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PHASE DIAGRAM OF THE INTERACTING PARTIALLY DIRECTED
SELF-AVOIDING WALK ATTRACTED BY A VERTICAL WALL

ELRIC ANGOT, NICOLAS PÉTRÉLIS, AND JULIEN POISAT

Abstract. In the present paper, we consider the interacting partially-directed self-
avoiding walk (IPDSAW) attracted by a vertical wall. The IPDSAW was introduced
by Zwanzig and Lauritzen (J. Chem. Phys., 1968) as a manner of investigating the col-
lapse transition of a homopolymer dipped in a repulsive solvent. We prove in particular
that a surface transition occurs inside the collapsed phase between (i) a regime where the
attractive vertical wall does not influence the geometry of the polymer and (ii) a regime
where the polymer is partially attached at the wall on a length that is comparable to its
horizontal extension, modifying its asymptotic Wulff shape. The latter rigorously con-
firms the conjecture exposed by physicists in (Physica A: Stat. Mech. & App., 2002). We
push the analysis even further by providing sharp asymptotics of the partition function
inside the collapsed phase.
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Notation

Let (aL)L≥1 and (bL)L≥1 be two sequences of positive numbers. We will write

aL ∼
L→∞

bL if lim
L→∞

aL/bL = 1. (0.1)

We will also write (cst.) to denote generic positive constants whose value may change
from line to line. We denote by N = {1, 2, 3, . . .} the set of positive integers while N0 =
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{0, 1, 2, . . .} is the set of non-negative integers. If X = (Xi)i∈N is a random process, we
note XI = (Xi)i∈I for every I ⊆ N and abbreviate {XI > 0} := {Xi > 0, i ∈ I}.

1. Introduction

The collapse transition of a polymer dipped in a repulsive solvent is a physical phenome-
non that has been extensively studied in the physics literature (see e.g. [4, 6] for theoretical
background and more recently [16] or [9, Section 8] for computational background). There
are so far very few mathematical models for which the collapse transition has been rigorously
proven. Among this latter class of models, the Interacting Partially Directed Self-Avoiding
Walk (IPDSAW) was initially introduced in [19] and investigated first with the help of
combinatorial tools (see e.g. [8, 15]) and then, in the last decade, thanks to a random walk
representation of the trajectories. This probabilistic perspective allowed for a much deeper
mathematical understanding of both the phase transition and the geometric features of a
typical trajectory sampled from the polymer measure, in each regime (see [2] for a review).

Physicists have also considered the effect of an interaction between the polymer and
the container inside which the poor solvent is kept, see e.g. [13, 17]. Such an additional
interaction with the bottom of the container triggers a surface transition inside the collapsed
phase of the IPDSAW, which was recently put on rigorous grounds in [12]. In the present
paper, we focus on another interaction of interest, that is an attractive interaction between
the polymer and one of the vertical walls of the container. In particular, we display the
phase diagram of the model and exhibit another surface transition inside the collapsed
phase.

When only the solvent-monomers interactions are taken into account, it was shown in
[11] that, inside the collapsed phase, a typical configuration of the polymer is made of a
macroscopic volume called bead, which is unique since only finitely many monomers are
to be found outside this bead. For a polymer of length L ∈ N, this bead, once rescaled
horizontally and vertically by

√
L converges in probability towards a deterministic Wulff

shape (see [1]). In [12], the polymer is investigated inside its collapsed phase and some
additional interactions are taken into account between the monomers and the bottom of the
container. In order to keep the model tractable, a geometric restriction has been imposed
on the allowed configurations, namely they are required to describe a unique bead. In the
present paper, although we consider additional interactions as well (this time between the
monomers and the vertical walls), we managed to get rid of the single bead restriction and
display our result in the general framework. From that perspective, the results displayed
here are more ambitious.

1.1. The IPDSAW with an attractive wall. The configurations of the polymer are
modeled by random walk paths on Z2 that are self-avoiding and take exclusively unitary
steps upwards, downwards and to the right (see Fig. 1). The fact that the polymer is
placed in a repulsive solvent is taken into account by assuming that the monomers try to
exclude the solvent and therefore attract one another. For this reason, any pair of non-
consecutive vertices of the walk that are adjacent on the lattice is called self-touching and
the interactions between monomers are taken into account by assigning an energetic reward
β to the polymer for each self-touching. In the present paper, we take into account another
interaction between the polymer and the medium around it, namely an attraction of the
monomer at the vertical wall of the container. This interaction is of intensity δ. Note
that we consider non-negative interactions, i.e. (β, δ) ∈ Q := [0,+∞)2. It is convenient
to represent the configurations of the model as collections of oriented vertical stretches
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separated by horizontal steps. To be more specific, for a polymer made of L ∈ N monomers,
the set of allowed paths is ΩL :=

⋃L
N=1 LN,L, where LN,L consists of all the collections made

of N vertical stretches that have a total length L−N , that is

LN,L =
{
ℓ := (ℓi)

N
i=1 ∈ ZN :

∑N
n=1 |ℓn|+N = L

}
. (1.1)

Figure 1. Picture of the trajectory ℓ ∈ L15,54 whose vertical stretches
are (3, 4,−5, 2,−3, 0, 0, 7,−4, 2, 2, 0,−6, 3,−2). The wall interaction is high-
lighted in red, and the self-interaction is represented by a dashed line.

With this representation, the modulus of a given stretch corresponds to the number of
monomers constituting this stretch (and the sign gives the direction upwards or downwards).
For convenience, we require every configuration to end with a horizontal step, and we note
that any two consecutive vertical stretches are separated by a horizontal step. The latter
explains why

∑N
n=1 |ℓn| must equal L − N in order for ℓ = (ℓi)

N
i=1 to be associated with

a polymer made of L monomers (see Fig. 1). We define the set of all trajectories as
Ω = ∪L≥1ΩL and for a given trajectory ℓ ∈ Ω, we let Nℓ be its horizontal extension (that
is also its number of vertical stretches) and |ℓ| be its total length, i.e., ℓ ∈ LNℓ,|ℓ|. The
interactions between the polymer and the medium around it are taken into account in a
Hamiltonian associated with each path ℓ ∈ ΩL and denoted by HL,β,δ(ℓ). To be more
specific, for every configuration ℓ ∈ ΩL, the attraction between the vertical hard wall and
the polymer holds along the first vertical stretch of the configuration as δ|ℓ1|. Moreover,
the repulsion between the monomers and the solvent is taken into account by rewarding
energetically those pairs of consecutive stretches with opposite directions, i.e.,

HL,β,δ(ℓ1, . . . , ℓN ) = δ|ℓ1|+ β
∑N−1

n=1 (ℓn ∧̃ ℓn+1), (1.2)

where

x ∧̃ y =

{|x| ∧ |y| if xy < 0,
0 otherwise.

(1.3)

With the Hamiltonian in hand we can define the polymer measure as

PL,β,δ(ℓ) =
eHL,β,δ(ℓ)

ZL,β,δ
, ℓ ∈ ΩL, (1.4)
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where ZL,β,δ is the partition function of the model, i.e.,

ZL,β,δ =
L∑

N=1

∑
ℓ∈LN,L

eHL,β,δ(ℓ). (1.5)

1.2. Reminder on the model without a wall. The particular case where the interaction
between the monomers and the vertical wall is switched off (corresponding to δ = 0) has
been studied in depth in [1, 11, 14]. In this case the existence of the exponential growth
rate of the partition function sequence (ZL,β,0)L≥1 is obtained by subadditivity (in L) of
the logarithm of the former sequence combined with Fekete’s lemma. Then, the free energy
defined as

f(β, 0) = lim
L→∞

1

L
logZL,β,0, (1.6)

allows us to divide the phase diagram into (i) an extended phase [0, βc) = {β ≥ 0: f(β, 0) >
β} and (ii) a collapsed phase [βc,∞) = {β ≥ 0: f(β, 0) = β}. Note that the inequality
f(β, 0) ≥ β is easily obtained with the following observation. For L ∈ {k2 : k ∈ N}, we
restrict the partition function to a single trajectory ℓ̃ ∈ L√

L,L defined as

ℓ̃i := (−1)i−1(
√
L− 1) for i ∈ {1, . . . ,

√
L}. (1.7)

Thus, the Hamiltonian of ℓ̃ at δ = 0 equals β(
√
L− 1)2 = βL(1 + oL(1)) which guarantees

us that f(β, 0) ≥ β.

1.3. Outline of the paper. In Section 2, we state and comment the most important
results of the present paper. To begin with, we describe the three different phases (extended,
collapsed and glued) into which the phase diagram is divided. Then, we present the surface
transition that splits the collapsed phase into three regimes (desorbed-collapsed, critical
and adsorbed-collapsed). We provide the formula of the associated critical curve and we
display some sharp asymptotics of the partition function in each regime. In Section 3, the
phase transitions are proven rigorously, namely the existence of critical curves separating
the three aforementioned phases. We take this opportunity to introduce the random walk
representation that allows us to provide an alternative expression of the partition function
using a random walk of law Pβ (defined in (2.9)). In Section 4 we introduce notation and
auxiliary mathematical tools that are required to prove our main results. Thus, in Section
4.1, we settle a class of auxiliary partition functions involving a random walk of law Pβ

constrained to enclose an atypically large area. Some sharp asymptotics of those partition
functions are provided in Section 4.5 and proven in Section 6. In section 4.2 we display a
method to decompose each polymer trajectory into beads that consist of collections of non-
zero vertical stretches whose signs alternate. Such decomposition is useful when working
inside the collapsed phase because a typical trajectory sampled from the polymer measure
turns out to be made of a unique macroscopic bead. Sections 4.3 and 4.4 are dedicated
to two tilted versions of the law of a random walk under Pβ . One tilting is homogeneous
in time whereas the other one is inhomogeneous. Both versions will be applied to study
random walk trajectories enclosing an abnormally large area. Some local limit theorems
are stated in Section 4.6 concerning both the arithmetic area and the final position of a
random walk sampled from the (above mentioned) inhomogeneous tilting of Pβ . Finally,
some bounds on the polymer horizontal extension inside the collapsed phase are displayed
in Section 4.7. With Section 5, we prove the existence of the surface transition and compute
its critical curve. Finally, with Sections 6 and 7 we prove the asymptotics of the partition
function corresponding to each of the three regimes in the collapsed phase.



IPDSAW INTERACTING WITH A VERTICAL WALL 6

2. Results

We distinguish between two types of results. First, in Section 2.1 below, we describe
the phase diagram of the model which is divided into three phases: extended, collapsed and
glued (denoted respectively by E , C and G). A typical trajectory sampled from PL,β,δ has a
horizontal extension of order L inside E , o(L) inside C, and finally, inside G, such trajectory
takes only finitely many horizontal steps after a very long vertical stretch attached to the
wall. The second type of results consists in analyzing more in depth the collapsed phase.
The free energy in C is equal to β, which guarantees us that there is no phase transition
inside C. However, depending on the value of (β, δ) ∈ C we will observe that the behavior
of the polymer with respect to the attractive wall may change drastically. This latter
phenomenon is associated with a surface transition taking place along a critical curve that
divides C into three regimes:

• A desorbed-collapsed (DC) regime inside which δ is not large enough to pin the
first vertical stretch of the polymer to the wall. Thus, the first vertical stretch
remains of length O(1);

• An adsorbed-collapsed (AC) regime inside which δ is large enough for the polymer
to be pinned at the attractive wall along its first vertical stretch, on a length O(

√
L);

• A critical regime at which the first vertical stretch has length O(L1/4).

2.1. Phase transition. Let us denote by f(β, δ) the free energy of the system, that is
the exponential growth rate of (ZL,β,δ)L≥1. It turns out that f(β, δ) may actually be
expressed as the maximum of δ and f(β, 0). We recall that f(β, 0) ≥ β by (1.7) and that
Q := [0,+∞)2.

Proposition 2.1. For every (β, δ) ∈ Q, the following limit exists:

lim
L−→∞

1

L
logZL,β,δ = f(β, δ) ∈ [0,∞), (2.1)

and f(β, δ) = f(β, 0) ∨ δ.

The free energy allows us to distinguish between three phases: collapsed (C), extended
(E) and glued along the vertical wall (G). We let βc be the unique positive solution to the
equation Γβ = 1 with

Γβ = cβ e
−β =

e−β + e−3β/2

1− e−β/2
(2.2)

with cβ properly defined in (2.9).

Definition 2.2. Rigorously, the three phases are
• E := {(β, δ) ∈ Q : β < βc and f(β, δ) > δ}
• C := {(β, δ) ∈ Q : β ≥ βc and f(β, δ) = β}
• G := {(β, δ) ∈ Q : f(β, δ) = δ}

With Proposition 2.1, we may rewrite these three phases as follows:

E := {(β, δ) ∈ Q : β < βc, δ ≤ f(β, 0)},
C := {(β, δ) ∈ Q : β ≥ βc, δ ≤ β},
G := {(β, δ) ∈ Q : δ > f(β, 0)}.

Fig. 2 provides a picture of the phase diagram. We observe that the boundaries meet at
the tri-critical point (βc, βc).
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Figure 2. Phase diagram of the polymer pinned at the vertical wall. The three
phases E , C and G are separated by the purple (δ = f(β, 0)), red (δ = β) and
green (β = βc) curves. The surface transition between the regimes DC and AC is
indicated by the blue curve (δ = δc(β)), for which we have an explicit expression. A
change of convexity happens for the Wulff shape at the black curve (δ = δ̌(β)). The
bounded grey set Cbad, see (2.17), is where our method fails and has been computed
numerically. The first coordinate of the rightmost point in Cbad, denoted by β∗, is
smaller than π/

√
3 ≈ 1.81 (rigorously) and around 1.47 (numerically).

The phase transitions being now identified, the rest of the present section is dedicated to
the collapsed phase C and in particular to the surface transition that takes place inside C.

2.2. Surface transition. Figuring out the regime associated with a given coupling pa-
rameter (β, δ) ∈ C requires a detailed analysis of the second-order term of the exponential
growth rate of the partition function sequence (ZL,β,δ)L∈N. For this reason, we set for
L ∈ N,

Z̃L,β,δ = ZL,β,δ e
−βL. (2.3)

We will prove that the exponential growth rate of (Z̃L,β,δ)L∈N is
√
L with a prefactor g(β, δ)

which loses analyticity precisely where the polymer switches from AC to DC. For β > βc
and δ < β, we denote by

g(β, δ) := lim
L→∞

1√
L
log Z̃L,β,δ = lim

L→∞

1√
L

(
logZL,β,δ − βL

)
, (2.4)

the so-called surface free energy (in contrast with the volume free energy) provided that
the limit exists. The adsorbed-collapsed regime and the desorbed-collapsed regime may be
rigorously defined as follows:

DC := {(β, δ) ∈ C : g(β, δ) = g(β, 0)}, (2.5)
AC := {(β, δ) ∈ C : g(β, δ) > g(β, 0)}.

Since for every β > βc, the function δ 7→ g(β, δ) is obviously non-decreasing, we may define
the critical curve as

δc(β) := inf{δ > 0: g(β, δ) > g(β, 0)}, β > βc (2.6)
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so that

DC := {(β, δ) ∈ C : δ ≤ δc(β)}, (2.7)
AC := {(β, δ) ∈ C : δ > δc(β)}.

In the case that β > βc and δ = 0, it is known from [1, Eq. (1.27)] that

g(β, 0) < 0. (2.8)

We provide a variational formula for g in Theorem 2.3 below. It turns out that, for technical
reasons, this result only holds in a subset of the collapsed phase, which we call Cgood and
whose precise definition in (2.17) below calls for additional notation and lemmas. Let us
slightly anticipate by pointing out that the complement C \ Cgood is a bounded subset of
AC, located far away from the surface transition critical curve. In particular, for β large
enough, (δ, β) ∈ Cgood for every δ ∈ [0, β). Providing an analytic expression of g requires
to introduce a handful of auxiliary functions. To that aim, we introduce a probability law
Pβ on Z (with Eβ its associated expectation) as

Pβ

(
· = k

)
=
e−

β
2
|k|

cβ
, cβ :=

∑
k∈Z

e−
β
2
|k| =

1 + e−β/2

1− e−β/2
. (2.9)

We set X0 = 0 and we let X = (Xi)i≥0 be a random walk with i.i.d. increments of law Pβ .
Throughout the paper we will need to consider trajectories of X that enclose an abnormally
large area. This leads us to apply some tilting procedures to the increments of X that will
be explained in more details in Section 4.3. All functions below arise in this context, namely

L(h) := logEβ[e
hX1 ], h ∈

(
− β

2 ,
β
2

)
, (2.10)

and G : (−β, β) −→ R as

G(h) :=
∫ 1

0
L
(
h
(
x− 1

2

))
dx. (2.11)

For every q ≥ 0 we denote by h̃(q) the unique solution in h ∈ [0, β) of

G′(h) =

∫ 1

0
(x− 1

2)L
′
(
h
(
x− 1

2

))
dx = q. (2.12)

Then, for δ ∈ [0, β), we define Hδ : (−δ, β − δ) −→ R as

Hδ(s) :=

∫ 1

0
L
(
sx+ δ − β

2

)
dx, (2.13)

and we denote by sδ(q) the unique solution in s ∈ (−δ, β − δ) of

H′
δ(s) = q. (2.14)

At this stage, we introduce the function

ψ(q, δ) :=

{
−qh̃(q) + G(h̃(q)) for 0 ≤ δ ≤ δ0(q),

−qsδ(q) +Hδ(sδ(q)) for δ0(q) < δ < β,
(2.15)

where

δ0(q) :=
β

2
− h̃(q)

2
. (2.16)

We observe in particular that ψ(q, δ) = ψ(q, 0) as long as δ ∈ [0, δ0(q)]. Note that ψ(q, δ)
will be the exponential growth rate of a sequence of auxiliary partition functions introduced
in Section 4 (see (4.1)). As mentioned above, there is a tiny subset of C, which we denote
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as Cbad, inside which the variational characterization of g given in Theorem 2.3 below is
not valid. To be more specific, Cbad := C \ Cgood with

Cgood = {(β, δ) ∈ C : δ ≤ δ̄(β)}, (2.17)

with
δ̄(β) = β ∧ inf{δ ∈ (0, β) : H′

δ(β/2− δ − xβ) > 0}, (2.18)
and where xβ is the unique solution in (0, β/2) of L(x) = − log Γβ . Note in particular that
δ̄(β) = β when the set in the r.h.s. in (2.18) is empty.

Theorem 2.3. For (β, δ) ∈ Cgood, the limit in (2.4) exists and equals

g(β, δ) = max{a log Γβ + aψ( 1
a2
, δ) : a > 0}. (2.19)

2.3. Critical curve and order of the surface transition. With the following theorem,
we provide an analytic expression of the critical curve and state that the surface transi-
tion inside the collapsed phase is second-order. It turns out that the critical value of δ
corresponds to the value in (2.16) for a suitable choice of q:

Theorem 2.4. For β > βc ,

δc(β) =
β

2
−
h̃(a−2

β )

2
, (2.20)

where
aβ := argmax{a log Γβ + aψ( 1

a2
, 0) : a > 0}. (2.21)

The critical curve admits the following explicit expression:

δc(β) = log(cosh(β)−
√

cosh(β)2 − eβ), (2.22)

and
δc(β) = e−β[1 +O(e−β)], as β → ∞. (2.23)

Moreover, there exists a positive constant Cβ such that:

g(β, δc(β) + ε)− g(β, δc(β)) ∼
ε→0

Cβ ε
2. (2.24)

Note that the existence and uniqueness of aβ will be guaranteed by Lemmas 4.15 and 4.16.
Moreover, an explicit expression of Cβ above can be found in (D.22), and an observation on
the large β-limit of qβ := a−2

β (interpreted in terms of the model without a wall) is stated
in Proposition 5.1. The explicit expression in (2.22) appeared in [17, Equation (21)].

2.4. Sharp asymptotics of the partition function. With Theorems 2.3 and 2.4 above
we analytically characterized the surface transition. With Theorem 2.5 below, we push
one step further our analysis of the partition functions by providing sharp asymptotics. In
particular, we answer a group of questions raised in [9, p. 10] and prove that for our model,
following the notation therein, σ = 1/2, µ = exp(β), µ1 = exp(g(β, δ)) and g = −1/2 inside
AC (including the critical regime) or g = −3/4 inside DC.

Theorem 2.5. For β > βc we have in each of the three regimes, as L→ ∞:
(1) If δ < δc(β) then there exists a positive constant Kβ,δ such that

ZL,β,δ ∼
L→∞

Kβ,δ

L3/4
eβL+g(β,0)

√
L. (2.25)
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(2) If δ = δc(β) then there exists a positive constant Kβ,δ such that

ZL,β,δ ∼
L→∞

Kβ,δ√
L
eβL+g(β,δ)

√
L. (2.26)

(3) If δ > δc(β) and (β, δ) ∈ Cgood then there exists a positive constant Kβ,δ such that

ZL,β,δ ∼
L→∞

Kβ,δ√
L
eβL+g(β,δ)

√
L. (2.27)

Explicit expressions for the constants above can be found in Section 6.

2.5. Uniqueness of the macroscopic bead. We close this section with a result concern-
ing the geometry of the partially-directed self-avoiding walk under the polymer measure.
To prove this result, we first need to break down every trajectory into a series of beads.
These beads are sub-trajectories consisting of non-zero vertical stretches that alternate in
direction. We shall expand on this notion in Section 4.2. In the context of the collapsed
phase, physicists have been interested in determining whether a typical trajectory contains
a single large bead or multiple smaller ones, and whether the large one touches the vertical
wall or not. Thus, for every ℓ ∈ ΩL we let Nℓ be its horizontal extension (i.e., ℓ ∈ LNℓ

, L)
and also |Imax(ℓ)| be the length of its largest bead, i.e.,

|Imax(ℓ)| := max

{
v∑
i=u

(1 + |ℓi|) : 1 ≤ u ≤ v ≤ Nℓ, ℓiℓi+1 < 0 ∀u ≤ i < v

}
. (2.28)

We set I0 the length of the first bead, i.e:

|I0(ℓ)| :=
τ1∑
i=1

(1 + |ℓi|), (2.29)

with τ1 defined as the end of the first bead, i.e. τ1 = sup{n ≥ 0 : ∃k ∈ N, ℓ0 = ... =
ℓk−1 = 0, and ∀k ≤ i ≤ n − 1, ℓiℓi+1 < 0} (with the convention that ℓ0 = 0). Our next
theorem states that there is a unique macroscopic bead in the collapsed phase (in agreement
with previous work of [11]). Moreover, in the adsorbed-collapsed phase, this unique bead is
necessarily the first one in the bead decomposition of the trajectory, that is the one pinned
at the wall.

Theorem 2.6. For all β > βc and δ ∈ [0, δc(β)],

lim
k→∞

lim inf
L→∞

PL,β,δ (|Imax(ℓ)| ≥ L− k) = 1. (2.30)

For all β > βc and δ ∈ [δc(β), β),

lim
k→∞

lim inf
L→∞

PL,β,δ (|I0(ℓ)| ≥ L− k) = 1. (2.31)

We prove this theorem here, as it directly follows from Theorem 2.5.

Proof of Theorem 2.6. Let us start with the proof of (2.31). A rough upper bound on the
contribution to the partition function of those trajectories whose first bead has length i
gives

PL,β,δ(|I0(ℓ)| ≤ L− k) ≤
L−k∑
i=1

Zi,β,δZL−i,β,0
ZL,β,δ

≤ (cst.)

L−k∑
i=1

L1/2

i1/2(L− i)3/4
e g(β,δ) (

√
i−

√
L)+g(β,0)

√
L−i, (2.32)
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where we have used the asymptotics (2) and (3) in Theorem 2.5 to obtain the second
inequality. After considering separately the case i ≤ L/2 and L/2 ≤ i ≤ L− k, we observe
that

max
i∈{1,...,L−k}

L1/2

i1/2 (L− i)3/4
≤ max

{ 23/4

L1/4
,

√
2

k3/4

}
(2.33)

so that for L large enough the l.h.s. in (2.33) is smaller that
√
2/k3/4. We also need to

bound from above the exponential terms in the sum in (2.32). Using that g(β, δ) ≥ g(β, 0),
we obtain:

g(β, δ)(
√
i−

√
L) + g(β, 0)

√
L− i ≤ g(β, 0)(

√
L− i+

√
i−

√
L). (2.34)

We observe that
√
L− i+

√
i−

√
L =

√
L
[(

1 + 2
√

i
L(1−

i
L)
)1/2

− 1
]

(2.35)

and that 2
√

i
L(1−

i
L) ∈ [0, 1] for every i ∈ {0, . . . , L}. At this stage, given that

√
1 + x−1 ≥

x/4 for x ∈ [0, 1] we derive from (2.35) that
√
L− i+

√
i−

√
L ≥ 1

2

√
i(1− i

L).

Since g(β, 0) < 0 [1, Eq. (1.27)], we can rewrite (2.32) as

PL,β,δ(|I0(ℓ)| ≤ L− k) ≤ (cst.)
1

k3/4

L−k∑
i=1

e
1
2
g(β,0)

√
i(1− i

L ). (2.36)

The sum in the r.h.s. in (2.36) may be bounded above by

L−k∑
i=1

e
1
2
g(β,0)

√
i(1− i

L ) ≤
L/2∑
i=1

e
1
4
g(β,0)

√
i +

L−k∑
i=L/2

e
1
4
g(β,0)

√
L−i

≤ 2
∑
i≥1

e
1
4
g(β,0)

√
i <∞. (2.37)

This completes the proof of (2.31).
Since the proof of (2.30) is almost identical to the proof of [11, Theorem 2.2], we will not

reproduce it here with every detail. However, let us stress that Item (1) in Proposition 6.1
will play the role of [11, equation (6.4)] which is the key to obtain the result. □

2.6. On the shape of the bead. In this section we discuss an (unexpected) consequence
of our analysis concerning the convexity of the globule (i.e. the unique macroscopic bead).
Let us first recall that in the absence of the pinning interaction (δ = 0), it was proven in [1]
that the properly rescaled polymer converges, in the Hausdorff distance, to the following
(convex) set

Sβ =
{
(x, y) ∈ R2 : x ∈ [0, aβ], |y| ≤ 1

2aβWβ(x/aβ)
}
, (2.38)

where aβ is as in (2.21) and the so-called Wulff shape (that is a concave curve)

Wβ(t) =

∫ t

0
L′
(
(12 − x)h̃(a−2

β )
)
dx, t ∈ [0, 1], (2.39)



IPDSAW INTERACTING WITH A VERTICAL WALL 12

is intimately linked to the tilt function set forth in (2.11). In this paper we claim without
proof that the Wulff shape should remain the same when δ ≤ δc(β) while, in the case
δ > δc(β), it should become

Wβ,δ(t) :=

∫ t

0
L′
(
sδ(ā

−2
β,δ)(1− x) + δ − β/2

)
dx, t ∈ [0, 1], (2.40)

where this time we used the tilt function from (2.13) with the special value s = sδ(ā
−2
β,δ),

see (2.14) and (5.1) below. This is also natural in view of (4.7). We are actually able to
prove the following:
Proposition 2.7. Let δ̌(β) be the unique solution in (β/2, β) of the equation L(δ−β/2) =
− log Γβ. Assume (β, δ) ∈ Cgood. If δc(β) < δ < δ̌(β) then Wβ,δ is concave (convex globule
phase). If δ̌(β) < δ < β then Wβ,δ is convex (concave globule phase).

The proof can be found in Section A.4. Note that δ̌(β) = β/2 + xβ , where xβ has been
defined below (2.18). Anticipating on Remark 4.20, it turns out that xβ = h̃(a−2

β )/2 and,
by virtue of (2.20), we notice that

δ̌(β) + δc(β) = β. (2.41)

Figure 3. Schematic picture of a concave and a convex globule, on the left
(δ > δ̌(β)) and right (δ < δ̌(β)) respectively.

3. Proof of Proposition 2.1: volume free energy

This section is devoted to the proof of Proposition 2.1, that is the existence of the
(volume) free energy. Indeed, in statistical physics, the loss of analyticity in the free energy
function indicates the presence of a phase transition. Extending the definition of the free
energy in (1.6) to the case δ > 0 is not immediate since the sequence (ZL,β,δ)L≥1 is no
longer trivially sub-additive in L. To that aim, we begin by defining the free energy as
Definition 3.1.

f(β, δ) := lim sup
L→∞

1

L
logZL,β,δ ∈ R. (3.1)

To prove Proposition 2.1, we first need some classical results on a random walk repre-
sentation, first stated in [14].
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3.1. Random walk representation. Let X := (Xi)i≥0 be a random walk on Z starting
at the origin, with i.i.d. increments distributed as in (2.9). We will need to consider the
geometric area enclosed between the random walk trajectory and the horizontal axis up to
time N , as well as its arithmetic counterpart:

GN (X) :=

N∑
i=0

|Xi| and AN (X) :=

N∑
i=0

Xi. (3.2)

Recall (1.1)–(1.5). For A ⊂ ΩL we denote by ZL,β,δ(A) the partition function restricted to
those trajectories ℓ ∈ A, i.e.,

ZL,β,δ(A) =
∑
ℓ∈A

eHL,β,δ(ℓ). (3.3)

For N ∈ N we define the one-to-one correspondence:

TN : {0} × LN,L 7→ {(Xi)
N
i=0 ∈ {0} × ZN : GN (X) = L−N}

(ℓi)
N
i=0 7→ ((−1)i−1ℓi)

N
i=0. (3.4)

Then, any subset A ⊂ ΩL is said to be stable by time inversion if for every N ∈ N we have
that (ℓi)

N
i=1 ∈ A ∩ LN,L implies (ℓN+1−i)

N
i=1 ∈ A ∩ LN,L.

Lemma 3.2. Let L ∈ N and A ⊂ ΩL be stable by time inversion. Then,

ZL,β,δ(A) = eβL
L∑

N=1

ΓNβ Eβ

(
e(δ−

β
2
)|XN |1{X∈TN (A∩LN,L)}

)
. (3.5)

Proof of Lemma 3.2. To begin with, we use the stability of A by time inversion to get

ZL,β,δ(A) =
L∑

N=1

∑
ℓ∈A∩LN,L

e|ℓ1|δ
N−1∏
i=1

e
β|ℓi|+β|ℓi+1|−β|ℓi+ℓi+1|

2

=

L∑
N=1

∑
ℓ∈A∩LN,L

e|ℓN |δ
N−1∏
i=1

e
β|ℓi|+β|ℓi+1|−β|ℓi+ℓi+1|

2 .

(3.6)

For computational reasons, we add to every ℓ ∈ LN,L a zero-length stretch at the beginning
of the configuration, that is, ℓ0 = 0. Thus,

ZL,β,δ(A) = eβL
L∑

N=1

ΓNβ
∑

ℓ∈A∩LN,L

e|ℓN |(δ−β
2
)
N−1∏
i=0

e−
β|ℓi+ℓi+1|

2

cβ
, (3.7)

where Γβ = cβ e
−β and where we have used that

∑N
i=1 |ℓi| = L −N . We observe that the

product in the r.h.s. of (3.7) coincides with the probability that the random walk X defined
above follows the trajectory Xi = (−1)i−1ℓi for i ∈ {0, . . . , N}. Thus, (3.7) can be written
as

ZL,β,δ(A) = eβL
L∑

N=1

ΓNβ
∑

ℓ∈A∩LN,L

e|ℓN |(δ−β
2
)Pβ

(
Xi = (−1)i−1ℓi, 0 ≤ i ≤ N

)
, (3.8)

Using the one-to-one correspondence TN defined in (3.4), we may conclude. □
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3.2. Proof. In the core of the proof of Proposition 2.1 we will show that the lim sup in (3.1)
equals the lim inf, hence the convergence of the full sequence. We first prove Proposition
2.1 subject to Claim 3.3 and then prove Claim 3.3. We recall (2.9), (3.2) and for x ∈ R, we
define x+ := max{0, x}.

Claim 3.3. For u ≤ β/2 and γ > 0, there exists C > 0 such that, for every N ≥ 1,

Eβ

(
eu|XN |e−γGN (X)

)
≤ CEβ

(
e(u−γ)

+|XN−1|e−γGN−1(X)
)
. (3.9)

with X0 = G0 = 0.

Proof of Proposition 2.1. We proceed with lim sup and lim inf successively. By (i) restrict-
ing the partition function to the path taking only one vertical stretch of length L− 1 and
(ii) noticing that ZL,β,δ ≥ ZL,β,0 for L ∈ N and δ ≥ 0, we get that

lim inf
L−→∞

1

L
logZL,β,δ ≥ f(β, 0) ∨ δ. (3.10)

To complete the proof, it remains to consider lim sup instead of lim inf in (3.10). Therefore,
we want to prove that:

f(β, δ) ≤ f(β, 0) ∨ δ. (3.11)
We first decompose the partition function according to the length of the first vertical stretch
(either up or down) and add a reward β along the whole second stretch, which gives us the
following upper bound :

ZL,β,δ ≤ 2

L−1∑
k=0

ekδZL−k−1,β,β . (3.12)

Hence, after taking the logarithm and dividing by the polymer length L we obtain
1

L
logZL,β,δ ≤ max

0≤k<L

{
k
Lδ + (1− k+1

L ) 1
L−k−1 log(ZL−k−1,β,β)

}
+ oL(1), (3.13)

from which we deduce, after letting L→ ∞ that f(β, δ) ≤ f(β, β)∨ δ. Thus, the proof will
be complete once we show that f(β, 0) = f(β, β). To that aim, we start by applying the
Cauchy-Hadamard Theorem, which guarantees us that for (β, δ) ∈ Q,

f(β, δ) = inf
{
γ ≥ 0 :

∑
L≥1

ZL,β,δe
−γL <∞

}
. (3.14)

Using Lemma 3.2 with A = ΩL and the fact that {X ∈ TN (LN,L)} = {GN (X) = L−N},
we obtain for γ ≥ 0,∑

L≥1

ZL,β,δ e
−γL =

∑
N≥1

∑
L≥N

e−(γ−β)N ΓNβ Eβ

(
e(δ−β/2)|XN |1{GN (X)=L−N}e

−(γ−β)(L−N)
)

=
∑
N≥1

(
Γβe

−(γ−β)
)N

Eβ

(
e(δ−β/2)|XN |e−(γ−β)GN (X)

)
.

(3.15)
We now pick δ = β and γ > f(β, 0). If we manage to prove that

∑
L≥1 ZL,β,βe

−γL < ∞
then f(β, β) ≤ f(β, 0) by (3.14), which would complete the proof (the reverse inequality
clearly holds true). Using (3.15), it comes that:∑

L≥1

ZL,β,βe
−γL =

∑
N≥1

(
Γβe

−(γ−β)
)N

Eβ

(
e(β/2)|XN |e−(γ−β)GN (X)

)
. (3.16)
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We recall from (1.7) that f(β, 0) ≥ β and therefore γ − β > 0. Thus, we can denote by k
the smallest positive integer satisfying β/2 − k(γ − β) ≤ 0. It remains to successively use
Claim 3.3 k times to assert that there exists C > 0, such that for N ≥ k

Eβ

(
e(β/2)|XN |e−(γ−β)GN (X)

)
≤ C Eβ

(
e−(γ−β)GN−k(X)

)
. (3.17)

As a consequence, there exists C1 > 0 such that (3.16) becomes∑
L≥1

ZL,β,βe
−γL ≤ C1 + C

∑
N≥k

(
Γβe

−(γ−β)
)N

Eβ

(
e−(γ−β)GN−k(X)

)
= C1 + C(Γβe

β−γ)k
∑
N≥0

(
Γβe

−(γ−β)
)N

Eβ

(
e−(γ−β)GN (X)

)
.

(3.18)

At this stage, we recall the following exponential growth rate from [1, Lemma 2.1]:

hβ(u) := lim
N→∞

1

N
logEβ

(
e−uGN (X)

)
≤ 0, u ∈ [0,∞). (3.19)

We now distinguish between two cases. If Γβ ≤ 1, then clearly log Γβ−(γ−β)+hβ(γ−β) ≤
−(γ− β), which is negative, since γ > f(β, 0) = β. Assume now that Γβ > 1. Then, it was
proven in [1, Theorem A] that

f(β, 0) = sup{u ≥ β : log Γβ − (u− β) + hβ(u− β) > 0} > β, (3.20)

and that f(β, 0) is the only solution in u of log Γβ−(u−β)+hβ(u−β) = 0 (we pay attention
to the fact that the excess free energy is f(β, 0)−β). Since γ > f(β, 0) we necessarily have
that log Γβ − (γ − β) + hβ(γ − β) < 0 which implies that the r.h.s. in (3.18) is finite. This
completes the proof. □

Proof of Claim 3.3. Let u ∈ (0, β/2] and γ > 0. Since GN (X)−GN−1(X) = |XN |,

Eβ

(
eu|XN |e−γGN (X)

)
≤ Eβ

(
e(u−γ)

+|XN |e−γGN−1(X)
)
. (3.21)

If u − γ ≤ 0, the claim readily follows. Otherwise, we use the triangular inequality, inde-
pendence of the increments, and the fact that u− γ < β/2 to obtain as an upper bound:

Eβ

(
e(u−γ)|XN−XN−1+XN−1|e−γGN−1(X)

)
≤ Eβ

(
e(u−γ)|X1|

)
Eβ

(
e(u−γ)|XN−1|e−γGN−1(X)

)
≤ CEβ

(
e(u−γ)|XN−1|e−γGN−1(X)

)
.

(3.22)

This completes the proof. □

4. Preparation

4.1. Auxiliary partition functions. In what follows, for q ≥ 0 and δ ∈ [0, β), we set

DN (q, δ) : = Eβ
[
e(δ−

β
2
)XN 1{VN,qN2,+}

]
, N ∈ N, (4.1)

where

VN,k,+ = {AN = k, Xi > 0, 0 < i ≤ N}, (4.2)

and AN has been defined in (3.2). It turns out that ψ(q, δ) defined in (2.15) is the ex-
ponential growth rate of the sequence (DN (q, δ))N∈N. This result will be established as a
byproduct of the proof of Proposition 4.22.
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4.2. Bead decomposition. The aim of this section is to show how one can decompose a
given trajectory in ΩL into sub-trajectories that do not interact with each other, referred
to as beads.

Note that we will extract some estimates from [11] where a similar decomposition has been
introduced to study the same model when the wall-polymer interaction is shut-down (δ = 0).
In the latter case, it was proven in [11, Theorem 2.2] that, inside the collapsed phase, a
typical trajectory is made of a unique macroscopic bead from which only finitely many
monomers may escape. In the present paper, although the uniqueness of the macroscopic
bead still holds true inside the collapsed phase, the presence of an attractive wall both
changes drastically the asymptotics of the partition function, but triggers also a much
richer phenomenology including a surface transition and a radical change of the shape of
the macroscopic bead.

The main difference between the model at δ > 0 and the model at δ = 0 is that in the
former, the very first bead of a trajectory and the following beads need to be considered
separately. The polymer-wall interaction indeed entails that, in large parts of the collapsed
phase, the very first bead is the unique macroscopic bead. Therefore, deriving results on
the polymer in this phase requires a deep understanding of most features of this first bead.

Figure 4. Bead decomposition of a trajectory. The blue lines stand for
the polymer configuration, the orange dashed lines stand for the attractive
self-interaction, and the red lines stand for the edges pinned at the attractive
wall. In this example, we can see four beads each delimited by black dashed
lines. The sign of the initial stretch of the third bead is determined by
the last stretch of the previous bead. Since the second and fourth beads
start with horizontal stretches, the sign of their first non-zero stretch may
be either positive or negative.

Decomposition of a trajectory into beads. Let us start with a handful of notation. Set
Ω o := ∅ ∪ (∪L≥1Ω

o
L) with Ω o

L := ∪L/2N=1 L o
N,L where

L o
N,L :=

{
(ℓi)

N
i=1 ∈ ZN :

N∑
i=1

|ℓi| = L−N, ℓiℓi+1 < 0, ∀ 1 ≤ i < N
}
, (4.3)
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so that Ω o
L gathers those trajectories forming a unique bead of length L. The associated

bead partition function is defined by

Z o
L,β,δ :=

∑
ℓ∈Ωo

L

eHL,β,δ(ℓ) =

L/2∑
N=1

ZL,β,δ(L o
N,L). (4.4)

Recall the definitions of Γβ , DN (q, δ) and VN,k,+ in (2.2), (4.1) and (4.2). By using
Lemma 3.2 with A = L o

N,L and by noticing that TN (defined in (3.4)) is a one-to-one
correspondance between L o

N,L and VN,L−N,+ ∪ VN,L−N,− we obtain that

Z̃ o
L,β,δ := e−βLZ o

L,β,δ = 2

L/2∑
N=1

ΓNβ DN

(
L−N
N2 , δ

)
. (4.5)

We now allow beads to start with stretches of zero length. To that aim, we define Ω̂ o :=

∪L≥1 Ω̂
o
L where Ω̂ o

L := ∪L−2
k=0 Ω̂

o,k
L with

Ω̂ o,0
L := {ℓ ∈ Ω o

L : ℓ1 > 0}, (4.6)

Ω̂ o,k
L := {ℓ ∈ ΩL : Nℓ ≥ k, ℓ1 = · · · = ℓk = 0, (ℓi+k)

Nℓ−k
i=1 ∈ Ω o

L−k}, k ∈ N.

Those trajectories shall be called extended beads. Note that the condition ℓ1 > 0 in the first
line of (4.6) is imposed by the fact that, when there is no zero-length stretch between two
beads, the sign of the first vertical stretch of the second bead must correspond to that of
the last stretch of the first bead. For the sake of simplicity, we define ΩcL as the subset of
ΩL that contains trajectories ending with a non-zero stretch, i.e.,

ΩcL = {ℓ ∈ ΩL : ℓNℓ
̸= 0} . (4.7)

With those subsets of trajectories in hand, we may divide a given trajectory as follows:
τ0 := 0 and for j ∈ N such that τj−1 < Nℓ,

τj := τj−1 +max{s > 0: (ℓτj−1+i)
s
i=1 ∈ Ω̂ o or (−ℓτj−1+i)

s
i=1 ∈ Ω̂ o}. (4.8)

Finally, we let n(ℓ) be the number of (extended) beads into which a given trajectory ℓ ∈ ΩL
may be divided. Thus, τn(ℓ) = Nℓ and ℓ may be seen as the concatenation of n(ℓ) beads
denoted by Bj := (ℓτj−1+1, . . . , ℓτj ), j ∈ {1, . . . , nℓ}. The number of monomers in the j-th
bead is denoted by |Bj | and has value |Bj | = τj − τj−1 +

∑τj
i=τj−1+1 |ℓi|.

Bead decomposition of the partition function. We recall (4.4) and we note that only the
first bead of the trajectory interacts with the vertical wall, provided that the trajectory
does not begin with a horizontal stretch. This leads us to define

Z̄ o
L,β,δ := Z o

L,β,δ +

L∑
k=1

Z o
L−k,β,0 = eβLZ̃ o

L,β,δ + eβL
L∑
k=1

e−βkZ̃ o
L−k,β,0, (4.9)

where k stands for the number of initial stretches with zero length, as the contribution
of the first (extended) bead to the partition function. The contribution of the following
beads to the partition function does not involve δ since they cannot touch the vertical wall,
leading us to define

Ẑ o
L,β :=

1

2
eβLZ̃ o

L,β,0 + eβL
L∑
k=1

e−βkZ̃ o
L−k,β,0. (4.10)
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Finally, we can decompose the full partition function ZcL,β,δ, that is the partition function
restrained to ΩcL according to the number of beads and the length of those beads, namely

ZcL,β,δ =

L/2∑
k=1

∑
t1+···+tk=L
t1,...,tk>1

ZL,β,δ(nℓ = k, |B1| = t1, . . . , |Bk| = tk) (4.11)

=

L/2∑
k=1

∑
t1+···+tk=L
t1,...,tk>1

Z̄ o
t1,β,δ

k∏
i=2

Ẑ o
ti,β

.

Because of (4.11) above, proving Theorem 2.5 requires to derive both the asymptotics of
the partition function sequence of the first bead, i.e., (Z̄ o

L,β,δ)L∈N and the asymptotics of
the partition function of the following beads, namely (Ẑ o

L,β)L∈N. The former is one of the
main issue that we tackle in the present paper whereas the latter has been established in
details in [11] and we recall it below.

Proposition 4.1 (Corollary 4.2 in [11]). For β > βc, there exists Ko
β, K̂

o
β > 0 such that

Z o
L,β,0 ∼

L→∞

Ko
β

L3/4
eβL+g(β,0)

√
L (4.12)

Ẑ o
L,β ∼

L→∞

K̂o
β

L3/4
eβL+g(β,0)

√
L

Remark 4.2. Although in [11, Corollary 4.2] the prefactor in front of the
√
L term in the

exponential is expressed as G̃(aβ) and looks different from g(β, 0) that is used above, these
two quantities are in fact equal to max{T0(a), a > 0} (see the definition of Tδ in Section 4.4
below). The expressions of Ko

β and K̂o
β are available in [11, Equation (4.36)].

Remark 4.3. As a non-trivial by-product of the proof of Theorem 2.5, we will prove in
Lemma 6.13 that the beads which start with a non-zero vertical stretch bear all the mass
coming from the extended beads in the partition function when δ ≥ δc(β), that is not only
in the adsorbed-collapsed phase but also at criticality.

4.3. Change of measure. In this section we introduce several changes of measure for the
position and area of the random walk that will be instrumental in deriving the asymptotics
of the partition function.

Uniform tilting. We remind the reader that L is the logarithmic moment generating
function of X1 a random variable of law Pβ , defined in (2.10). That is a smooth, even and
strictly convex function on (−β/2, β/2) with a second derivative bounded from below by a
positive constant. Let us first define a tilted transformation of Pβ . For |h| < β/2, we let
P̃h be the probability law defined on Z by perturbing Pβ as follows:

dP̃h

dPβ
( · = k) = ehk−L(h) k ∈ Z. (4.13)

In the paper, we will consider the probability that a random walk X := (Xi)i∈N starting
from x ∈ N and with i.i.d. increments of law P̃h remains positive (or equivalently, that the
random walk starting at the origin remains above level −x). To that aim, we state Lemma
4.4 below that will be proven in Section 7.1.
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Lemma 4.4. Let β > 0. For every x ∈ N and h ∈ (0, β/2), we have

κx(h) := P̃h

(
Xi > −x, ∀i ∈ N

)
= 1− e−2hx 1− eh−β/2

1− e−h−β/2
, (4.14)

that is continuous in h. Moreover, for every c > 0 and [h1, h2] ⊆ (0, β/2),

sup
0≤x≤c log k
h∈[h1,h2]

lim
k→∞

|P̃h

(
X[1,k] > −x

)
− κx(h)| = 0. (4.15)

Tilting of the area enclosed by a random walk. We denote by An(X) the algebraic
area enclosed by X up to time n, i.e.:

An(X) = X1 + ...+Xn (4.16)

and by Λn the random vector recording the latter area renormalized by n and the final
position Xn of the walk, that is,

Λn :=

(
An
n
,Xn

)
. (4.17)

Throughout the paper, we will need to estimate the probability of the event 1
nΛn = (q, p) ∈

R2 and more importantly to work with the random walk conditioned on such events. To that
aim, we will use an inhomogeneous exponential perturbation of the law of each increment
of X, as it was first displayed in [5]. Thus, we define

dPn,h

dPβ
(X) = eh·Λn−LΛn (h) with LΛn(h) := logEβ

[
eh·Λn

]
(4.18)

where
h ∈ Dβ,n :=

{
(h0, h1) ∈ R2 :

∣∣∣h0n + h1

∣∣∣ < β/2, |h0 + h1| < β/2
}
. (4.19)

Noticing that

h · Λn =

n∑
k=1

(Xk −Xk−1)
(
h0[1− k−1

n ] + h1

)
, (4.20)

we see that this change of measure corresponds to an inhomogeneous tilt on the increments
of the random walk. We also set a continuous counterpart, namely

Dβ :=
{
(h0, h1) ∈ R2 : |h1| < β/2, |h0 + h1| < β/2

}
, (4.21)

and we observe that, by (4.20), the sequence ( 1nLΛn(h))n∈N converges for any h ∈ Dβ (note
that Dβ ⊆ Dβ,n for every n ∈ N) towards:

LΛ(h) :=

∫ 1

0
L (h0x+ h1) dx. (4.22)

The two items of the following proposition come from [1, Lemma 5.4] and [1, Lemma 5.3]
respectively. We take this occasion to correct a mistake in the original proof of [1, Lemma
5.3], see Appendix E.

Proposition 4.5. Let β > 0.
(1) For every n ∈ N, the gradient ∇

[
1
nLΛn

]
is a C1-diffeomorphism from Dβ,n to R2.

For this reason, for (q, p) ∈ R2 there exists a unique

h := hn(q, p) = (hn,0(q, p), hn,1(q, p)) (4.23)
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which solves:

En,h

[ 1
n
Λn

]
= ∇

[ 1
n
LΛn

]
(h) = (q, p). (4.24)

(2) ∇LΛ is a C1-diffeomorphism from Dβ to R2. Thus, for (q, p) ∈ R2 we let h̃(q, p) be
the unique solution in h ∈ Dβ of the equation ∇LΛ(h) = (q, p).

Along the present paper we will need to consider two particular cases of the tilting
procedure set up in (4.18), namely (i) a tilting for which the second coordinate in h is
prescribed and (ii) a tilting for which p = 0.

Case (i): The tilt on the final position is prescribed. This is the case where the
value of h1 is set to be δ− β/2 (as suggested by Lemma 3.2). Let δ ∈ (0, β), n ∈ N and set

An,δ :=
(
− 2n

2n− 1
δ,

2n

2n− 1
(β − δ)

)
,

so that for s ∈ An,δ and after recalling (4.18) we may consider the perturbed probability
measure P

n,(s,δ−β
2
− s

2n
)
. Note that the correction s

2n in the second parameter is introduced
as a technical artifact to obtain Proposition 4.8 below. To be more specific, we come back
to (4.20) and write

dP
n,(s,δ−β

2
− s

2n
)

dPβ
(X) = e(s,δ−

β
2
− s

2n
)·Λn−nHn,δ(s) (4.25)

where

Hn,δ(s) =
1

n
LΛn

(
s, δ − β

2
− s

2n

)
, s ∈ An,δ. (4.26)

In what follows, we will need to tune s ∈ An,δ in such a way that the expectation of An
equals qn2 for some q > 0. This is the object of Lemma 4.6 below, which guarantees the
existence and uniqueness of such a parameter s. We extend this result to the continuous
counterpart of Hn,δ(s) that is, in view of (4.20),

Hδ(s) :=

∫ 1

0
L
(
sx+ δ − β

2

)
dx, s ∈ Aδ := (−δ, β − δ), (4.27)

where we observe that Aδ ⊆ An,δ for every n ≥ 1.

Lemma 4.6. Let δ ∈ (0, β).
(1) For every n ≥ 2, the mapping Hn,δ is C∞ and strictly convex on An,δ. Moreover,

H′
n,δ is a C 1-diffeomorphism from An,δ to R.

(2) The mapping Hδ is C∞ and strictly convex on Aδ. Moreover, the function H′
δ is a

C 1-diffeomorphism from Aδ to R.
(3) The function Hδ is bounded on Aδ.

Proof of Lemma 4.6. The first item of Lemma 4.6 being a discrete counterpart of the second
item, we will only prove the foremost here. Recalling that L is strictly convex and C∞ on
(−β/2, β/2), it comes that HN,δ is also strictly convex and C∞ as the finite sum of strictly
convex and C∞ functions. Moreover, H′

N,δ is increasing as the finite sum of increasing
functions. Finally, since L′′ is bounded from below by a positive constant, we obtain
that L′(h) goes to ±∞ as h → ±β/2, respectively. Necessarily, H′

N,δ(AN,δ) = R, which
completes the proof. Let us now turn to the third item. It is sufficient to look at the



IPDSAW INTERACTING WITH A VERTICAL WALL 21

function outside a neighborhood of the origin. A straightforward change of variable yields,
provided s ̸= 0:

Hδ(s) =

∫ 1

0
L(sx+ δ − β/2)dx ≤ 1

|s|

∫ β/2

−β/2
L(x)dx, (4.28)

which proves our claim, since the last integral is finite. □

As a consequence of Lemma 4.6, we may define sδ,n(q) and sδ(q) for every q > 0 as the
respective solutions of

H′
n,δ(s) = q and H′

δ(s) = q. (4.29)

For N ∈ N and q > 0 we will need in several instances to consider Pδ,q
N,sup the probability

law on random walk trajectories displayed in (4.25) with n = N and with parameter
s = sδ,N (q), i.e.,

Pδ,q
N,sup = P

N,
(
sδ,N (q),δ−β

2
−

sδ,N (q)

2N

) . (4.30)

Remark 4.7. Under Pδ,q
N,sup the increments of X, namely Xk − Xk−1 for k ∈ {1, . . . , N}

are independent and follow respectively the tilted law defined in (4.13) with tilt parameter
δ − β

2 + sδ,N (q)
2N+1−2k

2N .

The following proposition quantifies the convergence speed of HN,δ and sδ,N (q) towards
Hδ and sδ(q), respectively.

Proposition 4.8. For every [q1, q2] ⊆ (0,∞) and [s1, s2] ⊆ Aδ, there exists C > 0 and
N0 ∈ N such that, for every N ≥ N0 and s ∈ [s1, s2]:

|HN,δ(s)−Hδ(s)| ≤
C

N2
(4.31)

and for every q ∈ [q1, q2] ∩ N
N2 :

|sδ,N (q)− sδ(q)| ≤
C

N2
. (4.32)

The proof of Proposition 4.8 can be found in Appendix B.1. As we will see, the correction
in 1/N2 is crucial in order to obtain the sharp asymptotics in Theorem 2.5, as well as in
Lemma 4.9 below, the proof of which is deferred to Appendix B.2.

Lemma 4.9. For every B ∈ σ(X0, . . . , XN ), for every 0 < q1 < q2 < ∞ and uniformly in
q ∈ [q1, q2], as N → ∞,

Eβ

[
e(δ−

β
2
)XN 1{AN=qN2, X∈B}

]
=

c̃eN
[
Hδ(sδ(q))−sδ(q)q

] (
Pδ,q
N,sup

(
AN = qN2, X ∈ B

)
(1 + o(1)) +O(e− log(N)2)

)
,

(4.33)

with c̃ = exp
(
1
2

[
L(δ − β/2 + sδ(q))− L(δ − β/2)

])
.
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Case (ii): The final position is set to zero. This is the case where the value of the final
position p in Proposition 4.5 (1) equals 0. For every q > 0 and n ∈ N there exists a unique
solution of ∇

[
1
nLΛn

]
(h) = (q, 0) denoted by hn(q, 0) = (hn,0(q, 0), hn,1(q, 0)). However the

fact that L is even entails that

hn,1(q, 0)) = −hn,0(q, 0)
2

(
1 +

1

n

)
. (4.34)

Equality (4.34), combined with (4.18) brings us to introduce a new probability law Pn,h on
the random walk X obtained as

Pn,h := P
n,
(
h,− 1

2
h(1+ 1

n
)
) for h ∈

(
− nβ

n− 1
,
nβ

n− 1

)
. (4.35)

The normalisation constant of Pn,h may be expressed as e−nGn(h) with

Gn(h) :=
1

n
LΛn

[
h,−h

2

(
1 +

1

n

)]
for h ∈

(
− nβ

n− 1
,
nβ

n− 1

)
. (4.36)

In view of (4.20), its continuous counterpart comes as

G(h) :=
∫ 1

0
L
(
h

(
1

2
− x

))
dx, for h ∈ (−β, β). (4.37)

The following lemma can be seen as the particular case of Items (1) and (2) in Proposi-
tion 4.5 when p = 0.

Lemma 4.10 (Lemma 5.3 in [11]). Let β > 0.

(1) For n ≥ 2, the mapping Gn is C 2 and strictly convex on (− nβ
n−1 ,

nβ
n−1). Moreover,

G′
n is a C 1-diffeomorphism from (− nβ

n−1 ,
nβ
n−1) to R.

(2) The mapping G is C 2 and strictly convex on (−β, β). Moreover, G′ is a C 1-
diffeomorphism from (−β, β) to R.

Remark 4.11. For the sake of conciseness, for every q ≥ 0 we set

hqn := hn,0(q, 0) (4.38)

and we let h̃(q) be the first coordinate of h̃(q, 0) that we introduced in Proposition 4.5 (2).
Once again, because L is even we observe that the continuous counterpart of (4.34) holds
true, i.e.,

h̃(q, 0) =
(
h̃(q),− h̃(q)

2

)
. (4.39)

The functions q 7→ hqn and q 7→ h̃(q) are consequently the restrictions to (0,∞) of the
inverse functions of G′

n and G′. As a consequence of Lemma 4.10 the function q −→ h̃(q) is
increasing.

We finally observe that the exponential tilt of Pn,h may be expressed as

dPn,h

dPβ
(X) = e−ψn,h(An,Xn), with ψn,h(a, x) := −h

n
a+

h

2

(
1 +

1

n

)
x+ nGn(h), x, a ∈ Z.

(4.40)
As in the previous case, Proposition 4.12 below provides the convergence speed of the
discrete quantities GN (h) and hqN towards G(h) and h̃(q) respectively.
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Proposition 4.12 (Propositions 5.1 and 5.4 in [11]). For every [q1, q2] ⊆ (0,∞) and
[h1, h2] ⊆ (−β, β), there exists C > 0 and N0 ∈ N such that, for every N ≥ N0 and
h ∈ [h1, h2]:

|GN (h)− G(h)| ≤ C

N2
, (4.41)

and for every q ∈ [q1, q2] ∩ N
N2 :

|hqN − h̃(q)| ≤ C

N2
. (4.42)

Remark 4.13 (Time-reversal property). If |h| < β/2 and Z is distributed as P̃h, as
in (4.13), then one can check that −Z is distributed as P̃−h. Recalling (4.20) we note that
under Pn,h, the increments of X, namely Xk − Xk−1 for k ∈ {1, . . . , N} are independent
and follow respectively the tilted law P̃h

2 (1−
2k−1

n ). Therefore, X is time-reversible, i.e.,

(Xk)
n
k=0 =

(law)
(Xn−k −Xn)

n
k=0 (4.43)

We deduce therefrom that the random walk X distributed as Pn,h is an inhomogeneous
Markov chain that satisfies for all j ∈ {1, . . . , n− 1} and y ∈ Z,

Pn,h

(
(Xj+k)

n−j−1
k=1 ∈ · , Xn = 0 | Xj = y

)
= Pn,h

(
(Xn−j−k)

n−j−1
k=1 ∈ · , Xn−j = y

)
.

(4.44)
Finally, note that the case h = 0 corresponds to the random walk X with i.i.d. increments
of law Pβ .

4.4. Analysis of auxiliary functions. In this section we analyse the function ψ displayed
in (2.15) and the function

Tδ : a ∈ (0,∞) 7→ a log Γβ + aψ( 1
a2
, δ), (4.45)

which play a key role in deriving the asymptotic behaviour of the auxiliary partition func-
tions in (4.1) and ultimately expressing the surface free energy as a variational formula,
see (2.19).

Let us start with the regularity properties of ψ. Recalling the two cases in (2.15), we
first define, for every 0 ≤ δ < β:

qδ := inf
{
q > 0: δ > δ0(q) =

β
2 − h̃(q)

2

}
. (4.46)

Two cases arise:
(1) If 0 ≤ δ < β/2 then, by Remark 4.11, qδ is actually the unique solution in q > 0 of

h̃(q)/2 = β/2−δ and, by definition of h̃(q), we have the following explicit expression:

qδ :=

∫ 1

0
(x− 1

2)L
′
(
(β2 − δ)(2x− 1)

)
dx. (4.47)

Note that the factor x − 1/2 in (4.47) may be replaced by x, since L′ is odd.
Moreover, the cases δ ≤ δ0(q) and δ > δ0(q) in the expression of ψ, see (2.15),
correspond to q ≤ qδ and q > qδ, respectively.

(2) If β/2 ≤ δ < β then the inequality in (4.46) is always true, hence qδ = 0 and,
from (2.15), ψ(q, δ) = Hδ(sδ(q))− qsδ(q) for every q > 0.

Lemma 4.14. Let 0 ≤ δ < β. The mapping q 7→ ψ(q, δ) is C 1 on (0,∞). Moreover, it
is C 2 on (0, qδ) ∪ (qδ,∞) if 0 < δ < β/2 (in which case qδ > 0) and it is C 2 on (0,∞) if
β/2 ≤ δ < β (in which case qδ = 0).
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Proof of Lemma 4.14. By (2.16) and (2.15),

ψ(q, δ) = 1
{ h̃(q)

2
≤β

2
−δ}

(
G(h̃(q))− qh̃(q)

)
+ 1

{ h̃(q)
2
>β

2
−δ}

(
Hδ(sδ(q))− qsδ(q)

)
. (4.48)

Since, by Lemmas 4.10 and 4.6, both functions q 7→ G(h̃(q))− qh̃(q) and q 7→ Hδ(sδ(q))−
qsδ(q) are C 2 on (0,∞), it is sufficient to show that the first derivatives coincide at qδ.
Indeed, we compute, when q ∈ (0, qδ),

(∂qψ)(q, δ) = h̃′(q)G′(h̃(q))− qh̃′(q)− h̃(q) = −h̃(q), (4.49)

and when q ∈ (qδ,∞),

(∂qψ)(q, δ) = ∂q(sδ(q))(Hδ)
′(sδ(q))− q∂q(sδ(q))− sδ(q) = −sδ(q). (4.50)

We may now check that the first derivatives coincide at qδ. Indeed, one can verify that
H′
δ(h̃(qδ)) = H′

δ(β − 2δ) = qδ, by (4.47). As for the second derivatives, we obtain

(∂2qψ)(q, δ) =

{
h̃′(q) q ∈ (0, qδ),

s′δ(q) q ∈ (qδ,∞).
(4.51)

□

Let us now turn to the properties of the function Tδ defined in (4.45). In the rest of the
paper we often jump from one dummy variable a ∈ (0,∞) to another dummy variable
q ∈ (0,∞) via the relation q = 1/a2. First, we focus on the concavity of the function. To
this end, we define:

q∗δ := inf{q > 0: δ − β/2 + sδ(q) ≥ 0} (4.52)
and notice that

H′
δ(β/2− δ) =

∫ 1

0
xL′((δ − β/2)(1− x))dx, (4.53)

which implies, since L is odd, that

sign(H′
δ(β/2− δ)) = sign(δ − β/2). (4.54)

We may now distinguish between two cases:
(1) If 0 < δ ≤ β/2 then H′

δ(β/2− δ) ≤ 0, hence sδ(0) ≥ β/2− δ, by Lemma 4.6. Since
sδ is increasing, δ − β/2 + sδ(q) ≥ 0 for every q > 0, and q∗δ = 0.

(2) If β/2 < δ < β then H′
δ(β/2 − δ) > 0, hence sδ(0) < β/2 − δ. Therefore, q∗δ is the

only solution in q > 0 of the equation δ − β/2 + sδ(q) = 0.

Lemma 4.15 (Concavity/Convexity). For every β > βc and δ < β, the function Tδ is C 1

on (0,∞). It is C 2 on (0, 1/
√
qδ) ∪ (1/

√
qδ,∞) if 0 < δ < β/2 and it is C 2 on (0,∞)

if β/2 ≤ δ < β. If δ ≤ β/2 (in which case q∗δ = 0) it is strictly concave on (0,∞). If
β/2 < δ < β (in which case q∗δ > 0) then it is strictly concave on (0, 1/

√
q∗δ ) and strictly

convex on (1/
√
q∗δ ,∞).

The proof can be found in Appendix A.1 The next step is to determine the limits of Tδ(a)
when a→ 0 and a→ +∞. Recall that the parameter a stands for the prescribed horizontal
extension (L = qN2 hence N = a

√
L from (4.1) and (4.2)). This step is important to

restrict the set of possible horizontal extensions to a compact set, see Section 4.7. To this
end, we first notice that for every |x| < β/2, the map δ 7→ H′

δ(β/2 − δ − x) is increasing.
Indeed, its derivative writes:∫ 1

0
t(1− t)L′′((β/2− δ − x)t+ δ − β/2)dt > 0, (4.55)
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which is positive, by strict convexity of L. Recall the definitions of Cgood and δ̄(β) in (2.17)
and (2.18).
Lemma 4.16 (Limits). For every 0 < δ < β, Tδ(a) converges to −∞ as a→ 0. For every
0 < δ < δ̄(β), Tδ(a) converges to −∞ as a → +∞ and for every δ̄(β) < δ < β (provided
this case is not empty), Tδ(a) converges to +∞ as a→ +∞.

The proof of this lemma can be found in Appendix A.2. As an immediate corollary of
Lemma 4.15 and Lemma 4.16, we obtain:
Corollary 4.17. If (β, δ) ∈ Cgood then Tδ admits a unique maximizer on (0,∞).

In view of Lemma 4.16, a natural question is to determine for which values of β we have
δ̄(β) < β, respectively δ̄(β) = β. This is the content of the following lemma.
Lemma 4.18. If β > βc is close enough to βc then β/2 ≤ δ̄(β) < β. However, there exists
β∗ > βc such that δ̄(β) = β for every β ≥ β∗.

The proof of Lemma 4.18 can be found in Appendix A.3. Numerically, we have βc ≈ 1, 219
and β∗ ≤ π/

√
3 ≈ 1, 814 (see the proof of Lemma A.2). As a straightforward consequence

of Lemma 4.18, the set Cbad := C \ Cgood defined in (2.17) is bounded.
Let us now make a few remarks on the maximizer of q 7→ Tδ(1/

√
q) when (β, δ) ∈ Cgood.

First, we observe that:
Lemma 4.19. For every q ≥ 0:

Hδ(sδ(q)) = L(sδ(q) + δ − β/2)− qsδ(q); (4.56)

G(h̃(q)) = L(h̃(q)/2)− qh̃(q). (4.57)
Proof of Lemma 4.19. An integration by part gives:

Hδ(s) =

∫ 1

0
L(st+ δ − β/2)dt = [tL(st+ δ − β/2)]10 − s

∫ 1

0
tL′(st+ δ − β/2)dt

= L(s+ δ − β/2)− sH′
δ(s),

(4.58)

and (4.56) readily follows from (2.14). A similar computation combined with (2.12) gives
(4.57). □

Combining the derivative of Tδ in (A.1) and (A.2) with Lemma 4.19, we get that

T ′
δ(1/

√
q) =

{
log Γβ + L(sδ(q) + δ − β/2) (q > qδ)

log Γβ + L(h̃(q)/2) (q < qδ).
(4.59)

These observations lead to the following:
Remark 4.20 (On the maximizer of Tδ). If (β, δ) ∈ Cgood then the unique maximizer of
q 7→ Tδ(1/

√
q), that we denote by q̄β,δ, satisfies q̄β,δ = q̄β,0 and − log Γβ = L(h̃(q̄β,0)/2) if

(β, δ) ∈ DC and − log Γβ = L(sδ(q̄β,δ) + δ − β/2) if (β, δ) ∈ AC.
To close this section, we shortly come back to the function ψ and state a lemma that will

be essential for computing the order of the surface transition. Recall that δ0(q) = β
2 − h̃(q)

2 .
Lemma 4.21. For (β, δ) ∈ C and q > 0 such that δ > δ0(q) it holds that ψ(q, δ) > ψ(q, 0).
Moreover, as ε→ 0+,

ψ(q, δ0(q) + ε)− ψ(q, 0) ∼ Cε2, (4.60)

where C = L′(h̃(q)/2)(L′(h̃(q)/2)−4q)

2h̃(q)(L′(h̃(q)/2)−2q)
> 0.

The detailed proof is deferred to Appendix D.1.
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4.5. Sharp asymptotics of auxiliary partition functions. In Proposition 4.22 below,
we provide sharp asymptotics for the auxiliary partition function introduced in Section 4.1,
in each of the three (desorbed, critical and adsorbed) regimes lying in the collapsed phase.
Its proof is postponed to Section 7. Beforehand, we define ϑ : (−β/2, β/2) → R as:

ϑ(h) =

∫ 1

0
x2L′′

(
h
(
x− 1

2

))
dx

∫ 1

0
L′′
(
h
(
x− 1

2

))
dx−

[∫ 1

0
xL′′

(
h
(
x− 1

2

))
dx

]2
. (4.61)

We also recall the definitions of κx(h) in (4.14), ψ in (2.15), δ0(q) in (2.16), and q∗δ in (4.52).

Proposition 4.22. Let β > βc and 0 < q1 < q2 <∞.
(1) For δ < min{δ0(q) : q ∈ [q1, q2]},

DN (q, δ) =
Cβ,q,δ
N2

eNψ(q,0)(1 + o(1)), (4.62)

where o(1) is uniform in q ∈ (q1, q2), and

Cβ,q,δ =
κ0
( h̃(q)

2

)
2πϑ(h̃(q))

1
2

 1

1− eũ
−

1− κ0
( h̃(q)

2

)
1− eũ−h̃(q)

 , (4.63)

with ũ := δ − δ0(q).
(2) For q ∈ (q1, q2) and δ = δ0(q), for all R ≥ 0 and uniformly over c ∈ [−R,R]

DN (q +
c√
N
, δ) =

Ccrit
β,q,c

N3/2
eNψ(q,0)−h̃(q)c

√
N (1 + o(1)), (4.64)

where o(1) is uniform in q ∈ (q1, q2), and

Ccrit
β,q,c = κ0(h̃(q)/2)

∫ ∞

0
f
h̃(q)

(c, z)dz, (4.65)

with f
h̃(q)

defined in (4.74).
(3) For δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞) such that δ > δ0(q1). We have the following

estimate:
DN (q, δ) = κ0

(
h̃(q)

)ξ(q, δ)
N3/2

eNψ(q,δ)(1 + o(1)), (4.66)

where the o(1) is uniform over q ∈ (q1, q2), and

ξ(q, δ) :=
eL(δ−

β
2
+sδ(q))−L(δ−β

2
)√

2π
∫ 1
0 x

2L′′
(
δ − β

2 + sδ(q)x
)
dx

. (4.67)

In our way of proving Theorem 2.3, we shall need to check the assumption in Item (3)
of Proposition 4.22. To this end, we can rely on the following lemma:

Lemma 4.23. If (β, δ) ∈ Cgood then the maximizer of q 7→ Tδ(1/
√
q) is larger than q∗δ .

Proof of Lemma 4.23. If δ ≤ β/2 there is nothing to prove since then q∗δ = 0 by Item
(1) below (4.54). Now assume that β/2 < δ < β. By the definition of q∗δ in (4.52) and
Remark 4.20, when δ ≥ β/2, we have sδ(q∗δ )+ δ−β/2 = 0, and the maximizer q̄β,δ satisfies
L(sδ(q̄β,δ)+δ−β/2) = − log Γβ > 0. Because both q ∈ R+ 7→ s(q) and x ∈ [0, β/2] 7→ L(x)
are increasing functions, and since L(0) = 0, this proves that q̄β,δ > q∗δ . □

Finally, Lemma 4.24 gives a uniform control on the sequence (DN (q, δ))N≥1:
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Lemma 4.24. Let q2 > 0. There exists c > 0 such that for every N ∈ N and q ∈ (0, q2],

DN (q, δ) ≤ c eNψ(q,δ). (4.68)

Proof of Lemma 4.24. We distinguish between two cases.
(i) If δ0(q) < δ ≤ β, we obtain with the help of Lemma 4.9:

DN (q, δ) = Eβ

[
e(δ−

β
2
)XN 1{VN,qN2,+}

]
≤ (cst.)Pδ,q

N,sup

(
VN,qN2,+

)
eN
[
HN,δ(s

δ
q)−sδqq

]
≤ (cst.) eN

[
HN,δ(s

δ
q)−sδqq

]
.

(4.69)

It remains to apply (4.32) in Proposition 4.8 to conclude that for N large enough, and for
q ∈ [q1, q2],

eN
[
HN,δ(s

δ
q)−sδqq

]
≤ 2eN

[
Hδ(s

δ
q)−sδqq

]
= 2eψ(q,δ)N . (4.70)

(ii) If 0 ≤ δ ≤ δ0(q), we apply the tilting in (4.18) with h = (h̃(q),− h̃(q)
2 ) to get

DN (q, δ) = Eβ

[
e(δ−

β
2
)XN 1{VN,qN2,+}

]
= E

N,h̃(q),− 1
2
h̃(q)

[
e(δ−δ0(q))XN 1{VN,qN2,+}

]
eN
[
GN (h̃(q))−h̃qq

]
≤ eN

[
GN (h̃(q))−h̃qq

]
,

(4.71)

where we have used that X ∈ VN,q,+ necessarily implies XN ≥ 0. Using (4.41) in Propo-
sition 4.12, together with the continuity of q 7→ h̃(q), there exists an N0 ∈ N such that
uniformly in q ∈ [0, q2], for N ≥ N0,

eN
[
GN (h̃(q))−h̃qq

]
≤ 2eN

[
G(h̃(q))−h̃(q)q

]
= 2eψ(q,δ)N . (4.72)

This completes the proof. □

4.6. Local limits. The last main tool that we will use throughout the paper are Gnedenko-
type local limit theorems. In this section, we present three theorems of that type involving
AN and XN , and introduce a change of measure used in the AC phase.

Local limit inside DC phase and at the critical curve. We recall the definitions of LΛ in (4.22)
and of Dβ in (4.21). For every h ∈ Dβ , we define the matrix

B(h) := Hess LΛ(h) (4.73)

and the following Gaussian probability density:

fh : z ∈ R2 7→ 1

2π
√
detB(h)

exp

(
−1

2
⟨B(h)−1z, z⟩

)
. (4.74)

Recall the definition of h̃(q, 0) in (4.39). The following proposition is a slight quantitative
upgrade of [1, Proposition 6.1], in the sense that we provide a rate of convergence to zero.

Proposition 4.25. Let [q1, q2] ⊂ R. As N → ∞,

sup
q∈[q1,q2]

sup
x,y∈Z

∣∣∣N2PN,hqN
(AN = qN2 + x,XN = y)− f

h̃(q,0)

( x

N3/2
,

y

N1/2

)∣∣∣ = O

(
(logN)4√

N

)
.

(4.75)
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Proof of Proposition 4.25. Change the constant A by logN in the proof of [1, Proposition
6.1], and everything follows. □

We also need a local limit theorem that applies exclusively to the area enclosed by the
walk. Let us first denote by lσ2 the density of N (0, σ2), i.e.,

lσ2(x) =
1√
2πσ2

exp
(
− x2

2σ2

)
, x ∈ R. (4.76)

We also set

b(h) :=

∫ 1

0
(x− 1/2)2L′′(h(x− 1/2))dx, |h| < β/2. (4.77)

Lemma 4.26. Let [q1, q2] ⊂ R. As N −→ ∞,

sup
q∈[q1,q2]

sup
x∈Z

∣∣∣∣N3/2PN,hqN

(
AN = qN2 + x

)
− l

b
(
h̃(q)
) ( x

N3/2

)∣∣∣∣ = O

(
(logN)4√

N

)
, (4.78)

The proof of this lemma is left to the reader, as it follows very closely that of Carmona,
Nguyen and Pétrélis [1, Section 6.1]. The purpose of the next lemma is to show that the
endpoint XN has variations of size

√
N around 0 under PN,hqN

. Its proof is postponed to
Appendix B.3.

Lemma 4.27. Let 0 < q1 < q2 < ∞. There exists C, c > 0 such that, for all q ∈ [q1, q2]
and b > 0,

lim sup
N→∞

PN,hqN

(
|XN | ≥ b

√
N
)
≤ Ce−cb

2
. (4.79)

Local limit for the AC phase. First, we recall (4.30), that is the relevant change of measure
in the AC phase. We then define c(s) :=

∫ 1
0 x

2L′′(δ − β/2 + sx)dx for s ∈ (−δ, β − δ).

Lemma 4.28. Let δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞). As N −→ ∞,

sup
q∈[q1,q2]

sup
x∈Z

∣∣∣∣N3/2Pδ,q
N,sup

(
AN = qN2 + x

)
− l

c
(
sδ(q)

) ( x

N3/2

)∣∣∣∣ = O

(
(logN)4√

N

)
. (4.80)

The proof of this lemma can be found in Appendix B.5. We are now left with stating
the counterpart of Lemma 4.27 inside the AC phase, which ensures us that the endpoint
XN has variations of size

√
N around its mean under Pδ,q

N,sup.

Lemma 4.29. Let δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞). There exists C, c > 0 such that, for all
q ∈ [q1, q2] and b > 0,

lim sup
N→∞

Pδ,q
N,sup

(∣∣∣XN −Eδ,qN,sup (XN )
∣∣∣ ≥ b

√
N
)
≤ Ce−cb

2
. (4.81)

The proof of Lemma 4.29 is postponed to Appendix B.3. Note that the following equa-
tion, derived in (B.30), will be useful in the sequel:

Eδ,qN,sup (XN ) = O(1) +N

∫ 1

0
L′
(
δ − β

2
+ sδ,N (q)t

)
dt, as N → ∞. (4.82)
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Remark 4.30. We can actually deduce from (4.82) and Lemma 4.29 the limiting value
for the size of the (renormalized) last stretch when q > 0 is fixed. For δ > δ0(q) and XN

sampled from Pδ,q
N,sup, the following convergence in probability holds:

XN

N
→
∫ 1

0
L′
(
δ − β

2
+ sδ,N (q)t

)
dt as N → ∞. (4.83)

4.7. A-priori bounds on the horizontal extension. Let us recall the notation used in
(4.4).

Lemma 4.31. For (β, δ) ∈ Cgood, there exists 0 < a1 < a2 <∞ such that

Zo
L,β,δ = [1 + o(1)]Zo

L,β,δ(Nℓ ∈ [a1, a2]
√
L). (4.84)

We will see in the proof that the lower bound on Nℓ does not require that (β, δ) ∈ Cgood.

Proof. We split the proof into two parts, and prove that there there exists a function
g : R+ → R such that lim g(a1) = +∞ as a1 → 0, a function g̃ : R+ → R such that
lim g̃(a2) = +∞ as a2 → ∞, and L0 ≥ 0 such that, for L ≥ L0,

Zo
L,β,δ(Nℓ ≤ a1

√
L)e−βL ≤ e−g(a1)

√
L, (4.85)

Zo
L,β,δ(Nℓ ≥ a2

√
L)e−βL ≤ e−g̃(a2)

√
L. (4.86)

This is enough to conclude the proof: if we consider the trajectory B = ((−1)iN)i<N with
N = ⌊

√
L⌋, which we complete with an additional vertical stretch (not longer than N) if

some monomers remain, we obtain

Zo
L,β,δe

−βL ≥ Zo
L,β,δ(B)e−βL ≥ e−β

√
L. (4.87)

Combining (4.87) with (4.85) and (4.86) gives the desired result.

Let us now prove (4.85). Let a1 > 0 (to be specified later) and ε ≤ a1. By Lemma 3.2,
and since Γβ ≤ 1, we have

Zo
L,β,δ(Nℓ = ε

√
L)e−βL ≤ Eβ

(
e(δ−β/2)Xε

√
L1{Aε√L = L− ε

√
L}
)
. (4.88)

Using the tilting defined in (4.13), one has:

Zo
L,β,δ(Nℓ = ε

√
L)e−βL = P̃δ−β/2

(
Aε

√
L = L− ε

√
L
)(

Eβ

(
e(δ−β/2)U1

))ε√L
. (4.89)

Denoting (Ui)i≥1 the increments of the random walk X, one has that

{Aε√L = L− ε
√
L} ⊂

{
|U1|+ ...+ |Uε√L| ≥

√
L

2ε

}
, (4.90)

for L large enough. Hence, by Chernov’s bound, for every λ > 0:

P̃δ−β/2

(
Aε

√
L = L− ε

√
L
)
≤ exp

(
−λ

√
L

2ε
+ ε

√
L log

(
Ẽδ−β/2

(
eλ|U1|

)))
. (4.91)

Since Ẽδ−β/2

(
eλ|U1|

)
= 1 + λẼδ−β/2

(
|U1|

)
+ O(λ2) as λ → 0 and log(1 + x) ≤ 2x for x

small enough, we obtain for λ small enough:

P̃δ−β/2

(
Aε

√
L = L− ε

√
L
)
≤ exp

(
−λ

√
L

2ε
+ 2λε

√
LẼδ−β/2

(
|U1|

))
. (4.92)
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From (4.89) and (4.92) there indeed exists g : R+ → R such that

Zo
L,β,δ(Nℓ = ε

√
L)e−βL ≤ e−g(ε)

√
L and lim

ε−→0
g(ε) = +∞. (4.93)

Choosing a1 small enough completes this part of the proof.

Let us now move on to the proof of (4.86), starting again from the formula in Lemma 3.2.
If δ ≤ β/2, we simply bound the exponential therein by one and get

Eβ

(
e(δ−β/2)XN 1{AN = qN2, X[1,N ] > 0}

)
ΓNβ ≤ e−cN , with c = − log Γβ > 0, (4.94)

which is enough to conclude. Assume now that δ > β/2 and (β, δ) ∈ Cgood (defined in
(2.17)). Using Lemma 4.24, for every q > 0,

Eβ

(
e(δ−β/2)XN 1{AN = qN2, X[1,N ] > 0}

)
≤ (cst.)eNψ(q,δ). (4.95)

Using the function Tδ defined in (4.45), we therefore have for every a2 > 0,
L∑

N=a2
√
L

ΓNβ Eβ

(
e(δ−β/2)XN 1{AN = L−N,X[1,N ] > 0}

)
≤ (cst.)

∑
a∈[a2,∞)∩(N/

√
L)

e
√
LTδ(a).

(4.96)
Using (A.9) (proof of Lemma 4.16), one can see that lim

a−→∞
T ′
δ(a) < 0. Therefore, there exists

a3 > 0 such that T ′
δ(a) < (cst.) < 0 for all a ≥ a3, hence Tδ(a) ≤ Tδ(a3) + (cst.)(a − a3),

which settles (4.86). □

Remark 4.32. Combining the second equations in (4.84) with (4.5) we obtain also

Z̃ o
L,β,δ = (1 + o(1))

∑
a∈[a1,a2]∩(N/

√
L)

Γa
√
L

β Da
√
L(q(a, L), δ), (4.97)

with

q(a, L) :=
1

a2
− 1

a
√
L
. (4.98)

5. Proof of Theorems 2.3 and 2.4

5.1. Proof of Theorem 2.3. We will actually restrict the partition function to beads
during the proof and show in this section that the variational formula written in (2.19) is
the limit of (1/L) log Z̃ o

L,β,δ as L → ∞ instead of (2.4). This change is actually harmless,
since both the restricted and unrestricted partition functions have the same surface free
energy, as we shall establish in Theorem 2.5. Pick (β, δ) ∈ Cgood and recall the definition
of Tδ in (4.45). By Corollary 4.17, the maximum of Tδ is unique so that we may set

āβ,δ := argmax{Tδ(a), a ∈ (0,∞)}, (5.1)

and we write ā instead of āβ,δ when there is no risk of confusion. Let us now recall
Lemma 4.31 and point out that we may always enlarge the width of the interval [a1, a2]
given therein, if needed, so that (4.84) holds with ā ∈ (a1, a2). At this stage, we let āL be
the closest point of ā in N√

L
. Therefore |āL − ā| ≤ 1√

L
and there exists L0 ∈ N such that

āL ∈ (a1, a2) for every L ≥ L0. We proceed in two steps.
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(I) Let us start with the upper bound. We use (4.97) to state that

lim sup
L→∞

1√
L
log Z̃ o

L,β,δ = lim sup
L→∞

1√
L
log

∑
a∈[a1,a2]∩(N/

√
L)

Γa
√
L

β Da
√
L(q(a, L), δ), (5.2)

where, for every a ∈ [a1, a2] ∩ (N/
√
L) we have that q(a, L) ∈ [ 1

a21
, 1
a22
] and |q(a, L)− 1

a2
| ≤

1/(a2
√
L). Then, by Lemma 4.24,

lim sup
L→∞

1√
L
log Z̃ o

L,β,δ ≤ lim sup
L→∞

1√
L
log

∑
a∈[a1,a2]∩(N/

√
L)

Γa
√
L

β ea
√
Lψ(q(a,L),δ). (5.3)

We recall from Lemma 4.14 that q 7→ ψ(q, δ) is C 1 and therefore Lipshitz on [q1, q2] :=

[1/a21, 1/a
2
2]. Thus, there exists c > 0 such that for every L ∈ N and a ∈ [a1, a2] ∩ (N/

√
L)

we have
|ψ(q(a, L), δ)− ψ( 1

a2
, δ)| ≤ c√

L
. (5.4)

Thus, (5.3) becomes

lim sup
L→∞

1√
L
log Z̃ o

L,β,δ ≤ lim sup
L→∞

1√
L
log

∑
a∈[a1,a2]∩(N/

√
L)

e
√
LTδ(a). (5.5)

Recalling (5.1), we obtain for L large enough,∑
a∈[a1,a2]∩(N/

√
L)

e
√
LTδ(a) ≤ (a2 − a1)

√
Le

√
L
[
ā log Γβ+āψ(

1
ā2
,δ)
]
. (5.6)

It remains to combine (5.5) with (5.6) to assert that

lim sup
L→∞

1√
L
log Z̃ o

L,β,δ ≤ ā log Γβ + āψ( 1
ā2
, δ), (5.7)

which completes the proof of the upper bound.

(II) It remains to prove the lower bound. We first consider the case δ ̸= δ0(1/ā
2) =

β/2 − h̃(1/ā2)/2. More precisely we will focus on the case δ > δ0(1/ā
2) since the case

δ < δ0(1/ā
2) is dealt with in a similar manner. We recall (4.97) and we restrict the sum to

a = āL such that

lim inf
L→∞

1√
L
log Z̃ o

L,β,δ ≥ lim inf
L→∞

1√
L
log Γ āL

√
L

β DāL
√
L

(
q(āL, L), δ

)
. (5.8)

Since q 7→ h̃(q) is continuous, we can assert that there exists ε > 0 such that δ > δ0(q) :=
β
2 − h̃(q)

2 for every q ∈ ( 1
ā2

− ε, 1
ā2

+ ε). For L large enough, it comes straightforwardly that
|q(āL, L)−1/ā2| < ε, and therefore, thanks to Lemma 4.23, we may apply Proposition 4.22,
Case (3) to assert that there exists c > 0 such that for L large enough

Z̃ o
L,β,δ ≥

c

L3/4
Γ āL

√
L

β eāL
√
L ψ
(
q(āL,L),δ

)
. (5.9)

We take the logarithm on both sides in (5.9), divide by
√
L and use the continuity of

q 7→ ψ(q, δ) together with the fact that limL→∞ q(āL, L) = 1/ā2 to deduce that

lim inf
L→∞

1√
L
log Z̃ o

L,β,δ ≥ ā log Γβ + āψ( 1
ā2
, δ). (5.10)
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This completes the proof of the lower bound in the case δ ̸= δ0(1/ā
2).

It remains to obtain the lower bound in the case δ = δ0(1/ā
2). By monotonicity in δ and

using the above case, we can write for every n ∈ N that

lim inf
L→∞

1√
L
log Z̃ o

L,β,δ ≥ lim inf
L→∞

1√
L
log Z̃ o

L,β,δ− 1
n

(5.11)

= max
{
Tδ− 1

n
(a), a > 0

}
≥ Tδ− 1

n
(āβ,δ).

It remains to prove that, at x > 0 fixed, δ ∈ (0, β) → Tδ(x) is continuous to assert that
limn→∞ Tδ− 1

n
(ā) = Tδ(ā). Indeed, by (4.45), one can see that δ ∈ (0, β) → Tδ(x) is

continuous if and only if δ ∈ (0, β) → ψ(q, δ) is continuous. Recall the definition of ψ in
(2.15). One can see that ψ is continuous when δ ≤ δ0(q), as it is equal to ψ(q, 0). When
δ > δ0(q), δ → Hδ(x) is continuous, see (2.13), and δ → sδ(q) is continuous by Lemma
4.6 (recall that sδ = (H′

δ)
−1). Finally, δ ∈ (0, β) → ψ(q, δ) is also continuous at δ = δ0(q)

thanks to Lemma 4.21. This completes the proof of Theorem 2.3.

5.2. Proof of Theorem 2.4. (i) We start by proving (2.20) via upper and lower bounds.
Recall the definitions of δc(β) and Tδ in (2.6) and (4.45), and assume that δ > δ0(1/a

2
β) =

(β − h̃(1/a2β))/2. Then, Lemma 4.21 guarantees that ψ(1/a2β, δ) > ψ(1/a2β, 0). Therefore,
by Theorem 2.3, g(β, δ) ≥ Tδ(aβ) > T0(aβ) = g(β, 0), implying that

δc(β) ≤
β

2
−
h̃(1/a2β)

2
. (5.12)

Let us now assume by contradiction that this inequality is strict, i.e. there exists 0 < δ0 <
δ0(1/a

2
β) such that g(β, δ0) > g(β, 0). By (2.15) we may claim that Tδ0(aβ) = T0(aβ).

Moreover, since g(β, δ0) > g(β, 0), Theorem 2.3 yields that there exists a0 > 0 such that
a0 ̸= aβ and Tδ0(a0) > T0(aβ) = Tδ0(aβ). Assume that a0 < aβ (the proof is similar
otherwise). Since δ0 ≤ β/2, Lemma 4.15 yields that Tδ0 is strictly concave and we obtain,
for every ε > 0

0 >
Tδ0(aβ)− Tδ0(a0)

aβ − a0
>
Tδ0(aβ + ε)− Tδ0(aβ)

ε
≥
T0(aβ + ε)− T0(aβ)

ε
, (5.13)

where, for the last inequality, we have used that δ 7→ Tδ(a) is non-decreasing for every
a > 0. It remains to let ε→ 0 in the r.h.s. of (5.13) to obtain, on the one hand,

0 > lim
ε→0+

T0(aβ + ε)− T0(aβ)

ε
= (T0)

′
(aβ). (5.14)

On the other hand, (T0)
′
(aβ) = 0 since, by Lemmas 4.15 and 4.16, T0 is C 1 and reaches

its maximum on (0,∞) at aβ . We finally get the contradiction, which proves that the
inequality in (5.12) is actually an equality.
(ii) Let us now prove (2.22) and (2.23). Using Remark 4.20 and (B.1), one can see that:

− log Γβ = L(h/2) = log

(
1

cβ

(
1

1− e(h−β)/2
+

1

1− e(−h−β)/2 − 1

))
. (5.15)

By (2.2) and (2.20), we obtain:

eβ + 1 =
1

1− e−δc(β)
+

1

1− eδc(β)e−β
. (5.16)
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Letting u = exp(β/2) > 1 and X = exp(δc(β)), we are left to solve

u2 + 1 =
X

X− 1
+

u2

u2 − X
, (5.17)

that is
X2 −

(
u2 +

1

u2

)
X+ u2 = 0,

(
or X2 − 2 cosh(β)X+ eβ = 0

)
, (5.18)

for which we compute

∆(u) :=
(
u2 +

1

u2
− 2u

)(
u2 +

1

u2
+ 2u

)
. (5.19)

It turns out that

u4∆(u) = (u− 1)(u3 − u2 − u− 1)(u4 + 2u3 + 1) > 0 (5.20)

as soon as β > βc, see [10, p.19]. Therefore,

X = cosh(β)±
√
cosh(β)2 − eβ. (5.21)

Since δc(β) ≤ β/2, we readily obtain (2.22) and (2.23).
(iii) The proof of (2.24) (second-order transition) is quite computational, hence its proof is
postponed to Appendix D.2.

Let us end this section with a remark. Some of the observations made during the proof
of Item (ii) in Theorem 2.4 lead to the following:

Proposition 5.1. When β goes to infinity, qβ = 1 +O(β−2).

This implies that the horizontal extension of the polymer, after renormalization by
√
L,

converges to one for the model without the attractive wall, in the large β-limit. In other
words, the associated Wulff shape looks more and more like a square.

Proof of Proposition 5.1. Let us denote h := h̃(qβ) in this proof. By Remark 4.11 and the
lines below, h is defined by

qβ =

∫ 1

0
xL′
(
h
(
x− 1

2

))
dx. (5.22)

An integration by part gives:

qβ =
1

h
L
(h
2

)
− 1

h

∫ 1

0
L
(
h
(
x− 1

2

))
dx. (5.23)

We consider the first and second terms separately. By (2.20) and (2.22), we first obtain

h = β − 2e−β[1 +O(e−β)], as β → ∞. (5.24)

Using (5.15), (5.24) and the fact that − log Γβ = β +O(e−β/2), we have, for the first term,

1

h
L
(h
2

)
= 1 +O(e−β/2). (5.25)

Letting a := [1 − e(h−β)/2]−1 > 0 and b := [1 − e(−h−β)/2]−1 − 1 > 0 in (5.15), and using
that log(a) ≤ log(a+ b) ≤ log(a) + b/a, one has:

log

(
1

1− e(h−β)/2
+

1

1− e(−h−β)/2 − 1

)
= − log(1− e(h−β)/2) +O(e−β/2). (5.26)
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Using (5.26), the parity of L, and (5.24), we obtain, for the second term,

1

h

∫ 1

0
L
(
h
(
x− 1

2

))
dx =

2

h

∫ 1

1/2
L
(
h
(
x− 1

2

))
dx

=
2 +O(e−β/2)

β

∫ 1

1/2
− log(1− eh(x−1/2)−β/2)dx.

(5.27)

Letting u := eh(x−1/2)−β/2, we now write that

−
∫ 1

1/2
log
(
1− eh(x−1/2)−β/2

)
dx = −1

h

∫ e(h−β)/2

e−β/2

log(1− u)

u
du

≤ −1

h

∫ 1

0

log(1− u)

u
du =

π2

6h
.

(5.28)

Combining (5.22), (5.25), (5.27) and (5.28), we finally obtain:

qβ = 1 +O(β−2). (5.29)

□

6. Proof of Theorem 2.5

In order to obtain the asymptotics of the sequence of partition functions (ZL,β,δ)L∈N, we
will use three mains tools:

• the bead decomposition of the partition function introduced in Section 4.2;
• Proposition 6.1 stated below and proved in Section 6.4 that provides us with the

asymptotics of the partition function associated with the very first bead;
• Proposition 4.1 that provides the asymptotics of the partition function associated

with the beads that cannot touch the wall.

Proposition 6.1. For β > βc, we have in each of the three regimes, as L→ ∞:

(1) If δ < δc(β) then there exists a positive constant C−
β,δ such that

Z̄ o
L,β,δ ∼

L→∞

C−
β,δ

L3/4
eβL+g(β,0)

√
L. (6.1)

(2) If δ = δc(β) then there exists a positive constant Ccrit
β,δ such that

Z̄ o
L,β,δ ∼

L→∞

Ccrit
β,δ√
L
eβL+g(β,δ)

√
L. (6.2)

(3) If δ > δc(β) and (β, δ) ∈ Cgood then there exists a positive constant C+
β,δ such that

Z̄ o
L,β,δ ∼

L→∞

C+
β,δ√
L
eβL+g(β,δ)

√
L. (6.3)

Let us now prove Theorem 2.5 subject to Proposition 6.1.
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6.1. Proof of (2.27): Supercritical case. Let (β, δ) ∈ Cgood and δ > δc(β). We define

ζβ := argcosh(e−β/2 cosh(β)) (6.4)

and introduce a probability measure on N:

µ2(n) := C−1
0 Ẑ◦

n,βe
−βn, with C0 =

(
1 +

2e−β

1− e−β

)(
eβ − 1− eζβ+β/2

)
. (6.5)

It is indeed a probability thanks to [11, (4.8)] and C0 < 1 for every β > βc [11, Corollary
3.3]. We also state a lemma that will be proven at the end of this section:

Lemma 6.2. For (β, δ) ∈ Cgood

R(β, δ) :=
∑
L≥2

Z̄◦
L,β,δe

−βL = K̄β,δ +
e−β

1− e−β
K̄β,0, (6.6)

with

K̄β,δ =

2(e
δ−β/2−ζβ−eδ−β)

1−eδ−β/2−ζβ
when δ < ζβ + β/2

+∞ otherwise.
(6.7)

Hence, we introduce another probability measure, when δ < ζβ + β/2:

µ3(n) := R(β, δ)−1Z̄◦
n,β,δe

−βn. (6.8)

We now prove that:

ZL,β,δ ≤ eβL+g(β,δ)
√
L

C+
β,δ√

L(1− C0)
(
1− e−β

)(1 + o(1)) (6.9)

and that

ZL,β,δ ≥ eβL+g(β,δ)
√
L

C+
β,δ√

L(1− C0)
(
1− e−β

)(1 + o(1)), (6.10)

the combination of which settles (2.27). Beforehand, we state a useful inequality: using the
sub-exponential asymptotics of Z̄◦

L,β,δe
−βL in (6.3), there exists ε1 : N → R+, ε2 : N → R+

and (ML)L∈N a sequence of integer such that ML → ∞ with ML = o(L), ε1(L), ε2(L) → 0,
and

∀ k ∈ [0,ML], (1−ε1(L))Z̄◦
L,β,δe

−βL ≤ Z̄◦
L−k,β,δe

−β(L−k) ≤ (1−ε2(L))Z̄◦
L,β,δe

−βL. (6.11)

Proof of (6.9). Since C0 < 1, the series
∑
r≥0

Cr0µ
r∗
2 [1,∞] converges. Therefore, for all ε > 0

there exists K > 0 such that
∑
r≥0

Cr0µ
r∗
2 [K,∞] < ε. We start from (4.11). The proof depends

on the sign of g(β, δ):

(i) If g(β, δ) > 0 then, by (6.3), e−βt1Z̄◦
t1,β,δ

∼t1

C+
β,δe

g(β,δ)
√

t1

√
t1

, which is a nondecreasing
sequence diverging to +∞. Hence, there exists ε : N 7→ R+ such that ε(t1) → 0 as t1 → +∞

and, for all t1 ∈ N, e−βt1Z̄◦
t1,β,δ

≤ (1+ ε(t1))
C+

β,δe
g(β,δ)

√
t1

√
t1

and
{
(1+ ε(t1))

C+
β,δe

g(β,δ)
√

t1

√
t1

}
t1∈N



IPDSAW INTERACTING WITH A VERTICAL WALL 36

is a nondecreasing sequence. Therefore,

ZcL,β,δ = eβL
L/2∑
r=1

∑
t1+···+tr=L

e−βt1Z̄◦
t1,β,δ

r∏
j=2

Ẑ◦
tj ,β

e−βtj

≤ (1 + ε(L))eβL+g(β,δ)
√
L
C+
β,δ√
L

L/2∑
r=1

∑
t1+···+tr=L

r∏
j=2

Ẑ◦
tj ,β

e−βtj

by (6.5)
≤ (1 + ε(L))eβL+g(β,δ)

√
L
C+
β,δ√
L

(
1 +

∑
r≥1

Cr0µ
r∗
2 ([1, L])

)
.

(6.12)

To conclude, one can observe that

ZL,β,δe
−βL =

L∑
k=0

e−βk(e−β(L−k)ZcL−k,β,δ), (6.13)

where k is the number of zero-length stretches at the end of the polymer, and use dominated
convergence.
(ii) If g(β, δ) < 0, using Lemma 6.2, one has :

ZcL,β,δ = eβLR(β, δ)
∑
r≥0

Cr0(µ3 ∗ µr∗2 )(L). (6.14)

To compute this sum, we use [7, Corollary 4.13 and Theorem 4.14] that stands the two
following claims:

Claim 6.3. For β > 0, r ≥ 0 and δ ∈ [δc(β), ζβ+δ/2), it holds that µ3∗µr∗2 (n) ∼n
eg(β,δ)

√
n

√
n

.

Claim 6.4. For β > 0, ε > 0 and δ ∈ [δc(β), ζβ+δ/2), there exists n0(ε) ∈ N and C(ε) > 0
such that

µ3 ∗ µr∗2 (n) ≤ C(ε)(1 + ε)r
eg(β,δ)

√
n

√
n

, n ≥ n0(ε), r ∈ N ∪ {0}. (6.15)

Dominated convergence gives

ZcL,β,δ = eβL+g(β,δ)
√
L

C+
β,δ√

L(1− C0)
. (6.16)

Equation (6.13) concludes.
(iii) When g(β, δ) = 0, we decompose the partition function according to the extended
beads and split the sum according to whether the volume of the first bead is smaller or
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greater than L−
√
L:

ZcL,β,δ = eβL
L/2∑
r=1

∑
t1+···+tr=L

e−βt1Z̄◦
t1,β,δ

r∏
j=2

Ẑ◦
tj ,β

e−βtj

≤ eβL
C+
β,δ√
L
(1 + o(1))

∑
r≥0

Cr0µ
r∗
2 ([1,

√
L]) + eβL

L/2∑
r=1

L−
√
L∑

t1=1

∑
t2+···+tr=L−t1

r∏
j=2

Ẑ◦
tj ,β

e−βtj

≤ eβL
C+
β,δ√

L(1− C0)
(1 + o(1)) + CLeβL+g(β,0)L

1/4

≤ eβL
C+
β,δ√

L(1− C0)
(1 + o(1)),

(6.17)
having used that g(β, 0) < 0.

This completes the proof of (6.9). □

Proof of (6.10). Recalling (6.11) and restricting the sum in (4.11) to t1 ≥ L − ML, we
obtain :

ZcL,β,δ ≥ eβLZ◦
L,β,δ(1− ε1(L))

∞∑
r=0

Cr0µ
r∗
2 ([1,ML]) ≥

eβLZ◦
L,β,δ(1− ε1(L))

1− C0
(1+ o(1)). (6.18)

To conclude, one can use (6.13). □

Using (6.9) and (6.10), we therefore have, with C0 defined in (6.5) and C+
β,δ in (6.3):

Kβ,δ =
C+
β,δ

(1− C0)
(
1− e−β

) . (6.19)

Proof of Lemma 6.2. We take large inspiration from the proof of [11, Lemma 3.2]. Recalling
that

Z◦
L,β,δe

−βL =

L/2∑
N=1

ΓNβ Eβ

(
e(δ−β/2)XN 1{X[1,N ] > 0, AN = L−N}

)
, (6.20)

a computation gives:
∞∑
L=2

Z◦
L,β,δe

−βL = 2
∑
N≥1

ΓNβ
∑

L≥2N−1

∑
k∈N

e(δ−β/2)kPβ

(
X[1,N−1] > 0, XN = k,AN = L−N

)
= 2
∑
k≥1

e(δ−β/2)k
∑
N≥1

ΓNβ Pβ

(
XN = k,X[1,N−1] > 0

)
= 2
∑
k≥1

e(δ−β/2)k
∑
N≥1

ΓNβ Pβ

(
XN = −k,X[1,N−1] > −k

)
,

(6.21)
having used the time-reversal property for the last equality. Defining ρk = inf{i ≥ 1 : Xi ≤
−k}, it comes:

∞∑
L=2

Z◦
L,β,δe

−βL = 2
∑
k≥1

e(δ−β/2)kEβ

(
Γρkβ 1{Xρk=−k}

)
. (6.22)
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We denote rβ,k := Eβ

(
Γρkβ 1{Xρk=−k}

)
. We now compute Eβ

(
Γρkβ

)
, which will lead us

to have an exact expression of rβ,k. First, we remark that, because the increments of
X follow discrete Laplace law, (ρk, X1, ..., Xρk−1) and Xρk are independent, and −Xρk =

k + G(1− e−β/2), with G(.) a geometric law over N ∪ {0}. Reminding that Γβ = cβ/e
β :

Eβ

(
Γρkβ

)
=

rβ,k

Pβ

(
Xρk = −k

) =
rβ,k

1− e−β/2
. (6.23)

Thanks to [11, (3.23)], (e−ζβXn+log(Γβ)n)n∈N is a martingale. A stopping-time argument
therefore gives:

Eβ

(
Γρkβ

)
= Eβ

(
e−ζβXρk

)−1
= e−kζβ

1− eζβ−β/2

1− e−β/2
. (6.24)

Hence, rβ,k = e−kζβ (1− eζβ−β/2). Note that the polymer does not interact with the wall if
the first stretch is zero. Hence, using (4.9) at the first line and a change of variable at the
second line:

∑
L≥2

Z̄◦
L,β,δe

−βL =
∑
L≥2

e−βLZ◦
L,β,δ +

∑
L≥2

L−2∑
k=1

e−βLZ◦
L−k,β,0

=
∑
L≥2

e−βLZ◦
L,β,δ +

e−β

1− e−β

∑
L≥2

e−βLZ◦
L,β,0.

(6.25)

A geometric sum gives (6.6). □

6.2. Proof of (2.26): Critical case. To prove (2.26), one can use the exact same ideas
and nothing changes much. Henceforth,

Kβ,δ =
Ccrit
β,δ

(1− C0)
(
1− e−β

) , (6.26)

with C0 defined in (6.5) and Ccrit
β,δ in (6.54).

6.3. Proof of (2.25): Subcritical case. We have to change our strategy to prove (2.25).
Indeed, in this case, the contribution from the first bead does not dominate the total
partition function. We start with computation of Z̄◦

L,β,δ:

Lemma 6.5. With C−
β,δ defined in (6.74),

Z̄◦
L,β,δ ∼

L−→∞

K̄β,δ

L3/4
eβL+g(0,β)

√
L, (6.27)

with K̄β,δ = C−
β,δ + eβ(1− e−β)−1Cβ,0.

Proof of Lemma 6.5. The proof is identical to the one from [11, Corollary 4.2]. To remind
it briefly, we denote h(L) := L−3/4e

√
Lg(0,β). Noticing that h(L) ∼ h(L − k) as L → ∞,

dominated convergence implies that

e−βL

h(L)
Z̄◦
L,β,δ =

e−βL

h(L)
Z◦
L,β,δ +

L−2∑
k=1

e−βk
e−β(L−k)

h(L)
Z◦
L−k,β,0

L→∞−→ C−
β,δ +

eβ

1− e−β
Cβ,0. (6.28)

□
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We now move on to the computation of ZL,β,δ . By doing the same as (4.5) to (4.15) in
[11], one can have

ZL,β,δ =
Kβ,δ

L3/4
eβL+

√
Lg(β,δ), (6.29)

with C0 defined in (6.5) and

Kβ,δ =
1

1− e−β

(
K̄β,δ

1−K2
+
K1R(β, δ)

(1− C0)2

)
. (6.30)

C0 defined in (6.5) and K1 :=
1+e−β

2(1−e−β)
C−
β,0.

6.4. Proof of Proposition 6.1. To prove this proposition, we first work on Z̃o
L,β,δ, that

is the partition function of a (simple) bead. It will be then necessary to consider the zero
horizontal segments at the beginning of the polymer, which will be addressed in Lemma
6.13, see Section 6.8 below.

Thanks to Lemma 4.31, it suffices to consider the partition function restricted to those
trajectories with a horizontal extension in [a1, a2]

√
L. The unique maximizer of Tδ (see

Corollary 4.17 and (5.1)) is denoted by ā instead of āβ,δ in the present proof, for ease of
notation. Provided we enlarge a little bit the interval [a1, a2] above, we may always assume
that ā ∈ (a1, a2). Let us pick b, η > 0 and set, for L ∈ N,

TL := [a1, a2] ∩
N√
L
,

Sη,L :=
[
ā− η, ā+ η

]
∩ N√

L
,

Rb,L :=
[
ā− b

L1/4
, ā+

b

L1/4

]
∩ N√

L
. (6.31)

The structure of the proof for the supercritical case (Section 6.5), the critical case (Sec-
tion 6.6) and the subcritical case (Section 6.7) are the same: we first show in Claim 6.6
that the partition function can be restricted to Sη,L for any η > 0. The proof of this part is
common to all three cases. Then, we prove that the partition function can be restricted to
Rb,L, which finally enables us to provide the desired sharp asymptotics. Those two parts
require specific ideas, which are displayed in the following sections. Throughout the rest of
the section we shall use the notation qa,L defined in (4.98).

Claim 6.6. For every η > 0, there exists γ > 0 such that for L ∈ N,

Z̃o
L,β,δ(Nℓ/

√
L ∈ TL \ Sη,L) ≤ e

√
LTδ(ā)e−γ

√
L. (6.32)

Proof of Claim 6.6. We combine Lemma 4.24 with (5.4) to obtain that there exists c > 0

such that for every L ∈ N and a ∈ [a1, a2] ∩ (N/
√
L) we have

Da
√
L(qa,L, δ) ≤ cea

√
Lψ(qa,L,δ)

≤ cea
√
Lψ( 1

a2
,δ). (6.33)

From (4.5) and (6.33) we deduce that

Z̃ ◦
L,β,δ(Nℓ/

√
L ∈ TL \ Sη,L) ≤ 2c

∑
a∈TL\Sη,L

e
√
LTδ(a). (6.34)

By uniqueness of the maximizer of Tδ on (0,∞), see (5.1), we have sup{Tδ(a), a /∈ [ā −
η, ā+ η]} < Tδ(ā), which completes the proof. □
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6.5. Proof of (6.3): Supercritical case. Let (β, δ) ∈ Cgood. The proof of (6.3) is a
straightforward consequence of Lemma 6.13, Claim 6.6, and the two following claims.

Claim 6.7. For every ε > 0 and η > 0, there exists b > 0 such that for L ∈ N,

Z̃o
L,β,δ(Nℓ/

√
L ∈ Sη,L \ Rb,L) ≤

ε√
L
e
√
LTδ(ā). (6.35)

Claim 6.8. There exists m : (0,∞) 7→ (0, 1) such that limb→∞m(b) = 1 and such that for
every b > 0,

Z̃o
L,β,δ

(
Nℓ/

√
L ∈ Rb,L

)
= (1 + oL(1))m(b)

c3,β,δ√
L
e
√
LTδ(ā) (6.36)

where oL(1) depends on b and c3,β,δ := κ0
(
h̃(ā−2)

)
ξ
(
ā−2, δ

)
e∂1ψ(ā

−2,δ)
√

2π
−T ′′

δ (ā)
.

Proof of Claim 6.7. Since δ > δc(β) we may use Theorem 2.3 and (2.6) to get that

Tδ(ā) = max{Tδ(a), a > 0} > max{T0(a), a > 0} ≥ T0(ā). (6.37)

As a consequence, ψ(1/ā2, δ) > ψ(1/ā2, 0) which, with the help of (2.15), guarantees that

δ > δ0(1/ā
2) :=

β

2
− h̃(1/ā2)

2
. (6.38)

For a given η > 0, a ∈ Sη,L implies that

qa,L = 1
a2

− 1
a
√
L
∈ [(ā+ η)−2 − η, (ā− η)−2 + η], (6.39)

provided L is chosen large enough. By continuity of q 7→ h̃(q) and (6.38), we obtain that
δ > δ0(qa,L) for every a ∈ Sη,L, provided L is large and η > 0 is small enough. We can
therefore use Item (3) in Proposition 4.22 for every a ∈ Sη,L to get that there exists c1 > 0
such that for L ∈ N,

Z̃◦
L,β,δ(Nℓ/

√
L ∈ Sη,L \ Rb,L) =

∑
a∈Sη,L\Rb,L

(Γβ)
a
√
LDa

√
L(qa,L, δ)

≤ c1

L3/4

∑
a∈Sη,L\Rb,L

e
√
L
[
a log Γβ+aψ(qa,L,δ)

]
. (6.40)

At this stage we split the sum in the r.h.s. in (6.40) into AL +BL where

AL :=
∑

a∈[ā−η,ā− b

L1/4
]∩ N√

L

e
√
L
[
a log Γβ+aψ(qa,L,δ)

]
(6.41)

BL :=
∑

a∈[ā+ b

L1/4
,ā+η]∩ N√

L

e
√
L
[
a log Γβ+aψ(qa,L,δ)

]
.

We only consider AL in the rest for the proof since BL is dealt with in a completely similar
manner. With (5.4) we assert that there exists c3 > 0 such that |ψ(qa,L, δ)−ψ( 1

a2
, δ)| ≤ c3√

L
Consequently, there exists c4 > 0 such that

AL ≤ c4
∑

a∈[ā−η,ā− b

L1/4
]∩ N√

L

e
√
LTδ(a) = c4e

√
LTδ(ā)

∑
a∈[ā−η,ā− b

L1/4
]∩ N√

L

e
√
L[Tδ(a)−Tδ(ā)]. (6.42)
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By Lemma 4.15, there exists c > 0 such that T ′′
δ (a) ≤ −c, for all a in any compact subset

of (0, 1/
√
q∗δ ) =: (0, a∗). Moreover, by Lemma 4.23, we have ā < a∗. Therefore,

AL ≤ c4e
√
LTδ(ā)

∑
a∈[ā−η,ā− b

L1/4
]∩ N√

L

e−
c
2
(a−ā)2

√
L. (6.43)

The sum in the r.h.s. of (6.43) may then be bounded from above by∑
n≥bL1/4

e
− c

2
( n

L1/4
)2

= L1/4

∫ ∞

b
e−

c
2
x2dx (1 + o(1)). (6.44)

The claim follows by combining (6.40)–(6.44). □

Proof of Claim 6.8. We start by defining (omitting some parameters for conciseness):

Z̃+
L,b := Z̃◦

L,β,δ

(
Nℓ/

√
L ∈ Rb,L

)
=

∑
a∈Rb,L

(Γβ)
a
√
LDa

√
L(qa,L, δ). (6.45)

We observe that there exists c6 > 0 such that |qa,L− 1
ā2
| ≤ c6/L

1/4 for a ∈ Rb,L. Thus, since
h 7→ κ0(h) and q 7→ h̃(q) are continuous (see Lemma 4.4, Lemma 4.10 and Remark 4.11)
we deduce from Item (3) in Proposition 4.22 that

Da
√
L(qa,L, δ) = κ0(h̃( 1

ā2
))

ξ( 1
ā2
, δ)

(a
√
L)3/2

eaψ(qa,L,δ)
√
L (1 + o(1)) (6.46)

with o(1) uniform in a ∈ Rb,L. Lemma 4.14 and a Taylor expansion gives∣∣∣ψ(qa,L, δ)− ψ
(

1
a2
, δ
)
+ ∂1ψ

(
1
a2
, δ
)

1
a
√
L

∣∣∣ ≤ 1
a
√
L

sup
t∈[0,1]

∣∣∣∂1ψ( 1
a2

− t
a
√
L
, δ
)
− ∂1ψ

(
1
a2
, δ
)∣∣∣

(6.47)
that is o( 1√

L
) uniformly in a ∈ [ā− b

L1/4 , ā+
b

L1/4 ]. This allows us to rewrite (6.45) as

Z̃+
L,b = (1 + o(1))

κ0(h̃( 1
ā2
)) ξ( 1

ā2
, δ)

ā3/2L3/4
e∂1ψ

(
1
ā2
,δ
) ∑
a∈Rb,L

e
√
LTδ(a). (6.48)

At this stage, we recall that ā is the maximizer of Tδ on (0,∞). Thus, (Tδ)
′
(ā) = 0 and

Tδ(a) = Tδ(ā) +
1
2(Tδ)

′′
(ā)(a− ā)2 + o((a− ā)2). (6.49)

As a consequence, we can rewrite (6.48) as

Z̃+
L,b = (1 + o(1))

c3,β,δ

ā3/2L3/4
e
√
LTδ(ā)

∑
a∈Rb,L

e
1
2
(Tδ)

′′
(ā)(a−ā)2

√
L. (6.50)

We finally set v = −(Tδ)
′′
(ā) > 0 and compute by a Riemann sum approximation:

lim
L→∞

1

L1/4

∑
a∈Rb,L

e
1
2
(Tδ)

′′
(ā)(a−ā)2

√
L =

∫ b

−b
e−

1
2
vx2 dx =

√
2π

v

∫ √
vb

−
√
vb
e−

1
2
u2 du√

2π
. (6.51)

□
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6.6. Proof of (6.2): Critical case. Analogously to Section 6.5, the proof of (6.2) is a
consequence of Lemma 6.13, Claim 6.6, and the two following claims:

Claim 6.9. For every ε > 0 and every η > 0, there exists b > 0 such that for L ∈ N,

Z̃◦
L,β,δ(Nℓ/

√
L ∈ Sη,L \ Rb,L) ≤

ε√
L
e
√
LTδ(ā). (6.52)

Claim 6.10. There exists m : (0,∞) 7→ (0, 1) such that limb→∞m(b) = 1 and such that
for every b > 0,

Z̃◦
L,β,δ(Nℓ/

√
L ∈ Rb,L) = (1 + oL(1))m(b)

Ccrit
β,δ,b√
L

eg(β,δ)
√
L, (6.53)

where oL(1) depends on b, and

Ccrit
β,δ,b =

(1 + o(1))κ0(h̃(q̄)/2)eh̃(q̄)

ā3/22π
√
det

√
L

∫ ∞

−∞
e−γt

2

∫ ∞

0
exp

(
− α0

2 det

(
z +

α12t

α2ā5/2

)2
)
dzdt,

(6.54)
with q̄ = 1/ā2, det := det[B(h̃(q̄, 0))] (see (4.73)) and γ = q̄3/2h̃(q̄)

(
1 + q̄

2L′(h̃(q̄)/2)

)
.

Proof of Claim 6.9. Let us first remind from Remark 4.11 that q 7→ h̃(q) is increasing. The
proof of Claim 6.9 requires more attention, as we have to treat separately the cases a < ā
and a > ā. We therefore set

AL :=
∑

a∈[ā−η,ā− b

L1/4
]∩ N√

L

(Γβ)
a
√
LDa

√
L(qa,L, δ), (6.55)

and
BL :=

∑
a∈[ā+ b

L1/4
,ā+η]∩ N√

L

(Γβ)
a
√
LDa

√
L(qa,L, δ). (6.56)

(i) Let us start with (6.56). Using Lemma 4.9 and removing the condition X[1,a
√
L] > 0,

one can see that

Da
√
L(qa,L, δ) ≤ ceaψ(qa,L,0)

√
LP

a
√
L,h̃(qa,L)

(Aa
√
L = qa,La

2L). (6.57)

We now use Lemma 4.26 to bound from above this probability. Note that h̃(qa,L) = hq
′

a
√
L

for a certain q′ verifying |qa,L − q′| ≤ (cst.)/(a
√
L), by Proposition 4.12. Hence, using

Lemma 4.26 with this q′, we get that there exists c > 0 such that, uniformly in a ∈ [a1, a2]
such that a ≤ ā,

Da
√
L(qa,L, δ) ≤

c

L3/4
eaψ(qa,L,0)

√
L. (6.58)

The same ideas as displayed between (6.40) and (6.44) end the proof.
(ii) Let us now move on to (6.55). Using (4.69) with q = qa,L and N = a

√
L, and deleting

the condition X[1,N ] > 0, we may write

Da
√
L(qa,L, δ) ≤ (cst.)Pδ,q

N,sup

(
AN = qa,La

2L
)
eaψ(qa,L,δ)

√
L. (6.59)

Using Lemma 4.28, one has that there exists c > 0 such that, uniformly in a ∈ [a1, a2] such
that a ≥ ā,

Da
√
L(qa,L, δ) ≤

c

L3/4
eaψ(qa,L,δ)

√
L. (6.60)

The same ideas as displayed between (6.40) and (6.44) end the proof. □
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Proof of Claim 6.10. We compute:

Z̃◦
L,β,δ(Nℓ/

√
L ∈ Rb,L) =

∑
a∈Rb,L

(Γβ)
a
√
LDa

√
L(qa,L, δ). (6.61)

Let q̄ = 1/ā2. We start by computing:∑
|k|≤bL1/4 :

N(k)=ā
√
L+k∈N

(Γβ)
N(k)Eβ

(
e(δ−β/2)XN(k)1{AN(k)=L−N(k)}

)
. (6.62)

Expanding the following expression as L→ ∞, we note that

L−N(k) = q̄N(k)2 + cN(k)3/2, (6.63)

with

c = −
( 1

ā1/2
+

2k

ā5/2

) 1

L1/4
+
( k

2ā3/2
+

2k2

ā7/2

) 1

L3/4
+O

( 1

L5/4

)
.

cN(k)1/2 = −1− 2k

ā2
+

k2

ā3L1/2
+O

( 1
L

)
.

(6.64)

Recall Proposition 4.25 and all definitions therein. We set and compute:
α0 =

∫ 1
0 L′′(h̃(q̄)(x− 1/2))dx = 2L′(h̃(q̄)/2)/h̃(q̄),

α1 =
∫ 1
0 xL

′′(h̃(q̄)(x− 1/2))dx = L′(h̃(q̄)/2)/h̃(q̄),

α2 =
∫ 1
0 x

2L′′(h̃(q̄)(x− 1/2))dx = (L′(h̃(q̄)/2)− 2q̄)/h̃(q̄),

(6.65)

and we set

det := det[B(h̃(q, 0))], where B(h̃(q, 0)) =

(
α2 α1

α1 α0

)
. (6.66)

Using (4.64) and expanding the scalar product in (4.74), the sum in (6.62) is shown to be
asymptotically equivalent to

κ0(h̃(q̄)/2)

ā3/2L3/4

∑
|k|≤bL1/4 :

N(k)=ā
√
L+k∈N

exp
(
[log Γβ + ψ(q̄, 0)]N(k)− ch̃(q̄)N(k)1/2 − c2

2α0

)

×
∫ ∞

0
exp

(
− α0

2 det

(
z − c

α1

α0

)2) dz

2π
√
det

.

(6.67)

By (6.64), one has:

−ch̃(q̄)N(k)1/2 − c2

2α0
= h̃(q̄) +

2kh̃(q̄)

ā2
− k2√

L

(
h̃(q̄)

ā3
+

2

ā5α0

)
+ o(1), (6.68)

where we neglected the terms which vanish as L→ ∞, uniformly in |k| ≤ bL1/4. Therefore,
the sum in (6.67) is equal to:

eh̃(q̄)
∑

|k|≤bL1/4 :

N(k)=ā
√
L+k∈N

exp

(
k
(
log Γβ + ψ(q̄, 0) + 2

h̃(q̄)

ā2

)
− k2√

L

( h̃(q̄)
ā3

+
1

ā5α0

))

×
∫ ∞

0
exp

(
− α0

2 det

(
z − c

α1

α0

)2
)

dz

2π
√
det

.

(6.69)
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The terms in front of k in the exponential turn out to cancel out. Indeed,

log Γβ + ψ(q̄, 0) + 2
h̃(q̄)

ā2
= log Γβ + G(h̃(q̄)) + q̄h̃(q̄) by (2.15),

= log Γβ + L(h̃(q̄)/2) by (4.57),
= 0 by Remark 4.20.

(6.70)

As for the coefficient in front of −k2/
√
L, we obtain

h̃(q̄)

ā3
+

1

ā5α0
= q̄3/2h̃(q̄)

(
1 +

q̄

2L′(h̃(q̄)/2)

)
=: γ > 0. (6.71)

We therefore get that (6.67) is asymptotically equivalent to:

κ0(h̃(q̄)/2)eh̃(q̄)

2πā3/2
√
det×L

e
√
LTδ(ā)

∫ b

−b
e−γt

2

∫ ∞

0
exp

(
− α0

2 det

(
z +

2

ā5/2
α1

α0
t
)2)

dzdt. (6.72)

□

6.7. Proof of (6.1): Subcritical case. Let δ < δc(β). Analogously to the two previous
sections, the proof of (6.1) is a consequence of Lemma 6.13, Claim 6.6, and the two following
claims:

Claim 6.11. For every ε > 0 and every η > 0, there exists b > 0 such that for L ∈ N,

Z̃ o
L,β,δ(Nℓ/

√
L ∈ Sη,L \ Rb,L) ≤

ε

L3/4
e
√
LTδ(ā). (6.73)

Claim 6.12. There exists m : (0,∞) 7→ (0, 1) such that limb→∞m(b) = 1 and such that
for every b > 0,

Z̃ o
L,β,δ(Nℓ/

√
L ∈ Rb,L) = (1 + oL(1))m(b)

C−
β,δ

L3/4
eg(β,0)

√
L, (6.74)

with C−
β,δ = Cβ,1/ā2,δ

√
2π

|T ′′
δ (ā)| , Cβ,1/ā2,δ defined in (4.63) and the oL(1) depends on b.

The proofs of Claim 6.12 follow that of Claim 6.8. The prefactor 1/L3/4 in (6.74) instead
of 1/L1/2 in the critical and supercritical regimes comes from the application of Item (1)
in Proposition 4.22, which carries a prefactor 1/N2 instead of the 1/N3/2 present in Items
(2) and (3). We thus focus on:

Proof of Claim 6.11. The line of proof follows that of Claim 6.7. By the definition of δ0(q)
in (2.16) and Theorem 2.4, δ0(1/ā2) = δc(β) > δ. Since a → δ0(1/a

2) is continuous in
a, there exists a constant ν0 > 0 such that, for every ν < ν0 and a ∈ [ā − ν, ā + ν],
δ0(1/a

2) < δc(β). Hence, picking ν smaller than ν0 and using Item (1) instead of Item (3)
in Proposition 4.22, we get the claim, following the same ideas as in (6.40)–(6.44). □

6.8. Conclusion : from beads to extended beads. We may finally conclude the proof
of Proposition 6.1 by proving the following:

Lemma 6.13. We have

Z̄ o
L,β,δ = eβL

(
Z̃ o
L,β,δ + [1 + o(1)]

e−β

1− e−β
Z̃ o
L,β,0

)
, L→ ∞. (6.75)

Moreover, when δ ≥ δc(β),

Z̄ o
L,β,δ = eβLZ̃ o

L,β,δ[1 + o(1)], L→ ∞. (6.76)
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Proof of Lemma 6.13. The proof follows from (i) the decomposition of Z̄ o
L,β,δ in (4.9), (ii)

the asymptotics in Claim 6.12 and (iii) and application of the dominated convergence the-
orem, in the same fashion as in the proof of Lemma 6.5. □

7. Proof of Proposition 4.22: Sharp asymptotics of the auxiliary partition
functions

In this section we prove Proposition 4.22 in several steps. We recall that the aim is
to provide sharp asymptotics for the auxiliary partition functions introduced in (4.1) in
terms of the function ψ defined in (2.15). The proof is close in spirit to [11, Section 5]. In
complement to the event VN,k,+ defined in (4.2), we define, for N, k, x ∈ N3,

VxN,k = {XN = x, AN = k, Xi > 0, 0 < i < N}, (7.1)

so that
VN,k,+ =

⋃
x∈N

VxN,k. (7.2)

This section is divided into subsections corresponding to the different items in Proposi-
tion 4.22.

7.1. Proof of Item (1): the subcritical regime. In this regime, only small changes are
required to make the proof in [11, Section 5] work. For the purpose of the proof we set:

ũ := δ − δ0(q) = δ − β

2
+
h̃(q)

2
< 0. (7.3)

We divide the proof into four steps. In the first step, we present a decomposition of the
partition function that is suitable for computations. In Step 2, we compute the main term.
In Step 3, we prove Lemma 4.4, that we use to compute the main term. In Step 4, we
handle the error term.

Step 1 : Decomposition of the auxiliary partition function and main ideas . Using (7.3) and
the fact that AN = qN2 on the event under consideration, we get

DN (q, δ) = Eβ

(
e(δ−β/2)|XN |1{VN,qN2,+}

)
= Eβ

(
e

(
ũ+

h̃(q)
2N

)
XN e

h̃(q)
N

AN− h̃(q)
2 (1+ 1

N )XN 1{VN,qN2,+}

)
e−qh̃(q)N .

(7.4)

Recall the definition of En,h in (4.40). Since ũ < 0, there exists N0 ∈ N and c > 0 that
depends on δ only such that, for all N ≥ N0,

Eβ

(
e

(
ũ+

h̃(q)
2N

)
XN e

h̃(q)
N

AN− h̃(q)
2 (1+ 1

N )XN 1{VN,qN2,+}

)
= E

N,h̃(q)
e

(
ũ+

h̃(q)
2N

)
XN 1{VN,qN2,+}e

NGN (h̃(q))

=
[
E
N,h̃(q)

e

(
ũ+

h̃(q)
2N

)
XN 1{VN,qN2,+, XN≤c logN} +O

(
N−3

) ]
eNGN (h̃(q)).

(7.5)

Therefore, it remains to prove that

E
N,h̃(q)

e

(
ũ+

h̃(q)
2N

)
XN 1{VN,qN2,+, XN≤c logN} =

Cβ,q,δ
N2

(1 + o(1)). (7.6)

Indeed, combining (7.4), (7.5) and recalling from (2.15) that ψ(q, δ) = ψ(q, 0) = −qh̃(q) +
G(h̃(q)) when δ ≤ δ0(q) leads to the desired result. For the rest of the proof we focus
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on obtaining (7.6). Using the change of measure used above in the opposite direction, we
retrieve:

E
N,h̃(q)

e

(
ũ+

h̃(q)
2N

)
XN 1{VN,qN2,+, XN≤c logN}e

ψ(δ,0)N

= Eβ

(
e(δ−β/2)XN 1{VN,qN2,+, XN≤c logN}

)
.

(7.7)

Recall the definition of hqN below Lemma 4.10. We now set aN := (logN)2 and define two
boxes:

CN :=
[
EN,hqN

(XaN )− (aN )3/4 ,EN,hqN (XaN ) + (aN )3/4
]

DN :=
[
EN,hqN

(AaN )− (aN )7/4 ,EN,hqN (AaN ) + (aN )7/4
] (7.8)

and rewrite
Eβ

(
e(δ−β/2)XN 1{VN,qN2,+, XN≤c logN}

)
=MN,q + EN,q (7.9)

where

MN,q := Eβ

(
e(δ−β/2)XN 1

{
VN,qN2,+ ∩ {XN ≤ c logN} ∩ {XaN ∈ CN , AaN ∈ DN}

∩ {XN−aN ∈ CN , AN −AN−aN ∈ DN}
})
.

(7.10)

is the main term and EN,q is the remaining (or error) term. The proof of Item (1) will
be complete once we establish Lemmas 7.1 and 7.2 below, which we do in Steps 2 and 3
respectively. Lemma 7.1 allows us to estimate the main term uniformly in q ∈ K for K any
compact set of (0,∞). Recalling the definitions of ϑ and κ in (4.61) and (4.14), we have:

Lemma 7.1. Let β > βc. If 0 < q1 < q2 <∞ and δ < δ0(q) for every q ∈ [q1, q2], then

MN,q = κ0(h̃(q)/2)
ϑ(h̃(q))−

1
2

2πN2

(
1

1− eũ
− 1− κ0(h̃(q)/2)

1− eũ−h̃(q)

)
eNψ(q,0)(1 + o(1)) (7.11)

where o(1) is a function that converges to 0 as N → ∞ uniformly in q ∈ [q1, q2] ∩ N
N2 .

Lemma 7.2 allows us deal with the error term:

Lemma 7.2. Under the same assumption as in Lemma 7.1, there exists ε : N −→ R+ such
that lim

N−→∞
ε(N) = 0 and for every N ∈ N and q ∈ [q1, q2] ∩ 1

N2N,

EN,q ≤
ε(N)

N2
eNψ(q,0). (7.12)

Before going to the proof, let us remind the reader that a random walk X with law PN,h

has a time-reversibility property, see Remark 4.13.

Step 2 : Proof of Lemma 7.1. In the following, we use the notation x̄ = (x1, x2) and
ā = (a1, a2) for couples. Recall the definitions of CN and DN in (7.8) and define:

HN :=
{
(x̄, ā) ∈ C2

N ×D2
N

}
. (7.13)

We use the Markov property on the walk X at times aN and N − aN and apply time-
reversibility between times N − aN and N so as to obtain

MN,q =
∑

(x̄,ā)∈HN

RN (x1, a1)TN (x̄, ā)

c logN∑
x=1

e(δ−β/2)xR̃xN (x2, a2) , (7.14)
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with
RN (x, a) := Pβ

(
X[1,aN ] > 0, XaN = x,AaN = a

)
R̃yN (x, a) := Pβ

(
X[1,aN ] > 0, XaN = x,AaN = a |X0 = y

)
,

(7.15)

and, after setting N ′ = N − 2aN ,

TN (x̄, ā) := Pβ

(
X[0,N ′] > −x1, XN ′ = x2 − x1, AN ′−1 = qN2 − a1 − a2 − x1

(
N ′ − 1

))
.

(7.16)
By tilting Xi+1−Xi for 0 ≤ i < aN according to P̃h with h := h̃(q)/2, see (4.13), we obtain

R̃yN (x, a) = Pβ

(
X[1,aN ] > −y,XaN = x− y,AaN = a− yaN

)
= e−h̃(q)(x−y)/2+aNL(h̃(q))P̃

h̃(q)/2

(
X[1,aN ] > −y,XaN = x− y,AaN = a− yaN

)
.

(7.17)
We deal with TN (x̄, ā) and RN (x1, a1) in the same way as it was done in [11, (5.43) to
(5.64)]. More specifically, combining [11, (5.55) and (5.64)] gives:

MN,q =(1 + o(1))eN [G(h̃(q))−qh̃(q)]ϑ(h̃(q))
− 1

2

2πN2
κ0(h)

c logN∑
x=1

eũxP̃
h̃(q)/2

(
X[1,aN ] > −x,XaN ∈ CN − x,AaN ∈ DN − xaN

) (7.18)

We now have to estimate the probability inside the sum, that we will denote PN,q,x. A first
computation gives, when h = h̃(q)/2,∣∣∣PN,q,x − P̃h

(
X[1,aN ]> −x

)∣∣∣ ≤ P̃h (XaN /∈ CN − x) + P̃h (AaN /∈ DN − xaN ) . (7.19)

As a consequence of [11, (5.70)], letting αq = L′(h) with h = h̃(q)/2,{
XaN /∈ CN − x

}
⊂
{
|XaN − aNαq| ≥ 1

2(aN )
3/4 − x

}
. (7.20)

Remind that aN = (logN)2 and x ≤ c logN . Hence, for N large enough,{
|XaN − aNαq| ≥ 1

2(aN )
3/4 − x

}
⊂
{
|XaN − aNαq| ≥ 1

4(aN )
3/4
}
. (7.21)

Using Tchebychev’s inequality:

P̃
h̃(q)/2

(
|XaN − aNαq| ≥ 1

4 (aN )
3/4
)
≤ (cst.)

√
aN

Var
h̃(q)/2

(X1) ≤
(cst.)
√

aN
, (7.22)

where we have used that Varh (X1) = L′′(h) for every |h| < β/2. Therefore, we get that
limN→∞ P̃h (XaN /∈ CN ) = 0 and, with similar computations, limN→∞ P̃h (AaN /∈ DN ) =
0. Both convergences hold true uniformly in q ∈ [q1, q2], because the variance Varh is a
continuous function of h, and is equal to 0 only if h = 0. Coming back to (7.19), we may
now write

PN,q,x = P̃
h̃(q)/2

(
X[1,aN ]> −x

)
(1 + o(1)) (7.23)

where o(1) is uniform in q ∈ [q1, q2] ∩ N
N2 . By Lemma 4.10, we have h̃(q) ∈ [h̃(q1), h̃(q2)] ⊂

(0, β) for every q ∈ [q1, q2]. Therefore, we may apply Lemma 4.4 to (7.23) with [h1, h2] :=

[h̃(q1), h̃(q2)], combine the outcome with (7.18) and finally get:

MN,q = (1+o(1))eN [G(h̃(q))−qh̃(q)] [ϑ(h̃(q))]
− 1

2

2πN2
κ0(h)

c logN∑
x=1

eũx
(
1−e−2hx 1− eh−β/2

1− e−h−β/2

)
. (7.24)
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Lemma 7.1 follows directly. We continue this section with the proof of Lemma 4.4 and
Step 3.

Proof of Lemma 4.4. Let us begin with (4.15). Using the same idea as in [11, (5.69)], we
pick h ∈ [h1, h2], k ≥ 1, and we set ε := h1/2 > 0. Then, by Chernov’s inequality,

0 ≤ P̃h

(
X[1,k] > −x

)
− κx(h) ≤

∞∑
j=k+1

P̃h

(
Xj ≤ −x

)
≤ e−εx

∞∑
j=k+1

e−(L(h)−L(h−ε))j ,

(7.25)
and from the convexity of L, L(h)− L(h− ε) ≥ L′(h)ε > 0, so that (4.15) follows. Let us
now prove (4.14). Pick h ∈ [0, β/2) and define the stopping time ρ = inf{i ≥ 1, Xi ≤ −x}.
Then,

1− κx(h) = P̃h

(
ρ <∞

)
= Eβ[ehXρ−L(h)ρ1{ρ<∞}] = Eβ[ehXρ−L(h)ρ], (7.26)

where we used (4.13) and the fact that ρ is finite Pβ-a.s. It is well known (easily adapting [3,
Lemma 6.2]) that ρ andXρ are independent, with −Xρ distributed as x plus a geometric law
on N∪{0} with parameter 1− e−β/2. Furthermore, (e−hXn∧ρ−L(h)(n∧ρ))n≥1 is a martingale
under Pβ that is is bounded from above, hence uniformly integrable. Thus, by Doob’s
optional stopping theorem,

Eβ[e−L(h)ρ] = Eβ[e−hXρ ]−1. (7.27)

As a consequence:

1− κx(h) = P̃h

(
ρ <∞

)
=

Eβ[ehXρ ]

Eβ[e−hXρ ]
= e−2hx 1− eh−β/2

1− e−h−β/2
. (7.28)

Step 3: Proof of Lemma 7.2 . A direct application of (4.43) with n = N and h = 0 leads
to bound the error term from above by:

EN,q ≤
c logN∑
x=1

e(δ−β/2)xPβ

(
VxN,qN2 ∩ {XaN /∈ CN}

)
+e(δ−β/2)xPβ

(
VxN,qN2 ∩ {AaN /∈ DN}

)
.

+e(δ−β/2)xPβ

(
Ṽ−x
N,qN2−xN ∩ {AaN /∈ CN − x}

)
+e(δ−β/2)xPβ

(
Ṽ−x
N,qN2−xN ,∩{AaN /∈ DN − aNx}

)
,

(7.29)

with Ṽ−x
N,k = {XN = −x, AN = k, Xi > −x, 0 < i < N}, We will only bound from above

Pβ

(
VxN,qN2 ∩ {XaN /∈ CN}

)
and Pβ

(
VxN,qN2 ∩ {XaN /∈ DN}

)
: the two other terms can be

bounded from above using the same method. Tilting the law with (4.40), we obtain that
for B = {XaN /∈ CN} or B = {AaN /∈ DN} and neglecting the e(h̃(q)x)/(2N) term :

e(δ−β/2)xPβ

(
VxN,qN2 ∩ B

)
≤ e

ψ
N,h

q
N
(qN2,0)

eũxPN,hqN

(
VxN,qN2 ∩ B

)
. (7.30)

Using Proposition 4.12 and the definition in (4.40) and (4.48), we change ψN,hqN
(
qN2, 0

)
to ψ(q, 0)N in the exponential of the r.h.s. in (7.30), paying at most a constant factor.
Therefore, the proof of Lemma 7.2 is complete if we prove the following claim, since ũ < 0.



IPDSAW INTERACTING WITH A VERTICAL WALL 49

Claim 7.3. For [q1, q2] ⊂ (0,∞), there exists ε : N 7→ R+such that limN→∞ ε(N) = 0 and
for every N ∈ N, q ∈ [q1, q2] ∩ 1

N2 and 0 < x ≤ c logN ,

PN,hqN

(
VxN,qN2 ∩ {XaN /∈ CN}

)
+PN,hqN

(
VxN,qN2 ∩ {AaN /∈ DN}

)
≤ ε(N)

N2
. (7.31)

Proof of Claim 7.3. For the purpose of the proof, let us note

RxN,q := PN,hqN

(
VxN,qN2 ∩ {XaN /∈ CN}

)
(7.32)

and
SxN,q := PN,hqN

(
VxN,qN2 ∩ {AaN /∈ DN}

)
. (7.33)

We decompose RxN,q according to the values taken by XaN and AaN . Then, we use the
Markov property at time aN , combined with the time reversal property of Remark 4.13
with n := N , h := hqN , j := aN and the event{

x ∈ NN−j−1 :
∑

1≤i<N−j
xi = qN2 − z

}
(7.34)

on the time interval [aN , N ], in order to obtain

RxN,q =
∑

y∈N\CN

∑
z∈N

PN,hqN

(
XaN = y, AaN = z, X[1,aN ] > 0

)
×PN,hqN

(
X[1,N−aN ] > 0, XN−aN = y, AN−aN−1 = qN2 − z |X0 = x

)
.

(7.35)

Using Proposition 4.25, one can see that

RxN,q ≤
(cst.)

N2
PN,hqN

(XaN /∈ CN ). (7.36)

This was dealt with in [11, (5.28) to (5.30)]. Hence we have the existence of ε : N −→ R
such that ε(N) → 0 as N → ∞ and RxN,q ≤ ε(N)/N2 for all x ≤ c logN .

Let us now consider SxN,q, which we decompose similarly to (7.35). The same idea AS
for RxN,q gives:

SxN,q ≤
(cst.)

N2
PN,hqN

(AaN /∈ DN ). (7.37)

This was dealt in [11, (5.33)]. Hence we have the existence of ε : N −→ R such that
ε(N) → 0 as N → ∞ and RxN,q ≤ ε(N)/N2 for all x ≤ c logN . □

7.2. Proof of Item (2): the critical regime. The aim of this section is to estimate the
partition function at the critical point. We will follow the idea set forth 7.1 and use the
same symmetric change of measure. We set aN := (logN)2 and (bN ) a sequence such that
(logN)2 ≤ bN = o(

√
N/(logN)). Recall the sets CN and DN defined in (7.8). By Lemma

4.10 and Proposition 4.12, h̃(q) and hqN belong to a compact subset of (0, β) as q varies
[q1, q2] and N ≥ N0, hence we denote by K/2 the maximum of ẼN,hqN

(
X1

)
for all N ≥ N0.

We now split the partition function as follows:

Eβ

(
e(δ−β/2)XN 1{VN,(q+c/

√
N)N2,+}

)
=MN,q + EN,q , (7.38)

with

MN,q := Eβ

(
e(δ−β/2)XN 1{VN,(q+c/

√
N)N2,+,KaN≤XN≤bN

√
N,XaN∈CN , AaN∈DN}

)
(7.39)



IPDSAW INTERACTING WITH A VERTICAL WALL 50

and EN,q the remainder term. The proof will come out as a consequence of Lemmas 7.4
and 7.5, respectively proven in Steps 1 and 2 below. First, recall the definitions of f , κ and
ψ in (4.74), (4.14) and (2.15).

Lemma 7.4. Let β > βc and 0 < q1 < q2 <∞. As N → ∞, uniformly in q ∈ [q1, q2]∩ N
N2

and assuming δ = δ0(q),

MN,q =
γ(q, c)

N3/2
eψ(q,0)N−h̃(q)[c

√
N ](1 + o(1)), (7.40)

where
γ(q, c) := κ0(h̃(q))

∫ ∞

0
f
h̃(q,0)

(c, u)du (7.41)

and c comes from the left-hand side of (4.64).

The next lemma allows us to control the error term.

Lemma 7.5. Let β > βc and 0 < q1 < q2 <∞. As N → ∞, uniformly in q ∈ [q1, q2]∩ N
N2

and assuming δ = δ0(q),

EN,q = o(N−3/2)eψ(q,0)N−h̃(q)[c
√
N ]. (7.42)

Step 1: proof of Lemma 7.4 (main term). We first change the measure similarly as in
Section 7.1:

MN,q =
∑

(x,a)∈CN×DN

RN (x, a)

bN

√
N∑

z=KaN

TN (x, a, z)e
(δ−β/2)z, (7.43)

with
RN (x, a) := Pβ

(
X[1,aN ] > 0, XaN = x,AaN = a

)
(7.44)

and, setting N1 = N − aN ,

TN (x, a, z) := Pβ

(
XN1 = z − x,AN1 = qN2 + cN3/2 − a− xN1, X[0,N1] > −x

)
. (7.45)

We first work on TN (x, a, z). Using the tilting defined in (4.40),

TN (x, a, z) e
(δ−β/2)z = GqN,x,a,z e

mq
N,x,a,z , (7.46)

with

GqN,x,a,z := PN1,h
q
N1

(
XN1 = z − x,AN1 = qN2 + cN3/2 − a− xN1, X[0,N1] > −x

)
, (7.47)

and

mq
N,x,a,z := −hqN1

[ qN2−a
N1

− x+ c N
3/2

N1
− 1

2(1−
1
N1

)(z − x)
]
+N1GN1(h

q
N1

)+(δ− β
2 )z. (7.48)

At this stage, we aim at simplifying (7.48). We use that
1

N1
=

1

N
+O

( aN
N2

)
(7.49)

and Proposition 4.42 in order to obtain

mq
N,x,a,z = −h̃(q)

[
qN + c

√
N + qaN − x

2

]
+ (N − aN )G(h̃(q)) + (δ − β

2 + h̃(q)
2 )z +O(

a2N
N )

= −h̃(q)
[
qN + c

√
N + qaN − x

2

]
+ (N − aN )G(h̃(q)) +O(

a2N
N ), (7.50)

where we used that δ = δ0(q) = β/2− h̃(q)/2 to go to the last line.
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We now consider RN (x, a). By using the tilting procedure set forth in (4.13) to the
increments (Xi+1 −Xi)

aN−1
i=0 with the value h := h̃(q)/2, we obtain

RN (x, a) = e−
h̃(q)
2
x+aN L( h̃(q)

2
) P̃ h̃(q)

2

(
X[1,aN ] > 0, XaN = x,AaN = a

)
. (7.51)

At this stage, we recall from Lemma 4.19 that G(h̃(q))+ h̃(q)q−L( h̃(q)2 ) = 0. We also recall
that ψ(q, 0) = G(h̃(q)) − h̃(q)q and that aN = o(

√
N). Thus, by combining (7.46), (7.50)

and (7.51) we obtain

RN (x, a) TN (x, a, z) e
(δ−β/2)z (7.52)

= (1 + o(1)) GqN,x,a,z P̃ h̃(q)
2

(
X[1,aN ] > 0, XaN = x,AaN = a

)
eNψ(q,0)−h̃(q)[c

√
N ].

Let us now estimate GqN,x,a,z with the help of Proposition 4.25. To that aim, we first state
a lemma that allows us to drop the constraint X[0,N1] > −x in the definition of GqN,x,a,z.
To that aim, we set

G̃qN,x,a,z = PN1,h
q
N1

(
AN1 = qN2 + cN3/2 − a− xN1, XN1 = z − x

)
, (7.53)

and we use Lemma 7.6 below, proven in C.2:

Lemma 7.6. With bN = o(
√
N), aN = (logN)2, K defined before (7.39) and z ∈

[KaN , bN
√
N ] ∩ N, we have

sup
(x,a)∈CN×DN

q∈[q1,q2]

|G̃qN,x,a,z −GqN,x,a,z| = o(N−3).
(7.54)

At this stage, we have:

MN,q e
−Nψ(q,0)+h̃(q)[c

√
N ]

=(1 + o(1))
∑

(x,a)∈CN×DN

bN

√
N∑

z=KaN

P̃ h̃(q)
2

(
X[1,aN ] > 0, XaN = x,AaN = a

)
G̃qN,x,a,z +O(N−2)

(7.55)
and Proposition 4.25 allows us to write that

G̃qN,x,a,z = f
h̃(q,0)

(
cN3/2−a−xN1

N
3/2
1

, z−x
N

1/2
1

) 1

N2
1

+O
( logN
N5/2

)
= f

h̃(q,0)

(
c, z√

N

) 1

N2
+O

( aN
N5/2

)
. (7.56)
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The terms O(1/N2) in (7.55) and O(aN/N5/2) in (7.56) turn out to be negligible, hence we
do not write them in what follows:

M̄N,q :=MN,q e
−Nψ(q,0)+h̃(q)[c

√
N ]

∼ 1

N2

∑
(x,a)∈CN×DN

P̃ h̃(q)
2

(
X[1,aN ] > 0, XaN = x,AaN = a

) bN

√
N∑

z=KaN

f
h̃(q,0)

(
c, z√

N

)

∼ 1

N3/2
P̃ h̃(q)

2

(
X[1,aN ] > 0, XaN ∈ CN , AaN ∈ DN

) 1√
N

bN

√
N∑

z=KaN

f
h̃(q,0)

(
c, z√

N

)
∼ 1

N3/2
κ0( h̃(q)2 )

∫ ∞

0
f
h̃(q,0)

(c, u)du,

(7.57)

with the help of (7.23) and a Riemman sum approximation to go to the last line.

Step 2: proof of Lemma 7.5 (error term). We split the error term in four parts, namely

E1 := Eβ(e
(δ−β/2)XN 1{XN ≥ bN

√
N}),

E2 := Eβ(e
(δ−β/2)XN 1{0 ≤ XN ≤ KaN , (XaN , AaN ) ∈ CN ×DN , AN = qN2}),

E3 := Eβ(e
(δ−β/2)XN 1{AaN /∈ DN , AN = qN2}),

E4 := Eβ(e
(δ−β/2)XN 1

{
XaN /∈ CN , AN = qN2

}
),

(7.58)

so that EN,q ≤ E1 + E2 + E3 + E4. Let us first focus on E1. Using the change of variable
defined in (4.40) and computational ideas displayed in (7.43) and below, we get, for N large
enough,

E1 ≤ 2eNψ(q,0)−h̃(q)[c
√
N ]PN,h

(
XN ≥ bN

√
N
)
. (7.59)

Lemma 7.7. For every 0 < q1 < q2 < ∞, there exist C1, C2 > 0 such that, for every
sequence (bN )N∈N diverging to +∞ and q ∈ [q1, q2],

PN,hqN

(
XN ≥ bN

√
N
)
≤ C1e

−C2b2
N . (7.60)

This lemma is proven in Appendix C.1. Using Lemma 7.7 and the fact that bN ≥
(logN)2, we get

E1 = o(N−3/2)eNψ(q,0)−h̃(q)[C2

√
N ]. (7.61)

To work on E2, we perform the same change of variable. Copying (7.55), it comes:

E2 ≤ 2eNψ(q,0)−C2h̃(q)
√
N

∑
(x,a)∈CN×DN

P̃
h̃(q)

(
X[1,aN ] > 0, XaN = x,AaN = a

)KaN∑
z=0

GqN,x,a,z.

(7.62)
Using the local limit theorem in Proposition 4.25, we get that, uniformly in z ∈ Z and
q ∈ [q1, q2], G

q
N,x,a,z can be bounded from above by c/N2, with c being a function of [q1, q2].
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Hence,

E2 ≤
KaN (c+ o(1))

N2
eNψ(q,0)−C2h̃(q)

√
N

∑
(x,a)∈CN×DN

P̃
h̃(q)

(
X[1,aN ] > 0, XaN = x,AaN = a

)
≤ KaN (c+ o(1))

N2
eNψ(q,0)−C2h̃(q)

√
N =

ε2(N)

N3/2
eNψ(q,0)−C2h̃(q)

√
N .

(7.63)
To deal with E3, we use the same decomposition and change of variable as displayed in (7.43)
and below. It gives:

E3 = (1 + o(1))eNψ(q,0)
∑

(x,a)∈Z×Z\DN

P̃
h̃(q)

(XaN = x,AaN = a)

×PN1,h
q
N1

(
AN1 = qN2 −N1x− a

)
.

(7.64)

Using the local limit theorem in Lemma 4.26 and the fact that g
h̃(q)

is uniformly bounded
from above when q ∈ [q1, q2] by a constant c, we get:

E3 ≤
c+ o(1)

N3/2
eNψ(q,0)−C2h̃(q)

√
N

∑
(x,a)∈Z×Z\DN

P̃
h̃(q)

(XaN = x,AaN = a)

≤ c+ o(1)

N3/2
eNψ(q,0)−C2h̃(q)

√
N P̃

h̃(q)

(∣∣∣AaN − Ẽ
h̃(q)

(
AaN

)∣∣∣ ≥ (aN )7/4
)

≤ c+ o(1)

N3/2
eNψ(q,0)−C2h̃(q)

√
N
Ṽar

h̃(q)
(AN )

a3N
√

aN
≤ c+ o(1)

N3/2
eNψ(q,0)−C2h̃(q)

√
N
Ṽar

h̃(q)
(X1)

√
aN

.

(7.65)
We now use that Ṽar

h̃(q)
(X1) is a continuous function over q ∈ [q1, q2] (for instance, using

that L is C∞), hence has a maximum over this compact set to conclude the proof. Dealing
with E4 uses the same kind of ideas, so we do not repeat the proof there.

7.3. Proof of Item (3): the supercritical regime. We divide the proof into three steps.
In Step 1, we decompose the partition function in a way that is suitable for computations.
In Step 2, we compute the main term, and in Step 3, we handle the error term.

Step 1: decomposition of the auxiliary partition function. Recall (7.1). We seek to estimate
DN (q, δ), defined in (4.1). We set

h := sδ(q) + δ − β/2 (7.66)

and note that h > 0 since we assumed that q > q∗δ , see (4.52). Recall the definitions of CN
and DN in (7.8), which will be applied throughout this section with the newly defined h.
As done in Section ??, we write

DN (q, δ) =MN,q + EN,q, (7.67)

where
MN,q := Eβ

(
e(δ−

β
2 )XN 1

{
VN,qN2,+ ∩ {XaN ∈ CN , AaN ∈ DN}

)
(7.68)

is the main term and EN,q is the remainder or “error term”. The proof of Item (3) is a
straightforward consequence of Lemmas 7.8 and 7.9 below. Those lemmas are proven in
Steps 2 and 3 respectively.
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Lemma 7.8. For δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞) such that δ > δ0(q1) then

MN,q = κ0(h)
ξ(q, δ)

N3/2
eNψ(q,δ)(1 + o(1)), (7.69)

where the o(1) is uniform in q ∈ [q1, q2], κ0 is defined in (4.14), and

ξ(q, δ) =
eL(δ−

β
2
+sδ(q))−L(δ−β

2
)√

2π
∫ 1
0 x

2L′′(δ − β
2 + sδ(q)x)dx

. (7.70)

Lemma 7.9. For δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞) such that δ > δ0(q1) then,

EN,q = o(N−3/2)eNψ(q,δ), (7.71)

where the o(1) is uniform in q ∈ [q1, q2].

Step 2: Proof of Lemma 7.8. We split MN,q as in the proof of Item (1):

MN,q =
∑

(x,a)∈CN×DN

RN (x, a)TN (x, a), (7.72)

with
RN (x, a) := Pβ

(
XaN = x,AaN = a, X[1,aN ] > 0

)
(7.73)

and

TN (x, a) := Eβ

(
e(δ−β/2)(XN−aN+x)1{AN−aN = qN2 − a− (N − aN )x, X[1,N−aN ] > −x}

)
.

(7.74)
Setting N1 := N − aN , we rewrite the latter quantity as
TN (x, a)

= Eβ

(
e(δ−β/2)(XN1

+x)1{AN1 = qN2
1 + 2qaNN1 + qa2N − a−N1x,X[1,N1] > −x}

)
.

(7.75)

Recall the value of h set in (7.66). Using the tilting in (4.13), it comes:

RN (x, a) = eaNL(h)−xhP̃h

(
XaN = x,AaN = a,X[1,aN ] > 0

)
. (7.76)

We now use Lemma 7.10, whose proof is postponed after the proof of Lemma 7.8. Recall
the expression of ψ(q, δ) in (2.15):

Lemma 7.10. Let α0 > 0 and q∗δ ≤ q1 < q2 < ∞. For δ > δ0(q1) we have, uniformly in
q ∈ [q1, q2], a ∈ Z and α ≥ α0,

Eβ

(
e(δ−β/2)XN 1{AN = qN2 + a, X[1,N ] ≥ −αaN}

)
=
ξ(q, δ)

N3/2
exp

(
Nψ(q, δ)− asδ(q)

N

)(
1 + o(1) +O

( a

N3/2

))
,

(7.77)

with ξ(q, δ) as in (7.8).

Recall the definitions of CN and DN in (7.8). The condition x ∈ CN gives that x/aN ≥ ν
for a certain ν > 0 . We can therefore apply Lemma 7.10, substituting N − aN for N and
−xN1 + 2qaNN1 + qa2N − a for a:

TN (x, a)
N→∞∼ ξ(q, δ)

N3/2
exp

{
(N−aN )ψ(q, δ)−

(−xN1 + 2qaNN1 + qa2N − a)sδ(q)

N1
+x
(
δ−β

2

)}
.

(7.78)
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We first notice that qaN − a = o(N1). Hence, using (7.76) and (7.78), it comes:

MN,q
N→∞∼ ξ(q, δ)

N3/2
eNψ(q,δ)

∑
(x,a)∈CN×DN

eaN (−2qsδ(q)+L(h)−ψ(q,δ))+x(δ−β
2
+sδ(q)−h)

× P̃h

(
XaN = x,AaN = a,X[1,aN ] > 0

)
.

(7.79)

Using Lemma 4.19, we remark that

−2qsδ(q) + L
(
δ − β

2
+ sδ(q)

)
−ψ(q, δ) = 0 (7.80)

Recalling (7.66), (7.79) gives:

MN,q
N→∞∼ ξ(q, δ)

N3/2
eNψ(q,δ)

∑
(x,a)∈CN×DN

P̃h

(
XaN = x,AaN = a,X[1,aN ] > 0

)
. (7.81)

Using [11, (5.67)], we have

lim
N→∞

∑
(x,a)∈CN×DN

P̃h

(
XaN = x,AaN = a,X[1,aN ] > 0

)
= κ0(h) (7.82)

uniformly in q ∈ (q1, q2). Hence, Lemma 7.8 is proven. It remains to prove Lemma 7.10 to
conclude this step. For this purpose, recall (4.7).

Proof of Lemma 7.10. Using Lemma 4.9 and (2.15), it comes:

Eβ

(
e(δ−β/2)XN 1{AN = qN2 + a, X[1,N ] ≥ −αaN}

)
N→∞∼ c̃

(
Pδ,q
N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
+O(N−3)

)
eNψ(q+a/N2,δ)

N→∞∼ c̃
(
Pδ,q
N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
+O(N−3)

)
eNψ(q,δ).

(7.83)

The last term we have to deal with is Pδ,q
N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
. We first

deal with the condition {X[1,N ] > −αaN}, that will reveal to be useless.

Lemma 7.11. For δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞) such that δ > δ0(q1), there exists C > 0
such that, uniformly in q ∈ [q1, q2] ⊂ (q∗δ ,∞):∣∣∣Pδ,q

N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
−Pδ,q

N,sup

(
AN = qN2 + a

)∣∣∣ ≤ O
(
N−3

)
. (7.84)

The proof of Lemma 7.11, that is done in Appendix B.4, actually makes use of the
assumption q > q∗δ . Using Lemma 7.11 and local limit theorems (see Lemma 4.28), one has:

Pδ,q
N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
=
lc(sδ(q))(0)

N3/2

(
1 +O

( a

N3/2

))
. (7.85)

□
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Step 3: proof of Lemma 7.9. We split the error term in two parts:

EN,q ≤

Eβ

(
e(δ−β/2)XN 1

{
XaN /∈ CN , AN = qN2

})
+Eβ

(
e(δ−β/2)XN 1{AaN /∈ DN , AN = qN2}

)
= E1 + E2.

(7.86)
We first work on E1. We use the same decomposition and change of variable as displayed
in Equations (7.72) to (7.81). It gives:

E1 = (1 + o(1))eNψ(q,δ)
∑

(x,a)∈(Z\CN )×Z

P̃h (XaN = x,AaN = a)

×PN1,h
q
N1

(
AN1 = qN2 −N1x− a

)
,

(7.87)

with h as in (7.66). Using a local limit theorem, see Lemma 4.28, and the fact that lc(sδ(q))
is uniformly bounded from above by some constant when q ∈ [q1, q2], we get:

E1 ≤
(cst.)

N3/2
eNψ(q,δ)

∑
(x,a)∈(Z\CN )×Z

P̃h (XaN = x,AaN = a)

≤ (cst.)

N3/2
eNψ(q,δ)P̃h

(∣∣∣XaN − Ẽh

(
X1

)
aN
∣∣∣ ≥ (aN )3/4

)
≤ (cst.)

N3/2
eNψ(q,δ)

Ṽarh(X1)√
aN

.

(7.88)

We now use that when h is as in (7.66), Ṽarh(X1) is a continuous function of q ∈ [q1, q2]
(for instance, using that L is C∞), hence has a maximum over this compact set, in order
to conclude the proof. Dealing with E2 uses the same idea, hence we do not repeat the
proof there.

Appendix A. On auxiliary functions

A.1. Proof of Lemma 4.15 .

Proof. The regularity of Tδ is clear from (4.45) and Lemma 4.14 so we focus on concavity
and compute the first and second derivatives. We split between two cases:

• If q < qδ, i.e. a > 1/
√
qδ, then (4.46) and (4.48) give Tδ(a) = a log Γβ+aG(h̃( 1

a2
))−

1
a h̃(

1
a2
). Recalling that h̃(q) is the solution of G′(h̃(q)) = q, we obtain:

T ′
δ(a) = log Γβ + G(h̃( 1

a2
)) + 1

a2
h̃( 1

a2
);

T ′′
δ (a) = − 2

a5
(2h̃′( 1

a2
) + a2h̃( 1

a2
)).

(A.1)

By Lemma 4.10, h̃′(x) = 1/G′′(h(x)) > 0, and L′ being odd, it comes that h̃(q) ≥ 0.
Hence, T ′′

δ (a) < 0.
• If q > qδ, i.e. a < 1/

√
qδ, similar computations give:

T ′
δ(a) = log Γβ +Hδ(sδ(

1
a2
)) + 1

a2
sδ(

1
a2
)

T ′′
δ (a) = − 2

a5
(2s′δ(

1
a2
) + a2sδ(

1
a2
)).

(A.2)
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We obtain thereof, letting q = 1/a2, that sign(T ′′
δ (1/

√
q)) = −sign(s(q) + 2qs′(q)).

Using that s′(q) = 1/H′′
δ (s(q)) > 0, we get:

sign(T ′′
δ (1/

√
q)) = −sign

( s(q)
s′(q)

+ 2q
)
. (A.3)

Recalling that H′′
δ (s) =

∫ 1
0 x

2L′′(δ − β/2 + sx)dx and integrating by part,

s(q)

s′(q)
+ 2q = s(q)

∫ 1

0
x2L′′(δ − β/2 + s(q)x)dx

+

∫ 1

0
2xL′(δ − β/2 + s(q)x)dx

= L′(δ − β/2 + s(q)),

(A.4)

which leads to

sign(T ′′
δ (1/

√
q)) = −sign(δ − β/2 + s(q)), (A.5)

since L′ is odd. We may now conclude from the definition of q∗δ in (4.52) and the
comments below it.

□

A.2. Proof of Lemma 4.16 .

Proof. (i) Small-a limit. As a→ 0, h̃(1/a2) converges to β by Lemma 4.10, and eventually
a < 1/

√
qδ, so that,

Tδ(a) = a
[
log Γβ +Hδ(s(

1
a2
))
]
− 1

as(
1
a2
). (A.6)

Since s(1/a2) converges to β − δ > 0 and Hδ is bounded from above on its domain of
definition, by Lemma 4.6, we get our claim.
(ii) Large-a limit. (a) Let us first assume that δ < β/2. Then, eventually a > 1/

√
qδ, so

that
Tδ(a) = a

[
log Γβ + G(h̃( 1

a2
))
]
− 1

a h̃(
1
a2
). (A.7)

Using that h̃(1/a2) converges to 0, G(0) = 0 and log Γβ < 0 (since β > βc) one has that
log(Γβ) + G(h(1/a2)) < 0 when a is large enough, hence the limit is −∞.

(b) Let us now assume that δ ≥ β/2. In that case, we remind that qδ = 0 and we
investigate the limit of T ′

δ(a) when a→ ∞. Using (A.2) and Lemma 4.19, we get:

T ′
δ(a) = log Γβ +Hδ(sδ(1/a

2)) + (1/a2)sδ(1/a
2)

= log Γβ + L(sδ(1/a2) + δ − β/2),
(A.8)

hence
lim
a→∞

T ′
δ(a) = log Γβ + L(sδ(0) + δ − β/2). (A.9)

With the help of Lemma 4.15, we see that this limit is positive if and only if the derivative
of Tδ has two roots on its domain of definition, that is equivalent to (recall the definition
of xβ slightly above (2.18)):

sδ(0) + δ − β/2 < −xβ, i.e. H′
δ(β/2− δ − xβ) > 0. (A.10)

We may now conclude thanks to the definition of δ̄(β) in (2.18). □
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A.3. Proof of Lemma 4.18. The proof of Lemma 4.18 requires two preparatory lemmas
that we state below and prove at the end of this section.

Lemma A.1. If δ > β/2 then:

δ − β/2 + sδ(0) < 0, (A.11)

lim
q−→∞

δ − β/2 + sδ(q) = β − δ > 0. (A.12)

Lemma A.2. For every β > βc large enough, we have

log Γβ +

∫ 1

0
L
(β
2
x
)
dx < 0. (A.13)

Proof of Lemma 4.18. We first show that in any case β/2 ≤ δ̄(β). Indeed, plugging δ = β/2
into the right-hand side of (2.18) and using Lemma 4.6, we get

H′
β/2(−xβ) < H′

β/2(0) = 0. (A.14)

We now turn to the first part of our statement. In view of Lemma 4.16 and its proof, we
only have to prove that when β is close enough to βc, then for δ close enough to (but smaller
than) β, the limit of T ′

δ(a) as a→ ∞ is positive. Recall that

lim
a→∞

T ′
δ(a) = log Γβ +Hδ(sδ(0)) = log Γβ +

∫ 1

0
L(sδ(0)x+ δ − β/2)dx. (A.15)

Plugging δ = β in the integral above, we get (note that −β < sβ(0) < −β/2)∫ 1

0
L(sβ(0)x+ β/2)dx ≥

∫ − β
2sβ(0)

0
L(sβ(0)x+ β/2)dx

=
1

|sβ(0)|

∫ β/2

0
L(x)dx ≥ 1

β

∫ β/2

0
L(x)dx.

(A.16)

The last integral converges to a certain positive value when β converges to βc, while log Γβ
converges to 0, hence, for every β close enough to βc

lim
δ→β

lim
a→∞

T ′
δ(a) > 0, (A.17)

which completes this step.
Let us now turn to the last part of the statement. We abbreviate δ = δ−β/2 and observe

that α := sδ(0) + δ < 0, by Lemma A.1. This time, we write:

Hδ(sδ(0)) =

∫ 1

0
L(sδ(0)x+ δ)dx =

∫ − δ
sδ(0)

0
L(sδ(0)x+ δ)dx+

∫ 1

− δ
sδ(0)

L(sδ(0)x+ δ)dx

= − δ

sδ(0)

∫ 1

0
L(δ(1− x))dx+

(
1 +

δ

sδ(0)

)∫ 1

0
L(αt)dt.

(A.18)
We now use that a ∈ (0, β/2) −→

∫ 1
0 L(at)dt is a non-decreasing function, because L′(x) ≥ 0

for x ∈ (0, β/2). Hence, the parity of L gives that:

Hδ(sδ(0)) ≤ − δ

sδ(0)

∫ 1

0
L
(β
2
x
)
dx+

(
1 +

δ

sδ(0)

)∫ 1

0
L
(β
2
t
)
dt =

∫ 1

0
L
(β
2
t
)
dt. (A.19)

We may now conclude thanks to Lemma A.2. □
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Proof of Lemma A.1. (i) Since sδ(0) is the only solution of H′
δ(s) = 0 and H′

δ is increasing,
(A.11) will be proven if H′

δ(β/2− δ) > 0. By (2.13),

H′
δ(β/2− δ) =

∫ 1

0
xL′((δ − β/2)(1− x))dx (A.20)

is indeed positive, since L′(t) > 0 for every t ∈ (0, β/2).
(ii) This is a straightforward consequence of Item (2) in Lemma 4.6. □

Proof of Lemma A.2. By expanding the logarithm in (B.1), it comes:∫ 1

0
L
(
β
2x
)
dx

= − log cβ + log(1− e−β)−
∫ 1

0
log
(
1− e

β
2
(x−1)

)
dx−

∫ 1

0
log
(
1− e

β
2
(−x−1)

)
dx

= − log cβ + log(1− e−β)−
∫ 1

0
log
(
1− e−

β
2
x
)
dx−

∫ 2

1
log
(
1− e−

β
2
x
)
dx.

= − log cβ + log(1− e−β)−
∫ 2

0
log
(
1− e−

β
2
x
)
dx.

(A.21)

Since Γβ = e−βcβ , the proof is complete if we manage to establish that

g(β) := β − log(1− e−β) +

∫ 2

0
log
(
1− e−

β
2
x
)
dx > 0. (A.22)

By noticing that the above integral is increasing in β and computing the derivative of
the remaining part, we observe that g is increasing on [log 2,+∞). Also, note that βc ≥
log 2, which can be proven by recalling that zc = eβc/2 is the only positive solution of
z3 − z2 − z − 1 = 0. To compute the above integral, we set y = e−βx/2 and find:∫ 2

0
log
(
1− e−

β
2
x
)
dx =

2

β

∫ 1

e−β

log(1− y)

y
dy = − 2

β

∑
k≥1

∫ 1

e−β

yk−1

k
dy

= − 2

β

∑
k≥1

1

k2

(
1− e−βk

)
.

(A.23)

Recalling that
∑

k≥1
1
k2

= π2

6 , we conclude with the following lower bound:

g(β) ≥ β − π2

3β
, (A.24)

which is positive as soon as β > π/
√
3 ≈ 1, 8138. □

A.4. Proof of Proposition 2.7. Recall the definition of āβ,δ in (5.1) and let q̄β,δ := ā−2
β,δ.

Since L is convex, it follows from (2.40) that

sign(W′′
β,δ(t)) = −sign(sδ(q̄β,δ)), t ∈ [0, 1]. (A.25)

By Lemma 4.6 and (4.29), there exists a unique q0 := H′
δ(0) such that sδ(q0) = 0, and

sign(sδ(q̄β,δ)) = sign(q̄β,δ − q0). (A.26)

By the variation tabular below (4.96), recalling that limTδ(a) < 0 as a→ ∞, when (β, δ) ∈
Cgood, we get that

sign(q̄β,δ − q0) = −sign(T ′
δ(1/

√
q0)). (A.27)
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Using (A.8), we obtain

T ′
δ(1/

√
q0) = log Γβ + L(sδ(q0) + δ − β/2) = log Γβ + L(δ − β/2). (A.28)

Because L is increasing on [0, β/2), L(0) = 0, and limL(δ − β/2) = +∞ as δ → β, there
exists indeed δ̌(β) ∈ (β/2, β) defined as the unique solution of L(δ − β/2) = − log Γβ such
that

sign(T ′
δ(1/

√
q0)) = sign(δ − δ̌(β)). (A.29)

This completes the proof, as we finally obtain

sign(W′′
β,δ(t)) = sign(δ − δ̌(β)). (A.30)

Appendix B. Technical estimates in the supercritical regime and more

Remind that L is defined in (2.10).

Lemma B.1. For every |h| < β/2,

L(h) = log

(
1

cβ

(
1

1− eh−β/2
+

1

1− e−h−β/2
− 1

))
. (B.1)

L′(h) =

eh−β/2

(1−eh−β/2)
2 − e−h−β/2

(1−e−h−β/2)
2

1
1−eh−β/2 + 1

1−e−h−β/2 − 1
, (B.2)

with cβ and Eβ defined in (2.9).

Proof. (B.1) is straightforward. For (B.2), we use that
∑

k≥1 kx
k = x

(1−x)2 , hence:

Eβ

(
X1e

hX1

)
=

1

cβ

∑
k≥1

(kekh−kβ/2 − ke−kh−kβ/2) =
1

cβ

(
eh−β/2(

1− eh−β/2
)2 − e−h−β/2(

1− e−h−β/2
)2
)
.

(B.3)
Using that L′(h) = Eβ

(
XehX

)
/Eβ

(
ehX

)
, (B.2) is proven. □

B.1. Proof of Proposition 4.8. Recall the definitions of Hδ and HN,δ in (4.26) and
(4.27). The proof relies on the following lemma, whose proof is postponed after the proof
of Proposition 4.8:

Lemma B.2. For every K ∈ (0, β/2), there exists CK > 0 and nK ∈ N such that, for
every N ≥ nK and s ∈ [β/2− δ −K,β/2− δ +K] and j ∈ {0, 1}:∣∣∣H(j)

N,δ(s)−H(j)
δ (s)

∣∣∣ ≤ CK
N2

. (B.4)

This lemma corresponds to the analogue of [11, Proposition 5.4] in the supercritical
regime, that is for the function Hδ instead of G. Beforehand, we make the following remark:

Remark B.3. Adapting the proof of Lemma 4.6, one can see that there exists R > 0
such that H′′

δ (t) ≥ R for every t ∈ (−δ, β − δ). Moreover, for every M > 0, there exists
K ∈ (0, β/2) and N0 ∈ N such that, for every N ≥ N0, H′

δ(β/2 − δ + K) > M and
|H′

δ(β/2− δ−K)| > M , as well as H′
N,δ(β/2− δ+K) > M and |H′

N,δ(β/2− δ−K)| > M ,
the uniformity over N ≥ N0 stemming from the convergence of H′

N,δ to H′
δ over all compact

subsets. A straightforward consequence of this remark is that, for every [q1, q2] ⊆ (0,∞),
there exists K ∈ (0, β/2) and N0 ∈ N such that, for every q ∈ [q1, q2] and N ≥ N0,
sδ,N (q), sδ(q) ∈ [β/2− δ −K,β/2− δ +K].
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Proof of Proposition 4.8. By Lemma B.2 and Remark B.3, we get:

|sδ,N (q)− sδ(q)| ≤
1

R

∣∣∣∣∣
∫ sδ(q)

sδ,N (q)
H′′
δ (x)dx

∣∣∣∣∣ = 1

R

∣∣∣H′
δ(sδ,N (q))−H′

δ(sδ(q))
∣∣∣

=
1

R

∣∣∣H′
δ(sδ,N (q))−H′

N,δ(sδ,N (q))
∣∣∣ ≤ C

RN2
,

(B.5)
where we have used that q = H′

δ(sδ(q)) = H′
N,δ(sδ,N (q)). Hence, (4.31) is proven. It

remains to prove (4.32). Again, by Remark B.3, there exists K > 0 and n0 ∈ N such
that, for every q ∈ [q1, q2] and N ≥ n0, both sδ,N (q) and sδ(q) belong to the compact set
I := [β/2− δ−K,β/2− δ+K]. Letting C ′ := max{H′

δ(x) : x ∈ I}, Lemma B.2 and (B.5)
yield:∣∣∣HN,δ(sδ,N (q))−Hδ(sδ(q))

∣∣∣ = ∣∣∣HN,δ(sδ,N (q))−Hδ(sδ,N (q))
∣∣∣+ |Hδ(sδ,N (q))−Hδ(sδ(q))|

≤ C

N2
+ C ′|sδ,N (q)− sδ(q)| ≤

(cst.)

N2
.

(B.6)
This completes the proof of Proposition 4.8. □

Proof of Lemma B.2. We start with j = 0 and take inspiration from [11, Section A.2] for
this proof. We set

hN,s(x) := L
(
δ − β

2
+ s

(x− 1/2)

N

)
, (B.7)

so that, by (4.26) and (4.20), HN,δ(s) =
1
N

N∑
k=1

hN,s(k). Using the Euler-MacLaurin summa-

tion formula (see e.g. [18, Theorem 0.7]), we get:

NHN,δ(s) = A(N, s) +B(N, s) (B.8)

with

A(N, s) :=
hN,s(1) + hN,s(N)

2
+

∫ N

1
hN,s(t)dt (B.9)

and

B(N, s) := −1

2

N−1∑
k=1

∫ 1

0
h′′N,s(x+ k)(x2 − x)dx. (B.10)

Let us start with A(N, s). A change of variable gives:∫ N

1
hN,s(t)dt = N

∫ 1−1/2N

1/2N
L
(
δ − β

2
+ st

)
dt

= NHδ(s)−N

∫ 1/2N

0
L
(
δ − β

2
+ st

)
dt−N

∫ 1

1−1/2N
L
(
δ − β

2
+ st

)
dt.

(B.11)

It remains to see that, for s ∈ RK := [β2 − δ − K, β2 − δ + K], L being C 1 on RK , we
can denote C ′

K := max{|L′(x)|, x ∈ RK}. Hence, comparing the two terms in the absolute
values below to L(δ − β/2)/2 on the first line and L(δ − β/2 + s)/2 on the second line, we
obtain by the triangular inequality:∣∣∣∣∣hN,s(1)2

−N

∫ 1/2N

0
L
(
δ − β

2
+ st

)
dt

∣∣∣∣∣ ≤ |s|
C ′
K

N
≤ β

C ′
K

N
, (B.12)
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∣∣∣∣∣hN,s(N)

2
−N

∫ 1

1−1/2N
L
(
δ − β

2
+ st

)
dt

∣∣∣∣∣ ≤ |s|
C ′
K

N
≤ β

C ′
K

N
. (B.13)

Hence, for N large enough:

|A(N, s)−NHδ(s)| ≤
2βC ′

K

N
s ∈ RK . (B.14)

Let us now deal with B(N,h). From (B.7), we readily obtain that for every x ∈ [1, N ],
h′′N,s(x) ≤ C ′′

K
s2

N2 , with C ′′
K := max{|L′′(t)| : t ∈ RK}. Consequently,

|B(N, s)| ≤ C ′′
K

β2

N
, s ∈ RK . (B.15)

We conclude the proof of the case j = 0 by collecting (B.14) and (B.15).
The proof of the case j = 1 follows the same line, replacing (B.7) by

hN,s(x) :=
x− 1/2

N
L′
(
δ − β

2
+ s

(x− 1/2)

N

)
. (B.16)

We leave the details to the reader, for the sake of conciseness. □

B.2. Proof of Lemma 4.9. Using the tilted measure in (4.7) for the next-to-last line and
Proposition 4.8 for the last line, we may write:

Eβ

(
e(δ−β/2)XN 1{AN=qN2,X∈B}

)
= e−sδ,N (q)qNEβ

(
e(δ−

β
2
)XN+sδ,N (q)

AN
N 1{AN=qN2,X∈B}

)
= e−sδ,N (q)qNEβ

(
e

N∑
k=1

[sδ,N (q) 2N+1−2k
2N

+
sδ,N (q)

2N
+δ−β

2
]Uk

1{AN=qN2,X∈B}

)
= eN [HN,δ(sδ,N (q))−sδ,N (q)q]Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{AN=qN2,X∈B}

)
∼N eN [Hδ(sδ(q))−sδ(q)q]Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{AN=qN2,X∈B}

)
.

(B.17)

We now set bN := (logN)2 and we split the expectation in the r.h.s. in (B.17) according
to the value of XN , i.e.,

Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{AN=qN2,X∈B}

)
:= E1,N + E2,N (B.18)

with

E1,N := Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{∣∣∣XN−Eδ,q

N,sup(XN )
∣∣∣>bN

√
N
} 1{AN=qN2,X∈B}

)
, (B.19)

E2,N := Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{∣∣∣XN−Eδ,q

N,sup(XN )
∣∣∣≤bN

√
N
} 1{AN=qN2,X∈B}

)
. (B.20)

Let us now bound E1,N from above by getting rid of its second indicator. Next, we decom-
pose the upper bound depending on the value of XN , and we use Lemma 4.29 combined
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with (4.82) to obtain

E1,N ≤ Eδ,qN,sup

(
e

sδ,N (q)

2N
XN 1{∣∣∣XN−Eδ,q

N,sup(XN )
∣∣∣>bN

√
N
})

≤(cst.)
∑

k∈Z\[−bN

√
N,bN

√
N ]

e
sδ,N (q)k

2N Pδ,q
N,sup

(
XN −Eδ,qN,sup (XN ) ∈ [k, k + 1)

)

≤(cst.)
∑

k∈Z\[−bN

√
N,bN

√
N ]

e
sδ,N (q)k−2ck2

2N

≤(cst.)
∑

k>bN
√
N

e
sδ,N (q)k−2ck2

2N = O(e−
c
4
b2
N ),

(B.21)

where O in (B.21) is uniform in q ∈ [q1, q2]. At this stage it remains to consider E2,N , that
equals

(1 + o(1))esδ,N (q)
E
δ,q
N,sup(XN )

2N Pδ,q
N,sup

(
AN = qN2, X ∈ B,

∣∣XN −Eδ,qN,sup (XN )
∣∣ ≤ bN

√
N
)
.

(B.22)
Using (4.32) and (4.82), it comes that, uniformly in q ∈ [q1, q2]:

esδ,N (q)
E
δ,q
N,sup(XN )

2N = (1+ o(1))e
sδ(q)

2

∫ 1
0 L′(δ−β

2
+sδ(q)t)dt = (1+ o(1))e

1
2

[
L(δ−β

2
+sδ(q))−L(δ−β

2 )
]
.

(B.23)
Finally, we use Lemma 4.29 again, from which we deduce that uniformly in q ∈ [q1, q2]

Pδ,q
N,sup

(
AN = qN2, X ∈ B,

∣∣XN −Eδ,qN,sup (XN )
∣∣ ≤ bN

√
N
)
=Pδ,q

N,sup

(
AN = qN2, X ∈ B

)
+O(e−c b

2
N )

and this completes the proof.

B.3. Proof of Lemma 4.29 and Lemma 4.27. The proofs of these two lemmas are very
similar, hence we write only the one of Lemma 4.29. We are going to split the proof of
Lemma 4.29 in two parts:

Pδ,q
N,sup

(
XN −Eδ,qN,sup (XN ) ≥ b

√
N
)
≤ Ce−cb

2
, (B.24)

Pδ,q
N,sup

(
−XN +Eδ,qN,sup (XN ) ≥ b

√
N
)
≤ Ce−cb

2
. (B.25)

We start with (B.24) and recall Remark 4.7. Let ν > 0 (to be chosen small enough in the
sequel). By Chernov’s inequality,

Pδ,q
N,sup

(
XN −Eδ,qN,sup (XN ) ≥ b

√
N
)
≤

Eδ,qN,sup
(
eνXN

)
eνE

δ,q
N,sup(XN )+νb

√
N

(B.26)

We first compute the (logarithm of the) numerator:

logEδ,qN,sup
(
eνXN

)
=

N∑
k=1

L
(
ν + δ − β

2
+ sδ,N (q)

2N + 1− 2k

2N

)
− L

(
δ − β

2
+ sδ,N (q)

2N + 1− 2k

2N

)
.

(B.27)
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Using Remark B.3, there exists K ∈ (0, β/2) such that both sδ,N (q) and sδ(q) belong to
[β/2− δ −K,β/2− δ +K] for all q ∈ [q1, q2]. Taking 0 < ν < (β/2−K)/2, it comes that
for all q ∈ [q1, q2], both ν + δ − β

2 + sδ,N (q)t and δ − β
2 + sδ,N (q)t belong to

RK := [−K/2− β/4,K/2 + β/4], (B.28)

that is a compact subset of (−β/2, β/2) for all t ∈ [0, 1]. Hence, as N → ∞,
N∑
k=1

L
(
ν + δ − β

2
+ sδ,N (q)

2N + 1− 2k

2N

)
− L

(
δ − β

2
+ sδ,N (q)

2N + 1− 2k

2N

)
= O(1) +N

∫ 1

0

[
L
(
ν + δ − β

2
+ sδ,N (q)t

)
− L

(
δ − β

2
+ sδ,N (q)t

)]
dt,

(B.29)

the O(1) being smaller than sup{|L′(t)|, t ∈ RK} and uniform in q ∈ [q1, q2] . We now
compute Eδ,qN,sup (XN ). Using the same kind of arguments for the last equality:

Eδ,qN,sup (XN ) =
N∑
k=1

Ẽ
δ−β

2
+sδ,N (q) 2N+1−2k

2N

(
X1

)
=

N∑
k=1

L′
(
δ − β

2
+ sδ,N (q)

2N + 1− 2k

2N

)
= O(1) +N

∫ 1

0
L′
(
δ − β

2
+ sδ,N (q)t

)
dt.

(B.30)
Using (4.31), we can safely substitute sδ,N (q) by sδ(q) with a cost O(1/N2) at most. By
(B.29) and (B.30),

log

[
Eδ,qN,sup

(
eνXN

)
eνE

δ,q
N,sup(XN )

]

= O(1) +N

∫ 1

0

[
L
(
ν + δ − β

2
+ sδ(q)t

)
− L

(
δ − β

2
+ sδ(q)t

)
− νL′

(
δ − β

2
+ sδ(q)t

)]
dt

= O(1) + [1 + o(1)]Nν2
∫ 1

0
L′′
(
δ − β

2
+ sδ(q)t

)
dt ≤ O(1) + [CK + o(1)]Nν2,

(B.31)
where the O(1) holds as N → ∞, the o(1) as ν → 0 and CK := sup{|L′′(t)|, t ∈ RK}.
Hence, (B.26) becomes:

logPδ,q
N,sup

(
XN −Eδ,qN,sup (XN ) ≥ b

√
N
)
≤ O(1) + [CK + o(1)]Nν2CK − νb

√
N. (B.32)

Taking ν = b/[
√
N(CK + 1)] gives that, for N large enough:

Pδ,q
N,sup

(
XN −Eδ,qN,sup (XN ) ≥ b

√
N
)
≤ Ce−cb

2
. (B.33)

The exact same method can be applied to prove (B.25).

B.4. Proof of Lemma 7.11. We first prove the following lemma:

Lemma B.4. For δ > 0 and [q1, q2] ⊂ (q∗δ ,+∞) such that δ > δ0(q1), there exists three
positive constants, c, C and λ, such that for every integer j ∈ {1, ..., N} and every q ∈
[q1, q2] ⊂ (q∗δ ,+∞):

Eδ,qN,sup

(
e−λXj

)
≤ Ce−cj . (B.34)
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To prove this lemma, we will use the following equality that will be proven afterwards:

Lemma B.5. For q > 0, β/2 ≥ δ > 0 such that δ > δ0(q), one has:

sδ(q)− β/2 + δ > β/2− δ. (B.35)

Proof of Lemma B.4. We distinguish between three cases.
Case 1 : sδ(q) ≥ 0 and β/2 ≥ δ. Using Lemma B.5, we set

λ :=
1

2
sδ(q)− β/2 + δ > 0. (B.36)

Under Pδ,q
N,sup, the increments of X are independent but not identically distributed. It

comes:

uj := logEδ,qN,sup

(
e−λXj

)
=

j∑
k=1

L(sk,N − λ)− L(sk,N ), (B.37)

where sk,N := δ − β/2 + sδ,N (q)
2N + 1− 2k

2N
. (B.38)

Using the convexity of L, one can see that the sequence (uj) is non-increasing until a certain
integer, defined as kN0 , and then is non-decreasing. One can see that, for N large enough
and for j ≤ N

4 , sj,N − λ > sδ(q)/4 (using (4.32) to deal with sδ,N (q)− sδ(q)). Hence, using
the fact that L′ is increasing and the Mean Value Theorem gives, for j ≤ N/4:

uj ≤ −jλL′(sδ(q)/4) := −jc0, (B.39)

setting c0 := λL′(sδ(q)/4) > 0. By (B.39), we now see that, for N/4 ≤ j ≤ kN0 :

uj ≤ uN/4 ≤ −1
4c0N ≤ −1

4c0j. (B.40)

Finally, for j ≥ kN0 , using the parity of L for the third line and (B.36) for the last line:

uj ≤ uN = O(1) +N

∫ 1

0

[
L(δ − β/2 + tsδ(q)− λ)− L(δ − β/2 + tsδ(q))

]
dt

= O(1)− N

sδ(q)

∫ δ−β/2+sδ(q)

δ−β/2
L(t)dt+ N

sδ(q)

∫ δ−β/2+sδ(q)−λ

δ−β/2−λ
L(t)dt

= O(1)− N

sδ(q)

∫ δ−β/2+sδ(q)

δ−β/2+sδ(q)−λ
L(t)dt+ N

sδ(q)

∫ β/2−δ+λ

β/2−δ
L(t)dt

= O(1)− N

sδ(q)

∫ δ−β/2+sδ(q)

β/2−δ+λ
L(t)dt+ N

sδ(q)

∫ β/2−δ+λ

β/2−δ
L(t)dt.

(B.41)

Using that L is increasing on (0, β/2) ends the proof in this case.
Case 2 : sδ(q) ≥ 0 and β/2 < δ. In this case, we set λ = (δ−β/2)/2 in (B.37) and observe
that the sequence (uj) defined therein is always decreasing. Dealing with j ≤ N/4 is done
as above (B.39), and dealing with j ∈ [N/4, ..., N ] is done as in (B.40).
Case 3 : sδ(q) < 0. Recall (4.52). Since q > q∗δ , we note that δ − β

2 + sδ(q) > 0. The proof
in this case is easier: taking (B.37), one has:

uj ≤ j (−L(sδ(q) + δ − β/2) + L(sδ(q) + δ − β/2− λ)) . (B.42)

Setting λ = 1
2(sδ(q) + δ − β/2) gives (B.39) for all j ≤ N . □
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Proof of Lemma 7.11. A rough upper bound gives:∣∣∣Pδ,q
N,sup

(
AN = qN2 + a, X[1,N ] ≥ −αaN

)
−Pδ,q

N,sup

(
AN = qN2 + a

)∣∣∣
≤

N∑
k=1

Pδ,q
N,sup (Xk ≤ −αaN ) ≤

N∑
k=1

Eδ,qN,sup
(
e−λXk

)
eλkαaN

≤ (cst.)

e−λαaN
= O

( 1

N3

)
,

(B.43)

having used Lemma B.4 for the last line. □

Proof of Lemma B.5. Let us proceed by contradiction, and suppose that sδ(q)− β/2+ δ ≤
β/2− δ, i.e. sδ(q) ≤ β − 2δ. Then:

q =

∫ 1

0
tL′(δ − β/2 + tsδ(q))dt, by (2.14),

≤
∫ 1

0
tL′(δ − β/2 + t(β − 2δ))dt, because L′ is an increasing function,

=

∫ 1

0
(1− x)L′(β/2− δ − x(β − 2δ))dx, letting x = 1− t,

=

∫ 1

0
xL′(x(β − 2δ)− (β/2− δ))dx, because L′ is odd.

(B.44)

We now set f : δ →
∫ 1
0 xL

′(x(β − 2δ)− (β/2− δ))dx. We prove that f is decreasing in δ:

f ′(δ) =

∫ 1

0
x(1− 2x)L′′(x(β − 2δ)− (β/2− δ))dx < 0, (B.45)

thanks to the following lemma:

Lemma B.6. For every even positive function g,∫ 1

0
x(1− 2x)g(x− 1/2)dx < 0. (B.46)

Using Lemma B.6, we have that f is a decreasing function, because L′′ is positive and
even. Therefore, coming back to (B.44) and using that δ > δ0(q) along with (2.12) and
(2.16) for the last equality:

q ≤ f(δ) < f(δ0(q)) = q, (B.47)
hence the contradiction. □

Proof of Lemma B.6. A computation gives:∫ 1

0
x(1− 2x)g(x− 1/2)dx = −2

∫ 1/2

−1/2
x(x+ 1/2)g(x)dx

= −2

∫ 0

−1/2
x(x+ 1/2)g(x)dx− 2

∫ 1/2

0
x(x+ 1/2)g(x)dx

= 2

∫ 1/2

0
x(1/2− x)g(x)dx− 2

∫ 1/2

0
x(x+ 1/2)g(x)dx

= −4

∫ 1/2

0
x2g(x)dx < 0.

(B.48)
□
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B.5. Proof of Lemma 4.28. As Carmona, Nguyen and Pétrélis [1, Section 6.1], we check
that the results originally proven in [5] hold uniformly in q ∈ [q1, q2]. From Lemma 4.6,
there exists ν > 0 such that both sδ(q) and sδ,N (q) are in [−δ+ν, β−δ−ν] for all q ∈ [q1, q2]
and N large enough. We let E be the holomorphic function defined on {z ∈ C : Re(z) ∈
(−β/2, β/2)} by E(z) = Eβ(e

zX1). For any h ∈ (−β/2, β/2) and t ∈ R, we set:

φh(t) :=
E(h+ it)

E(h)
. (B.49)

We will use some properties of φh that were proven in [5], namely:
(1) For all h ∈ [−β/2 + ν, β/2− ν] and t ∈ R,

|φh(t)| ≤ φh(0) = 1. (B.50)

(2) There exists a constant α = α(ν) > 0 such that, for all h ∈ [−β/2+ ν, β/2− ν] and
|t| < π,

|φh(t)| ≤ exp(−α2t2L′′(h)). (B.51)
(3) For all ϑ ∈ (0, π), there exists a positive constant C = C(ν, ϑ) such that, for all

h ∈ [−β/2 + ν, β/2− ν] and t ∈ [ϑ, 2π − ϑ], we have:

|φh(t)| ≤ e−C . (B.52)

For all t ∈ R, we define

Φδ,qN (t) := Eδ,qN,sup

(
eitAN/N

)
=

N∏
j=1

φhj,N (tj,N ), (B.53)

where

hj,N := δ − β

2
+ sδ,N (q)

2N + 1− 2j

2N
and tj,N :=

(
1− j − 1

N

)
t. (B.54)

Note that

Φ̂δ,qN (t) := Φδ,qN (t/
√
N) exp

(
− it√

N
Eδ,qN,sup

(
AN
N

))
(B.55)

is the characteristic function of the random variable AN
N −Eδ,qN,sup

(
AN
N

)
evaluated at t/

√
N .

We define
Φ̄s(t) = exp

(
− 1

2c(s)t
2
)
, (B.56)

that is the characteristic function associated to the density lc(s). Using the well-known
inversion formula for the Fourier transform, we rewrite the left-hand side of (4.80), that is

RN := N3/2Pδ,q
N,sup

(
AN = qN2 + x

)
− lc(sδ(q))

( x

N3/2

)
(B.57)

as

RN =
1

2π

∫
A
Φ̂δ,qN (t)e

−it x

N3/2 dt− 1

2π

∫
R
Φ̄sδ(q)(t)e

−it x

N3/2 dt, (B.58)

where A = [−πN3/2, πN3/2]. The attentive reader could object that

q ̸= Eδ,qN,sup
(
AN/N

2
)
. (B.59)

Indeed, by differentiating (4.26) with respect to s and evaluating at s = sN,δ(q), one obtains

q −Eδ,qN,sup
(
AN/N

2
)
= Eδ,qN,sup (XN ) /(2N

2), (B.60)
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and we find that the error term is thus at most O(1/N), uniformly in q ∈ [q1, q2]. Following
the proof in [1, Section 6.1], we bound (B.58) by the sum of four terms,

|RN | ≤
1

2π

(
J
(q)
1 + J

(q)
2 + J

(q)
3 + J

(q)
4

)
, (B.61)

where, for some positive constant ∆ and setting BN := logN ,

J
(q)
1 =

∫ BN

−BN

|Φ̂δ,qN (t)− Φ̄sδ(q)(t)|dt,

J
(q)
2 =

∫
R\[−BN ,BN ]

|Φ̄sδ(q)(t)|dt,

J
(q)
3 =

∫
[−∆

√
N,∆

√
N ]\[−BN ,BN ]

|Φ̂δ,qN (t)|dt,

J
(q)
4 =

∫
A \[−∆

√
N,∆

√
N ]

|Φ̂δ,qN (t)|dt.

(B.62)

(i) First, we bound J (q)
1 . For s ∈ (−δ, β − δ), we define

cN (s) :=
1

N

N∑
j=1

(2N + 1− 2j

2N

)2
L′′
(
δ − β

2
+ s

2N + 1− 2j

2N

)
. (B.63)

Since L′ and L′′ are bounded over any compact interval of (−β/2, β/2), one can check that

sup
q∈[q1,q2]

|cN (sδ,N (q))− c(sδ(q))| = O(1/N). (B.64)

Using that E is holomorphic on {z ∈ C : Re(z) ∈ (−β/2, β/2)} and following the argument
in [1, between (6.23) and (6.24)], we may extend L to [−β/2 + ν, β/2− ν] + i[−A′, A′] for
some A′ > 0 as a branch of the complex logarithm of E. Hence, for |t| ≤ A′√N/2 and
sδ,N (q) ∈ [−δ + ν, β − δ − ν], we have:

Φ̂δ,qN (t) = exp
( N∑
j=1

L
(
i
tj,N√
N

+ hj,N

)
− L(hj,N )−

itj,N√
N

L′(hj,N )
)
. (B.65)

For N large enough, sδ,N (q) ∈ [−δ + ν, β − δ − ν] for q ∈ [q1, q2]. Since |t| ≤ BN implies
that |t| ≤ A′√N/2, a Taylor-Lagrange expansion applied to (B.65) yields

Φ̂δ,qN (t) = exp
(
− t2

2N

N∑
j=1

(
1− j − 1

N

)2
L′′(hj,N ) +

O(log(N)3)√
N

)
= exp

(
− t2

2
cN (sδ,N (q)) +

O(log(N)3)√
N

)
, as N → ∞,

(B.66)

uniformly in |t| ≤ BN and q ∈ [q1, q2]. Combining (B.64) and (B.66), it comes:

sup
q∈[q1,q2], |t|≤BN

|Φ̂δ,qN (t)− Φ̄sδ(q)(t)| = O
( B3

N√
N

)
. (B.67)

Hence, J (q)
1 = O(B4

N/
√
N) uniformly in q ∈ [q1, q2].
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(ii) With c := inf{c(sδ(q)) : q ∈ [q1, q2]}, that is positive, one may write

sup
q∈[q1,q2]

J
(q)
2 ≤

∫
R\[−BN ,BN ]

e−ct2/2dt = O

(
1√
N

)
. (B.68)

(iii) To estimate J (q)
3 , we fix t such that BN < |t| ≤ ∆

√
N and put ∆ = π/2. Then, all

the numbers tj,N in (B.54) satisfy |tj,N | ≤ π
√
N , and evaluating each factor in (B.53) with

the help of (B.51), we get, denoting m := inf{L′′(h) : h ∈ (−β/2, β/2)}(that is positive by
the strict convexity of L):

|Φ̂δ,qN (t)| ≤ exp(−mα2t2/3). (B.69)

It easily comes that

sup
q∈[q1,q2]

J
(q)
3 ≤ (cst.)

∫ ∞

BN

exp(−mα2t2/3)dt = O
( 1√

N

)
. (B.70)

(iv) Finally, in order to evaluate J (q)
4 , we put ϑ = 1/68 (that is [5, (4.43)] when k = 1),

and for every |t| > ∆
√
N , we set NN (t) := #{1 ≤ j ≤ N : 1

2π
√
N
tj,N /∈ Z + [−ϑ, ϑ]}.

With (B.50), (B.52) and (B.53), it comes:

|Φ̂δ,qN (t)| =
N∏
j=1

|φhj,N (tj,N/
√
N)| ≤ e−(cst.)NN (t). (B.71)

Moreover, there exists κ > 0 such that NN (t) ≥ κN for all |t| > ∆
√
N and N large enough,

by [5, (4.45)]. Therefore,

sup
q∈[q1,q2]

J
(q)
4 ≤ 4π2N3/2e−(cst.)κN = O

( 1√
N

)
. (B.72)

Appendix C. Technical estimates at the critical point

C.1. Proof of Lemma 7.7. Let δ > 0. We denote by (Ui)i≥1 the increments of the random
walk X. Recalling Remark 4.13, it comes:

PN,h

(
XN ≥ bN

√
N
)
≤

EN,h

(
eδ(U1+...+UN )

)
eδbN

√
N

. (C.1)

By (4.13), we see that for every 1 ≤ i ≤ N :

EN,h(e
δUi) = Ẽh

2 (1−
2i−1
n )(e

δU1) = exp
[
L
(
δ+

h

2

(
1− 2i− 1

n

))
−L
(h
2

(
1− 2i− 1

n

))]
. (C.2)

Hence, using that L is C 2 and even,

logEN,h

(
eδ(U1+...+UN )

)
=

N−1∑
i=0

L
(
δ +

h

2

(
1− 2i− 1

n

))
−
N−1∑
i=0

L
(h
2

(
1− 2i− 1

n

))
= O(1) +Nδ

∫ 1

0

[
L
(h
2
+ tδ

)
− L

(h
2
− tδ

)]
dt

= O(1) +Nδ2(L′(h/2) + oδ(1)),

(C.3)
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where the O(1) depends on sup{|L′(x)|, x ∈ [0, δ + h/2]} and holds as N → ∞, and the
oδ(1) holds as δ → 0. Picking δ = (c0bN )/

√
N with c0 = [2L′(h/2)]−1 and combining (C.1)

and (C.3) gives the existence of C2 > 0 such that

PN,h

(
XN ≥ bN

√
N
)
≤ e−C2b2

N−ON (1), (C.4)

the C2 being uniform over q ∈ [q1, q2] and the ON (1) too.

C.2. Proof of Lemma 7.6. Using the time-reversal property from (4.43), we get, for
1 ≤ i < N1,

PN1,h
q
N1

(
XN1 ∈

[
KaN − x, bN

√
N − x

]
, Xi ≤ −x

)
=

bN

√
N−x∑

k=Kan−x
PN1,h

q
N1

(
XN1 = k,Xi ≤ −x

)

=

bN

√
N−x∑

k=Kan−x
PN1,h

q
N1

(
XN1 = −k,XN1−i ≤ −k − x

)

≤
bN

√
N−x∑

k=Kan−x
PN1,h

q
N1

(
XN1−i ≤ −x

)
≤ bN

√
NPN1,h

q
N1

(
XN1−i ≤ −x

)
(C.5)

Since x ∈ CN , there exists c1 > 0 such that x > c1aN for all q ∈ [q1, q2] and N > N0 a
certain integer. It comes:

PN1,h
q
N1

(
XN1 ∈

[
KaN − x, bN

√
N − x

]
, ∃i : Xi ≤ −x

)
≤

N1/2∑
i=0

PN1,h
q
N1

(
Xi ≤ −x

)
+ bN

√
N

N1/2∑
i=0

PN1,h
q
N1

(
Xi ≤ −x

)
≤ N2e−λc1 log(N)2 = o(1/N2),

(C.6)

using that bN ≤
√
N . The uniformity in a stems from not imposing the condition on AN1 ,

while the uniformity in x and q is ensured by the uniform lower bound x > c1aN , that is
true for all x ∈ CN and q ∈ [q1, q2].

Appendix D. Second-order expansion of the excess free energy at the
critical point

D.1. Proof of Lemma 4.21. Recall the expression of ψ(q, δ) in (4.48). Using (4.56) and
(4.57) at the second line, it comes:

ψ(q, δ)− ψ(q, 0) = [Hδ(sδ(q))− qsδ(q)]− [G(h̃(q))− qh̃(q)]

= L
(
sδ(q) + δ − β

2

)
− L

( h̃(q)
2

)
− 2q

(
sδ(q)− h̃(q)

)
.

(D.1)

We now work with δ = δ(ε) := δ0(q) + ε = β
2 − h̃(q)

2 + ε and ε > 0 small. Then,

ψ(q, δ(ε))− ψ(q, 0) > 0 ⇔ L
(
sδ(q) + ε− h̃(q)

2

)
− L

( h̃(q)
2

)
> 2q

(
sδ(q)− h̃(q)

)
. (D.2)
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By definition of h̃(q) and sδ(q), ∫ 1

0
tL′
(
h̃(q)t− h̃(q)

2

)
dt = q∫ 1

0
tL′
(
sδ(q)t−

h̃(q)

2
+ ε
)
dt = q.

(D.3)

Since L′ is an increasing function over (−β/2, β/2), it comes that sδ(q) = h̃(q)− aε− bε2+
o(ε2), with a > 0. Let us first determine a. From (D.3), we get∫ 1

0
t
(
L′
(
h̃(q)t− h̃(q)

2

)
− L′

(
h̃(q)t− h̃(q)

2
+ ε(1− at)

))
dt = 0. (D.4)

Expanding the line above at first order, we obtain that∫ 1

0
t(1− at)L′′(h̃(q)(t− 1/2))dt = 0. (D.5)

Integrating par parts (see Lemma D.1 for the denominator), we obtain:

a =

∫ 1
0 tL

′′(h̃(q)(t− 1/2))(h̃(q)dt)∫ 1
0 t

2L′′(h̃(q)(t− 1/2))(h̃(q)dt)
=

L′
(
h̃(q)
2

)
L′
(
h̃(q)
2

)
− 2q

. (D.6)

A straightforward computation gives, at first order:

ψ(q, δ)− ψ(q, 0) = ε
[
(1− a)L′(h̃(q)/2) + 2qa

]
+O(ε2) = O(ε2). (D.7)

Hence, the transition is at least of order 2. We now determine b. Coming back to (D.3)
and performing a second-order Taylor expansion, we get:

b =
1

2
×
∫ 1
0 t(1− at)2L′′′(h̃(q)(t− 1/2))dt∫ 1

0 t
2L′′(h̃(q)(t− 1/2))dt

. (D.8)

To compute b, we use the following lemma, the proof of which is left to the reader (integrate
by parts).

Lemma D.1.∫ 1

0
t(1− at)2L′′′(h̃(q)(t− 1/2))(h̃(q)dt) =(1− a)2L′′(h̃(q)/2) +

2(2a− 1)

h̃(q)
L′(h̃(q)/2)

− 3a2
∫ 1

0
t2L′′(h̃(q)(t− 1/2))dt ,

(D.9)∫ 1

0
t2L′′(h̃(q)(t− 1/2))(h̃(q)dt) = L′(h̃(q)/2)− 2q. (D.10)

We finally obtain:

b =

(1−a)2
2 L′′(h̃(q)/2) + (2a−1)L′(h̃(q)/2)

h̃(q)

L′(h̃(q)/2)− 2q
− 3a2

2h̃(q)
. (D.11)
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Expanding the left-hand side of (D.2) to the second order, we get that the coefficient in
front of ε2 equals

C :=
3a2

2
[L′(h̃(q)/2)− 2q]− (2a− 1)L′(h̃(q)/2) =

L′(h̃(q)/2)[L′(h̃(q)/2)− 4q]

2[L′(h̃(q)/2)− 2q]
. (D.12)

To conclude, it remains to observe that C > 0, i.e. that L′(h̃(q)/2) > 4q. Indeed, by
definition of h̃(q) and strict convexity of L,

q =

∫ 1/2

−1/2

(
t+

1

2

)
L′(h̃(q)t)dt =

∫ 1/2

0

(
t+

1

2

)
L′(h̃(q)t)dt−

∫ 1/2

0

(
1

2
− t

)
L′(h̃(q)t)dt

=

∫ 1/2

0
2tL′(h̃(q)t)dt < L′(h̃(q)/2)

∫ 1/2

0
2tdt = (1/4)L′(h̃(q)/2).

(D.13)

D.2. Proof of (2.24). To ease notation, we first set

qε := argmax
{
q > 0:

1
√
q
log Γβ +

1
√
q
ψ(q, δc(β) + ε)

}
, ε ≥ 0, (D.14)

and recall that ψ(q, δ) = ψ(q, 0) for every 0 ≤ δ ≤ δc(β). In this section, we write s(δ, q) :=
sδ(q) to emphasize on the variable q and h(q) := h̃(q). By Remark 4.20, we have on the
one hand,

− log Γβ = L(h(q0)/2) (D.15)
and on the other hand,

− log Γβ = L
(
s(δc(β) + ε, qε) + δc(β) + ε− β/2

)
(2.20)
= L

(
s(δc(β) + ε, qε) + ε− h(q0)/2

)
.

(D.16)

Equating (D.15) with (D.16) and using that L is increasing on (0, β/2), we obtain:

s(δc(β) + ε, qε) + ε = h(q0). (D.17)

By Lemma 4.6 and the Implicit Function Theorem, there exist a and b (to be determined)
such that

qε = q0 + aε+ bε2 + o(ε2), as ε→ 0. (D.18)
We first compute a and b in (D.18). Using (2.12), (2.14) and (D.17), one has:

qε =

∫ 1

0
tL′(h(q0)(t− 1/2) + ε(1− t))dt, ε ≥ 0. (D.19)

Using a second-order Taylor expansion on qε − q0 gives:

a =

∫ 1

0
t(1− t)L′′(h(q0)(t− 1/2))dt,

b =

∫ 1

0

t(1− t)2

2
L′′′(h(q0)(t− 1/2))dt.

(D.20)

Using (D.6) and Lemma D.1 with the choice a = 1 yields

a =
2q0
h(q0)

, b =
6q0 − L′(h(q0)/2)

2h(q0)2
. (D.21)
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We now have all the tools to establish (2.24). It comes:

g(β, δc(β) + ε)− g(β, δc(β))

(2.19)
=

log Γβ + ψ(q0, δc(β))√
q0

−
log Γβ + ψ(qε, δc(β) + ε)

√
qε

(4.48)+Lemma 4.19
=

log Γβ + L
(
s(δc(β) + ε, qε) + δc(β) + ε− β/2

)
− 2qεs(δc(β) + ε, qε)

√
qε

−
log Γβ + L(h(q0)/2)− 2q0h(q0)√

q0
(D.15)−(D.16)

= 2
√
q0h(q0)− 2

√
qεs(δc(β) + ε, qε)

(D.17)
= 2

√
q0h(q0)− 2

√
qε(h(q0)− ε)

(D.18)−(D.21)∼ L′(h(q0)/2)

2h(q0)
√
q0

× ε2,

(D.22)
which completes the proof.

Appendix E. Proof of Item (2) in Proposition 4.5

In this section we correct a flaw in the proof of [1, Lemma 5.3]. The flaw lies in the proof of
the bijective nature of the map ∇LΛ : Dβ → R2 and is due to the fact that dist(h, ∂Dβ) → 0
does not necessarily imply that ∥LΛ(h)∥ → ∞, as it is claimed therein. Let us recall that
for every (h0, h1) ∈ Dβ , i.e. such that |h0| < β/2 and |h0 + h1| < β/2,

∇LΛ(h0, h1) =
(∫ 1

0
xL′(h0x+ h1)dx,

∫ 1

0
L′(h0x+ h1)dx

)
. (E.1)

Integrating by parts, we notice that, provided h0 ̸= 0,

∇LΛ(h0, h1) =
(L(h0 + h1)−

∫ 1
0 L(h0x+ h1)dx

h0
,
L(h0 + h1)− L(h1)

h0

)
(E.2)

Using the bijective change of variable (h0, h1) ∈ Dβ 7→ (u, v) = (h0+h1, h1) ∈ (−β/2, β/2)2,
we rather consider the function:

L(u, v) := ∇LΛ(u− v, v), (u, v) ∈ (−β/2, β/2)2, (E.3)

and notice that, when u ̸= v,

L(u, v) =
(L(u)− ∫ 1

0 L((u− v)x+ v)dx

u− v
,
L(u)− L(v)

u− v

)
. (E.4)

We start with a technical lemma:

Lemma E.1. For every (h0, h1) ∈ Dβ such that h0 ̸= 0,∫ 1

0
L(h0x+ h1)dx ≤ 1

|h0|

∫ β/2

−β/2
L(x)dx. (E.5)

Note that the integral on the right-hand side of (E.5) is finite.
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Proof of Lemma E.1. A straightforward change of variable yields:∫ 1

0
L(h0x+ h1)dx =

1

|h0|

∫ h0∨(h0+h1)

h0∧(h0+h1)
L(x)dx ≤ 1

|h0|

∫ β/2

−β/2
L(x)dx. (E.6)

□

We now investigate the properties of the first coordinate of the function L when the
second variable v is fixed:

Lemma E.2. For every |v| < β/2, the mapping u 7→ L1(u, v) is bijective from (−β/2, β/2)
to R.

Proof of Lemma E.2. Since L is strictly convex, we first notice that

(∂uL1)(u, v) =

∫ 1

0
x2L′′((u− v)x+ v)dx > 0. (E.7)

Thus it remains to prove the limits L1(±β/2, v) = ±∞. Using (E.4) and Lemma E.1, we
may write:

L1(u, v) ≥
L(u)
u− v

− (cst.)

|u− v|2
. (E.8)

As u→ β/2, the term u−v eventually becomes positive, bounded away from 0 and infinity,
and L(u) converges to +∞, hence the result. The proof for the case u→ −β/2 follows the
same idea, writing instead:

L1(u, v) ≤
L(u)
u− v

+
(cst.)

|u− v|2
. (E.9)

□

From Lemma E.2, for every q ∈ R we may define u(v, q) as the unique solution in
(−β/2, β/2) of

L1(u(v, q), v) = q. (E.10)
The proof will be complete once we prove that for every (fixed) q ∈ R, v 7→ L2(u(v, q), v) is a
bijective map from (−β/2, β/2) to R. We first argue that this (continuous) map is injective.
Indeed, suppose by contradiction that there exists v1 ̸= v2 such that L2(u(v1, q), v1) =
L2(u(v2, q), v2). Coming back to the old variables, this would imply that the map (h0, h1) 7→∫ 1
0 L′(h0x+h1) itself is not injective, which contradicts the fact that (h0, h1) 7→

∫ 1
0 L(h0x+

h1) is strictly convex. It now remains to prove, in order to conclude, that

lim
v→±β/2

L2(u(v, q), v) = ±∞. (E.11)

To this end, we first differentiate (E.10) with respect to v and get

(∂vu)(v, q) = −
∫ 1
0 x(1− x)L′′(u(v, q)x+ v(1− x))dx∫ 1

0 x
2L′′(u(v, q)x+ v(1− x))dx

< 0, (E.12)

(by strict convexity of L), from which we infer that v 7→ u(v, q) is decreasing. Consequently,
|u(v, q) − v| remains bounded away from zero as v → ±β/2. Using (E.4) and (E.10), we
finally get:

L2(u(v, q), v) =
L(v)

u(v, q)− v
− q − 1

u(v, q)− v

∫ 1

0
L((u(v, q)− v)x+ v)dx, (E.13)
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and, using Lemma E.1,

|L2(u(v, q), v)| ≥
L(v)

|u(v, q)− v|
− |q| − (cst.)

|u(v, q)− v|2
, (E.14)

which converges to +∞ as v → ±β/2.
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