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A Variance-Based Sensitivity Analysis of a Goodwin-Keen type Economic Model∗

Pierre-Yves Longaretti† and Hugo A. Martin‡

Abstract.
Sensitivity analysis is a well-known tool of the trade in a number of scientific fields, but is not yet widespread

in economics, in spite of its central usefulness in evaluating a model robustness. Furthermore, the discipline
makes scant use of dynamical modeling, to the notable exceptions of the post-keynesian and ecological economics
sub-fields, where a rigorous and versatile macroeconomic dynamical modeling framework, dubbed stock-flow
consistent (or SFC) modeling, is gaining popularity.

The purpose of the present paper is to present a two-tiers form of variance-based sensitivity analysis, focusing
first on parameter groups before looking at individual parameters themselves in the context of macroeconomic
dynamics. Such an approach offers a powerful way to tackle models with moderate to large numbers of
parameters in a hierarchical fashion, helping researchers to make sense of the results of a sensitivity analysis and
of its insight into their model dynamics. We deploy this method on a recent model (idee) in the Goodwin-Keen
family, as the Goodwin-Keen approach to nonlinear macroeconomic dynamics has gained a lot of momentum in
the last two decades. idee is a model of intermediate complexity; as many similar models, its macroeconomic
core harbors highly nonlinear interrelationships among key economic variables such as employment rate, wage
share, debt ratio, and inflation rate.

Our findings highlight the paramount influence of parameter groups dictating shareholders’ incomes in
shaping value distribution within the model. Interestingly, while inflation has historically been considered
pivotal in prior studies, our analysis suggests that it plays a relatively minor role in trajectories converging
toward a Solow-type attractor—except insofar as it influences bifurcating dynamics. Finally, and perhaps most
importantly, the sensitivity analysis performed allows us to show that the model results are robust with respect
to expected variations and uncertainties in its parameters’ values. We believe that the numerical methods
presented in this paper can help to understand and improve numerical economic models, and eventually to
improve their overall soundness and robustness.
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MSC codes. 34C60, 91B55, 91B82

1. Introduction. Sensitivity analysis methods are essential tools in various scientific fields
(such as economics, engineering, environmental science, and finance) for understanding how
variations in model inputs affect outputs. These techniques [46, 38, 10, 51, 3, 47, 35, 40] help
identify which parameters have the most significant impact on the model’s behavior and can
also highlight the robustness and reliability of a model. It is particularly useful in scenarios
where models are complex, and computational resources are limited. Overall, sensitivity
analysis enhances the interpretability of models, supports model validation, and contributes
to the development of more resilient and efficient systems. Among the various sensitivity
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analysis techniques, Sobol methods [46, 43, 44] are widely used for their ability to quantify
the contribution of both individual parameters and interactions between parameters (or groups
of parameters), making them particularly valuable for analyzing complex, non-linear models.

In the field of Ecological Economics, mathematical models and numerical simulations serve
as a means of anticipating the effects of our economic policies on both the economy and the en-
vironment to address the crucial challenges of overcoming the losses caused by climate-related
damages[30, 31] and managing the additional costs of mitigation activities[8, 45, 50, 31, 48].
These models must therefore incorporate climate dynamics coupled with economic dynamics.
Within the family stock-flow consistent (SFC) models [18], whose economic dynamics are in-
herently out of equilibrium and governed by non-linear differential equations, such models have
been coupled with climate models of varying complexity [11, 4, 12, 33, 37]. The advantage of
these models is that they do not require assuming gross domestic product (gdp) growth over
the short, medium, or long term, nor do they assume equilibrium will be achieved a priori—
contrarily to equilibrium models like the Dynamic Integrated Climate-Economy (dice) model
[39] and its successive variants [25]. Nevertheless, such equilibria (attractor points in the
system’s phase space) may exist and be reached. Trajectories then typically exhibit busi-
ness cycles (oscillations) [19, 1, 53, 34], whose characteristics (amplitude, frequencies) are
determined by the parameters’ values.

However, the non-linear nature of differential equations presents challenges in the param-
eterization of SFC models and their computational code [2]. It can be difficult for the modeler
to ensure the robustness of numerical simulation results when assigning values to the model’s
parameters. In what follows, we will distinguish between the parameters corresponding to
the initial conditions and the parameters of the various equations in the model (referred to
as model parameters). Given initial conditions and a set of parameters, it is desirable that
a small modification of a model parameter does not radically alter the simulated trajectory.
Mathematically, we want to avoid placing the system at the boundary of an attraction basin
with the chosen initial conditions and parameter set, and be aware of any critical parameter
that could drastically change the simulation trajectories if modified. More often than not, the
ambiguity lies in the values of the model parameters rather than the initial conditions, which
is constrained by econometric studies and real data. A sensitivity analysis of the variations
in output quantities as a function of input parameters can then help resolve such ambiguities,
while maintaining the model within acceptable parameter limits from an economic point of
view.

In this paper, we present a Sobol varianced-based sensitivity analysis of the computational
code of the Integrated Dynamic Environmental Economics (idee) model, which is based on
the model developed in Martin et al. (2023) [37], which itself builds on the Bovari et al. (2018)
[4] model and its variants [7, 6, 5]. idee is based on a macroeconomic model coupled with
an Earth Model of Intermediate Complexity (emic) called iloveclim [41], which includes a
physical representation of the atmosphere, ocean, sea-ice, and vegetation. The idee model
then is a coupled climate/SFC model and has at least two stable equilibrium points: a “good”
(Solow type) equilibrium, where the economy maintains a controlled employment rate and
private debt, and a “bad” equilibrium where the economy collapses, with the employment
rate converging to zero and private debt skyrocketing. Preliminary sensitivity analyses of
earlier versions of the idee code have been conducted in Bovari et al. (2018) [4, 7], with a
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more advanced analysis presented in Bolker et al. (2021) [2].
More specifically, Bovari et al. (2018) [4] explores, for an earlier version of the model, the

attraction basins (i.e., varying initial conditions) of the “good” attractor for a given set of
parameters (see their figure 3), and examines the influence of carbon prices (figure 8) as well
as of damage functions (figure 9) on trajectories. In Bovari et al. (2018b) [7], the authors
employ a Monte Carlo method to study uncertainties, specifically the effects of the model pro-
ductivity growth rate, equilibrium climate sensitivity, and carbon absorption on the outcome
of the simulation in 2100 (figure 3), private debt levels in 2100 (figure 4), and temperature
anomalies in 2100 (figure 5). However, this study does not quantify the influence of indi-
vidual parameters on model outputs or their interactions. By conducting 1 000 simulations,
Bolker et al. (2021) [2] expanded these results with a sensitivity analysis of parameters mod-
eling price adjustment speeds, firms’ markup prices, and the degree of money illusion in the
conflict over value-added distribution. In particular, they show that the influence of the price
markup parameter is critical and of primary importance, as it drastically alters the model’s
attraction basins (see Bolker’s figure 2). Bolker’s study is noteworthy for quantifying logistic
regression coefficients and partial rank correlations (figure 3). To our opinion, its limitation,
however, is that it focuses only on results presented in 2100 and does not address the timescale
of the model’s asymptotic convergence to its attractors. Furthermore, the maximum sample
size of simulations in their study is 1 000, which is relatively adequate for such a limited study
but is much too small for an exhaustive analysis, given the number of parameters (about 20
parameters for the economic side of idee, not including the initial conditions).

The economy/climate relationships in this model have been thoroughly examined; see, e.g.,
[4, 37]. Consequently, the present paper focuses on the purely economic aspect of the idee
model through a sensitivity analysis of its 19 parameters, involving over 240 000 simulations.
We analyze the influence of the variance of these 19 parameters on the variance of 14 output
quantities, including novel metrics such as the frequency and amplitude of business cycles and
the relaxation time toward a stable equilibrium. For each output quantity, we define a ranking
index which orders the parameters in decreasing influence in the variations of the output. Next
we quantify the robustness of this parameter ranking through two novel robustness criteria.
The first quantifies the robustness of the ranking between a pair of parameters relative to
each other, while the second quantifies the robustness of the overall ranking of all parameters
simultaneously.

This paper is organized as follows. We first briefly recall the idee model equations and
properties in section 2. Section 3 outlines the principles of the variance-based sensitivity
analysis method we employed and describes how the different output quantities were defined
and calculated. Section 4 presents the results of the sensitivity analysis of the idee model, first
for groups of model parameter and then for the individual parameters of the most significant
groups. We revisit the criticality of the price markup highlighted by Bolker et al. (2021) [2]
in section 5. Finally, we present a few computational aspects of our study in section 6.

Although we use idee as a case study for this analysis, we echo the point made in
Bolker et al. (2021) [2]: uncertainty must be addressed for all dynamical models through
sensitivity analysis. This point is crucial, as it would both highlight unexpected behaviors in
SFC models that may be difficult to anticipate analytically and validate the computational
implementations of SFC models, thereby enhancing the robustness of numerical results. To
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inspire economic modelers to adopt such methods, we are making the sensitivity analysis code
we used available open-source on GitHub [29].

2. IDEE model. To assess the macroeconomic impact of climate change and policies, we
use model idee introduced in Martin et al. (2023) [37]. This idealized economy is divided into
households, firms, the public sector, and banks. The relative simplicity of this model enables
the identification of some of its mathematical properties [4, 6, 5, 23, 22, 16, 21, 24, 17, 37].

There are typically two types of attractors. The first is a “good” Solow-type equilibrium,
where employment rate, nominal wage rate, and the inverse of the private debt ratio simulta-
neously converge to non-zero, finite limits, while the economy follows a balanced growth path
asymptotically. A catastrophic outcome occurs when climatic damages drive the economy out
of the basin of attraction of this desirable equilibrium, ultimately pushing it into the basin
of attraction of a second “collapse” attractor. This alternative long-term debt-deflationary
equilibrium sees these same variables converge to zero, representing a catastrophic endgame
for the economy [4].

In this framework, the dynamic interaction between Earth’s climate and the global econ-
omy operates as follows. Each year, idee’s climate component (iloveclim) computes the
annual mean climate state, based on the atmospheric greenhouse gas (ghg) concentration
level. This climate state can cause economic damage, affecting production, capital, and eco-
nomic growth. Consequently, global warming not only reduces total production, but also
damages existing capital, impacting future production capacity.

To address these damages, the public sector can impose a carbon tax to incentivize firms’
mitigation efforts. It can also provide subsidies to environmentally responsible companies
through additional public expenditures. Meanwhile, the private sector may engage in abate-
ment and repair activities to replace “dirty” or deteriorating infrastructure with cleaner al-
ternatives. These interactions result in new ghg emissions, which are added to iloveclim,
ultimately producing a new climatic state.

2.1. Economic macro-dynamics. The economic component of idee includes 10 variables
and related differential equations, divided into seven purely economic ones (workforce, labor
productivity, total capital, total private debt, mean wage, inflation rate, short-term interest
rate) and three related to technology and pricing for climate adaptation and mitigation (emis-
sion intensity of capital, carbon price, and price of green technology). Although all equations
are presented below, as mentioned in the Introduction, the sensitivity analysis in section 4
focuses on the seven purely economic variables. Note that Table 2 from Appendix A presents
all the model variables and parameters.

2.1.1. Workforce dynamics. The global workforce N > 0 is modeled to grow following a
sigmoid function derived from the 15–64 age group in the U.N. median fertility scenario [13]

(2.1) Ṅ := δNN

(
1− N

N

)
,

where N > 0 represents the upper limit of the global workforce, and δN > 0 determines the
convergence speed. Based on our calibration, aligned with the U.N. median scenario, this
plateau is expected to be reached shortly before 2100.
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2.1.2. Labor productivity dynamics. Labor productivity a > 0 is modeled to grow at an
endogenous rate:

(2.2)
ȧ

a
:= max

(
δmin
a , δa + γgg

)
,

where δmin
a is constant, δa is the intercept and γg ≥ 0 is the slope, and g represents the real

growth rate of the global economy. Equation (2.2) is based on the Kaldor-Verdoorn stylized
model of endogenous growth [15]. It introduces hysteresis, i.e., path-dependence, into the
overall economic dynamics [17]. The resulting economy retains both a Solovian equilibrium
and a catastrophic one; see Figures 1 and SM1 in Supplementary Materials.

To define g, we need to introduce the production function. In the absence of climate
change, firms can produce a potential real output Y 0 > 0, of a single, synthetic consumption
good by combining the available workforce N and capital K—whose dynamics are given by
(2.1) and (2.5), respectively—as complementary factors of production, i.e.,

(2.3) Y 0 := min

{
K

ν
; aN

}
,

where ν > 0 represent (constant) capital-to-output ratio. The constancy of the capital-output
ratio aligns with most of the post-Keynesian literature on ecological macroeconomics [26].

Economic activities generate greenhouse gas (ghg) emissions, which are subject to a
carbon tax imposed by the public sector. To reduce the tax burden, firms may engage in
abatement activities, resulting in a fraction of the output Y 0—denoted A—being diverted
from the commodity market and used as intermediate consumption to mitigate emissions.
This abatement implies that part of the labor funded by firms does not generate immediate
private profit. Instead, this labor may be involved in R&D sectors, which, while not directly
profitable, accelerate the transition to a more sustainable industry.

Furthermore, as in dice [39], a proportion DY of the remaining production is lost due to
global warming. Thus, the final production level is:

(2.4) Y := (1− δY )Y
0,

with δY := 1− (1−DY )(1−A), allowing us to calculate g := Ẏ /Y . Both quantities DY and
A are precisely defined in subsections 2.2 and 2.3.2.

2.1.3. Capital accumulation dynamics. The total capital stock is represented by K > 0,
with the capital accumulation equation given by:

(2.5) K̇ = I − (δK + Γ)K,

where I, δK , and Γ ≥ 0 are non-negative quantities that represent respectively the real in-
vestment in capital, the capital depreciation rate, and the fraction of capital seized by the
banking sector when owners default on their corporate debt.

Real capital depreciation is expressed as δKK. The depreciation rate δK is defined as
δK := δ + DK , where δ > 0 is the constant standard depreciation rate, and DK is the rate
of capital depreciated due to climate change; see details in subsection 2.2. Note that the
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term δKK can be interpreted as a forced investment (firms invest at least to compensate
for depreciation). Consequently, it appears in the model equations wherever investment I is
present to ensure stock-flow consistency.

Regarding investment I, it is driven by the return rate on capital πK := Π/pK—where
p represents the price (with its dynamics governed by (2.13))—which reflects the productive
sector’s risk appetite. To proceed, we define the firms’ nominal profit Π before dividends,
calculated as the nominal output pY minus production costs:

(2.6) Π := pY −W − pδKK − rD − pTf ,

where the total cost components are: (i) the money wage bill W ≥ 0; (ii) the nominal capital
depreciation pδKK ≥ 0; (iii) the debt service repayment rD—withD the total nominal debt of
firms (whose dynamics are detailed in (2.10)), and r ≥ 0 being the short-run nominal interest
rate firms pay to the banking sector ((2.14))—and (iv) the carbon tax pTf ≥ 0, defined in
subsection 2.3.2.

The money wage bill W := wL is determined by the mean wage w ≥ 0 ((2.11)) and the
number of active workers L ≥ 0. Depending on the available capital, firms minimize costs by
employing the required amount of labor L to utilize capital at full capacity, i.e., (2.3) provides
L := Y 0/a = K/(νa).

Investment is then defined by:

(2.7) I = κ(πK)Y

(
1− (1− δY )d

ν

)ζI

,

with ζI ≥ 0 and where κ(.) is an increasing linear function (with κ0 as the intercept and κ1
as the slope) taking values in [0; 1] and d ∈ [0; 1] is the private debt ratio, i.e.,

(2.8) d := D/pY.

Turning to Γ that appears in (2.5), the fraction of capital seized by the banking sector,
current profits may not be sufficient to cover the entire investment I, necessitating firms to
borrow from the banking sector. However, like much lending in modern economies, corporate
debt is collateralized by the current stock of capital, valued at its market price pK [37]. As
a proxy, it is assumed that the productive sector ceases to invest whenever the total debt D
gets close to the total capital pK, i.e., when d converges to ν/(1− δY ).

Consequently, default leads to a transfer of ownership over the collateral from borrowers
to lenders. It is then modeled such that, given a debt ratio d, the fration Γ ∈ [0, 1] is defined
as:

(2.9) Γ := 1− exp

(
− χ ((1− δY )d)

2

ν2 − ((1− δY )d)
2

)
,

indicating the ratio of capital seized by the banking sector and thus no longer operational.
For sufficiently large χ > 0, Γ effectively converges quickly from 0 to 1 when d gets close to
ν/(1− δY ). As a result, the private debt ratio is endogenously capped.
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2.1.4. Private debt dynamics. The evolution of nominal private debt D is described by
the equation:

(2.10) Ḋ = pI −Πr − p (δK + γΓΓ)K,

where all the terms are variables except for the constant γΓ ≥ 0 that represents a kind of
“debt forgiveness ratio”. It means that a slightly higher portion than the capital seized of the
aggregate debt is removed when the latter is close to the level ν/(1−δY ) (see subsection 2.1.3),
providing the economy with some breathing room when the situation becomes highly critical.
Πr denotes firms’ nominal profit after dividend payments to shareholders from Π.

More specifically, a fraction ∆(πK) ∈ (0, 1)—typically modeled as an increasing linear
function with intercept ∆0 and slope ∆1—of nominal output is distributed to households
as dividends, provided that the profit before dividends Π is non-negative. Consequently, the
retained earnings of the corporate sector Πr are defined as Πr = Π−Πf , where Πf := ∆(πK)pY
if Π > 0, and Πf = 0 otherwise.

2.1.5. Mean Wages dynamics. The primary link between the real and nominal spheres
of the economy [21] is modeled through a short-run Phillips curve [20, 36], which connects the
growth rate of nominal wages per-capita w to the employment rate λ [4, 5] via the following
equation:

(2.11)
ẇ

w
:=

√
1− ω (φ(λ) + γwi) ,

where ω ∈ [0; 1] is the wage share, φ(·) is an increasing linear function taking values in [0; 1]
(with intercept ϕ0 and slope ϕ1 ≥ 0), λ ∈ [0; 1] is the employment ratio, γw ≥ 0 measures the
degree of money illusion [2], and i is the inflation rate of price p; see (2.13).

The wage share and the employment ratio are defined by

(2.12) ω :=
wL

pY
and λ :=

L

N
.

Note that the factor
√
1− ω in (2.11) simply ensures that the wage share ω cannot exceed 1.

2.1.6. Price of goods dynamics. The second (and final) link between the real and nominal
sectors [23] involves the price of goods, p ≥ 0. The dynamics of the price inflation rate i emerge
from the adjustment of current prices at a rate η > 0 towards their endogenous long-run value:

(2.13) i :=
ṗ

p
:= η (µω − 1) ,

where µ is a price “markup”, and ω still denotes the wage share. Strictly speaking this quantity
is not exactly the markup defined as the difference between the unit price and unit production
cost; in this case, the right-hand side should read η (µω − C) where C is a constant. However,
one may easily eliminate this extra constant by rescaling µ and η accordingly. As µ is never
actually used here according to its exact definition just stated, this has no impact on the
dynamics and eliminates one constant from the problem.

In idee, µ is endogenously determined as a function of the return on capital: µ :=
max (1, µ0 + πK) , where µ0 ≥ 1. In essence, the market power of firms—as reflected by
the markup—is modeled as an increasing, linear function of the return on capital.
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2.1.7. Short-term interest rate dynamics. The short-term interest rate r ≥ 0 is modeled
to follow a standard Taylor rule [52]:

ṙ = ηr (rCB − r) ,(2.14)

where rCB represents the Central Bank interest rate and ηr > 0 is a relaxation parameter
that determines the adjustment speed of the interest rate.

The Central Bank interest rate rCB ≥ 0, is defined as rCB := max {0; r∗ + i+ ψ(i− i∗)},
where r∗ ≥ 0 represents the long-term real interest rate targeted by the central banking
system. The term i∗ is the inflation rate typically targeted by the monetary policy authority,
and ψ > 0 is a parameter that governs the extent of the central bank’s response to deviations
in inflation from its target.

2.2. Climate-related dynamics and Damage function. Every year, idee’s climate com-
ponent (the earth model of intermediate complexity iloveclim) computes the annual mean
climate state based on the atmospheric greenhouse gas (ghg) concentration level; see the de-
tails in [37]. This level evolves due to industrial emissions Eind related to economic activities
(see (2.16) in the next section. The global warming induces damages on production Y and
capital K. The functional form and calibration of the damage functions are derived from
Dietz and Stern (2015) [14]. Let ∆T denote the mean air temperature elevation. The damage
function is defined as

(2.15) Dam = 1− 1

1 + Υ1∆T +Υ2∆T
2 +Υ3∆T

ζ3
,

where Υ1,Υ2,Υ3 are positive scalars, and ζ3 is a positive exponent. A fraction DK of Dam
impacts the capital by increasing its depreciation rate, which is expressed as δDK := δ +DK ,
while DY affects the total output Y 0 (as in (2.4)), the damages DK and DY being defined by
DK := fKDam, and DY := 1− (1−Dam)/(1−DK), where fK ∈ [0, 1] represents the fraction
of damage attributed to the capital stock.

2.3. Abatement-related dynamics. To complete the system, we need to define two last
quantities: the abatement ratio A, and the carbon tax Tf . This can be done by introducing
three additional differential equations that govern the emission intensity of capital σ, the price
of green (or backstop) technology pBS , and the carbon price pC .

2.3.1. Emission intensity dynamics. Depending on the carbon price level pC ≥ 0 (2015
usd per tCO2e), firms endogenously select their emission reduction fraction n ∈ [0; 1]. Eco-
nomic activities emit ghg emissions (tCO2e), which are proportional to the total production
Y 0 and are given by:

(2.16) Eind := σ(1− n)Y 0,

where σ > 0 represents the carbon-emission intensity of the economy. This intensity follows
a semi-endogenous sigmoid function of time, governed by:

(2.17)
σ̇

σ
:= δσ − γσA,
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where δσ ≤ 0 and γσ ≥ 0, are a given parameters, and A is the abatement ratio, defined
later in subsection 2.3.2, which accelerates the reduction of emission intensity toward greener
technology as described by (2.17).

2.3.2. Green technology price dynamics. As in the dice model [39], the abatement tech-
nology A ≥ 0 is assumed to be a convex function of the emission reduction ratio, normalized
by the emission intensity of the economy σ and the semi-endogenous price of a backstop tech-
nology pBS ≥ 0 (2015 usd per tCO2e). Specifically, A is given by A = σpBSn

θ/θ, where θ > 0
controls the convexity of the cost. The backstop technology price pBS decreases at a constant
(negative) rate δpBS following the equation:

(2.18)
˙pBS

pBS
:= δpBS − γpBSA,

where δpBS ≤ 0, γpBS ≥ 0. Here, n represents the fraction of production processes that are
“de-polluted;” see (2.19). Note that, similar to the evolution of the emission intensity, the
abatement activity A facilitates a faster decline in the backstop technology price pBS .

Regarding the public sector, the primary instrument to promote the transition towards
a zero-carbon economy is the carbon tax Tf := pCEind, which is imposed on ghg emissions
Eind. A fraction sA of the abatement costs incurred by firms is subsidized by the public sector,
leading to a total transfer of Sf = sAAY

0, resulting in net transfers from the public to the
private sector amounting to Sf − Tf .

In response to the policy set by the public sector, firms determine the emission reduc-
tion ratio, n, that minimizes the sum of abatement costs and carbon tax, expressed as
minn∈[0,1]AY

0 + Tf − Sf . Thus, the optimal aggregate abatement fraction of ghg emissions
is:

(2.19) n = min

{(
pC

(1− sA)pBS

)1/(θ−1)

; 1

}
.

2.3.3. Carbon price dynamics. The public sector’s influence is encapsulated in two vari-
ables (pC and rCB), and one parameter sA, which represents the fraction of public subsidies.
Both variables impact the profit share, thus influencing the overall macro-dynamics through
investment flows. The implementation of policy scenarios is greatly facilitated by assuming
that the carbon price is assumed to follow an exogenous trajectory as outlined by the Report
of the High-level Commission on Carbon Prices [49]. The real carbon price pC ≥ 0 is modeled
to grow exogenously at a specified rate, based on a simple parametric carbon price function:

(2.20)
˙pC
pC

:= apC +
bpC
t
,

where apC ≥ 0 denotes the long-term growth rate trend of the carbon price, and bpC/t ≥ 0
captures the time-varying component of the growth rate, with t representing the number of
years since the policy’s inception.
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2.4. Reduced IDEE Model. As mentioned in the Introduction, the sensitivity analysis
conducted in this article focuses on the economic aspect of the idee model. Therefore, in
section 4, we assume no climate damages, i.e., ∆T = 0 in (2.4), leading to Dam = 0 and
DY = DK = 0. Consequently, we also set the carbon price to zero, meaning apC = bpC = 0 in
(2.20), resulting in pC = n = 0 and A = 0.

These assumptions imply that δY = 0 in (2.4), leading to Y = Y 0, and leaving the three
differential equations (2.17) (2.18) and (2.20) without any influence on the trajectories of the
other variables.

This allows us to disregard them, resulting in a reduced form of idee derived from the
7 differential equations presented in subsection 2.1. This reduced model now consists of 5
differential equations (2.21)-(2.25), involving the following variables: the debt ratio d, the
wage share rate ω, the employment rate λ, the workforce N , and the interest rate r; involving
3 quantities (2.26)-(2.28): the inflation rate i, the real growth rate g, and the return on capital
πK . One has:

ḋ = d (r − i− g)− (1− ω) + ∆ (πK) + (g + δ) ,(2.21)

ω̇

ω
=

√
1− ω (φ (λ) + γwi)− δa − γgg − i,(2.22)

λ̇

λ
= (1− γg) g − δa −

Ṅ

N
,(2.23)

Ṅ

N
= δN

(
1− N

N⋆

)
,(2.24)

ṙ =
1

ηr
(r⋆ + i+ ψ (i− i⋆)− r) ,(2.25)

with

i = η ((µ0 + πK)ω − 1) ,(2.26)

g =
κ (πK)

ν

(
1− d

ν

)1/4

− δ,(2.27)

πK =
1

ν
(1− ω − rd− νδ) .(2.28)

This model form particularly highlights that the variables d, ω, and λ involve multiple complex
non-linear interactions with various other variables.

The dynamics governed by the model (2.21)-(2.28) are the focus of the sensitivity analysis
presented in section 4. However, it is important to note that the computational code of
idee—the actual object analyzed in this article—is based on a time discretization of the 10
differential equations previously introduced in subsections 2.1 and 2.3. For more details on
the computational aspects, see section 6.

3. Method: Variance-based Sensitivity Analysis.

3.1. Pre-analysis. The sensitivity analysis we conduct involves varying a set of input
parameters within predefined intervals and studying how these variations impact the output
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Figure 1. Trajectories of the output quantities under the scenario computed with the default parameter
values. The horizontal gray lines represent the values around which the oscillations average over the last
simulated century. These average values (represented in figures (a)-(i)), toward which the trajectories converge,
are 11 of the 14 output quantities whose variations are analyzed in the sensitivity analysis.

quantities. We begin this section by presenting the selected output quantities, followed by the
input parameters and their range of variation.

Figure 1 represents a typical trajectory obtained using the default parameter values that
we specify in Tables 3 and 4; see Appendix A. This trajectory is a reference trajectory cho-
sen for its plausibility and for its oscillating and converging behavior, which could not be
achieved if the model were parameterized using econometric data-based values. We did not
specifically aim to calibrate these trajectories given the asymptotic study we are conducting
here. The end year of the simulation (3000) is not chosen for realism but in order to check
numerically the model convergence on the point of attraction in the absence of economic and
political perturbations or disruptions (here, the Solow-like balanced growth point, i.e., the
model “good” attractor), given the oscillation time scale (∼ 50 y) and the damping time scale
(∼ 100− 200 y). These oscillations are due to the wage/employment dynamics driven by the
Phillips curve; this is but one of the many possible causes of long term economic cycles. This
also illustrates that typical initial conditions do not lead to a stationary growth model.

Figure 1 depicts 12 output quantities (see their descriptions in the figure’s caption), in-
cluding the three main variables of the reduced model: employment rate λ (b), private debt
rate d (c), and wage share ω (d). For each of the Figure 1(a)-(k), the horizontal gray lines
represent the average value of the trajectory over the last simulated century (i.e., the quantity
ω∞ shown in Figure 2(a) for the wage share). The population trajectory N is shown in Fig-
ure 1(l) as well as the total amount of capital K (the latter is shown here only for information
but is not considered in the sensitivity analysis).

In the present article, we do not aim to analyze the role of the model initial conditions,
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as their values are relatively well constrained by econometric data. In this article, our focus
is solely on varying the model parameters. We also aim to vary these parameters in such
a way that the variations in output quantities remain relatively limited. For example, we
are not seeking to shift trajectories towards the “bad” attractor as in Bolker et al. (2021)
[2], but rather to explore variations around the “good” attractor. This includes studying the
relaxation time towards the latter point and the amplitude of oscillations around it.

Figure 2 illustrates a temporal trajectory of the wage share ω over a very long simulated
time period (from 2015 to 3000). Additionally, it provides a graphical representation of several
selected output quantities. The variations of these quantities will be studied in relation to
changes in parameters in the sensitivity analysis. For instance, the quantity ω∞ represents
the average value of the wage share at the end of the simulated time (from 2900 to 3000). The
quantity C represents the degree of convergence toward the asymptotic limits, measured as
the average amplitude of oscillations in the trajectory from 2600 to 3000. The main frequency
of these oscillations is given by the quantity Ω (computed over the two first centuries). The
relaxation time of the trajectory toward its average value is given by the quantity tr, which is
calculated as the minimum relaxation times tinf and tsup determined by the lower and upper
envelopes of the trajectory. These envelopes are depicted by the dashed curves in Figure 2(a,
b). These relaxation times are calculated from the steepest lower and upper tangents (αinf

and αsup) shown in Figure 2(b). Note that the relaxation time tr is calculated exclusively
based on the wage share trajectory.

In our sensitivity analysis, we consider the variations of 14 output quantities, divided
into 11 average values computed over the last century of the simulation (the growth rate g∞,
employment rate λ∞, debt ratio d∞, wage share ω∞, wage growth rate (ẇ/w)∞, productivity
growth rate (ȧ/a)∞, profit ratio π∞, investment ratio κ∞, dividends ratio ∆∞, inflation rate
i∞, and interest rate r∞), as well as the oscillation amplitude ratio C, the main frequency of
the oscillations Ω, and the relaxation time tr.

Now that the output values have been defined, we address the input parameters. We
consider 19 parameters, which we subdivide into 8 groups (capital K, inflation i, investment
I, productivity p, dividends D, population N , Phillips curve P , and interest rate r). To
determine the intervals within which each parameter will take its values, we estimate their
variation based on the functions in which they are involved. For example, the growth rate of
labor productivity ȧ/a is given by the equation:

(3.1)
ȧ

a
= δa + γgg,

where δa and γg are parameters and g is a variable representing the real gdp growth rate.
Thus, by assuming a plausible trajectory for g (e.g., fluctuating around 2% annually), we can
determine the intervals for the parameters δa and γw such that we control the induced variation
in ȧ/a (e.g., also around 2%). This example is illustrated in Figure 3(a)-(c). Figure 3(a) shows
the set of labor productivity growth rates trajectories induced by different parameter values
as a function of a plausible real gdp growth rate trajectory. Figure 3(b) displays the same
set of productivity trajectories over time, and Figure 3(c) depicts a typical trajectory for the
growth rate g used to determine Figure 3(a, b) from (3.1).

The lower and upper bounds of the parameter value intervals (the inputs δa and γg) are set
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Figure 2. Example of the wage share trajectory ω from which three output quantities in the sensitivity
analysis are computed: the amplitude C of the oscillations between 2600 and 3000 around the average value
ω∞, the main frequency of the oscillations Ω (computed over the first two centuries), and the relaxation time
tr of the trajectory toward the convergence value ω∞. The time tr is taken as the minimum between the lower
and upper relaxation times (tinf and tsup), which are themselves obtained from the steepest slopes (αinf and
αsup) of the lower and upper envelopes (dashed curves around the trajectory).

to obtain a pre-determined range of values for the productivity growth rate ȧ/a (the output)
at the end of the simulation. This range is centered around the value taken by the variable
with the default parameter values (the red trajectory in Figure 3(a)-(b)). The output value
interval fluctuates 50% below and above this average value; see Figure 3(b).

Similarly, Figure 3(d)-(f) provide an idea of the range of trajectories that the central bank
interest rate can take based on the values of the parameters ψ, i∗, and r∗ in the equation

(3.2) rCB = max {0; r∗ + i+ ψ(i− i∗)} ,

based on an inflation rate scenario i given in Figure 3(f). Figure 3(g)-(i) illustrate the same
type of reasoning concerning the range of trajectories for real gdp growth rate g based on
a plausible investment ratio κ and the variation of parameters δ and ν. Other types of
parameterizations are presented in the appendix.

The set of all default parameter values, as well as the lower and upper bounds of their
definition intervals used in the sensitivity analysis, are provided in Table 3 (Appendix A). We
do not present all the pre-determination of parameter intervals shown in Table 3 here, but
Figures SM2 and SM3 in Supplementary Materials illustrate other types of reasoning used,
similar to those explained in Figure 3.

3.2. Definition: Sobol indices. The analysis method we employ is a variance-based sen-
sitivity analysis, specifically Sobol’ Sensitivity Analysis implemented in the SALib library
[42, 46, 43, 44, 28, 32]. This type of method quantifies the variations in the output quanti-
ties based on the variations in the input quantities. To do this, we proceed in three steps.
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Figure 3. Pre-determination of the trajectories of output quantities and their value ranges that are explored
when varying the associated input parameters. These trajectories are computed from plausible scenarios depicted
in (c), (f), and (i). Figures (a)-(b) predict the fluctuation of the labor productivity growth rate ȧ/a. Figures (d)-
(e) predict the fluctuation of the central bank interest rate denoted rcb. Figures (g)-(h) predict the real gdp
growth rate denoted g. The red curves represent the trajectories computed with the default parameters. The
parameters, their default values, and their value intervals are provided in Table 3 (Appendix A).

First, we begin by determining a sample of values that the input parameters will take, se-
lected from within their respective predetermined expected intervals of variation as described
in subsection 3.1. This sample is established using the interval bounds with a Saltelli-type
sampling method [46, 43, 44, 9]. Secondly, we conduct simulations starting from identical
initial conditions while varying the model parameters’ values, and calculate and save the 14
output quantities. Finally, we perform the sensitivity analysis based on these data.

Let f be a function defined on Rm and y = f(x) ∈ R for any x ∈ Rm. Sobol indices
measure the individual contribution of each input variable x (or group of variables) to the
output variance of each variable y, accounting for interactions with other variables (or group
of variables).

Note that the terms “variables” and “parameters” may be confusing here. Indeed, in the
sensitivity analysis presented in this paper, the input variables x of the function f will represent
a parameter (or a group of parameters) of the model (2.21)-(2.28), such as capital depreciation
δ or the capital-to-output ratio ν. Then, the output y of the function f will correspond to
any of the 14 outputs introduced in subsection 3.1, such as the degree of convergence toward
the asymptotic limits C or the main frequency of oscillations Ω. Finally, the function f
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will represent the map that associates a value of the output y to a given group of model
parameters x, by solving the dynamical model (2.21)-(2.28) while keeping other parameters
fixed and using a fixed initial condition; see Table 4 (Appendix A). To summarize, the term
“input variables” in this section will refer to the idee model parameters, while “outputs” will
refer to the output quantities defined in subsection 3.1.

Let u ⊂ {1, . . . ,m} be a group of indices and uc, its complement in the set of all indices
of the input variables (model parameters) of the function f , i.e., uc = {1, . . . ,m} \ u. The
first-order Sobol index S1u is defined by the equation

S1u =
Varu(Euc [y | xu])

Var(y)
,

where Var is the variance and E is the expected value. The added indices to the variance and
expectation value indicate the model parameters (input variables) with respect to which the
variance or expectation value is taken. The index S1 measures the sensitivity of the output
variance explained by the variables within the group u.

Second-order Sobol indices S2 quantify the output variance that is explained solely by
the interactions between pairs of input variables (or group of variables). For any sets u, u′ ⊂
{1, . . . ,m}, such that u ∩ u′ = ∅, it is defined by the equation

S2u,u′ =
1

Var(y)

∑
v⊂u∪u′

(−1)(#u∪u′−#v)Varv(Evc [y | xv]).

where #u represents the cardinal of set u. Finally, the total-order Sobol index ST represents
the overall contribution of an input variable (or group of variables), including all possible
interactions with other variables (or group of variables). In other words, the index STu is the
part of the output variance that cannot be explained without the group of variables indexed by
u. It provides a comprehensive measure of the variable’s impact on the output, considering all
sources of variation. The total-order Sobol index ST can be formally defined by the equation

STu = 1− S1uc ,

thanks to uc, the complement of set u.

3.3. Robustness. The SALib library [42] provides a way to know each confidence interval
during the computation of the Sobol indices (with a typical confidence level of 95%). Given
a sequence of M first order Sobol indices Siu, i = 1, . . . ,M computed for a group of input
variables u ⊂ {1, . . . ,m}, we define the confidence interval Iu with a confidence level of 1− α
by the equation

Iu =

[
S̄ − ϵ

σ√
M
, S̄ + ϵ

σ√
M

]
,

where ϵ is the quantile of order 1−α/2 of the unit normal distribution, and where σ (respec-
tively S̄) denotes the empirical standard deviation (respectively mean) of the sequence Siu,
i = 1, . . . ,M .
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C

profit ratio

Figure 4. Histograms of the 14 output quantities computed as part of the sensitivity analysis conducted on
a sample of 147 456 model parameter sets. All these histograms (except histograms (c), (d), and (n)) correspond
to the average values computed over the last simulated century.

When performing a sensitivity analysis, we obtain the influence of each variable (or group
of variables) and we propose a ranking of these groups thanks to the descending order of their
respective Sobol indices. We quantify the robustness of the influence ranking of these groups
in terms of their impact on the variances of the output quantities. To do this, we define
two criteria by using the error bars provided by the sensitivity analysis results; these two
criteria are defined and quantified for each output quantity. We first quantify the robustness
of the ranking of a pair of parameter groups. This is defined as follows. We have m = 8
parameter groups and denote the set of parameter groups by G. For any pair of groups
(ui, uj) ∈ G2, 1 ≤ i < j ≤ m, we study the gap between the two total-order Sobol indices
|STi − STj |. We compare this gap to the confidence intervals Ii et Ij computed during the
computations of indices with a confidence level of 95%. By summing these two confidence
intervals, we get the total confidence interval Ii + Ij . The ratio of the gap on the total
confidence interval allows us to define the robustness of the ranking of pair (ui, uj), denoted
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ρi,j :

ρi,j :=
|STi − STj |
Ii + Ij

.

Finally we bin this continuous robustness index into three categories: ρi,j > 2 (high robust-
ness), 2 ≥ ρi,j ≥ 1 (medium robustness) and ρi,j < 1 (low robustness). This is visually
represented by squares of various colors in the m×m matrices used below to summarize the
pair by pair ranking robustness analysis: light green (high robustness), dark green (medium
robustness) and red (low robustness).

Thereafter, for each output quantities like debt ratio d or wage share ω, we define a
rough robustness criterion, called general robustness ratio ρ. This criterion allows for a rough
quantification of the robustness of the ranking of all the groups of parameters relative to each
other. It is defined as the fraction of pairs of groups for which the ranking is robust (greater
than 1), i.e.,

ρ :=
#
{
(ui, uj)1≤i<j≤m ∈ G2 | ρi,j > 1

}
# {(ui, uj)1≤i<j≤m ∈ G2}

,

where # stands for the cardinal of the set. For a quick visual grasp of this global ranking, ρ is
also binned in five categories: red, orange, yellow, dark green, light green from 60% to 100%
by intervals of 10% (rates lower than 50% are included in the first category).

4. Results. The analysis presented here is based on a computational code of idee, which
relies on the time discretization of the 10 differential equations introduced in subsections 2.1
and 2.3, under the assumptions outlined in subsection 2.4. These assumptions lead to a
reduced form of the model that excludes the climate-related features of the dynamics. These
climate aspects have been extensively analyzed in previous studies [4, 6, 5], particularly in the
latest version in [37]. The simulations in the current section have been set with parameters
and groups of parameters presented in Tables 2 to 4; see Appendix A.

4.1. Sensitivity analysis by group. We begin by presenting the results of a first sensitivity
analysis conducted using a sample of 147 456 simulations. The histograms of the output
quantities presented in subsection 3.1 are shown in Figure 4. The sample has been built
using Saltelli’s sampling scheme [46, 43, 44, 9] that extends Sobol’s sequence in a way to
reduce the error rates during the computation of Sobol indices. We have chosen the number
of simulation (or input sets) to ensure the confidence intervals are small enough to build a
ranking of groups by order of influence on output variations. The exact number of simulations
is directly determined by the screening method.

In Figure 4, the output quantities are ranked by robustness according to a method that is
detailed in subsection 3.3. The histograms represent the range of values taken by the average
values computed over the last simulated century of the various presented trajectories, except
for Figure 4(c, d, n), which correspond respectively to the amplitude of the oscillations of the
trajectories, the relaxation time towards their asymptotic limit, and the main frequency of
the oscillations. In each of these histograms, the two vertical dotted lines correspond to the
lower and upper quartile values, indicating that 50% of the simulations fall between these two
lines.
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Figure 4 shows that the simulations are well-controlled in terms of output variation; most
of them seem to follow a normal law, at least approximately. This is the result of the pre-
cise calibration of the parameter value intervals described earlier. However, some interesting
exceptions can be observed.

Firstly, the histogram of the real gdp growth rate g∞, Figure 4(b), does not exhibit a
normal distribution. There is a significant deviation on the left side around g∞ =1.25%. This
break in the slope is related to the one observed in the labor productivity growth rate (ȧ/a)∞,
Figure 4(h), which is natural since the latter directly depends on the gdp growth rate.

Secondly, the amplitude ratio C, Figure 4(c), shows that many simulations have strongly
converged toward their point of attraction, as many simulations have an amplitude ratio C
close to 0%, while fewer simulations are around 20%. Somewhat surprisingly, the amplitude
ratio has a local maximum around 12%.

Thirdly, the relaxation time tr, Figure 4(d), does not follow a normal distribution but
rather a kind of decreasing exponential distribution with a wide range of values (from about
50 to over 750 years), yet it is extremely concentrated around 86 years (more than half of the
relaxation times fall between 53 and 118 years).

Fourthly, a significant number of simulations resulted in a convergence point with zero
debt, as materialized by the vertical bar at 0 in Figure 4(f). This is not particularly surprising
but noteworthy.

Finally, the sample of parameter values we established resulted in the exhibition of six main
frequencies Ω of the trajectory oscillations (Figure 4(n)), but the majority of the simulations
showed two main frequencies at 0.02 and 0.024497 y−1, corresponding to oscillation periods
of 50 and 41 years.

4.1.1. Analysis of the three main variables. Figure 5 presents detailed results of the
sensitivity analysis of the average value computed over the last century for the three main
variables: the private debt ratio d∞ (Figure 5(a)-(c)), the wage share ω∞ (Figure 5(d)-(f)),
and the employment rate λ∞ (Figure 5(g)-(i)).

A clear trend emerges when analyzing total-order Sobol index ST: the most influential
groups are the first five groups from the left (capital K, inflation i, investment I, productivity
p, dividends D), while the influence of the last three groups is more marginal (population
N , Phillips curve P , and interest rate r). The dividend group D and the capital group K
are the two most impactful groups for all three variables, as evidenced by the significant
value of first-order Sobol indices S1 (Figure 5(b, d, f)), with a strong component from the
investment group I—it also stands out in the total order—for the debt ratio d∞ (Figure 5(b))
and productivity p in the wage share ω∞ (Figure 5(e)). Considering second-order Sobol indices
S2, the combination of the two groups (K, D) emerges as the most impactful (Figure 5(c, f,
i)).

The order in which the variations of the input parameter groups impact the variations of
the output quantities is determined by the significance of the total-order Sobol index (Fig-
ure 5(a, d, g)). For the debt ratio d∞, the wage share ω∞, and the employment rate λ∞, the
rankings from the most to the least impactful groups are respectively D,K, I, p, i, r, P,N for
d∞ and D,K, p, i, I, r, P,N for both ω∞ and λ∞.

Figure 6 is a graphical representation of the robustness (see subsection 3.3) of the ranking
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5. Results of the sensitivity analysis for the average value computed over the last century for the
three main variables of the model: the private debt ratio d∞ (figures. (a)-(c)), the wage share ω∞ (figures. (d)-
(f)), and the employment rate λ∞ (figures.(g)-(i)). Figures (a, d, g) represent the total-order Sobol indices
ST; Figures (b, e, h) show the first-order Sobol indices S1; while figures. (c, f, i) depict the second-order Sobol
indices. For each index, an error bar (a black vertical line at the top of the thick bars) is associated.

of parameter groups by their influence in the variation of the three output quantities. The
general robustness ratios ρ for the three output quantities are quite high: very high for
the debt ratio d∞ (92.9%), and relatively high for the wage share ω∞ and the employment
rate λ∞ (78.6%). We observe that the two pairs of parameter groups (r, i) and (P,N) are
consistently difficult to rank because their total-order Sobol indices ST are within less than
one confidence interval of each other (Figure 6(a)-(c)). These triangular robustness matrices
differ significantly between the debt ratio d∞ on one hand (Figure 6(a)), and the wage share
ω∞ and employment rate λ∞ on the other (Figure 6(b)-(c)). In fact, we will see in the analysis
of the results considering all parameter groups that the sensitivity analysis profiles belong to
two different categories.

4.1.2. Group analysis and classification of total-order Sobol indices into five categories.
Total-order Sobol indices. Figure 7 presents profiles of total-order Sobol indices classified

into five categories and illustrated by different colors. These categories have been identified by
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(a) (b)

employment rate     (%)

  = 78.6 %

(c)

Figure 6. Robustness of the influence ranking of parameter groups for asymptotic values of (a) the debt
ratio d∞, (b) the wage share ω∞ and (c), the employment rate λ∞. Each colored square indicates the gap
between two levels reached by the total-order Sobol indices of parameter groups (the thick bars in Figure 5). If a
square is light green, the gap between the two indices is greater than or equal to two total confidence intervals; if
a square is dark green, the observed gap lies between one and two; and if the square is red, then the gap is less
than one. The percentage ρ quantifies the general robustness ratio of the classification of parameter groups by
output quantity. It is calculated as the ratio of the number of pairs of parameter groups whose index difference
is greater than at least one confidence interval to the total number of pairs. The horizontal colored bars above
the triangular matrices provide a visual representation of the distribution of pairs below, at one, or above two
total confidence intervals.

direct inspection, an exercise much simpler at the group level than at the individual parameter
level. This classification into five categories is shown here by group but also by parameter in
the next section once the main groups are isolated; see subsection 4.1.3.

Among these categories, the first and largest includes five output quantities (Figure 7(a)-
(e)): dividend ratio ∆∞, investment ratio κ∞, wage share ω∞ and employment rate λ∞,
and profit ratio π∞. Thus, this category includes two of the three main variables of the
model (λ∞ and ω∞). This category is characterized by the dominance of two groups: the
dividend parameters group D and the investment parameters group K, with a third group,
the labor productivity p playing a lesser but still significant role. Additionally, this category
is distinguished by the influence of the inflation parameters group i and the investment group
I, and the three least influential groups: population N , profit P , and interest rate r.

The second category includes three output quantities: the inflation rate i∞, the wage
growth rate (ẇ/w)∞, and the interest rate r∞ (Figure 7(e)-(g)). This group is characterized
by also having D and K as the main groups, but in reverse order compared to the first
category (this time, the dominant group is K). Additionally, the difference from the first
category is that the other groups are much less impactful, except for the investment group I
on the variation of the interest rate r∞ (Figure 7(g)).

The third category (Figure 7(h)-(j)) consists of the amplitude ratio C, relaxation time tr,
and main frequency Ω. In this category, the three main groups are investment I, productivity
p, and dividends D, with the capital group K now ranked lower compared to its position in
the first two categories. The groups N , P , and r remain less impactful on the variations in
output quantities.

The fourth category includes the growth rate g∞ and labor productivity growth rate
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(a) (b) (c) (d)

(l) (m)

(f) (g) (h)

C
(i) (j) (k)

Figure 7. Total-order Sobol indices of parameter groups by output quantity. The outputs are classified into
five categories: : the first category (a)-(e), the second category (f)-(h), the third (i)-(k), the fourth (l)-(m), and
the last category consisting only of the debt ratio d∞ (n).

(ȧ/a)∞ (Figure 7(l)-(m)). This category resembles the third category but differs in that the
groupK becomes relatively impactful again, in proportions similar to those of the three groups
I, p, and D.

The fifth category includes only one of the three main variables: the debt ratio d∞ (Fig-
ure 7(n)). It is characterized by having one very dominant group among all others: the
dividend parameters group D for the debt ratio and the productivity parameters group p for
the productivity growth.

The distinction into five categories highlights which sets of output variables react similarly
to changes in the model parameters. This in itself may lead to reinvestigate some of the model
choices if some of these correlated outputs changes appear suspicious on general macroeco-
nomics ground to the modeler. We did not pursue this direction of investigation very far for
the present model, but we make further comments on how this may be achieved in practice
in subsection 5.1.

Robustness. The robustness matrices for the ranking of groups by their influence on output
quantities are shown in Figure 8 for the five categories.



22 P.-Y. LONGARETTI AND H. A. MARTIN

C

Figure 8. Robustness of the influence ranking of parameter groups for all output quantities. The different
graphs are classified according to the five presented categories: the first category (a)-(e), the second category
(f)-(h), the third (i)-(k), the fourth (l)-(m), and the last category consisting only of the debt ratio d∞ (n).

Overall, a high level of general robustness is observed, with average robustness levels
between ρ = 75% and 100% (Figure 8(k, f)). The robustness matrices are relatively similar
between output quantities within categories. The set of robustness matrices clearly shows
that the workforce group N , the profit group P , and the interest group r are the three least
impactful groups (Figure 7) and the hardest to classify among each other; see, for example,
the red squares in the lowest row (Figure 8(c, d)).

The first category (Figure 8(a)-(e)) has the lowest robustness ratio at 82.9%, but this is
primarily due to the three least impactful groups. Apart from these three groups, the link
between investment I and inflation groups i must be clarified, except for the profit ratio
output; see Figure 8(a)-(d). Similarly, the order between groups D and K should be studied
(Figure 8(b, e)).

The second category (Figure 8(f)-(h)) presents the highest level with an average robustness
of 94.1%. Excluding again the three least impactful groups, there remains ambiguity between
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Figure 9. Total-order Sobol indices of parameters for the five main groups: inflation rate i, productivity
p, dividends D, investment I, and capital K and all output quantities. The outputs are classified into five
categories: : the first category (a)-(e), the second category (f)-(h), the third (i)-(k), the fourth (l)-(m), and the
last category consisting only of the debt ratio d∞ (n).

the productivity group p and the investment group I (Figure 8(g)) and between the dividend
group D and the investment group I (Figure 8(h)).

The third category (Figure 8(i)-(k)) shows a relatively high level of robustness with two
matrices that are very similar Figure 8(i, j) and a third that differs from the others (for the
main frequency Ω Figure 8(k)). In this last case, there is significant difficulty in the ranking
of the groups K with I, p, and D that we need to address.

The fourth category (Figure 8(l)-(m)) shows a very high level of robustness (ρ = 92.85%)
with only one ambiguity between the groups D and I (Figure 8(l)) and between K and
I (Figure 8(m)). Finally, the last category, consisting only of the private debt ratio d∞
(Figure 8(n)), is very robust when the three groups N , P , and r are excluded from the
analysis.



24 P.-Y. LONGARETTI AND H. A. MARTIN

4.1.3. Parametric analysis.
Total-order Sobol indices. The most significant result from the previous study is that out

of the eight parameter groups, only five significantly impact the variations in the outputs.
Therefore, we can eliminate the three groups N , P , and r, and focus our study on the other
groups. This involves conducting an analysis that includes each parameter from these groups,
reducing the analysis to the eight parameters that comprise the groups i, p, D, I, and K.
We ran 90 112 simulations, varying the eight parameters within the bounds specified in Ta-
ble 3 (Appendix A). The exact number of simulations is directly determined by the screening
method; see e.g., [46, 43, 44, 9].

Figure 9 shows profiles of total-order Sobol indices and is similar to Figure 7 but displays
the results by parameter and by parameter group. Again, we classify the 14 output quantities
into five categories, which coincide with the categories we identified earlier.

Regarding the first category (Figure 9(a)-(e)), we observed in Figure 7 that the domi-
nant groups were the dividends parameters group D and the capital parameters group K.
The parameter-by-parameter analysis given in Figure 9 confirms this trend and refines it by
showing that the impact of group D is particularly driven by the slope of the linear curve
∆1, with a significant influence from the intercept ∆0 as well. Similarly, the impact of group
K is mainly driven by the parameter ν (output-to-capital ratio). Regarding the ambiguity
between the groups I and i, we observe that the parameter dominating the other three is κ1,
which dictates the slope of the linear investment function. Following that is the constant in
the price markup µ0, which belongs to the inflation group.

The other parameters have a more or less significant impact and are relatively homoge-
neous within the same group. Notably, there is a significant difference within the investment
group I, where the two parameters have very different levels of influence; the slope κ1 is much
more impactful than the intercept κ0 (see, for example, Figure 9(e)).

In the second category (Figure 9(f)-(h)), the same groups K and D remain dominant,
with a strong representation of the parameter ν. However, the other groups have a minimal
impact, much more than in the first category. Regarding the ambiguities observed in Figure 8
for this category, we begin by noting that the groups p and I are difficult to classify for the
wage growth rate (ẇ/w)∞ (Figure 9(g)) because both are very negligible. This is not the
case for groups D and I for the interest rate r∞, which shows that the parameter κ1 is again
important, even though the two parameters of group D follow closely behind (Figure 9(h)).

The third category of output quantities (Figure 9(i)-(k)) shows a quite different profile
in the total-order Sobol indices compared to the other two categories. The most significant
groups are p, D, and I but they remain difficult to sort within this category. The investment
group I is particularly impactful, again especially due to the slope κ1. The labor productivity
parameter group p is also significant, primarily through the parameter γg, which introduces
the dependence of productivity growth on the growth rate g∞. The ambiguity that exists
among these three groups and the group K seems to be resolved for the amplitude ratio C
and the relaxation time tr (Figure 9(i, j)) because each of the three groups has a parameter
that has a total-order Sobol indexe above those to the two parameters of group K. However,
this is not the case of the group K for main frequency Ω (Figure 9(k)), which is only surpassed
by the parameter γg.

The profiles of the fourth category (Figure 9(l)-(m)) are similar to those of the third but
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Figure 10. Robustness of the influence ranking of parameters for the five main groups and all output
quantities. The different graphs are classified according to the five presented categories: the first group (a)-(e),
the second group (f)-(h), the third group (i)-(k), the fourth group (l)-(m), and the last group consisting only of
the debt ratio d∞ (n).

with the group p being even more dominant, particularly due to the significant impact of the
parameter δa, which represents the constant growth rate of labor productivity. Regarding
the ambiguities between the groups D, I and K, we again notice that the group I is clearly
dominant via the parameter κ1 for the growth rate g∞ (Figure 9(l)), while the group K only
dominates the inflation group i.

Finally, the last category, which consists solely of the debt ratio d∞ (Figure 9(n)), is
predominantly dominated by the dividend parameter group D. However, it also reveals that
for the I and K groups, the parameters κ1 and ν are crucial.

Robustness. Let us now analyze the robustness of the ranking by influence that can be
made of the parameters for each output quantity (this ranking is displayed for each output
quantity in Figure 10). A general observation from Figure 10 indicates that the ranking is
somewhat less robust than that by groups illustrated in Figure 8, but it remains satisfactory,
with a general robustness exceeding 60% for the wage share ω∞ and the employment rate λ∞,
and over 80% for the debt ratio d∞; see also Figure 10(c, d, n).
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The first category (Figure 10(a)-(e)) is the one where the ranking is the least robust,
standing just above 60%. However, it is evident that the parameters from the dividends group
D and the output-to-capital ratio ν consistently rank among the top three parameters with
strong robustness, except for the profit ratio, where the parameter ∆0 is slightly overtaken by
the investment slope κ1; see Figure 10(e).

The second category (Figure 10(f)-(h)), in contrast, presents the most robust parameter
rankings, exceeding 84% general robustness, with a general robustness percentage even reach-
ing 93% for the inflation rate i∞ (Figure 10(f)). We observe a similar leading trio as in the
first category. The third category (Figure 10(i)-(k)) follows closely behind the second in terms
of robustness, also exceeding 84%, and even achieving the maximum value for the amplitude
ratio C (Figure 10(i)). Additionally, we find high general robustness ratios concerning the
fourth (Figure 10(l)-(m)) and fifth categories, both above 80% (Figure 10(n)).

5. Discussion.

5.1. General comments. Each of the robustness matrices presented in Figure 10 enables
the modeler to evaluate the significance of modifications to one or more parameters on the
output quantities for which such an analysis has been conducted. For example, in the case of
the idee computational code, altering the parameter for the slope of the investment curve κ1
will have a substantial influence on the amplitude ratio C (Figure 10(i)), the relaxation time
tr (Figure 10(j)), and the growth rate g∞ (Figure 10(l)), as this parameter ranks first in the
classification of these three outputs. However, it will have virtually no impact on the inflation
rate i∞, where κ1 ranks second to last (Figure 10(f)).

More generally, the two-level analysis (parameter groups and individual parameters) has
at least two purposes:

• It allows the modeler to make a first selection of important parameters at the group
level in a faster way, especially when the number of parameters is large (which is only
marginally the case for the idee model)

• the identification of important parameters and parameter groups points towards parts
of the model that need special attention, and possibly more precise modeling. For
example, if some important parameters (i.e., whose value are particularly critical on
the model output) relate to equations that are too crudely modeled, improving on the
model would most likely be the most efficient action to improve the model reliability,
and not simply try to calibrate these parameters in a more precise manner.

• The identification of similar output behaviors, that lead here to the definition of five
output categories, is more easily performed at the group level than at the individual
level. This identification may also help to improve the model itself, in a more precise
way than the previous step, by addressing questions such as: is the difference of
behavior between groups an intrinsic macroeconomic feature or a model-dependent
one?

5.2. Class-struggle dynamics. Note that we find that the most influential group of pa-
rameters in the model is related to shareholder dividends D (see for example Figure 5), which
represents in the model the portion of surplus value that is distributed to owners rather than
workers. This clearly reflects the class-struggle dynamic characteristic of models based on the
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Figure 11. (a) Graphical representation of whether the simulations converge towards the “good” (green)
or “bad” (red) attractor depending on the values of the pairs (η, µ0). In these 1 000 simulations, the other
parameters are set to their default values. (b) Graphical representation of whether the simulations converge
towards the “good” (green) or “bad” (red) attractor depending on the values of the pairs (γΓ, µ0). The other
parameters are set to their default values; see Table 3 in Appendix A.

Goodwin-Keen framework [19, 1, 53, 34].

5.3. Criticality of the price markup. We revisit here the criticality of the price markup
µ0, as highlighted in Bolker et al. (2021) [2], regarding the attraction basin of the “good”
attractor (i.e., where the equilibrium point is of the Solow type). This study confirms that
µ0 is the most influential parameter in determining whether the simulation converges to the
“good” or “bad” equilibrium. We also find this result, as illustrated in Figure 11(a), which
clearly shows a sharp separation between simulations converging toward the “good” and “bad”
equilibria within the range 1.3 ≤ µ0 ≤ 1.4, for the other parameters set to their default value
except η. A slight influence of the parameter η around the value 0.16 is observed, but it
remains minor compared to the overwhelming influence of µ0.

Our sensitivity analysis provides additional insight into the importance of the parameter
µ0. Indeed, while this parameter is the most influential in determining the attraction basin of
the “good” equilibrium, it becomes less important once its value exceeds its critical threshold,
i.e., µ0 > 1.6. This is clearly shown in Figure 10. For example, if we focus on the model’s three
main variables—debt ratio d∞ (Figure 10(n)), wage rate ω∞ (Figure 10(c)), and employment
ratio λ∞ (Figure 10(d))—we observe that the parameter µ0 ranks only seventh, seventh, and
sixth in terms of influence, respectively, and is robustly dominated by the most influential
parameters, ∆0, ∆1, ν, and even κ1 for the debt ratio d∞. Therefore, this observation helps
to temper the critical nature of the parameter µ0. While it is particularly critical, this is true
within the attraction basin of idee but not for the outputs that are observed here.

The sensitivity analysis we present does not include γΓ, the twentieth economic parameter
in the idee model, which appears in the debt equation as a “forgiveness” coefficient (see
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Figure 12. Results of the sensitivity analysis for the average value computed over the last century for the
inflation rate i∞. Figure (a) represents the total-order Sobol index ST; Figure (b) shows the first-order Sobol
indices S1; while Figure (c) depicts the second-order Sobol indices S2. For each indices, an error bar (a black
vertical line at the top of the thick bars) is associated.

(2.10)), reflecting a proportion of debt that is canceled by the creditor. We excluded it
from our analysis because this parameter only comes into play when the simulated trajectory
approaches the boundary between the “good” and “bad” attractors. As mentioned earlier,
the focus of this paper is on the “good” equilibrium. However, it is worth noting that the
parameter γΓ, like the price markup µ0, influences slightly the attraction basins despite it is
also dominated by µ0. Figure 11(b) shows that the “forgiveness” parameter counteracts the
effect of µ0 on the basin. The higher the value of γΓ, the more it offsets the effect of µ0.

5.4. First and second order analysis. In the presentation of our results (section 4), we
exclusively use the total-order Sobol index ST as the informative measure and thus do not
delve into the first-order Sobol index S1 or second-order Sobol index S2. However, these indices
can be easily extracted from the data calculated using the SALib library [42]. For instance, we
could estimate whether the variance of an output quantity is primarily due to the variance of
a single input parameter—this would be indicated by both a high total-order Sobol index ST
and a high first-order Sobol index S1. Alternatively, if the variance stems predominantly from
interactions between the parameter and other parameters, we would observe a high ST but a
low S1. If the interactions are significant at the second-order level, this would be reflected in
a high second-order Sobol index S2.

For instance, in the case of the three main variables—debt ratio d∞, wage share ω∞,
and employment ratio λ∞—Figure 5(b), (e), and (h) clearly show that the total-order Sobol
indices ST are partially explained by the first-order indices S1, particularly for the three
main groups: dividends D, capital K, and productivity p. The second-order Sobol indices S2
primarily reveals interactions between the D and K groups (negative values can be considered
negligible). However, we can observe that the total index is still significantly higher than the
first- and second-order indices, indicating that these variables are strongly influenced by group
interactions rather than by independent parameter fluctuations. This is expected for these
three output quantities, as their dynamics involve a large number of different mechanisms.

Such a configuration is not, however, encountered systematically. For instance, the sen-
sitivity analysis by parameter—presented in subsection 4.1.3 (as opposed to the one by pa-
rameter groups in subsection 4.1.2)—for the inflation rate i∞ (Figure 12) shows that the
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Table 1
Computational aspects of the numerical study presented in the present article. The time step value is

∆t = 1/12 y and the number of CPU used is 6. The simulations and sensitivity analysis were performed on

one Intel® Coretm i7-1065G7 CPU @ 1.30 GHz× 8.

Nb. of runs
Time for running

them all
Time spent
per run

Time for
post-processing

Time for
the SA

90 112 2 h 41mn 25 s 0.648 s 3 h 11mn 2 s 19 s
147 456 4 h 25mn 50 s 0.649 s 5 h 14mn 32 s 20 s

parameters’ influence on the output quantity is almost entirely explained by independent pa-
rameter variations, resulting in first-order indices S1 that are very close to the total-order
indices. Conversely, the second-order and higher indices are nearly zero. We provide the
results of our sensitivity analyses by groups and by parameters for the Sobol indices S1, S2,
and ST in the supplementary materials.

6. Computational aspects. This sensitivity analysis of the idee computational code was
conducted using a code that we are sharing as open-source on GitHub [29]. The sensitivity
analysis itself is handled by the SALib library [42, 27, 32] within our code. We developed
this code in Python and parallelized it across 6 CPUs. The simulations, post-process, and

sensitivity analysis were performed on an Intel® Coretm i7-1065G7 CPU @ 1.30 GHz × 8,
with 6 CPUs (out of 8) solely dedicated to computational tasks.

Such a study requires a significant number of simulations: 147 456 for the sensitivity
analysis by parameter groups (subsection 4.1.2) and 90 112 for the analysis by individual
parameters (subsection 4.1.3). This volume of simulations is feasible with an efficient model
code. This is the case for the idee computational code that we use, implemented in Fortran 90
and based on a numerical scheme using a Runge-Kutta RK4 method. It computes the solution
of the differential equations introduced in subsections 2.1 and 2.3 at each time step. This
method ensures numerical accuracy and stability, especially when dealing with the non-linear
dynamics inherent in the model. It completes a 1000-year simulation with a ‘monthly’ time
step of ∆t = 1/12 y in an average of 0.648 s. The time step is short enough to adequately
capture the most abrupt non-linear economic effects.

Our study relies on the calculation of 14 output quantities, which also involves a substantial
amount of post-processing time (3 h 11mn for 90 112 simulations). The sensitivity analysis
itself is very quick, taking only 19 s once the post-processing data is computed. All relevant
information regarding computation times is provided in Table 1.

7. Conclusion. This paper presents a sensitivity analysis conducted on 19 parameters
of the idee model, based on the variations of 14 output quantities, involving approximately
250 000 simulations. After presenting the model’s equations, we outlined how to define rel-
evant output quantities for the model’s simulated trajectories and explained the process of
variance-based sensitivity analysis. Our study complements previous work [4, 2, 37] by focus-
ing primarily on the purely economic aspect of the model.

Our sensitivity analysis led us to identify five influential parameter groups and three less
significant ones (Figure 5). We showed how these five groups can then be ranked by influence,
and proposed two indices to assess the robustness of this ranking. The main index exceeds
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78.6% for the asymptotic values of the model’s three main variables (private debt, wage share,
and employment rate) (Figures 7 and 10). The outputs can also be grouped into 5 categories
that behave in a similar way with respect to changes in the five parameter groups. This high-
lights how output quantities react collectively and not only individually to parameter changes.
Armed with these findings, we next moved to analyze the model sensitivity to individual pa-
rameter changes and confirmed the importance of the groups and categories identified in the
previous step. We also revisited the critical parameter identified by Bolker et al. (2021) [2]
(the price markup) and showed that once its value is set far from the critical zone separating
the “good” and “bad” attractors’ of the dynamics, it becomes a relatively negligible parameter
in determining the asymptotic convergence point. Our study further demonstrates that once
this critical the price markup is avoided, the idee computational code that we used yields
robust results with respect to expected variations in the parameters’ values.

We stress again that performing a sensitivity analysis at both the group and individual
levels and not only at the individual level as is usually done facilitates the identification of
important parameters and of collective output variations with respect to parameter changes,
especially for very large models. The first point is the main objective of a sensitivity analysis,
while the second one gives a better understanding of the dependence of the dynamics on model
parameters, and may possibly help to identify weak modeling choices (see subsection 5.1).
This led us to conclude that the idee model is robust with respect to the expected domain of
variations or uncertainties of its parameters.

We hope this paper will inspire economic modelers to apply such sensitivity analysis
methods. To this end, we have made the computational code of the sensitivity analysis we
developed available as open-source on GitHub [29].
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Table 2
Full model variables and parameters

Symbol Description Value Eq.
N Global workforce (variable) (2.1)
δN Growth rate of workforce 0.0305 (2.1)
N̄ Maximum workforce 7.06 (2.1)
a Labor productivity (variable) (2.2)
δa Intercept of the linear function 0.01 (2.2)
γg Slope of the linear function 0.5 (2.2)

δmin
a Maximum degrowth rate of productivity -0.02 (2.2)

Y 0 Potential aggregated production (variable) (2.3)
ν Capital-to-output ratio 3.0 (2.3)
Y Real output (variable) (2.4)
g Real growth rate (variable) (2.4)

δY Total fraction of “lost” production (variable) (2.4)
K Capital (variable) (2.5)
δK Capital depreciation rate (variable) (2.5)
δ Constant standard depreciation rate 0.04 (2.5)
Π Profit before dividends (variable) (2.6)
π Profit ratio (variable) (2.6)

πK Return rate on capital (variable) (2.6)
W Wage bill (variable) (2.6)
Tf Carbon tax (variable) (2.6)
I Real investment (variable) (2.7)
κ0 Intercept of the linear investment function 0.0397 (2.7)
κ1 Slope of the linear investment function 0.719 (2.7)

κmin Minimum of the investment function 0.0 (2.7)
κmax Maximum of the investment function 0.3 (2.7)

ζI Parameter of the investment function 0.25 (2.7)
d Debt ratio (variable) (2.8)
Γ Fraction of capital seized (variable) (2.9)
χ Parameter in the function of the capital seized 0.0045 (2.9)
D Nominal private debt (variable) (2.10)

Πr Retained earnings of firms (variable) (2.10)
γΓ Debt forgiveness ratio 1.05 (2.10)
∆0 Intercept of the linear dividend function 0.0275 (2.10)
∆1 Slope of the linear dividend function 0.4729 (2.10)

∆min Minimum of the dividend function 0 (2.10)
∆max Maximum of the dividend function 0.3 (2.10)

w Nominal wage per-capita (variable) (2.11)
ϕ0 Intercept of the linear Philips curve −0.292 (2.11)
ϕ1 Slope of the linear Philips curve 0.469 (2.11)
γw Parameter of the money illusion 0.5 (2.11)
ω Wage share (variable) (2.12)
λ Employment rate (variable) (2.12)
p Price of goods (variable) (2.13)
i Inflation rate (variable) (2.13)
η Relaxation parameter of inflation 0.2 (2.13)
µ Price markup (variable) (2.13)
µ0 Constant term in the price markup 1.7 (2.13)
r Short-term interest rate (variable) (2.14)

rCB Central Bank interest rate (variable) (2.14)
i⋆ Inflation rate targeted by the monetary policy 0.02 (2.14)
r⋆ Long-term interest rate target 0.02 (2.14)
ψ Reactivity of the monetary policy 0.5 (2.14)
ηr Relaxation parameter of the interest rate 0.333 (2.14)

∆T Mean air temperature elevation (variable) (2.15)
Dam Fraction of capital lost due to climate (variable) (2.15)
DK Fraction of capital lost due to climate (variable) (2.15)
DY Fraction of production lost due to climate (variable) (2.15)
Υ1 Parameter of the damage function 0 (2.15)
Υ2 Parameter of the damage function 0.00236 (2.15)
Υ3 Parameter of the damage function 0.0000819 (2.15)
ζ3 Parameter of the damage function 6.75 (2.15)
fK Fraction of damages on capital 0.333 (2.15)

Eind Emissions due to economic activities (variable) (2.16)
σ Carbon-emission intensity (variable) (2.17)
δσ Parameter in the carbon-emission intensity -0.014936 (2.17)
γσ Abatement coefficient in the carbon-emission intensity 0.2 (2.17)
A Abatement ratio (variable) (2.18)

pBS Price of the back-stop technology (variable) (2.18)
δpBS

Growth rate of the back-stop technology price −0.0026 (2.18)

γpBS
Abatement Coefficient in the pBS equation 0.5 (2.18)

n Emission reduction fraction (variable) (2.19)
sa Share of public subsidies 0.5 (moderate) (2.19)
θ Parameter of the abatement function 3.4 (2.19)

pC Carbon price (variable) (2.20)
apC Carbon price parameter −0.004 (2.20)

bpC Carbon price parameter 1.749 (2.20)
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Table 3
Range of parameters

Group Symbol Lower bound Upper bound Default value Eq.

Capital K δ 0.035 0.045 0.040 (2.5)
Capital K ν 2.61 3.39 3.00 (2.3)
Inflation i η 0.17 0.23 0.20 (2.7)
Inflation i µ0 1.666 1.734 1.700 (2.7)

Investment I κ0 0.029775 0.049625 0.039700 (2.7)
Investment I κ1 0.53925 0.89875 0.719000 (2.7)

Productivity p δa 0.0075 0.0125 0.0100 (2.2)
Productivity p γg 0.375 0.625 0.500 (2.2)
Dividends D ∆0 0.020625 0.034375 0.027500 (2.10)
Dividends D ∆1 0.354675 0.591125 0.472900 (2.10)

Population N δN 0.02 0.08 0.05 (2.1)
Population N N̄ 4.662 5.418 5.040 (2.1)

Phillips P ϕ0 -0.293752 -0.290248 -0.292000 (2.11)
Phillips P ϕ1 0.452585 0.485415 0.469000 (2.11)
Phillips P γw 0.45 0.55 0.50 (2.11)

Interest rate r ψ 0.3 0.7 0.5 (2.14)
Interest rate r i∗ 0.012 0.028 0.020 (2.14)
Interest rate r r∗ 0.012 0.028 0.020 (2.14)
Interest rate r ηr 0.256 0.476 0.333 (2.14)

Debt forgiveness γΓ 1.05 1.05 1.05 (2.10)

Table 4
Initial values of the economic model (2015)

Symbol Description Value Units Eq.

N Global workforce 4.83 workers bil. (2.1)
Y Aggregated production 58.7 2015 usd tril. (2.4)
d Private debt ratio 1.53 (2.8)
λ Employment rate 0.675 (2.12)
ω Wage share 0.578 (2.12)
i Inflation 0.018 (2.13)
p Normalized price 1 (2.13)
r Interest rate 0.01 (2.14)

∆T
Global annual mean air surface

temperature anomaly
1.07 ◦C (2.15)

Eind Emissions due to economic activities 51.8 GtCO2e (2.16)
pBS Price of the backstop technology 1500 2015 usd/tCO2e (2.18)
n Emission reduction ratio 0.03 (2.19)
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