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Learning with Differentially Private (Sliced) Wasserstein Gradients

David Rodriguez-Vitores !

Abstract

In this work, we introduce a novel framework
for privately optimizing objectives that rely on
Wasserstein distances between data-dependent
empirical measures. Our main theoretical con-
tribution is, based on an explicit formulation of
the Wasserstein gradient in a fully discrete set-
ting, a control on the sensitivity of this gradient
to individual data points, allowing strong privacy
guarantees at minimal utility cost. Building on
these insights, we develop a deep learning ap-
proach that incorporates gradient and activations
clipping, originally designed for DP training of
problems with a finite-sum structure. We further
demonstrate that privacy accounting methods ex-
tend to Wasserstein-based objectives, facilitating
large-scale private training. Empirical results con-
firm that our framework effectively balances ac-
curacy and privacy, offering a theoretically sound
solution for privacy-preserving machine learning
tasks relying on optimal transport distances such
as Wasserstein distance or sliced-Wasserstein dis-
tance.

1. Introduction

Optimal transport distances have been shown to be a power-
ful tool for measuring discrepancies between distributions
in learning problems. Given two probabilities P and @ in
RY, the Wasserstein distance W),(P, Q) is defined as the p'"
root of the cost associated to the optimal transport plan, i.e.,

1/p
|l =itz )

where II(P, Q) represents the set of probabilities in the
product space with marginals P and (). Except mentioned

Wy(P,Q) = (ﬂeﬁ?ﬁ, o
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otherwise, this article will look at the specific case of Ws. Its
straightforward geometric interpretation makes it an effec-
tive tool for comparing distributions even when the supports
do not align, offering a significant advantage over other
widely used metrics and divergences. Thus, it has been
successfully applied in a number of areas, including genera-
tive models (Arjovsky et al., 2017), representation learning
(Tolstikhin et al., 2018), domain adaptation (Courty et al.,
2017) and fairness (Gordaliza et al., 2019; Risser et al.,
2022; De Lara et al., 2024; Jiang et al., 2020; Chzhen et al.,
2020; Gaucher et al., 2023).

To tackle the curse of dimensionality in its computations,
two main alternatives have been explored, namely, approx-
imating the OT cost by an entropic regularization, as pro-
posed in (Cuturi, 2013), or leveraging the use the Wasser-
stein distance between one-dimensional projections.

Indeed, denoting by, for any probability distribution P on
R, Fp its cumulative distribution function (CDF) and F'; 1
its quantile function, which is defined as the generalized
inverse of F'p, then the W5 Wasserstein distance satisfies
Wo(P,Q) = |Fp' — FélHLz((O,l)) for any probability
measures P, ) on R. This perspective has inspired a vari-
ety of distance surrogates that incorporate one-dimensional
projections. In this work, we center our attention on the
sliced Wasserstein distance (Rabin et al., 2011; Bonneel
etal., 2015), defined as

1/2
SWa(P,Q) = (| WE(Pry#P.Pry #Q)du(v)) ",

§d—1
where # is the push forward operation of a measure by a
measurable mapping, Pry the projection along the direc-
tion of 1, and 1 denotes the uniform measure on the unit
sphere S?~!. Note that the integral on the sphere may be
approximated by Monte-Carlo methods. A substantial body
of research has demonstrated the effectiveness of the sliced
Wasserstein distance as a discrepancy measure for gener-
ative modeling (Deshpande et al., 2018; Wu et al., 2019),
representation learning (Kolouri et al., 2018), domain adap-
tation (Lee et al., 2019) and fairness (Risser et al., 2022).

In parallel, analyzing statistics derived from real user data
introduces new challenges, particularly regarding privacy.
It is well-established that releasing statistics based on such
data, without proper safeguards, can lead to severe conse-
quences (Narayanan & Shmatikov, 2006; Backstrom et al.,



2007; Fredrikson et al., 2015; Dinur & Nissim, 2003; Homer
et al., 2008; Loukides et al., 2010; Narayanan & Shmatikov,
2008; Sweeney, 2000; Wagner & Eckhoff, 2018; Sweeney,
2002).

To address these issues, differential privacy (Dwork et al.,
2006b) has emerged as the leading standard for privacy pro-
tection. Differential privacy incorporates randomness into
the computation process, ensuring that the estimator relies
not only on the dataset, but also on an additional source
of randomness. This mechanism obscures the influence of
individual data points, safeguarding user privacy. Prominent
organizations like the US Census Bureau (Abowd, 2018),
Google (Erlingsson et al., 2014), Apple (Thakurta et al.,
2017), and Microsoft (Ding et al., 2017) have adopted this
approach. Notably, an extended body of literature stud-
ies the interplay between privacy and learning / statistics
(Wasserman & Zhou, 2010; Barber & Duchi, 2014; Di-
akonikolas et al., 2015; Karwa & Vadhan, 2018; Bun et al.,
2019; 2021; Kamath et al., 2019; Biswas et al., 2020; Ka-
math et al., 2020; Acharya et al., 2021; Lalanne, 2023; Aden-
Ali et al., 2021; Cai et al., 2019; Brown et al., 2021; Cai
et al., 2019; Kamath et al., 2022a; Lalanne et al., 2023a;b;
Lalanne & Gadat, 2024; Singhal, 2023; Kamath et al., 2023;
2022b).

1.1. Contributions

The main contribution of this work is to present a frame-
work to privately optimize problems involving Wasserstein
distances between data-dependent empirical measures. This
general contribution can be split into as follows.

1) A tight sensitivity analysis leading to privacy at low
cost. Despite W5 not enjoying the typical finite sum struc-
ture (e.g. loss = 2 37 | gy(z;)), we prove that its gradient
has a decomposition that is favorable for privacy analy-
sis and that is compatible with standard autodifferentiation
frameworks (Abadi et al., 2015; Paszke et al., 2019; Brad-
bury et al., 2018). We prove in Section 4 that the sensitivity
of this gradient (i.e. how much the gradients are allowed to
change when changing on individual’s data) roughly van-
ishes as % where n is the sample size. The implications of
this observation are that it is possible to leverage classical
tools in differential privacy to obtain privacy at a vanishing
cost in tasks utilizing those gradients.

2) A deep learning framework. As is often the case
with differential privacy, the privacy analysis typically as-
sumes that a prescribed set of data-dependent quantities are
bounded. In practice, this is often not the case, and one has
to resort to the use of clipping (Abadi et al., 2016), which
leads to biases (Kamath et al., 2023) in the estimation pro-
cedure. Despite the problem not enjoying a finite-sum struc-
ture, we show in Section 5 that similar tricks are applicable
to Wasserstein gradients. In addition to that, Section 5 also

demonstrates that privacy accounting (Abadi et al., 2016;
Dong et al., 2019) is still applicable to Wasserstein gradients,
allowing for deep learning and scalable applications.

1.2. Related Work

Differential Privacy and Optimal Transport Our analy-
sis aligns with the work of (Rakotomamonjy & Ralaivola,
2021), which extends the ideas from (Harder et al.,
2021)—originally applied to the Maximum Mean Discrep-
ancy (MMD)—to the sliced Wasserstein loss. This work
establishes privacy guarantees for the value of the sliced
Wasserstein distance. However, the privacy guarantees are
insufficient for training models privately, except in simple
scenarios such as the generative model proposed in (Harder
et al., 2021). In contrast, our work is significantly broader
in scope, and adapts to a wider range of problems, as dis-
cussed in Remark 4.3. (Liu et al., 2025) follow the same
line of (Rakotomamonjy & Ralaivola, 2021), extending
their methodology to an alternative definition of the sliced
Wasserstein distance. In a different vein, other existing
works develop task-specific private methodologies lever-
aging optimal transport. The sliced Wasserstein distance
has been applied in data generation by (Sebag et al., 2023)
from a different approach based on gradient flows. (Tien
et al., 2019) tackled differentially private domain adaptation
with optimal transport by perturbing the optimal coupling
between noisy data. Recently, (Xian et al., 2024) proposed
a post-processing method based on the Wasserstein barycen-
ter of private histogram estimators of conditional densities
to obtain a fair and private regressor. Beyond these ap-
proaches, optimal transport has also been explored in novel
privacy paradigms unrelated to our work (Pierquin et al.,
2024; Kawamoto & Murakami, 2019; Yang et al., 2024).

Fairness in Machine Learning. Fairness in machine
learning has emerged as a critical area of research, driven
by the growing recognition of its societal impact and the
ethical implications of algorithmic decision-making. Addi-
tionally, regulatory frameworks such as the General Data
Protection Regulation (GDPR) and the recent European Al
Act' mandate stringent measures to identify and mitigate
bias in Al systems, emphasizing the need for fair and pri-
vate methodologies in machine learning. Unfairness arises
when certain variables, often referred to as sensible variable,
systematically bias the behavior of an algorithm against spe-
cific groups of individuals, leading to disparate outcomes.
This field of research has received a growing attention over
the last few years as pointed out in the following papers
and references therein (Chouldechova & Roth, 2020; Dwork
et al., 2012; Oneto & Chiappa, 2020; Wang et al., 2022;
Barocas et al., 2018; Besse et al., 2022).

"https://artificialintelligenceact.eu/
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The Wasserstein distance offers a compelling framework for
addressing fairness, as it provides a principled way to quan-
tify discrepancies between the distributions of different sub-
groups. Moreover, as stated first in (Feldman et al., 2015),
then in (Gouic et al., 2020) or (Chzhen et al., 2020), Wasser-
stein distance between the conditional distributions of the
algorithm for each group, is the natural measure to quan-
tify the cost of ensuring fairness of the algorithm, defined
as algorithms exhibiting the same behavior for each group.
Hence optimal transport based methods are commonly used
to assess and mitigate distributional biases, paving the way
for more equitable algorithmic decision-making. We refer,
for instance, to the previously mentioned references (Chi-
appa et al., 2020; Gordaliza et al., 2019) and references
therein.

Differential Privacy and Fair Learning. The interplay
between fairness and differential privacy has received sig-
nificant attention in recent years. A comprehensive review
of this topic in decision and learning problems is provided
in (Fioretto et al., 2022). Within the learning framework,
research has progressed in various directions. From a the-
oretical standpoint, despite the early work of (Cummings
et al., 2019) demonstrating inherent incompatibilities be-
tween exact fairness and differential privacy, (Mangold
et al., 2023) recently presented promising theoretical re-
sults indicating that fairness is not severely compromised by
privacy in classification tasks. Another research direction
has focused on studying the disparate impacts on model
accuracy introduced by private training of algorithms. This
phenomenon was first observed in (Bagdasaryan et al., 2019)
and has been extensively studied in subsequent works (Far-
rand et al., 2020; Tran et al., 2021; Xu et al., 2021; Esipova
et al., 2023). A third line of research aims to develop mod-
els that are both private and fair. Private and fair classifi-
cation models have been proposed using in-processing and
post-processing techniques across various scenarios in (Xu
et al., 2019; Jagielski et al., 2019; Ding et al., 2020; Lowy
et al., 2022; Yaghini et al., 2023; Ghoukasian & Asoodeh,
2024). A recent comparison of these works can be found
in (Ghoukasian & Asoodeh, 2024). In the topic of fair and
private regression, the only available work is the aforemen-
tioned post-processing method of (Xian et al., 2024), which
is limited to one-dimensional case.

2. Differential Privacy

Differential privacy (Dwork et al., 2006b) starts with fixing
a dataset space D, the space in which we expect the dataset
to live, and a neighboring relation ~ on D. For D, D e
D, we write D ~ D when D and D are neighbors (see
below). Differential privacy then imposes that a randomized
mechanism (i.e. a conditional kernel of probabilities) M :
D — O makes M (D) hard to discriminate (in a statistical

sense) from M (D) for any pair of neighbors D ~ D.

The neighboring relation ~ is application specific and is
usually either the addition / deletion relation (D and D are
neighbors iff one can be obtained from the other by adding
or removing the data of one individual from the dataset) or
the replacement relation (D and D are neighbors iff one
can be obtained from the other by changing the data of one
individual from either datasgt). In general, it is useful to the
reader to understand D ~ D as : “The difference between
D and D only comes from one individual’s data”

In our paper, due to the splitting of the data into separate
categories in the Wasserstein distance, and because of po-
tential asymmetry that may arise in their treatments, we will
occasionally employ modified definitions of neighboring
relations, which can be encompassed within the following
family, indexed by the number of classes & > 1. Note
that the case k = 1 coincides with the usual replacement
relation.

Definition 2.1. (k-end neighboring relation) Let D =
D" x ... x D,* be the set of partitioned datasets with sizes
ni,...,n, > 1. Given two datasets D = (D1, ... 7Dk),
D = (D!,...,DX) € D, we say that D ~;, D if there
exist and index j € [k] such that D! = (di,...,d! ) and

s Yny

D! = (di,...,d ) coincide up to a permutation of the ele-

ments if ¢ # j, and up to a permutation and a replacement
of one of the d;’s by any element in D; if i = j.

The historic definition of differential privacy (Dwork et al.,
2006b; Dwork, 2006; Dwork et al., 2006a) with (¢, ¢) reads:

Definition 2.2 ((¢, )-DP (Dwork et al., 2006a)). A random-
ized mechanism M : D — O is (¢, §)-differentially private
((¢,9)-DP) if V D ~ D, and V measurable S C O,

P (M(D) € S) < eP (M(f)) € s) +6,
where the randomness is taken on M only.

A ubiquitous building block for building private mecha-
nisms is the so-called Gaussian mechanism which consists
in adding independent Gaussian noise to the output of a
deterministic mapping. Quantifying the privacy of this (now
randomized) mechanism then boils down to controlling
the variations of the deterministic mapping on neighbor-
ing datasets, as captured by the following lemma.

Lemma 2.3 (Privacy of the Gaussian mechanism (Corollary
of Theorem 2.7, Corollary 3.3 and Corollary 2.13 in (Dong
et al., 2019))). Given a deterministic function h mapping a
dataset to a quantity in RY, one can define the lo-sensitivity
of h as
Agh := sup [n(D) — R(D)], -
D~D

When this quantity is finite, for any o > 0, the Gaussian



mechanism defined as
D — h(D) + oN (0, 1) ,
is (€, 6(€))-DP for any € > 0 where, by noting |1 = %,

S
[T

where ® denotes the standard normal CDF.

5(e) = q»(fi +2)

A deterministic query h is thus usually considered easy to
privatize with the Gaussian mechanism when its sensitivity
decreases with the sample size. In particular, Section 4
proves that the Wasserstein gradients enjoy such property,
motivating the methods presented in this article.

In addition, private mechanisms are stable under composi-
tion (which means that is possible to quantify the privacy
of sequential private accesses to a dataset) (Dwork & Roth,
2014; Dong et al., 2019), privacy is amplified by subsam-
pling (Steinke, 2022), and private mechanisms are stable
under post-processing (Dwork & Roth, 2014; Dong et al.,
2019).

3. Wasserstein Gradients and Applications

The key to obtain appropriate privacy guarantees in this
work involves deriving a concise and tractable closed-form
expression for the squared Wasserstein distance between
one-dimensional empirical distributions.

In the following, given sample of observations z; € R for
i € [n] := {1,...,n}, we denote its order statistics by
T1) T2y < STy Given two discrete probabilities
on the real line Py = 1+ >, du, and Py = - 37" dv,
using the characterization of W3 ( Py, Py) in terms of quan-
tile functions, it follows that if we define the weights

— 1 -1
Ry =M(( 0 (5 2]) e
n 'n m 'm
where A\ denotes the Lebesgue measure, and consider the

rank permutations o, 7 such that U; = U, (;)) for each
i € [n] and V; = V(,(;)) for each j € [m], then

[n],j € [m],

Proposition 3.1. With the above notation,

S5 Futoriy (Ui V)

=1 j=1

3 (Py, Py) =

Proposition 3.1 allows us to express the Wasserstein dis-
tance as a sum of squared differences multiplied by some
weights R, ;) r(j), Which depend only on the rank permu-
tations. Thus, if we are interested in the partial derivative
with respect to U, it is well defined, provided that its rank
o (7) remains unchanged in a neighborhood of U;.

Proposition 3.2. With all the previous definitions,
W2 (Py, Py) is differentiable as a function of U =
(U1, ...,Uy) in the set of points verifying Uy < ... <
U(n), and its gradient is given by

( Z Ro(i)r() (Ui = Vj ))Z_e[n] (1

Similarly, as a function of V. = (Vi,...,Vn),
W2 (Py, Pv) is differentiable in the set of points verifying
Vay < ... < Vi), and

( ZRam ) (V]

VuWi(Py, Py) =

VyW2(Py, Py) = U))je[m]

(@)

This result offers a straightforward alternative to the em-
pirical approximation of the Wasserstein gradient between
absolutely continuous measures presented in (Risser et al.,
2022), and generalizes the gradient formula used in (Bon-
neel et al., 2015) and (Tanguy et al., 2023) to distributions
with different sample sizes. From a practical perspective,
the lack of differentiability when some of the points coin-
cide is not a significant concern. In such rare cases, the rank
permutation is not unique. Selecting one of these permuta-
tions, equations (1) and (2) allows to compute (incorrect)
gradients, take a step, and continue. It should be noted that
this approach has been implicitly assumed in previous pa-
pers (Deshpande et al., 2018; Kolouri et al., 2018) relying
on automatic differentiation with satisfactory empirical re-
sults. With a slight abuse of notation, we will use the term
gradient in the following sections to denote the values in
Equations (1) and (2). Even outside the set of differentiabil-
ity points, we will still be able to obtain privacy guarantees,
as detailed in the next sections.

4. A Private Surrogate for Wasserstein
Gradients

Assume that we have samples X = (x1,...,x,) € X",
Z = (z1,...,2m) € 2™, and denote by Px and Py
the empirical distributions associated with X and Z. This
section explains how to apply previous result to the case
where U; = gg(x;) and V; = hg(z;) are the outputs of ma-
chine learning models, to privatize the quantity VW3 :=
VoW23(ge# Px, ho# Pz). For clarity of presentation and
due to its importance in various applications, we present
the analysis for the one-dimensional Wasserstein distance,
assuming go (), ho(z) € R. The extension to the sliced
case is simple, as explained in Remark 4.2.

The gradient VW2 is commonly used for a large variety of
applications in machine learning, including representation
and fairness, when trying to optimize the parameters 6 of



two functions gy and hy to minimize the distance between
their corresponding empirical distributions % S Ogo (a)
and % Z;n:1 Ohg (z;)» Using (stochastic) gradient descent op-
timization algorithms. Proposition 3.2 and the chain rule
under suitable assumptions give the following feasible ex-
pression, which will be used throughout all the paper

VoWs =2 ) Roi),-(5)(90(x:) — ho(2)) Voge(w:)

i=1 j=1

n m

+23 > Ry () (ha(z5) — go(w:)) Vaho(Z;) -

i=1 j=1

When estimating the previous gradient, and depending on
the application, we may want either X or the Z to be private
(e.g. when trying to match sensitive data to a reference
known distribution), or both to be private (e.g. when work-
ing with sensitive data coming from two different groups).
The first case being symmetric in the X and the Z, we will
always assume that either only X is private, or both X and
Z are private. Definition 2.1 provides suitable neighboring
relations to establish privacy guarantees in both cases. In
the following, we will bound the sensitivity of Vg WQQ, both
as a function of X, with ~1 in D = X", and as a function
of (X, Z), with ~9 in D = X™ x Z™. Our main result can
be stated as follows.

Theorem 4.1. With all the previous notation, assume that
there exists constants M, Ly, Ly > 0 such that for each
0O, xeXandz € Z,

ho(2)] < M.

2. IVago(x)ll2 < L1, [[Vohg(2)|l2 < La.  Then

(a) Under the neighboring relation ~1 in D = X", if we
define ®¢(X) = VW3 (ge# Px, ho#Pz), then

3Ly + Lo
—

Ady < AM

(b) Under the neighboring relation ~5 in D = X™ x Z™,
if we define Vo(X,Z) = VoW2(go#Px, ho#Pz),
then

3Ly +Ly Ly+3L
A‘119§4Mmax{ 1t 2, Lt 2}.
n

m

Assumption 1 is a uniform boundedness condition. Assump-
tion 2 is verified as soon as gg and hy are Lipschitz with
respect to the parameter §. The main advantage of this
bound is that it adapts to many different situations. This
theorem (and its sliced version, Remark 4.2) covers

e Data generation: gg(z) = x, Z samples from a reference
distribution. (Deshpande et al., 2018)

® Representation learning: hg(z) = z, Z samples from a
reference distribution. (Kolouri et al., 2018)

e Domain adaptation: Z available public data and hy(z) =
z or hg = gg. (Lee et al., 2019)

In all previous applications, privacy guarantees are only re-
quired with respect to X. In the data generation problem,
go(x) = x does not depend on 6, and therefore L; = 0.
Similarly, in the representation learning problem presented,
Lo = 0, and we can use (a) to obtain suitable privacy guar-
antees.

Remark 4.2. Theorem A.1 in Appendix A.3 extends Theo-
rem 4.1 to the multidimensional setting go (), hg(2) € RY,
using the sliced Wasserstein distance SW3 or its Monte-
Carlo approximation. In any case, Theorem A.l follows
directly from Theorem 4.1 and the fact that the sliced gra-
dient is an average (in the form of an integral of a sum)
of the gradients VW2 ((Pry #90)# Px, (Pry #he)# Pz).
The conclusions of Theorem A.1 remain identical to The-
orem 4.1, but now require uniform control over ¥ of the
bounds in Assumptions (1) and (2) for the projected func-
tions Pry #gg, Pry #hg. To achieve this, Assumption 1 is
replaced by ||go(z)||2 < M, ||ho(x)||2 < M and Assump-
tion 2 by ||Jyge(x)||2 < L1, ||Tohe(2)||2 < Lo, where
|| - ]2 denotes here the spectral norm of a matrix. Note that,
for d = 1, Jpgs = Vg and the spectral norm coincides
with the 2-norm.

Remark 4.3. Our work significantly broadens the applicabil-
ity of the method in (Rakotomamonjy & Ralaivola, 2021).
Assuming hg = Iy, by the chain rule, and with a slight
abuse of notation,

Vo SW3(g0(X), Z) = V4, (x)5W5 (90(X), Z) To 9o (X)

The approach in (Rakotomamonjy & Ralaivola, 2021) pro-
vides privacy guarantees only for the first term in the de-
composition. Therefore, privacy guarantees can only be
derived in cases where the trained function gy is not directly
applied to private data, allowing the second term to be ig-
nored. In other words, privacy guarantees can only be given
with respect to Z, see Appendix C. As a result, their training
procedure is valid only for the simple data generation model
outlined above.

5. A Framework for Deep Learning

This section explains how to adapt the methods presented
above into a deep-learning framework where it is typically
not possible to guarantee a priori that the gradients and the
activations are bounded, and where one typically needs to
run many iterations in a batched setting.

5.1. Inner-Clipping of the Gradients

Directly applying Theorem 4.1 to general deep learning
models is typically infeasible, as the required boundedness



conditions are not satisfied. As a solution, we propose to
introduce three hyperparameters M > 0, L; > 0, and
Ly > 0, and to use as a proxy for VoW3 the following

quantity (named Véw’Ll’b W3):

235" Ryiyr () (Ui — Vj) Projy, (Vegs(z:)

i=1 j=1
n m (3)
+23 " Roiy,r()(Vi — Ui) Projy, (Voha(z5))
i=1 j—1

where for all i and j, we have U; = Proj,, (go(z;)) and
Vj = Proj,, (he(z;)) . This technique is known as “clip-
ping” and was historically introduced as a preprocessing
of the gradients for problems with a finite-sum structure
(Abadi et al., 2016). For Wasserstein gradients, note that we
also need to clip the activations. Now, Theorem 4.1 applies
and one may add noise to this quantity to make it private
with the Gaussian mechanism.

5.2. Amplification by Subsampling

In deep-learning, sub-sampling is often a necessity because
of the size of the datasets. With differential privacy, it
allows to leverage a property called privacy amplification
by subsampling. Since such property varies depending on
the neighboring relation, we formalize it in the following
lemma with the conventions of this article.

Lemma 5.1 (Privacy amplification by subsampling). Let
ny < np,..on, < nge If a mechanism My is
(¢,0)-DP on D?/l X ... X DZ;“, the mechanism M that
(i) selects n; among the n; points in each category
without replacement, and then (ii) applies Mpue, to the
sampled dataset, is (€',8')-DP on D' x ... x D;*
where € = In(l4+p(ec—1)), ¢ = pdand p =
n 4

ny
max | —>,..., % ).
ni ng

5.3. Privacy Accountanting

In the influential article (Abadi et al., 2016), the authors
introduce the moment accountant method, a framework for
quantifying the privacy of a composition of subsampled
Gaussian mechanisms. We now detail why similar methods
(Dong et al., 2019) are applicable to Wasserstein gradients.

Since our neighboring relation is based on the replacement
relation and since we use subsampling with fixed batch size
and without replacement, the classical moment accountant
method (Abadi et al., 2016) does not apply. We thus turn to
the accounting techniques of (Dong et al., 2019) that build
on the theory of f-differential privacy and that are more
suited to this scenario. Using the notations of (Dong et al.,
2019), and denoting by A the sensitivity of V""" 12
(which is controlled by Theorem 4.1), VW2 is 2-GDP

o

Algorithm 1 Sequential Computation of Subsampled
Wasserstein Noisy Gradients
fort =1toT do
- Selects n; among the n; points in each category with-
out replacement.
- ComputeVyW3 = V"2 W2 4+ o N(0,1,) on
the subsampled dataset
- Publish Vo W2.
- Wait for the optimizer to update 6.
end for

(for Gaussian Differential Privacy) ignoring the subsam-
pling step. In order to account for subsampling, one would
like to apply Theorem 4.2 in (Dong et al., 2019). This is
not possible since this article uses a different neighboring
relation and a different form of subsampling. However, we
can notice that we can substitute Lemma 4.4 in the proof of
Theorem 4.2 in (Dong et al., 2019) by our Lemma 5.1 and
the rest of the proof follows. We thus get that the overall pro-
cedure described by Algorithm 1 is C,(G(5/a)-1)®7-DP
where p = max(n} /n1,...,n}/ng) with the formalism of
f-differential privacy (Dong et al., 2019).

Finally, this writing now fits the framework of privacy ac-
counting in the limit regime of Section 5.2 of (Dong et al.,
2019). We use this accountant in the experiments using the
implementation of (Yousefpour et al., 2021).

Remark 5.2. As in the one-dimensional case, clipped ap-
proximations of V4 SW3 (or its Monte-Carlo approxima-
tion) satisfying the assumptions of Remark 4.2 can be de-
fined. In this case, we need to clip the spectral norm of the
Jacobian matrix Jpgg(x;), which requires a matrix decom-
position. For simplicity, we adopted in our experiments a
suboptimal naive approach, based on clipping each compo-
nent by L/ \/g, which ensures L-bounded spectral norm, as
detailed in Remark A.2. Naturally, Algorithm 1 also applies
in the sliced setting.

6. Bias Mitigation with privacy guarantee

Previous result enables to obtain a suitable framework to
perform private bias mitigation by a fairness penalization.
Assume that we have a dataset D with n samples (z;, a;, y;)
or (x;,a;), where x; are the non-sensitive attributes, a; €
{0, 1} is the sensitive attribute and y; the response variable,
only available in supervised problem. Typical machine
learning algorithms are trained minimizing the empirical
risk for a given loss function £,

win £ (an) = mjn 2D Ul

where ((gp(x;)) is a shorthand for ¢(gg(x;),y;) in su-
pervised problems, and for ¢(gp(x;),x;) in unsupervised



problems. This particular finite-sum structure of the loss
function is translated to the gradient, and as long as
(IVol(go(x))|l2 < C for all z € X, the sensitivity of
VoL (gg) is bounded by 2C/n for the substitution rela-
tion ~1, as well as for any k-end neighboring relation ~y.
This bound allow us to benefit from large sample sizes to
obtain private gradients with minimal amount of noise. With
this great generality, we will discuss how different fairness
notions can be favored during training by adding differ-
ent penalization terms on the loss function .#(gs), while
preserving sensitivity bounds allowing for strong privacy
guarantees. We present this section for the general case of
the sliced Wasserstein distance, note that the case d = 1
agrees with the one-dimensional Wasserstein distance.

o Statistical Parity (SP): Statistical parity corresponds to the
situation where the algorithmic decision does not depend
on the sensitive variable. Statistical parity is thus satisfied
if L(gg(X)|A =0) = L(go(X)|A = 1). Given our data,
if we define X; = (x; : a; = j), n; = length(X;) for
7 = 0,1, statistical parity can be favored by minimizing

ZSP (g0) = (1 - ) Z(g0) + aSW3 (9o # Py 0# ., )

&)
where « € [0, 1] measures the weight of each part in the
optimization. In order to establish privacy guarantees, we
need to assume that ng and n; are fixed.

e Equality of Odds (EO): Beyond guaranteeing the same
decision for all, which is not suitable in some cases where
the sensitive variable impacts the decision, bias mitigation
may require that the model performs with the same accuracy
for all groups, often referred to as equality of odds. We
focus only in the supervised case, where y; is available and
takes values in {0, ..., R—1}. In this case, equality of odds
is verified if L(go(X)|A = 0,Y = k) = L(go(X)|A =
1,Y =k)forall k € {0,..., R — 1}. With the same ideas
as before, if we define X, = (2; : a; = j,y; = k),
njr = length(X; ;) for j € {0,1},k € {0,..., R — 1},
equality of odds bias mitigation can be enforced by training
with loss .29 (gg)

K

=(1—a)Z(g) + % > swi (ge#Pxo,k,ge#PXM)
k=1

(6)

To obtain privacy guarantees, now we need to impose that
the values n; ; are fixed.

Theorem 6.1. In both cases, under the assumptions
that gy verifies ||go(x)|2 < M, [|Jogo(x)|2 < L and
(IVol(ga(x))||2 < C, we obtain that

e For SP, under ~s, the sensitivity of V9.2 (gg) or its
MC approximation is bounded by

(1 )QC n 16 ML
—o)—t+oa——mm—.
n min{ng, ni}

(N

e For EO, under the relation ~op, the sensitivity of
Vo 2E9(gg) or its MC approximation is bounded by

2C  a 16ML

(1 N Oé)? * Eminjﬂk{nj)k} ’ (8)

Remark 6.2. Our privacy guarantees in the fairness frame-
work are built upon the knowledge of class sizes. The
importance of controlling these sizes has been previously
recognized. For example, (Lowy et al., 2022) imposes a
restriction on the minimum proportion of elements in each
class, while (Ghoukasian & Asoodeh, 2024) and (Xian et al.,
2024) derive privacy guarantees that degrade with smaller
class sizes. Conceptually, our framework for establishing
privacy guarantees is very sound. Even though an attacker
might learn some information about the number of individ-
uals in each class used during training, they cannot distin-
guish between the outputs of two datasets D and D differing
only in one individual from the same class.

7. Numerical Illustrations

To highlight the efficiency and versatility of our method,
we simulate biased data as explained in Appendix B, and
explore the properties of our bias in-processing mitigation in
three different scenarios, starting with the simpler but illus-
trative well-known problem of fair and private classification,
then presenting two completely novel problems, namely,
multidimensional fair and private regression, and fair and
private representation learning. In all the experiments, the
model optimizes (5) or (6) (recall that SW2 = W2 if
d = 1), following the DP-SGD methodology explained in
Section 5, with clipping constant C' > 0 for the individual
gradients in (4), and inner clipping constants M, L > 0 for
the Wasserstein gradient approximation (3). Theorem 6.1
enable us to compute the privacy budget obtained after T'
iterations of DP-SGD. In particular, in all the experiments,
we fix the number of iterations 7" and the value of §, and
compute the required noise to obtain (e, §)-DP after T iter-
ations, for different values of the privacy budget ¢ and the
weight a € [0, 1]. Batch sizes are n; ~ n;/5 minimizing
(5), and n; & & 1 /5 minimizing (6). Additional details
about each experiment are presented in Appendix B.

Classification. A decision rule is a function gy mapping
each z to the predicted probability gg(z) € (0, 1). The clas-
sification rule is given by Gy (z) = I(go(z) > 1/2). Many
authors propose to mitigate not only the mean but the whole
distribution of the predicted probabilities gg(z) € (0, 1) as
in (Risser et al., 2022), (Gouic et al., 2020) or (Chzhen et al.,
2020). In our example, gy is a neural network with one layer
and a sigmoid activation function, and we define ¢ as the
the binary cross-entropy loss function. Results are shown
in Figures 1 and 2. Above each graph, we can see the noise
required to achieve the privacy budget in the fixed num-
ber of iterations, the weighted training loss value and the



value of each term, and the accuracy on test data, together
with specific fairness measures for each case, detailed in
Appendix B. Two main conclusions can be drawn. First,
the Wasserstein penalization mitigates biases as « increases.
Second, adding privacy does not significantly alter the re-
sults of the optimization. This can be seen from the loss
curve, presented in Figure 4.

0.0
=0.419, W=0.0643,
2. DI 0.463

a=0 a=0,75
—os

Noise = 0.000 N
Train: Loss =0.385, CL=0.385, W=0.159, Train: Loss = 0.1
Test: ACC = 0.825, DI 0.368 Test: Al

- ge(X)|A=0
9e(X)|A=1

Noise = Noise =
ain: Loss = 0,385, CL2 0,365, W=0.155, Train Loss = 0.155, CL= 0419, W = 0.0666,
Test: ACC = 0.825, DI 0.367 Test! ACC = 0.82, DI 0.457

Figure 1. Histogram of gy () for the classification model minimiz-
ing (5), weight o € {0, 0.75} and privacy budget € € {c0, 1}.

a=0 a=0,75
Noise = 0.000

Train: Loss = 0385 CLo0.985, W=00464,  Train: Loss=0.117, CL=0.411, W =001,
i ACC = 0,825, EOy = 1.38, £0, = 0.726 efk Ace = 0,625, 0, ~ 135, £0, <0709

cco j . A
o 038 03 o oo ok *“ak0 on ok o7 % ok o 1be 9o(X)|A=1,Y=0

9e(X)|A=1,Y=1
go(X)|A=0,Y=1

Train: Loss 5, CL=0.385, W= 00456, Train: Loss 7,CL=0.41, W=0.0195,
Tesi Ace 0324 £0y=1.38, £0 = 0725 etk hec= 0511 |EO =133, E0, = 0.794

Figure 2. Histogram of g¢(z) for the classification model minimiz-
ing (6), weight « € {0,0.75} and privacy budget € € {0, 1}.

Fair representation learning. The aim is to privately learn
fair encoder-decoder maps. To achieve this, we train an au-
toencoder privately, with 8 = (6,,0;), encoder vy = g, ,
bi-dimensional latent space, and decoder ¥y = 1y, , min-
imizing a version of (5), where statistical parity penaliza-
tion is imposed on the latent space, and (19 (pg(x))) =
llvg(wo(x)) — x||?. Figure 3 shows the results obtained,
increasing values of « reduce the discrepancy between the
conditional distributions in the latent space. In addition, Fig-
ures 3 and 4 show that privacy does not have a significative
effect on the optimization.

Regression. In our generating mechanism, the label Y €
{0, 1} is defined as a set indicator function of a continuous
response Y¢ € [0,1] x [0, 1]. We train a two-layer neural

network privately with statistical parity penalization and
1(go(),y) = |lgo(x) — yl||?. See Appendix B.

aaaaaaaa
35 AL2 455, SW=4.69, <171 RL= 674 SW=00273,
Test Rliae =1 795, Tesk ACC = 07, DI 20,033 Test Rirur o808, Teot ACC 20,69, 81 206

..

23
5 098, Teat: ACC =067, D1 20,64

™

g (X) [A=0
9o(X) [A=1

Figure 3. Encoded values g (x) for the autoencoder model mini-
mizing (5), weight o € {0, 0.75}, privacy budget € € {oo,1}.

Figure 4. From left to right, training losses of Figures 1, 2 and 3
for o = 0.75 and different values of e.

8. Conclusion

In this work, we have provided a novel and practical method
to ensure Differential Privacy for (sliced) Wasserstein gra-
dients. By embedding DP guarantees into these gradients,
we can preserve their statistical utility while ensuring that
the training process does not inadvertently expose sensitive
data. We tackle not only the constraint of statistical par-
ity but also the Equality of Odds constraint to guarantee
a fair accuracy for all. This synergy is crucial in fairness-
sensitive high risk domains as denoted in the AI European
Act (e.g., healthcare, criminal justice, access to public re-
sources), where models must balance the dual imperatives
of privacy preservation and equitable performance across
subgroups. Our methodology is versatile and can is also
useful to many other applications in Machine Learning such
as representation learning or data generation, i.e., in all tasks
where a Sliced Wasserstein metric is involved.

This work opens many research directions. Our results do
not generalize to other Wasserstein losses, such as W,,. We
prove in Appendix D that, in general, it is not possible to
bound the sensitivity of the gradient of W), for general



p > 1, by a factor that decreases approximately as 1/n. Yet
we believe that the generalization of our method to W} can
be tackled and is worth of interest. A natural extension to the
privacy of the computation of sliced Wasserstein barycenters
is also left for future research.
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A. Proofs
A.1. Proofs of Section 3

Proof of Proposition 3.1. If we denote by F and G the distribution functions of Py and Py, we know that

Wi, ) = [ (70 -6 )

i=1 =1
n m 1
1—1 1 j—1 J
= U, Via)2 | I < -~ <t < L) dt
2.2 Uy u))/o (<t i —<i<?)
i=1 j=1
n m
=YD (U = Vij))*Riy
i=1 j=1
n m
=YY (Uioti)) = Viei))*Roti) o)
i=1 j=1
n m
=2 > WUi=Vi)*Ro(iy o0y -
i=1 j=1

where the third equality follows from the fact that exactly one element in each sum is different from 0, and the fifth equality
follows from reindexing the sum. O

A.2. Proofs of Section 4

Proof of Theorem 4.1. First of all, note that (b) follows immediately from (a) and the definition of the neighboring relation
~oin X" x Z™. Consider two neighboring datasets X ~ X under the substitution relation. We can assume without loss of
generality that the datasets differ on the first observation , # 1. For ease of notation, denote X = {Z;}?_,, even though
Z; = x; for i # 1. Along this proof, we will define U; := gy(x;) and U; = go(&;) foreach i € [n], and V; := hg(z;) for
j € [m]. Again, U; = U; for every i # 1. Define now the rank permutations ¢, & and 7 such that

Ui =Ugqwy) i € [n],
Ui =Ugswy) i€ [n],
Vi =Viegy, Jelm].

Denote U = (Uy,...,U,) and V = (Vi,..., V;,). Corollary 3.2 ensures if we define Py = go#Px = = 1", 0y, and
Py = ho# Pz = % E:il (Svj , then

VU,VW22(Pu,Pv) = <<QZRU@),T(J-)(U¢ - V )ze[ ] ( ZRU() U))je[m]> c R”—i—m .

j=1
Applying the chain rule, we obtain that

n

VoWs3 (go#Px, ho#Pz) =2 > Ro(iyr(5)(Ui = Vi)Vege(x:) + 2 Y Rogi)r(5)(Vj — Ui)Voha(z))

i=1j=1 j=1i=1
Similarly, for the dataset X we get
VoWs (9o#Px ho# Pz) —222&,@ ) (U = Vi) Vego(7:) + 2> Raiy.r(5)(V; — Us)Vohe(2))
=1 j=1 j=11i=1
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Therefore,

Vo W3 (904 Px, ho# Pz) — VoW3 (go#Pg, ho#Pz)|2 <

<2 303 Rotr)(Us = Vi) Vagole) = 30 Rty @ = Vi) Vom(@,  ©)
i=1 j=1 i=1 j=1
+2 H ZZR +) (Vs = Us)Vohg(z;) — 4 ZR @) (Vi )VGhQ(ZJ) ‘2 (10)
j=114i=1 j=11i=1
The term (10) is easier to bound, since the values inside Vghg(+) coincide. First, note that
ZRi,j: VZE and ZR,]: VJE[ ] (11)

The triangular inequality, the assumption ||Vghg(z)|| < Lo for every z, 6 and the previous property allow us to derive the
following inequalities

(10) =2 H > ViVoho(z;) (Z Ro(i).r() = D R&(z‘),r(j)) =D Voho(z) (Z UiRo(i.r() = D mR&(z‘),r(j)) H2
j=1 i=1 i=1 j=1 i=1 i=1
<2 ZHVGha(Zj) (Z UiRo(i) () — D 0135(1),7(3')) H2
j=1 i=1 i=1

< 202 33 ViRt — 3 Oofi )|

=202 3| bt = 3Tl )|
j=11

=20y ZRi,T(j)(U(i) - ﬁ(z‘))‘ 12
j=1 i=1

where the last lines follows from U; = U, (5)), U; = U( (+)) and reindexing the sum. Since U; = U; for every i # 1, we
know that

e If U; > Uy, then Uuy > U(Z—) for every i € [n].
e IfU; < Uy, then Uy < U(i) for every i € [n].

This monotonicity property and the fact that [2; ; > O for every 1, j ensures that

m n
(12) = 2L, ‘Z > Rin(y Uy = Um)‘
j=11i=1
= 2L, ‘Z(U@ ~Ui) Y Rix
i—1 j=1
2L
- 2215 o - i)

2L n B
— J’Z(Ui —U;)
i=1

n

2Ly, 0|
n

4Lo M
<
n
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By the triangular inequality, the term (9) can be bounded as follows

(9) <2 H Z Voge(z:)U; Z Ro()r() — Z Voge(#:)U; Z Rty (i) H2 (13)
1=1 Jj=1 1=1 j=1
+2 Hvage(x1) ZRU(I),T(j)‘/j — Voge(Z1) ZR&(n,r(j)VjHQ (14)
Jj=1 J=1
+2 H > Vogo(xi) > Vi(Rogi)r) — R&(i),‘r(j))HQ (15)
1=2

1

.
Il

We can bound independently each term in the decomposition,

(13) = %H z_; Vogo(xi)U; — Voge(T:)Us ,

_2 Vogo(x1)Ui — Vege(i1)Us

2 = -
< = (10l Vaga(@1)ll2 + [01] [ Vag (@)l
4L M
<
n
(14) < 2L1M(Z Ro)r() + ) Rff(l)ﬂ(j))
j=1 j=1
_ALM
- n
(15) < 2Ly ) ) > VilRoiri) — R&(z‘),r(j))‘
i=2 j=1
=2L1 )| > Vi (Rotiy) — Rfr(m)‘ (16)
i=2 j=1

The last equality is a simple consequence of V; = V(. (;) and reindexing the sum. To bound the last expression, it is useful
to see that all the terms ZT:l Vi) (Ro(iy.5) — Rs(i),;) have the same sign, for i = 2,...,n. This will follow from the
relationship between the permutations ¢ and &. For instance, if (1) < o(1), it follows that

a) (i) > o(i) for every i > 2. Remember that ¢ (i) denotes the position of U; in the ordered statistic (U1, ..., U)),
and (i) denotes the position of U; in the ordered statistic (T, (1) U (’n)) Recall also that U; = U; for every i > 2.
Therefore, 5(1) < (1) implies that U; < Uy, and

)
) =o(i)if U; < Uy, and 6(i) = (i) + 1if U; > Uy.

b) Z;ﬂ:l Vi) (Roiy,j) — Ra(i),j) < 0foreveryi=2,...,n. If we denote by G the empirical distribution function of
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Vi,..., Vin, then by definition of R; ;,

> Vi (Rogiyg) — Ragiyg) =
j=1

j=1
g j j e j—1 j

_ [mH Zv(j)l(—m <t< E)dzt — [ ZV(J)I(—m <t< E)dt
n j=1 n Jj=1
o (i) 5()

_ " -1 . " -1

[ cwa- [0 6w

I
Q

et () I eas: (t 4 2 =oi) ;U(i)>dt <0

for every i = 2,...,n, where the last bound is consequence of (a) and the monotonicity of G~*.

Similarly, if (1) > o(1), then & (i) < (%) for every ¢ > 2, which implies Z;"’:l Vi) (Roiy,;) — Rai),5) = 0. Finally, the
case 6(1) = o(1) is trivial, since this implies & = o. Therefore, in any of the cases, the sign property implies that

(16) = 2Ly | YD Viyy(Rotiy ) — Ra(i)a‘)‘

i=2 j=1

=2L1 | Y Vij Y (Row) — Rﬁ(i),j)‘
j=1 1=2

=201 | > Vi D (Ro(iy.j) = Ragiy.) — Y Vi) (Ro().) — Ra1).;)
=1 i=1 j=1

=2L1 | Y Vi (Roy ) — R&u),j))
=1

m m

Putting everything together, we can conclude that,

120, M AL,M
n n '

Ve W3 (go# Px, he#Pz) — VeW3(ge#Pg, he#Pgz)|2 <

A.3. Extension to the sliced Wasserstein distance

As pointed out in Remark 4.2, the results of this paper can be extended to higher dimensions by considering the sliced
Wasserstein distance. Assume that gs(z), ho(z) € RY. Following the notation of Section 4, we are interested now in
bounding the sensitivity of the gradient of the (squared) sliced Wasserstein distance between the distributions gg# Px and
ho# Py in R?, defined as

STV2(go# P, ho#Pz) = /

Sd—

W3 (Pry #(g0#-Px), Pro # (ho# Py) ) dpu(9)
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where ;. represents the uniform measure on S?~!, the unit sphere of R?. From a practical standpoint, we are mainly interested
in the study of the gradient of its Monte-Carlo approximation given by £ i.i.d. random directions 91, ..., 9, € S¥1,

w\H

k
SWaaloo# P hotPa) = 3 3 W 3 (Pro, #(90#Px), Pro, #(ho#Pz) )

As in the proof of Theorem 4.1, it suffices to bound the sensitivity of the gradient with respect to the sub-
stitution neighboring relation X ~q X. If we define o(X) = VQSWQ(QQ#Px,hg#Pz) and ®y(X) =
VoW3(Pry #(ge#Px), Pry #(he#Pz)), by the chain rule and the same reasoning as in the proof of Theorem 1
in (Bonneel et al., 2015), we know that under suitable smoothness assumptions, in the set of non-repeated points

I'={0: go(x:) # go(x;), ho(z:) # he(z;) fori # j},
B(X) = [ (X)du(9)

As in Section 3, we can define the gradient ®(X) by this expression, even outside the set of differentiability points T,
and provide privacy guarantees for every point. Similarly, if we consider the Monte-Carlo approximation of the gradient
(X) = VgSWg’k(gg#Px7 ho#Pz), it follows that ®(X) = + Zle ®,y(X). In any case, we can conclude that

AP = sup |[®(X) — d(X)|] < sup Ady
X~X Yesd—1

The sensitivity of ®, can be controlled with the one-dimensional results in Section 4. Note that if we define g} (z) = 97 gg(z)
and hy (z) = 9T hg(z), then ®y(X) = VW2 (g5 #Px, hi#Pz), and we can conclude

120, M n 4LoM
n

Ady <

provided that:

L |gy (@) = [97go ()| < M, |hg ()] = [9Tho(2)| < M .
2. [IVogs ()12 = 07 Toge(@)ll2 < Li. 97 Tyho(2)]|2 < Lo

In particular, both inequalities are verified uniformly in 9 if we impose the following, more natural conditions:

L g8 (@)ll2 < M. |ho(2)]]2 < M

2. | Togo(2)ll2 = supypy,=1 [[Jogo(@)nll2 < Ly, [ Tohe(2)|l2 = supjjy,=1 [[Joha(2)n]l2 < Lo

The second assumption implies that for every ¥ € S~ ! and z,

AN/
197 Togo(v;)ll2 = ﬁTjoga(x)W)gg:((x))llz
RN/
< HﬁIIQHJege(m)mH

and similarly for hy. As in the one dimensional setting, the second assumption is verified if gy and hy are L;-Lipschitz and
Lo-Lipschitz with respect to 6. To see this, note that if ||n||2 = 1, by the Lipschitz condition,

. 0 x)— go(x
hmg +t77( ) g ( )H < L1|‘7]||2 =1,
t—0 t

[ Toge (x)nll2 =
Therefore, Theorem 4.1 can be extended to the multidimensional setting with the sliced Wasserstein distance as follows:
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Theorem A.1. With all the previous notation, assume that there exists constants M, Ly, Ly > 0 such that for each 8 € ©,
r € Xandz € Z,

L lgo(2) | < M, [[he(2)[l2 < M .
2. [|T0g6(2)ll2 = supyy,=1 [ Joge(2)nll2 < Ly, [[Toho(2)ll2 = supy,=1 [ Joho(2)nll2 < Lo

Then,

(a) Under neighboring relation ~1 in D = X", if we define ®9(X) as V@SWQQ (90# Px, ho#Pgz) or its Monte-Carlo
approximation V.S VV22 w(90#Px, ho#Pz) then

L+ L
Ady < 4Mw )
n

(b) Under neighboring relation ~o in D = X™ x Z™, if we define Vo(X,Z) as VoSW3(ge#Px, ho#Pz) or its
Monte-Carlo approximation V()SWQZ’k(gg #Px, ho#Pz), then

3L1 +L2 Ll +3L2}

)
n m

AU, < AM max{

Remark A.2. From a computational point of view, if we want to define a clipped approximation JQL tgo(x;) of Jpge(x;) that
verifies Assumption 2 in Theorem A.1, this might be done by clipping the eigenvalues of the singular value decomposition
of Joge(x;). This should be done at each step, for each z; in the batch. To simplify the computation and enable easy
parallelization, we have adopted a suboptimal, naive alternative approach. If gy = (g5, - .., gg), and we define

clipw Ly (Vogs)

T g0 () = : )
clipz, (Vog§)
Vd

3

then it is straightforward to see that || 7,** gg(2)||2 = SUD|(|o =1 75 go ()2 < L.

A 4. Other Proofs

Proof of Lemma 5.1. See the proof of Theorem 29 in (Steinke, 2022) which gives the result up to a minor adaptation. The
term max (%, cee Z—:) indeed comes from considering the worst case analysis depending on which category the differing
point is in. O

Proof of Theorem 6.1. Formally, with the notation of Definition 2.1, define for the first part D = D(’f” X D{“, where
Dj = X x Y x {7} in the supervised case, and D; = X’ x {j} in the unsupervised case, for j = 0, 1. Applying Theorem A.1
with gg = hy, we can bound the sensitivity of V.27 (gg) by (7).

For the second part, consider D =[] kD"Jk", where D, = X x {j} x {k}, forj € {0,1},k € {0,. — 1}. Under
the relation ~5p, given two neighboring datasets all the terms except one are the same in the sum in (5) and similarly for
the gradient expression. More precisely, under the assumptions of the theorem, with the notation adopted in Section 6,

Dr~orD

sup Hi Z VoSW3 (ge#Pxo 0 9oH#PX, k) - % i VoSW3 (ga#PXOk’gG#Plek) Hg
k=1

<+ o S [V (a0t P ot ) — Va3 (st Pi, ot P, )|
k=1
<+ max sw [ VosWE(90#Px, 004 Px, ) — VoSWE (904 P, 004 Pk, )
T (Xo,k,X1,6)~2(Xo,k:X1,k)
< l ma 16M L 1 16M L
~ R k=o0.. R 1 min{ng k, 1%} Rminjyk{njﬁk}
which implies (8). O
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B. Additional details on the fairness experiments

In order to demonstrate the versatility of our methodology for imposing fairness in different scenarios, we use an illustrative
model to simulate bias in algorithmic decision-making. Note that we do not provide comparisons with other application-
specific methodologies, as our approach is highly general and does not include the statistical, convergence, or fairness
guarantees that may be described by other methods, see (Xu et al., 2019; Jagielski et al., 2019; Ding et al., 2020; Lowy et al.,
2022; Yaghini et al., 2023; Ghoukasian & Asoodeh, 2024) for the fair and private classification problem, or (Xian et al.,
2024) for fair and private one-dimensional regression. Yet we provide, to our knowledge, the first method to handle novel
problems such as multidimensional fair and private regression, or fair and private representation learning.

We consider D = {(z;,a;,y;)}, i.i.d. samples with the same distribution as (X, A, YY), where X denotes the
features, A is the sensitive variable, Y = (Y\©, Y.,¥') is a continuous response variable and Y is a discrete version of Y,
related by

1. YO~ U(]0,1] x [0,1])
2. Y = I(YQC >1- ch)
3. A=BY + (1 — B)(1 = Y), where B is a Bernoulli variable of parameter p independent of Y.

4. Xepre = [YC, ..., YO + N(O,afore Idm)’ Xopurious = [A, ..., Al + N(o,agp Idw)
——— —— ——

deore/2 times dsp times

5. X = [XcoreaXsp]

Therefore, this generated data consists in a response variable Y, which is correlated with the sensitive attribute A. The
features X can be divided into two parts: a first part X, which is a noisy transformation of Y, and a second spurious
part X, which is a noisy version of A. If p is close to 1, most of the cases verify A = Y and therefore, the decision of the
algorithm relies highly on the sensitive variable A. Bias in the algorithmic decision is created when the sensitive variable A
is not aligned with the decision. When Y # A, the learning task is more complicated since while X, is correlated with
Y, the spurious part pushes towards the bad decision. This setting reproduces the characteristics of some of the main biases
present in many data sets, for instance, (Becker & Kohavi, 1996) or (Hofmann, 1994) in supervised learning. We will
explore this problem in different situations, and we will show how penalized models with our Wasserstein losses can help to
alleviate the unfairness of these models, according to different notions, while preserving privacy guarantees. In all our
experiments we will consider n = 30000, p = 0.7, dcore = dgp = 8, o2, .. =1/5, Jgp =2/5.

core

All models are trained with DP-SGD as explained in Section 5, with clipping constant C' > 0 for the individual gradients in
(4), as usual in DP-SGD, and inner clipping constants M, L > 0 for the Wasserstein gradient approximation (3) or its sliced
version. In the latter case, all the experiments use the naive clipping procedure explained in Remark A.2. Theorem 6.1 and
the procedure described in Section 5, enable us to compute the privacy budget obtained after 7" iterations of DP-SGD. In
particular, in all the experiments, we fix the number of iterations 7" and the value of §, and compute the required noise to
obtain (e, §)-DP after T iterations, for different values of the privacy budget € and the weight o € [0, 1] in the penalized loss
functions (5) and (6). Batch sizes are n’; ~ n;/5 when minimizing (5), and n}k ~ nj /5 when minimizing (6), where the

J
approximation is related to internal parallelization of the gradient computations in the code.

Following the notation of the main text, denote X; = (z; : a; = j), n; = length(X;) for j = 0,1, and
Xk = (2t a; = j,y; = k), njr = length(X; 1) for j,k € {0,1}. Given our data generation procedure, we know that
E(nj) = n/2, E(nj)]‘) = pn/2 and ]E(nj,l,j) = (1 —p)n/2 for j € {0, 1}.

B.1. Classification

First, we consider the problem of predicting the label Y as a function of X. Our decision rule is based on logistic regression,
where the function gy maps each x; to the predicted probability go(z;) € (0,1). The classification rule is given by
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Go(x) = I(gg(x) > 1/2). gy is defined as a neural network with one layer and a sigmoid activation function, and it is
trained with DP-SGD and a binary cross-entropy loss function, denoted by ¢;... We have analyzed fairness using two of the
most common notions.

Statistical parity: Statistical parity corresponds to the situation where the algorithmic decision does not depend on the
sensitive variable. It is usually measured by the Disparate Impact, defined as
P(Go(X) = 1A = 0)
P(Go(X) =1]A=1)
Enforcing statistical parity by enforcing independence between G(X) and A often produces unstable solutions as
discussed in (Krco et al., 2025) or (Barrainkua et al., 2024), hence many authors propose to mitigate not only the mean
but the whole distribution of the predicted probabilities go(X) € (0, 1) as in (Risser et al., 2022), (Gouic et al., 2020)
or (Chzhen et al., 2020). Statistical parity is thus satisfied if £(go(X)|4A = 0) = L(go(X)|A = 1). In our discrete
setting, statistical parity can be favored by minimizing

DI(Gy) = (17)

1 n
L5 (g0) = (1= @)= 3" boeelga(wi) i) + aW3 (90# P, go#Px, ) (18)
=1

In Figure 5 we present the results obtained for different values of the weight « and the privacy budget €, when we fix
d = 0.1/n, number of iterations 7' = 500, clipping constants C' = 5, M = L = 1 and learning rate = 0.05. For every
pair of v and €, we plot the histograms of the distribution of the predicted probabilities gg(X)|A = 0 and go(X)|A = 1.
Above each graph, we can see the noise required to achieve the privacy budget in the fixed number of iterations, the
weighted training loss value obtained and the specific values of each term in the loss, and the accuracy and disparate
impact of Gy on test data. Two main conclusions can be drawn from Figure 5. First, it confirms that the Wasserstein
penalization approach mitigates the unfair biases present in the data set. We can see that, for increasing values of a, the
histograms of the scores conditioned by the value of the sensitive variable get closer, leading to a progressive reduction
of biases, as seen in the decreasing values of the disparate impact, albeit at the expense of accuracy, as expected.
The second important conclusion is that adding privacy does not significantly alter the results of the optimization.
For different privacy budgets €, both the histogram and the computed measures do not change much across the rows.
Moreover, Figure 6 shows the training loss curve of the optimization for each value of o considered when e varies.
Low values of ¢ lead to noisy versions of the loss curve, but very close to the non-private version.

Equality of odds: Beyond guaranteeing the same decision for all, which is not suitable in some cases where the sensitive
variable impacts the decision, bias mitigation may require that the model performs with the same accuracy for all
groups, often referred to as equality of odds. Usual measures of this bias for a classification rule Gy are computed
using the two following indexes:

_ B(Go(X) =1]A=0,Y =)
EO,(Gy) = P(Go(X)=1A=1,Y =1)° "
EOy(G) ~ FCoX) =114 =0.Y =0) 20)

P(Go(X)=1A=1Y =0)
With the same ideas as before, Equality of Odds bias mitigation can be enforced for the distribution of the predicted
probabilities gy by enforcing that £(gs(X)|A=10,Y =j) = L(go(X)|A=1,Y = j) for j = 0, 1. For this, we train
the model with the penalized loss

1 — « «
Dg/ﬂaEOO(g@) = (170[)E Zgbce(QQ(xi)7yi)+§W22 (gO#PXO,Uvge#PX1‘0)+§W22 (gG#PXo‘lng#P)QJ) . (21)

i=1

Figure 7 shows the results of training the model minimizing 6 for different values of « and the privacy budget €, with
fixed § = 0.1/n, number of iterations 7' = 500, clipping constants C' = 5, M = L = 1 and learning rate = 0.05.
The histogram of the distribution of the predicted probabilities, go(X)|A = 1,Y = j versus go(X)|A =0,Y = 4,
illustrates the model’s capability to minimize discrepancies between the distributions as « increases, as shown by the
values of EOg, EO;. From Figure 7, we can also observe that private training has minimal impact on the model’s fit
across all values of a.. Similarly, it does not significantly affect the learning loss curve during optimization, as shown in
Figure 8.
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Figure 5. Histogram of the predicted probabilities gg(X) of the model conditioned by the sensitive attribute A = 0,1 in the training
set. 6 is the parameter obtained after 500 iterations of DP-SGD minimizing 18 for the different values of a (columns), with different
privacy budgets € (rows) for 6 = 0.1/n fixed. The parameters of the optimization are the learning rate = 0.05, clipping values
C =5, M =1, L =1, batch sizes ny =~ no/5,n} ~ n1/5. Above each graph we indicate the noise added at each step of DP-SGD to
obtain the des1red privacy level, the value of the loss 18 in the training procedure, together with the individual value of the classification
loss (CL) and the distributional Wasserstein loss (W). Last line includes accuracy (ACC) and disparate impact (DI) of the classification
rule Gy computed with independent test data set.
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Figure 6. Training loss curve for the experiment of Figure 5. Each graph represents the training loss (18) for a fixed value of a along the
iterations of DP-SGD, for the different privacy budgets of the experiments.
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B.2. Regression

In our generating mechanism, the label Y € {0,1} is defined as a set indicator function of a continuous response
Y¢ € [0,1] x [0, 1]. From the data-generating process, it is easy to derive the distribution of Y conditioned by the sensitive
attribute. If Ty denotes the triangle with vertices (0, 0), (0,1), (1,0) and 77 the triangles with vertices (0, 1), (1, 1), (1,0),
the we know that Y“| A = j follows a mixture of the uniform distributions on Ty and T, with weight p in T and (1 — p) in
T, if A = 0, and vice versa if A = 1. The aim of this experiment is to perform private and bi-dimensional fair regression over
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Figure 7. Histogram of the predicted probabilities go(X) of the model conditioned by the sensitive attribute A = 0,1 and the label
Y =0, 1 in the training set. 0 is the parameter obtained after 500 iterations of DP-SGD minimizing (21) for the different values of «
(columns), with different privacy budgets e (rows) for § = 0.1/n fixed. The parameters of the optimization are the learning rate = 0.05,
clipping values C =5, M = 1, L = 1, batch sizes ny =~ no/5,n] ~ n1/5. Above each graph we indicate the noise added at each step
of DP-SGD to obtain the desired privacy level, the value of the loss (21) in the training procedure, together with the individual value of
the classification loss (L) and the Wasserstein loss (W). Last line includes accuracy, £Oq and EO; indexes computed with test data set.

a=0 a =075 a=09 a=1

0225

0.200

0175

w g

— =
 e=1 025 0150
0125
0100
015 0075 002

ot 0.050 0.00

Figure 8. Training loss curve for the experiment of Figure 7. Each graph represents the training loss (21) for a fixed value of a along the
iterations of DP-SGD, for the different privacy budgets of the experiments.

Yc, which has never been considered before in the literature. To simplify our clipping bounds, we have centered our data to
obtain a distribution in [—1/2,1/2] x [—1/2,1/2], and we have trained a two-layer neural network with hidden dimension
64, sigmoid activation function in the last layer, with the output centered by subtracting (1/2,1/2), and minimizing the loss

1 n
L5 (g0) = (1= )= Y llgo(ws) =y 13 + aSW3 (g0 Py 90 Px. ) (22)
i=1

Figure 9 shows the results of this experiment for different values of « and the privacy budget ¢, with fixed § = 0.1/n, number
of iterations 7" = 1000, clipping constants C' = 10, M =1/ V2, L =12, learning rate = 0.05 and number of projections
in the Monte Carlo approximation = 50. From the visual inspection of the plots, we can appreciate that our statistical parity
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penalization helps to reduce the differences between the distributions of the predicted values. To aid visual inspection, we
provide the values of the number of points over the diagonal for each class A = 0 and A = 1. If gg(z) = (g (z), g2(z))

_ #HX g5 (X) > —g5(X), A =0}

0Dy
o
.2 1 _
op, — HX G5 (X) > —gh(X), A= 1}
ni

Finally, Figure 10 shows the convergence of the loss curve for the different values of a and €. As in the previous examples,
the private loss curves are simply noisy versions of the non-private ones.
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Figure 9. Plot of go(X) conditioned by the sensitive attribute A = 0,1 in the training set. 6 is the parameter obtained after 1000
iterations of DP-SGD minimizing (22) for the different values of o (columns), with different privacy budgets e (rows) for § = 0.1/n
fixed. The parameters of the optimization are the learning rate = 0.05, clipping values C' = 10, M = 1/+/2, L = /2, batch sizes
no & no/5,n} ~ n1/5, number of random preojections = 50. Above each graph we indicate the noise added at each step of DP-SGD to
obtain the desired privacy level, the value of the loss (22) in the training procedure, together with the individual value of the regression
loss (RL) and the sliced Wasserstein loss (SW). Last line includes accuracy, O Dy and O D; .

B.3. Representation learning.

Finally, we present another completely novel application of our procedure: fair representation learning. Using the same data
as before, the objective is to privately learn an encoder g, and a decoder 1y, minimizing the reconstruction mean squared
error of the reconstructed values, penalized with the sliced Wasserstein distance to alleviate unfairness present in the data.
For simplicity, we denote 8 = (0,,05), 0o = @o, and 1pg = 1bp,. In our example, the encoder and decoder are defined as
fully connected neural networks with two layers, hidden dimension 62 and bi-dimensional latent space, and we look for an
encoded representation enhancing statistical parity by minimizing

L2 (pg,bg) = (1 — a)% Z_; o (po(2i)) — zil|3 + SW3 (@9#Px0, @G#PXI) . (23)
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Figure 10. Training loss curve for the experiment of Figure 9. Each graph represents the training loss for a fixed value of « in (22) along
the iterations of DP-SGD, for the different privacy budgets of the experiments.
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Figure 11. Plot of the latent space, pg(X) conditioned by the sensitive attribute A = 0, 1 in the training set. 6 is the parameter obtained
after 500 iterations of DP-SGD minimizing (23) for the different values of o (columns), with different privacy budgets € (rows) for
§ = 0.1/n fixed. The parameters of the optimization are the learning rate = 0.01, clipping values C' = 10, M = 2, L = /2, batch
sizes ng ~ no/5,n} ~ n1/5 and number of projections = 50. Above each plot we indicate the noise added at each step of DP-SGD to
obtain the desired privacy level, the value of the loss 23 in the training procedure, together with the individual value of the reconstruction
loss (RL) and the sliced Wasserstein loss (SW). Last line includes the reconstruction loss on the core variables (RL1), accuracy and
disparate impact on test data.

As usual, Figure 11 presents the result of training this model for different values of «v and ¢, with fixed 6 = 0.1/n, number of
iterations 7' = 500 iterations, clipping values C' = 10, M = 2, L = /2, learning rate 0.01 and number of projections in the
Monte Carlo approximation = 50. Over each plot, we can see the noise introduced to achieve the required privacy level, the
weighted and individual values of the loss during training, and other comparative measures computed with an independent
test sample. First, RL. denotes the reconstruction loss in the core part X .., i.e. the first eight variables of X. The rest of
the variables X, are just a noisy version of A. Thus, RL. provides a measure of the error in the reconstruction loss for the
relevant part of the data, and Figure 11 shows that for increasing values of «, even though the reconstruction loss increases
significantly, the reconstruction associated with the core part is not affected much. The other measures computed on the test
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data are the accuracy and disparate impact of a simple logistic regression model trained on the encoded representation of a
portion (60%) of the test data and evaluated on the remaining (40%). We observe that increasing values of « lead to values
of the disparate impact index closer to 1, at the expense of a decrease in accuracy. Finally, we can infer from Figures 11 and
12 that privacy doesn’t affect much to the results of the optimization.

a=0 a=0,75 a=09 a=1

Figure 12. Training loss curve for the experiment of Figure 11. Each graph represents the training loss (23) for a fixed value of o along
the iterations of DP-SGD, for the different privacy budgets of the experiments.

C. Additional Experiments

To demonstrate the ability of our method to privately learn distributions in a deep learning scenario, we trained a neural
network to approximate the distribution of a variable Z by applying a transformation gy to another variable X . Specifically,
we considered n = 100000 samples of Z drawn from the uniform distribution on a circle with radius 3/4, and equal number
of samples of X drawn from the standard Gaussian distribution in R?. The function gy is defined as a fully connected neural
network with an input dimension 2, three hidden layers with dimensions (128, 64, 64), and an output dimension 2. Figure 13
shows the evolution of the matching problem at different training steps. Thanks to Theorem A.1, our methodology provides
privacy guarantees for both the fixed variable Z and the trained variable X, in the sense that gy is applied to X. Above each
plot, we can see the iteration number, the value of the loss, and the privacy budget e for both X and Z, at each training
step. The optimization parameters are § = 0.1/n, batch size= 10, 000, learning rate = 0.0075, number of projections in
the Monte Carlo approximation = 50, clipping values M = 1 and L = 21/2 (imposed using the suboptimal approach
described in Remark A.2). To ensure more stable results, once we have privatized the gradient by adding noise, we clip the
gradient again to improve the method’s stability. Note that this step preserves privacy due to the post-processing property. In
comparison with the approach of (Rakotomamonjy & Ralaivola, 2021), which can only provide privacy guarantees with
respect to the non-trained variable Z, our method provides privacy guarantees for both variables. Although privacy with
respect to Z might be sufficient in data generation, this example highlights the limitations of (Rakotomamonjy & Ralaivola,
2021), as their procedure cannot be applied in any situation where fraining is required on private data.

Iteration = 1 Loss = 0.24 Iteration = 2000 Loss = 0.0102 Iteration = 4000 Loss = 0.00514 Iteration = 6000 Loss = 0.0024 Iteration = 8000 Loss = 0.00212 Iteration = 10000 Loss = 0.00165
&x = 0.021, &z = 0.006, £x = 1244, £7 = 0.375, ex = 1812, &7 = 0.544, £x = 2263, 2 = 0.676, £x = 2.651, £z = 0.789, £x = 3.000, £z = 0.889,

Figure 13. Data generation experiment in Appendix C. Samples from X are represented in blue, samples from Z in orange. Above each
graph, we can see the iteration, the value of the loss, and privacy budgets w.r.t. the variables X and Z.

D. Counterexample for general cost functions

In this section, we demonstrate that we cannot bound in general the sensitivity of the gradient if we use the Wasserstein loss
function W), for general p > 1. Following the notation of Theorem 4.1, we denote by X = {z1,...,2z,} C X" the private
dataset, Z = {z1,...,2,} C R the non-private dataset, and Px, Pz the associated empirical distributions. Given gg : X —
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R depending on the parameter 6, and considering hg = I, we study the sensitivity of ®¢(X) = VoW, (ge#Px, Pz), for
the particular values of

e X =A{z1,...,z,} withz; = 7%, i € [n]
o X = {F1,..., %} with#; = =2, i € [n]
e Z={z,...,2,}, with z; = 22;1, i € [n].

s go(x)=a+46

For this particular choice, X ~ f(, and Assumption 1 and 2 in Theorem 4.1 are verified for certain constants (once we
restrict the domain of ). From the quantile representation, it is easy to compute
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Therefore, by setting § = 0, we observe that the derivatives are ®,(X) = 1 and ®o(X) = —1. Consequently, Ady > 2,
indicating that the sensitivity does not decrease with the sample size n.
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