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Abstract

This article studies the problem of estimating the state variable of non-smooth sub-
differential dynamics constrained in a bounded convex domain given some real-time obser-
vation. On the one hand, we show that the value function of the estimation problem is a
viscosity solution of a Hamilton Jacobi Bellman equation whose sub and super solutions have
different Neumann type boundary conditions. This intricacy arises from the non-reversibility
in time of the non-smooth dynamics, and hinders the derivation of a comparison principle
and the uniqueness of the solution in general. Nonetheless, we identify conditions on the drift
(including zero drift) coeflicient in the non-smooth dynamics that make such a derivation
possible. On the other hand, we show in a general situation that the value function appears
in the small noise limit of the corresponding stochastic filtering problem by establishing a
large deviation result. We also give quantitative approximation results when replacing the
non-smooth dynamics with a smooth penalised one.
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1 Introduction

Sequential estimation aims to combine a dynamical system with some measurements as they
become available, to reduce potential uncertainties in the dynamics and thus produce a
model prediction that is more consistent with available data. Such a goal can be pursued for
a wide range of dynamical systems: finite dimensional (ODE) or infinite dimensional (PDE),
linear or non-linear dynamics, unconstrained (smooth dynamics) or constrained (non-smooth
dynamics combined with variational inequality), deterministic (observer theory) or stochastic
(filtering theory). In the present paper, we focus on constrained dynamics in finite dimension,
and we link the framework of stochastic filtering with the deterministic framework aiming
at defining observer dynamics. Stochastic filtering for unconstrained ODEs has been known
since the 1960s with the seminal work of [KB61]| for linear dynamics, and then generalized for
nonlinear dynamics, see [Kus67; Dun67; |Zak69; |Jaz70]... These results were then extended
to some constrained dynamics, in particular for the Skorokhod problem with the series of
works by |Par78b} [Par78a; [Huc90|. As for the deterministic view, the observer theory based
on Minimum Energy Estimation has been known since the pioneering work of [Mor68|, see
also the presentation proposed by [Fle97]. While the unconstrained case has been well
understood since |[JB88a|, with an asymptotic connection to stochastic filtering introduced
in [Hij84] and further justified in [F1e97|, the case of constrained dynamics was not studied
until a recent attempt |[Cha-+23| for a simple one-dimensional dynamics. The constraint
is there introduced using the formalism of non-smooth sub-differential dynamics [Mor71}
Tyr70]. A main difficulty of this setting is the loss of time reversibility: in contrast with
smooth dynamics, the non-smooth dynamics is well-posed in forward time only, making
the connection harder between stochastic filtering and deterministic estimation. However,
[Cha+ 23] was able to make a few strides to reconcile both points of view.

In this paper, we generalize the works of [Wil04} \JB88aj; [Cha+23| to non-smooth dynamics
associated with trajectories that must remain in a bounded domain. In particular, we fully
connect the deterministic representation to stochastic filtering by extending the results of
[JB88a| in a suitable way: we show that the deterministic view corresponds to the small
noise limit of the stochastic framework by proving a large deviation result. Following [JB88a;
F1e97], we rely on a viscosity solution setting to deal with the underlying Hamilton-Jacobi-
Bellman (HJB) equations. However, due to the non-reversibility of non-smooth dynamics,
our approach differs from them. In particular, the sub-solution and the super-solution satisfy
different Neumann-type boundary conditions in the viscosity sense, and the comparison
principle is unknown to our knowledge. To circumvent this difficulty, the small noise limit is
established using a dual formulation. We also show how the penalized estimator developed
in [Cha+23|] to deal with the constraint converges to the fully constrained estimator in a
quantitative way, and we provide numerical illustrations.

1.1 Problem statement

Let G C R™ be a bounded open domain that is convex with C? boundary. We consider a
class of non-smooth dynamical systems of the form

&y (8) + Oxg(@w(s)) 2 b(s,zu(s)) + o(s, zw(s))w(s), s>0, (1)

with an initial condition z,,(0) € G.



Here, the state variable at time s is denoted x,,(s) € R", while the functions b : Ry x G —
R"” and 0 : Ry x G — IR™*" are Lipschitz-continuous functions. Thus, these functions can be
extended in a Lipschitz-continuous manner to the entire space, and we use the same notation
for the extensions. The term w(s) € R" represents the state disturbance, x& : R" — {0, +00}
is the characteristic function of the domain G, and Oxg(2w(s)) is the subdifferential of the
convex function xg at z,,(s). Recall that this subdifferential corresponds to the normal cone
Ng(zw(s)) to G at x,,(s). This means that when the state x,(s) reaches the boundary of G,
the dynamics are reflected, ensuring that x,,(s) remains within G. In particular, the dynamics
are driven by the vector field b(s, z,(s)) + o (s, zw(s))w(s), but whenever z,(s) approaches
the boundary of G, the normal cone prevents it from leaving the domain, reflecting the
trajectory back into the domain in the sense of Skorokhod.

In the sequel, we assume that the disturbance belongs to the Lebesgue space L?(0, +00; R")
that consists of all measurable functions w : (0,4+00) — R" that are square integrable, i.e.
the norm

+oo 2
ol 220,10y = ( / |w<s>||2ds) ,

is finite, and where functions which agree almost everywhere are identified.

The controlled system is well posed. Indeed, following similar arguments as in [ET05,
Theorem 1], one can prove that for any square-integrable disturbances w, for any initial data
7,(0) € G, the system admits a unique absolutely continuous solution z,, such that the
differential inclusion holds for almost every s > 0.

We consider a measurement procedure h : R x G — IR™, so that observations associated
with a trajectory of the dynamics are given by

VE>0, g(t) = h(t,z,(t)) +n(t), (2)

where n(t) € R™ is the observation disturbance, which is assumed to be square-integrable.
Our purpose is to build an estimator at time ¢ for the state of a dynamics described by
(1) given the measurement (y(s))o<s<: produced by (2). We want this estimator to be
causal in the sense of [Kre98|, meaning that the computed state only depends on the past
measurements.

Remark 1.1. In most deterministic observation problems, the observation is usually denoted
by y. Here, we denote by y a primitive of the observation for consistency with the stochastic
filtering setting. As in practice, only y will appear in the estimator equations, and defining
the observation with a time-derivative is a mere notation convention.

An iconic case of non-smooth dynamics in an unbounded domain is G = R4, studied in
the context of estimation in |[Cha-+23].

Before describing our results, we briefly review some existing methods in linear and non-
linear estimation.

1.2 Unconstrained linear dynamics: Kalman filter

In the linear case, the system is characterized by the following dynamics:
1
b(t,z) = Az, o(t,x) =%, h(t,z)=Hz, (z)= i[x — i) " Pyt — o),

where A € R"*", ¥ € R"™*", H € R™*", Py € S;/T(R) is a positive-definite matrix, and
Zo € R™. The unconstrained linear dynamics, with a linear observation operator, serves as
a classical example for defining a sequential estimator in both deterministic and stochastic
systems. This was first introduced by [KB61], and a full treatment of stochastic filtering in
this case can be found in [Jaz70; [DD77|. For a deterministic perspective, we refer to [Wil04].



Essentially, both approaches lead to the definition of the estimator given by

2(t)

z(0) =
where the symmetric positive matrix P € S;'(R) is a solution of the following Riccati
equation

Az(t) + P(OH T [y(t) — Hi(t)], t>0,

05

3)

>

{P(t) = AP(t)+ P()AT + 5T — P()THHT P(t), t>0, @

P(0) = Pp.
Equation provides a recursive estimator that can be computed in real time, the matrix
P(t) being pre-computed beforehand.
1.3 Non-linear dynamics: Mortensen observer

If we now consider a general non-linear unconstrained dynamics of the form
Zw(s) = b(s,24(8)) + (s, 2,(s))w(s), s>0,

the Mortensen estimator [Mor68| generalises the Kalman estimator in the deterministic set-
ting. Given an observation y € L2((0,t); R™), we introduce a value function called cost-to-
come as the function defined by

¢
U(t,x) = inf ¥(x,(0)) —|—/ 0(s,2,(8),w(s))ds, (5)
wELZ(((O),t);]Rr) 0
z,(t)=x

where ¢ : R™ — R is Lipschitz and such that ¢ (z) — 400 as |z| — +oo,
al o 1 2
The Mortensen observer & is defined as a minimiser of 2 — % (¢, x). If uniqueness holds
for this minimiser, we simply define

Vt >0, &(t) 2 argmin % (t, ). (7
reR"

For a well-posedness result in a non-linear setting, we refer to [BS23|. If moreover % (¢, x) is
C? at (t,%(t)) with invertible Hessian, the optimality conditions for (¢) yield

2(t) = b(t, &(t)) + [V2% (1, 2())) " VAt 2(1))[5(t) — h(t, 2(2))], ¢ >0. (8)

This recursive feed-back structure extends the one of the Kalman estimator. Indeed, ({]
precisely corresponds to in the linear setting of Section In this linear setting, the
cost-to-come reads

1 ‘1
(t.a) = o~ 3(0)) P70k~ 5] + [ i)~ Halo)Pds,
0
enabling us to recover the Kalman estimator.

1.4 OQOutline of the article

In this paper, we aim at adapting Mortensen’s approach to the framework of non-smooth
dynamics as described in . In this setting, the normal cone to G is involved, and the
system dynamics belongs to the class of problems known as sweeping dynamics. This class
has attracted considerable interest in recent years within the optimal control community, as



it models systems with state constraints that evolve along trajectories governed by set-valued
dynamics, see for example [CMN19| and the references therein. Notable contributions to the
study of sweeping dynamics include works on the Pontryagin Maximum Principle (PMP),
such as those in |[CM17; [PFS19; NZ22|, and on the characterization of the value function
through HIB approach, as investigated in [HPV24] and the references therein.

Despite this progress, a major challenge in this domain arises from the irreversible nature
of sweeping process trajectories. Unlike classical dynamical systems, these trajectories do
not allow for direct and backward time evolutions to be treated symmetrically. This tem-
poral asymmetry complicates both the theoretical analysis and the practical computation of
solutions, particularly in the context of backward reachability or filtering problems.

To the best of our knowledge, the analysis of sweeping processes within the context
of filtering has yet to be fully explored. By extending Mortensen’s framework to such non-
smooth dynamics, we aim to address this gap and provide some new insights into the interplay
between set-valued dynamics and optimal filtering techniques.

The paper is organized as follows. The cost-to-come function for the constrained setting
is defined in Section and characterised as a viscosity solution with intricate boundary
conditions. An approximation procedure is further introduced to bring the problem back
to the setting of Section [I.3] the sub-differential being replaced by a penalisation term that
pulls the dynamics back in G when it escapes. A quantitative rate of convergence is obtained,
the proof being done in Section We then describe the link with non-smooth stochastic
filtering. Existing links between stochastic filtering and deterministic estimation are recalled
in Sections Our results for the non-smooth setting are stated in Section [2.3.3]
and proved in Section [d] A numerical illustration is given in the supplementary materials.

2 Description of the results

Throughout the paper, we assume o(z) " o(z) to be uniformly invertible, meaning that there
exists a constant vy > 0 such that for every x € G, the following condition holds:

o(w) o(x) > 70 1a, 9)

where I; denotes the identity matrix of appropriate dimension. This condition ensures that
the matrix o(z) "o (z) is uniformly positive definite, implying that o(z) has full column rank
for all x € G.

Following |JB88b; RW00|, we introduce the following value function.

Definition 2.1 (Cost-to-come). The cost-to-come to the point x € G at time t > 0, given
an observation 3 € L2((0,t); R™), is the function defined by

e pa0)+ [ e a(e),w)as (10)

where £(s,x,w) is defined as in @ and the admissible set is defined by
Afw 2 {(2,(0),w) € G x L2((0,t); R") : x,, follows with x,(t) = x}.

The uniform invertibility of o "o, as stated in assumption @[), is a sufficient condition
for A; . to be non-empty, because the convexity of G allows connecting any pair of points
in G by a straight line without escaping G. Note also that for any (z,,(0),w) € Af,, there
exists a unique trajectory x,, that is absolutely continuous on [0, T for every T' > 0 (and by
definition of Af,, z.,(t) = ).

Before studying ¥ itself, we describe an approximating procedure that brings the problem
back to smooth unconstrained dynamics. The continuity of ¥ will be a consequence of this
approximation as shown in Theorem below.



Remark 2.1 (Inward pointing drift). Let us assume that b(x) - n(z) < 0 for every x € 9G,
n(x) being the outward normal vector at x. For simplicity, we further assume that n = r
and o =1d. In this setting, the control problem of the differential inclusion reduces
to a standard control problem for a differential equation under state constraints. Indeed,
introducing the solution z, of

() = (5, 20(5)) + w(s), (1)
we notice that
Vo=t )+ [ e ).e0) ds

Vs€[0,t], 2. (s)EG

The < inequality stems from the fact that any trajectory of that stays in G is a trajectory
of . The > inequality results from the fact that any trajectory of can be realised by a
trajectory of for a w that has a lower L?-norm, using that b-n < 0.

2.1 Penalisation approach

In this section, we introduce an estimation problem for an approximation of (1)) defined in the
whole space R™. With a slight abuse of notations, we assume that our coefficients b, o, ¥ and
h are defined and Lipschitz-continuous on IR™. Let m& denote the orthogonal projection on
the closed convex set GG. For k > 0, we introduce the penalisation f, : G — R"™ of Ox¢ defined
by f.(z) £ K[z — mg(z)]. Since G is convex, we can follow the Moreau-Yosida regularisation
[Mor71], which was extended to more general domains in [Thi08; JV17]. We also refer to
[PFS19| for an alternative smooth exponential penalization method. This approach has been
successfully employed to derive optimality conditions for control problems involving sweeping
processes. In our context, we introduce the penalised dynamics as follows

25 (1) + fe(xf (1) = b(t, x5 (1) + o(t, z5(8))w(t), ¢>0. (12)
The penalised cost-to-come is defined as
t
YE(t,x) 2 inf (2(0)) —|—/ L(s,zl(s),w(s))ds. (13)
we_L(2§07t), 0
zl(t)=x

By standard arguments in control theory [FS06, Section IT1.10], ¥~ is a continuous function.
Our first main results are the following.

Theorem 2.2 (Quantitative convergence of #"). For every t > 0,

sup | VR(s,x) — ¥ (s, x)| < Or™H4,
(s,2)€[0,t] xG

for some constant C > 0 that only depends on t.
Corollary 2.3 (Convergence of observers). For every t > 0, any limit point of a family
(Z"(t)) x>0 of minimisers for x v— ¥*(t,x) is a minimiser of x — ¥V (t,x).

Theorem [2.2] and its corollary are proved in Section [B.I] These consistency results show
that the estimation problem for is indeed a good approximation of the estimation prob-
lem for , and provide the convergence of Mortensen observers.



2.2 Hamilton-Jacobi-Bellman equation

Since our estimation procedure is based on the functions " and ¥, we need a way to
characterise them. Using the standard dynamic programming approach, the cost-to-come is
the unique viscosity solution of a HJB equation. The notion of viscosity solution is standard
to deal with the lack of regularity of solutions to HJB equations, see [CL83; BL91|. For the
sake of simplicity, we assume in this subsection that

n=r and o=1d.

The following result corresponds to [JB88al, Theorem 3.1|. It is proved in [F1e97, Section 2|,
under the additional assumption that A is bounded. However, the result still holds under our
running assumptions, an appropriate comparison principle for unbounded viscosity solutions
being provided by |[DL06|.

Theorem 2.4 (Viscosity solution). #* is the unique viscosity solution in (0,T] x R™ of the
HJB equation
1 1
07" (8, 2) + (b(t, ) = fulx)) - VIt 2) + S [VIT(L, z)|* — o) — h(t,z)> = 0,

with the initial condition ¥*(0,x) = ¥ (z).

Formally taking the kK — 400 limit, we prove that this equation still holds for ¥ within
the open domain G,

0 (t,7) + b(t,x) - VH (b, ) + %\Vﬂy(t,xn? - %|y’(t) ~h(t ) = 0. (14)

However, intricate boundary conditions now appear.

Theorem 2.5 (Viscosity solution). The value function ¥ satisfies the HJB equation
in the sense described in [BL91l Section 2],

(i) V is a viscosity sub-solution of the HJIB equation with the boundary condition

oYV
b(t,z) - n(x) + a—n(t, z)=0, z¢€dG. (15)
(i) ¥V is a viscosity super-solution of the HJB equation with the different boundary
condition Loy
. —— = . 1
b(t,z) - n(x) + 5 On (t,x) =0, xz€dG (16)

(iii) Ifb-n <0 on OG, then ¥ is the unique viscosity solution of the HIB equation —,
and the comparison principle holds for —,

In the boundary conditions —, n(x) denotes the outward normal vector at the
point z € 0G. Theorem is proved in Section The used notion of solution is the
standard notion of viscosity solution with Neumann boundary condition |[Lio85; BL91], in
which the boundary condition is relaxed by allowing the equation to hold at the boundary.
In general, the boundary conditions and do not coincide. Up to our knowledge,
proving a comparison principle for this setting is an open question, which will be the subject
of future works.

However, if b-n < 0 on 0G, the definition of sub-solution shows that any viscosity
sub-solution of with the boundary condition is also a viscosity sub-solution of
(14) with the boundary condition . The comparison principle is then proved in [BL91]
Theorem 3| and uniqueness holds for the viscosity solution of the HJB equation ’—r
Furthermore, Remark shows in this case that ¥ is a viscosity super-solution of (14]) on
the closed domain [0, 7] x G, with no further boundary condition. This recovers the notions



of constrained viscosity solution introduced in [Son86; IK96]. This was expected, since the
assumption b-n < 0 reduces the control problem (L0f) to the standard control problem of
under state constraints using Remark and satisfies the inward pointing condition
from [Son86|. The related comparison principle is proved in |[CL90, Theorem III.2].

Note also that, in the case of optimal control for sweeping processes, a HJB equation
was derived in [HPV24] characterizing a value function for forward-in-time optimal control
problems. It is worth noting that this work considers a general process with an admissible
set G(t) that evolves over time. The HJB equation is formulated with different boundary
conditions for sub- and supersolutions, which account for the time-dependent evolution of the
set G. In contrast, in our setting, the set G is fixed, but the state process evolves backward
in time.

2.3 Links with stochastic filtering

In general, viscosity solutions of HJB equations lack regularity; this may hinder an efficient
computation of their minimisers. To circumvent this, a standard approach is to smooth
them by adding a (small) laplacian term. Interestingly, [Hij84; |[JB88a} [F1e97| proved that
this smoothing procedure is connected to the renowned stochastic filtering problem [KS68}
Kus67; [Jaz70]... In our constrained setting, this amounts to replacing the model dynamics
by the stochastic reflected dynamics

AXE + Oxg(XE)(de) > blt, X7)dt + VEa(t, XE)dB,, (17)

on a filtered probability space (2, F,P, (Fi)i>0), the law of X§ being ¢§(x)dx. The integral
of the deterministic model noise w in has been replaced by an adapted Brownian motion
(Bi)o<t<r in R”. Under our current Lipschitz assumptions, well-posedness for is proved
in [PR14| Section 4.2.2]. We complement with the observation process defined by

AYE = h(t, X5)dt + vEdB,, YE =0, (18)

where (B})o<¢<r is an adapted Brownian motion in R™ independent of (B;)o<;<7. Equation
is the stochastic analogous of . The purpose of stochastic filtering is to compute the
law 7 of X7 knowing the observation up to time ¢, i.e. the law of X} conditionally to the
filtration o (V5,0 < s < t):

Vo GOR), [ pdni = E[o(X)Io(Y7,0< 5 < 1)
G

Hence, [~ dn; is the optimal estimator in the least-square sense of ¢(X7) given (Y<)o<s<:-
From [Par78b, Section 3], 7f is expected to have a density w.r.t. the Lebesgue measure,
and thus 7f does not charge the boundary 0G. We are now interested in the asymptotic
behavior of 7§ when € goes to 0 . In particular, we show that 7f concentrates on minimisers
of x — ¥ (t,xz) as e — 0, corresponding to the Mortensen observer &(¢) when it is uniquely
defined. Note that for each ¢ > 0, there exists at least one minimiser for the function
x — ¥ (t,z) since it is continuous on the compact set G. We first review the existing results
for non-constrained systems in Sections before stating our new results for the
non-smooth case in Section

2.3.1 Kalman-Bucy filter
We go back to the linear setting of Section [1.2]

b(t, x) = Am7 g'(t7;17) = E, h(t,l’) = HI’,

and we initialise X§ from the Gaussian law N (Z,eFy). The processes defined by and
are then Gaussian at each time, so that the same goes for the conditioned process: it is



thus sufficient to compute the conditional mean and covariance matrix (Xf, Pf). Classically
|KB61}; |[Jaz70; DD77], the covariance Pf = eP(t) is deterministic, and

dX: = AXZdt + P(t)H " [dYF — HXEdt],  X§ = do, (19)
where P(t) is the solution to the Riccati equation . As a consequence,

[z — X{]- P~ (t)[x — X{]

dx,
2¢e

mi(da) = Z  exp | —

where Z. is a normalisation constant. As ¢ — 0, this density concentrates on the solution
&(t) of the deterministic equation (3)). If we freeze a C* realisation (y(t));>o of the process
(Y¥)t>0, Equation exactly correspond to , and the related quadratic cost-to-come
corresponds to the logarithm of the density of ;. The Mortensen observer in this linear
setting thus appears as a maximum-likelihood estimator.

2.3.2 Small noise filtering for the penalised dynamics

Let us apply the results of [JB88a] to (a variation of) the penalised dynamics (12]) from
Section in the case n = r and ¢ = Id. In this setting, the analogous of 1) reads

AXP" = bt XYt = fu(X70)dt + VEdBy,
Ay = h(t, X[*°)dt + /zd B},

where (X;"%);>0 is a diffusion process in R"™ with initial law ¢;°. The results of |[JB88a]
assume that the coefficients are smooth bounded functions with bounded derivatives, and
we assume the same for b, f,, and h in this sub-section, up to replacing the penalisation f,
from Section [2.I] by a suitable regularisation. Since the present sub-section is mainly here
for illustration and comparison purposes, we did not try to extend these assumptions.

The filtering density 7;"® can be computed as the solution of a non-linear stochastic
PDE known as the Kushner-Stratonovich equation [Kus67]. Alternatively, 7,”°(dz) can be
computed by normalising the positive (random) measure ¢;°(z)dz that solves the Zakai
equation |Zak69; [Par80]:

K K * K 1 K K
dg; 6(17) = (L} ’E) q; ’E(z)dt + EQt ’Eh(ta z) - dY; <, (20)

where (L;°)* is the formal L2-adjoint of the infinitesimal generator L;*° of the Markov
process (X;"°);>0, which is given on C? test functions ¢ : R™ — R by

L () = [b(t, 7) = ful@)] - V(@) + 5D (@),

Following the theory of pathwise filtering [Dav81|, we introduce the random function p;**
defined by

K 1 K K
) £ | - Do), 21)
which solves the robust Zakai equation

1

K,E K,E K,E € K,E 1
00 (a) = ~[b(t.0) = Ju(e) ~ Vh(t.a) ] 0+ Saps— 2

St 2)?

X104 L) — IV YE Y btn) — fulo) - VA0V (22

For each continuous realisation y = (y(t)):>0 of the process (Y;"%)¢>0, equation has a
unique (deterministic) solution p®° which continuously depends on y |[FP82, Lemma 3.2|.



This allows us to recover the random function p;*® by solving for each continuous path
y. This result motivates the approach of |[JB88a]: they freeze a C! realisation (y(t));>o of
the process (Y;");>0, before to study the related solution p"< of to make a connection
with 7" as ¢ — 0. Alternatively, Equation gives a meaning to ¢™¢ from p™¢ for each
continuous realisation y = (y(t))i>0 of (Y;"%)i>0: ¢™° is now a continuous function of y.
[Fle97, Section 5| then freezes a C! realisation y to obtain that

|h(t,l‘)|2 - y<t) ~h(t, z) qﬁ’s(tvx)a

11
0 (1) = (L2 a0t~ 1[5

which corresponds to the Stratonovich form of where (Y,"%)>0 was replaced by (y(t))¢>o0-
Now, let us introduce

1 t
et 2o | - o [liePG] (o), e (n0) 2 clogg ().
0

The exponential factor is a normalisation term that does not affect the minimisation of
x +— ¥(t,x). The following result [Fle97, Lemma 5.1] makes the connection with the
penalised cost-to-come ¥* defined in .

Theorem 2.6 (Small noise limit). For every compact set K C R"™, if

Suglfe log g5 (x) — ¥(x)| < Ce'/?, (23)
fAS

for some Ci > 0 independent of €, then for every t > 0,

sup | V"% (s,) — V" (s, )] < 0%51/2,
(s,2)€[0,t] x K

for some constant C > 0 that only depends on (t, K, K).

As a consequence (see e.g. [JB88a, Lemma 6.1]), we get the following large deviation
result.

Corollary 2.7 (Laplace principle). If holds for every compact set, then for every
bounded continuous ® : R™ — R,

e—=0 zeR™

vt >0, —¢ log/ e P@/egne(t p)de — inf B(z) + V(¢ ).

This statement is equivalent to a large deviation principle for ¢"*(¢, x)dz, see e.g. [Dem09;
FKO06]. Ase — 0, this tells that the non-normalised density ¢;*" concentrates on the minimis-
ers of x — ¥*(t,z). When uniqueness holds for this minimiser, this precisely corresponds
to the Mortensen observer as defined in Section This extends the observation that
we made in the Gaussian setting of Section 23] A stronger large deviation result for the
conditional density g;”° given y is proved in [Hij84].

2.3.3 Small noise filtering for reflected dynamics

Still in the setting n = r and ¢ = Id, we now extend the previous results to the reflected
dynamics:

dX? + Oxg(X7)(dt) 3 b(t, X5)dt + /ed By,
dYy = h(t, X;°)dt + /edBj,

the initial law of = being ¢§(z)dz. As previously, the filtering density 7§ (dz) can be computed
by normalising the solution ¢; (x)dz of the Zakai equation. In this setting, the Zakai equation
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was studied in |Par78b; [Par78a; [Huc90|. Equation is now completed with a “no-flux”
boundary condition:

dgi () = V- [=q; (2)b(t, 2) + 5Vq; (@) + g7 (0)h(z) - Yy, @ €@,
— g (2)b(t, z) - (x)+g%f()=o, z € 0G,

3R

As previously, we freeze a C! realisation y = (y(t));>0 to bring the study back to a deter-
ministic function ¢° that continuously depends on y. After normalising

1 t
F(ta) 2 exp | - o [[1i60)Pas] ),
2e Jo
we end up with the following equation:

0" (t,x) = V - [~ G (2)b(t, ) + §VG; (2)] — 52 [9(t) — h(t, 2)[P¢ (¢, 2), (24)
=G (t,2)b(t,x) - n(x) + 552 (t,2) =0, =z € IG.

We assume that ¢§ is defined and C! in ‘a neighbourhood of JG, so that existence and
uniqueness for a solution of in C([0, 7] x G)NCY2((0,T] x G) stems from |Fri08, Chapter
5, Corollary 2]. If we define ¥ = —clog ¢ as previously, we obtain the boundary condition

107¢
b(t,x) - ———(t,z)=0 oG
(t,2) - n(w) + 55— (t,2) =0, @ €06,
which differs from the one of the sub-solution in Theorem This suggests that the anal-
ogous of Theorem is no more true in the present setting (except if b-n < 0 on 0G).
However, we still managed to prove the large deviation result corresponding to Corollary

21
Theorem 2.8 (Laplace principle). If

sup|—¢log g5 (2) — ¥ ()] —= 0,
zeG

then for every continuous ® : G — IR,

Vt>0, —¢ log/ e~ P@/eGE (t, 2)de — inf ®(x) + ¥ (L, z).
G =0 2eG@

As € — 0, this tells that the non-normalised density ¢; concentrates on the minimisers of
x — Y (t,x), recovering the desired Mortensen observer. Theorem is proved in Section

Remark 2.9 (Loss of the boundary condition). Interestingly, the boundary condition for ¥
differs from the one of the sub-solution in Theorem [2.5. This reminds us of a fundamental
difference between X< and x,, around the boundary OG. Indeed, the time spent by X¢ on 0G
has 0 Lebesgue-measure, whereas x,, can have a continuous dynamics on 0G. This is also
related to the non-reversibility of non-smooth dynamics.

3 Study of the value function

This section is devoted to the proofs of Theorems 2.2 and [2.5] i.e. the uniform convergence
of ¥ and the viscosity solution description of .
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3.1 Convergence of the penalised problem

Lemma 3.1 (Control of the penalisation). For all (z,(0),w) € G x L?((0,t),R"):
(i) sup,.-qsupg<s<¢|z5(s)] < C,
(1) SUPs SUP<zy Jolf(2(5))lds < C,

(i) supgy<4<; dist(z"(s),G) < Cr~1/2,

for a consgar_zt C > 0 that only depends on (¢, ||w]|L2).

Proof. First, we write that

|25 ()] < |2 (0 |+/ [fu (25 ()] + [b(s, 25 (8)) + o (s, 25 (s))w(s)]ds. (25)

We define p(z) £ 1dist(z, G)? = (z — mg(z))%. Since G is closed and convex, p is C! with
Vp = k71, so that

+f~”v/ Vp(ai(s))Pds */O V(g (s)) - [b(s, 25 (s)) + o (s, 25 (s))w(s)]ds,

and then

(/ tvp“”g(s”'st> <t (/ b(s, a2(s)) + (s, <>>w<s>|2ds)1/2, (26)
p(s (/ [b(s, 25 (5)) + o (s, 2 (s ))W(S)I2d8>l/2- (26b)

Plugging the square of (26a]) into the square of 1.' the Gronwall lemma yields () using
that coefficients are Lipschitz. Plugging () into (26a))-(26b) then yields (ii)-(ii1). O

Lemma 3.2 (Convergence of penalised curves). For every (x,(0),w) in G x L*((0,t),R"),

sup |25 (s) — z,(s)] < Cr~14
0<s<t

for a constant C' > 0 that only depends on (t,||w|| L2).

Proof. We define the curves y, §” and y” by

y(t) £ 2.(0) +/O b(s, 7w (s)) + 0 (s, 2w (s))w(s)ds,

() £ 2,(0) + / b(s, 25 (5)) + o5, 2% (5))w(5)ds,

Yo (t) & (el () — af(t) +77(1),

together with the correction terms

() 2 2 (1) — (), y2 / fule

We then apply [Tan79, Lemma 2.2] to g (z") = y* + ¢* and 2, = y + ¢
raat®) — 2O < (6 = (o) +2[ W0 - 0 - () + (sl — 9)(s)
<l () - vl +2 | W0 - 70 - () + T - )5
2 f ) — 9(6) — T(5) + yls)det — 9)(s).
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The first integral is bounded by
t
2 sup [ng(a5(s) — 25(s)| | dlerl(o) +dlels) < On 17,
0<s<t 0

where we used Lemma [3.1}(é), and Lemma [3.1}(ii) to bound

[ a6 = [[1gsteneias

uniformly in k. Integrating by parts, the second integral becomes
[ 1656) = 00l =)o) = [ la(6) ~ (o) = 77(5) + (A" - ))
0 0
= [ ) ~ o 0l@* ~ 0 - 5170 - v(O

We now notice that y® — y is absolutely continuous w.r.t. the Lebesgue measure, and we
bound the remaining integral by

2/0 |25 (5) = @w(8)* + [b(s, 2 (s)) + o (s, 255(5))w(s) — b(s, 2 (5)) — o (s, zw(s))w(s)[*ds,

where we also used that ab < 2(a? + b?). Lemma (zm) gives C’ > 0 such that
j5(5) — 2o (s)] < O'w™Y2 4 (i (5)) — 2w (s)]-

Gathering all the terms and using that coefficients are Lipschitz, the Gronwall lemma gives
the desired result. O

Corollary 3.3 (Time-regularity). For every (z,(0),w) in G x L*((0,t),R"),
(i) Vs € 0,8, [!|in(r)[Pdr < Ot —s) + [T|w(r)|?dr,
(ii) Vr,s € [0,1], |2vw(r) —zu(s)] < Clr — s|'/2,

for a constant C > 0 that only depends on (¢, ||w||L2).

Proof. Starting from the penalised dynamics:
5(r) = = fu(al(r) + b(r, 25 (r)) + o (r, 25 (r))w(r).

We now take the square and we integrate. Using Lemma (z) and to bound the
penalisation, we obtain a bound on z in H'((s,t),]R") that does not depend on . Since
xf uniformly converges towards x,,, this bound implies weak convergence towards z, in
H((s,t),R™). The H'-norm being lower semi-continuous w.r.t. weak convergence, this
proves (7). Using the Cauchy-Schwarz inequality, (i) is a consequence of (7). O

Proof of Theorem[2.4 From Lemma (z)7 ¥* can be bounded by a constant M > 0
uniformly in k. As a consequence, we can restrict the minimisatio to controls w with
square L2-norm lower than 2M. We then plug the result of Lemma into the minimisation
(13)): since ¢ and h are Lipschitz-continuous, this completes the proof. O

Proof of Corollary[2-3. Let (2%(t))x>0 be a family of minimisers for z — #*(¢,z). As in the
above proof, we restrict the minimisation to controls w with square L2-norm lower than
2M. The coeflicients being Lipschitz, it is standard to show that ¥ (¢, 2"(t)) is realised by
some w® € L?(0,t) with ||w"”"||%2(07t) < 2M. Lemma (z) then shows that (2"(t))x>o0 is
bounded, hence pre-compact. Since uniform convergence implies I'-convergence, the result
follows. O
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3.2 Viscosity solution

The key-ingredient is the following dynamic programming principle.
Lemma 3.4 (Bellman principle). For any z in G and 0 < t — 7 < t < T, the dynamic
programming holds:

t
V(t,z) = inf YVt —T1,x,(t—7)) + (s, x,(s),w(s))ds.
( a0 a5, ( ( ) - (s, )

Proof. The proof relies on classical arguments; however, given that we are working with
backward processes and that the trajectory does not necessarily admit a unique backward
solution for each control, we prefer to provide the proof here.

Let (2.,(0),w) belong to Af,. For any (z./(0),w’) € Ai_r 4 (t—r), We define

B(s) 2 Ws) if0<s<t—r,
w(s) ift—7<s<Ht.

By construction, (z,(0),&") belongs to Agx, and according to |[ET05|, there exists a unique
trajectory x,s emanating from x,,(0) with the control @. Hence, x5 = x/, on [0,t — 7] and
Ty = Ty on [t —7,T], and we have

V(1) §1/)(mw1(0))+/0_T£(8 T / wo(s), w(s), s)ds.

This inequality being true for every (z.(0),w") € Aj—7 5 —r), We get that
t
V(t,x) <Vt —T1,2,(t—7))+ £(s,2,(8),w(s))ds.

t—1

Moreover, for every € > 0, some (z,,(0),w) € Af, exists such that
V(t,x)+e

> (0 ))+/”e(s e / 05, 20 (5), w(s))ds

>V (t—T1,2,(t—7)) / 0(s,x,(s),w(s))ds,

using that (z,(0),wlj—r) € AT o (t—r)- Since such a (24,(0),w) exists for every € > 0,
this completes the proof. O

We now turn to the proof of Theorem

Proof for the sub-solution part. Given t > 0 and z € G, let ¢ : Ry x G — R be a C!
test function such that ¥ — ¢ has a local maximum at (¢,2). We now use that the control
additively enters the dynamics (¢ = Id). If z € G, for every every @ € R" we can find
(2,(0),w) € AF, such that w is continuous, w(t) = & and z,,(s) € G for s < t. If x € 9G,
this is still p0551ble provided that [b(t,x) + @] -n(z) > 0. From the local maximum condition,

o(t, ) —pt — 1, x,(t —7)) <Y (t,x) =V (t — 1y2,(t — 7))
< /ti 0(s,z,(s),w(s))ds,

where the second inequality stems from Lemma By construction of w, s +— x,(s) is
differentiable at t. Dividing by 7 and taking the 7 — 07 limit gives that

Liatt) = (e, )2 < 0.

Buplt, ) + b(t, ) +8] - Veplt,7) — 5o — 2
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If x € G, maximising over w € R"™ gives the sub-solution property; moreover, the maximum
is realised by @ = Vo(t, z). If z € G, from the definition of sub-solution [BL91, Section 2|,
we can assume that [b(t,z) + Vo(t, z)] - n(z) > 0. This allows us to take & = V(¢ z) to
realise the maximum. In both cases, we obtained the sub-solution property. O

Proof for the super-solution part. Given (t,z) in Ry X G, we consider a C' test function
¢ : R4 x G — R such that ¥ — ¢ has a local minimum at (¢, ). Positive numbers §,h > 0
exist such that

[t—t|<dand |z —2'| <h= V' 2")— o', 2') > V(t,z) — p(t,z). (28)

Fix now ¢ > 0. Since 7 is bounded on G by some M > 0, we can restrict the minimisation
to controls w with square L?-norm lower than 2M. From Corollary (u), s x,(s) is
continuous on [0, ¢] uniformly in (z,,(0),w) € Af, such that ||o.)||%2(0 ¢ < 2M. This provides
n > 0 such that for every (z,(0),w) € A, with HwH%Z(O pn < 2M,

0<7<n=|z,(t—7)—z| < h.
Let (7)k>1 be a sequence that converges to 0 with 0 < 7, < min(d,n). In Lemma it

is sufficient to minimise over (z,,(0),w) € A, with ||{,«J||2L2(0 # < 2M. By definition of the
infimum, there exists (2., (0),wx) € Af, such that HwkHig(O p < 2M and

t
V(t,x)+eri >V (t — Th, T, (t — T)) + / 08, Ty, (8), wr(s))ds. (29)
t—Tx
Using , we get that
o(t, @) — ot = T, T, (t — k) = P (t,2) = Pt — T, Ty, (E — Th))

¢
> —eTy, +/ 08, Ty, (8),wr(s))ds.
t—Tg

Since ¢ is C! and s+ z, (s) is absolutely continuous, this yields

/ti 0s0(8, 4y, (8)) + Zuy, () - Vo(8, @, (8)) — (S, X4, (8), wi(8))ds > —eTy. (30)

We now carefully handle the boundary.

Case z € G: the uniform in k continuity of x,, provides that for large enough £,
Vs € [t — iy t], Zw(8) € G, hence &y, (s) = b(s, Tw,(5)) + wr(s).

Moreover,
b(s, 2w, (5)) - Vep(s, Tu, (5)) + %IVM& Ty ()2
> [b(s, Tu, (5)) +wi(5)] - Vo5, 2, () — 5lwi(s) [

hence from ,

| [utls.0u(9) 5 (0) - V(5,0 (5) + 5 Vil ()P

— Tk

_ %w(s) — (5, 20, (5))[F]ds > e, (31)
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Using again that s — x,,, (s) is continuous at s = ¢t uniformly in k, we divide by 7, and we
take the k& — 400 limit to obtain that

1 1
Ouplt, ) + b(t,) - Viplt, 2) + 5 [Viplt, ) = S1i(t) — it ) = —.

Since this holds for every ¢ > 0, this gives the super-solution property.

Case x € 0G and Vy(t,z) - n(x) > 0: since G has a C? boundary, there exists a
neighbourhood U of z in R"™ such that

GNU={yeU,y(y) <0}, 9GNU={yeU,(y) =0},
for a C? function v : U — R with n(z) = Vy(z). We now decompose
Ty (8) - V(s . (8)) = [By, (5) - VY (@, (5))][V(s, Ty (5)) - VY (@, ()]
+ Té'y(xwk(s))(iwk (s)) - ﬂ.éfy(xwk(s))(v@(s’ Tey, (5))),

where Té,y denotes the orthogonal projection on the hyperplane with normal vector V~. To

alleviate notations, we write V7 instead of V(. (s)). We have 75, (#, (5)) = 5., (b(s, 2w, (5)))+

7 (wr(s)) hence
715 (b(5, T, (5))) - 75, (Vo (s, 2, (5))) + %lﬁéy(vw(sv%k ()
> 15, (b(s, 20, (5))) + 715, (wi(5))] - 75, (Veo(s, 2, (5))) — %|7T$'y(wk(s))|2' (32)
On the other hand, the uniform in k£ continuity guarantees that for large enough k,
Vs €[t =7k, t], V(s 20, (5) - V(2 (5) = 0,
so that, for almost every s € [t — 7, 1],
[Ty, (8) - VAV (s, 2y (8)) - VA < [b(s, 2y (5)) - VY + wi(s) - VA[Vip(s, 2, (5)) - VA,

and we can reason as in (32)). Gathering all the terms in gives (31), and we conclude as
before.

Case x € 0G and V(t,z) - n(z) = 0: the Cauchy-Schwarz inequality yields

JECRCR TR

1/2

<(/ (5)- Vs 1/2( / Voloan(9) - Talas) L (39

where we write V7 instead of Vy(z, (s)) as in the previous case. From Corollary [3.3}(i),
the first integral on the r.h.s can be bounded in terms of ftt,m |wi(s)|*ds. From (29), using
the continuity of ¥ together with the continuity of z,, uniformly in k, this integral goes to
0 as k — +o0.

In the current viscosity setting, we can always assume that ¢ is C2. Moreover, 7 is C? too.
Using Vp(t, z) - Vy(z) = 0 and Corollary (m), this yields |Vip(s, 2y, (5)) - VY(24, ()|* <
C1, for C' > 0 independent of (s, k). From , this implies

Til/t [, (5) - VY (2w, ()] [VR(S, Zaoy, (5)) - VY (2o, (8)) (2, (5))]ds —— 0.

- k—-+o00

From (30)-(32) and V(t, z) - n(z) = 0, reasoning as in the previous case concludes.
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Case x € 0G and Vo(t,z) - n(z) < 0: we notice that

l;:MJ@VWMAQMS=%@—WWMQ—WD207

hence
/ti [y, (8) - VY (@, ()] [V(2ey, (5)) - V(2w (s)]ds

S/ti [y (8) - VY (@ (8)][VP(20y (5)) - Vy(, (5)) = Vep(t, ) - Vy(a)]ds.

The integral on the r.h.s. can be handled as we did for to get that

t
quj [y (5) - V(T ()] [V, (5)) - V(1 ()]s < 0.
k—r+o00 t—Tg
Going back to —, we reason as before, we send k — 400 and then € — 0. This gives
the incomplete property:
1 1.
Brp(t, ) + Ty (D(t, @) - Ty (Vip(t, ) + §|7Ti<z) (Ve(t,2))|* — 219 = h(t, x)* > 0.

The boundary condition being imposed in the viscosity sense [BL91 Section 2], we can
assume that b(t,z) - n(z) + $Ve(t,x) - n(x) <0, so that

[b(t, ) - n(2)][Ve(t, ) - n(x)] + %va(t,fv) ~n(z)[* > 0,

because V(t, z) - n(x) < 0. Adding this to the incomplete property concludes. O

Remark 3.5 (Super-solution property at the boundary). When b-n <0 on G, we deduce
from the last case of the above proof that ¥ is actually a viscosity super-solution of

O () + bt 2) -V (1,2) + 5[9F (6,2)F = S1i(0) — h(t,2)]* =0,

on the full [0,T] x G for every T > 0 (no more boundary condition). The related comparison
principle then enters the scope of [CLI0, Theorem III.2].

4 Small noise filtering for reflected dynamics

This section is devoted to the proof of Theorem Our approach is a simple instance of
the general machinery developed in [FK06|. Let us a fix a continuous ® : G — 0 and ¢ > 0.
By regularisation and density, we can assume that ® is defined and C* on a neighbourhood
of G. This allows us to apply |Fri08, Chapter 5, Corollary 2| to get that

05 (s,x) + b(s,x) - VO(s,2) + SADS(s,3) — 5=[§(s) — h(s,z)[*®*(s,z) = 0,
Pe(t,z) = e @/ 2 €@,
%(s,x) =0, (s,z)€][0,t)x0G.
has a unique solution ®¢ in C([0,¢] x G) N C*%([0,t) x G). From [Huc90, Lemma 3.2|, we
get the duality relation

/@6(07x)qg(t,x)dx:/ D (t,2)¢°(0, x)d. (34)
G

G
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The log-transform V§ £ —¢log ®° then satisfies

0V (s,2) +b(s,2) - VVi(s,) + §AVE (s, ) = 3| VVi (s, )
+319(s) = h(s,2)2 =0, (s,2) € [0,¢) x G,

qu(t,x) = @(z)7 T E 67

Wi (s,0) =0, (s,2) € [0,t) x OG.

From this, we proceed as in [F1e97), Section 5] to give a control representation for V. On a
filtered probability space (2, F, P, (Fs)o<s<t), let (Bs)o<s<¢ be an adapted Brownian motion.
For 0 < s < t, € G and any square-integrable adapted process (ar)s<r<t, we define the
controlled reflected dynamics

dY>* + xg(Y,2%)(ds) 3 b(s, Y, %)dr + a,dr + edB,, s<r<t,

with initial condition Y% = z. Since V§ is C1?, a standard verification argument now gives
that

i 1 o
Vi) = il E| [ Gl gli) - hnvE) Par s e (39)
Y=g s

The next result is the analogous of [Fle97, Lemma 5.1| or Theorem
Lemma 4.1. There exists C > 0 independent of € such that

sup V(s x) — VI(s, )| < Ce'/4,
(s,2)€[0,t]xG

Proof. Since G is bounded, choosing e.g. a =0 in , we get that Vg is uniformly bounded
by some M > 0 independent of €. Thus, we can restrict the minimisation to control processes
(o) s<r<t With square L?-norm lower than 2M. From [PR14, Proposition 4.16-I] we get that

E[ sup |V,
s<r<t

] < Cu,

and from |[PR14} Proposition 4.16-II] that

E[ sup |Y'Te,o¢ _YTO,a|2] < CM51/2;
s<r<t

for Cp; > 0 independent of . We then plug this into the minimisation (35): since ® and
h are Lipschitz-continuous, we conclude by using the Cauchy-Schwarz inequality for the
%|y(r) — h(r,Y,5%)|? term. O

Proof of Theorem[2.8 Going back to 7 the assumption on ¢§(z) = ¢°(0,z) and Lemma
give that

_clog / e~ ®@)/2 05 (¢, )z = —¢ log / VRO +b(@) 4 @)/e gy
G G

for some continuous r¢ that uniformly converges to 0 as ¢ — 0. The standard Laplace
principle (see e.g. |[JB88a, Lemma 6.1]) now shows that the r.h.s. converges towards
inf, .z VP(0,z) + ¢(z). However,

inf V(0,2) + ()

zeG
. ‘1 2 1. 2
= il (1) + V@) + | Sl + 5135 — hs.ru(s)ds
— inf ®(z) + ¥ (t,),
zelG
concluding the proof. O
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