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Abstract

We present a novel variational framework for curve reconstruction in inverse
problems, formulated through vector field optimization. The problem is defined in a
space of vector-valued measures absolutely continuous with respect to the Lebesgue
measure, with Sobolev-type densities. Within this setting, we establish an equi-
valence, in terms of minimizers, between the proposed functional and a previously
defined one within the space of divergence-measure fields. This formulation enables
the use of standard convex optimization algorithms for numerical implementation.
Furthermore, we propose an acquisition model specifically adapted to blurred curves

in microscopy images, leading to promising numerical results.

Keywords: inverse problems, curve reconstruction, divergence-measure fields, vector

field, imaging.

1. Introduction

In ill-posed inverse problems, finding a regularizer that promotes curve structures is of
great interest in many image applications, including the super-resolution of filament struc-
tures in fluorescence microscopy images.

Recent work by Laville et al. [9] introduced the optimization functional CROC (Curves
Represented on Charges):

o1
argmin Iy — D)% +X [l (CROC)
meEV(X) ¢ y ——

regularizer

NV
data term

where y denotes the observed data, ® : V(X) — # is a linear and continuous forward
operator, H is the observation space (either L*(X) or R for discrete measurements), and
A > 0 is a regularization parameter. The key result shown in [9] is that this functional

admits a solution that is a linear combination of measures supported on curves, making
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it suitable for performing curve reconstruction. Specifically, for a discrete measurement

y € RV, N € N*, a solution is given by:

N
E Qi fly; s
i=1

where a; € R and p,, is a vector-valued measure supported on a Lipschitz parametrized

curve -;, defined in the distributional sense by

(s ) = / g(u() () dt, Vg e ColX R

This structural property follows from the choice of regularizer, which is defined by the

norm

vy = [l + [1divE)lacy,

on the space of divergence-measure fields
V(X) = {m e M(X)*: div(m) € M(X)},

where X is a locally compact Hausdorff topological space, and M(X)? and M(X) de-
note the spaces of 2-dimensional and 1-dimensional finite signed Radon measures on X,
respectively. Elements of this space V(X') can be decomposed into curves, as established
in [13, 2, 12].

While the theoretical framework is well-established, the challenge lies in developing
an algorithm to effectively reconstruct these curve-based solutions. In [8], the authors
introduced a Curve Sliding Frank-Wolfe algorithm, which is an extension of the Sliding
Frank-Wolfe algorithm (a conditional gradient-based algorithm) developed in [6], to solve
the CROC functional. The key step in this algorithm involves addressing the certificate

of the functional by solving an optimization problem in the space of curves, formulated

g L)\
gl ||N7||v(;\e)

where 7, the certificate, is defined as:

as:

1
n= X@*(@m - ),

with ®* : H — Co(X,R)? being the adjoint operator of ®, and m € V(X) a solution of
the CROC functional. This optimization problem in the space of curves is challenging.
Furthermore, the algorithm incorporates a non-convex step over the set of curves and
their amplitudes.

Since optimizing the CROC functional directly in V(X)) is challenging and no straight-

forward algorithm is currently available, this work proposes a relaxation of (CROC) in
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the space of measures absolutely continuous with respect to the Lebesgue measure. In
this space, the density functions can be discretized, enabling the use of standard convex

optimization algorithms for implementation.

1.1 Contributions

We introduce a space of vector-valued Lebesgue measures whose densities are vector-

valued functions in L! with divergence also in L':
W(X) = {fdz| feL(X) div(f) € L'(X)},

and prove that W(X) is dense in V(X) with respect to the weak-* topology on the
measures and the local weak-* topology on their divergences (Section 3).

Next, in Section 4, we formulate the original CROC functional in the space W(X),
leading to the definition of the relaxed functional CROCg:

. def. 1 )
argmin Da(F) 2 Ll — @(Fdn)lZ 4 3 (1fllwss + 1)l rs) - (CROC)
fdzew(Xx)

and establish the equivalence of their infima (Theorem 4.3):

B D) = g Do)
This result ensures that every minimizing sequence of CROCyg converges to a solution
of the original CROC functional (Proposition 4.4). This finding provides a theoretical
foundation for the practical use of CROCg.
Finally, in Section 5, we present numerical experiments to illustrate the proposed
approach and highlight its promising performance for the problem of curve reconstruction

in blurry and noisy fluorescence microscopy images, using simulated examples.

2. Preliminary Concepts and Notations

This section provides a brief overview of the mathematical concepts relevant to our studys;
further details can be found in [1, 11, 4].

Notation 2.1. We denote by X an open bounded subset of R2.

Definition 2.2. We denote by C.(X,R) the space of continuous functions from X to R
with compact support. The space Co(X,R), called the space of vanishing (or evanescent)
continuous functions, consists of continuous functions f : X — R that vanish at infinity,
1.€.,

Ve >0, 3K, C X compact, Yo € X\ K, |f(x)] <e.
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This space is equipped with the supremum norm |||, defined as:

VfeCo(X,R), |fll = sup |/ ()]

is precisely Co(X,R).
Let n € N*. We denote by Co(X,R)" the space of continuous vector-valued functions
f=(f1,-.., fa) : X = R" such that f; € Co(X,R) for all i. This space is equipped with

the supremum norm defined by

Note that the closure of C.(X,R) under the supremum norm || - ||

oo

..... n )

Il = g 1l = s, (sup (0]
= = zeX

Definition 2.3 (Topological dual space). Let E be a normed vector space. The dual
space of E, denoted E*, is the set of all continuous linear functionals from E into R or
C. The weak-* topology on E* is defined as the coarsest topology for which all evaluation
maps

feE " +— f(zr)eRorC, z€kE,
are continuous. A sequence (fy)nen in E* is said to weak-* converge to f € E*, denoted
by fo = [, if

Vee B, f.(x) — f(x) (pointwise convergence).
n—oo

Definition 2.4 (Finite Radon measure). Let n € N*. We denote by M(X)" the space
of n-dimensional vector-valued finite Radon measures, that is, the topological dual of
Co(X,R)" equipped with the supremum norm.

The duality pairing between m € M(X)" and ¢ € Co(X,R)" is defined as

m, :z/(pdm: /goidmi.
(m, @) ; Z:; ;

n

The norm associated with the strong topology on M(X)", called the total variation

norm, s defined by
[mllvv == sup {(m, ) | ¢ € Co(X,R)", [J¢ll <1}, Vm e M(X)".

Definition 2.5 (Space of distributions). The space of distributions on X, denoted D'(X),
18 the topological dual of the space of smooth functions with compact support on X,

Cx(X,R). Its closure in the sup-norm satisfies
CEER) ™ = (X, R),

so that M(X) is a subset of D'(X).

Definition 2.6 (Divergence of a vector-valued measure). Let m € M(X)? be a vector-
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valued Radon measure on X. The divergence of m, denoted by div(m), is defined in the 1

sense of distributions by 2
(div(m), ) :== —/ Ve-dm, VeeCX(X,R).
X

Definition 2.7 (Total variation measure). Let m be an n-dimensional vector-valued 3
Radon measure on X, and let B(X') denote the Borel o-algebra on X. For every open set 4
A C X, define 5

Im|(A) == sup {(m, ) | ¢ € Co(A,R)", [lpllo <1}
The measure |m| extends to all Borel sets E € B(X) by outer regularity: 6
Im|(E) :=inf {{m|(A) | E C A, A open in X}.

Moreover, the total variation norm of m coincides with the total mass of its total variation 7

measure: 8

[mlzy = [m[(X).

Definition 2.8 (Local weak-* and weak-* convergence of vector-valued Radon measures). o
Let n € N*. A sequence (pup)n, C M(X)™ local weak-* converges to p € M(X)", denoted 10
i — o locally, if 11
lim [ wdp, = / udp, Yue C(X,R)". (1)

X X

h—o00

If equation (1) holds for all u € Co(X,R)", then (up)n is said to weak-* converge to 12
w, denoted ju, = p. 13
For (up)n C V(X), we say (), weak-* converges to p € V(X)) if 14

pn — e in M(X)?, div(pg) > div(y)  in M(X).
Proposition 2.9. The weak*-convergence of a sequence (pun)n C M(X)™ is equivalent to 15
the local weak*-convergence together with the condition supy, |us|(X) < oo. 16
Definition 2.10 (Standard symmetric mollifier family). A standard symmetric mollifier 17

family (p:)eso on R? is a family of functions in C°(R?* R) such that, for each e > 0, 18

pz0 swpple) €BO.0), [ pladr=1, pla) = pl-a)

Lemma 2.11. Let u € L®(X). Then there ezists a sequence (up)neny C C°(X,R) such 19
that 20

lunlloo < |Julloe VR €N, w, — u almost everywhere in X,

and 21
Uy —u  in L°(X) under the weak-* topology o(L>°, L').
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We recall this characterization of the L!'-norm, which is a direct consequence of

Lemma 2.11.

Remark 2.12 (Dual characterization of the L'-norm [4]). For any g € L'(X),

sup{/ gedr
X

Definition 2.13 (Parametrized curve). A parametrized curve in R? is a continuous map

o€ C(XR), |lollo < 1} gl

v :[0,1] — R% The parametrized curve vy is said to be Lipschitz if v is a Lipschitz map,

and simple if v is injective on [0, 1).

We now turn to the measure-theoretic framework underlying our formulation.

A natural first candidate for approximating vector measures would be vectors of finite
linear combinations of Dirac masses. However, although such measures are weak*-dense
in M(X)? [3], they do not belong to V(X) [9]. This motivates the introduction, in the
following section, of the space W(X') of vector measures that are absolutely continuous

with respect to the Lebesgue measure.

3. The Space W: Definition and Analysis

Definition 3.1. We denote by W(X) the space of vector-valued measures on X C R?
that are absolutely continuous with respect to the Lebesque measure, whose densities and

divergences (in the distributional sense) belong to L*. That is,
W(X) = {fdz| f e LX) div(f) € L'(X)}.

Here, dx denotes the Lebesque measure on R?, with dz := dz; dxy for x = (21, 12) € R

Working in W(X') is convenient for algorithmic purposes, since elements are represen-

ted by density functions with divergences, which can be discretized on a grid over X.

Proposition 3.2. The space W(X) is a subspace of V(X). Moreover, for every fdx €
W(X),
2
1f dellvv = [ fleie = D I il
i=1
and
| div(f dz)|lrv = [[(div f) dz|lrv = || div f| L1 x)-

Proof. The result is a straightforward consequence of the dual characterization of the L!-
norm given in Remark 2.12, the density of C2°(X) in Cy(X') with respect to the supremum

norm, and the Riesz representation theorem, applied to the linear functionals

Ty : C°(X,R)? = R, Tr(p) ::/ f-pd,
X
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and

Sy CX(X,R) — R, S(p) = /X(div fodx.

Moreover, for every ¢ € C2°(X),

(iv(fde).0) =~ [ J-Vodo = [ (@i fjods,

so that div(f dz) = (div f) dz in the sense of distributions. O
The following density result holds.

Proposition 3.3. The space W(X) is dense in V(X) with respect to the local weak-*
topology. Specifically, for every m € V(X), there exists a family (f. dx)eso C W(X) such
that

fodz 2m o in M(X)?, div(f.)dz = div(m) locally in M(X), ase — 0.

Remark 3.4 (Density result for non-bounded open sets @ C R?). The density result of

Proposition 3.3 extends to arbitrary unbounded open sets Q) C R2.
The proofs of Proposition 3.3 and remark 3.4 are given in Appendix A.

Remark 3.5. More generally, for all p € N, the space WP(X), defined by
WP(X) = {fdz | f € LP(X)? div(f) € L"(X)},

is dense in V(X) for the local weak*-topology. The proof is obtained by following the same
process as above, since the constructed sequence (fcdx) .., also lies in WP(X) C W(X),
as X is a bounded subset of R?.

In the following section, we define a relaxation of the CROC functional on W(X)
and provide a proof of its connection with the original CROC functional. This allows
to explore new optimization strategies while ensuring consistency with the established

functional framework.

4. CROC Relaxation Functional

Before defining the relaxation of the CROC functional in W(X'), we first revisit its defin-

ition.

Definition 4.1 (CROC functional). Let y € H := L*(X) and let ® : V(X) — H be a
linear map. The CROC (Curves Represented on Charges) functional is defined as:

arg min Ty (m) el

|y — <I>(m)||i + A ||m||v(2() )
m € V(X)

DN | —



where m € V(X), and X € RY is the reqularization parameter. The operator ®(m) is
defined as: ®(m) = [, ¢(x)dm(z), where ¢ € L'(X,H) is the kernel of the operator ®.
Specifically, ¢ is often given by:

Vee X, o¢(z): X =R, with ¢(z)(y) =z —vy), Yy € X.

For ® to be well-defined and weak*-to-weak continuous, ¢ must be in L*(X)? and, for
any q € L*(X)?, ¢ * ¢ must belong to Cy(X,R)2. Note that p € Cy(X,R)? is a sufficient
condition.

Under this setting, the CROC functional admits a minimizer that can be written as
a finite linear combination of measures supported on curves lying in X, in the case of

discrete acquisitions such as images (see Introduction and [9]).

Definition 4.2 (The CROCg functional). The CROC functional in the space W(X),
denoted as CROCg, s given by:

argmin D, (f) et

ly = @(an)ll, + A (1 s + v Dlly) (@)
fdz € W(X)

DO | —

The following theorem establishes that the infimum of the CROC functional coincides

with the infimum of its relaxed version, CROCg.

Theorem 4.3 (Infimum Equivalence between CROC and CROCg).

inf T = inf D . 3
b Talm) = inf  DA(m) (3)

The proof of Theorem 4.3 is given in Appendix B.

Proposition 4.4. Any minimizing sequence for the functional CROCg in W(X) has a

subsequence that converges to a minimizer of the functional CROC in V(X).

Proof. Let (m,,), be a minimizing sequence for D, in W(X), meaning

Dy(my) — inf Dy(m) as n — oc.
meW(X)

Since D), is coercive, the sequence (m,,), is bounded. Thus, we can extract a subsequence
(my,, ) that converges to a limit point 7 in V(X'). Since T is lower semicontinuous with

respect to the weak-* topology, we have

< T T . .
T,\(m)_hlgglolng,\(mnk) hgr_l}glfD,\(mnk) mEI%EX)DA(m) mell\}fX)T,\(m),

where the last equality follows from Theorem 4.3. Hence,

T/\(m) = mEH\}{X) TA(m)a
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so that m is indeed a minimizer of the CROC functional. In conclusion, every minimizing

sequence of CROCg has a subsequence that converges to a minimizer of CROC. O

Having presented the functional CROCg, we now explore it numerically. In the fol-
lowing section, we describe an optimization approach to minimize this functional and
illustrate its practical interest in recovering curves from blurred and noisy velocity fields.
Furthermore, we show how this framework can be applied to curve reconstruction from

blurred and noisy images, as typically encountered in fluorescence microscopy.

5. Numerical Exploration

Before presenting the optimization approach, we first define the acquisition operator ®,
which models the physical measurement process. We begin with the problem of deconvo-

lution and denoising of vector fields.

5.1 Deconvolution of Vector Fields

Consider the problem of reconstructing a vector field from blurred and noisy observations.
The acquisition process can be modeled by a linear operator ® that maps a vector field
f to the observation space H? (typically H2? = RY x R¥ for square image with N pixels)

via the associated measure fdz in W(X):
O :W(X) = H?,  fde— O(fdx) = (fi*h, faxh),

where f = (f1, f2), * denotes the convolution operator, and h is a blur kernel and discret-
ization.
Let y = (y1,y2) denote the observed vector field components. The problem can then

be formulated as:

Find f such that y = ®(fdz) + 7,

where 7 represents additive noise. The associated CROCg optimization functional is:

argmin %Hyl — fuxhll3 + %Hyg — fax B3+ M Fll e + M AV )y (4)

For the numerical implementation, the spatial domain X" is discretized into a grid of

N = Ny x N, pixels, denoted by (P; ;)1<i<ni, 1<j<N,, where N; and N, denote the number
of pixels along the x;- and xo-directions, respectively.

We represent the unknown vector field by its values on the pixels of the grid. More

precisely, to each pixel P;; we associate a vector w;; € R? and we identify the discrete

7j
unknown with the array

wy = (Wi j)1<i<n, 1<j<N, € (R2)N1x Nz
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The discrete divergence is defined by

1 1 : 2 2 :
1 g 1 S 2 -
(divy wy)ij = w; ;, 1=1, + 5 wi, j=1,
—w} 1= N —w? | = N.
i—1,5> = V1, ij—1 J = V2.

This scheme corresponds to the negative adjoint of the discrete gradient and is described
in [5]. The forward operator is discretized accordingly and is denoted by @y, so that the

discrete functional reads

1 N1 N2 Nl N2
Dy (wy) = 5 ly — Bxwnllpy + A (ZZ(Iwijl s l) + 0D |(divy wN>m~|> .

i=1 j=1 i=1 j=1

To make the discrete functional differentiable, we replace the absolute value function

by a smooth approximation defined as
z = Va2 +e— /e,

where € > 0 is a small positive constant controlling the degree of smoothing. The resulting
functional is convex and continuously differentiable, enabling the use of gradient-based
optimization algorithms. For our simulations, we used the L-BFGS (Limited-memory
Broyden-Fletcher-Goldfarb-Shanno) algorithm [10], implemented in PyTorch. It is a
quasi-Newton method that approximates the inverse Hessian using a history of successive

gradients, enabling fast convergence.

Illustration

To illustrate the behavior of the proposed functional, we consider the problem of recover-
ing curves from blurred and noisy discrete velocity vector fields, provided as pixel-based
observations in the space H? ~ R?V with each vector field component an N-dimensional
vector. The synthetic data are generated from predefined curves {v;}X, as follows: for

each curve v;, we define a vector field vi(z) = 4;(t) if z = ~;(¢) for some ¢t € [0,1], and

v'(z) = 0 elsewhere. The full velocity field is then obtained by summing over all curves:
K .
v(z) =) vi(z)
i=1

Then each component of v is blurred with a Gaussian kernel and corrupted with additive
Gaussian noise to produce the observations. In all experiments below, we use a Gaussian
blur kernel with standard deviation o, = 3 X 1072, expressed in normalized spatial
coordinates over X = [0, 1] x [0, 1], and additive Gaussian noise with standard deviation

Onoise — 1 x ]_0_2.
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In the first experiment, presented in Figure 1, the vector field is reconstructed by solv-
ing the CROCyg functional using the algorithm described above. Once the reconstructed
velocity field f is obtained, the corresponding integral curves are computed by solving the

differential equation

DO _ Fo), +(0) = )

for a set of initial points xq € X', one for each curve to be recovered.

Although f is discrete, it is interpolated over the domain X before solving the dif-
ferential equation using a fourth-order Runge-Kutta scheme. A finer discretization of f
during the optimization improves the quality of the interpolation.

The success of the integration strongly depends on the choice of initial points. To
this end, we exploit the reconstructed vector field, which separates the different curves
effectively.

Specifically, we compute the magnitude of f , apply a slight threshold to obtain a skel-
eton, and then detect its endpoints using the morphological operator binary hit-or-miss
transform |7, 14|, implemented in scipy.ndimage.binary_hit_or_miss. This operator
identifies pixels that match a specific local pattern defined by the structuring elements.
In our experiments, we use a bank of eight distinct 3 x 3 structuring elements, each de-
signed to detect pixel endpoints of connected foreground components in the fundamental
directions: horizontal (right/left), vertical (up/down), and the two diagonals (top-left,
top-right, bottom-left, bottom-right). The final set of endpoints is obtained by taking the
union of all pixels detected by this operation.

These endpoints serve as the initial points for recovering the individual curves. For
each skeleton curve, two endpoints are found: integration starting from one endpoint
yields the full trajectory following the orientation of the vector field, while integration
from the opposite endpoint produces no trajectory. Figure 2 illustrates this initialization
procedure and shows the selected initial points for this experiment. Figure 3 presents
another experiment in the same setting, showing that the algorithm is able to separate
filaments that are in the same blur pattern.

Building on the vector field deconvolution framework, we now focus on curve recon-
struction in fluorescence microscopy, aiming to recover filament structures from degraded

image observations.

5.2 Application in Imaging

In many applications, we observe scalar discrete measurements, i.e., pixelated intensity
images. In the context of curve reconstruction, the goal is to recover the intrinsic curves
hidden within these observed images.

For instance, in fluorescence microscopy, the observed image is degraded due to light
diffraction, an inevitable phenomenon in any optical microscope, as well as due to inherent

noise in the imaging system. Diffraction can be modeled as a convolution of the ground-
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Observed Vector Field Reconstructed Vector Field Integral Curves vs Ground-thruth

—— Reconstructed Curves
—=—- Ground Truth

Figure 1: From left to right: observed vector fields, reconstructed fields obtained with
the CROCpg functional, and the reconstructed integral curves (in red) overlaid with the
ground truth curves (in blue).

skeleton_image Detected Endpoints

0s
0.4
0.3

0.2

0.1

Figure 2: From left to right: the magnitude image of the reconstructed vector field, the
computed skeleton, and the skeleton with the selected endpoints used as initialization
points for the integral curves.

Observed Vector Field Reconstructed Vector Field Integral Curves vs Ground-thruth

—— Reconstructed Curves
—=—- Ground Truth

Figure 3: From left to right: observed vector fields, reconstructed fields obtained with
the CROCp functional, and the reconstructed integral curves (in red) overlaid with the
ground truth curves (in blue).

12



truth structures with the microscope’s point spread function (PSF), which is commonly
modeled by a Gaussian function and the noise is often assumed to be additive Gaussian for
simplicity. Consequently, when imaging curve-like structures, instead of directly observing
one-dimensional objects, we obtain blurred regions where the intensity gradually decreases
as one moves away from the curve of interest plus a noise, as we can see in Figure 4 a).

In the following, we first describe how the curves and blurry regions are modeled, and
then present the process for recover the original curves.

Let 7y : [0,1] — X be a simple parameterized curve with support I' = v([0,1]). The
blurred curve in the observed image can be modeled as the convolution of the support I"
of the curve v with the PSF h:

téhwawwmwwn&,Vxex, (6)

In practice, the curve v is discretized as a polygonal line defined by its vertices

{(t;)}j—p, with to = 0 and ¢, = 1. For an image O containing a single curve v, the

intensity O; at each pixel P; is approximated as
n—1
V(tje1) + ()
0 = 3" Ily(ts1) = A(t5) | b FEEEE — ) o, (7)
5=0

where ¢; is the center of the pixel P; and n; represents a sample of additive Gaussian noise.
For images containing multiple blurred curves {vz}5_ | with amplitudes {az}5_,, the

intensity of each pixel is the weighted sum of the contributions from each curve:

K
0; =Y a,Of, (8)
k=1

where OF is computed using the same formula as above in (7) for the curve ;.

Reconstruction using the CROCg functional

To perform the reconstruction using the CROCg functional as above, we first have to
define a vectorial observation y from the observed intensity O. A straightforward idea is
to derive from the observed scalar image O, a vector quantity that allows recovering the
velocity vector field associated with the curves hidden in the image.

Since a velocity field involves derivatives, we first consider a data term based on the
gradient of the observed image. Because the gradient is orthogonal to the level curves of
a function, we define y as the field orthogonal to the image gradient, so that it aligns with
the direction of the curves to be recovered. The resulting functional therefore takes the
same form as in equation (4), with (y1,72) = VO, where O denotes the observed image.

As illustrated in Figure 4, with this choice, the reconstructed field corresponds to

closed contours delineating the blurred regions rather than the actual velocity fields of
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the underlying curves. This behavior arises because the orthogonal of the gradient does
not accurately represent the blurred and noisy velocity field of the curves: in the discrete
gradient of such an image, the values are near zero along the curves of interest and increase
when moving away from the blurred regions.

Although the functional itself is well-suited for the deconvolution of vector fields,
as shown in the previous subsection, the challenge for image-based observations lies in

correctly deriving an observed vector field that represents the underlying blurred velocity
field.

e Reconstruction
acquisition_image

1.09 —— Vector field
60 0.8 —— Ground Truth Curves
50 0.8 1 “FE|-FF
0.6
40 0.6
.
30 0.4
0.4 1
20
0.2 0.2 A rmeagl fu rerag
10
0 0.0 0.0 ] T T T T T T
0 10 20 30 40 50 60 0.0 0.2 0.4 . 0.6 0.8 1.0
(a) Simulated observed scalar image. (b) Reconstructed vector field

Figure 4: Simulation results obtained with the CROCg functional, using the vector ob-
servation modeled as the field orthogonal to the image gradient. (a) Observed image. (b)
Reconstructed vector field (red) and ground-truth curve (blue).

A Proposed Functional for Scalar Image Observations

Extracting appropriate vector information from an observed image being challenging, we
propose a new data-term model defined directly from the observed scalar image. The new

functional is given by

) def. 1 2
argmin Ty(m) = 5 |O — |m] * h||H + A ”mHV(X) J (9)
meV(X)

where |m| is the total variation measure of the vector measure m.

The corresponding functional in the relaxed space VW reads

: def. 1 :
argmin Dy(f) = B 10 — [f] = h”?ﬂ + M e gey + ANV 21 py - (10)
fdzeW(X)

since a measure m = f dx , its total variation is given for any Borel set A by

m|(A) = /A |[f(2)dx,  where [f(z)] = [fi(2)] + [fa(2)], Ve X,
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Although this functional is no longer linear or convex, unlike the original CROCg, the
simulation results presented in Figures 5, 6, and 7 demonstrate its potential and promising
performance in handling blurred and noisy scalar images containing curve structures. In
particular, the proposed algorithm avoids the support extraction step required in the
CSFW algorithm, which is a very challenging problem.

The implementation code associated with this work is available at the following re-
pository: https://gitlab.inria.fr/atsafack/implementation-of-croc_relaxed-f

unctional-on-w.

Observed image Reconstructed Vector Field Integral Curves vs Ground-thruth

1.0 —— Reconstructed Curves

==+ Ground Truth

0.8

0.6

0.4

0.2

0.0

Figure 5: Experiment results for two overlapping curves in the blur region. From left
to right: the observed blurry and noisy image, the reconstructed vector field, and the
computed integral curves (in red) overlaid with the ground truth (in blue).

Observed image Reconstructed Vector Field Integral Curves vs Ground-thruth

—— Reconstructed Curves
==+ Ground Truth

2.0

15

10

0.5

0.0

Figure 6: Experiment results for crossing curves. From left to right: the observed blurry
and noisy image, the reconstructed vector field, and the computed integral curves (in red)
overlaid with the ground truth (in blue).
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Observed image Reconstructed Vector Field Integral Curves vs Ground-thruth

0.4 —— Reconstructed Curves
==+ Ground Truth

Figure 7: Experiment results for four curves. From left to right: the observed blurry and
noisy image, the reconstructed vector field, and the computed integral curves (in red)
overlaid with the ground truth (in blue).

Conclusion

This work proposes a new approach for optimizing the CROC functional, allowing the
use of classical optimization algorithms for numerical implementation. We introduced
the space W(X), which is dense in V(X') for the local weak-* topology. The associated
functional, CROCg, is well suited for vector field deconvolution and is convex. We prove
that any minimizing sequence of this functional CROCg converges to a solution of the
original CROC functional.

In the context of imaging, the main challenge is to define a vector-valued quantity that
accurately represents the curves. Using the orthogonal of the image gradient to define
an observed vector field captures the contours of blurred regions rather than the curves
themselves. Due to the challenge, we propose a new functional with a scalar data term
directly based on the observed image. This new functional shows significant potential,

and further theoretical and numerical investigations will be the focus of an upcoming
paper.
A. Proofs of density results

We begin with the following lemma, which provides an exhaustion of the open set by

compact subsets.

Lemma A.1. Let Q C R? be an open set. For each € > 0, define

K. = {xER2

1
d(z,Q°) > 2e and ||z|| < g}

Then K. is compact, K. C Q, and Q = |J.., K-.

For € > 0, we define

ge 1= ]1K2s/3 * Poe/3-
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Then g. € C*(R?* R), and

2
spt(ge) C Kaeys + 3(07 ?E) C Q.
Since K. /3 is compact, it follows that g. € C2°(£2,R). Moreover, for each € > 0,
0<g9.-<1 and g-=1on K..
Now define

fe =9 (pe/3 * m)
Then f. € C°(Q,R?). In particular, f. € L'(2)?. Moreover, since div(f.) € C*(Q,R),
we also have div(f.) € L'(€2). One then checks that

fodr = m  in M(Q)? div(f.) = div(m) locally in M ().

Therefore, f. dx converges to m in the local weak-* topology of V(2), which proves Pro-

position 3.3 and Remark 3.4.

B. Proof of Theorem 4.3

We will consider a given kernel ¢ and its associated ¢ € Co(X,R)?, as an acquisition
kernel for the CROC problem.
Since W(X) C V(X), it follows that
inf Th(m)< inf Dy(m). (11)

meV(X) meWw(X)

To establish equality, it remains to prove the reverse inequality.
Let m € V(X) be a minimizer of the CROC functional that can be written as a finite

linear combination of measures supported on curves:

N
m = § Qj flry,;
=1

where each v; : [0,1] — X is a parametrized curve whose image is contained in X. The
existence of such a minimizer is established in [9]; see also the Introduction. Since X C R?,
each ~; can also be regarded as a curve in R?. Hence, each p., defines a vector-valued
finite Radon measure on R?. and hence each pu., defines a vector-valued finite Radon

measure on R%. Moreover, in the sense of distributions on R2,

div(p;) = 0yi0) = 501)-
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Therefore, 1
N
div(m) = > ai (0,0 = 031)
i=1
is a finite Radon measure on R?, and thus m € V(R?). 2

1. Step 1: Mollification of . We consider a family of standard mollifiers (p;)c~o, as 3
defined in Definition 2.10. Let 4

fei=mxp. forall e>0.

Since m € M(R?)?, the convolution is well defined on R?, f. € C=(R?;R?), and 5
fodz = m in M(R?*)? ase— 0.

Moreover, 6
|f. dz|(R?) < |m|(R?) for all € > 0.

Since supp(m) C X, it follows in particular that 7

|f. dz|(X) < [m|(X) for all € > 0. (12)

Also note that div(f.) = div(m) * p, div(f. dz) = div(m) in M(R?) ase — 0, and s

|div(fedz)| (X) < |div(m)|(X), for all e > 0. (13)

To simplify notation in the next steps, we set m, := f. dz, and denote by m.|x the o

restriction of m, to X. 10
2. Step 2: Convergence of Tx(mc|x) to Tx(m). 11
Since 77, — 7 on R?, it follows that 12

lim inf |7.|(X) > |7 (X),

e—0

due to the lower semicontinuity of the total variation norm with respect to the 13

weak-* convergence on every open set. Consequently, we have 14

m|(X) < limiglf [ |(X) < limsup |m|(X) < [m|(X),

e~ e—0

where the last inequality follows from equation (12). Therefore, we conclude that 15

lim || (&) = [m](X). (14)

e—0

18



By applying the same argument and using equation (13), we also deduce that
lim [div(m,)|(X) = [div(m)|(X). (15)

e—0

Remark that

ly — (el o)l 22a) = 191720y — 200, @l ) L2y + 1@l 72y - (16)

Since . — m in M (IR?)2, the restriction 7. | x locally weak-* converges to |y = m

in M(X)? due to the inclusion C.(X;R)? C C.(R?* R)?. Furthermore, the uniform
bound

sup [me|x|(X) = sup [m|(X) < [m[(X) < oo
e>0 e>0

ensures the weak-* convergence of the restricted measures in M(X)?, by Proposi-
tion 2.9.

This implies

e—0

(Y, @(Me|x)) 20y — (Y, ©(M)) 22 (17)
since @ is weak*-to-weak continuous from M (X)? to L*(X).

Furthermore,

1@ )2y = /X (@ (1 ) (2))? d = /X (Lol — o) dz. (18)

Since Vo € X, ¢(- —x) € Co(X,R?) , and M |y — ™ in M(X)?, then

e—0

Ve e X, (Melx, (- —x)) — (M, (- —2)). (19)
Moreover, for all z € X,

(el x, (- — )] =

/X oy — z) d.(y)
< [l [7l(X)

< llepll oo [l ().

Due to equation (19) and equation (20), we can apply the Lebesgue Dominated

Convergence Theorem to the integral in equation (18), to get:

lim (e s (- — ) da = / (m, (- — z))* du, (21)
e—0 X X
meaning that
—_ e—0 .
19 (el )220y = 1) 1722 (22)
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C.

From the equations (16), (17) and (22), we get

1 2 es0 1 2
= Ty =5 Ly~ 00 eo

Hence, from equations (12) and (13), we conclude that:

1

Ta(melx) = 5 lly - O (e 2) |72y + A [N (X) + A [div ()| (X)

converges as € — 0 to
1 _ _ o
Ta(m) = 5 lly — ()| 72() + A [T](X) + A |div ()| (X).

Step 3: Inequality between infima.

By the definition of convergence, for any 6 > 0, there exists ¢y > 0 such that for all
e € (0,¢€),
Ta(m|x) < Ty(m) + 9.

Since mM.|x € W(X), we deduce that for any § > 0, there exists ¢y > 0 such that for
all € € (0,¢), the following holds:

inf Ty(m) <T)(m)+d= inf Ty(m)+4d.
meW(X) meV(X)

By letting 6 — 0, we obtain:

inf D < inf T
m€111/1V(X) A(m) —mé%) A(m),

which completes the proof of Theorem 4.3.
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