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Abstract

This study investigates dynamic mesh adaptation (DMA) for hybrid RANS/LES (HRLES) simula-

tions of compressible turbulent flows. HRLES models, which blend Reynolds-Averaged Navier–

Stokes (RANS) and Large Eddy Simulation (LES), are by their nature very sensitive to the compu-

tational mesh, because of the very different resolution requirements in the RANS and LES regions.

The proposed DMA strategy relies on a high-order k-exact finite volume spatial discretization [1]

designed to ensure robust, accurate and conservative solutions for compressible flows with strong

discontinuities while limiting the numerical dissipation of vortical structures. A mesh refinement

criterion related to the truncation error of the k-exact reconstruction scheme is introduced, and

compared with several heuristic refinement criteria from the literature. To limit the computational

burden of frequent re-meshing for unsteady flow simulations, the adaptation is performed only at

certain time steps, and the error criterion is averaged over the chosen adaptation period. A sim-

ple and effective criterion is then introduced to automatically control the adaptation period. The

proposed DMA strategy is evaluated against a series of test cases of increasing complexity, ranging

from inviscid vortex advection to turbulent transonic flow past an axisymmetric backward-facing

step, representative of the base flow behind a space launcher.
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1. Introduction1

Hybrid RANS/LES simulations (HRLES), which combine the Reynolds-Averaged Navier–Stokes2

(RANS) and the Large Eddy Simulation (LES) models to describe unsteady turbulent flows, have3

gained increasing interest for industrial applications. HRLES methods seek for an optimal blending4

of the RANS and LES methods based on estimates of the characteristic turbulent scales, with the5

general idea of using RANS in thin, attached flow regions where RANS can provide cheap and6

reasonably accurate solutions, and switching to LES in regions where the flow is dominated by7

the unsteady dynamics of large vortical structures. While the RANS turbulent scales are generally8

estimated from local turbulent properties (such as the local turbulent kinetic energy and dissipation9

rate), the LES scale is representative of the smallest turbulent scales that can be resolved in the10

simulation and is then directly related to the local mesh size. Several HRLES models exist in the11

literature, such as the Detached Eddy Simulation (DES) originally proposed by Spalart et al. [2] and12

its subsequent variants such as the Zonal Detached Eddy Simulation (ZDES) proposed by Deck et al.13

[3], Delayed Detached Eddy Simulation (DDES) [4], Improved Delayed Detached-Eddy Simulation14

(IDDES) [5], as well as alternative approaches such as the Limited Numerical Scale (LNS) approach15

[6], Partially Averaged Navier Stokes (PANS) [7], and the resolved kinetic energy method of [8].16

Because LES quality is highly sensitive to the numerical errors introduced by the discretization17

scheme used to approximate the governing equations and to the grid quality, RANS/LES inherits18

of the same sensitivities. In addition, the RANS/LES switch is also highly dependent on the design19

of the computational mesh [2]. The latter must be fine enough to resolve all the relevant turbulent20

structures in the LES regions, while minimizing the number of cells in the RANS regions and21

ensuring an optimal transition between the two. Despite the progress made in the last decades,22

such as the introduction of empirical "shielding" functions, a poorly designed mesh can lead to a23

catastrophic lack of accuracy [9]. On the other hand, the design of an optimal mesh for HRLES is a24

difficult and time-consuming task, and the development of automatic meshing approaches capable25

of adapting the local mesh resolution to the resolved turbulent content is highly desirable (see for26

instance [10]). The goal of this study is precisely to investigate mesh adaptation strategies well27

suited for HRLES.28

Three main approaches for adapting the spatial resolution of fluid flow simulations have been29

considered in the literature: (i) h-adaptation, which consists in modifying the local mesh size while30

keeping the order of the numerical approximation constant [11, 12], (ii) p-adaptation, which varies31

the order of the numerical approximation while keeping the element size constant [13, 14], and (iii)32
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hp-adaptation, which combines h- and p-adaptation [15, 16, 17]. In this study, we focus on the first33

approach.34

H-adaptivity can rely either on element splitting [18, 19, 20], which requires handling non-35

conforming elements and hanging nodes, or on metric-based remeshing [21, 22, 23, 24]. The first36

approach can be used for partial remeshing of regions of interest while leaving the rest of the37

mesh untouched, and is thus cheaper, but less flexible since it strongly depends on the initial mesh38

structure and only partial anisotropic behavior can be extracted. The second one is much more39

flexible and well suited for the refinement of highly anisotropic flow patterns, such as shocks,40

boundary layers, or geometrical singularities (corners or sharp edges). However, it is also more41

costly, because of the recurrent calls to a mesh generator and successive interpolations.42

Of particular interest here is the element splitting with hanging nodes technique, where the resulting43

meshes are characterized by nodes on edges and faces that are not vertices of all the cells sharing44

those edges or faces. When refining a mesh with this approach, every initial “parent cell”, selected45

for refinement by a given marking criterion, is divided into “children cells”. The element splitting46

can be isotropic or anisotropic. Element splitting-based mesh adaptation is mainly performed47

on (initially) structured hexahedral meshes, however, some examples of non-conformal element48

splitting based on triangular/tetrahedral meshes can be also found in the literature [25]. In isotropic49

refinement, cells are split along all the principal directions [26, 27], while in anisotropic refinement,50

the division is applied only along some dominant direction(s) [28].51

Most of the above-mentioned studies focused on the solution of the inviscid (Euler) flow equa-52

tions [29, 30] or of the Reynolds Averaged Navier–Stokes equations [31, 21]. However, the increasing53

demand for higher fidelity simulations such as LES or HRLES, has recently fostered efforts toward54

mesh adaptation strategies for scale-resolving turbulent flow simulations. In the following of this55

study, we focus on h-type isotropic mesh adaptation and on adaptation criteria suitable for HRLES.56

Mesh adaptation criteria are generally based on the estimation of the discretization error. The latter57

depends on the characteristic size h of the mesh used to discretize the physical domain and on58

the order of accuracy p of the numerical scheme used to approximate the governing equations on59

the given mesh. Moreover, for turbulent flows, modeling errors are also introduced, which may60

be coupled with discretization errors. This is particularly critical for LES approaches (and, conse-61

quently, also for HRLES). LES relies on the solution of the filtered Navier–Stokes equations, where62

the filter size is supposed to be known and related to the mesh size. However, due to numerical63

approximation errors, the actual filter size is also strongly dependant on the transfer function of the64
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discretization scheme. Very often, the implicit filtering error, although recognized as an additional65

source of error in LES, is neglected. In the literature, an attempt to quantify modeling and dis-66

cretization errors in turbulent flow simulations has been proposed in [32], with particular attention67

to LES models, stressing the difficulty of segregating the two sources of error without using several68

grids of varying density. A thorough discussion on LES requirements can be also found in [33]69

and references cited therein. Mesh adaptation for LES, and consequently HRLES, changes the filter70

size both directly –through mesh resolution–, and implicitly –through the associated numerical71

scheme transfer function. Based on the observation that one way or another, the grid size scales72

with the filter width, Toosi et. al. proposed in [18] an anisotropic error estimator for LES problems73

by looking at the energy in a directional sense. The authors defined a directional error estimator74

based on small-scale energy coupled with a modified differential filter and computed for a time-75

averaged field. The efficiency of this anisotropic strategy has been tested on statistically stationary76

applications and stationary grids. As the authors state, this refinement criterion is not suitable for77

problems where strong physical features, such as shocks, interact with the turbulent field. Pope [34]78

suggested that a measure of the proportion of modeled to resolved kinetic energy is sufficient to79

assess the local accuracy of an LES computation, and showed that well-resolved LES should resolve80

at least 80% of the total turbulent kinetic energy. This idea has inspired several authors: for instance,81

Reuß et al. [35] proposed to use a sensor based on this measure where several models to compute82

the subgrid-scale turbulent kinetic energy are tested, and these sensors are used as indicators for83

local mesh refinement in the LES regions for a backward-facing step problem. Nevertheless, the84

authors also showed the efficiency of the sensor is problem and SGS model dependent. A com-85

bination of mesh refinement criteria to deal with the discretization error while ensuring enough86

explicit resolution of turbulent scales has been proposed in [36]. An estimate of the interpolation87

error of the time-averaged velocity field through the second order derivative is proposed to deal88

with the discretization error in all the computational domain, whereas the proportion of the total89

turbulent kinetic energy explicitly solved, is used as a second refinement criterion as suggested in90

[34]. Although this approach is promising, it remains costly and limited by the remeshing library91

performance, which does not allow for surface refinement.92

93

This short state-of-the-art on mesh refinement methods for HRLES problems further motivates94

us to investigate the performance of a dynamic mesh adaptation framework suitable for industrial95

applications where new challenges are formulated, such as: (i) what could be a suitable mesh96
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refinement criterion that would be applicable to a variety of problems of industrial interest, and97

(ii) how to deal with the unsteadiness of the problems of interest while maintaining a reasonable98

computational cost.99

In this paper we address these issues and propose a novel dynamic mesh refinement proce-100

dure where the mesh refinement criterion is directly extracted from a k-exact finite-volume scheme101

correction terms. The dynamic AMR procedure is completed with a combined strategy where the102

refinement criterion is averaged on the time interval of adaptation and a dynamic strategy is used103

to adaptively define the mesh adaptation period (time interval).104

105

The paper is structured as follows: first, the methodology used to solve our problems of interest106

is presented in Section 2, including the k-exact numerical scheme used to solve the compressible107

state system of equations. In Section 3 we introduce the grid refinement strategies including the108

novel error criterion, the time-averaging of the adaptation criteria and the automatic period control109

strategy. These new implementations are tested in Numerical Results section 4 on several problems110

of increased difficulty, starting from a Convected Lamb Vortex where we dispose of an analytical111

solution suitable to validate the mesh refinement error criterion, a spatially evolving mixing layer112

with or without interaction with an oblique shock and lastly, a turbulent RANS/LES problem where113

the flow around an axisymmetric backward-facing step is considered. The paper ends with a short114

conclusion and perspectives.115

2. Methodology116

2.1. Governing equations117

We look for numerical solutions of the compressible Reynolds-averaged or filtered Navier-Stokes118

equations, supplemented by a turbulence or subgrid model, respectively. These can be formally119

written as a system of conservation laws of the form:120

d
dt

"
ΩCV

w dΩ+
	
ACV

F · n dS = 0, (1)

where ΩCV is a fixed control volume with boundary ACV, n is the outer unit normal, w is the121

conservative variable vector, and F is the flux density:122

F = FE + FV (2)

where FE is the inviscid flux and FV is the viscous flux.123
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In RANS/ LES regions of the computational domain, w represents the averaged/filtered flow124

quantities, respectively. From a more general viewpoint, w represents the resolved part of the flow,125

i.e, the larger scales of motion captured by the calculation, which eventually reduce to the mere126

average field for full RANS. RANS/LES are performed by using an eddy viscosity model. The eddy127

viscosity νt is determined by means of the Delayed Detached Eddy Simulation model (DDES) of128

[2]. In addition, the present implementation of the DDES model is based on a compressible version129

k−ω SST two-equation model. Wall functions are applied near solid boundaries to allow grids with130

a typical size of the first cell close to the wall (in wall units) of approximately 50 viscous units.131

2.2. K-exact Finite Volume scheme132

System (1) is approximated by means of a finite volume methodology on unstructured grids.133

The computational domain ΩCV is partitioned in N finite volume cells ΩJ with boundary AJ, such134

that:135

ΩCV =

N⋃
J=1

ΩJ and AJ =

P⋃
K=1

AJK (3)

where index K denotes the kth neighbor,ΩK, to cellΩJ and AJK the interface between two neighbors:136

AJK = ΩJ ∩ΩK (4)

In the present finite-volume approach, the problem unknowns are represented by the cell-averaged137

conservative variables. The system of conservation laws referred to a computational cell then138

writes:139

|ΩJ |
dwJ

dt
+

P∑
K=1

"
AJK

F · n dS = 0 (5)

where |ΩJ | denotes the cell volume, the overbar denotes the cell average, and P is the number of140

faces of cell ΩJ.141

The fluxes in equation (5) are approximated by means of a k-exact finite volume scheme of third-142

order accuracy (or 2-exact) proposed by Pont et al. in [1], following the ideas initially developed by143

[37].144

The latter relies on the recursive correction of the approximation errors of the solution and its145

successive derivatives, starting with a low-order (first order, or 0-exact) approximation. Hereafter,146

we first briefly recall the main steps used for the k-exact reconstruction procedure. The flux function147

F is expanded in Taylor series around an integration point Γ of AJK:148 "
AJK

F · n dS = F|Γ · S
(0)
AJK
+D(1) F|Γ · S

(1)
AJK
+

1
2

D(2) F|Γ · S
(2)
AJK
+ |AJK|O(hn) (6)
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where D(l) F|Γ is the lth tensor derivative of F at point Γ, S(m)
AJK

represents the mth-order moment of149

AJK, and h is a characteristic grid size. Specifically, D(1)F
∣∣∣
Γ

is the flux gradient at point Γ and D(2)F
∣∣∣
Γ

150

is the Hessian. Furthermore,151

S
(0)
AJK
=

1
|AJK|

"
AJK

n dS, S(1)
AJK
=

1
|AJK|

"
AJK

(x − xΓ)n dS, S(2)
AJK
=

1
|AJK|

"
AJK

(x − xΓ) ⊗ (x − xΓ)n dS

(7)

are the mth order surface moments of face AJK. For further convenience, we also introduce the mth
152

order volume momentsM(m)
J of ΩJ, defined as :153

M
(m)
J =

1
|ΩJ |

$
ΩJ

(x − x j)⊗mdΩ (8)

In the preceding definitions we use the shortcut notation:154

v⊗m =

m times︷       ︸︸       ︷
v ⊗ v ⊗ ...v, v⊗0 = 1, v⊗1 = v (9)

with v a generic vector and with ⊗ the dyadic product. As a consequence, v⊗m is an mth-order155

tensor, and so are S(m)
AJK

andM(m)
J .156

To achieve a nth-order approximation of the surface integral, the flux and its derivatives at point157

Γmust be reconstructed from cell-centered averages wJ. For robustness reasons, the reconstruction158

is applied to the primitive variables:159

q = (u,P,T)T with q = q(w) (10)

Precisely, for a perfect gas with constant isentropic exponent γ, the primitive and conservative160

variables are linked by the following relations:161

u =
(ρu)
ρ
, P = (γ − 1)

(
(ρE) −

1
2
|ρu|2

ρ

)
, T =

P
ρR

(11)

We introduce for each cell J the vector q̃J = q̃(wJ) obtained by applying the relations (11) to the162

cell-averaged conservative variables wJ:163

q̃J = (ũJ, P̃J, T̃J)T (12)

The quantities q̃J are only second-order approximations of the pointwise values of the primitive164

variables at the cell center x j. A third-order approximation is then obtained by reconstructing the165

primitive variables in each cell by Taylor-series expansion truncated to second-order terms:166

q(x) = q j + D(1)q
∣∣∣
j · (x − x j) +

1
2

D(2)q
∣∣∣
j · (x − x j) ⊗ (x − x j) +O(h3) (13)
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and by approximating q j, D(1)q
∣∣∣
j, and D(2)q

∣∣∣
j at order 3, 2, and 1, respectively. Equation (13)167

represents then an approximate deconvolution operator of third-order accuracy for the primitive168

variables. Expanding the primitive variable q around the cell center x j, and by averaging over the169

cell ΩJ, gives:170

q j = qJ −
1
2
M

(2)
J : D(2)q|J + O(h3) (14)

Taylor expansions are also used to determine a high-order approximation of the cell-averaged171

primitive variables172

qJ = q̃J + ∆q
∣∣∣
J + O(hn) (15)

The correction term ∆q
∣∣∣
J = (∆u|J , ∆P|J , ∆T|J)T depends on the primitive variable under considera-173

tion. For instance, the correction term for the velocity field is:174

∆u|J = uJ − ũJ =
1
ρJ
M

(2)
J :

(
D(1)ρ

∣∣∣
j ⊗ D(1)u

∣∣∣
j

)
+ O(h3) (16)

where, for a perfect gas, the density gradient is expressed in terms of pointwise primitive variables175

as:176

D(1)ρ
∣∣∣
j =

D(1)P
∣∣∣
j ⊗ D(1)T

∣∣∣
j

RT j
(17)

which requires a 1st-order approximation of the primitive variable gradients at point x j to achieve177

a third-order approximation for ∆q
∣∣∣
J. The full expressions including formulation of the correction178

term for the temperature can be found in [1]. In the same reference, it was shown that including the179

deconvolution term in the solution reconstruction is of crucial importance to achieve truly third-180

order accuracy even for weakly compressible flow cases, such as the inviscid advection of a vortex:181

when such a term is neglected, the solution convergence order decays to a value in between second182

and third-order only.183

Finally, combining Eqs (14) and (15), a high-order approximate deconvolution is obtained,184

allowing to compute the pointwise primitive variables:185

q j = q̃J + ∆q
∣∣∣
J −

1
2!
M

(2)
J : D(2)q|J + O(h3). (18)

Of note, for all variables the ∆q
∣∣∣
J term accounts for velocity and density variations, while the186

third term in Equation (18) is related to the Hessian of the corresponding field, weighted by the187

second-order volume moments of cell J.188

To complete the procedure, high-order approximation of the gradients are obtained by following189

the successive correction procedure described in [1], to which the reader is referred for details. The190
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polynomial reconstruction formula (13) is finally used to evaluate left and right states on both sides191

of cell faces AJK, and an exact 1D Rieman solver in the face-normal direction is used to obtain the192

final estimate of the numerical flux FΓ. Limiters are applied to the reconstructed left and right193

primitive variables in order to enforce monotonicity constraints [38].194

2.3. Error estimator195

The approximate deconvolution formula (18) measures the error committed by approximating196

the values of the primitive variables at a cell center with direct computations from the problem197

unknowns, i.e. the cell-averaged conservative variables. More precisely, the correction terms on the198

right-hand side are an estimate of the truncation error in the local solution expansion for the 1-exact199

scheme. Theoretically, since we are using a 2-exact scheme, an estimate of the higher-order error200

would be needed. However, this would require information about the third-order derivatives of201

the solution fields, which is difficult to obtain on general unstructured meshes, and also represents202

a significant overhead in both computational time and memory. To avoid this, we argue that since203

the k-exact scheme uses successive corrections of the truncation error to reach third-order accuracy,204

the truncation error of the uncorrected scheme (1-exact scheme) is a good low-cost proxy for the205

error of the corrected one (2-exact). This strategy is inspired by approaches commonly used for206

finite-element schemes (see e.g. [15]) where the decay of spectral coefficients from one order of207

reconstruction to the next is used as an estimate of the local interpolation error. In short, we208

assume that the regions where the 1-exact and 2-exact reconstructions differ the most are also those209

that require refinement, while the two reconstructions show little difference in regions where the210

solution varies slowly or in very small cells. In fact, both correction terms on the right-hand side211

tend to zero in the vanishing mesh size limit.212

For this reason, we advocate the use of the corrective terms in (18) as indicators for local solution213

accuracy. More precisely, given any primitive variable q, we introduce the following error estimator,214

referred-to in the following as TECq (Truncation Error Criterion), where the subscript q stands for215

the primitive variable it is based on (e.g. TECp denotes a criterion based on the error term for the216

pressure):217

TECq = |∆Q1| + |∆Q2| (19)

with218

∆Q1 = ∆q (20)
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and219

∆Q2 =
1
2
M

(2)
J : D(2)q|J (21)

We employ the sum of absolute values to provide a majoration of the error, which corresponds to220

a more conservative estimate than the original error term. Such an approach is often preferred in the221

literature when estimating errors as sum of multiple terms (see for instance Refs [15],[18],[29]). Of222

note, while the∆Q1 term only requires approximations of the solution gradients, which are available223

for both a 1-exact (2nd-order) and 2-exact (3rd-order) scheme (although D(1)q|J is approximated at224

1st-order for a 1-exact scheme and at 2nd-order for a 2-exact scheme), the ∆Q2 term requires an225

approximation of D(2)q|J, which is only available for a 2-exact scheme. Thus, the evaluation of226

∆Q2 represents an extra cost when using a 1-exact scheme, while it is made directly available by227

the third-order successive correction procedure. In the calculations, the raw error estimator (19) is228

normalized by using the maximum and minimum value in the flow field, so that the normalized229

estimators always takes values between 0 and 1.230

3. Grid refinement strategy231

The proposed scheme and error estimator are implemented in , the unstructured finite-volume232

solver developed by ArianeGroup to calculate compressible, multidimensional, unsteady, viscous233

and reactive flow over bodies in relative motion. FLUSEPA relies on a conservative overset grid234

technique initially developed to address the issues of multiple bodies in relative motion [39, 38].235

The latter uses geometric intersections of a hierarchy of grid patches each assigned with a priority236

level to generate a single unstructured mesh: the higher priority level grids cut the lower priority237

ones (see Figure 1). The mesh faces resulting from the exact geometric intersection between grid238

cells are then used to compute the numerical fluxes as described in Section 2.2, so that the numerical239

discretization is intrinsically conservative.240

The code also uses a dynamic mesh adaptation strategy based on isotropic octree-splitting. A241

high-order projection technique is used to distribute the solution from a parent cell to children242

cells without spuriously producing new extrema [40, 41]. The existence of octrees is invisible to243

the solver, which is face-based and treats cells as general polyhedra. Thus, there are no hanging244

nodes and no ghost cells to treat faces between two levels of refinement. Various refinement245

criteria, both geometric or feature-based are available in the code. The latter can be combined246

to generate composite criteria. Geometric criteria include the Hessian of various fields (e.g. the247

velocity Hessian), the pressure gradient, and the Ducros criterion [42]. More details can be found248
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Figure 1: Illustration of the meshes overlap for two priority meshes P2 and P1, with P2>P1. Visual of the novel faces obtained

after intersection.

in [43]. The mesh cells can be refined or coarsened, according to two user-defined thresholds. The249

adaptation criterion defined in Eq. (19) is also implemented FLUSEPA. In the numerical tests, we250

compare such criterion to selected heuristic and geometric criteria available in FLUSEPA. We also251

investigate the effect of using the two contributing terms |∆Q1| and |∆Q2| altogether or separately.252

3.1. Time-averaged criteria253

Dynamic mesh adaptation comes at the overcost of recomputing the metrics of the adapted254

mesh cells at each adaptation iteration. In addition, the solution must be projected from parent255

to children cells, potentially introducing interpolation errors. Most importantly, in scale resolving256

simulations of turbulent flows (LES or HRLES), the local grid size is directly related to sub-grid scale257

filtering and to the allocation of RANS and LES regions, which perturbs turbulence development258

and, in case of abrupt mesh refinement, may lead to catastrophic commutation errors [44, 45, 46]259

or to grid-induced separation in HRLES [2]. For all these many reasons, mesh adaptation is not260

performed at each time step of an unsteady flow computation, but at pre-defined time intervals, as261

sketched in Figure 2. If DMA is performed using the instantaneous error criterion computed at time262

Tn, the same adapted mesh is then be used to compute the solution until the next adaptation time263

Tn+1, which might lead to a loss of information if the adaptation interval is too long compared to264

the characteristic time scales of interest. This problem is known as the mesh/solution delay. On the265

contrary, if the time adaptation interval is too short compared to the flow time scales, the adaptation266

is accomplished too frequently, introducing an unnecessary computational overload.267
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Figure 2: Illustration of time interval splitting using time slots Tn.

A possible solution, especially in configurations for which the spatial resolution requirements268

do not vary significantly over time (statistically steady or periodic turbulent flows), consists in269

averaging the refinement criterion over several time steps. An averaging strategy of the refinement270

criterion was recently used by Mozaffari et al. [47] to avoid over-refinement in HRLES simulations.271

The choice of the averaging and adaptation intervals remains however open to discussion. In the272

present work, both intervals are chosen to be equal. The adaptation interval is selected empirically273

based on the flow time scales that are expected to be relevant. This is equivalent to using a phase274

averaged error criterion related to the characteristic time of the large flow scales, i.e. the scales275

of importance in hybrid RANS/LES simulations. The effectiveness of this choice is illustrated by276

numerical experiments in Section 4.277

Using a mean criterion allows to account for time-evolution of the refinement criterion, improv-278

ing the mesh delay with regard to the solution evolution. This solution however is proposed at279

fixed adaptation intervals and does not account directly for the dynamics of the solution. In the next280

subsection we propose a simple adaptive strategy, named Automatic Period Control (APC), that281

accounts for the refinement criteria behavior in between two consecutive mesh adaptations to either282

reduce the initial refinement interval or increase it. Both of these mesh refinement improvements283

for unsteady problems are validated and tested in Section 4.284

3.2. Automatic Period Control (APC)285

As mentioned before, DMA is generally performed at regular time intervals specified by the286

user. When little or none is known about the flow, properly selecting the adaptation period may be287

a challenging and time consuming task, which may require some trial and error. Choosing a mesh-288

adaptation time period is in itself an optimization problem, since ideally one should adapt the mesh289

when the flow evolves to such an extent that the current mesh is no longer capable of accurately290

capturing these changes. In this paper, we introduce a simple strategy (Adaptive Period Control,291

APC) for the adaptive and dynamic selection of the adaptation period, based on the variation of292

the mean error criterion between two successive mesh adaptations. More precisely, we compute a293
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scalar quantity ϵ that is defined as :294

ϵ =
||c(n+1)||L2(Ω) − ||c(n)||L2(Ω)

||c(n+1)||L2(Ω) + ||c(n)||L2(Ω)
(22)

where c(n) denotes the time-averaged adaptation criterion at time Tn, and || • ||L2(Ω) stands for the L2-295

norm over the computational domainΩ. When the spatial norm of the adaptation criterion at time296

n + 1 is much larger than the corresponding value at time n, ϵ → 1, indicating that the adaptation297

interval should be decreased. When −1 ≤ ϵ ≤ 0 error variations in time are small or negative298

(error reduction), meaning that the physics is slow and adaptation interval can be increased. Period299

increase/decrease is linearly dependent on ϵ.300

A typical implementation of the APC strategy is given in Algorithm 1.301

Algorithm 1 Automatic Period Control (APC) algorithm.

I← K∆t ▷ Start with a rather small adaptation interval, K = O(10)

if ϵ ≤ 0 then

I← I × (1 − ϵ) ▷ The adaptation interval increases because the error decreases

else if ϵ > 0 then

I← I × (1 − ϵ) ▷ The adaptation interval decreases because the error increases

end if

At the beginning of a simulation, we initialize the adaptation period as in the preceding Section,302

i.e. based on an estimate of the large flow time scales. If the estimate is incorrect, the averaged error303

estimator evolves sensibly compared to the mesh in use, and the adaptation interval is automatically304

reduced. The opposite is true when the flow (and then the errors) evolves slowly compared to the305

mesh.306

4. Numerical results307

In this section, we assess the mesh adaptation framework proposed in this paper by means308

of selected test cases of increasing difficulty. For the first inviscid test case which has an analytic309

solution, we aim to validate the mesh adaptation framework using the TECq criterion. The two310

following laminar problems aim to assess the efficiency of the novel mean criterion for adaptive311

refinement and the APC strategy to adapt the mesh refinement period. Lastly, the interest of the312

proposed DMA approach using mean TECq refinement criterion and APC is demonstrated for a313
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turbulent backward-facing step problem using HRLES, and specifically DDES.314

315

The simulations are performed with the FLUSEPA solver using the finite-volume k-exact scheme316

summarized in Section 2.2 for the spatial resolution on unstructured hexahedra meshes and an317

explicit second-order time-advancing scheme (Heun scheme).318

4.1. Inviscid vortex advection319

Preliminary verification and validation of the proposed methodology is conducted for the well-320

established test case of an isentropic vortex advected by a uniform flow. The freestream Mach321

number is set equal to M∞ = 0.5, and the flow is aligned with the horizontal axis. The vortex is322

superimposed as a small perturbation of the form:323

δu = −U∞β
(y − yc)

R
exp

(
−

r2

2

)
, (23)

324

δv = U∞β
(y − yc)

R
exp

(
−

r2

2

)
, (24)

325

δT =
(U∞β)2

2
exp

(
−

r2

2

)
, (25)

with:326

r =

√
(x − xc)2 + (y − yc)2

R
(26)

where U∞, P∞ and T∞ denote the velocity, pressure and temperature of the uniform flow, R is the327

vortex core radius, and β is the vortex strength.328

Specifically, we select the following freestream and vortex parameters:329

P∞ = 105N/m2,T∞ = 300K,M∞ = 0.5, β =
1
5
,R = 0.07 (27)

The computational domain of size [0, 4]× [0, 2] is initially discretized using a uniform Cartesian330

grid and the vortex is advected up to time t = 0.01. The simulations are performed using three331

meshes with increasing resolution, as described in Table 1.332

333

Meshes MSH1 MSH2 MSH 3

Size 160 × 80 320 × 160 640 × 320

Table 1: Computational meshes for the convected vortex problem.
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The simulations are run with a constant maximum CFL number of approximately 0.9 on all334

meshes. Mesh adaptation is applied every two time steps for this case, and no error estimator335

averaging is applied.336

The influence of the initial mesh resolution and refinement levels on the mesh adaptation results337

are first analysed using the TECq criterion as a refinement indicator. We start with the coarse mesh338

MSH1 and apply progressively up to 2 levels of mesh refinement. The left panel of Figure 3 shows339

the velocity profiles at the final time, computed on the resulting adapted meshes. The more we340

increase the level of refinement, the more we approach the exact solution, while the initial mesh341

MSH1 leads to a poor representation of the velocity profile. The right panel of Figure 3 shows the342

influence of the initial mesh in the mesh refinement results. The three meshes MSH1, MSH2 and343

MSH3 are tested using different levels of refinement. We observe the results obtained using the344

coarse mesh MSH1 with 2 levels of refinement are as accurate as the ones obtained using MSH2 for345

initial mesh with one level of refinement and the fine mesh MSH3 with no refinement. The resulting346

curves are superimposed to within plotting accuracy. We also show in Figure 4 the velocity and347

pressure contours and the adapted grids starting from various initial refinement levels up to level348

3. The figure shows that both adapted grid consistently apply refinement level 3 only in the region349

of interest, thus providing a similar accuracy to MSH3 using a smaller number of cells.350

Y
/R

[-
]

U/Uadv.[-]

Y
/R

[-
]

U/Uadv.[-]

Figure 3: Left: Longitudinal velocity profiles at final time using the initial mesh MSH1 with different levels of refinement;

Right: velocity profiles using various initial meshes and refinement levels: Exact Solution( ); MSH1 with no refinement

( ); MSH1 with one level of refinement ( ); MSH1 with two levels of refinement ( ); MSH3 no refinement ( );

MSH2 with one level of refinement ( )
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u/uinf: 0.9u/uinf: 0.9u/uinf: 0.9

p/pinf: 0.995 p/pinf: 0.995 p/pinf: 0.995

Figure 4: Top panel : u/uin f : adapted mesh MSH1 with 2 levels of refinement, adapted mesh MSH2 with 1 level of

refinement, uniformly adapted MSH3; Bottom panel : p/pin f : adapted mesh MSH1 with 2 levels of refinement, adapted

mesh MSH2 with 1 level of refinement,uniformly adapted MSH3.

Runs L∞(U)/Uex × 100 L∞(P)/Pex × 100 Relative CPU time Relative cell nb.

MSH1 2 refinement levels 0.4435% 0.0605% 46.0% 14.88%

MSH2 1 refinement level 0.3664% 0.0485% 61.0% 26.35%

MSH3 uniform refinement 0.3276 % 0.0462 % 100% 100%

Table 2: Longitudinal velocity L∞ norms of the error relative to the exact solution, computational time and cell number

relative to a uniformly refined grid (MSH3).

Quantitative results for the L∞ norms of velocity and pressure errors, CPU time relative to the351

finest uniformly refined grid MSH3, and total number of cells are presented in Table 2. The errors352

are expressed as relative errors with respect to the exact solution. We observe that when using353

the coarse mesh MSH1 with 2 levels of refinement, the time is divided by more than two and the354

number of cells by 7 with respect to the uniformly refined mesh MSH3, while achieving a similar355
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L∞(U) L∞(P) CPU time (s) Cell number

Velocity Hessian 0.4698 % 0.0631 % 757.0 23482

Ducros 0.4009 % 0.0527 % 1812 53526

Pressure Hessian 0.4435 % 0.1228 % 1446.9 30450

TECP (|∆Q1|) 0.4411 % 0.0605 % 714.0 21326

TECP |(∆Q2|) 1.5437 % 0.1546 % 575.0 18862

TECP (|∆Q1| + |∆Q2|) 0.4252% 0.0522% 724.12 23657

TECU (|∆Q1| + |∆Q2|) 0.4541 % 0.0545 % 1136.2 26380

Table 3: Quantitative study: Comparison of L∞ errors normalized with the exact solution, CPU time and cell numbers for

meshes obtained using several refinement criteria.

error level. In the following, we only consider mesh refinement starting with the coarser mesh.356

Next, we assess the proposed mesh adaptation criterion TECq against other criteria available in the357

literature. The TECq criterion is computed here using either the pressure or the velocity field. The358

influence of each corrective term, ∆Q1 or ∆Q2, composing TECq (see Section 2.3) is also scrutinized.359

A quantitative analysis of the L∞ errors, computation time and number of cells is reported in Table360

3. The performance of TECq criterion is comparable to the considered classical heuristic criteria, a361

slightly better performance being obtained by using the TECP with both corrective terms ∆Q1 and362

∆Q2 active.363

A closer view of the results obtained using either only the first corrective term ∆Q1, only the364

second corrective term ∆Q2 or the full TECP criterion is given in Figure 5. The left panel shows that365

the velocity profile obtained on the adapted mesh refined using only∆Q1 in the TECP is already very366

close to the exact velocity profile, while using only ∆Q2 in the TECP is insufficient for this problem.367

The most accurate results are obtained using both∆Q1 and∆Q2. It is also interesting to compare the368

accuracy of the results obtained using TECP computed only from ∆Q2 with the pressure Hessian369

criterion since both expressions use information about the second derivative in their respective370

expressions. The criterion |∆Q2| uses a double contracted product of the Hessian with the correction371

matrix: on a regular cartesian grid, this implies that only the diagonal components of the Hessian372

(derivatives in the main directions) are taken into account. The standard Hessian criterion uses373

instead the Frobenius norm of the Hessian. The comparison is reported in Figure 5. In Table 3374

the L∞ error is comparatively larger than that of the other criteria. This discrepancy explains why375

the profiles in Figure 5 deviate more from the exact solution. We observe that the velocity profiles376
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obtained on the adapted mesh using the pressure Hessian are closer to the exact solution. This377

shows the importance of using both correction terms |∆Q1| and |∆Q2| in the definition of the TECq378

criterion.379
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Figure 5: Left : Influence of the correction terms of the TECq criterion on the velocity profiles ; Right : comparison of TECP

|∆Q2| term with pressure Hessian : TECP (|∆Q1| + |∆Q2|)( ); TECP (|∆Q1|)( ); TECP (|∆Q2|)( ); Pressure Hessian( );

Exact Solution( )

This preliminary analysis provided a first validation of the proposed dynamic mesh adaptation380

strategy and assessed the performance of the new mesh refinement criterion. We investigate next381

the effect of using the time average of the refinement criterion for unsteady problems and the382

coupling with the adaptive period control (APC) to account for the dynamic of the problems of383

interest in the mesh adaptation framework.384

4.2. Spatially Evolving Mixing Layer385

The effect of using the time-averaged TECq criterion and the APC strategy performance is386

assessed on a test case representative of a spatially evolving laminar mixing layer introduced in387

[48]. The computational domain is a rectangular box with a hyperbolic tangent velocity profile388

u(x = 0, y) = 2.5+0.5 tanh
(
2y

)
specified along the inflow boundary x = 0 giving a mixing layer with389

upper velocity u1 = 3 and lower velocity u2 = 2. Equal pressures and stagnation enthalpies are390

assumed for the lower and upper flows. The convective Mach number is Mac =
u1−u2
c1+c2

= 0.6 and the391

Reynolds number based on the initial vorticity thickness Re = 500. Supersonic inflow and outflow392

boundary conditions are imposed at the left and right boundaries, respectively. The simulations are393
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conducted using a constant time step corresponding to a maximum CFL number of approximately394

0.8. Mesh adaptation is performed every 40 time steps, leading to an adaptation frequency of the395

same order of the vortex shedding frequency.396

The DMA is applied next using three refinement strategies with the same initial coarse mesh.397

In Figure 6 we report the pressure contours obtained on the adaptive meshes at the final time398

t = 4 minutes using (a) the instantaneous TECq criterion as mesh refinement indicator at fixed time-399

adaptive period, (b) the time-averaged criterion as refinement indicator as introduced in Section 3.1400

at fixed time-adaptive period and (c) the time-averaged criterion coupled with the APC technique401

introduced in Section 3.2 to automatically and dynamically adapt the mesh refinement period402

according to the physical flow evolution. In cases (b) and (c), the adaptive mesh is able to accurately403

capture the vortical structures. However, this is not the case for (a) where the instantaneous criterion404

is used, which is due to the solution-mesh delay problem. A closeup view of the adapted mesh405

obtained using the time-averaged criterion with APC shows that a smooth refinement is obtained,406

mostly concentrated in the mixing layer region as expected.407

Instantaneous velocity and pressure distributions along the line y = 0 are presented in Figure408

7. The reference values computed on a uniformly refined grid of 480 × 120 elements are plotted in409

dashed black line. We observe that the results obtained using the time-averaged criterion and APC410

(plain red line) are the closest to the reference solution and almost superimposed with the results411

obtained using the time-averaged criterion with a fixed adaptation period. Finally, quantitative412

results are provided in Table 4. We compare the CPU times and total mesh sizes with respect413

to the reference mesh. Time averaging of the refinement criterion reduces the overall number of414

mesh cells, and therefore the CPU time with respect to the instantaneous criterion, while reaching415

an accuracy comparable to the reference solution. Of note, results using the APC technique are416

quite close to the uniformly refined grid. As for the number of cells, it does not change much417

by introducing the APC, but the computational time is further reduced, because the number of418

adaptations decreases.419

19



(a)

(b)

(c)

(c.1)

Figure 6: Mixing layer problem: pressure isocontours using a) instantaneous TECq criterion; b) time-averaged TECq criterion

c) time-averaged TECq criterion with APC ,c.1)zoom of time-averaged criterion with APC.

To gain deeper insights into the performance of TECq compared to alternative criteria, a com-420

parative analysis is conducted. The results based on the averaged TECq criterion with APC are421

contrasted with those obtained using the time averaged pressure Hessian with APC. The results422

are presented in Table 4 and Figure 8. It appears that, in terms of velocity and pressure profiles,423

the TECq criterion better captures the solution peaks. However, when considering computational424

metrics such as CPU time and cell count, both criteria demonstrate similar performance. Notably,425

the application of APC with both criteria, results in a reduction in both cell count and computational426

time.427
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Figure 7: Comparison of velocity (left) and pressure (right) profiles along the horizontal line y = 0 using a uniformly refined

mesh of 480 × 120 elements, a coarse mesh of 240 × 60 elements with no refinement and adaptive meshes with 1 level of

refinement using TECq as refinement indicator with instantaneous, mean and APC techniques; 480x120 no DMA ( );

240x60 no DMA ( ); DMA, instantaneous TECq criterion, ( ); DMA, averaged TECq criterion ( ); DMA, averaged TECq

criterion with APC ( )

Mesh Criterion APC Relative CPU time Relative cell number

TECq Instantaneous no 33.47% 32.13%

TECq Time-averaged no 29.15% 29.81%

TECq Time-averaged yes 27.34% 29.85%

Pressure Hessian Instantaneous no 32.47% 31.18%

Pressure Hessian Time-averaged no 29.69% 32.66%

Pressure Hessian Time-averaged yes 27.46% 32.45%

Uniform 480 × 120. No mesh refinement no 100% 100%

Table 4: Computational time and mesh size comparison for adapted meshes refined using TECq criterion.
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Figure 8: Comparison of velocity (left) and pressure (right) profiles along the horizontal line y = 0 using a uniformly refined

mesh of 480× 120 elements and adaptive meshes with 1 level of refinement using time-averaged TECq and pressure Hessian

as refinement indicators along with APC; 480x120 no DMA( ); ( ); DMA, TECq ( )

4.3. Shock Wave Impingement on a Spatially Evolving Mixing Layer428

In this Section, we apply the DMA framework to a flow with strong compressibility effects,429

namely, the interaction of an oblique shock with a supersonic mixing layer [49]. The setup is similar430

to the preceding test case, including the integration time step and adaptation interval. Specifically,431

we consider the same convective inlet velocity profile, Mach number 0.6 and Reynolds number 500.432

The flow state along the upper boundary is initialized such that an oblique shock is generated with433

an angle β = 12◦ from the top left-hand corner of the domain. This shock impinges on the spatially434

evolving shear layer, which is deflected by the interaction. The shock wave below the shear layer435

reflects on the lower boundary treated as a slip wall and crosses back to the unstable shear layer.436

Reference results are obtained using a fine mesh of 960×240 elements. The contours of the pressure437

computed using the adaptive mesh with the APC technique and the time-average TECq criterion438

is displayed in Figure 9 (bottom panel). The results compare very well with the literature (top439

panel) and with the contours obtained on our uniformly refined reference mesh (middle panel). A440

closeup view of the interaction region shows that the adapted grid concentrates the cells along the441

shocks and in the mixing layer. It is to be noted here that the TECq criterion is also able to capture442

singularities such as shocks and their interaction without any additional shock detection technique.443
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(a)

(b)

(c)

(c.1)

Figure 9: (a) Pressure contours extracted from [48]; (b) : Pressure contours obtained on the uniformly refined mesh of

960×240 elements; (c) Pressure contours obtained on the adaptive mesh with 2 levels of refinement using the APC technique

and the time-average TECq refinement criterion; (c.1) zoom of the resulting adaptive mesh.

In Figure 10 the velocity and pressure profiles computed on the adapted meshes for the TECq444

and the pressure Hessian criterion are compared to those obtained on the reference mesh of 960×240445

elements. The values are extracted from the cut line y = 0. The results obtained on the adaptive446

meshes show very good agreement with the reference solution with the TECq criterion better447

capturing the peaks.448
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Figure 10: Comparison of velocity and pressure profiles using uniformly refined mesh of 960x240 elements ( ); and coarse

mesh of 240x60 elements with 2 level of refinement using TECq with APC ( ) and pressure Hessian with APC ( ) along

horizontal line y = 0;

4.4. Hybrid RANS/LES of a transonic axysymmetric backward facing step449

As a final test case, we consider the transonic flow over an axysymmetric backward facing450

step, representative of the flow behind a space laucher. The Mach number based on free-stream451

conditions is equal to 0.7 and the Reynolds number based on the diameter D is set to be Re = 1.2×106.452

The upstream length before the step is chosen so as to obtain a boundary-layer thickness of 0.2D453

just before the separation point. The length before the step is 1.8m and the diameter is D = 100mm.454

The geometry is shown in Figure 11(a). Numerical solutions are computed by using the hybrid455

RANS/LES DDES approach (see Section 2). The timestep is set to be 10−7s for all simulations. The456

adaptation is performed every 20 time steps. This interval is small compared to the characteristic457

time of the large turbulent scales, but is high enough to start observing some solution/mesh delay458

problem if an instantaneous criterion is used. The initial mesh is made of overset intersected grids.459

The block containing the whole wall (represented in red in Figure 11(b)) is clustered in the boundary460

layer and contains about 1.5 × 106 cells. At 0.08D distance from the separation point, a patch grid461

with an initial low resolution of 3 x 104 cells is created (displayed in orange in Figure 11), which462

encompasses the whole recirculation area. The rest of the mesh is made of several background grids463

with lower priority levels containing a small number of cells. The maximum level of refinement464

in each grid is set to 3, which allows an azimuthal resolution of Nz = 240 cells in the recirculation465

area. All DMA calculations are run in parallel on 384 CPUs.466
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(a) (b)

Figure 11: (a) Sketch of the cylindrical backward facing step, (b) Initial mesh, composed of overset meshes with 6 levels of

priority.

We display in Figure 12 the various adapted meshes, using the instantaneous, time-averaged467

and APC with time-averaged TECq refinement criterion. The resulting meshes tend to be refined468

in the shear layer and around the separation point, while no refinement occurs in the attached469

boundary layer region where the RANS mode of DDES is active. This suggests the initial mesh is470

sufficiently refined to accurately capture the average flow quantities in RANS computation. We also471

observe that when using the time-averaged refinement criterion with a fixed adaptation period the472

resulting grid is more uniformly refined than with the instantaneous criterion, especially in the shear473

layer region, characterized by highly unsteady Kelvin-Helmoltz vortices. Using the APC further474

improves the refined regions and consequently the accuracy. We observe similar mesh elements475

distribution when using the averaged criterion with or without APC, while the instantaneous476

criterion leads to a more scattered and time-varying refinement, unfavourable to the development477

of turbulent structures.478

In all cases, the near-wall region (modeled with the RANS mode of DDES) is not selected for479

refinement: this is a desirable property, provided that the initial grid is already sufficiently refined480

for RANS, since the mesh adaptation efforts can be focused on improving the resolution of turbulent481

scales in the LES regions. The reason is that the TECq criterion based on pressure derivatives takes482

very low values in such region. Overall, the instantaneous criterion yields approximately 11 million483

cells, while the mean criterion and the combined APC and mean criterion result in approximately484

10 million cells each. The computational CPU time is notably lower when employing the APC485

technique, thanks to the dynamic adjustment of the adaptation interval. In the APC calculation,486

the total number of cells tends to stabilize as the solution converges toward the statistically steady487

state, and the refinement process is stopped once the APC criterion is satisfied.488
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(a)

(b)
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Figure 12: Initial coarse mesh (I), adapted resulting meshes using the instantaneous TECq refinement criterion (a), mean

TECq criterion (b), and mean TECq criterion with APC (c).

Figure 13 represents a snapshot of the Q criterion, colored by the velocity magnitude, showing490

the coherent structures in the recirculation area downstream of the backward facing step. The491

figures show the development of shear layer instabilities downstream of the step, their tridimen-492

sionalization, the formation of hairpin vortices, and the breakdown to turbulence. Interestingly, the493

instabilities destabilize and remain axisymmetric over a longer downstream distance when using494

the instantaneous criterion, due to the mesh/solution delay (see Figure 13a). On the contrary, time-495

averaging of the criterion provides a more uniformly refined mesh in the critical shear layer region,496
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favouring instability development and the tridimensionalization of the flow (Figures 13b-13c).

(a)

(a) Q criterion for (a) the instantaneous criterion.

(b)

(b) Q criterion for the (b) mean criterion.

(c)

(c) Q criterion for the (c) mean criterion with the APC technique.

Figure 13: Q criterion comparisons: (a) instantaneous criterion, (b) mean criterion, and (c) mean criterion with the APC

technique.

497

For a more quantitative assessment of the solutions, the wall distributions of the time-averaged498

pressure coefficient and distributions and fluctuations are compared in Figure 14 with experimental499

data [50, 51] and with the reference solution of [52], obtained on a fixed structured grid of 12 × 106
500

cells (with 240 cells in the azimuthal direction) using zonal DES for turbulence modeling. The501

time-averaged pressure coefficient is in rather satisfactory agreement with the experimental data502

and with the reference solution for all the adapted grids. The fluctuating pressure coefficient,503

shown in panel (b) is also in good agreement with the experiments, when using the time averaged504

criterion. Larger discrepancies are noticed however for the instantaneous criterion, which tends to505

underestimate the Cprms values.506

Next, we analyze the time-averaged longitudinal velocity profiles and the streamwise velocity507

fluctuations at several locations along the rear body ( x
D = 0.57, x

D = 2.3, x
D = 4.3). The mean velocity508

profiles, reported in Figure 15 are compared with the numerical results of [52]. In all cases, the509
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Deprés et al. [50] ZDES [52] Inst. Average APC

Xr/D 1.13 1.15 1.12 1.12 1.12

Table 5: Experimental and numerical values of the reattachement point on the rear body.

(a) (b)

Figure 14: Pressure coefficients evolution for several adapted meshes: [52] ( ); DMA, Time-averaged TECq( ); DMA,

instantaneous - TECq ( ); DMA, time-averaged TECq with APC( ); Meliga (Steady pressure taps) ( ); Meliga (Kulite

sensors) ( );

computed mean flow is characterized by a recirculation bubble, which reattaches along the rear510

body. The present solutions are very close to each other and to results from the literature, except511

for the last station. The solution obtained with the instantaneous criterion show again a somewhat512

larger discrepancy than the other ones. The reattachment point location along the rear body,513

reported in table 5, is found to be in slightly better agreement with the experimental results of [50]514

than the solution of [52]. We chose to compare our results with Weiss’s work because he used a515

uniformly refined grid of approximately 12 million elements, a grid size that is comparable to what516

we achieved with our adapted meshes.517

To further analyze the effectiveness of the proposed grid adaptation strategy for RANS/LES518

simulations, we estimate in the following the size of the resolved turbulent scales at two locations519

in the recirculation bubble, illustrated in Figure 16, where time-averaged velocity field is also520
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D

ū
u∞

Figure 15: Time-averaged longitudinal velocity at different locations along the rear body: x
D = 0.57 (left), x

D = 2.3

(middle), x
D = 4.3 (right). Results from [52] are also reported. [52] ( ); DMA, Time-averaged TECq( ); DMA, in-

stantaneous - TECq ( ); DMA, time-averaged TECq with APC( )

Figure 16: Mean flow velocity contours ū
U∞ for calculation (c) using TECq mean criterion coupled with APC technique, and

location of points where turbulent flow scales are estimated.
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vortex size

Energy

injection
Transfer to

small scales

Dissipation

lη λ lDI Hmin lEI L

(a) 1.36e-6 3.52e-5 0.00055 0.0095 0.039 0.23

(b) 1.29e-6 3.46e-5 0.00056 0.0095 0.042 0.25

(c) 1.17e-6 3.2e-5 0.00052 0.0095 0.042 0.25

Table 6: Quantitative study: turbulent scales for captor 1 in Figure 16

shown. For that purpose, we make the assumption that the turbulence is locally homogeneous and521

isotropic, and we estimate the turbulent integral scale from L = k
3
2 /ϵwith k the sum of the modeled522

and resolved kinetic energy and ϵ the modeled dissipation rate. Following [34], we estimate the523

turbulent scales marking the upper limit of the inertial range as lEI =
L
6 . The Kolmogorov scale,524

related to dissipation effects, is estimated as lη =
(
ν3

ϵ

) 1
4 . Finally, Taylor’s microscale λ is obtained525

as λ =
(

10νk
ϵ

) 1
2 . We estimate such scales for the two sensors highlighted with symbols in Figure 16:526

sensor 1 is located in the shear layer and sensor 2 is within the recirculation bubble. The length527

scales are reported in Tabs. 6 and 7. The minimum grid size Hmin = 0.0095m reached on the528

most refined grid level is significantly smaller than the estimated integral scale, but one order of529

magnitude larger than the estimated Taylor microscale, indicating that the simulations resolve part530

of the inertial range without resolving the fine-scale turbulence. In other terms, the achieved grid531

refinement fulfills typical RANS/LES grid resolution criteria.532

Furthermore, in Figure 17 we report the ratio of the grid size to the local integral scale h
L , where h is533

computed as the cubic root of the local cell volume, and L is estimated from the modelled dissipation534

and the sum of the modelled and resolved turbulent kinetic energy. This ratio measures how fine535

the grid is relative to local characteristic size of the largest turbulence structures in the flow. Values536

between 0.005 and 0.01 are observed downstream of the step, indicating that the local grid sizes are537

about two orders of magnitude smaller than the integral scale, i.e. a sufficiently extended range538

of turbulent structures (for LES) is captured. Interestingly, simulations based on time-averaged539

criteria exhibit a wider region of low h/L, confirming that turbulence is better resolved in these540

simulations.541
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vortex size

Energy

injection
Transfer to

small scales

Dissipation

lη λ lDI Hmin lEI L

(a) 1.36e-6 4.24e-5 0.00046 0.0095 0.093 0.56

(b) 1.29e-6 3.87e-5 0.0005 0.0095 0.1 0.61

(c) 1.17e-6 3.14e-5 0.0005 0.0095 0.098 0.59

Table 7: Quantitative study: turbulent scales for captor 2 in Figure 16

In the RANS regions, where turbulence is modeled rather than directly resolved, the grid does542

not need to be as fine, and we observe that this ratio is significantly higher than in the LES regions543

in all cases.544
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(a)

(b)

(c)

Figure 17: Ratio h/L of the local chatacteristic grid size h over the integral scale of turbulence L for (a) the instantaneous

criterion, (b) the time-averaged criterion, and (c) the time-averaged criterion with the APC technique.

For additional insights, the pressure spectra are provided for specific positions at x
D = 0.6 and545

x
D = 1.2 for the DMA calculation using the mean TECq criterion coupled with the APC technique,546

reported in Figures 19 and 20, respectively. The spectra are computed from time signals extracted547

at four equally-spaced azimuthal positions, and averaged together. The objective is to capture the548

dominant frequencies illustrated in Figure 18 adapted from [52]. In agreement with experimental549

and numerical studies in the literature, the spectrum in Figure 19, exhibits a large peak centred at550

St = 0.1, while a peak is detected also at St = 0.2 in Figure 19. The figures also show that, at these551

locations, more than half a decade of the inertial range is resolved in the simulation. Finally, in552

Figure 20 various notable peaks ranging from St = 0.5 to St = 1 are observed, with a maximum553

located around St = 0.6, in fair agreement with other experimental and numerical results available554

in the literature at this location.555
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Figure 18: Spatial organization of dominating frequencies on antisymmetric backward facing step [52].

Figure 19: Normalized PSD of the pressure in log-log for the streamwise location x/D = 0.6 for DMA calculation using mean

criterion with APC technique (c) ( ) and slope at −5/3 ( ) in log-log.
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Figure 20: Normalized PSD of the pressure for the streamwise location x/D = 1.2 for DMA calculation using mean criterion

with APC technique (c) ( ) and slope at −5/3 ( ) in log-log.

Figure 21 displays a linear-log axis plot of the contribution of the total energy of a frequency556

band thanks to the estimated power spectral density PSD function of pressure fluctuations, for the557

case (c) when the mean TECq criterion is used, coupled with the APC technique. This spectrum,558

located at the position x
D = 0.99, is represented with a solid green line. It is compared to the559

experimental data of Meliga and Reijasse [51] and Depres [50], as well as the numerical results560

obtained by Weiss in [52]. The dominant presence of broadband high-frequency components in561

the spectrum is attributed to the intensified organized shear layer structures, which progressively562

approach the wall before encountering it and disintegrating into smaller scales. It is also noted that563

that this contribution is centered around St = 0.6, which agrees with the observations of Mabey [53].564

This is the characteristic frequency of vortical structures seen in free shear layers. In addition, this565

spectrum displays a peak at St ≈ 0.1 as seen in [54]. This low frequency peak is often attributed to the566

“flapping” of the shear layer and reflects the overall separation-bubble growth/decay dynamics as567

observed in [55]. Finally, the presence of the well-known “shedding” appears through a peak near568

St = 0.2.In conclusion we observe that by using the mean TECq criterion with the APC technique at569

this particular position, we are able to capture the dominant flow frequencies, which are centered570

around St = 0.6.571
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Figure 21: Comparison of normalized PSD of the pressure for the streamwise location x/D = 0.99 for : DMA calculation

using mean criterion with APC technique (c) ( ), experimental data obtained by Meliga and Reijasse [51]( ), Depres

( )[50], Weiss [52]( ) and the slope at −5/3 ( ) in log-log.

5. Conclusions572

In this work, we investigated the performance of a dynamic mesh adaptation framework for573

hybrid RANS/LES simulations using high-order k-exact finite volume schemes. A refinement574

criterion representative of the truncation error of the reconstruction scheme was introduced and575

compared with heuristic criteria from the literature, showing comparable or better performance.576

The criterion, which naturally arises from the construction of the spatial approximation scheme,577

is shown to be effective for a variety of flow cases. A methodology allowing to deal with flow578

unsteadiness while maintaining a reasonable computational cost is also proposed. In order to579

deal with the solution-mesh delay problem, we used a time-average of the refinement criterion580

over a prespecified period, representative of the relevant time scales in the flow. Time-averaging581

reduces computational cost while maintaining good accuracy. To circumvent the difficulty of582

selecting a priori the time-averaging period, we also proposed a simple criterion to dynamically583

and automatically control the adaptation period. Such approach further reduces computational584

cost by avoiding too frequent remeshing, and avoids loss of accuracy due to too large adaptation585

time intervals. The strategy has proven to be effective for a realistic configuration, namely, the586
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compressible turbulent flow around an axysymmetric backward-facing step. Comparisons of the587

results with numerical and experimental studies in the literature show that the present DMA strategy588

resolves the relevant large-scales in the flow, allowing to capture the dominant flow frequencies.589

The proposed DMA framework uses a refinement criterion inherent to the present successive-590

correction k-exact reconstruction scheme. As a consequence, the criterion is not straightforward591

to adapt for different discretization schemes. On the contrary, the time-averaging approach can592

be applied to any other error estimator, as well as the APC criterion. We then plan to evaluate593

such strategies for radically different flow solvers, such as finite-element solvers or finite volume594

solvers employing more standard discretization schemes. Another limitation is that the present595

criterion is purely based on a numerical error estimator, and it does not account explicitly the596

amount of resolved turbulence. In future work, the present criterion could be combined with a597

more physics-inspired criterion such as Pope’s criterion (considered in [43] or the structure function598

[13] to leverage the strengths of both error-based and feature-based methods.599
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