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Abstract—Concerns about CO» emissions and rising oil costs
are fueling the search for alternative energy sources, including
wind power for maritime transportation. The Beyond the Sea
enterprise led by Yves Parlier, seeks the usage of tethered Kites
as a sustainable propulsion solution for vessels.

This study explores a Lagrangian rigid body model that closely
replicates a real-life experimental setup on the beach, incorpo-
rating parameters with physical significance and accounting for
inertia effects. Keeping the Kkite in the desired part of the flying
window is managed by guiding it along figure-eight trajectories,
with adjustable parameters for position, size, and orientation.

A trajectory-following control strategy is employed to ensure
alignment to the desired path. The model’s accuracy and the
effectiveness of the control methodology are qualitatively vali-
dated through simulations and animations of the Kkite’s takeoff
and dynamic flight across various trajectories.

Index Terms—AWE, Kite modeling, Lagrangian system, Kite
control, Dynamic flight, Kite animation

I. INTRODUCTION

The pressing need to reduce C'O- emissions and the in-
creasing oil prices are significantly affecting all transportation
sectors, especially the maritime industry. Consequently, there
is a rising interest in discovering alternative methods to
diminish environmental impact and lower fuel consumption. A
promising recent solution is the integration of Airborne Wind
Energy (AWE) systems. These systems use tethered Kkites,
similar to those used in kite surfing and others, to convert
the traction power of airfoils into electrical energy [1], [2] or
into propulsion energy for vessels [3], [4].

Moreover, since AWE systems operate at higher altitudes,
they can access a variety of wind resources. This capabil-
ity, combined with their low mass, results in a high mass-
performance ratio, enhancing the overall efficiency and relia-
bility of the installation. These attributes make AWE systems
particularly well-suited for the marine environment.

Previous research on automated kite control has largely
focused on point mass models [5]-[11]. While these models
have been validated and used for initial control efforts by
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Beyond the sea [9], they treat the kite as a singular point in the
flight window. This simplification means they do not consider
the kite’s rotational dynamics around its center of mass and
their inertial effects, resulting in a lack of accuracy necessary
for more advanced analysis and control. In fact, to account for
this, they often rely on an empirical expression for yaw speed.

To overcome the limitations of point mass models, more
advanced approaches have been developed. One method uses
multiple interconnected point masses to better represent the
kite’s structure and dynamics [12]. Another approach models
the kite as a rigid body [13]-[19], striking an effective balance
between precision and computational efficiency. Furthermore,
flexibility effects have been incorporated into kite flight sim-
ulations through a multibody-system model reduction process
[20], enhancing the realism and fidelity of the results.

Single-kite systems, like the one outlined in this paper, work
in periodic cycles to maximize the traction force by guiding
the kite through rapid crosswind maneuvers. By following
figure-eight patterns, these systems boost energy capture since
they are flying in cross-wind, prevent tether entanglement, and
maintain a continuous, efficient flight path.

In this study, Section II replicates a four-line tethered
kite experimental setup in the beach used by Beyond the
Sea enterprise. This is achieved using a rigid body model
specifically adapted for our system, which take into account
inertial behaviors and where all the parameters have clear
physical meanings. Section III focuses on the trajectory-
following algorithm, necessary for the kite to adhere to the
desired path, and outlines the control strategy. In Section
IV, we implement the close-loop system using the model
and trajectory-following strategy to animate and simulate the
kite’s flight dynamics from takeoff to sustained dynamic flight.
Finally, Section V provides conclusions and perspectives of the
work.

II. KITE MODEL DESCRIPTION

In this section, we present our kite model, which treats the
kite as a rigid structure, ignoring its flexibility and elasticity.



This approach draws inspiration from works such as [14], [17],
[19], which use Lagrangian mechanics to model various kite
systems, including a surf-kite system controlled by a Kkite-
surfer. In our case, the model corresponds to an experimental
setup on the shore, with control implemented via DC motors.

Fig. 1 illustrates our system with a four-line LEI (Leading
Edge Inflatable) kite. No air intakes or stabilizers are included.
The two front lines (OFR and OF}p) converge at a common
point O. These lines are modeled as massless, inelastic, and
non-flexible, which is a reasonable approximation under high
traction. Given these assumptions and the kite’s rigidity, the
triangle FrOF; maintains its shape anytime and can be
represented by a single parameter L, denoting its height.

On the other side, the back lines, FrBr and EBj are
considered elastic, but yet massless and not flexible. Because
of this, besides their original lengths L;, the elasticity effect
is taken into account by er and ey.
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Fig. 1: Kite system representation and Ry/R; reference frames.

The two back lines serve also as control lines using two
winches rotated by DC motors, as shown in Fig. 1. In this
strategy, the control input is defined as § = dg — &, where

1] = I6nl = |3

A. Reference Systems

Defining the necessary reference systems is crucial. Our
primary reference is the ground frame Ry, with its origin at
point O. In this frame, zp-axis points away from the flight
window towards the operator, zg-axis aligns with the direction
of gravitational force, and yp-axis is oriented to complete a
right-handed coordinate system, forming the plane 7 with z(-
axis.

R, frame gives us a plane perpendicular to triangle FrROFL,
by rotating first around zg and then around y;:

Ry o = R(j1,7)R(Fko, ) (1)
c(v) 0 —s(v) c(p) —s(p) O
=/ 0 1 0 s(p)  clp) 0
s(v) 0 c(v) 0 0 0
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Fig. 1 shows these two reference frames.
Besides Ry and R, Ry frame takes into account the rotation
of the triangle FrOF around zi-axis, as shown in Fig. 2a:

Ry 1= R(i—fﬂ?) 3)
1 0 0

=10 cn) smn|. 4)
0 —s(n) c(n)

The body reference frame is centered at the kite’s center of
gravity GG, where the zg-axis is aligned with the kite’s main
cord to indicate its orientation. Rg is defined by rotating
around yo as illustrated in Fig. 2b:

Ra-2 = R(j. ) 5)
c(®) 0 —s(¥)

o 1 o |. ©6)
s(¥) 0 ¢(9)

On Rg, we can define the positions Fy/r(zr, +yr, 2r) and
Br/r(B, *yB, 2B).

¥

n

(a) R2 Reference frame.

(b) Rc Reference frame.

Fig. 2: Graphical representation of Ry and R¢ frames.

With these definitions, we establish a four DOF system with
the generalized coordinate vector:

T
a=[¢ v n I . (7)
B. Lagrangian Formalism

The Lagrangian mechanics is based on the solutions of
Euler-Lagrangian equation [21], [22], which is expressed as:

d (0L oL
7 (i) - =0 ®

where, L = Ex — Ep is the Lagrangian of the system, g,
is the n'" generalized coordinate, ¢, is the n'" generalized
velocity, and @Q,, the n'" generalized force.



C. Kinetic and Potential Energy

The kite’s center of mass, expressed in the R, frame, is:

0 —TR
OG = Rgfo 0 + R(T;fo 0 ) )
—L —ZF

where, R2_o = Rz_1R1_oand Rg_o = Rg_2R2_1R1_¢o
Thus, we can derive the gravitational potential energy as:

Ep = —mygH (10)
0

=—mpgT& | 0 |, (11)
1

where, my, is the mass of the kite and g the gravitational
acceleration. ) )

Also, since 7™ = R ™" +Rm _n7" = GX[Rm_n7" |+
Rn_n7", with m and n reference frames, we can express the
kite’s linear velocity in the body frame Rq as:

0 —TF

78 =Rg_2 32,0 X 0 + ﬁg,o X 0 s
—L —ZF

(12)

where, the angular velocities Wy = 7'1;2 + Rz_ogblgijo +

szﬂjﬁg and &g o Ya + Ra_2mi2 + Ra—opko +
R _17j1. Furthermore, by algebraic transformations, we can

express 75 and Wg_o as:
& =vq, (13)
Tao = 04, (14)
These expressions allow us to calculate the kinetic energy
of our system, which comes from both the translational

component and the rotational one as Ej, = %mkvz + %Igoﬂ
in the matrix form:

1
Ex = 24" |97 (mD)® + 07160 4.

2

¥ e R
Qe R¥4

15)

M

where, I € R3*3 is an identity matrix and Ig € R3*3
the inertia tensor at the center of mass G. The component
M € R**? represents the generalized inertia matrix and,
as shown from the equation, is composed from translational
inertia contributions W7 (m;I)¥ and the rotational inertia
contributions 71 .

D. Generalized Forces

In this section, we introduce the concept of generalized
forces within our system. We begin by considering the non-
conservative forces and moments, such as aerodynamic ones:

OD C\(3';0 + Cxaa
FG=q| Cs |=a| Cup |, (16)
L CL Cuo+ CLaa
r bw -
— bCy b(CipB + Ciyp ;}_%o,z) ]
Mg =4q Ccm =q C(Cmo + Cma + Cmq wi;07j)
L DO b(CnpB + Cpr b‘”;,;‘”; + Chyt)
(17)

)

with ¢ = 1pS H7aH2 defining the dynamic pressure, p the
air density, S the kite’s surface, and ¥¢ = VG — VG the
apparent velocity described as the difference between kite’s
velocity and wind velocity in the body frame. The angle Gof

attack and the side-slip angle correspond to o = arctan U‘gf‘
vG-. o
— 3 a,j
and 8 = ar(381nH7aG||.

In (17) the parameters b and ¢ stand for the span and for
the cord of the kite, while vy is a reference velocity and
t reflects the aerodynamic yaw moment resulting from the
kite’s deformation due to the differing tensions at the back
lines. Air resistance is accounted for, mainly, in the drag force
Fff. Given the sensitivity of aerodynamic models and their
coefficients, we have employed here the representations found
in [17], [23].

Besides the aerodynamic forces, the conservative traction
forces applied by the elastic back lines, should be considered
too. To derive this, we define first:

0 TR
—_—
EG; BS,=Ra-o || £l |+7&+ | Fus ||,
0 ZB

(18)

) _—
and noting Ly, = ’Eg/LBg/L .
Due to the elasticity of the back lines, we first define the
Cauchy stress using Hooke’s Law as follows:
Lp/r — (Lt £6/2)
L;+46/2 ’

UR/L:_E (19)

with E the Young modulus. Knowing that the F' = ¢S}, with
S; being the line cross-section area, we find the tensions ? R

and T, as:
L L, +6/2) ES, BS
¢ _ _ps, r/L — (Lt /2) EritPR/L 20)
R/L Li+6/2 Lri
TR/

where, u R/L is the unit vector showing the direction of the
tension force applied along the right and left line. On the other
hand, the moments created by these forces are the following:

B
_>
MG =| Fus | x TS, @1)
ZB
Therefore, the resultants of these forces. and moments

applied on the gite are I'g G+ 7%+ 7¢ and
Mp = MG+ M % + M, respectively. This gives us the
final expression of the generalized forces:

G
5‘1}G’

P 8qn

OwG—o,p
Iqn

Qn = Fg = + MR,]) y = 1727374a (22)

with n being the index of the generalized coordinate.



E. Lagrangian Model

Finally, by having all the components of the Euler-
Lagrangian equation (8), we end up with four nonlinear
differential equations:

aMnm ..

10Myy OEp
aqp qp Qm 2 aqn

dmdp + an = Q.
(23)

Equations (22) and (23) are expressed in the Einstein’s tensor
notation, and describe the behavior of our kite system.

III. KITE CONTROL STRATEGY

A key aspect of this work is developing a control scheme
to guide the kite along a specified path Tyes. As discussed in
Section I, a Bernoulli lemniscate is ideal for preventing line
tangling and maximizing traction. This trajectory is defined by
the following parametric equations with the parameter s:

_ sin(s)

T = al—'rcosQ(s)’
_cos(s)sin(s)

Yyr=a 1+4-cos?(s) ?

(24)

with s € [0, 27, which shows that the trajectory is independent
of time, implying that following the path is a spatial rather
than temporal process. Consequently, the trajectory is spatially
discretized into a sequence of points P.

Fig. 3: Reference frame Ry, the spherical coordinates and
T (010, ¢10), Bernoulli’s lemniscate tangent to the point
(010, d10) rotated with an angle ©;, together with Ts, its
projection to the flight window, in a beach environment.

For simplicity, since the kite always flies towards the
negative xg-axis, we introduce a _1>1e,w reference system Rp
by rotating Ry with Rr_¢ = R(ko, 7).

It is useful to express the desired trajectory Tues (o1, 01, 1)
and the Kkite’s position ?g(pg,ﬁg,¢g) in spherical coordi-
nates, as shown in Fig. 3. Due to the elasticity of the back
lines, pg varies slightly, making it crucial for defining ?g
In contrast, Ty.s has a constant pr, simplifying the trajectory
to Tdes(eTv ¢T)

To fully define the trajectory, the parameters (Or1q,dro)
for the initial position, O, for the planar rotation around
(010, d10), and a for the arc length are necessary. Once
the lemniscate is parameterized, its origin is positioned at

(610, ¢10) in a plane tangent to the flight window and then
mapped into the quarter sphere (see Fig. 3).

A. Trajectory-following algorithm

The main goal is for the kite to reach and precisely follow
the designated trajectory [24]-[26]. To achieve this, Algorithm
1 minimizes the distance to the desired trajectory and aligns
the kite’s velocity with the trajectory’s tangent.

Algorithm 1 Trajectory-Following

1: Set initial point P; as Pgy.

2: Define reference frame Rp at P ;.

3: while ¢ = t; to ¢,, do

4 if 2E(t) > 0 then

5 Update P,,; to Piyq.

6: Define new reference frame Rp at P;».
7 t=1+1.

8 end if

9:  Calculate Xcmd = Xe(2) + AXema(t), where x. = fkfp
and Axema(d) = arctan % with d(t) =~ ykL(t).

10:  Calculate x(t) = jpVE(t).
11:  Calculate €, = X — Xemad-
12: end while

—

Fig. 4: Trajectory-Following scenario, with the corresponding
parameters and reference systems.

At each time step ¢, the algorithm determines which point of
Tyes the kite should follow as it is flying, by determining the
kite’s position at the current provisory Rp, as shown in Fig.
4. Rp is defined with the x p-axis directed from the P,,; (ex.
P;11) to the next P point (P;2), zp directed from the origin
O to the next P point and yp forms a right hand reference
system. As long as the kite’s coordinate xg < 0, the Rp stays
in the same point, until when xg > 0, then it moves to the
new one.

The desired velocity angle y.mg must be computed and then
compared to the current angle X, as explained in Algorithm 1.



To understand all the angles used in here, another reference
system Ry is introduced. Its yj-axis is tangent to the flight
window and is laid along the meridian passing threw point
G, directed towards the zenith. zj is pointing towards the O
origin of Rp and x, forms a right hand reference system with
the two other axes (see Fig. 4).

The angle Xc¢mg is composed of x. and Axges(d) [26],
shown again in Fig. 4. The first term is the angle between j
and the tangent of 7., which makes the kite has the same
alignment, but not necessarily the same trajectory. The second
one, Axema(d) = arctan %, is needed to help the kite move
closer to the desired trajectory. When the kite is far from 7.
(d > dy), Axges = 90°, directing the kite straight towards
the trajectory. If d < dpy, Axges = 0°, the kite is primarily
following the trajectory. This parameter dy can be set as a
constant value or adjusted dynamically based on the kite’s
speed.

B. Control Strategy

The close-loop scheme is the final step in controlling the
kite to follow the desired trajectory Tges. Fig. 5 shows the block
diagram of this system, which includes the controller, the rigid
body kite model from Section II, and the trajectory-following
blocks that calculate x and x.md¢. The difference between
and Xcmg, denoted as ¢,, is tended to be 0 by the reference

signal.
8 1 T6, VU,
A Model
___________________ SR P
x N\ X IEsﬁmateI

Desired trajectory
generation Tges

Fig. 5: Close-loop control.

IV. CLOSE-LOOP SIMULATION

In this section, simulations are conducted using MAT-
LAB/Simulink, implementing the control strategy illustrated in
Fig. 5. For our simulation purposes, a proportional controller
proved effective by trials. The physical parameters of the kite
and the aerodynamic coefficients are sourced from [17], with
a Viy = 7m/s? in the xp-axis direction, L = 24.55m,

Fig. 6a presents the results of a kite animation following
a desired trajectory Ty, in the center of the flight window,
with @ = 10, (870, ¢10) = (45°,0°) and O4 = 0°. Initially
at rest, the kite starts from qo = [0 80° 0 O]T, takes off,
and enters dynamic flight. A dy = 1.5m is chosen by trials
for Axema.

—> Kite’s speed Vg

-axis

(a) Animated kite and its path

(red), following Tges (blue). (b) Simulation results.

Fig. 6: Takeoff and dynamical flight simulation following the
Tdes~

In Fig. 6b, we observe the spherical coordinates of the
kite (G origin), the yaw angle v, the speed angle x, and
the symmetric control command §. Notably, @ and x are
very close, indicating that the kite is well-oriented along its
trajectory. A behavior consistent with real-life experiments and
that gives us qualitative validation of our model.

Worth emphasizing that since a rigid body model is used,
the takeoff dynamics (¢t = [0,1.5]s) are physically accounted
for by the model, including the ) movement.

Another interesting simulation occurs when the kite transi-
tions from one figure-eight pattern to another during the flight.
In Fig. 7, we illustrate multiple trajectories where 6 varies
from 20° to 60° in increments of 10°. In this scenario, we

1 —20° —40

Fig. 7: Animated flying kite changing T} in flight.

observe that when the kite changes its trajectory, there is a
transient phase before it stabilizes and resumes following 7.

Animations of the kite during dynamic flight were also pro-
duced with various trajectories and different takeoff positions
to demonstrate the flexibility of the methodology. In Fig. §,
the green kite follows a desired trajectory Tg.s with a = 10,
(610, d1T0) = (27°,0°), and ©5 = 90°. The red kite follows a
Thes With a = 13, (010, ¢10) = (40°, —45°), and O = —60°.
The blue kite’s Tyes has a = 10, (610, ¢p10) = (40°,30°), and
O, = 30°. It is worth mentioning that studies can be conducted
to determine the optimal trajectory in the flight window for



specific wind conditions [27], which can then be implemented
into our control scheme.

> Kite’s zg-axis
» Ry, reference frame,

Fig. 8: Animated flying kites exploring different trajectories.

V. CONCLUSIONS

In this work, we initially presented a rigid body Lagrangian
model for our four-line LEI kite experimental setup on the
beach, controlled by two DC motors. To simplify the model
and achieve a balance between complexity and accuracy
from a control system perspective, we introduced constraints
such as the rigidity of the kite and of the two front lines.
As a result, we developed a mathematical model where all
parameters have physical significance, avoiding the use of
empirical expressions to describe the kite’s behavior. However,
future work will involve adjusting this model to align with
real experimental setup parameters. This task also includes
selecting reliable aerodynamic force and moment models and
accurately estimating their coefficients.

We required the kite to follow a Bernoulli’s lemniscate
trajectory projected into the flight window. To achieve this,
a trajectory-following algorithm was implemented in a close-
loop system. This algorithm aims to minimize the distance
between the kite’s position and the desired trajectory while
simultaneously aligning the kite with it. A proportional con-
troller, sufficient for simulations and demonstrating methodol-
ogy, was integrated into the closed-loop system. Finally, the
close-loop system (excluding the actuators) was completed,
and enabling simulations. A more robust and sufficient con-
troller will be developed at a later stage.

The standard scenario, featuring a horizontal lemniscate as
the trajectory positioned at the center of the flight window,
was simulated from takeoff through dynamic flight. In this
case, the yaw and speed angles were compared and found to
be closely aligned, consistent with experimental observations.
Additionally, simulations were performed with a kite changing
its trajectory in flight and kites following vertical, inclined, and
off-center trajectories. Although these paths are not commonly
used, they demonstrate the feasibility of alternative trajectories
and provide opportunities for traction force studies.
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