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F-RRT: an Efficient Algorithm for Semi-Constrained Path Planning
Problems

Guillaume de Mathelin!, Franco Gassibe? and Vincent Padois®

Abstract—This paper addresses the challenging problem
of Semi-Constrained End-Effector Path Planning for robotic
manipulators. This problem arises when complex specifications
restrict the end-effector’s motion during the execution of indus-
trial tasks. Traditional path planning algorithms often struggle
with such problems due to the difficulty of exploring the robot’s
valid configuration space, or constrained manifold, under these
conditions. In this work, we propose a novel sampling-based
approach that efficiently navigates the constrained manifold by
exploring an alternative space representing the end-effector’s
degrees of freedom, such as process-related tolerances, through-
out the task. This method retains the simplicity of sampling-
based techniques. Building on this approach, we introduce the
F-RRT algorithm, an adaptation of the renowned RRT plan-
ner [1]. F-RRT demonstrates enhanced speed and robustness
compared to existing solutions, particularly in complex and
cluttered environments.

I. INTRODUCTION

While advances in robotics have significantly improved
path planning techniques [1], many industrial tasks remain
difficult to plan due to complex specifications of the possible
end-effector motions. Industrial tasks such as water or sand
blasting, arc welding, or gluing are typical examples. They be-
long to the class of semi-constrained end-effector tasks where
the motion of the end-effector is not strictly constrained but
defined as an interval for some task specific directions. This
generally leaves more degrees of freedom for path planning.
For example, the 3D gluing task illustrated in Fig. 1 depicts
such a case where the end-effector is semi-constrained in ori-
entation inside an incidence cone. This type of path planning
situation is commonly referred to as the Semi-Constrained
End-Effector Path Planning problem (SCEEPP).

The challenge in solving SCEEPP-problems is effectively
exploring the robot’s valid configuration space, or constrained
manifold, defined by the end-effector’s constraints. Generally,
sampling-based methods, due to their simplicity of use and
tuning, are privileged for any kind of path planning problem
with a manipulator arm. Furthermore, a common framework
exists to consider tasks constraints in path planning problems
and their induced constrained manifolds (see [2]). It relies on
a differentiation of the constraints to explore the constrained
manifolds. However, this framework shows its limits in the
face of SCEEPP-problems where the differentiation of the
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Fig. 1. The gluing task is a classic semi-constrained end-effector task
where the end-effector is semi-constrained in orientation but is fully position
constrained. The tip of the end-effector must follow the defined Cartesian
path 7 inside an orientation cone.

constraints fails to give solutions.

The objective of this paper is to present a new sampling-based
approach for effectively handling complex SCEEPP-problems
that traditional path planning algorithms struggle with, while
maintaining a low computational complexity with few hyper-
parameters to tune. The approach is based on representing
the available degrees of freedom of the task as an axis-
aligned object and exploring the valid constrained manifold
of the configuration space through this axis-aligned repre-
sentation. This approach avoids differentiating the constraints
and preserves the simplicity of sampling-based methods. To
demonstrate the effectiveness of our approach, we present a
new planner F-RRT which is an adaptation of the well-known
RRT (Rapidly-exploring Random Trees) algorithm [1].

The structure of this paper is as follows. The next section
presents an overview of related works about solving SCEEPP-
problems. Section III introduces the Semi-Constrained End-
Effector Path Planning problem statement. Then, the new
approach and its underlying planner are described in section
IV and compared with existing solutions in section V. Finally,
future directions and conclusions are discussed in sections VI
and VIIL.

II. RELATED WORK

SCEEPP-problems are a specific subcategory of the Con-
strained Planning problem. A complete review of sampling-
based planning methods for solving general Constrained Plan-
ning problems is provided in [3], where different methodolo-
gies are categorized. However, this review does not explore



the SCEEPP-problems in details. From [3], in the Open Mo-
tion Planning Library [4], the authors establish a common
framework [2] that incorporates three key methodologies for
solving general constrained planning problems: the Projection
Methodology [5], the Tangent Space Methodology [6] and
the Atlas Methodology [7]. The Projection Methodology uses
the Jacobian of the constraints for projecting a sample node
of the configuration space to the constrained manifold. The
other two methodologies use the Jacobian for computing
tangent spaces to the constrained manifold and approximating
it. Even if these common methodologies are well adapted in
most of the cases due to the global research made by their
sampling-based planning methods, they are not well-adapted
for SCEEPP-problems. These methodologies need differen-
tiable constraints and their methods become much slower
when the Jacobian of constraints is numerically calculated
rather than analytically derived. As it is more detailed in the
next sections, writing differentiable constraints in the case of
SCEEPP-problems increases the dimension of the configura-
tion space and the Jacobian computation can only be done
numerically. This approach leads to lengthy computations and
it is not reliable for producing solutions.

[8] and [9] propose a dual sampling-based planner strategy for
solving SCEEPP-problems with redundant manipulators. The
first planner, referred as the hard” or greedy task planner,
initiates the process by planning along a nominal Cartesian
path of the task dealing with the redundancy of the robot
without taking care of the task tolerances. Then, once the
first planner is blocked, a second “’soft” task planner locally
explores the tolerances axes to bypass the obstacle. This
approach is effective when obstacles along the intended task
path are widely spaced. However, it is not appropriate for
finding solutions inside a confined or cluttered space.
Another approach, presented in [10] and [11], formulates a
SCEEPP-problem as an objective function to minimize. This
method is extremely interesting in an online motion planning
context due to its fast computations. But, it suffers from local
minima and its success depends on many non-trivial hyper-
parameters.

A brute-force algorithm to SCEEPP-problems, named
Descartes, is introduced in [12] and in [13]. However, this
approach is strongly impacted by the dimensionality. It is
worth noting that two-step solutions, such as those in [14]
and [15], which involve first constructing a graph with a
significant number of valid joint nodes and edges before
applying a graph-search method, are quite similar to a brute-
force approach and also suffer from the dimensional curse.

In this paper, we propose a novel approach that explores
a space named the “tolerance space” using a sampling-
based planner. In this space, dimensions represent tolerances
on the possible end-effector motion, while one dimension
represents the path parametrization of the Cartesian task.
This exploration inherently induces an exploration of the
constrained manifold. Our approach can be classified un-
der the Reparametrization Methodology as outlined in [3].
Reparametrization indirectly sets the exploration graph of
the configuration space via an exploration graph built by

any sampling-based planner inside an alternate space. For
example, [16] finds a free-collision path in the configuration
space by exploring a reachable space made with a Minkowski
sum space. Note that [17] introduced a concept similar to
our method by considering an alternate space associated to
the end-effector (the task space). However, with our proposed
alternate space, the extension of an edge always fits on the
constrained manifold, eliminating the need for any projection
or reconfiguration.

It is shown further than our reparametrization approach ef-
fectively solves complex SCEEPP-problems using traditional
sampling-based planners within reasonable time frames. This
approach achieves these results without increasing the dimen-
sionality of the problem and in reliable way. Additionally, it
avoids local minima and requires no more design hyperparam-
eters than a standard sampling-based planner.

III. FORMULATION OF A SCEEPP-PROBLEM
A. Description of the Environment

Throughout the task execution, a n,-DOF manipulator arm,
characterized by its configuration q € R™¢, must place its
end-effector along the task path. The pose of the end-effector
is defined by the forward kinematics function f(q) € SE3.
As illustrated in Fig. 2(a), a task is firstly defined as a
Cartesian Path T (o) to be followed in SE3, where o € [0, 1]
represents the path parameterization. Then, if the task is not
fully constrained, navigation along various freedom axes or
tolerances is possible. These tolerances, as shown in Fig.
2(a), can be represented as relative motions from a nominal
task pose 7 (o). Generally, these relative motions can be
described as combinations of classical Euler angle rotations
and/or linear translations. Consequently, the tolerances can
be fully defined as a set of n ranges [J; min,0imax] C R,
where n is the number of tolerances. Each range denotes
possible rotation angles or distances along the axes of the
Cartesian path. The classical relative motions associated to
the tolerances are denoted T'(¢) € SE3 where J is an element
of the set of tolerances A = ", [0; min, 0 max]. Therefore,
during the task execution, for every configuration q taken by
the manipulator arm, there should exist § € A and o € [0, 1]
such as:

f@) =T()T (o) (D

Fig. 2(b) illustrates an example of A for a blasting task. It is
characterized by two key tolerances:

« The incidence angle « of the end-effector, ranging from
Omin O OYmax-
o The distance h between the Cartesian path and the end-
effector, ranging from Apin t0 Amax.
Given these parameters, we can define the set of tolerances A
as:
A= [hmin; h/max] X [amin; amax]

and the relative motion T(§) = T(h,o) € SE3 is the
combination of a rotation R(a)) € SE3 along the tangential
axis of the Cartesian path and a translation t(h) € SE3 along
the z-axis of the end-effector. Thus, during the task execution,
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Fig. 2. (a) A SCEEPP constrained manifold C in the configuration space

C denoting all valid joint configurations along the task. (b) The available
tolerances for a blasting task.

for every configuration q taken by the manipulator arm, there
should exist 6 = (h,«) € A and o € [0, 1] such as:

f(@) =T()T (o) = t(h)R(a)T (o)
B. General Approach

The general sampling-based framework for constrained
manifold path planning problems, as proposed in [2], is sub-
optimal for a SCEEPP-problem. The concept of constrained
manifold path planning problem is well-defined in the scien-
tific literature. Denoting C and C,y, as the configuration space
and the obstacle configuration space, the objective is to find
a continuous function P in the robot’s configuration space C
such that the path’s start and end points correspond to the start
node X, and a node within the goal region Xgoqr, i.€.:

P(0) = Xgare and P(1) € Xgou 2)
where the path is free of collision:
Vs € [0, 1] P(S) € C\Cobs 3

and where the path belongs to a constrained manifold Cy C C
of the configuration space, defined as follows:

xe€lyr < Fx)=0 “4)

where F'(x) € R¥(k € N) is known as the constraint function.
Generally, in path planning problems, the configuration space
C denotes the joint space R™4 of the manipulator arm where
each element x € C is a configuration q of R™s. That is the
notation retained in the following sections.

In classical sampling-based solutions, a planner typically ex-
plores the configuration space C by sampling and simulta-
neously filtering the samples to retain only the valid ones.
However, in the case of constrained manifold path planning
problems, the planners should directly explore the constrained
manifolds Cy+ C C and avoid sampling mainly outside. For
this purpose, the general framework proposes three method-
ologies: the Projection, the Tangent Space and the Atlas
methodologies. They are based on two main approaches: a
projection approach, as in [5], and a tangent space approach,

as in [6] and [7]. Both approaches essentially work by dif-
ferentiating the function F'. In the projection approach, each
sample outside the constrained manifold is projected onto it.
The direction of the projection is given by the Jacobian of
the constrained function F'. For the tangent space approach,
tangent spaces are created with the Jacobian to different
samples belonging to the constrained manifolds for approx-
imation purposes. Then, all steps inside the tangent spaces are
projected onto the constrained manifolds with the function F'
and its Jacobian.

To define the constrained manifold and its associated function
F' in the case of SCEEPP-problems, we start with (1). As
illustrated in Fig. 2(a), (1) can be expressed as:

qeCr < €A, Joel0,1] flq) =T ()T (o) (5)

From (5), only two equality function candidates F'(x) are
available. The first equality function is suggested by [18] and
can be interpreted as follows: an element q € C belongs to the
constrained manifold if and only if the closest valid task pose
to the end-effector pose f(q) € SE3 is the end-effector pose
itself. Mathematically, it is equivalent to:

qeC, F(q) = Ig{ian |f(q) —T(6)T (o) (6)

where the operator || is any spatial euclidean distance. The
distance used here is inspired from [19]:

VT, T> € SE3, |T — Tl = \/|lpy — ol + 63,

(where p;,p, € R3 are the Cartesian positions of Ty, T
and 61 o € [0, 7] is the absolute rotation angle between both
poses).

Therefore, (6) defines the first constrained function candidate
for SCEEPP-problems. When F(q) = 0, it implies that
the end-effector lies in a valid task pose and vice versa.
However, due to the min term, the equality function (6) is
not differentiable, that is a critical problem for applying the
common sampling-based framework presented in [2].

One possible way to transform this equality function in a
differentiable constraint would be to increase the dimension
of the configuration space C by adding one axis for the
path parametrization o and several axes for the tolerances A
inside the configuration space. Instead of finding only robot
configurations q € C whose end-effector pose lies on the
valid task poses set (as defined in (6)), the new equality
constraint would find the different triplets (q, o, 0) from the
augmented configuration space C, where the end-effector pose
f(q) and the task poses T'(9)7 (o) match together. With the
new augmented configuration space C, the constraint function
F would become:

(q,0,6) €C, F(q,0,8) =|f(q) =TT (o) (7

Even though the constraint function is now differentiable, it
increases the size of the configuration space with numerous
irrelevant triplets.

Consequently, (6) and (7) are not efficient for modeling the
SCEEPP-manifolds.
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IV. REPARAMETRIZATION WITH THE F-SPACE

This section introduces our novel reparameterization ap-
proach for solving SCEEPP-problems. The reparametrization
methodology consists in indirectly exploring the manifold C
of the configuration space C by applying a sampling-based
planner on an alternate space. In our case, the alternate space
is called the tolerance space JF (or F-space). As illustrated in
Fig. 3, the F-space is defined as the Cartesian product of the
path parameterization o and the tolerances A:

F=10,1] x A

Each element in the F-space corresponds to an element in
the manifold C7. More specifically, an element (o,d) € F
defines an end-effector pose T'(0)7T (o) reachable by different
configurations q within C7. Then, exploring the set [0, 1] x R
inherently explores the manifold C; and solves the associated
SCEEPP-problem.

For illustration purpose, we adapt the well-known RRT plan-
ner for the exploration of the F-space with a graph G =
(V, E). As described in Algorithm 1 (description based on
[20]), at each iteration, the RRT planner starts by sampling
a node of the unknown space (SampleFree), then, gener-
ates a step (Steer) from the closest node belonging to the
initial graph G (found with Nearest), in direction of the
sampling node, and finally, checks the validity of the step
(CheckValidityRRT).Ifitis valid, it is added to the graph
G. To apply the planner in the F-space, different points need
to be defined.

Algorithm 1: RRT
Input: X;,;;

1V« Xinil;E — Q;

2fori=1,...,ndo

3 Xand — SampleFree;

4 Xpearest < Nearest (G = (V, E), Xpna);

5 Xpew < Steer(xnearest7 Xrand);

6 isValid < CheckValidityRRT (Xnearests Xnew);
7 if isValid == True then

8 L V VU {Xpew};

9 E+ FU {(Xnearesu Xnew)};

10 return G = (V, E);

A. Bounds of the F-space

As explained previously, each iteration starts by sampling
a node (SampleFree) inside the unknown space. In most
path planning problem, the unknown space is the joint space
R™ bounded by the kinematic limits. In a SCEEPP-problem,
as explained in the previous section, the unknown space is the
F-space F. Thus, the function SampleFree samples a node
Xsample inside the set F = [0, 1] < [T/ [6.min, 07 max) C R™TL.

B. The Checking Function

After sampling, a new edge of the graph is built inside the
F-space F. It starts from the closest node of the graph G to the
sample node Xgmple and does a small step towards Xgampie. The
starting and the ending nodes of the step are named Xpearest
and Xpey. As illustrated in Fig. 3, the step (Xpearests Xnew) 1S
discretized in p points. For a RRT-planner, when a new step is
constructed, the planner checks if the step is collision-free at
each point with a checking function. Depending on the result
of the function, either it is added to the graph or deleted. For
F-RRT, which checking function CheckValidityFRRT is
described in Algorithm 3, a step (Xpearest> Xnew) 18 considered
valid if all Cartesian poses induced by the points of the step
are reachable with collision-free joint configurations q €
C. Each inverse kinematics between two Cartesian poses is
solved using a constrained differential approach formulated
as a Quadratic Programming problem (QP) [21]. Beyond
computational efficiency, a Quadratic Programming based
approach can account for joint position limitations and can be
made robust to singularities. Overall, it provides an effective
way to check if the Cartesian pose is reachable. If the pose
is reachable with a joint configuration q, collision checking
(CheckCollision) is performed on this configuration. In
our experiments, we use qpOASES [22] to implement the
Quadratic Programming solver and collision detection is per-
formed with the corresponding module in Movelt! [23]. If the
motion reaches the end-effector pose defined by X, with a
joint configuration q,.,, without any collision, the step (Xnearest,
Xnew) 18 considered as valid and added to the graph G. For
joint consistency, the joint configuration ¢,.,,, found during



Algorithm 2: F-RRT
Input: Xini, Qi
1 V — Xinilvqinit; E — @3
2fori=1,...,n do
3 Xpand $— SampleFree();
4 (Xnearesta qnearesl) A NeareSt(G = (V7 E)axrand);
5
6

Xpew ¢ Stee r(xnearest7 Xrand);
(isValid, q,,,,) <

CheckValidityFRRT (Xnearesta Xnew s qnearest);
7 if isValid == True then

8 V « VU{(Xnequnew)};
E+— FU {(Xneareslyxnew)};

return G = (V, E);

-
=)

the validation of the motion, is saved as an attribute of the
node X,ey. Therefore, each step starting from X begins with
its associated joint configuration (.-

C. Define the Starting and the Ending Regions

When defining the starting and the ending regions in the F-
space, the essential part is the first term . A manipulator arm
starting and finishing its task has necessarily and respectively
its end-effector at the beginning of the Cartesian path, i.e.,
o = 0 and at the end of the Cartesian path, i.e., o = 1. The
definition of tolerance values at the start and the end of the
Cartesian path are meaningless. Thus, the sets of starting
nodes and ending nodes are both hyperplanes of F and are
respectively defined as follows Fy = {x = (0,0) | ¢ = 0}
and Fyou = {Xx = (0,0) | 0 = 1}.

These adaptations get a suitable RRT planner to operate in
the F-space, named hereafter F-RRT and available in Algo-
rithm 2. One interest of this adaptation is that we need to tune
a similar number of hyper-parameters than RRT, i.e., the size
of the step and its resolution.

V. EXPERIMENTS

In order to estimate the benefits and the drawbacks of
our F-space approach, the adapted planner F-RRT is experi-
mented in different simulated use cases. All the experiments
presented below are made with a processor Intel® Core™
i7-12700K and written in C++. In the first experiment, we
compare our adaptation with the general approaches proposed
in the Open Motion Planning Library [4]: the Projection,
the Tangent Space and the Atlas approaches. These lasts
approaches can only work with the differentiable constraint
function F'(q,0,9d) defined in (7) and with the augmented
configuration space C. However, the Atlas and the Tangent
Space approaches fail due to the large computations needed
for the Jacobian of the function F'. Therefore, for the first
experiment, only the classic Projection approach associated
to the RRT planner (PB-RRT) [5] is compared to F-RRT.

The first experiment, shown in Fig. 4, is a blasting task
setup. It is composed of a FANUC CRX-10iA, a 6-DOF robot,

Algorithm 3: CheckValidityFRRT

Input: X;carest; Xnew, Qnearest
1 X < Xpearest; 4 <~ Qpearest>
2 X1ist ¢ Discretized(Xpearests Xnew):
sfori=1,...,pdo
4 X < Xlist[i};
5
6
7

q, isReachable + QP (X4 [i],x,q);
if isReachable == False then
L return Fulse;

8 isValid < CheckCollision(q);
9 if isValid == False then
10 L return False;

11 return True;

TABLE I
EXPERIMENTS WITH SIMPLE AND COMPLEX ENVIRONMENTS

[[ FFRRT _ PB-RRT
Simple Environments

Success (%) 100.0 65.96
Time (s) 16.16 272.36
Complex Environments
Success (%) 84.76 NA
Time (s) 90.8 NA

whose end-effector needs to follow a linear Cartesian path
for blasting. The F-space of the blasting task is detailed in
the example given in Section III-A. In the experiment, an
obstacle obstructs the nominal path forcing the manipulator
arm to use its tolerances for finding a solution. Snapshots
of the simulation of one solution given by our approach are
available on Fig. 4. For each comparison, both methods, F-
RRT and PB-RRT are executed 40 times. If a run lasts more
than 10 minutes, it is stopped. The results are available in
Table 1. Globally, it can be seen that F-RRT is 10-times faster
with a better success score than the projection-based planner.
Furthermore, as shown in Fig. 5, our approach also works with
redundant manipulators. That is one advantage of formulating
inverse kinematics as a constrained differential problem with
a Quadratic Programming approach as it provides a generic
way to handle redundant robots [24] such as the Franka Panda
arm.

To test the robustness of our method in obstructed environ-
ment, 10 complex environments are created. Each environ-
ment is composed of one nominal path and many small cubes
obstructing the path. The tolerances are the three Euler ori-
entations («, (3, ), only the Cartesian translation of the end-
effector is constrained. Each complex environment is reloaded
10 times. The simulation and the path function of one of the
solutions found by F-RRT are available in Fig. 6 and Fig. 7,
respectively. No result was given by the classic projection-
based method PB-RRT due to the high complexity of the prob-
lem. Even by rising the number of iterations of the algorithm
in the projection process, it mostly failed. Conversely, our
method presents significant results with an average success



Cartesian path found by F-RRT Nominal cartesian path of the task

Fig. 4. F-RRT for blasting task along the red line. Three poses along the
nominal Cartesian path (different values of o) are represented here.

Cartesian path found by F-RRT

Nominal cartesian path of the task

Fig. 5. F-space approach with a redundant robot (Franka Panda) for a
blasting task. Three poses along the nominal Cartesian path (different values
of o) are represented here.

of 84% for a reasonable computation time. Moreover, our
implementation of F-RRT uses only around 8% of the CPU.
This amount suggests that there is room for improvement in
terms of computation time through parallelization.

Finally, with these experiments, we demonstrate that the F-
space approach is much more promising for solving SCEEPP-
problem than classical semi-constrained approaches. It can
take care of numerous tolerances and it is largely faster than
the existing methods.

VI. DISCUSSION

The F-space approach seems perfectly be fitted for
SCEEPP-problems. Yet, several future research directions
can be explored to extend its potential.

As explained in Section IV-B, exploring the F-space can be
done with continuous sampling-based planners as RRT or
RRT* where nodes are evaluated according to neighbouring
nodes. The problem induced by the multiplicity of solutions
of the inverse kinematics is only solved by the continuity
constraint implied by the neighbouring nodes. Therefore,
planners which compute isolated node in their process, such
as the BIT* planner [25], can not yet be considered for the
exploration of the F-space.

Currently, the F-RRT adaptation looses the property of
probabilistic completeness. This is because the inverse
kinematics method used in the reparametrization process does
not fully map the F-space to the entire configuration space.
As a result, the reparametrization might not always intersect
with the goal region (Xga) of the configuration space, even
if a solution exists. However, since the goal region of the
F-space Fyoa1 is an hyperplane rather than a single point, as

Nominal cartesian path of the task and path found by F-RRT
Fig. 6. F-RRT for a complex task obstructed by many small obstacles.

Three poses along the nominal Cartesian path (different values of o) are
represented here.

Evolution of o

Evolution of the associated joints values

0.0 0.2 0.4 0.6 0.8 1.0
curvilinear abscissa s

Evolution of Euler orientation

o radian

—]

radian

— Q

—

—

— Qs

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
curvilinear abscissa s curvilinear abscissa s

Fig. 7. Evolution of a path solution, along its curvilinear abscissa s, found
by F-RRT for a complex task: path in the F-space (Left) and its associated
path in the configuration space (Right)

presented in Section I'V-C, this reduces the possibility of not
finding solutions in situations where there are.

By representing the Cartesian path of a task and its path
parametrization o as a single linear axis in F-space, our
approach can be applied to any non-linear Cartesian path.
The concept could also be extended in more dimensions: a
task strictly constraining the end-effector onto a non-linear
surface could be represented in the F-space with two axes
with the NURBS [26] or T-spline [27] parametrizations .

VII. CONCLUSION

In this paper, we presented a new reparametrization ap-
proach for solving SCEEPP-problems. From this approach,
we constructed an adapted planner of RRT, named F-RRT,
which provides a faster and more robust alternative to tra-
ditional solutions while maintaining a limited number of
hyperparameters for design. By mapping SCEEPP constraint
problems to a product of intervals, this approach effectively
addresses complex and obstructed task environments. Many
further topics can be investigated. One possibility is to con-
sider the redundancy of manipulator arms as an F-space
axis. Another area of investigation could involve enhancing
the inverse kinematics method to achieve probabilistic com-
pleteness. Our approach could also be extended to different
sampling-based planners or could be applied to Cartesian non-
linear surface constraints.
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