyD—y) (u??) = Dy(0u™?) — Dy(ndu?) — ¢ D, (% on A Up’q) +q Dy (0n AuP?)

_ 1
= 9Ou1 — (p+ 1) 9 A Db — ]%an A Dup

— nd(nour 1) — d(nduP?) + pn dn A OuP 1 + pdn A JuP?
1 (1 Vg -
— qn@(;&n/\u”’q> —q@(;@n/\u”’q) + (p; )a on N\ on AuP?

+ qnd(On AuP?) + qd(On AuP9) — pqgdn A On A uP .

This leads, through straightforward computations, to
— 2 _ 1 _
(D,D_,) (u??) = — (—(p +2 )4 —i—pq) NI ANuP?+q (77 + —) a0n N\ uP1
U] n
1 _
+ (g—p—1)OnAouP?— <p_—i— +qn) on A ouP 1
U]

+ ((p—l)n—l—%) oA OuP !+ (p—q—1)dn A duP*

— (L+7n?) 00uP“. (57)
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Adding up (56) and (57) yields the former desired equality.
Now, starting from ¢ {[Dn, D_,], A] (uP9) = i[D,, D_,] (AuP9) — A(z’ [D,), D_,)] (up’q)) and
using the equality we just proved, we get

[0 B0 = (1-2) (innonw - e

— (7] + %) <i8n A ONuP T — A(ion A 5up’q))

— _ 1 5
+ 2pn2q {2’077/\377/\', A] u”?+ (¢ —p) (77+5) {i%’m-, A} U,

It remains to notice that on the first line on the r.h.s. above we can write:
ion A OAuP? — A(idn A OuP9) = [ion A -, A] OuP? +idn A [0, A uP?,
while on the second line on the r.h.s. above we can write:
i0n A OAuP T — A(ion A OuP ) = [idn A -, A} OuP? +ion A [0, A]uP9
to get (55). O

4 Twisted commutation relations for D%’O and Dg’l

The setting is the same as in the previous section §3. Besides the differential operators defined by:

D}{O:nﬁ—pan/\- and Dg’l 23—8577/\-,
n
on (p, q)-forms, we now also consider the operators d; = nd and d, = 0, as well as
1 _
=[N DYwA -] =nr - {A, 877/\0)/\-] and 1)l :=[A DY'wA-]=T— {A, 5877/\0}/\-].

Thus, we have:

DWZD}?’O+D2’1; dy = d +dy; Tn:Tg’O—I-Tg’l.
Lemma 4.1. (i) The following formulae hold in any bidegree:
o1 1 1 -
T:Tgyl—l—{A,—@n/\w/\-} and ?:Tg’l—l—{A,—an/\W/\'} (58)
n n

(ii) For any p,q, the following formulae hold in bidegree (p, q):

_ - 1~
DO 4t = (D7) - Eapn- - {A, —377/\00/\‘}
Ui Y

— 1
D2,1+7_1(7),1 _ (8+7)—%877/\'—[Aa;877/\W/\'}' (59)
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Proof. Immediate verification. O
Equating the bidegrees in Dg =0, we get:
(i) (Dy°)? =0; (i) Dy°Dyt = =Dp'DY0 (idd) (D ')? = 0. (60)

The anti-commutation of D}-* and D! is an advantage these operators have over D, and D_,, (that
do not anti-commute — see Proposition 3.9) considered in §.4.

We also consider the Laplacians:

A= (DY (DY) and A= [DRT, DY,

where the conjugate operator Dg’l is defined by requiring D?,’ by = D?,’ L4 for every form u.
An immediate computation shows that, in bidegree (p, q), we have:

1—8—%877/\-, hence also Dg’l*—ﬁ*—%(an/\~)*. (61)
Lemma 4.2. The following formula holds in any bidegree (p, q):

W*+F* = (0" +17) —%(am-)*— K%anmu/\-)*, w/\-} (62)
Proof. 1t follows at once by conjugating the latter equality in (59). U

On the other hand, the identity D, = 6,d6," (see (6)) yields:
»0=0,00" and D)'=0,00" (63)

In particular, for every bidegree (p, ¢), the D)>%-cohomology and D} '-cohomology spaces:

DL C= (X, C) — %, (X, (C))

Hg;o(X, C) =

Y

e
Im(D 00 (X, C) — O, (X, (C))
il

DY O (X, C) — O, 4 (X, C))
Hgoql(Xa C) = (64)
Im (ngl C (X, C) — O, (X, @))

p,q—1

are isomorphic to the corresponding d-cohomology, resp. 0-cohomology, spaces via the following
isomorphisms induced in cohomology by 6, as in Proposition 2.3:

0, : HyU(X, C) — H"{,(X, C), {u}o —> {Byu} po,
0, : H2U(X, C) — H"{,(X, C), {us — {0} por. (65)
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Another immediate observation is that
0,1 _ 10,1 0,1 _ 0,1 I A
D, =DZ,, ‘hencealso 7, =7, and A =A"_ (66)
On the other hand, the principal part of AJ is the classical 0-Laplacian A", while the principal
part of Al is A’. This shows that A7 and A} are elliptic. Consequently, if X is compact, we get,
in every bidegree (p, ¢), the Hodge isomorphism

0,1
Dy

HPd (X, C) ~ ’HZ;?(X, C) := ker (Ag O (X, C) — O (X, C)) (67)

mapping every D% !-cohomology class to its unique A”-harmonic representative, as well as the anal-
g y Ly gy n

ogous statement for A and Dyt

Splitting each of the n-twisted commutation relations (37) into two identities according to the
bidegrees, we see that Proposition 3.5 translates to

Proposition 4.3. Let (X, w) be a complex Hermitian manifold with dimcX =n > 2. For any C*
function n on X such that n > 0 orn < 0, the following n-twisted commutation relations hold
on differential forms of any degree on X :

(a) w#v+wwr=—wnmﬂ+%thA»m

n

* * . ) n . .— )

(a") (DY) + (rp ') = —i[A, D2 + 7 140y A~ Al
— % — % i n .

() Dl,y? + 7{’,70 =1 [A, D%’O] — ; [id;n A -, AJ;

) DOI 4751 =i (A, DO — % i A -, Al

() DO+70 =i [DEY WA= LA i (@A );

o™, ,
() D2’1+Tf7)’1:i[DO’nl*,w/\-]—%[w/\-,i(d’_’nn/\-)*];
—5 190 . . n . .
(d") Dl_’g—l—Ti’,]O:—z[(D%’O),w/\-]—kﬁ[w/\-,z(d;n/\-)];
(@) DO 4708 = —i[(DOY), wA- ]+ S wA- i (dnA-)] (68)
= -n n o/ n Sy '

As a consequence of these n-twisted commutation relations, we get the following analogue of
Proposition 3.6.

Proposition 4.4. Let (X, w) be a complex Hermitian manifold with dimcX = n > 2. For any
C* function n on X such thatn > 0 orn < 0 and any k € {0,...,2n}, the following rough
n-Bochner-Kodaira-Nakano (7-BKN) identity holds on the C™ forms of any degree on X :

ay =i [ID98 DY |+ DR AT - o2 ]
+ n{Dg’l,%[87)/\-,A]]+n[D3’1,%[817/\-,/&]. (69)
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Proof. Using the expression for (D)")* given in (a”) of (68), we get the second equality below:

_ 0,1 0,1\ — _ .+ | D01 0,1 0,1 (.0,1\% 0,1 ¢
Ag - [‘Dn ’ (Dn ) ] =t |:D17 ) [Au D—n]:| - [Dn ) (Tn ) ]+n |:D7] ) 5[377/\7 A]:| (70)
Now, the Jacobi identity yields the former equality below (expressing the first term on the r.h.s.

of (70)), while the n-twisted commutation relation (b”) of (68) yields the latter equality:

i {ngl, A, DE’;]} = {D“ i[A, Df;’l]} +i {[Df*1 D?;l],A}

-n’ -’

= i [[Df;’l, D%, A} + [DO_’,}, DOl 4+ 0T % [i0n A -, A]]. (71)

Plugging into (70) the expression given for —i {Dg’l, (A, Do’nl]} in (71) and using the equality

D%} Do’l*] = A’ as well as (66), we get (69). O

The first step towards refining the above n-BKN identity by incorporating some of the first-order
terms on the right into a twisted Laplacian is the following analogue of Lemma 3.7.

Lemma 4.5. Let (X, w) be a complex Hermitian manifold with dimcX = n > 2. For any C*
function n on X such thatn >0 orn <0 and any bidegree (p, q), the following identities hold:

(Z) [L, 7'7?71] — 3D2,1w A, (Z’L) [A7 Tg,l] — 21-7_071*7

-n

i) (D D)=~y 7= Dy s on -,

y» T—n n oy

(ZU) [Dg’l, (Dg,l)*] + [Dg’l, (7_7(]),1)*] - |:D0,nl’ 7_9,7]1 :| _ [Dg,l _{_7_7(7),1’ (D%l)*“‘(ﬂ?’l)*] _‘_SLU)//
n A *
+ ;[7—7(7)’17 (877/\ ) ]7
where
" 7/ *
S = 5 A A Dy'DY'w A -] = DY w A -, (DY w A ).

Proof. The computations are the exact analogues of those forming the proof of Lemma 3.7 when D,
is replaced by Dg’l, 7, is replaced by 7'79’1, etc. The details will not be repeated. O

The main result of this section is the following analogue of Theorem 3.8.
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Theorem 4.6. Let (X, w) be a complex Hermitian manifold with dimcX = n > 2. For any C*
function n on X such that n > 0 orn < 0 and any k € {0,...,2n}, the following refined n-
Bochner-Kodaira-Nakano (7-BKN) identity holds on the C* forms on X:

A= Dyt DY +T7?’1*:| + T0§">”+z[[D2’1,D2’1],A1 (72)
01, o1 1 * 01 15 *
+ n|Dy 4+ ,5(87]/\-) —n|Dy ,5(877/\') ;

where TOS")N is the zero-th order operator defined by

10" = S5 =~ (A [A, DY DFwA ) = DY w A, (DY Tw A )]

w

Proof. 1t is the exact analogue of the proof of Theorem 3.8, based on the use of Proposition 4.4
instead of Proposition 3.6 and the use of Lemma 4.5 instead of Lemma 3.7. We have also replaced
—n by n in the subscripts of the statement thanks to the already noticed equalities Dg’ L= D(i’nl and

0,1 _ 0,1
T, =T, 0

We now compute the operator i [[D27 LDy, A} that plays in (72) the role of the curvature op-

erator of the classical Bochner-Kodaira-Nakano identity and the (1, 1)-form Dg’ 1D9,’ 'w that features

in the definition of TLE")". The following statement is the analogue of Proposition 3.9.

Proposition 4.7. Let (X, w) be a complex Hermitian manifold with dimcX =n > 2. Fiz any C*>
function n on X such thatn >0 orn < 0.

(i) For any bidegree (p, q), the following identities hold:

10,1 0,1 1 (.5 : - p—q (2. L

) [Dn’ , Dy ] (uP?) = —5 10n A ouP 1 +ion N\ ouP? | + —77 5@817 AOn —idon | AuP?,

and
1 - 1 _
i [[Dg’l, Dy, A} (uP?) = p [A, iOn A -] OuP + 7 [A, iOn A -] OuP?
1 .- 1 -
+ 52’87) A [A, O] uP T 4+ 52077 A[A, O uP?

+ (p—9q) K%ian/\én - %@'857}) A, A} ub 4 (73)

for any C* (p, q)-form u?? on X.
(ii) The following identities hold:

01 (1 1
Dg’ng’lw = 7728(—8(—00))
no\n

= —88w—%(2877/\8w—677/\8w>+%(8877—%817/\877)/\w. (74)
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Proof. (i) We compute separately the two terms in the sum [D)-*, D'l (uP9) = (Dyy LDyt (uP9) +
(D' Dipt) (ub ).
e We use (61) to get the first line and then (10) to get the next line below:

(Dg’ng’l) (uP?) = Dg’l (aup,q _ 49 on A up,q)
Ui
_ 1 -
= 8<8u”’q - g@n A up’q> - Zi(?n A (8up’q - g(‘?n /\up’q).
Ui Ui Ui
This leads to

(DYDYt (uh?) = —00uP 9 + ! <q on A ouP? — (p+1)9n A Gup’q>
n
_ 2 _
+ % <387)—]%877/\87)) AuP?, (75)

e Meanwhile, we use (10) to get the first line and then (61) to get the next line below:

(Dg’ng’l) (uP?) = Dyt (8up’q — %87} A up’q)

_ _ 1 _ _
= 3(8up’q - Ean/\u”’q) - &87) A <8up’q - ]—987) /\up’q>.
n n n

This leads to

(Dy ' DY) (uP?) = 0ouP? + % (p on A ouP — (g +1)dn A auM)
2 _ _
+ % (% on A\ on— 8877) A uP A, (76)

Adding up (75) and (76) yields the first equality claimed under (i).

Now, starting from i [[Dg’l, Dy, A] (u7) = i [DSY, Dy'] (Aup 1) — A(i (DO, Dyt (up’q))

and using the first equality under (i), we get

i {[Dg’l, Dy, A} (uP?) = < - %z’gn N ONuP T + %A(ién A 8up’q))
+ ( — % i0n A OAuP T + % A(idn A aup»q))
_ 9 _ _
+ ]% [(5 i@nA@n—i@@n) /\-,A} uP 9, (77)

It remains to notice that the first parenthesis on the right of (77) equals

1 = 1 -
—[A,i0n A -JouP 9 4+ —ion A (A, O] uP?,
n n
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while the second parenthesis on the right on the right of (77) equals

1 - 1 ~
p [A, iOn A -] OuP 9 + Ei@n A [A, O uP

to get (73).
(ii) Using (63), we get:

o i 1) = () =00 o) =l(o(1)

which is the former identity in (74).

The latter identity in (74) can be proved by a direct computation. We get Dy 'w = dw — Tl) onAw,
hence

—57T 1 2 - 1
D,Oi’ng’lw = 3<8w——8n/\w) ——0nA (0@0——877/\00)
n n n
_ 1 - 1= 1 = 2 - 2 -
= —88w+?8n/\8n/\w—58877/\w+5377/\8w—5877/\3@0—#?877/\@77/\@

Collecting terms, we get the latter identity in (74). OJ

If ¢ is the real-valued C* function on X defined by n = e™%, the quantities depending on 7
featuring in (73) read:

1 10N = —10y; 1 ion = —i0y; 1 i00n = i0p A Op — 100;
n n n
2 = 1..= = =
p ion A\ On — p i00n = 10p A dp + 100p. (78)

5 Vanishing of certain L2 A%’-harmonic spaces on certain
non-compact complete complex manifolds

Let X be a complex manifold with dim¢X = n. With every C* function n : X — (0, 00), we
associate the C* real (1, 1)-form

2 = 1 .. =
Y 1= —5 100 A\ On — —id0n
n n

featuring in the “curvature” term (73) of the refined n-BKN identity (72). Note that the former
term in 7y, is > 0 on X, while the latter term may be signless in general and, by the maximum
principle, is signless or vanishes identically if X is compact.

Lemma 5.1. Dy 'y, = 0. Hence, d(% Yy) = 0.
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Proof. Straightforward calculations yield:
1 nm 1 1 =
Oy = —— On Nidon and — O Ay =—— On Aiddn.
n n n

Hence, using (61) for the former equality below, we get:

o1 1
Dg’l% =0y — 5877/\%7 = 0.

This proves the former claimed equality, which in turn implies the latter one thanks to (63) . O

Henceforth, we will make the assumption that -, is positive definite at every point of X:
2. = L., =
Vo 1= p i0on A\ on — Ezc%?n > 0. (79)

This assumption is made necessary by the need to create positivity in the refined n-BKN identity
(72), specifically in its “curvature” term (73).

Assumption (79) means that +, defines a Hermitian metric on X. Together with Lemma 5.1,
this further implies that %77,7 defines a Kdhler metric on X. Meanwhile, assumption (79) is never
satisfied on a compact manifold X since, otherwise, the maximum principle would imply that 7 is
constant, hence 7, would vanish identically, contradicting the strict positivity assumption (79).

Summing up, assumption (79) implies that X is a non-compact Kdhler complex manifold. We
now choose the Hermitian metric w on X to be v,, i.e. w := ~,. It is with respect to this metric
that all the norms, inner products, formal adjoints and other objects will be considered in this §5.
Note that w =, is not Kéhler, only %% is.

We can now state the main result of this section, an application of Theorem 4.6.

Theorem 5.2. Let X be a (non-compact) complex manifold with dimecX = n. Suppose there exists
a C™ function n: X — (0, o) satisfying the following three conditions:

(1) the C* (1, 1)-form ~, = n% ion A On — %268_77 is positive definite at every point of X;
(1t) the Hermitian metric v, defined on X under (i) is complete;
(iii) the pointwise v,-norm |0n| = |0n|,, of the (1, 0)-form On is small relative to 1 in that

e 1O 1
Ci(n) == Sup n < 10n + 4n/n+8nC(yp)’

(80)

where ¢ := —logn and C(p) = sup |i0¢p), .
X

Then, for any bidegree (p, q) such that either <p >q and p+q > n—+ 1) or (p < q and p+q <

n— 1), the space of Aj-harmonic L?M -forms on X of bidegree (p, q) vanishes:
'HZ;]?(X, C) := ker (A;; : Domy, o(A7) — L;q(X, (C)) = {0}, (81)
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where Ay is the closed and densely defined unbounded extension to the space of L?Yn -forms of bidegree
(p, q) of the operator A7 previously defined on C*° forms w.r.t. the metric w = ,.

Note that the metric v, and the positive real C(n) are invariant under rescalings of n by positive
constants A:

Yan = Yo C1(An) = Ci(n).

Proof of Theorem 5.2. With the choice of metric w = ,, Lemma 5.1 implies that Dg’ lw =0, hence

also Dg’ng’lw = 0. Consequently, we get:

i

ol =[A Dptw A =0 and T = —C (A [A, DY 'Dytw ALl [Dytw A (D tw A)T =0,
as well as 0 = [A, Dy 'w A -] =[A, dw A -] — [A, %87} Aw A -]. This last equality translates to
1
T=[A, —OnAwA-]. (82)
n

These equalities reduce (59) and (62) to the following formulae holding in any bidegree (p, q):

Dg’lzé—%én/\' and Dg’lzﬁ—%an/\~
DO o — Ly d Do =g — 2 @ap .y 83
N = 77(77/\) an (Dy )" = n(n/\)- (83)

Similarly, our refined n-BKN identity (72) reduces to
. 0.1 —o01 . 01 1 N
= o+ (05" DE. 4] o [T+ L omny] - [0
where, in bidegree (p, q), the curvature term is given by
i [[D,?’l, D', A} =A+(p—a) A A=A+ (p—a)p+q—n)ld, (85)

while the first-order operator A is given by

—_

A = Z|[A, iénA-]0+%[A, 2'877/\-]5—}—%2’577/\[/\, 8]—}—%2’077/\[1&, %)

— 33

= —[A, i@n/\-]éH—%[A, z‘an/\-]8+%z‘an/\z‘(8*+¢*)—%z‘an/\z‘(a*JrT*)

_ S 1 _
(A, ion A -] (D3’1+%8n/\~) —1—5[/\, ion A -] (D2’1+%3n/\-)

Qi

n

I3 —=3

_ 1 —
n A <(D0’1)*+%(8n/\-)*+7*) +5877/\ (Dg’1 +%(677/\ -)*+T*>, (86)
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where we have used the standard Hermitian commutation relations (95) to get the second equality
and (83) to get the third one.

Now, the pointwise operator norm of A = A, induced by the pointwise norm | | = | |, defined
by any metric w on X satisfies

|A| = |L| = sup |w Au| < Vn

lu|=1

since |w|,, = y/n at every point of X, where L = L, =w A -.
Consequently, the pointwise operator norm of 7 = 7, induced by the pointwise norm | | = | |,
satisfies

|7| = sup |Tu| < sup |[A(Ow A u)| + sup [Ow A Au| < 2v/n|0w|.

Ju|=1 Jul=1 Ju|=1

Since in our case w = 7, we have dw = dv, = —(2/n%) INAidIn. Hence, if we put Cy(n) := sup 100n]

X
we get:

on| 100
7| < 4\/5% % < 4y/nCi(n) Cs(n)

at every point of X.
We will now estimate each of the last three terms on the r.h.s. of (84).

e Estimating A.

From (86) combined with these remarks, we deduce that, for every (p, ¢)-form u, we have:
[((Au, u))| < v/nCi(n) |[ul] < 1Dl + g Co(n) | |ul| + (| Dy Ml + p Cr(n) |ful]
HI(Dy ) *ull +p Cr(n) ||ull + 4v/n Ci(n) Ca(n) ||ul|
Dyt ull 4+ g Ca(n) [|ul| + 4v/n Ci(n) Ca(n) Hu||> :
This means that

[{{Au, u))] < v/nCi(n) <||D2’1UHHUI| + 1Dy Ml |+ 1D )l |+ [1Dy [l

£ 2p+q) Culn) ful? + 81 Cu () Cal) Hurr?).

Applying the elementary inequality ab < (a? + b*)/2 with b = |u| and a each of the norms of
* *
Dyt o, Dy tu, (Dpy')*u and D' u, we further get the inequality:

Vi T2, (0T :
(A, )l < L Cot) (D5 Tl + 1IDF™ > + 11Dl + (D) el P + Co,ap, g, ) [l

for every (p, ¢)-form w on X, where we put
Cualpy ) =1 (14 ) Cal) + 4V Calo) Cal) ).
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Thus, we get:

S

(A, )] < Y () (<<A;u, u) + (A, ) + Cua(p, g, ) ||u||2) (87)

for every (p, ¢)-form v on X in the relevant domains.
Note that we have used the completeness of the metric w =, (hypothesis (ii)) in order to have

107l + 1Dy " ul? = ((Au, w))  and (1D Ml 4 [[(D) 1) Ml P = ((ATu, u))

for every form u € Dom A} N Dom A7
e Estimating the last but one term on the r.h.s. of (84).

Recall that 7! = 0. Thus, w.r.t. the L?-inner product, for every (p, q)-form u we get:

— — 1 - I
((n[Prr e S @nnywa))| < | (PR Somnu) )| | ((5 @0y DT ) )
< G (HDu Hull+HD2’1 v Huu)
n 2 2
< 501(77) (HDg’lu +HD2’1 u —|—2||u||2>.

After using the completeness of w = v,, we get:

(o [P+ L onner|u )| < B (((apmu)yw2im?) 9

for every (p, ¢)-form v on X in the relevant domains.
e Estimating the last term on the r.h.s. of (84).

W.r.t. the L2-inner product, for every (p, ¢)-form u we get:

T (e e I

0 Ch(n) (HDg’lu

IN

n

(G witre))

||u|\+H<D271>*u

2 2
+2||u||2>.

IA

< gol(ﬁ) (HDSIU

+ H(DO,I)*U

n

After using the completeness of w = v,, we get:

'<<n {DS’% ~(@nn- ﬁu, u>>‘ <2ci) (<<A;;u, W)+ 2 ||u||2> (59)

for every (p, ¢)-form v on X in the relevant domains.
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e Putting together (84)—(89), we get:

((Aju, u)) >

—~

(Alu, w)) + (p— @) (p+ g —n)||ul

0 (5 0+ (0 )+ Gt 0 ) P

- gcl(m (<<A%u’ ) +2,|u||2) _ gcl(n) (<<A;;u, u)) +2Hu||2),

which amounts to

(1+ 2 cm) (a2 (1= ) (a0, ) (90

+ o= ra-m - (20t 5t )| 1

for every (p, ¢)-form u on X in the relevant domains.

Since ((Ayu, u)), ((Au, u)) > 0, (90) shows that the vanishing of ((AJu, u)) (which is equivalent
to u € ker A7) implies the vanishing of ((Aju, u)) (which is irrelevant to us here) and the vanishing
of u whenever the coefficients of ((Aju, u)) and [|u||* are positive. For this to happen, we need

2
n+/n

Since p, q are integers and we require that either (p > g and p+¢ > n+1) or (p < ¢ and
p+q<n-—1), the rh.s. of (b) is a positive integer. Hence, (b) is satisfied whenever the inequality

(a) Ci(n) <

and (b)) Ci(n) (2n+401,2(p, q, n))<(p—q)(p+q—n)-

W) Gl (20 % Cualpg ) ) <1
is satisfied. Meanwhile, p + ¢ < 2n, so
Cualp, a0 ) < 414+ 20Cala) + 1A CL) ) )
Thus, for (b’) to hold, it suffices to have

Ci(n) [271—1— 44 (1 +2n C1(n) 4+ 4v/n Cy(n) 02(77))] <1,

which is equivalent to

C1(n)*4n (\/ﬁ+ 202(77)) +2nCi(n) < 1.

Since C1(n)? < Ci(n) (indeed, (a) implies Cy(n) < 1), for this to happen it suffices that
(") Ci(n) {471 (\/ﬁ+ 202(77)) + Qn] < 1.
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Now, recall that ¢ is the function such that n = e~%. Thus, C1(n) = sup(|9n|/n) = sup |0p| and
X X

00 - - -
Cy(n) = sup % = sup |00 A Op — D0p| < sup 0| + sup 100¢| < C1(n)* + C(p).

This upper estimate for Cy(n) shows that (b”) holds whenever

2nC4(n) {1 +2 <\/ﬁ +2C1(n)? + QC(go)ﬂ < 1.

This is equivalent to
2n C1(n) + 4ny/n Ci(n) + 8n C1(n)* + 8n C1(n) C(y) < 1.
Since C4(n)* < C1(n), for this to happen it suffices that

C1(n) <10n + 4n+/n + 8n C(go)) <1

This holds thanks to hypothesis (80), which also implies (a). The proof of Theorem 5.2 is
complete. O

We now discuss two variants of Theorem 5.2. As noticed in (78), if we write n = e~% we have
1 = 1 = 1., .= ~ _ _
Yy = —5 10N A On + (—2 iOn A\ on— — i@f)n) =109 N\ Op + 100p > 100y,
U n n

the last inequality being a consequence of the standard inequality ic A @ > 0 for any (1,0)-form
a. In particular, if we assume i00p > 0 on X, we also have 7, > 0 on X. Moreover, if we further
assume the metric 109y to be complete on X, the metric Yy is complete as well.

Thus, if 100y is supposed to be a complete metric on X, hypotheses (i) and (ii) of Theorem 5.2
are satisfied, while [9n],, < |0n];s5, and

100, < [i100¢li05, = Vn
at every point of X. In particular, C(p) = sup |2'85g0\% < y/n, so we get the following consequence
X
of Theorem 5.2.

Corollary 5.3. Let X be a (non-compact) complex manifold with dimc X = n. Suppose there exists
a C™ functionn =e ¥ : X — (0, 00) such that the (1, 1)-form 100y is positive definite at every
point and the Hermitian metric it defines on X is complete. Suppose, moreover, that

1

<. 91
10n 4+ 12n+/n (51)

sup |0¢lip,,
X

Then, for any bidegree (p, q) such that either (p >q and p+q > n—+ 1> or (p < q and p+q <

n— 1), the space of Aj-harmonic Lgm -forms on X of bidegree (p, q) vanishes:
'HZ;]?(X, C) := ker (A;; : Domy, o(A7) — L;q(X, (C)) = {0}, (92)
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where Ay is the closed and densely defined unbounded extension to the space of L?Yn -forms of bidegree
(p, q) of the operator Ay defined on C* forms w.r.t. the metric w =y, = i0p N O + i00¢p.

The next observation is that the upper bound in hypothesis (91) can be made as small as we
wish after possibly replacing ¢ with o and choosing the constant € > 0 small enough. Indeed,

€
\3(&?)\1@5(5@ = |890|m‘85<p = % |390|i85<p =/e |890|iaé<p-

Thus, the following consequence of Corollary 5.3 is a manifestation of the twisted adiabatic limit (as
e ] 0 in this case) introduced in this paper.

Corollary 5.4. Let X be a (non-compact) complex manifold with dimcX = n. Suppose there exists
a C* functionn =e ¥ : X — (0, 00) such that the (1, 1)-form i00¢ is positive definite at every
point and the Hermitian metric it defines on X is complete. Suppose, moreover, that

sup 10006, < 0. (93)

For every constant € > 0, let n. = e *¥.

Then, for any bidegree (p, q) such that either (p >q and p+q > n+ 1> or (p <q and p+q <

n—1) and for every e > 0 small enough, the space of Ay -harmonic Lina -forms on X of bidegree

(p, q) vanishes:
7-[2;7,15 (X, C) := ker (Agg : Dompﬂ(A;;E) — L;q(X, (C)) = {0}, (94)
where A} _is the closed and densely defined unbounded extension to the space of Lgne -forms of bidegree

(p, q) of the operator A7 defined on C*° forms w.r.t. the metric w. = v, = £2i0p N Op + £id0p.

Proof. The positive definiteness and the completeness of i0pA Oy are preserved when ¢ is replaced by
ep. Thus, the claim follows at once from Corollary 5.3 and from the short discussion that preceded
the statement. OJ

6 Vanishing of certain Dolbeault cohomology groups on cer-
tain compact complex manifolds

The discussion in this section is the analogue in the compact setting of the one we had in §5.
Let (X, w) be a compact Hermitian manifold with dim¢X = n. Fix an arbitrary C*° function
n:X — (0, 00). For any (p, q), we consider the curvature-like (1-st order differential) operator

F, =i [[ngl, Dy, A] : O (X, C) — O (X, C).
We will use the following standard terminology: if A and B are linear operators acting on the
differential forms on X, we will say that A > B (resp. A > B) if ((Au, u)) > ((Bu, u)) for every u
(resp. if ((Au, u)) > ((Bu, u)) for every u # 0).
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As in §5, we consider the constant C(n) := sup @ < 00. Unlike in §5, the pointwise norm |9n|,
X

like all the norms and all the inner products in this section, is the one induced by w and, due to the
compactness of X, the constant C;(n) is finite. We start by noticing that the pointwise operator
norm of 70"' = [A, D)'w A -] w.rt. w satisfies

0,1
Tn

01yl =2v/n

= sup
ul=1

_ 1 -
Ow——0nAw
n

< 2 (1041 + 1) Vi) = Cal).

Theorem 6.1. Let (X, w) be a compact complex Hermitian manifold with dimcX = n. If there
exists a C* function n : X — (0, 00) such that:

(i) C3(n) +nynCi(n) <2
(it) for some bidegree (p, q), F,, > 2 (03(77) + ny/n Cy (77)) Id in bidegree (p, q),
then HY9(X, C) = {0}.

Proof. The rough n-BKN identity (69) will suffice for our purposes. We will estimate the last
four terms on its r.h.s. by using the Cauchy-Schwarz inequality and the elementary inequality
ab < (a® + b?) /2 for non-negative reals a, b.

Let u € C° (X, C). For the L2-inner products w.r.t. w, we get:

K = [
< Cyin) (HDu HDS‘ ' ||u|\)
2 2
- 5 )

Similarly, we get:

((fea 2 |
‘<<"{D2’1’%[8”A'7A]_uvu>> < ”fcl (HDm
(1[5 o o)) = 2500 ([

From these four inequalities and the rough n-BKN identity (69), we get:

2
+2||u||2),
+2r|u||2),

+2||u||2).

() = () (Fy ) = S () +2al?) — S5 (g )+ 211

_ M (<<A;;u, u)) + 2 Hu||2> — w (<<A;u, u)) + 2 ||u||2)

£

<
~_—
~_—

INA

0,1\*
+ H(Dn ) u

0,1
HD U

for every u € C7° (X, C).
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This amounts to

(1 N Cs(n) +712\/5C'1(77)) (A, uy) > (1 _ Gs(n) + T;\/ﬁ(h(ﬁ)) ((ALu, u)) + ((Fyu, u))

-2 (et + i) ul?

for every u € C7°, (X, C).

This inequality, together with the hypotheses (i) and (ii), implies that whenever Alu = 0 we
must have u = 0. The result follows from this, from the Hodge isomorphism (67) and from the
cohomology isomorphism (65). 0J

7 Appendix: review of standard commutation relations

We briefly recall here some standard formulae that were used throughout the paper.

Lemma 7.1. Let (X, w) be a compact complex Hermitian manifold. The following standard Her-
mitian commutation relations ([Dem84], see also [Dem97, VII, §.1]) hold:

(i) (O+71) =i[A,9); (i) (O+7) = —i[A, 0]
(iii) O+ 7= —i[0%, L]; (iv) 0+7 =1i[0%, L], (95)

where the upper symbol x stands for the formal adjoint w.r.t. the L? inner product induced by w,
L =L, :=wA- is the Lefschetz operator of multiplication by w, A = A, := L* and 7 := [A, Ow A ]
is the torsion operator (of order zero and type (1, 0)) associated with the metric w.

Again following [Dem97, VII, §.1], recall that the commutation relations (1) immediately induce
via the Jacobi identity the Bochner-Kodaira-Nakano-type identity

A" = A +10, 7] - [0, 7] (96)

relating the d-Laplacian A” = [0, 9*] = 90* + 9*0 and the O-Laplacian A’ = [0, 9*] = 00* + 9*0.
This, in turn, induces the following Bochner-Kodaira-Nakano-type identity (cf. [Dem84]) in which
the first-order terms have been absorbed in the twisted Laplace-type operator A” := [0+, (0+7)*]:

A=A+ T, (97)

where T, := {A, [A, £00w]| — [Ow A -, (Ow A -)*] is a zeroth order operator of type (0, 0) associated

with the torsion of w. Formula (97) is obtained from (96) via the following identities (cf. [Dem84]
or [Dem97, VII, §.1]) which have an interest of their own:

() [L, 7] =30wA~, (i) [A, 7] = —2i7",
(iii) [0, 7] = —[0, 8] = [r, 8], (iv) — [, 7] = [r, (0 +7)"] + To,. (98)

Note that (iii) yields, in particular, that d and 9* + 7* anti-commute, hence by conjugation, d and
0* 4+ 7* anti-commute, i.e.

0,0 +7]=0 and [0, 0" +7"]=0. (99)
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The following formulae can be viewed as commutation relations for zeroth-order operators (see
[Pop03, §.1.0.2] or [Pop23, Appendix]).

Lemma 7.2. Let (X, w) be a complex Hermitian manifold and n a real-valued C* function on X.
The following identities hold pointwise for arbitrary differential forms of any degree on X.

(a) [on A~ Aj=i(On A [OnA- Al=—i(@nA-)
[L, (On A )] =—idnA-, [(On A )" L] =—ionA -

(b) [ionpANOnA- Al = (OnA-)(OnA-) = (@nA-)* (OnA-)
= (A (@A) = (@A) (OnA-).

Corollary 7.3. In the setting of Lemma 7.2, the next pointwise identities hold:

(a) [Aidgn -] ==(d_gn A" (b)) A id_gn AT = (dyn A-)".

Proof. This follows right away from Lemma 7.2 after we use the identities:

d,n =non+ on and d_,n = 0n—mnon.
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