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GEOMETRIC REALISATIONS OF THE UNIPOTENT ENVELOPING ALGEBRA OF

A QUIVER

LUCIEN HENNECART

ABSTRACT. We compare and generalise the various geometric constructions (due to Ringel, Lusztig,
Schofield, Bozec, Davison...) of the unipotent generalised Kac—-Moody algebra associated with an ar-
bitrary quiver. These constructions are interconnected through several geometric operations, including
the stalk Euler characteristic of constructible complexes, the characteristic cycle, the Euler obstruction
map, and the intersection multiplicities of Lagrangian subvarieties. We provide a proof that these geomet-
ric realisations hold for the integral form of the Lie algebra. Furthermore, by modifying the generators of
the enveloping algebra, we ensure compatibility with the natural coproducts that can be defined in terms
of restriction diagrams.

As a result, we establish that the top cohomological Hall algebra of the strictly seminilpotent stack is
isomorphic to the positive part of the enveloping algebra of the generalised Kac-Moody algebra associated
with the quiver. This appears to be one of the cornerstones needed to describe the BPS algebra of
very general 2-Calabi-Yau categories, which is the subject of the author’s work on BPS Lie algebras for

2-Calabi—Yau categories with Davison and Schlegel Mejia.
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1.1. Quivers and Lie algebras. Quivers are ubiquitous objects in representation theory, category the-

ory, and geometry. Their path algebras give rise to a wide class of smooth algebras of broad interest in

noncommutative geometry [KR00]. The geometric study of their moduli spaces provides geometric con-

structions of enveloping algebras and quantum groups associated with (generalised) Kac-Moody algebras,

and of their (lowest weight) representations. These geometric constructions provide naturally various

kinds of bases known as (semi-)canonical bases [Lus90; Lus91; KS97; Lus00], whose existence can be

proven combinatorially using involved recursive procedures [Kas90; Kas93].

Quivers with or without relations also serve as models for more general categories. Quivers without

relations give local models for one-dimensional categories, allowing a local description of their stack of

objects, while preprojective algebras (or their derived versions) act as building blocks for 2-Calabi—Yau

(CY) categories [Dav21]. Quivers with potential serve as local models for 3-Calabi-Yau categories [Gin06;
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Boc08]. These properties explain part of the ubiquity of quivers throughout mathematics and in particular
representation theory and algebraic geometry. In particular, the 2-CY version is at the heart of the explicit
determination of the BPS algebra of arbitrary 2-CY categories by reducing to preprojective algebras of
quivers ([DHS23], but also [AS18] and the references therein for previous instances of local quiver descrip-
tions). This paper focuses on the path algebras of quivers and their preprojective algebras, establishing a
connection between the associated (cohomological) Hall algebras.

1.2. The Lie algebra associated to a quiver. Let Q = (Qo, Q1) be a quiver with set of vertices Qg
and set of arrows @;. The Cartan matrix of Q is A = (a;;)ijeq, Where a;; = 20;; — [{a € Q1 |
{s(a),t(a)} = {i,j}}|- We let Qo = Q5 LU Q™ be the partition of Qg in real vertices (having no
loops) and imaginary vertices (having at least one loop). To a quiver, Bozec [Bozl15]with set of vertices
Qo and set of arrows @)1 associated a Borcherds datum where positive simple roots are parametrised by
Io = (QF™ x {1}) U (QJ™ X Zx1). The Lie algebra g associated to @ has generators e(;s ), f(i7n) for
(i',n) € I, and hy for i’ € Qy, satisfying Kac-Moody—Borcherds type relations (§8.1). We refer to §8 for
the precise definitions. The Lie algebra gg has a triangular decomposition gg = né@h@na Its enveloping
algebra is U(gq) = U(ng)@U(h) ®U(n25). It has various integral form U%(gq) defined in terms of divided
powers with respect to different sets of generators. The integral forms also have triangular decompositions.
The positive part U(ng) has a new set of generators € ), (i',n) € I that satisfy the same relations as
the generators ey ,,) (that is Serre relations) but is more convenient when comparing the combinatorially
defined comultiplication with the geometric restriction functors. This new set of generators also allows us
to define a different integral form INJZ(nZS) of U(ng). We are interested in geometric realisations of UZ(ng)

appearing in the literature and the comparison between them. These geometric realisations are in terms
of

(1) constructible functions on the stack of representations of @ ([Rin90; Sch; Lus91] for quivers without
loops; the case of quivers with loops had not been explicitly studied before),

(2) constructible complexes on the stack of representations of @ ([Lus90] for finite type quivers, [Lus91]
for loop-free quivers, [Lus93; Boz15] for quivers with loops),

(3) constructible functions on the strictly seminilpotent stack ([Lus00] for quivers without loops,
[Boz15; Boz16] for quivers with loops),

(4) the top-cohomological Hall algebra of the strictly seminilpotent stack (the construction of the
CoHA is given in [SV20], it is determined in [Dav20] for quivers without loops).

1.3. Other categorical situations. In this paper, we focus on the case of quivers as our main goal is a
description of the top-CoHA of the strictly seminilpotent variety as the enveloping algebra of a generalised
Kac—Moody Lie algebra (Theorem 1.2). Our results admit analogues in various other contexts:

(1) (Langlands theory) Spherical Eisenstein perverse sheaves on the stack of coherent sheaves on a
smooth projective curve and the global nilpotent cone.
(2) (Noncommutative curves) Perverse sheaves on the stack of representations of a general smooth
algebra.
(3) (Springer situations) Equivariant perverse sheaves on a representation of a connected reductive
group.
The proof that the characteristic cycle map is an algebra morphism (or compatible with the induction
operations) follows the exact same steps as for quivers and so we do not reproduce it.

The various objects: constructible Hall algebras, their categorification in terms of perverse sheaves,
and the cohomological Hall algebras, are defined in all these contexts (in (3), one may want to set the
reductive group to GL,, or work with the different algebraic structure obtained from inductions from
Levi subgroups) and in particular for the stacks of coherent sheaves and Higgs bundles associated to
curves (a non-exhaustive list of references is [Sch04; Sch06; SS20]). In the latter situation, the category
P is the category of spherical Eisenstein sheaves over €oh(X), the stack of coherent sheaves on a smooth
projective curve X, and mﬁ‘ZN is replaced by the global nilpotent cone, 91x. Our proofs can be adapted
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in a straighforward way to prove that the characteristic cycle map

—

CC: Ko(P) — HEM (N, Z)

top

is an algebra morphism. The hat-symbol indicates some completion, necessary since the stack of rank r
and degree d coherent sheaves is not of finite type if r > 0. Its bijectivity is known in a few cases (curves
of genus < 1), see for example [Hen22], but is an open conjecture in general. The consequences of this will
be described elsewhere.

1.4. The main results. Let Q = (Qg, Q1) be a quiver. For i’ € Qq, we let e; € Z20 be the basis vector.
We let Mg = | Jqeneo X@,a/GLa be the stack of representations of @, Ilg the preprojective algebra of
Q and My, the stack of representations of Iy (§9.1). It contains the strictly seminilpotent stack mﬁ‘gN .
We have a natural inclusion Ny 4 = (T, Xq,a)/GLa € NG of the zero-section.

Lusztig defined in [Lus90; Lus91] (for loop-free quivers) and [Lus93] (for arbitrary quivers) a category P
of semisimple perverse sheaves on Mg. The simple objects of P are the simple constituents of the various
inductions of constant sheaves on Mg g, d € N@o (Lusztig’s construction is parallel to that of character
sheaves for reductive Lie algebras or algebraic groups). The additive category Q is defined as the category
of direct sums of shifts of objects of P.

For the readability of the introduction, we split into Theorems 1.1, 1.2 and 1.4 the big Theorem 9.11.

1.4.1. The characteristic cycle map.

Theorem 1.1 (C Theorem 9.11). Let Q be a quiver. Let P be Lusztig’s category of perverse sheaves on
the stack of representations of Q@ and ‘ﬂﬁ‘ZN be the strictly seminilpotent stack. Then, the characteristic
cycle map

CC: Ko(P) —» HY(MFSN, 2)
is an algebra isomorphism, where the vector space ng\g (‘)’tﬁ‘é’v7 Z) has the (restriction of the) cohomological
Hall algebra product (§9.5.1) and Ko(P) has Lusztig’s induction product (§9.3.1).

1.4.2. The top-CoHA of a quiver. We let H&%(mﬁgN,Z) = Paczeo Hﬁ}\é{(mﬁg{\é,Z) be the top-Borel-
Moore homology of the strictly seminilpotent stack. It has a Z-basis given by the fundamental classes of
the irreducible components of ‘ﬁﬁgN and a product (§9.5.1) induced by the cohomological Hall algebra
product on HEM (‘ﬁﬁg/\é) [SV20]. The integral form of the positive part of the quantum group of the quiver,
UZ(ng) has a set of generators ey ), (i',n) € Qo X Zx1 (§8.1).

We let (—, —) be the Euler form of the quiver, (—, —) the symmetrised Euler form (§8.1), and we fix a
multiplicative bilinear form W: Z?0 x Z?0 — 7 such that for any d,e € Z?°, ¥U(d, e)¥(e,d) = (—1)(%®),
For example, one can choose ¥ = (—1)<*7’>. This particular case is of importance as this is the twist that
appears implicitly in the literature [Lus91].

Theorem 1.2 (C Theorem 9.11). Let Q be a quiver and ‘ﬂﬁ‘gN the strictly seminilpotent stack. There
exists an algebra morphism

B UG — Hop (MM, z)v
€i'n = [mOHQ ne;r ] .

It is an isomorphism.

The upperscript ¥ indicates a twist of the multiplication, where ¥: ZQ0 x ZQ0 — 7 is a multiplicative
bilinear form: If x denotes the classical multiplication on Hﬂf(mﬁg/v ,Z) and *y the multiplication on
HE)%(OT}S[‘ZN,Z)‘I’, then u xy v := U(deg(u),deg(v))(uxv) for any u,v € HtBOI\I/)[(‘)’IﬁZN,Z) homogeneous of
respective degrees deg(u), deg(v) € N¥. We will give more details on twists of algebras in §8.6. As this is
clear in the notation, we prefer not to include the twist in the definition of the cohomological Hall algebra
product, following the definitions of [SV20; DHS22] (which are natural from a geometric viewpoint). This
theorem generalises [Dav20, Theorem 6.6] in two directions: our theorem applies to the whole quiver Q
and not only its real subguiver (the full subquiver generated by loop-free vertices), and it applies to the
cohomology with integral coefficients (and not only rational coefficients). Our method of proof is different

than that of [Dav20] since it uses the characteristic cycle and the category of Lusztig sheaves. It has
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the advantage of being applicable to other situations, for example Eisenstein perverse sheaves and the
global nilpotent cone (see §1.3). The cohomological Hall algebras of the stack of Higgs sheaves of curves
were defined in [Min20; SS20] and have been used to prove deep results in nonabelian Hodge theory and
Langlands theory revolving around the geometry of the Hitchin system. One can mention in particular
the proof of the celebrated P = W conjecture [Hau+22].

BM

top (‘ﬁs SN 7)) is not yet constructed directly (one could obviously

Remark 1.3. The coalgebra structure on H
transfer the coproduct of the enveloping algebra using 3). We expect a geometric construction of it.

1.4.3. Geometric realisations of UZ(ng). If X is a stack, we let Fun(X) be the set of Z-valued constructible
functions on X. As for varieties, for each ¢ € Fun(X), there is a stratification of X by locally closed substacks

on which ¢ takes a single value.
We fix a bilinear form ¥ as in §1.4.2.

Theorem 1.4 (C Theorem 9.11). We have a commutative diagram of Z-algebra isomorphisms

B
C
Hg)l\él(mSSN Z)
AoEu
FunSph E)JTQ
Fun®P! ‘JI‘SSN )

where

(1) Fun®™(9g) is the set of spherical constructible functions on Mg,
(2) FunSph(‘ﬁﬁ‘ZN) is the set of spherical constructible functions on ‘)’Iﬁ‘g/\/,
is the characteristic cycle map of constructible complezes,
3) CC is the ch teristi l tructibl l
(4) x is the stalk Euler characteristic,
res 18 the restriction of constructible functions (using that - 18 a substack),
5 is th jcti bl j ing that Mg C NEEN bstack
(6) Tff]im o Eu™! is the composition of the inverse of the Euler obstruction map with the cotangent
cycle map (the map Z T% X for Z C X a smooth locally closed subvariety),
(7) « is determined by the condition a(ey ) = [IC(EDTQ,mi,)],

)T

(8) B is determined by the condition B(ey ) = HQ ney s

n) =
(9) ~ is determined by the condition y(ey ) = (—1)Me e ’>1ng ney s
(10) & is determined by the condition &(e; ) = (—1){neine ’)Ln%Q e

Remark 1.5. We need to modify the generators to obtain coalgebra morphisms since ZC(9MM g ne,, ) is not
primitive if n > 2 for the natural coproduct given by the restriction of complexes. This is what we explain
in §1.5.

Remark 1.6. (1) The term “spherical” indicates that we take subsets of the sets Fun(9tg) or Fun(mﬁsz )
of all constructible functions. The definitions of these subsets involve the algebra structures on
these spaces, see §9.2.2, 9.4.2.

(2) The definitions of the multiplications on the objects Ko(Q), Fun®™(Mg), FunSph(‘ﬁﬁ‘gN ) and
HE}E (‘JISSN Z) and of the comultiplications on Ko(Q), Fun®™®(9g) and FunSph(‘.Ytﬁ‘ZN ) will be
recalled in this paper (in §9.3.1, 9.2.1, 9.4.1, and 9.5.1 for the multiplications, 10.1, 10.2 and 10.3
for the comultiplications) to make the sign conventions explicit.

(3) We did not incorporate the W-twist of the multiplications in the definitions of these multiplications
to stay close to the definitions in the literature and to emphasize the importance of this twist (as
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it will also appear in [DHS22; DHS23] in a very crucial way). For example, the twisted quantum
group Ug(na)‘l' is isomorphic to U%q(ng).

1.5. Comultiplications. We can modify the morphisms «,~ and § (with the help of noncommutative
symmetric functions, §8.3) so that they become bialgebra morphisms (see Remark 1.5).
Namely, we define new generators ¢; ,, of U(ng) (§8.4). They statisfy the condition

Agi/,n = E gi’,r X gi’,s~

r4+s=n

~7
These generators give rise to an integral form U (ng) of U(ng) (defined using divided powers), which

usually differs from U” (n}). Moreover, the generators €y satisfy the same relations as the generators

ei'.n: we have an algebra isomorphism
;

7
7
g + U@y — Unf
Fevilvn — €i' n-
Of course, it is not a coalgebra isomorphism as the generators e; ,, are primitive while the generators €; ,
are usually not.

Theorem 1.7. We let U = (—, —)¢ be given by the Euler form of the quiver Q). The morphisms
aog: U (nh) - Ko(Q)
vog: INJZ(nZS) — Fun®P? (M) Y
50g: U (nf) — Fun™ (NS
are bialgebras isomorphisms.

The upgrade of the morphism aog to the integral part of the quantum group (as opposed to the integral
part of the enveloping algebra) is nontrivial when @ has vertices with at least two loops. This would involve
a fine understanding of g-deformations of the algebra of noncommutative symmetric functions. We leave
this question for further investigations.

1.6. Cohomological Hall algebras. This work is motivated by and serves as the cornerstone for a
general description of the cohomological Hall algebra of a 2-Calabi—Yau (CY) category A. This objective
is pursued in the papers [DHS22; DHS23], where the BPS algebra of A is characterised as the enveloping
algebra of the positive part of a generalised Kac—-Moody Lie algebra. The intersection cohomology of certain
connected components of the coarse moduli space of the stack of objects in the category A provides a set of
generators, while the Serre relations are determined by the Euler form of category A. The aforementioned
works even establish stronger results by considering the relative cohomological Hall algebras, which are
objects in the derived category of mixed Hodge modules over M 4, the moduli space of semisimple objects
in the category A.

The proof of [DHS23] proceeds in two steps. The first step is the reduction of the case of a general 2-CY
category A to the case of the categories of representations of preprojective algebras of quivers. The second
step is an induction, which relies on the explicit description of the top-CoHA of the strictly seminilpotent
variety, Theorem 1.2.

The relative versions proven in [DHS23] retain a lot more information than the absolute ones: it
determines the cohomological Hall algebras of all the Serre subcategories of Rep(Ilg). In particular,
it determines the cohomological Hall algebras of the strictly seminilpotent stack ‘Jtﬁ‘g/\/ , and therefore also
the top-part of it, Ho(mﬁg/\f ,DQVT) = Hg}}f (‘)“(ﬁ‘gfv ,Q) (which we aim to study in this paper, see Theorem
1.2). By restricting the relative cohomological Hall algebra to the strictly seminilpotent stack and then
taking the derived global sections and the degree 0 cohomology, one could deduce the rational version of
Theorem 1.2 as a corollary of Theorem [DHS23]. It turns out, conversely, that in [DHS23], we rely on
Theorem 1.2.

The consequences of the main theorem of [DHS23] and its generalisation to all 2-CY categories satisfying
some mild assumptions are multiple. A certain number of them are described in [DHS22] and [DHS23].
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In particular, we obtain the positivity conjecture of cuspidal polynomials of quivers of Bozec—Schiffmann,
[DHS23, Theorem 1.4] (a strengthening of Kac’s positivity conjecture), formulated in [BS19]. It allows a
description of the whole cohomology of smooth Nakajima quiver varieties as a module over some generalised
Kac—Moody Lie algebra, in terms of the intersection cohomology of some singular Nakajima quiver varieties
[DHS22, Theorem 1.14]. We also obtain the cohomological integrality conjecture for 2-CY categories and
their 3-CY completions, for example for local K3 surfaces. This cohomological integrality allowed us to
construct a nonabelian Hodge isomorphism between the Borel-Moore homologies of Dolbeault and Betti
stacks for a smooth projective curve [DHS22, Theorem 1.7]. It is therefore extremely surprising and of high
interest that these geometric properties eventually rely on Theorem 1.2, which is of rather combinatorial
nature and proven using the Hall algebra of constructible sheaves on the moduli stack of representations of
the quiver Q). Of course, additional powerful geometric ingredients such as the local neighbourhood theorem
[Dav21] are used in [DHS22; DHS23].

1.7. Notations and conventions.

(1) The Borel-Moore homology of varieties and stacks is normalised so that H5 M (X, Z) has a basis
given by irreducible components of X of dimension dim X. We denote this space by HE}\;{(%, 7).

(2) If G is a connected algebraic group and X is a G-variety, then the equivariant Borel-Moore
homology of X is normalised so that Hgﬁ’g_ dim (X, Z) has a basis given by fundamental classes
of irreducible components of X. We do this so that it matches with the Borel-Moore homology
HPM(X/G) of the quotient stack.

(3) A quiver @ is a pair (Qo, Q1) of a set of vertices @y and a set of arrows @)1. For an arrow a € Q1
s(«) denotes its source and t(«) its target.

(4) If X is an algebraic variety, H C G algebraic groups and H acts on X, we let G x X be the (free)
quotient of G x X by the action of H given by h - (g,z) = (gh, h~'z). It is naturally a G-variety.

(5) Let X be a (complex) algebraic variety. We denote by DP(X) the constructible derived category
of X of sheaves of Q-vector spaces.

Acknowledgements. The author would like to thank, among many others, Ben Davison, Joel Kamnitzer,
Sasha Minets and Olivier Schiffmann for many useful discussions. The author is very grateful to Ben
Davison for pointing out the missing twist in the product of the CoHA in an earlier version of this paper,
without which the main results of this paper fail to hold. This twist led to further developments of this
paper, and appears to be a feature, crucial in [DHS22] and [DHS23]. The author is also grateful to Joel
Kamnitzer for pointing out a counterexample to a conjecture we made in a previous version of this paper.

The author was supported by the ERC Starting Grant “Categorified Donaldson-Thomas Theory” No.
759967 whose Principal Investigator was Ben Davison.

2. CHARACTERISTIC CYCLE AND SINGULAR SUPPORT

In this section, we recall the notions of characteristic cycle and singular support, together with the
essential functorial properties for smooth pullback and proper pushforward. We explain in details how the
pullback and pushforwards of Lagrangian cycles are constructed, as these constructions are crucial to prove
that induction and characteristic cycle are two commuting operations, and the normalisation conventions
for the characteristic cycle vary in the literature.

2.1. Characteristic cycle. Let X be a smooth algebraic variety of dimension n. Let T* X be its cotangent

bundle. It has a Gy-action rescaling the fibers. A closed subvariety A C T*X is called Lagrangian if its

smooth locus is Lagrangian in T*X. Obviously, dimA = n. It is conical if it is invariant under the

Gp-action. The relation of inclusion of closed, conical, Lagrangian subvarieties of T*X induces a direct

system on their Borel-Moore homologies H®™ (A, Z). The vector space hngEM (A,Z) is the target space
A

of the characteristic cycle map. We let Lang"‘ (T*X) = @HEM(A, Z) be the space of Lagrangian cycles
A
on T*X.
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The source of the characteristic cycle map is the Grothendieck group of the derived category of con-
structible sheaves of Q-vector spaces on X, Ko(DP(X,Q)). As we work with rational coefficients for
constructible sheaves throughout the paper, we sometimes drop the letter Q.

The characteristic cycle map is a morphism of Abelian groups

A
which can be constructed as follows. Let .# € D2(X,Q) be a constructible complex. We fix a Whitney
stratification S = (S, )aca of X for which % is constructible. We let A, = Ts X and A = Uaca Ao We

define CC(.#) as an element of HSM (A, Z), that is as a linear combination
(2.2) CC(Z) = mallal.
acA
The multiplicity m, is defined in the following way. Let (z,€) € A, be a general point (we can take
(,6) € Aa N\ Upya Ap)- Let g be a complex valued function on a neighbourhood of z € X such that
(1) g(z) =0,
(2) dg(x) = ¢,
(3) x is a nondegenerate critical point of g|g .
Then,
Mo = X((ngy[*l}m)v
the Euler characteristic of the stalk at z of the vanishing cycle functor ¢4[—1] applied to # (see for
example [SV96, §2], [Masll, Remark 2.2], [KS13]). We would like to emphasize that there is one other
normalisation of the characteristic cycle also appearing in the literature, which is the one obtained when
changing the multiplicity m, in the sum (2.2) by the sign (—1)4™ 9« For the normalisation chosen here,
the multiplicities m, are nonnegative when # is a perverse sheaf on X (since ¢4.%[—1] sends perverse
sheaves to perverse sheaves supported on crit(g) = {z}).
If f: Y — X is a map between smooth algebraic varieties, we have the cotangent correspondence

T*X & T X xy Y 9 oy

where pr; is the projection on the first factor and (df)* is the pullback of covectors.
The characteristic cycle map satisfies the following properties:
2.1.1. Distinguished triangles. If # — 4 — J — is a distinguished triangle in D?(X), then
CC(F) + CC(¥9) + CC(s2) = 0.

2.1.2. Shift. For any .# € D?(X) and n € Z, CC(F[n]) = (—1)"CC(F).

2.1.3. Normalisation. If % = £ is a local system on a smooth equidimensional closed subvariety Y C X,
CC(F) = (=1)4mY rank( L) [T X],

2.1.4. Smooth pullback. If f: Y — X is smooth of relative dimension d, the map pry: T*X xx Y — T*X
is smooth of relative dimension d, as being obtained by pullback from f.

Let .# € DP(X,Q) and A = supp(CC(.#)) C T*X. The pullback map pr; '(A) — A induced by pr; is
smooth of relative dimension d. We then have a pullback in Borel-Moore homology
(2.3) pri: HPM(A) = B2 (prr(A))
and the map (df)* is a closed immersion, so that (df)*pr;*(A) is a closed subvariety of T*Y and the
pushforward by (df)* induces a morphism
(2.4) ((df)), = HPY(prp H(A)) — HIM((af) pryt (A).

By composing (2.3) and (2.4), we obtain a map

F=((df)),pry s HEM(A) — HEM ((df)*prit(A)).
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We have ([SV96, §2],[Gin86])
(2.5) CC(f*7) = (=) ((Af)"),priCC(F) € HYu((df) pry t(A))

Remark 2.1. An implicit fact is that (df)*pr; *(A) is a closed, conical, Lagrangian subvariety of T*Y. Tt
can be explained as follows. If A C T*X is a closed conical Lagrangian subvariety, we have A = T5 X for
some locally closed smooth subvariety Z of X. Then, (df)*pr; '(A) = T}Li
Lagrangian.

1(Z)Y is also closed, conical and
Tt is sufficient to ask f to satisfy a weaker property (namely f non-characteristic for SS(%), [KS13,
Proposition 9.4.3]) to have the pullback functoriality of the characteristic cycle, but we will not make use
of this more general framework.
The presence of the sign (—1)? can be recovered as follows. If .# is a perverse sheaf on X, then f*.7[d]
is a perverse sheaf on Y and so its characteristic cycle has to be positive according to our sign conventions.

Ezample 2.2 (Illustration of the pullback formula). Let X be a smooth variety and f: X — pt the
unique map. Then, CC(Q, ) = (—1)4mX[T% X] and f*@pt = Q. Therefore we have CC(f*th) =
(—1)4mX[T% X]. The cotangent correspondence reads

T x & x B

where df* is the zero section. Therefore, (df*).pr*T}pt = [T% X] and so (2.5) is verified in this case.

2.1.5. Proper pushforward. This is the least trivial functorial property of the characteristic cycle among
those presented here. Let f: Y — X be a proper map between smooth algebraic varieties. In particular, f
is local complete intersection and can be factorised as Y 2% Z  x , where g is a regular closed immersion
and h is smooth (one may classically choose Z =Y x X, h the second projection and ¢ the graph of f).
Then, the map (df)*: T*X xx Y — T*Y is local complete intersection of codimension dimY — dim X.
Indeed we can provide a factorisation of (df)* as the composition of a closed immersion of a smooth variety
and a smooth map as follows.

The morphism T*X X x Y — T*X X x Z is a closed immersion thanks to the diagram with Cartesian

squares
T"X xxY — Y

Lo b

(2.6) T*X xx Z —— Z
Lok

"X — X

dh
The morphism T*X xx Z L) T*Z is a closed immersion since h is smooth.

The composition T*X xx Y — T*X x x Z — T*Z factors through the closed immersion T*Z xz Y —
T*Z thanks to the commutative diagram

T*X xx Y —— T*X xx Z

T

T"ZxzY — T*Z

| |

Y ——— 7

The dashed map is a closed immersion since all other maps in the square indicated by x are closed
immersions.

The map (dg)*: T*Z xz Y — T*Y is smooth since g is a closed immersion of a smooth subvariety.
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Altogether, we found a factorisation of (df)*
T*X xxY 5T Zx, Y - TY

as a closed immersion followed by a smooth morphism. The variety T*Z X z Y is smooth by the Cartesian
square in (2.7) since Y and T*Z — Z are smooth. The variety T*X X x Y is smooth thanks to the outer
Cartesian square in (2.6) and the fact that T*X — X and Y are smooth.

Therefore, we have a pullback map

(2.8) ((df)")'s BAUT'Y) = H¥im x —dimy (T"X xx V).
and for a closed subset A C T*Y fitting in a Cartesian square
((@df))7HA) — T*X xx V
| Jan
A— TY
a refined pull-back
(2.9) ((af))' s HIYM(A) = H G x—aimy (1)) 7 (A))

constructed as in [Full3, Chapter 6].
The projection pry: T*X xx Y — T*X is proper since it fits in the Cartesian diagram

T*X xxY —— Y
pr1l - lf
™ — X

The restriction ((df)*)~*(A) — pry((df)*)~1(A) of pry is also proper and therefore induces a pushfor-
ward in Borel-Moore homology

(2.10) (pry). s HPM(((Af))7HA)) = B2 (pre((df)*) 71 (A)).
By composing (2.9) and (2.10) and specialising the degree x to dimY’, we get a map
(2.11) Fe=(pry)«((df)")": Heimy (A) = Hei x (11 ((df)") 1 (A)).

Let . € DP(Y,Q) be a constructible sheaf. Let Sx be a Whitney stratification of X, Sy a Whitney
stratification of Y for which # is constructible, such that f is stratified for these stratifications (in the
sense of [GMS8S, p. 1.1.1.6]). By [GMSS, p. 1.7], such stratifications exist.

Lemma 2.3. Let f: Y — X be a proper morphism between smooth algebraic varieties. Recall the cotangent
correspondence

T X & T X xy v S ey
Let Sy and Sy be Whitney stratifications of X, Y such that f is stratified (in the sense of [GMS8S]). Then, if
A= Uges, TY CT*Y, then A is a closed conical Lagrangian subvariety of T*Y and pry((df)*)~"(A) C
T*X is a closed, conical and Lagrangian subvariety of T*X.

Proof. The Whitney property of the stratification Sy implies that A is closed in T*Y. The map pr,
is proper and both pry, (df)* are equivariant with respect to the Gy,-actions rescaling cotangent fibers.
Therefore, pry((df)*)~*(A) € T*X is closed and conical.

Let S € Sy. By definition of stratified maps, there exists 7' € Sx such that f(S) =T and fis: S — T
is smooth. We show that pr;((df)*) ' (T5Y) = T4#X. Indeed, if (§,y) € T*X xx Y, (df)*(&y) =
(y,£0df(y)). Then, since fg is submersive, £ o df(y) vanishes on the tangent space to S at y if and only
if £ vanishes on the tangent space of T" at f(y).

In conclusion, pry((df)*) ™" (A) = Upes, T4X is closed, conical and Lagrangian in T*X. O

We let A = Jges T5Y. It contains supp(CC(.#)). Then [SV96, (2.17)],
(2.12) CC(f+F) = f.CC(F).
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An implicit content of this last equality is that pry((df)*)~*(A) is a closed, conical, Lagrangian subvariety
of T*X. This is Lemma 2.3.

Example 2.4 (Pushforward to point). Let f: P! — pt be the map from the projective line to the point.
Then, we have CC(Qy, [1]) = [T§.P!]. Moreover, f.Q, [1] = Q[-1] @ Q[1] and therefore

CC(£+Qp [1]) = —2[Typt].
On the other hand, the cotangent correspondence reads
Topt L pt B
where (df)* is the inclusion of the zero-section. Therefore, by (2.12),
CC(feQp [1]) = pr.((df)") [T P

and ((df)*)'[Tz: P'] is the self-intersection of the zero-section of T*P!. It is given by the canonical divisor
of P!, which is —2 times the class of a point. Therefore, we have

pr. ((df)") [TpP'] = —2[Typt].
This illustrates (2.12).

Example 2.5 (Inclusion of a subspace). Let f: A! — A2 be a linear inclusion of the affine line. Then, we
have

CcC(Q

XAl [1]) = [TglAl]

and
CC(£Q,, [1]) = [T7: A%,
The cotangent correspondence reads

AL Y AT, TH A2 P2 A2,

With the identification T*A! = A? and T*A? =2 A%, we have A! x, 2 T*A? =2 A% and we can identify

df*: (2,y,2) = (2,y)
and
pry: (x,y,2) — (2,0,y, 2).
We immediately obtain
pra(df*) [Th A = [T} A%)
which confirms (2.12).

The singular support of a constructible complex .# € D2(X) can be defined as SS(.#) = supp CC(.%)
if .7 is a perverse sheaf, and as the union SS(.#) = U,z SS(PH" (%)) in general [KS13].

By considering the full triangulated subcategory DP(X, A) of constructible complexes whose singular
support is contained in A, the characteristic cycle can be seen as a map

CC: Ko(DP(X,A)) — HEM (A, 7).

Sometimes it is convenient, instead of fixing the singular support, to fix the stratification. If S is a
stratification of X, we let Dg 5(X) be the full subcategory of S-constructible complexes. If S is Whitney
and admissible (in the sense of [Dim04, p. 4.1]) and A = | |gcs T5X, then DY g(X) = DL (X, A) [Dim04,
Theorem 4.3.15 iv)].

2.2. Characteristic cycle of equivariant complexes. Let X be a smooth algebraic variety acted on
by an algebraic group G. We let D} ;(X) be the G-equivariant constructible derived category [BLOG].
There is a forgetful functor
For DEG(X) - DXX)
F —  Z[dim G|
The shift ensures that For is perverse t-exact; we use the perverse t-structure on DE)G(X ) such that
Z[dim X — dim G] is perverse for G-equivariant local systems .Z on X. This convention is convenient
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since the dimension of the quotient stack X/G is dim X — dim G. Let Sx be a G-equivariant Whitney
stratification and DE’G’ s(X) be the full subcategory of S-constructible G-equivariant complexes. We let
A=lge sx TsX. We define the characteristic cycle map for equivariant complexes as the composition

For

CcC ~ s
CC: Ko(DP . s(X)) = Ko(DP 5(X)) == Hint < (A) 2 HVG 1 c(A),

where HEM:@(A) is the G-equivariant Borel-Moore homology of A.

3. INDUCTION DIAGRAMS AND GROUP ACTIONS
3.1. The induction diagram. We consider a correspondence
xL<wx
where

(1)

(2) f is smooth (of relative dimension d),

(3) g is proper,

(4) (f,g9): W — X x X’ is a closed embedding.

X, X', W are smooth complex varieties,

3.2. The equivariant induction diagram. Following [SV12, §2], we consider a correspondence
(3.1) yEvLXx
where

(1) Y, X',V are smooth complex varieties,
(2) ¢ is a closed immersion,
(3) p is smooth (of relative dimension d).

Let P C G be a pair of algebraic groups. We assume that P acts on Y and V, G acts on X’ and that
P, q are equivariant.
Let X =G xPY and W = G x” V. We obtain a new correspondence, of the type of §3.1.

(3.2) xdwdx
where f(h,’l)) = (hap(UD and g(h,v) =h- Q<v)
We have the following properties

The varieties X, W, X' are smooth,
The maps f, g are G-equivariant,
(f,9): W — X x X’ is a closed immersion,

The last statement comes from the fact that the map g is the composition
W=Gx"v - GxFx — X

(h,v) = (h,q(v))
(h,a') — (h,ha')

The first morphism is a closed immersion and up to the isomorphism G x¥ X’ — G/P x X', (h,2)
(h,h - x'), the second morphism is the projection on the second factor and is therefore proper if G/P is
proper.

3.3. The stacky induction diagram. By quotienting the diagram (3.2) by G, we obtain the stacky

induction diagram
(3.3) x/¢LwicL x')a.
It is equivalent to the diagram

(3.4) y/PE&v/PL X'/G.
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In our practical situations motivated by Hall algebras, the group P is a parabolic subgroup of some GL,,
and acts on Y through a quotient P — L to the Levi subgroup. In this case, we can complete the diagram
(3.4):

(3.5) y/LE v/ PEv/iPE X'/

We denote by p’ the composition p/ := p’ o p. Note that the map p’ is smooth.

3.4. The moment maps. When a group acts on a smooth algebraic variety X, there is a natural choice
of moment map for the induced Hamiltonian action of G on T*X. It is given by puxqg: T*"X — g%,
(x,1) = (£ = 1(&;)) where ¢ is the infinitesimal action of G on X (a vector field on X). This is our default
choice.

We let g (resp. p) be the Lie algebra of G (resp. P). The P-action on Y induces a P-action on T*Y.
It is Hamiltonian with moment map

py,p: T*Y — p*.
Similarly, the G-action on X := G x* Y gives a Hamiltonian action on T*X with moment map

Ux,G: ™X — g*.

Proposition 3.1. We have a natural isomorphism of G-varieties

px'e(0) = G < uy 'l (0).

Before proving Proposition 3.1, we give the following well-known lemma.
Let Z be a smooth algebraic variety acted on by a group P. Then, we have an Hamiltonian action of
P on T*Z. We have the moment map
pzp: T°Z — p*

o~

Lemma 3.2. If Z is an algebraic variety on which an algebraic group P acts freely, we have T*(Z/P)
,ug’lP(O)/P as stacks.

In intuitive terms, ug,lp(O) is the closed subset of T*Z of (z,1) € {z} x (T.Z)* such that [ vanishes on
the tangent space to the P-orbit through z.

Proof of Proposition 3.1. The group G x P acts on the product G xY by (g,p)-(¢',y) = (99'p,p~1y). Let
HGxY,P: T*(G X Y) — ]J*
be the moment map for the action of P = {1} x P on T*(G xY). The moment map of the action of G x P
on T*(G xY) =G x g* x T*Y is
HGxY,GxP = e, X paxy,p : Gxg"xTY — gr xp”
v=1(9,64,0) = [(s,1) = &(ad(9)(s)) + paxx,p(v)(t)]

By Lemma 3.2 applied to the variety G x Y and the group P, we have T*(G x¥ X) = /LE&X p(0)/P.
Moreover, ugL p({0} x p*) = G x T*Y. The algebraic variety G x T*Y is acted on diagonally by P.
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Consider the commutative diagram

Havry.q({0})

|

— * * FoxPy, *
/Lcle,pr(E x {0})/P =T*(Gx"Y) % g
T id
Haxy.axp(8 x {0}) g*
l id x0
T*(G x Y) RExrexr gt xp*
T 0xid

tokyaxp({0} X p*) = G x Ty 222,

|

Loxy.axp{0}) = G x pgls(0)

|

G <" iy p(0)

By analysing this diagram from the middle row and going up or down (that is, performing Hamiltonian
reduction by the action of G and then by the action of P, or in the other way), we obtain

M&ich(o) >~ G x” /J;/,IP(O)

as G-varieties. O

3.5. The cotangent correspondences. Recall the induction diagram in §3.1. We let Z = T}, (X x X’).
The natural projections give the cotangent correspondence

Tx < 7z 4 1T x,

The cotangent correspondence of f reads

T*X &5 T X o W Y oy

The map pry is smooth (obtained by base-change from f) and (df)* is a closed immersion (pullback of
covectors by a smooth map).
The cotangent correspondence of g reads

T*X! & e X e WS ey

The three morphisms
T (X x X')
2L
T*X T X'
(where —pr, is the composition of the natural morphisms T, (X x X’ ) — T*(X x X’) = T*X' followed
by the automorphism of T* X’ acting by (—1) on the fibers) gives maps

Ti (X x X') 2 T X 00 W

‘|

T X xx W
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so that the three cotangent correspondences fit in the diagram with Cartesian square
-y

Y

Ti (X x X') —2 T*X! xx0 W 255 T X7

¢’J{ r J{(dg)*

(3.6) TX xx W —e T'W
¢ PTXJ/
T X

where —1) is the composition of ¢ and the automorphism of T* X’ acting by (—1) on the fibers.

Lemma 3.3. (1) The morphism 1 is proper and the morphism ¢ is local complete intersection (l.c.i.,
[Full3, §6.6]), of codimension (dim X — dim X’).
(2) The morphisms ¢' and (dg)* are l.c.i. of the same codimension (dimW — dim X') (i.e. the
Cartesian square in (3.6) has no excess intersection bundle).

Proof. Tt is equivalent to prove that —1) is proper. We have —1) = pry, o4’. The projection pry, is proper
as it is obtained by base-change from the proper map W — X’. The map 1’ is a closed immersion as it it
a pull-back of the closed immersion (df)*.

The morphism ¢ is l.c.i. as both Tj;, (X x X’) and T*X are smooth varieties.

The map pry is smooth, as obtained by base-change from f. Therefore, T*X x x W is smooth and ¢’
is l.c.i. Similarly, T*X’ x x» W — W is obtained by base-change from T*X’ — X’. The former map is
therefore smooth and since W is smooth, T* X’ x x-W is smooth. Therefore, (dg)* is l.c.i. The codimensions
of ¢’ and (dg)* are given by a straightforward computation and both equal dim W — dim X'. |

3.6. Equivariant cotangent correspondences. Consider the diagram of §3.1. If an algebraic group G
acts on the varieties X, W, X’ such that f and g are G-equivariant, then the group G acts naturally on all
the varieties of §3.5, all the maps of §3.5 are G-equivariant. This situation appears for example with the
induction diagram (3.2).

4. INDUCTIONS

4.1. Induction of constructible complexes. Consider the induction diagram of §3.1. We define the
induction functor

Ind : DP(X) — DPX)

F = g f Fld.
By the decomposition theorem, this functor preserves semisimple complexes. We also denote by Ind: Ko (D2 (X)) —
Ko(DP(X’)) the map induced on the Grothendieck groups.
For A C T*X and A’ C T*X’ such that pry,((dg)*)~'(df)*pry (A) C A, Ind induces a functor
Ind: D?(X,A) — D>(X', A).

and a map Ind: Ko(D2(X,A)) — Ko(DP(X',A’)) (we made use of the inclusion properties of singular
support for smooth pullback [KS13, Proposition 5.4.5 i)] and proper pushforward [KS13, Proposition
5.4.4]).

4.2. Equivariant induction of constructible complexes. Consider the diagram (3.2). We can define
an induction functor in the equivariant setting using the same formula as in the non-equivariant setting

(§(4.1)):
(4.1) Ind = g..f*[d): D2 (X) = Dea(X)
We now define an induction functor

(4.2) Ind: DY p(Y) = DL o (X')
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by composing (4.1) with the induction equivalence

Ind§: D p(¥) = D2 (X)
defined in the following way. Consider the correspondence
(4.3) y &2 axy B x

For # € D]CC" p(Y), pr57 is G x P-equivariant on G x Y and therefore, there exists a unique complex
4 € Dp(X') such that pry = pr*@. We set md%.# = ¢[dim G — dim P]. The shifts ensure that the
induction equivalence Indg is perverse t-exact.

If L is an algebraic group acting on Y such that the action of P factors through a quotient P — L, we
define the induction functor

(4.4) Ind: DY (V) — D o(X)
by composing (4.2) with the pull-back by the equivariant map ¢: (Y, P) — (Y, L),
DE,L(Y) - DICD,P(Y)
F —  (*Z[dim L — dim P]
(with ¢* defined in [BLOG, §6.5]), and again the shift ensures that this functor is perverse t-exact.
We decomposed the definition of the induction function (4.4) to facilitate the commutation of the

(4.5)

characteristic cycle and the inductions. The functor (4.4) coincides with the functor defined using the
induction diagram between stacks (3.5)

Ind : DXY/L) — DY (X'/G)
F —  g,p Z|dimV/P —dimY/L].

4.3. Induction map in Borel-Moore homology.

Lemma 4.1. Let X be a smooth variety and a: T*X — T*X the automorphism acting by (—1) on fibers.
Let A C T*Y be an Gy, stable subvariety (for the natural Gy, -action rescaling the fibers). Then, the induced
automorphism HEM(A, Z) — HPM(A, Z) is the identity.

Proof. The action of Z/27 on HEM(A) extends to a Gy, action. Since G, is a connected algebraic group,
this action is trivial. O

Corollary 4.2. For any A C Z and A’ C T*X' such that A’ is Gy,-stable and ¥(A) C A, the two maps
Uy, (—10)5: HEM(A) = HBM(A) coincide.
Let A C T*X and A’ C T*X'. Assume that (—¢)¢~1(A) C A’. Then, we can define a linear map
(—).¢': HPM(A) = H2G0 xopdim x0 (M)
by composing the virtual pull-back map ¢': HPM(A) — HPM, | v gim x (671 (A)) coming from the Carte-
sian square
A e——¢71(A)
T X — Z
with the proper push-forward map (—),: H2M(¢=1(A)) — HPM(A’) coming from the restriction —t: ¢~ *(A) —
(—¥)¢~ 1 (A).

In particular, by letting A and A’ be closed, conical, Lagrangian subvarieties of T*X and T* X’ respec-
tively such that 9¢~*(A) C A’, we obtain a map

(4.6) Ind: HPM(A) = HP%00 xdim x (A).

By taking the limit over all pairs A, A’ and only considering the Borel-Moore homology spaces of degrees
dim X and dim X', we obtain a linear map

Ind: Lagr® (T*X) — Lagr® (T*X").
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4.4. A conjecture. Recall the induction diagram §3.1. We formulate a conjecture which would be crucial
for understanding the connection between constructible functions on the seminilpotent stack and the top-
CoHA for quiver, or more generally the dashed arrow in (5.1).

Conjecture 4.3. We let [X] € Lagr® (T*X) be the fundamental class of X. We let U = {(w,l') €
W xx T*X' | I! odg(w) = 0}. We have a map £: U — T*X', (w,l') — (g(w),l"). Then, for any
A € Lagr® (T*X"), £~ 1(2, 1) is smooth for (z',1') € A general enough. We fix xn = (2',1') satisfying this
property. Then, we have

Ind([X]) = > (—1) IO (¢ (@an))[A].

A’€Lagr®m (T*X")
We can prove this conjecture for A" = T X’ where S is the smooth locus of the image of g.

Theorem 4.4. Let U be a smooth open subset of g(W) and A = T;;X'. Then with the notations of
Conjecture 4.3, the multiplicity of [A'] in Ind([X]) is (—=1)m U (&= (zp0)).

Proof. We can assume that g is surjective, since we can restrict g to ¢g~!(U) — U instead and by shrinking
U even more, that g is a topological fibration (since it is proper). We then have A’ = T% X'.

In this case, ¢ 1(wp/) = g~ '(2’). The multiplicity of [A’] in Ind([X]) is given by the degree of
g«e(h*N/N'), where in the diagram

X/
d
W — sy T*X x ¢ W s

idWJ l(dg)*

W —— T*W
Or*w

N is the normal bundle of (dg)*, N’ = 0 is the normal bundle of idy. The vector bundle h*N on W is
the cotangent bundle of g : W — X', which gives the result, as the self-intersection of a smooth algebraic
variety U in its cotangent bundle is (—1)3m Uy (U). O

4.5. Induction map in equivariant Borel-Moore homology. Let Y be a P-variety, where P C G
is a subgroup. We let X =Y xP G. If Sy is a P-invariant Whitney stratification of Y, we let Sx =
{SxP G:S eS8y} Itisa Whitney stratification. We have the cotangent actions of P on T*Y and G on

T*X. If S € Sy, T roX = G x¥ (T4Y). Therefore, if Ay = Uses, TsY and Ax = [ |pcs, T7X, we

have Ax = G x* Ay. We have an isomorphism in equivariant Borel-Moore homology
e BM,P BM,G
Indp: H, (Ay) = H. Gim o dim p(Ax)-
We have canonical isomorphisms
BM, P ~ 77BM
Himy —dim p(Ay) = Hai v (Ay)
and
BM,G ~ 71BM
Hdim X —dim G(AX) = Him x (Ax)
and so we have a natural induction isomorphism
G. 1yBM ~ T7BM
Ind7: Hgimy (Ay) = Hgim x (Ax).

This isomorphism sends the fundamental class of TgY to the fundamental class of T, pX.

Considering the induction diagram (3.2), for Ay C T*Y, Ax = G x¥ Ay and A’ C T*X’ such that
Yo~ TAx C A/, the operation Indg and (4.6) gives the induction map in Borel-Moore homology

(4.7) Ind: HEM , (Ay) — HEM . (A).

4.6. Induction of constructible functions. Consider the diagram of §3.1. We define a map

Ind: Fun(X) — Fun(X")
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in the following way. For h € Fun(X) and 2’ € X', we let
Ind(h)(2") = ZXC YN AT e) - e,

cEZ

where x. is the Euler characteristic with compact supports.

4.7. Induction of equivariant constructible functions. For a variety Z with an H-action, we let
Fun(Z, H) be the space of Z-valued H-invariant constructible functions on Z.
Consider the equivariant induction diagram (3.2). We construct an induction map
(4.8) Ind: Fun(Y, P) — Fun(X’, G).
We first construct an induction isomorphism
(4.9) Ind%: Fun(Y, P) — Fun(X, G).

Consider the diagram (4.3). If ¢ € Fun(Y, P), priy is G x P-invariant on G x Y and therefore descends

to a G-invariant funtion ¢’ on X. We set Ind ¢ = (—1)dim G—dim Py,

The induction map is then the composition of Indg with the induction defined in §4.6 (restricted to
G-equivariant functions) obtained from the diagram (3.2).
If the P-action on Y comes from an L-action and a morphism P — L, we have an induction

Ind: Fun(Y, L) — Fun(X’, G)

by composing the map
Fun(Y,L) — Fun(Y, P)
0 s (—1)dimP—dim L,

with (4.9) and the induction defined in §4.6 (restricted to G-equivariant functions).

4.8. Induction of constructible functions on the cotangent bundles. Consider the diagram of §3.1.
We have as in §3.5 a cotangent correspondence

T*X < Th (X x X)L T X/,
In the exact same way as in §4.6, we define the induction of constructible functions
Ind: Fun(T*X) — Fun(T*X")

by the formula
Ind(h)(2') = (~1)* > xe( (@) N h () - c.

cEZ
Here, we would like to emphasize the presence of the (—1)% factor, which is omitted in [Lus00] for example.
This sign will later be compensated by the U-twist (§9.9), at least when we choose the natural twist
U= (1)) IfACT*X, A’ C T*X’ are such that ¢¢—'(A) C A’, the same operation gives a map

Ind: Fun(A) — Fun(A").

4.9. Induction of equivariant constructible functions on the cotangent bundle. Given the canon-
ical isomorphism

1ax (0) = ppy (0) 7 G,

the formula of §4.7 define an induction isomorphism

Ind%: Fun(uily(()), P)— Fun(,ug;}X(O), G).
Since (¢t (ﬂa,lx (0))) C ua}X, (0), the induction of constructible function of §4.8 restricted to G-equivariant
functions induces an induction

Ind: FUH(ME:,IX (0)7 G) - Fun(ué,lX’ (0)7 G)
Altogether, we get the induction map

Ind: Fun(,u;}Y(O),P) — Fun(u(_;,lx,(O), G).
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When P acts on Y through a map P — L, then P acts on both on T*Y and ;LI_D}Y(O) = p7*(0) through
the map P — L and and as in §4.7, we obtain an induction

(4.10) Ind: Fun(u{,’lL(O), L)— Fun(ua}x, 0), G).

5. CONSTRUCTIBLE COMPLEXES AND EULER OBSTRUCTION

5.1. The local Euler obstruction. Let X be a smooth algebraic variety with an algebraic Whitney
stratification S. We let Fun(X) be the Abelian group of Z-valued constructible functions on X and
Fun(X,S) the group of constructible functions on X locally constant along S. We let Z(X) be the group
of algebraic cycles on X (its elements are Z-linear combinations of closed algebraic subvarieties of X) and
Z(X,S) be the subgroup of Z-linear combinations of the closed algebraic subvarieties S for S € S. The
Euler obstruction is a Z-linear map

Eu : Z(X,S8) — Fun(X,S)
S —  Eu(9).
For x € X, Eu(S) = 0 if z ¢ S and Eu(S) = (—1)4™5 if x € S. These properties ensure that Eu is an
isomorphism of Abelian groups. For more properties of the Euler obstruction, see [Mas11, p.14]. The map

Eu is defined in [Mac74]. The sign (—1)4™% in our presentation of the Euler obtruction is necessary to
make the diagram (5.1) commute, see [Masl1, Theorem 3.5].

5.2. The fundamental diagram. Let X be a smooth algebraic variety. Let Sx be a Whitney stratifi-
cation of X and A = (Jg. 5 T5X € T*X. We have a commutative diagram

K (D? S (X)) CC Hdun X )

I

(5.1) Fun(X,8) «—— Z(X,S) \
Fun(A)
in which
(1) x is the stalk Euler characteristic: x(F) = 3, ,(—1)" dimH'(.%,),

CC is the characteristic cycle map defined in §2.1,
Eu is the local Euler obstruction briefly recalled in §5.1,

T, X is the conormal bundle map, sending [S] to [T5X] for S € S,

I is the intersection with cotangent fibers: for A an irreducible component of A, I(\)(z) =
I(T:X,)\) for x € S (see [Gin&6, Equation 0.5.9]). Note that Ginzburg works with D-modules,
but via the Riemann—Hilbert equivalence, this works for constructible sheaves.

(2)
3)
(4) res is the “naive” restriction of constructible functions coming from the inclusion X — A,
()
(6)

In this diagram, all cycles not involving the dashed arrow commute.

*

Lemma 5.1. In the fundamental diagram, CC, x, res are surjective; I, Eu, THX are isomorphisms.

Proof. The surjectivity of x is immediate: 15 = X(Q ). By commutativity, x = I o CC so I must be
surjective. By the equality of the ranks of the free Z- modules Fun(X,S) and HFM (A) (both have a
Z-basis indexed by S), I is an isomorphism. Then, CC = I~! oy is also surjective. The surjectivity of res
is also immediate, as X C A. The fact that Eu is an isomorphism comes from its elementary properties (in
particular, Eu(S) vanishes outside of S and takes value 1 on S and so Eu is unitriangular with respect to
natural bases of the source and the target). It is also straightforward that T?‘_]X is an isomorphism. [

Remark 5.2. The maps CC, x and res are in general not injective. To find an example for which the
injectivity of CC, x and res fail, it suffices to take X = C*, .% the trivial rank one local system on X, ¢ a
nontrivial rank one local system on X, S = {X ~\ {1}, {1}} a stratification of X, f the function taking value
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0on T%X and 1 on T7

113X ~T% X, and g the 0 function. Then, we have CC(F) =CC(¥Y), x(F) =x(9)

and res(f) = res(g).

6. COMPATIBILITY OF OPERATIONS

6.1. Induction and characteristic cycle. We present here one of the main results of this paper. With
the preparatory work of §2, its proof is rather straightforward.

Theorem 6.1. For any A C T*X, A’ C T*X’ satisfying the condition (x), the diagram

KO(IDE(Xv A)) % KO(DE(X/>A/))

CCJ JCC
Ind
Hdlm X (A) — H dlm X’ (A/)
commutes. By taking the limit over A, \’, the diagram

Ko(D2 (X)) —%— Ko(D2 (X))

oo Joc

Lagr® (T*X) —295 Lagr®(T*X")
commutes.
Proof. Let # € D?(X,A). We have

CC(d(7)) *=' OC(g. f* F(d])

§2.1 §2.1.2
=

~1)ICC(g.f*F)
§2.1§2.1.5 (—1)%g.CC(f*.7)
§2.1§2.1.4 (=1)g, f*CC(F)

S S () (dg) ) (df) ) (pry )" CC(F).

However, since the Cartesian square in (3.6) has no excess intersection bundle, then ((dg)*)'((df)*). =
Y (¢")'. By compatibility of refined pull-backs with composition of l.c.i. morphisms [Full3, Theorem 6.5],
we obtain

CC(Ind(Z)) = (—1).¢'CC(F) = Ind(CC(F)).

6.2. Equivariant induction and characteristic cycle.

Lemma 6.2. Let Y be a P-variety, where P C G and X =Y x¥ G. Let Sy be a P-equivariant Whitney
stratification of Y and Sx the induced Whitney stratification of X. Let Ay = |—|SeSy TLY and Ax =
Ures, T7X. Then, the diagram

Ind€
KO(DE,P,SY (Y)) —= KO(DE,G,SX (X))

co Jec

BM Indg
Hdim Y (AY) dun X (AX)

commutes.
In the case where the P-action on'Y comes from an L-action and a morphism P — L, we can replace
P by L in the previous diagram.

Proof. Consider the diagram
&2 GExy B X

Let # € DY ps, (V) and & € DY, 5 (X) be such that pr3.# = pr*@. Then, by the functoriality of the
characteristic cycle by smooth pull-back §2.1.4, if CC(F) = } 4, asTsY, then (-4 ECO(pryF) =
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Y scs, 05Ty s(G x X) and if CC(%) = Yges, bsTh, po X, then CC(pr'@) = (~1)4mP S o bsTr (G X Y).

Therefore, for any S € Sy, ag = (—1)3mG=dim Py that is CC(¥) = (—1)dimG=dim P [nq% CC(.F). Tak-
ing the shift by dim G — dim P in the definition of Ind$.# = ¢[dim G — dim P], we get the first statement
of the lemma.

For the second statement, this comes from our conventions regarding the characteristic cycle of equi-
variant complexes (§2.2) and the diagram of functors

DY)
For
D2(Y)
For
D2 p(Y)
where the vertical map is defined by (4.5) and the forgetful functors are defined as in §2.2. ]

We now have the equivariant version of Theorem 6.1.

Theorem 6.3. Consider the equivariant induction diagram of §3.2 and the induction maps of §§4.2 and
4.5. The square
Ko(DP p (Y, A)) =25 Ko(D (X', )

CCJ{ J{CC
nd
HdlmX(A) —> Hdlm X’ (A/)
commutes. By taking the limit over A, ', the diagram

Ko(Dg p(Y)) —= Ko(Do(X"))

C7

oo Joc

Lagrée (T*Y) 294 Lagr&m(T*X")

commutes.
In the case when the P-action on'Y comes from an L-action and a map P — L, we can replace P by

L in the above diagram.
Proof. Thanks to Lemma 6.2 and Theorem 6.1 the left and right interior squares of the diagram

n G
Ko(DP (Y, A)) 5 Ko(DP (X, Ind§ A)) —295 Ko (Db (X7, A'))

co| co| Joe

Indf e Ind BM
Hdlm Y(A) = Hdlm X (IndP A) — HG (A/)
commute. This proves the commutativity of the two diagrams in the theorem. To replace P by L, we use
the last statement of Lemma 6.2. O

6.3. Other compatibilities.

Lemma 6.4. Consider the induction diagram of §3.1. In the diagram (5.1) for X (and its analogue for
X', with A, N satisfying the conditions of §4.8), we have the following compatibilities:

(1) CColInd = IndoCC,

(2) Ind ores = res o Ind,

(3) x oInd =Indoy,

(4) I olnd =Indol.

Proof. The formula (1) is nothing else than Theorem 6.1.
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The formula (2) comes from the diagram
Xed w2 x

TX « 2 T (X x X') —25 T X/

where vertical arrows are the inclusion of the zero-sections and the right-most square is Cartesian. Indeed,
PHX) = Wit (w, ) € TH (X x X') (1 € T}(M)X, I'e T;(w)X’) is such that ¥(w,l,l') € X', that
is I’ = 0, then I’ o (dg(w)) = 0 and hence [ o (df(w)) = 0. But since f is smooth, df(w) is surjective
so | = 0. Therefore, (w,l,!') = (w,0,0) € W C TH, (X x X’). Let ¢ € Fun(T*X) and 2’ € X’. Then,
Ind(¢)(2") = (=1 Xeez xe(@ ™9™ (e) N9~ (2")) - . Since ¥~1(2) = g7 (2"), o' () Ny~ (2!) =
f(res(¢))~t(c) Ng~1(2"), so that Ind(¢)(2") = Ind(res())(z’).
We now prove the formula (3). The relevant facts are:
(1) The compactly supported Euler characteristic of constructible sheaves satisfies the cut and paste
relation as consequence of the long exact sequence in cohomology of the distinguished triangle
J15* — id — i.4* — in the constructible derived category, where j is an open immersion and ¢ the
embedding of the closed complement,
(2) [Dim04, Proposition 2.5.4 ii)] If X is a topological space and .Z a local system on X, the twisted
Euler characteristic x(X,.%) = 3,c,(—1)! dim H'(.Z) satisfies the equality

X(X,%) = rank (L) x(X).
Consequently, if .# is a constructible sheaf on X with locally constant cohomology sheaves,
X(X, F) = x(F2)x(X)
for any = € X, where x(%,) is the alterned sum of the dimensions of the graded components of
F.
Let .7 € Dy (X). For S € Sx, we fix s € S. Then, for 2’ € X/,

= (Ind x(F))(z").

The subscript “c” appeared at the third equality since g~!(2’) is compact and so the Euler characteristic
and compact Euler characteristic coincide. At the fourth equality, s denotes an arbitrary point of the
stratum S.

Last, Formula (4) is a consequence of the surjectivity of CC, Formulas (1) and (3) and the commutativity
of the fundamental diagram (5.1). Indeed, if u € HEM 1 (A), there exists .# € DP(X) such that u = CC(.%).

Then,
Ind I (u) = Ind x(Z#

O

6.4. Other compatibilities in the equivariant setting. We first state the compatibilities for the
induction operations Indg defined in §§4.2, 4.5, 4.7 and 4.9. All these inductions are denoted in the same
way, although they act on different spaces. The context determines which induction is considered.
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Lemma 6.5. We have
(1) CCoInd$% = Ind% oCC,
(2) Ind$ ores = res o Ind%
(8) x oInd% = Ind$ oy,
(4) IoIndG = Ind%ol.
When the P-action comes from an L action and a morphism P — L, we can replace P by L in all these
equalities.
Proof. The proof of this lemma involves the same arguments as the proof of Lemma 6.4. O

We now assemble Lemmas 6.4 and 6.5.

Proposition 6.6. Consider the equivariant induction diagram (3.1) and the equivariant induction opera-
tions (4.7), (4.10), (4.9) and (4.2). We have the following compatibilities:

(1) CCoInd =IndoCC,
(2) Indores = resoInd,
(3) x oInd = Ind oy,

(4) ToInd =1Indol.

Proof. The proof is a straightforward combination of Lemmas 6.4 and 6.5. O

7. RESTRICTIONS

7.1. (Equivariant) restriction of constructible functions. We define an operation of restriction
Res: Fun(X’) — Fun(Y)
by setting Res = (—1)9p;q*, that is
Res()(y) = (—1)* > xe(p ' () N (0 q) ' (0))e.
cEZ
The same formula gives restriction maps
Res: Fun(X’,G) — Fun(Y, P)
and
Res: Fun(X’,G) — Fun(Y, L)
if L C P is a subgroup, by composing with the forgetful map
Fun(Y,P) — Fun(Y, L)

) — (71)dimP7dimL¢'

7.2. (Equivariant) restriction of constructible functions on cotangent bundles. We assume that
p is a vector bundle and we let i: Y — V be its zero-section. We obtain a closed immersion goi: Y — X'.
We define an operation
Res: Fun(T*X’) — Fun(T*Y)

by setting (Res())(y, 1) = (=1)%(g 0 i(y). Lo (d(q°i)(y)))-
The same formula gives operations

Res: Fun(T*X’, G) — Fun(T*Y, P),
and, by composing with the forgetful map
Fun(T*Y,P) — Fun(T*Y, L)
—

© (_1)dimP—dimLLP,

Res: Fun(T*X’,G) = Fun(T"Y, L).
The restrictions
Res: Fun(A’) — Fun(A)
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and
Res: Fun(A’,G) — Fun(A, L)
are defined in the exact same way for any A CY, A’ C X’ such that goi(A) C A’.

7.3. The equivariant restriction functor. Consider the diagram (3.5). We assume that P is a parabolic
subgroup and L a Levi quotient of P, so that the kernel of P — L is unipotent. For convenience, we
formulate the definition of the restriction functors in terms of constructible sheaves on the stacks (as in
[Sch12, §1.3]). We have the restriction functors

Res; : D(X'/G) — DY (Y/L)
T = p\q* F[dimV/P — dimY/L]
and
Resy @ D(X'/G) — DY (Y/L)
F — p @ Z[dimY/L —dimV/P).

It is clear that Resy = D o Res; o .
7.4. Restriction functor and Euler characteristic.

Proposition 7.1. We have a commutative diagram
Ko(D2(X'/G)) = Ko(DE(Y/L))

x| |
Fun(X’, G) ——— Fun(Y, L)

Proof. Unraveling the definition of the functor Res: D?(X’/G) — D2(Y/L), we see that it is obtained by
the composition

DEa(X') L D2 p(V) 2% Db p(v) T, D ()
where For is the naive forgetful functor restricting the P-equivariant structure to L C P. The commuta-
tivity of the square is now clear. O

8. THE GENERALISED KAC-MOODY LIE ALGEBRA OF A QUIVER

8.1. Borcherds—Bozec Lie algebra. Let Q = (Qp, Q1) be a quiver. Bozec defined in [Boz15] a Borcherds
Lie algebra associated to this datum generalising the Kac-Moody algebra of a loop-free quiver.

We decompose the set of vertices Qo = Qia! LI Qi° LI ngp where the set of real vertices Q2! is the
set of vertices carrying no loops, the set of isotropic vertices Q5° is the set of vertices carrying exactly
one loop and the set of hyperbolic vertices ngp the set of vertices carrying at least two loops. The set of
isotropic and hyperbolic vertices QI = Qi° LI Q(};yp is the set of imaginary vertices.

The set of positive simple roots of the Borcherds-Bozec algebra of @Q, gg, is

Lo = (Q6™ x {1}) U (Q" X Z0).
There are two projections py: I, — Qo and po: oo — Z~g given by p1((i',n)) = ¢’ and po((¢',n)) = n.
There is a natural projection
p ZI) — 7.0
(f: I = Z) ((pz)*f: i et nf(i’,n)) .
The Euler form of @ is the bilinear form
(=) : ZR xZ% zZ
(d,e) =D e, direr — Zi,iﬁ, die;.
The lattice Z<@° has a bilinear form given by the symmetrised Euler form, (—, —) ((d, e) = (d, e)+(e, d)).

We endow ZU=) with the bilinear form p*(—, —) obtained by pulling-back the symmetrised Euler form.
In explicit terms,

(1(i’,n)a 1(j/,m)) = ’]”’Ln(lil7 1]')
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There is a Borcherds algebra associated to the datum (Z(=), p*(—, —)). It is the Lie algebra over Q with
generators hj, e;, f;, with i’ € Qq, i € I, satisfying the following set of relations.

[hir, byl =0 for 7,5 € Qo

[hjrseqrmy] = 1Ly, Lin)eqr ) for j' € Qo and (i',n) € I

[hjrs farmy) = =L, Lir) frmy - for j' € Qo and (i',n) € Ig

ad(e;)' =) (e;) = ad(f;)' "I (fi) = 0 for j € Q5™ x {1}, i #j
leisej] = [fi, f;] =0 if (4,5) =0

les, fj] = 0i jnhy for i = (7', n)

The Lie algebra gg has a triangular decomposition
9o =ngoBh® ng
where ng (resp. ng, resp. bh) is the Lie subalgebra generated by e;,i € Iy (resp. fi,i € I, resp.

hir,i' € Qp) and we will only be interested in its positive part n5. It is generated by e;,i € I, with Serre

relations
ad(e;)' U0 (e;) =0 for j € Qi x {1}, i # j

8.1) [eiej] =0 if (i,7) = 0.

Remark 8.1. If @) is a totally negative quiver, that is each vertex carries at least two loops and any two
vertices are connected by at least one arrow, then it has no real vertex and (4,5) < 0 for any i,j € I, so
that ng is the free Lie algebra generated by e;,i € I. This is a crucial remark for [DHS22].

8.2. The enveloping algebra. By considering the associative algebra generated by h;:,e;, f; for i’ € Qq
and ¢ € I, satisfying the relations described in §8.1, we obtain the enveloping algebra U(gg). It has a
triangular decomposition U(gq) = U(ng) ® U(h) ® U(nzg). As an enveloping algebra, U(gg) is a Hopf
algebra: A(z) =z ® 1+ 1Q«z for € gg.

8.3. (Noncommutative) Symmetric functions. We introduce the very basics of the theory of non-
commutative symmetric functions and refer the reader to [Gel+95] for more details. We let Sym =
Q(A1, Ag, . ..) be the free associative algebra generated by an infinite sequence of indeterminates (Ag)x>1.

We let
=3 Agth.
k=1
The complete homogeneous symmetric functions Sy are defined by the formula
)= Spth = A(—t)"!
k>1
The power sum symmetric functions of the first kind ¥, are defined by

t) = Z\I/kt’H,

k>1

d
Solt) = o (1)
The algebra Sym has a comultiplication determined by the formulas AV, = U, ® 1 + 1 ® Uy; in other

words, Uy is primitive. We have

(8.2) AS,= > S,®8,

p+q=Fk
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Power sum symmetric functions of the first kind may be expressed in terms of complete homogeneous

symmetric functions using quasi-determinants. In formulas, we have

U, Uy, ... W, ,
-1 v ... VU, Y, 4
nS,=10 -2 ... VY, 3 W,
0o 0 ... —n+4+1 ;.
In particular, we have
28y = Uy + U3

and

1 1
383 = W3+ U Uy + 5\112\111 + 5\1/?.

We can derive an explicit formula for S,,.
Proposition 8.2. For any n > 1, we have

k-1
S, = % Z v, (H qjjr%:ljr) \IITLI*jk.

1<j1<g2<...<jp<n r=1 Jr Jk

Proof. This is a calculation using [Gel495, Proposition 2.6].

Corollary 8.3. Foranyr>1, S, =%, +> 2o  ar.. o [} W, where ar, ..., € Q.

j=1
r1+...+rs=r

ri=>1

Proof. This comes directly from Proposition 8.2

8.4. New generators. For i’ € Q5* and n > 1, we let €(i',n) = €(i" ,n)-
For i’ € Q™ and n > 1, we have an algebra morphism

Sym — U%(n;)

sending W, to ey .. we let €y ,) be the image of S, by this morphism. By Corollary 8.3, the set

{€rny: (7',n) € Io} is a set of generators of U(n™).

Moreover, the generators €, ,, satisfy the same relations as the generators e;s , (8.1). This follows from

the following lemma.

Lemma 8.4. Let a,b, c be elements of a ring and M, N € N such that

ad(a)*1(b) =0
and

ad(a)¥*(c) =0
Then,

ad(a)M TN T (be) = 0.
Proof. This follows by induction on M, N and the formula
ad(a)(bc) = ad(a)(b)c+ bad(a)(c)

since ad(a) acts by derivations.

Lemma 8.5. Let (i',n) € I,. Then,

A@rmy) = D Erp) @ Eirg)-
pt+g=n

Proof. This comes from the very definition of the generators €, ,, and (8.2).

|

8.5. Integral forms. We let UZ(ng) be the Z-subalgebra of U(na) generated by e;, i € I and e; ,, =

€, .
e for i € QM n > 1.
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~7

We use the set of generators defined in §8.4 to define a new integral form U (ng) of U(ng). If i’ € Q!
n =1, welet e ) = % We define the integral form of ﬁ(ng) as the Z-subalgebra generated by € )
for i’ € Qo and n > 1. It is denoted by UZ(nCS). For any d € Qq, the graded component UZ(ng) is a free
Z-module of finite rank. Moreover, by Lemma 8.5, UZ(nZS) is a Z-bialgebra.

8.6. Psi-twist. In this section, we explain W-twists of algebras and bialgebras. There does not seem to
be references for this in the literature.

8.6.1. Twisted algebras. Let A be an M-graded R-algebra, where R is a ring, and ¥: M x M — R a
multiplicative bilinear form: ¥(m + n,p) = ¥(m,p)¥(n,p) and ¥(m,n + p) = ¥(m,n)¥(m,p) for any
m,n,p € M. We denote by % the product of A. Then, we denote by AY the W-twisted algebra obtained
from A, with multiplication xy. It is given by:

a*y b:=U(m,n)axb
for any a € A,, and b € A,,.
8.6.2. Twisted bialgebra. Let £: M x M — R be a multiplicative bilinear form. If A is a {-twisted R-
bialgebra (i.e. the multiplication on A ® A is given for homogeneous a,b,a’,b’ by (a ® b) *x (¢’ @ V') =

&(deg(b), deg(a’))(aa’) ® (bb')) with comultiplication A = >, Ay, and U takes values in R*, then

AY is a ¢-twisted bialgebra for the twisted comultiplication AY = D uveM ﬁAu,v, where &' (u,v) =

ggzggg (u,v). This follows from the calculation

U(deg(a), deg(b))

\P —
AWJ(G *wb) = U (u,v) Ayp(a*b)
_ U(deg(a), deg(b))
ML 5 s
v v =v

u’+v'=deg(a)
u''+v"" =deg(b)

q:j(u/ + ’U/, u// + v//)

= Z Au/ v’ (a) * Au// o'’ (b)

u/+u//:u ‘II(U” U)
v +o" =v

u’+v'=deg(a)

u'' 40" =deg(b)

B Z \I/(U/+U/, U//—FU//)\I/('U/, Ul)\I/(uI/,UN)
U (u,v)

Ag/)v/(a) *A\I] (b)

’U4II7’UII
u'+u”:u
v+ =v

u’+v'=deg(a)
u'' +v" =deg(b)
B Z \I/(’LL/ + U/, W+ v”)\Il(u/, UI)\I/(’LLH, ,U//) \Il(u”, 'Ul)
N U (u, v)U(uw, w" )T (v, v") U (v, u'")

Ag/ﬂ)/ (a) * Agj//,v// (b)

valid for homogenous a, b and the fact that
\Ij(u/ + ’U/, u// + U//)\Ij(u/, /U/)\I’(u,/7 ,U//) \Ij(u//, ,Ul)
U (u, 0)W(u, u")U (v, ") U (v u")
for any v/, v’,u”,v” such that u = v’ +u” and v =o' +v".
When A is a ¢-twisted bialgebra, the notation AY denotes the ¢/-twisted bialgebra with & defined as
above (i.e. with twisted product and twisted coproduct on A ® A).

=1

8.6.3. Modification of the &-twist by an automorphism. Let A be a &-twisted bialgebra as in §8.6.2. We
denote by A ®¢ A the &-twisted algebra structure on A® A. We let f be a ring automorphism of A which
preserves globally R and f o ¢ the induced bilinear map. We let A ®f°¢ A be the f o é&-twisted R-bialgebra
structure on A ® A. The map f ® f gives an algebra isomorphism

fof: ARSA— Al A.
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Indeed, we have

(f @ N(a@b)+* (c®d)) = (f 0&)(deg(a), deg(b))(f(a)f(c) ® f(b) f(d)) = (f(a) ® F(b))*** (f(c) ® f(d)).
The modified coproduct (f ® f) o Ao f~! makes A a f o (-twisted bialgebra.

8.7. The quantum group.

8.7.1. The quantum group and its integral form. We only define the positive part of the quantum group of
generalised Kac-Moody type associated to Q. It is the Q(q)-algebra Uq(na) generated by e;,7 € I, with
the relations o
Z (71)k 17(]72) k,l—o fo ‘GQrealx{l} 7&
i ejee; = rj 0 y ULF ]
k+1=1—(j,1) d
[ei,ej] =0 if (Z,j) =0.
The quantum numbers, factorials and binomial coefficients are given by:

n

e B n ny [n]4!
o == bl = [l and <k)[’“]'[”—’€]'

!
The Lusztig integral form of the quantum group is the Z[q, ¢~ !]-subalgebra of Uq(ng) generated by
en
i/,1

[n]q!

We denote by Ug(ng) the integral form of the positive part of the quantum group.

e; fori € I,, and for i’ € Q! n > 1.

8.7.2. Coproduct. The quantum group Uq(ng) and its integral form Ug(na) are &,-twisted bialgebras,
where &,(m,n) = ¢™™ and (m,n) = (m,n) + (n,m) is the symmetrised Euler form of @ (see [Lusl0,
Chapter 1]).

The coproduct A: Uq(ng) — Uq(ng) ®q(q) Uq(ng) is the unique algebra morphism such that A(e;) =
e;i®R1+1®e; fori e I.

This coproduct is not the restriction to Uq(ng) of the coproduct on the full quantum group U? (ng)
(see [Lusl0, Chapter 1]; although Lusztig deals with quantum groups of Kac-Moody types, it adapts to
quantum groups of generalised Kac-Moody type readily).

8.8. Connection between the enveloping algebra and the specialization at —1 of the quantum
group. In this section, we give an explanation for the appearance of the Psi-twist in Theorems 1.4 and
9.11.

We let UZ, (ng) be the specialization at —1 of the positive part of the quantum group, that is U%, (ng) =
U?(ng)@mq,qﬂ] Z where Z is seen as a Z[q, ¢~ !]-algebra via ¢ — —1. The algebra U_1(n5) = U%l(ng)@)z
Q is the algebra over Q generated by e;, i € I, with the relations

1—(j,i e .
Z (1)’“( ]i] )> e;?eieé =0 forjeQF™ x{1},i#j
g=-1

k+1=1—(4,%)
[ei,ej] =0 if (Z,j) =0

n
el

The integral form U?l(ng) is the Z-subalgebra of U_1(n5) generated by e;, i € I and i, i’ € Q™
n > 1. By §8.7, Uz_l(nzg) is a &_j-twisted Z-bialgebra where £_(m,n) = (=1)(™" for m,n € N2 and
the comultiplication is determined by A(e;) = e; ® 1+ 1®e; for i € I.

Lemma 8.6. For k,n € N, we have

ny\ . ,
—( ) if n,k are even or n is odd
q

PO

> 3

N

4

I
~

(Z) if n is even and k odd.
a



28 LUCIEN HENNECART

Proof. Wehave [l], = 9=%+ = Y"1 ¢1=1=2™  Therefore, [I]_q = (~1)!""[l],. Then, [I] ¢! = (~1)L'="J[1],.

Finally, (7) = (—plez g == (Z)q. A direct calculation shows that [ 251 ] 4+ [E5L] + [ 2=A=1 |

2
is odd if n, k are even or if n is odd, and even if n is even and k odd. The lemma follows. O

Let ¢p: N9 xN@0 — 7 be a bilinear form such that for any a, b € N9, v(a,b)+1(b,a) = {(a,b)+(b,a) =
(a,b) (mod 2). We let W(a,b) = (—1)¥(®b),

Proposition 8.7. We have an isomorphism
zZ ~ 17Z
U; (nh)" = UL (nf).
In particular, setting ¢ = 1, we obtain an isomorphism
z ~ 112
U*(nf)" = U2, (nf).
U?(ng)q’ and U%q(ng) are £_1-twisted bialgebras. These morphisms are bialgebra morphisms.

Proof. By Lemma 8.6 the Serre relation

1— (i
(8.3) > (1)’“< ,5“)) ejeie; =0
kHl=1—(j,4) —q
at —q is equivalent to
1 (i
Z (—1)’“( ]ij’ Z)) efeieé =0
kHl=1—(j,i) q
if 1 — (4,4) is odd and to
1 (i
> (1) e o
k+1=1—(j,i) q

if 1 — (4,4) is even.
Now, for k +1 =1 — (j,4), denoting by %, the U-twisted product and by * the untwisted product, we
have the equality

k(k—1 .. 1(1—1 P .. S g
e]*,‘l’k *y € % e;‘l'l = (_1)%w(MH%w(J,J)Jrkw(J,%)er(kJﬂ,lj)e? x € * eé-.

in the algebra U? (ng)‘l’ We have,

=D )+ it ) ko ot i 1) =

Note that by the condition on ¥, ¥(j,4) + ¥ (4,5) = (4,4) (mod 2).
The first term of the right-hand-side does not depend on k, but only on their sum k41 =1 — (j, ),
and for 1 — (j,4) even,

kp(j, i) + (i, j) = k(P (4, i) +¢(i,7)) (mod 2) =k (mod 2)
while if 1 — (j,4) is odd,
kp(,4) + (i, j) = k(¥ (4, 1) + ¥, ) + (i, 7)  (mod 2) =4(i,j) (mod 2)
and this quantity does not depend on k,l. Therefore, e; and e; satisfy the Serre relation 8.3 in Uq(ng) if

(k+1)%—(k+1)

S = 5

V(5 3)+ke (G, 1)+ (i, j) - (mod 2)

and only if they satisfy the relation
1 (i
Z (1)k< ]5‘7’ Z)) e;‘l’k *y € *p e;“’l =0
kH=1-(j,1) 7=-1
if 1 — (j,4) is odd and
1 (i
> ]2‘7’ Z)> 5wy e xg S =0

kHl=1—(j,%) q=-1

if 1 — (4,4) is even. This proves the proposition. a
9. FOUR REALISATIONS OF U”(nf)

We let Q = (Qo, Q1) be a quiver.
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9.1. Stacks associated to quiver. For d € N9 we let

Xgd= @ Hom((Cdf',(Cd")
=
be the representation space of d-dimensional representations of the quiver ().

It is acted on by the product of general linear groups Hier GL4, by conjugation and the quotient
Mg.a = Xg,a/GLa is the stack of d-dimensional representations of Q.

For d,e € N9 we fix an isomorphism C9t® =~ C4 ¢ C® and we let Fg,4,e be the closed subvariety
of Xgte Of (Ta)acg, preserving the subspace C°. It is naturally acted on by the parabolic subgroup
Py.e C GLg4e of invertible endomorphisms of C9+te preserving C°.

The cotangent space T*Xq g is identified by the trace bilinear form to XQ a- The natural action of
GLq on XQ 4 is Hamiltonian and the moment map is

Hd ™Xqg — g[d
(xa :Zi*) = Zate [‘TOU xa*],

where for a € Q1 we denoted by a* the opposite arrow in Q7". The variety pgl(O) is the representation
space of the preprojective algebra Il and the quotient My, g = ugl (0)/GLgq is the stack of d-dimensional
representations of Ilg.

We define the d-dimensional strongly seminilpotent variety (resp. stack) as the closed subvariety A‘g‘SN
of pz'(0) (resp. closed substack ‘ﬁﬁgf\é of Mr,,.a) whose C-points correspond to representations M of Il
admitting a filtration 0 = My C M; C ... C M, = M by subrepresentations such that for any 1 < i < r,
dimMi/Mi,1 =1 and for any o Q1, T M; C M;_1, xoxM; C M.

We have mﬁg{‘é = A5V /GLq and A5SY is a Lagrangian subvariety of T*Xg q [BSV20].

9.2. Constructible functions on the stack of representations of (). This has been studied by
Schofield in his unpublished note [Sch], for quivers without loops. The construction is recalled in [Lus91,
§10]. We let

Fun(Mg) = € Fun(Mga) = P Fun(Xq.a, GLa)
deN®o deNQo
be the group of Z-valued constructible functions on Mg.

9.2.1. The product. For d,e € N? we have the diagram

(91) XQ7d X XQ7e «— Fd,e — XQ,d+e-

This diagram fits in the formalism described in §3.2 with Y = Xg 4 X Xge, V = Fae and X’ = X0 dte,
P = Pye, G = GLayte and Pge acts on Xg a X Xg e through its Levi quotient Pye — GLaq X GLes. We

have a multiplication on Fun(9g) using the definition of §4.7. If @1, s € Fun(My), we let 1 * o be
their product.

9.2.2. The spherical subalgebra. We let Fun®(9015) be the Z-subalgebra of Fun(9g) generated by Lne, s
the characteristic function of Xq ne,, , for i’ € Qo and n > 1. We call it the spherical subalgebra.

9.3. Perverse sheaves on the stack of representations of (). We let DE,GLd (Xg,a) be the category
of GLg-equivariant constructible complexes on Xq. We let Ko(D2(Mg)) := Pgenao KO(DE,GLd (Xaq)). We
will also consider the split Grothendieck group of DE”GLd (Xq) which we denote by Kg (DE,GLd (Xa)). AsaZ-
module, it is generated by isomorphism classes of GLg-equivariant bounded contructible complexes on Xg
modulo the relations [C] = [C"]+[C"] if C = C"& C". We let Kg(D2(Mq)) := Bgenao Ko (DL ar, (Xa))-
We have a structure of Z[g, ¢~ *]-module on Kg(Df 1., (Xa)) given by ¢" - [C] := [C[n]] for any n € Z.

9.3.1. The induction. The formalism of §4.2 applied to the diagram (9.1) gives an induction functor
DE,GdeGLe(XQ,d X XQ,e) - DE,GLd+e(XQ,d+e)-

Using the functor

D(]:),GLd (Xg.a) x D?,GLE (Xge) — DngXGLe (X@.a x Xqe)
(7,9) — FRLg,
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we obtain a Z-bilinear multiplication on Ko(DP(Mg)) and a Z|q, ¢~ 1]-bilinear multiplication on Kg (D%(Mg)).
9.3.2. The Lusztig subcategory. Following Lusztig [Lus91], we define the full subcategory @ C DP(9Mg)

of semisimple complexes as the smallest full subcategory of DE(ED?Q) stable under the induction functor,
[—(ney,ne;)] for i' € Qp, n > 1. We
let P be the category of perverse sheaves contained in Q. We have Ky(Q) = Ko(P). This is a subalgebra
of Ko(DP(9M)). We have Kg(Q) = Ko(Q) ®z Z[g, ¢ !]. This is a subalgebra of Kg (D2(Mg)).

direct summands and shifts and containing ZC(Mq ne, ) = @st

Lemma 9.1. We have
Ko(Q) = K (Q) ®z(g,q-11 Z

where 7, is seen as a Z[q,q ']-algebra with g — —1.

Proof. This comes from the definition of Q, P, the fact that P is a semisimple category and that in the
Grothendieck group, [F[n]] = (—1)"[F]. O
Proposition 9.2 ([Boz15, Proposition 1.13]). The Z[q, q~']-algebra K (Q) is generated by [ZC(M@ ne,, )],
(t',n) € Io.

Corollary 9.3. The Z-algebra Ko(Q) is generated by [ZC(MQ ne,, )], (i',n) € I.

9.4. Constructible functions on the seminilpotent stack. We let Fun(‘ﬁﬁ‘gN) = Dyenao Fun(A5SY, GLy)
be the set of Z-valued constructible functions on the strictly seminilpotent stack.

9.4.1. The product. Let d,e € N?°. We let Age = A‘g_‘fﬁf N Fg 4. We have a diagram
(92) Ad X Ae < Ad,e — Ad+e-

Welet Y = Xg x Xg, X' = Xdte; V=Xge, X = GLdte xFa.e Y, W = GLg4e x Fa.e Fye.
Lemma 9.4. We have T}, (X x X') 2 GLgje x e Fgae

Proof. This appears for the S, quivers (quiver with one vertex and ¢ loops) in [SV12] and it can be
generalised to arbitrary quivers in a straightforward way. (|

Therefore, with the formalism of §4.8, we obtain a product on Fun(‘ﬁﬁgN ). For various compatibilities,
it is worth noticing that the diagram (9.2) embeds in a commutative square where the right square is
Cartesian:

Agq x Ae Age Adte
X@,d x X@,e AR F@,d,e E— X@,dJre

9.4.2. The spherical subalgebra. We let FunSph(‘ﬁﬁgN) = Paenao Fun® (A" GLq4) be the subalgebra
generated by 1T§(Q Xome, for i’ € Qo and n > 0, where 1T}Q Xo.me, 18 the characteristic function
C ASSN o

Of XQ,nei ne;
Lemma 9.5 ([Boz16, Proposition 1.16]). For any Z € Trr(ASSN), there exists a unique fz € Fun®(ASSV GLq)
such that fz takes the value 1 on a general point of Z and the value 0 on a general point of any other

irreducible component of ASSN. Moreover, {fz | Z € Trr(A§SN)} forms a basis of FunsPh(‘ﬁnQ,d),
9.5. The degree 0 cohomological Hall algebra of the seminilpotent stack. We let thg(mﬁgf\f 7)) =
Daereo Hiop (MG Z) = Baenao Hiop (AFHY, Z).
9.5.1. The product. For d,e € N9 the formalism of §4.8 associated to the diagram
Xg,d X Xge + Fae = XQ,dte-

together with the closed immersions A§5N C T*Xg g4, ASSN C T*Xg . and the inclusion ¢~ ((AFV x
ASSNY) xPae GLgte) C ASSY gives a map

d+e
Hep (AS%V, Z2) @ HEY (Y, Z) — HEY (053, Z).

The maps obtained for various d, e combine together to give a product on ng\g (mﬁgN ,Z).
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9.6. The CoHA realisation of UZ(ng).
Proposition 9.6. There exists a unique morphism of algebras

Ui(nh) — Ks(Q)
€irn) Q [—(ney,nei)|] = [IC(SIRQW@H )]

*XQ,nei/

It is bijective.

Proof. We only need to show that the quantum Serre relations hold for Fi/; = [ZC(Xq.c, )] and F}: ,, =
[ZC(Xq,ne, )] in Ko (DE(MMg)) for i’ € Q52! j € Qo and n > 1. It comes from Lemma 9.8 below. O

Remark 9.7. Notice that this morphism is not a bialgebras morphism if ) has at least one loop since
for n > 2 and i’ an imaginary vertex, e(; ) is primitive while ZC(Xq ne, ) is not. If 7’ has exactly one
loop, it is possible to correct the generators e;s 5, to obtain a bialgebra morphism. Namely, we could take
€1 = qw Sn(ei.e). However, if a vertex has at least two loops, we do not know how to modify the
generators. This would require a deeper understanding of g-deformations of the ring of noncommutative

symmetric functions.
First, we have a generalisation of [Lus91, §9] to arbitrary quivers (possibly carrying loops).

Lemma 9.8. Leti’ € Qi*! and i’ # j' € Qo. Let t be the number of arrows (in either directions) between
7 and j'. Then for any n > 1, we have

nt+1
ST(DPEP) % Fyrx FSTP =0
p=0
[ZC(Xq,e, )1
where for k € N, Fl(,kl) = [ZC(XQ ke, )] = #
Proof. The proof goes along the lines of [Lus91, §9] in a straighforward way. ]
Theorem 9.9 ([Boz16, Theorem 3.34]). There exists a unique algebra morphism
o UZ(ng) — FunSph(mﬁ‘ZN)‘I’
g(i’,n) — (71)<nei/,nei/>1T}Q'nev/ XQ,nei/'

It is bijective.

Proof. The bijectivity is proven in [Boz16, Theorem 3.34] in the case when ¥ = (—, —). For general ¥, we
twist this isomorphism by (—1)<_’_>+‘I’. We would like to emphasize that the U-twist here appears because
of the (—1)¢ factor in the definition of the induction of constructible functions on cotangent bundles in
§4.8.

O

Remark 9.10. (1) In [Boz15], Bozec works with Q-valued constructible functions on ‘ﬁﬁ‘ZN . Tt is easily
seen that his proofs actually work with Z-coefficients.
(2) Bozec proves the analogous results for e(; ) + Ly, , that is the Serre relation

N+1

Z (_1)p1pei/ * ]-ej/ * ]-(N+1—p)ei/
p=0

holds in F‘unSph(‘ﬁﬁ‘ZN ). We have a very slightly different claim since we used the generators € )
and introduced the sign (—1){"¢#"¢) However, the presentation of UZ(n“‘) by the generators
€(i,n) is the same as the one by the generators e(;s ) by Lemma 8.4 (we see the difference between
the generators only on the comultiplication) and since the parity of p? + (N +1—p)? = (N +1)2+
2p? — 2p(N + 1) does not depend on p, the generators (—1)mev:mei)1, . of FunSph(‘ﬁﬁ‘gN) also
satisfy Serre relations.

Theorem 9.11. (1) There exists a unique algebra morphism
a : Um)) — Ko(P)¥
ewny  [Q [—(nei,nei)]] = [ZC(MQ ne, )]

*Xerei/
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It is bijective.
(2) There exists a unique algebra morphism
vy o+ Ufmt) — Fun®™" (M) ¥
€@ n) — (_1)(nei/,nei/)1xne>/_
It is bijective.
(3) There exists a unique algebra morphism

B UG —  HEp(MESV)Y

top
€(i',n) = [TXQ,ne.,XQvnei’]'
It is bijective

These maps fit in the following commutative diagram of algebra morphisms.

___________ B
Zoo+y T
U%(ng) o
/R ~< AN
I S« AN
[ S~ \
|’ \\\ st
! BM
\ \\\ KO \IJ Htop (mSS.N' Z)
(93) \\\\ ! \\\\ J/ /
\\ Ty TF MoBu~"
\ sph N\
Fun®*" (M)
\\\ rcsT
T4 ,
sp 4 7
Fun (S'IHQ)

Proof. We let Sq be a Whitney stratification of Xg 4 such that all perverse sheaves in Pgq are Sq-
constructible. Such a stratification exist since for fixed d, Pq is a semisimple category with finitely
many simple objects. Since the singular support of objects of Pq is contained in AgSN (by the argument
of [Lus91, §13] applied to quivers with loops), Fun*""(Xq4,GL4) C x(Ko(Pa)) (by the definitions of P,
of spherical constructible functions and the compatibility Proposition 6.6, (3), which implies that x is an
algebra morphism), and by commutativity of the square of the diagram 5.1 applied to X4, the restriction
of the bijective map
T} (XaoEu': Fun(Xq,S8a) — Hiy (Mg, Z)

to Fun®™" (X4, GLq) gives a map
Fun*""(Xq,GLq) — HEM(Aq).

top
This explains the map T7_ ;90 o Eu~': Fun*®(9,)Y — H?Ol\g (‘ﬂ‘SSN Z)¥ in the diagram (9.3).

The map « is obtained by performing the operation ®z, ,~1jZ, where ¢ — —1, to the morphism of
Proposition 9.6, twisting by ¥ the multiplication on both sides and using Proposition 8.7 to change the
specialisation at —1 of the quantum group into the enveloping algebra. The map « is surjective by Corollary
9.3.

Then, we set = CCoa and 7= x oo =resod.

Assuming temporary that f is surjective, we can deduce that all maps in the diagram (9.3) are isomor-
phisms:

(1) Bisan isomorphism since by Corollary 9.12, UZ(nQ) and Hg)l\lf (‘JISSN Z) are free graded Z-modules
with the same character and it is surjective.

2

3

(2) ais an 1som0rphlsm since it is surjective and 8 = CC o « so it must be injective,
(3)
(4) v is an isomorphism since it is surjective and Tr_]i)ﬁ oEu'o ~ is an isomorphism,
(5)
(6) T
(7)

CC = foa™" is an isomorphism,

5) x =voa !
6 ]Dﬁ ~vo B~ is an isomorphism,

7 res =06~ ! is an isomorphism.

is an isomorphism,
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The surjectivity of 5 is proven in §9.7 |
This theorem implies the following known corollaries.
Corollary 9.12 (Bozec). For any d € N9, rankg, UZ(ng)[d] = [Irr(ASSV)].
Corollary 9.13. Let A‘gﬁf[(q) € N[q] be the seminilpotent Kac polynomial [BSV20]. Then,
U (ng)[d] = AFY(0).
Proof. The number of irreducible components of A5V is given by ASSN (0) by [BSV20]. O
We conjecture the following.

Conjecture 9.14. The definition fz — (1) [Z] for Z € Irr(mﬁg{‘é) (where fz is defined by Lemma
9.5) gives a definition for the dotted arrow in the diagram (9.3) that makes the diagram commute.

9.7. Surjectivity of the map . We use an argument parallel to that of the proof of [Boz15, Proposition
3.4]: we prove the result for one vertex quiver and use (implicitly) the crystal structure to obtain the result
for any quiver.

Lemma 9.15. Let Q be a quiver with one vertex and g loops. Then, the map

6: UZ(ng) HBM(mSSN Z)

top

18 surjective.

Proof. We call i the unique vertex of Q.

We have three cases: ¢ =0, g =1 and g > 2 (respectively, real, isotropic and hyperbolic cases).

If g =0, for any d > 0, ASSN has a unique irreducible component, which is the image of e( ) = €(i,d)
under 3, so [ is surjective.

If ¢ = 1, the result is known and reduces to Springer theory for gl;, d > 1. In this case, A‘gSN =
Uog al, T gl; where the sum runs over nilpotent orbits in gl;. We order nilpotent orbits of gl; by the domi-
nance order O < 0" if O € O’. We note that up to the sign, B(ein, *. . .x€in,) = CC((Tny,..n, )+ Qo pay )
where n = (ny,...,n,), P, is the parabolic subgroup of GL, preserving a flag of subspaces of C? with
subquotients of dimensions given by n;, n, is the unipotent radical of the Lie algebra of P, and

. P,
Tny,myt G X720, = gl

is the Springer map. Moreover any nilpotent orbit of gl; has a resolution of singularities given by a map
Tni,...,n,- 1t proves that [m] appears with with multiplicity £1 in S(€;n, *. .. €;n,) and the irreducible
component [TF, gl;] appears in B(e; n, % ...€;n,) only if O" C O. We deduce the surjectivity of 8 in this
case by induction on the orbit.

If g > 2, we parameterise irreducible components of A‘SSN by compositions of d as in [Boz16]. If ¢ is
a composition of d, the corresponding irreducible component A, is the closure of the subset of AgSN of
elements such that ¢ = dim Wj_1 /Wy, where Wy = C9 and W}, is the smallest subspace of C? containing
Y9 xi(Wi_1) and stable under z;,y; (a representation of Il is denoted (z;,v;), 1 <14 < g).

Given a general element (x;,v;) of A., C has a unique filtration C* = Wy > Wy... D W, = {0}
such that z;(W;) C W;41 and y;(W;) C W,. Moreover, we order the set of compositions of d as follows:
c=(c1, . e) <= (e, ) i D000 <D0 5, ¢ for any ¢ > 0. We have

Al x o x Al = [A + B

where A is a Z-linear combination of irreducible components A, of A5V such that ¢/ < ¢. We used that
in the (iterated) induction diagram

Aoy % ox Ag, & Rey o D Ay,

¢¢_1(A(C1) X ... X A(c,)) Q UC’gCA
We deduce that 8 is surjective. O



34 LUCIEN HENNECART

From now on, we drop the superscript SSA to lighten the notation: we write Aq = AgSN . Following
[Boz16], for z € Agq and i € Qo, we let I(z); be the smallest subspace of C9 that contains D, C9% and
it stable under x. Recall the correspondence

(Ad X Ae) x Fa.e GLd+e <£ Kd,e i) Ad+e~
Let d € N9, i € Qq, and I > 0. We let
Aa ;= {z € Aq | codimS(z); =}

We have a correspondence

(94) (Alei X Adflei,i,o) XPLE'i’dflci GLd (ﬂ /N\d’iyl ﬂ) Ad,i,l~

where /~\d7i,l = (Agi1) = ¢ H((Ase; X Ad—ie;) xTeia=1es GLq). The map 1; is an isomorphism and ¢;
is smooth and surjective.
For A € Irr(Aq), we let ¢(A) be the number codimS(x); for a general x € A.

Proposition 9.16. Let QQ be an arbitrary quiver. Then, the map
B: U*(nf) — How (MGSN, 2)

top

18 surjective.

Proof. We prove the result by induction on d € N®° and decreasing 1 < ¢(A) < d;. If d is concentrated
at one vertex, this is Lemma 9.15.

Let A € Irr(Agq). Let i € Qo be such that codimS(z); =1 > 0 for a general point x € Aq. The map
¢ induces an isomorphism ¢ ~'(A N Aq,i;) = AN Ag;. The subvariety AN Aa ;) is irreducible, so
that there exists Ay € Irr(Age,) and As € Irr(Adq—ie;) such that

PTHANAg1) = ¢ (A1 X (Ag N Ag_ie, i0)) xTied=tei GLg).

In other terms, we have a correspondence
¢i i
(Al X (A2 N Adflei,i,O)) x Prei.a=te; GLgq «— v 1(/\ N Ad,i,l) — AN Ad}i,l

where QZZ is smooth with connected fibers and 1:/;1 is an isomorphism.

The relative dimension of q~ﬁl is dim Ag — dim Aje, — dim Ag—se, + dim GLg — dim Pj¢; qa—te,. This is the
same as the relative dimension of ¢; in the diagram (9.4). Therefore, [A;] * [A2] = [A] + O, where O is
a linear combination of irreducible components A" of [Ag4] such that ¢(A}) > I. Here, we used the fact
that ¢~ (A, X Aa—ie;) € {z € Aq | codimS(z); > [}. By induction, O is in the image of 3 and so are
[A1], [A2] (by induction on the dimension vector). Therefore, [A] is also in the image of f. O

10. BIALGEBRAS MORPHISMS

10.1. The restriction for constructible complexes. The diagram (9.1) with the operations of restric-
tion Resi, Ress of §7.3 defines two restriction functors

DE,GLd+e (XQ.d+e) = DE,GdeGLe(XQJi x Xq.e)-
By [Boz15, Proposition 1.12], the functor Res; sends Qgte in Q4 K Qe, inducing maps
Res: K@(Q) — K@(Q) X K@(Q)
and

Res: Ko(Q) — Ko(Q) ® Ko(Q).

Proposition 10.1 ([Lusl10, §9.2.11]). The map Res;: Kg(Q) — Kg(Q)®Kg(Q) makes Kg(Q) a &-twisted
bialgebra where {(m,n) = g~ (mn)

Proof. The proof of [Lus10, §9.2.11] works for arbitrary quivers. Together with Proposition 9.2, we obtain
the result. 0
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By the procedure described in §8.6.3, with the automorphism D of Kg(Q) induced by the Verdier

1

duality, which restricts to Z[q, ¢~!] to the automorphism ¢ — ¢, we obtain the £’-twisted comultiplication

Res’ :== (D ® D) oReso D on Kg(Q). By §7.3, Res’ = Ress.
Lemma 10.2. The automorphism D ®zq -1 Z of Ko(Q) (q+ —1) is trivial.

Proof. This follows from Proposition 9.2, the fact that intersection complexes are Verdier self-dual and
that the induction functor commutes with Verdier duality. |

Corollary 10.3. The maps Ko(Q) — Ko(Q) ® Ko(Q) induced by Res; and Ress are algebra morphisms
and coincide.

10.2. The restriction for constructible functions on the stack of representations. We have a
restriction operation

FUH(XQ7d+e, GLd+e) — Fun(Xd X Xe, GLd X GLd)

obtained with the formalism of §7.1 applied to the diagram (9.1). It comes from the restriction of con-
structible complexes by applying the fiberwise Euler characteristic function. It sends Fun*™®(Xq4e, GLate)
in Fun®®"(Xq, GLg) % Fun®™(X,, GLe). It gives a coproduct on FunSph(SthQ).

Lemma 10.4. The restriction Res: Fun®(Mg) — Fun®™(Mg) @ Fun*P* (M) is an algebra morphism.

Proof. By definition, x: Ko(P) — Fun®™ (M) is an algebra isomorphism. The lemmas follows then from
Corollary 10.3. O

10.3. The restriction for constructible functions on the stack of representations of the pre-
projective algebra. To define the coproduct, we follow the lines of [GLS05, §6].

The map p of (9.1) is a vector bundle; we let i be its zero-section.

The formalism of §7.2 gives a map

Resge: Fun(A3SY, GLate) — Fun(ASSY x ASSN GLg x GLe).

Lemma 10.5. The map Resq e sends FunSph(A‘gf_Q/, GLdyo) in Fun®(ASSV | GLg)@Fun*™ (ASSN | GL,).
We let Resy o = (—1)¥(4®)Resqe. The map

Res? = @ Resge: Fun®P? (‘)’I‘SSN )‘I’ — FuIlsph(‘)’lSSN )\I' ® FunSph(‘ﬂSSN )‘I’
d,eeN%o

is an algebra morphism (where Fun®™" (MSSN)Y @ Fun®(MSSN)Y has the untwisted multiplication).

Proof. The proof of [GLS05, Lemma 6.1] works for any quiver and gives, for ¥ = (—1){=7),

(10'1) Rcs‘y(11177l1 *.'.*liT?nT) = Z (1111]‘71 *...*1iT7pT) ® (1117(11 *.'.*1ir7q7‘)’
Pj+q;=n;
where 1(; ) = 1T§{Q,ne./XQ’nci’. Since the functions 1¢; ,) generate FunSph(‘ﬂHQ)‘l’ (by definition), Res”

is an algebra morphism. This proves the lemma when ¥ = (—1){=~). The case of arbitrary ¥ whose
symmetrisation is the symmetrised Euler form is deduced from the formalism of §8.6 applied to the twisting
multiplicative bilinear form (—1){——)+¥, O

We obtain therefore obtain a comultiplication on FunSph(iﬁ‘rSI‘;N )Y
10.4. The bialgebra property. To compare the bialgebras structures, we specify the U-twist to ¥ =
(—1)<*’*>. The reason comes that the new generators e, ,, are not primitive and so they are not canonically

defined independently of the twist. In this section, we prove Theorem 1.7.

Proof of Theorem 1.7. Given Lemma 10.5, Corollary 10.3 and Lemma 10.4, we only need to show the
compatibility of the comultiplications on the generators.
We prove that § is a bialgebra morphism. By Lemma 8.5, we have

Aejr g = E €irp @ Eir g
ptg=n
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For r = 1, the formula (10.1) gives

Res” ((—1) ") 1) = 37 (=)0 79001y p) @ (1) 059 1y ),
pt+qg=n
since the signs on both sides compensate each other.
To show that « is a bialgebra morphism, it suffices to prove that the comultiplications agree on gener-
ators. By the definition of the restriction functor (§10.1), we have

Res(ZC(Mqne,, ) = @ IC(MQ pe,, ) WIC(MQ ge, ) [—paleir, €i)]-
ptqg=n

Therefore, in Ko(P)¥, we have

AY[(ZC Mg e, ) = 3 EC(Mpe,) @ ZC( MG,
ptg=n
By comparing with Lemma 8.5, we obtain the result.
By construction, the stalk Euler characteristic y: Ko(Q)¥Y — Fun®""(9g)Y is a bialgebra morphism
and therefore, 7o g = x o a0 g is also a bialgebra morphism. This finishes the proof. ]

11. POSITIVE CHARACTERISTICS

The definition of the characteristic cycle map has recently been extended to the f-adic setting by Saito
in [Sail7], refining the definition of the singular suport in the ¢-adic setting [Beil6]. Moreover, the trace
of Frobenius of a pure weight zero /-adic sheaf on a F,-variety can be considered as an enhancement of
the Euler characteristic as the Euler characteristic can be recoverered by replacing the eigenvalue w*/? of
Fr acting on H'(.%,) (with |w| = ¢'/? by (—1)?).

It seems therefore legitimate to ask whether one can define an Euler obstruction Eu in the ¢-adic setting
making the diagram

Ko(D? (X)) —2<— HEM (X, Q))

c,w=0 top

Tr(rr) | Jriix

Hn>1 Fun(X (Fgn)) — Z(X)

commute, leading to connections between the different realisations of quantum groups and Hall algebras.
We leave this question for further investigations.
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