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Abstract

Prey-predator models are essential for understanding the dynamics of ecological systems, where preda-
tors consume prey and population fluctuations are influenced by factors such as birth rates, death rates,
and resource availability. The Lotka-Volterra model is a classical example, where prey populations grow
exponentially in the absence of predators, and predator populations increase with the availability of
prey. However, real-world ecosystems become more complex, particularly when diseases affect prey pop-
ulations. Infected prey may exhibit altered behaviors or reduced fitness, making them more vulnerable
to predation, thereby impacting both prey and predator populations. To model these interactions more
realistically, disease dynamics will be incorporated to investigate the effects of infections on species be-
havior, survival, and ecosystem stability. The gradual introduction of infected prey into the population
will be modeled using an advanced framework of partial differential equations, which includes fractional
derivatives to capture memory effects and non-local interactions. Furthermore, the model will incor-
porate almost periodic functions to account for seasonality, effectively reflecting the cyclical nature of
environmental fluctuations.

Keywords: Ecological models, seasonality, piecewise modeling, fractional differentiation and inte-
gration, almost periodicity.

1 Introduction

Prey-predator models are fundamental in understanding the dynamics of ecological systems, where two
species interact in a way that one (the predator) hunts and consumes the other (the prey) [1-5]. These models,
often described using mathematical equations, help explain how the populations of both species fluctuate
over time, driven by factors such as birth rates, death rates, and the availability of resources. The classic
Lotka-Volterra model is one of the most well-known frameworks used to represent these interactions, where
the prey population grows exponentially in the absence of predators, and the predator population grows in
response to increased availability of prey. However, real-world ecological systems are often more complex than
these simple models suggest. One important complexity arises when disease enters the equation, particularly
when the prey species becomes infected. The introduction of infected prey changes the dynamics of the
predator-prey interaction, as the infected individuals may exhibit altered behavior or reduced fitness, which
can make them more vulnerable to predation or less capable of evading predators. This shift in prey behavior
and population health introduces additional layers of complexity, as the disease can affect not only the prey
species but also the predators, creating a feedback loop that influences both populations. Incorporating



disease dynamics into prey-predator models offers a more realistic representation of ecological interactions,
as it highlights the role of infection in shaping species behavior, survival, and population fluctuations. These
models allow researchers to explore how pathogens influence ecological outcomes, such as predator-prey
ratios, disease transmission between species, and the overall stability of ecosystems. The study of infected
prey populations in such models is critical for understanding the broader impacts of disease on biodiversity
and the resilience of natural communities [6-11].

Let us provide a motivation for understanding and interpreting such a process. In an ecological context,
consider a forest ecosystem where rabbits (prey) serve as the primary food source for wolves (predators).
Within this system, a viral infection begins to spread through a portion of the rabbit population. Infected
rabbits exhibit behavioral changes such as reduced alertness and slower movements, which make them more
susceptible to predation. However, the wolves, in consuming these infected rabbits, risk contracting the
virus themselves. As the disease continues to proliferate, the rabbit population begins to decline, leading to
a reduction in the prey availability for the wolves. Consequently, the wolf population faces a decrease in food
resources, which ultimately leads to a decline in predator numbers due to the scarcity of prey. At the same
time, although the infected rabbits continue to reproduce, their weakened state results in lower survival
rates, further exacerbating the decline in the prey population. This results in a complex feedback loop
where the interactions between the infected prey and the predators significantly alter both populations. The
system reaches a fragile equilibrium, where the disease modifies predator-prey dynamics by simultaneously
influencing the health, behavior, and population sizes of both species. Such interactions emphasize the
profound impact that disease can have on the structure of ecological communities. Infected prey not only
affect their own survival but also shape the strategies and survival of predators, thus illustrating the intricate
interplay of biological, behavioral, and environmental factors in shaping ecosystem dynamics.

To further enrich the model, seasonality can be incorporated as a key factor influencing the dynamics of
both prey and predator populations [12]. Seasonal changes, such as variations in temperature, food availabil-
ity, and reproductive cycles, can significantly affect the birth and death rates of both species. For example, in
temperate ecosystems, the availability of prey may fluctuate seasonally due to changes in vegetation growth,
which in turn impacts predator food supply. Similarly, predators may exhibit seasonal variations in hunt-
ing efficiency, reproduction, and mortality, influenced by environmental conditions such as temperature and
daylight hours. Seasonality can also interact with disease dynamics, as certain pathogens may have seasonal
transmission patterns, with higher infection rates during specific months or periods of the year. Infected prey
may, therefore, experience different survival rates across seasons, affecting the overall population dynamics
of both prey and predators. By introducing seasonality into prey-predator models, a more realistic and
comprehensive understanding of ecological interactions can be achieved, capturing the complexities of how
environmental factors and disease dynamics together shape the structure and stability of ecosystems over
time.

Therefore, in this study, to enhance the realism of the model, we considered a population initially free of
infected prey, with infected individuals being introduced after a certain period. Additionally, the effects of
seasonality under varying environmental conditions were incorporated to more accurately reflect the dynamic
interactions within the ecosystem. The introduction of infected prey into the population over time will be
modeled through the piecewise setting [13], while seasonality will be incorporated using almost periodic func-
tions to capture the cyclical nature of environmental conditions [12]. Additionally, the inclusion of infected
prey into the population over time will be modeled using piecewise differential equations, incorporating
fractional derivatives to account for memory effects and non-local interactions in the system.

Let { Dy (t) be the Caputo fractional derivative [15], £ D x (t) be the fractional derivative with the
exponential decay kernel (CF) [16], 22Dy x (t) be the fractional derivative with the Mittag-Leffler kernel
(AB) [17] and f£Dfx (t) be the Riemann-Liouville fractional derivative [18]. If x be a function continously
differentiable, these derivatives in Caputo sense are defined as
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2 Prey-infected prey-predator system

In this section, various analyses will be presented concerning the model [11], which addresses prey-predator
interactions within a population that includes both predators and infected prey. The model under investi-
gation [11] is represented by the following system

dP
=L —a(P +1)—bP, —cP, (P, +1I)— kIP, — uP,P,,

= = kIP, — bl —cPy (P, + 1) — yIP,, , (9)

i,

—= =0P, P, — olP, — pP-
dt 142 — 0112 — pIro

a—b
where ¢ = ———,a > b. The functions P; (¢), P> (¢t) and I (t) represent, respectively, the suceptible prey,
the infected prey, and the predator at time ¢. These functions serve as key components in modeling the



dynamics of the prey-predator-infection system. A detailed description of the parameters used in this model
is provided in Table 1.

Table 1. The explanations of the model parameters

Parameter Explanation

The birth rate

The intrinsic death rate

The environmental carrying capacity

The infection coefficient

The predator’s rate of attacking the vulnerable prey
The predator’s rate of attacking the infected prey
Conversion rate of the susceptible

Conversion rate of the infected.

The intrinsic death rate of predator

The depletion of the food supply

O 9 DT ;rivg

Disease-free equilibrium point of this system is
p ald —bl—cp
2,0, ——, 10
(.05 (10)
where a > b+ % and endemic equilibrium point of this system is

a kp—af abf — bl — cp
R T O '

(11)

where b+ % < a < %. To obtain the reproduction number, we need to check the transition matrices

8F = [kPl — CP1 — "ypg] 5 (12)
|1
v = M

The spectral radius of the (FV’l) , also known as the reproduction number, is calculated as:

(k —c) pp — vy (ab — b — cp)

Ro = b0

. (13)

where (k — ¢) pu > 7y (af — b0 — ¢p) .

3 A piecewise differential equation modeling the gradual incorpo-
ration of infected prey into an ecological system

In this section, the model addressing prey-predator interactions within a population, where both prey-
predator dynamics and infected prey are considered, will be modified employing the concept of piecewise
differential equations to capture reality. Initially, the model will describe the interaction between prey and
predators in the population, followed by the gradual introduction of infected prey over time. The model in
question is governed by the following equations:
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hig
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It is crucial to highlight that the model presented in [11] is reformulated as a piecewise differential equation,
where the infected prey is absent (i.e. I () = 0) from the population during the interval 0 < ¢ < ¢;, and
infected prey is incorporated into the system in the interval ¢; <t < T'. In Figure 1, we visualize the scenario

mentioned here to understand the process.

Mule deer
PREDATOR

Mountain lon

FREY

Mule deer

L <t<T

PREDATOR

Mountain bon

§ INFECTED FREY

Black tipped
jackrabbit

Figure 1. The visualization of the scenario depicting the gradual incorporation

of infected prey into a prey-predator system.

Figure 1 illustrates a simulation period in which only the mule deer and mountain lion are present in the
population within the interval 0 < ¢ < #;, while the infected black-tipped jackrabbit is introduced into the
population within the interval t; < ¢t < T. It is clear that such a scenario is not only possible in nature
but also more realistic compared to a scenario in which prey, infected prey, and predators coexist within
a single time period. Such a scenario will be simulated by considering the following initial conditions and

parameters:

P (0) = 30;1(0) =0;P(0) =20;a =0.001;k = 0.001;60 = 0.15;
p = 0.7;0=0.265;b = 0.0001; ¢ = 0.0035; 0 = 0.25;v = 0.02.



Figure 2 presents the graphical simulation of the piecewise differential equation that models the integration
of infected prey into an ecological system.
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Figure 2. The visualization of the scenario depicting the gradual incorporation

of infected prey into prey-predator system.

3.1 Existence and uniqueness of solutions for the piecewise ecological system

The analysis of the existence and uniqueness of solutions employing mathematical methods is essential for
addressing real-world challenges. Although this theory has been effectively applied to both integer and
noninteger-order differential equations, there is relatively little research dedicated to its application to this
new class of differential equations [13] with piecewise derivatives [21]. In this section, we specify the conditions
under which the solutions of piecewise model are both unique and exist [3, 19]. To simplify the presentation,
we first introduce the following notations:

o o Pl _ _ aP1 7bP1 7[J,P1P2
H_nm - |: P2 :| 7F(H7t) - Xm (ta nm) - 9P1P2 —pP2 ’ (15)
P1 a(P1+I)—bP1—CPl(P1+I)—I€IP1—‘LLP1P2
Z:'I]n: PQ ,G(E,t)zxn(t,nn)z kIPlfb_I-*CPl(P1+I)7’}/IP2
P3 9P1P2 —O'IPQ _pP2

Lemma 1. Using the definition in [13], the solution of the following piecewise differential equation

G =FLY), f0<t <ty (16)
ABODES (1) =G (B,t), if to <t < T.



is represented by

{0 () Jy X (90, (9)) i = 1,2,i6 0 < ¢ <,

15 S X (0, (9)) (= 0)" 7 dd,n = 1.3, if b <t < T,

where 0 < k< 1, x : [0,T] x R — R.
Let us define the following mapping A :  — Q (2, Banach space) given by

{0 (O) + Jy Xon (9,770 (0)) i = 1,2, 560 < < 8,

AIL(t) = M (o) + (1= ) Xy, (0,7, (9)) (18)
iy o X (0,m, (9)) (¢ =0)" i, = 1.3, it tg <t < T

To prove this, we assume that the following conditions hold true [14]:
K1) For all n,,m, € R, two constants v1, Vs exist so that the following inequalities hold

X (1) = X (1,0)] - < v — 4], (19)
|Xn(t777)7Xn(t76)| < V2|7776"
K2) There exist functions vy (¢),v3 () such that
Xn (1) = X, (£, 6)] VL (9) [nl + L1 (9) (20)

IA A

IXn (£:1) = X (£, 9)] vz (9) ] + Lz (9) .

Theorem 1. Given hypothesis K1), the considered equation possesses one solution provided that the
statement presented below is satisfied.[14]:

m <1. (21)

v =max | vito,ve | (1 — k) + )

Proof. It is necessary to prove that A is indeed a contraction. To demonstrate this, we proceed by expressing

Jo m (9,1 (9)) = X,y (9,8 (9))] a9, i 0 <t < to,
[An — Ad|| < sup. (L=8) Ixn (&0 (1) — xn (8,0 (2))] R - (22)
te(0.7] 5 [ 1 (0, (9) = X (9,8 @)| (t— )" a9 if to <t <T -

Using the hypothesis K1), we have

V1|77—(5|t0, if0§t§t0,

|An — Ad|| < sup T —to ' R (23)
te[0,T) (1_K)+<F(n)) voln—4],iftg <t <T.
Therefore, we obtain
[An — Ad|| < vlln -4, (24)



where

—~ K
(7 t)
v = max | Vitg,V 1-K)+ ———— . 25
x q vito,v2 | (1= k) T () (25)
Since v < 1, we can conclude that the mapping A is contraction.
Theorem 2. The piecewise differential equation presented here has at least one solution under the
conditions K1), K2).
Proof. Initially, a mapping is contructed to perform our aim

{ +f Xmﬁn ))d’l?,m:l,27 lfOStSto,
An = Mo (t0) + (1= K) X (71 () = X (6 ()] (26)
+ 500 ffo X, (00 (t—0) " ddn=1.3,iftg<t<T

By employing K2), we need to demonstrate that A is completely continuous. Applying norm on both sides,
we achieve
t .
{6 Qvn )l + L (9)) a9, 360 < ¢ < to,
[l < sup. (=n) X, (@) =X, (BIE)] (27)
€T\ s S (s (0)] Inll + L2 (9)) dd), if 1o < ¢ < T,

which yields
{to (516 +Z1> , it 0 <t <to,

Ao < sup { , (T to) ~ (28)
te[0.7] (l/ge—i—Lg) ekt~ 2 | ity <t<T,
I'(k)
where e = |[n[| = sup [n],v1 = sup |71 (J)], V2= sup |72 (J)], L= sup ‘Ll = sup ‘Lg ‘ .
te[0,7] te[0,7] te[0,7] te[0,7] te[0,7]
Here, we choose v such that
N

7 = max to (/1)16—|—L1) y (/V\QG—i-LQ) 1—K+W . (29)

Then, one can have the following B
[An]| <. (30)

This confirms that A is uniformly bounded, and next, we will demonstrate the equicontinuity of A. For
t; < te € [0,T], we obtain the following inequality:

to

0 Xm (?9 77 f Xm (9,m () dd,if 0 < t < tp,
[An (t2) — An(t)| = fto X, (9,1 (9)) (ty — )" dv) ) (31)
-5 xn (9,0 (9)) (t1 —9)" " ifto <t < T.

(516 + Z1> |t2 — t1|

IN

2 (b2 = 9)" " ]

(1—r) (526-5- z2) + ﬁ (926—1- Eg) l _ ttol ((t2 _ 19)5—1 (- 19>m—1) a0



Using the mean value theorem, we compute the integral of as follows:
to 11 k—1 K K—2
e ty — V) (t2 — t1) (t1—€)
ty— 1 1m%+/ ( (£ K)dﬂ = = = 4+(1-k . by — 132
JRCEE A i s ] G R P TRRR
= V(ek)
Replacing this calculation into above inequality, we have
(5164—51) [to —t1],if 0 <t < tp,

(526 + Ez) . (33)

|An (t2) — An (t1)] < = to —tq|,if tg <t < T
) V(e k) | [ta —t1],if to <t < T

(DQ€+ZQ) 1—;‘41—"-

Then, we obtain the following: B
|An (t2) — An (t1)| < Ci [t2 — ta], (34)
where

. - (DQ€+E2)
C =max{ vie+ L, (DQG-‘rLg) l-k+—~—r—1-—=%

I'(k)

Thus, A is equicontinuous and compact. By applying the Arzela-Ascoli theorem, we establish that the
mapping A is uniformly continuous. Utilizing Krasnoselskii’s fixed point theorem, it can be concluded that
at least one solution exists for the equation presented here.

U (e k) . (35)

Theorem 3: To establish uniqueness, it is assumed that for all V¢ € [to,f} , a constant Jv > 0 exists
such that

Under the condition presented above, the solution is shown to be unique.
Proof. It is assumed that the piecewise differential equation possesses two distinct solutions such that

7 (t) and 0 (¢)

Sy Pm (0,7 (9)) = X (9,8 (9))] d0, i 0 <t <t
In(t) —d(t)] < ) (1—m)\xn< n(t) =X, (t,9 (1))l ~ (37)
55 i X (0,11 (9)) = X (0,8 ()| (E—0)" ") if b <t < T -

By the help of the Lipschitz condition, we obtain
G Jy In(9) =8 (9|9, if0<t <ty

In(t) =6 ()] < (f—to) o | - (38)
(17(,§71))I‘(,{)02ft0|77(19)_5("9)|d791ft0Sth.

Using the Gronwall inequality, we have

Cl|’l7 (5|(t—t0) if 0 <t <tp,

o -swl<acey (T-0) (39)
R RO

Here o« = 0 which leads to
pt)=0=mn(t)=46(t). (40)
This completes the proof.
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3.2 Lagrange polynomial approach for the solution of the piecewise differential
equation
In this subsection, the numerical algorithm for the considered equation describing the interactions between

prey, predators, and infected prey is presented, using the Lagrange polynomial method outlined in [20]. We
begin with a pattern with the case of AB and CF fractional derivative:

ABOCDETI(t) = F(I,t), 0 <t <t. (41)
CFpER(t) = G(2,t),6 <t<T.
Through the application of the corresponding integral, the following is written
M (8) = T (0) + (1= 8) Xoy (67 (D) + i3 fo Xom (010 (9)) (£ = 0)" " d9,m = 1,2,0 <t <ty (2)

N, (&) =mn, 1)+ (1 —£K)x, (tl,ﬂ,n”'“) + I'if:l Xn, (0,1 (9))dd,n=1.3,t; <t < T

At t =t,41, the above system is converted to:

Mo (1) = Dy (0) + (1= 1) Xon (877 (1)) + 155 2 X (0,70 (9)) (s — )", m = 1,2, 0 <t <,
U (tV-‘rl) =M (tl) + (1 - ﬁ) Xn (tl’+17nu+1) + Kfrfi’/+l Xn (19777 (19)) dﬁ’ n=131%<t<T
(43)
Then, the piecewise model with Atangana-Baleanu and Caputo-Fabrizio derivative is solved numerically by
the following scheme [20]:

vl _ vl wht A =) | 1w+ D) (11 —w 42+ k)
M = M (0) + (1= K) X (t,,+1,77 ) + T'(k+2) wgo h [ — (v — u})N (Vl —w+2+ 2&)
L S o (1 —w+ 1"

P(+2) = h —(v1 —w)" (11 —w+1+k)

m=1,2,0<t<t.

h v
n;—i_l =Mn (tl) + (1 - K:) Xn (tV-‘rlvnerl) + = Z [3Xn (tV7ny) — Xn (tl/—lvny_l)}

2 w:ulj:l
n=131t<t<T.

(44)
The initial conditions and parameters are considered for the case with Atangana-Baleanu and Caputo-
Fabrizio derivative (also classical and Caputo derivative) as follows:

Pi(0) = 30;1(0) =0;P2(0) =20;a =0.001; kK = 0.001;0 = 0.05; 0 = 0.25; (45)
ap = 0.101;p=0.7; 4 = 0.265; b = 0.0001; ¢ = 0.0035; v = 0.02.
It is worth noting that a will be taken as a; for the second interval of the piecewise differential equation.

Figure 3 provides the numerical simulations of the model, incorporating both the Atangana-Baleanu and the
fractional derivatives with exponential decay kernel.

11



P,

P, ()

0 20 40 60 &0 100 120 140 160

12




Prey-Predator Interactions

—— s8]

g5 | n=08

.l\.={:l?

']
4
3
2 -
1
0

0 20 40 60 80 100 120 140 160
Turme
Figure 3. The visual representation for the equation modeling the gradual incorporation

of infected prey into ecological system for k = 0.9.

We proceed with an another scenario where first interval is with Caputo fractional derivative and second
interval is with the classical derivative. Such model is represented by the following:

SDFII(t) = F(ILt), 0<t<ty. (46)
%E(t) = G(S.t),ty<t<T.

The corresponding integral [21, 22, 23] is applied to both sides, resulting in

Mo (8) = 1 (0) + 155 Jo Xom (010 (9)) (£ =0)" 1 d0,m =1,2,0 <t <t

¢ - (47)
Ny (1) = 0 (1) + [3, X (0, (9)) d0,n = 1.3,t1 <t <T
At t = t,41, the following equality is written as follows:
N (tu+1) =Tm (0) + ﬁ f(fwrl Xm (ﬁanm (19)) (tl/+1 - 19)&71 d'l97 m=1,2,0<1t<1, (48)

Mn (tV+1) =M (tl) + fttlu+1 Xn (,19777 (19)) d’l97’l’L = 1"37t1 <t< f

By employing Lagrange polynomial method, the numerical solution of the piecewise differential equaiton
with Atangana-Baleanu and Caputo-Fabrizio derivative is achieved by
vl _ e A xptent) [ (1 —w D (1 —w+ 24 k)
M = 1 (0) + F(“+2)w§0 h [ — (1 —w) " (v —w+2+2kK)
s i Xom (- 1157 ") (v1 —w+1)"H
— (1 —w) (v —w+1+k)
m=1,20<t<t.
h _
5 2 B (ten”) = xa (b1 ™))
w=vr1+1 =R
n=1.3,1t <t<T.

anrl =TMn (tl) +

13



Figure 4 illustrates the numerical simulations of the model, integrating the fractional derivative with power-
law kernel and classical derivatives.
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Figure 4. The visual representation for the equation modeling the gradual incorporation

of infected prey into ecological system for k = 0.9.

4 Gradual incorporation of infected prey into the predator-prey
system with consideration of seasonality

In this section, we aim to incorporate seasonality into the considered scenario. Specifically, we will examine
the solutions of the modified model, which is derived by using several almost periodic functions in place of
the system parameters. This modification aims to effectively capture the seasonal variations inherent in the
system. Before presenting such a model, we shall give the definition of almost periodic function. Let us
assume the existence of a constant I (k) > 0 such that every interval of length [ (k) contains at least one
value T. For each k > 0 and t € R, the function 9 is considered an almost periodic function if it satisfies
the following inequality:

‘1/1<t+f>—¢(t)‘<m (50)

The space of all almost periodic functions on R, commonly denoted by AP (R), forms a Banach space with

the supremum norm. An example of an almost periodic function can be selected as sin 1?)7;2 + sin 1?;5) .

The model incorporating the aforementioned almost periodic functions can be formulated as follows:

15



dP

J:aPlfbH*M(t)PlP?’

d%g , 10 <t <ty (51
— =0(t) PLP, — pP:

y7 (t) PLPy — pPy

dP,

'
i,
dt

—a(P1—|—I)—bP1—cP1(P1+I) ]{ZIPl—,u(t)P1P2,
= kIP, — bl —cPy (Py+ 1) —~(t) [Py, Jifty <t <T,
()P1P2—UIP2—pP2

where
w(t) = ajcod(mt) + brcod(t)), (52)
0(t) = agcod(mt) + bacod(t)),
v(t) = azcod(nmt) + bscod(t)).

We next consider the following piecewise differential equation

d

1) = FALY), 0<t<t (53)
CoFN(t) = G, <t<T.
The corresponding integral is applied to both sides, resulting in
NMm (t) - nm + fo Xm 19 M (79)) d’ﬂ)ml: 17 270 <t<th =R (54)
n, (t) =mn, (t1) + i H) ftl Xp (0, (9) (t—9)" " dd,n=1.3t, <t<T
At t = t,41, we obtain the following:
i (1) = 10 (0) + fo™*" X (91 (9)) ), m =1,2, 0t <ty (55)

M (to1) =, (1) + 1y f”“ Xon (0,7 (9)) (tysr — )" Pdn=1.3t; <t <T

Then, the numerical scheme based on Lagrange polynomial approach for piecewise system is represented by
the following:

h
Mt =1 (0) 4 5 2 [3n (1) = X (b))
m=1,20<t<t.

1 _ B xmlens) [ (1wt D) (w24 6)
Mn Mn (tl) + T'(k+2) :%1:+1 h |: — (1/1 — w)ﬁ (]/1 —w+2+ 2&)

h* ZV: Xon (tw—1mi ") { ( (1 — w + 1) ]

(56)

Dlet+2) h —(v1—w) (v —w+1+k)
n=131t<t<T.

The initial conditions and parameters are considered for the case with classical and Caputo derivative as
follows:

Pi(0) = 20;I(0) =0;P(0) =20;a=0.005;k = 0.001;0 = 0.15; (57)
o = 0.07;p=0.007; u = 0.265; b = 0.004; c = 0.0035;
a1 = 4;b1 =35a3 =3;by =1;a3 = 1;b3 = 3;v = 0.02.
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In Figure 5, we perform the numerical visualization of the modified model, incorporating integer and noninte-
ger orders, providing a seasonal visualization of the system’s behavior under these fractional-order operators.

Behavior of Prey under the Influence of Seasonality
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Gradual Inclusion of Infected Prey with Seasonality
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Figure 5. The visual representation for the equation modeling the gradual incorporation

of infected prey into ecological system for different fractional orders.

The 3D visualization of dynamics of the considered equation with classical and Caputo derivative is shown

in Figure 6.
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Figure 6. The visual representation for the equation modeling the gradual incorporation

of infected prey into ecological system for kK = 0.9.

5 Conclusion

This study focused on modeling the introduction of infected prey into a population containing prey and
predator over time. We know that infected prey may exhibit changes in behavior or reduced fitness, making
them more susceptible to predation and affecting interactions between prey and predator populations. To
provide a more accurate representation of these dynamics, disease transmission and its effects on species
behavior, survival, and ecosystem stability were included in the model. The gradual introduction of infected
prey was modeled using an advanced piecewise differential equation approach that integrated fractional
derivatives to account for memory effects and non-local behaviors. Additionally, nearly periodic functions
were included to incorporate seasonality, effectively capturing the cyclical nature of environmental fluctua-
tions. This comprehensive framework provides a more realistic and dynamic understanding of predator-prey
interactions, especially in the presence of disease.
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