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Abstract

Maximum Likelihood (ML) Direction-of-Arrival (DoA) on the vectorized
covariance matrix model (VCMM), relying on a Virtual Array (VA) of antennas,
exhibits enhanced ability to separate closely spaced sources. Due to the finite
number of snapshots, the VCMM observation is corrupted by a non-white and
non-circular Gaussian noise resulting in an intricate ML criterion. To address
this issue, this paper introduces a novel two-stage transform that turns the initial
non-white and non-circular Gaussian noise into a real and white Gaussian noise.
Following this, the ML estimator is formulated for the transformed model and
the corresponding Cramér-Rao Lower Bound (CRLB) is derived.

Unfortunately, the ML implementation involves intractable multi-dimensional
and highly non-linear non-convex optimization.

This paper introduces a novel sparse DoA estimator that implements the ML
using the proposed two-stage transform. This transform is shown to significantly
simplify the sparse estimator implementation. To quantify the transform effects,
the problem conditioning is derived and shown to be consequently improved after
the transform. Numerical simulations showcase performance improvements of
the sparse DoA estimator after the two-stage transform in severe scenarios with

2 and 3 closely spaced sources using a 4-elements array.
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1. Introduction

Direction-of-Arrival (DoA) estimation is typical signal processing problem
arising in numerous applications such as radar, sonar or telecommunications.
Throughout last decades, a myriad of estimation techniques has been proposed
[1, 2]. Among these, Capon’s beamformer [3], subspace identification based
methods like MUSIC [4, 5] or ESPRIT [6] and the Maximum Likelihood (ML)
estimator [7, 8, 9] emerge as the most popular estimators. Despite their popu-
larity, above-mentioned methods suffer from serious limitations. For instance,
MUSIC fails in severe scenarios with highly correlated sources or few time snap-
shots. The ML estimator, while capable of handling correlated sources and
being statistically efficient at high Signal-to-Noise Ratio (SNR) under white
Gaussian noise [10], is seldom used in practice. This is primarily because ML
estimation requires solving an intractable, multi-dimensional, highly non-convex
optimization problem with numerous local minima [9]. Moreover, all aforemen-
tioned methods share a common limitation: the maximal number of identifiable
sources is limited to N — 1 using an N-element array.

To tackle some of the previously mentioned issues, one can leverage a VA,
with space diversity only, of at most N?> — N non-redundant antennas. This
approach offers increased number of identifiable sources and enhanced ability to
separate closely spaced sources [11]. The VA can be accessed through extensions
of MUSIC to higher order statistics [12, 13] assuming non-Gaussian emitters.
Alternatively, the VCMM can be employed to access the VA [14]. This novel
model only necessitates second order statistics, which exhibits better conver-
gence than higher order statistics, of the observation without any assumptions
on the sources signals statistics.

Recently, the signal processing community extensively investigated the topic
of sparse signal representation to address the shortcomings classical methods
limitations [15, 2]. Several authors experimentally demonstrated the superiority
of sparse-based DoA estimators in challenging scenarios [16, 14, 17, 18] compared

to traditional techniques such as MUSIC. Specifically, these estimators [14, 17,
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18] rely on a sparse representation of the vectorized covariance matrix thus
levering the VA and thereby enhancing performance.

Using this sparse representation, the DoAs are retrieved through the mini-
mization of a £y-regularized sparse criterion parametrized by A the regularization
parameter [18]. Despite the VA advantages, the processing of poorly separated
sources remains challenging for a sparse estimator due the spatial correlation
between directions, which complicates the criterion optimization [19]. In [20], a
novel f-invariant regularization parameter choice is introduced to ensure equiv-
alence between sparse and ML DoA estimators under white Gaussian noise. As
a side effect, this approach enables the theoretical characterization of the sparse
estimator by the way of ML performance. This equivalence relies on a two-stage
transform that handles both the noise correlation and non-circularity. As out-
lined in [20], the VCMM is corrupted by a coloured noise vector due to the finite
number of samples. The presence of coloured noise can significantly deteriorate
performance [21, 22|. To address this, several authors have proposed modified
estimators [23, 24, 25]. When sufficient data is available, a pre-whitening noise
transform is applied transforming the initially coloured noise into white noise
[9]. Such procedure is performed on the VCMM in [20] resulting in a real white
Gaussian noise thus enabling equivalence with the ML under white Gaussian
noise. Additionally, this transform modifies the dictionary matrix involved in
the sparse criterion by decorrelating vectors associated to sources directions,
thereby improving the resolvability of closely spaced sources [19].

This paper seeks to extend the findings of [19] and is three-fold. First,
it introduces a two-stage transform of the VCMM that converts the initially
complex non-circular and non-white Gaussian noise into a novel real standard
white Gaussian noise. This transformation not only addresses noise correlation
and non-circularity but also yields a simple deterministic ML criterion compared
to the multi-term intricate criterion obtained under coloured noise. Using the
transformed model, the Cramér-Rao Lower Bound is derived to characterize the
asymptotic estimator performance.

In addition, the aforementioned two-stage transform also affects the sparse
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criterion. The impacts of this transform on sparse criterion are discussed in
[19]. Specifically, the problem conditioning is shown to be significantly improved
after the transform, leading to substantial enhancements in the sparse criterion
optimization. While [19] analyzed the spatial correlation coefficient, its formal
relationship to the problem conditioning was reserved for future investigation.
The present work establishes a formal connection between spatial correlation
and problem conditioning.

Finally, the two-stage transform effects on the Continuous Exact ¢, (CELO)
loss surface [26] are examined. As demonstrated in [27], while this penalty
simplifies the criterion optimization by reducing the number of local minima
induced by the ¢y penalization, the CELO criterion exhibits flat minimums in
the case of closely separated sources, thereby complicating their estimation.
Through numerical simulations, the transform is shown to reduce the sparse
criterion corridors hence enhancing the estimation of closely spaced sources.

This paper is organized as follows: section 2 introduces the VCMM and the
proposed two-stage transform, resulting in a transformed model corrupted by a
standard white Gaussian noise. Then, the ML estimator and the CRLB deriva-
tion are presented in section 3 for the transformed model under white Gaussian
noise. Section 4 is devoted to the sparse estimator and its equivalence with the
ML. In section 5, a theoretical investigation on the two-stage transform effects
on the sparse criterion is conducted. The transformed dictionary is proven to
have reduced correlation between sources directions thus enhancing the criterion
optimization. Numerical illustrations of the criterion are provided to support
our claims. Finally, in section 6, numerical simulations for scenarios with 2 and
3 sources are conducted to assess the performance enhancement of the proposed

sparse DoA estimator.

Notations. Upper-case and lower-case boldface Latin letters respectively denote
matrices and vectors. (-)* denotes the complex conjugate, (-)T the transpose
and (\)H the conjugate transpose of a vector or matriz. @ and (-)* refer to the

Kronecker product and the Moore-Penrose pseudo-inverse of a matriz. Lastly,
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E[-] denotes the temporal mean operator, (/\) the estimate of a parameter and

Iy the identity matriz of size N.

2. Signal modelling, hypothesis and problem formulation

2.1. The vectorized covariance matriz model

Let M independent narrowband plane waves of directions @ = {01,...,0x}
impinge on an array of N antennas. The array output is then:

M

x(t) = 3 a(Bn)sm(t) + n(t) = AO)s, (£) +n(t) (1)

m=1
where A(0) = [a(61),...,a(fxr))] is the steering matrix formed by the steering
vectors a(b,,),1 < m < M, sy (t) = [s1(t),. .., SM(t)]T the complex envelopes
of the emitted signals which are considered unknown but deterministic and
n(t) a complex circular Gaussian noise vector [28], independent of s, (t), with
covariance matrix E [n(t)n” (t)] = o2Iy.

The covariance matrix of (1) is thus:
R, =E [x(t)x"(t)] = A(O)R,AY(0) + 0’1y (2)

where R, = E [sg(t)s§ (t)] refers to the sources covariance matrix. Throughout
this paper, sources are assumed to be temporally uncorrelated leading to a diago-
nal sources covariance matrix satisfying Ry = diag (7yg) with vg = [y1, . .- ,fyM}T
the sources powers vectors and diag(x) the diagonal matrix whose diagonal is
x.

The use of (1) and (2) restricts the performance in severe scenarios (few array
snapshots, low SNR or closely spaced sources). To improve theses limitations,
the VCMM is employed. This model relies on an observation r of size N?
associated to the output of a VA with N? sensors among which at most N? — N

are non-redundant. The VA has fewer sidelobes and a thinner mainlobe leading

to an enhanced ability to resolve closely spaced sources [11].
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Under the assumption of temporally uncorrelated emitters, the VCMM ob-

servation is [14]:

M
r = vec (RI — 0'2IN) = Z b(0)vm = B(0)7e (3)

m=1
with vec(+) the column-wise vectorisation operator, B(0) the VA steering matrix
formed by the vectors b(6,,) = a*(0,,) ® a(6,,) and v, defined above.

In practice, the true covariance matrix R, is not accessible and is thus
replaced by its corresponding ML estimate ﬁT obtained using K identically
and independently distributed array snapshots x(¢x),1 < k < K. Assuming
temporally white noise on x(t) (E [nf(¢;)n(t;)] = 0 for i # j), R, can be

decomposed as:
N 1 E
R = 2 x(t)x" () =R+ AR, (1)

where AR, is a random matrix following a complex Wishart distribution [29].
Consequently, model (3) is corrupted by the covariance matrix estimation error

d = vec (AR,;) leading to:
r = vec (ﬁI - JQIN) = B(0)vy+0 (5)

where § refers to the noise on the observation r.

By the way of the central limit theorem and [30], the complex Wishart dis-
tribution of the covariance matrix estimation error AR, is asymptotically (with
respect to K) a complex Gaussian distribution. The vectorization of (4) then
yields a corresponding complex Gaussian noise vector (5) of law CA (Onz 41, T, C)

[28] with the following moments [31]:

1

r—E[56"| =~ (RI©R,) C=E[65"| =TK (6)

=

where T' and C respectively denote the covariance matrix and the pseudo-
covariance matrix of the covariance matrix estimation vectorized error § and
K is the permutation matrix such that vec(M7’) = Kvec(M) for any square
matrix M € CN**N* [32].
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2.2. Two-stage transform of the observation r

As outlined in section 2, the VCMM observation (5) is corrupted by a com-
plex non-white and non-circular Gaussian noise vector 4 (6). This yields an
intricate multi-term log-likelihood function which could be simplified in the
case of white Gaussian noise.

To this end, this section introduces a novel two-stage transform exploiting
only the noise second order statistics. The transform purpose is to turn the
initially non-white and non-circular complex Gaussian noise into a real white
Gaussian noise.

First, the noise is whitened as described in 2.2.1 through the whitening
matrix W such that y = Wr where y it the resulting observation. After the
whitening, the noise on y is white but remains non-circular.

Then, the non-circularity is handled in 2.2.2 through a decomposition of the
real and imaginary parts of the observation. The corresponding observation
noise is non-white since its covariance matrix differs from the identity. Thus, a
final whitening step is performed. These steps are synthesised by the matrix T

The resulting real observation after the two-stage transform is denoted z =

Ty = TWr and is corrupted by a real white Gaussian noise.

2.2.1. Noise whitening
From eq. (6), it follows that d is non-white. To transform its covariance
matrix T' into Iy2, eq. (5) is pre-multiplied by W the N? x N? whitening

matrix as done in [20, 19]:
Yy =Wr=WB(0)vy+ W =B,(0)vs + 0w (7)

where W = I'"1/2 = \/E(R;T/Q ®R;1/2), B, (6) = WB(6) denotes the
dictionary obtained after the whitening and §,, = W4 the whitened noise.

After whitening, the noise d,, is thus white but yet non-circular, such that:

r,=E [51”5{3 } —Iy: C,=E [51”55} — WIKW7 8)
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where the matrix C,, can be further simplified using both permutation matrix

[32] and Kronecker product [33] properties:

Cp = (R;T/2 ® R;1/2) (RT @ RT)K (R;T/2 ® R;W)T

(Rf/2 ® R;/Q) K (R;1/2 ® R;T/Q)

Rf/z ® R;/Q) (R;T/Q ® R;1/2) K

K

since:

KA9B) = BoAK AcB =ATeB” (AeB) '=AlgB!
(10)

for any conformable matrices A and B.

Remark 1. In practice, the whitening matrix is replaced by its corresponding

estimate W = VK (f{;T/z ® 1?{;1/2)

Remark 2. Using the vectorization property of the Kronecker product (10), the

whitened observation (7) can be rewritten as:
y = VKvec (IN—0'2:§,;1) (11)

showing that the pre-whitening noise transform preserves (7) the DoA informa-

tion as it is contained within R;l.

2.2.2. Transformation of the complex non-circular noise into a real white noise

The purpose of this paragraph is to take into account the non-circularity and
to transform the non-circular noise § into a real white noise n. The following
transforms yield a novel observation z = Ty. Indeed, eq. (8) and (9) show that
although the noise d,, is white after the whitening transform (7), it remains

non-circular as C,, # Opz.

Non-circularity. The conventional approach to handle the noise non-circularity

is to concatenate both real and imaginary parts of y (respectively R {y} and
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3 {y}) to form a novel real augmented observation y of size 2N? x 1:

x
G {y} _ql|Y 12)
Sy} y*
where:
111 1
H=Q®Iy2 and in (13)

—J J
and y = Wr. Using both properties of the permutation matrix (10) and the

Hermitian symmetry of ﬁt — 0?1y, we have y* = Ky leading to:

I
y=H ||y =HUy = HUB,(0)v, + HUS,, (14)
K

The noise in (14) is now a real random vector of law N (0ap2 1, ) with covari-

ance matrix:
T=E [(Han) (HUs,,)"| = HUUHHH (15)
since E {6“]55] =Iy2 (8). Using K% =1 [32], we have:

I 1 13 + K
HU=(Qolyv) | =5 | ¥ (16)
K J(K —Inz2)

and inserting (16) in (15) leads to:

E:l I +K Opn2 (17)
21 one IN:—K
Final whitening step. After handling the non-circularity, the obtained real noise
is non-white as 3 # Iz (17) leading us to apply one final whitening step to
obtain the observation z corrupted by a real white Gaussian noise.

The 2N? x 2N? covariance matrix 3 (17) is an orthogonal projection [34]
since it is symmetric (X7 = %) and idempotent (£? = ). ¥ can rewritten
through an eigenvalue decomposition ¥ = EAET where A is a diagonal matrix
containing the eigenvalues and E the matrix formed by the corresponding eigen-

vectors. Since X is an orthogonal projection, its first N? eigenvalues are equal



196

197

198

199

200

204

205

206

207

208

to 1 and the last N2 to 0. Thus, the EVD can be simplified as ¥ = E,E? with
E; the restriction of E to the eigenvectors associated to non-null eigenvalues all
equal to one.

E; is clearly a square root of 3. Thus, the noise HUdJ,, of (14) is whitened
by multiplying it with EZ. This yields a novel observation z of size N? x 1

(since ET has size 2N2? x N?2) obtained from the whitened observation y (7):
z=E!y = ElHUy = E'THUB, (0)v, + E'HUG,, = B,(0)v, + 10  (18)

where the matrix B;(0) = TB,,(0) is the transformed dictionary obtained using
the transformation matrix T = E;HU which summarizes all previous steps
(decomposition of the real and imaginary parts eq. (14) and second whitening
eq. (18)).

The transformed observation z (18) is now corrupted by the transformed

noise, denoted n = Td,,, which is a real white Gaussian noise as desired since :

E [aa”] = ETHU (ESTHU)T =E!I'SE, = ETE,ETE,I% (19)
as ETE, = Iy2. This concludes the two-stage transformation.

The transformed VCMM (18) is now contaminated by a real white Gaussian

noise for which the ML estimator can now be easily formulated.

3. ML-DoA estimation on the transformed vectorized covariance ma-

trix model z

8.1. Conditional Mazximum Likelihood for white Gaussian noise

For the white Gaussian noise model (18), the conditional ML [7, 8, 9] esti-
mates of the true DoAs 6 are obtained using the following estimator:
Tur(e) = tr (T (p)z2" ) = 2" T ()2
_ (20)
6 = arg Juin, Tmr(p)

where IT* (p) = Iy2 — B.(¢)B¥ () is the noise projector computed for candi-

date directions ¢ and tr(-) the trace operator.

10
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Although its statistical efficiency as it achieves the Cramér-Rao Lower Bound
at high SNR [10], the ML requires computationally intractable optimization
since Jysr is an M-dimensional non-linear and non-convex criterion with nu-
merous local minima [9]. As the number of local minima increases with the

number of sources, the ML is confined to small number of sources.

3.2. Deriwvation of the Conditional Cramér-Rao Lower Bound based on the trans-

formed model z

The CRLB is a lower bound on the variance of all unbiased estimators of a

parameters vector a such that:

23

CRLB(o) < Var(a;) = [T (a)],, = []E [(a —a) (& O‘)T”u— (21)

with Z(e) the Fisher information matrix. For the special case of the multivariate
real Gaussian distribution N (pu(ar), (), there exists a closed-form formula
form the (i, ) entry of Fisher information matrix referred as the Slepian-Bangs

formula [35, 36]:

_ op’ (@) 1 op(e) 1 —1 0%(0) (1 9%(a)
Z(a)];; = T«iz (Q)ij +otr{ 7 (a) e, % (Q)T“j
(22)
Applying (22) to the deterministic model (18) with:
T T
aT = [OT 7?} = |:91 . 0]\/[ Y- ’7]\4}
pla) = By(0)7g (23)

yields:

[I(a)}ij = M Ol

o, o, M I(e) = V() Vi p(a)  (24)

T
where straightforward derivations leads to Vu(a) = [a%@((a) o7} Bt(O)}
with ® the Hadamard product. Then, in the numerical simulations of section

6, the CRLB is numerically evaluated using eq. (21) and (24).

11
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4. Sparse ML-DoA estimation on the vectorized covariance matrix

model

To overcome the ML implementation pitfalls detailed in section 1, a sparse
estimator based on (18) is employed. Equivalence under white Gaussian noise
between this sparse estimator and the ML (20) has recently been established

for proper hyperparameter selection [20].

4.1. Sparse modelling
Let us discretize the angular space using a grid of G pre-defined directions
@ ={¢1,...,0c}. Under the assumption that the sources directions 0 lie within

©, eq. (18) can be rewritten using the sparse framework:
z=By(p)y,+ 10 (25)

where B;(¢) = TB,, (@) with B, (¢) = Wb(p1),...,b(¢q)] is an overcom-
plete dictionary of size N? x G,G > N? and =, is an M-sparse vector having
M non-zero components at directions satisfying ¢, = 0,,,. Finally, i is a real

white Gaussian noise vector satisfying E [ﬁﬁT} =In2.

4.2. Sparse estimation

The DoAs can be estimated from the sparse model (25) using the grid di-
rections ¢, which are associated to non-null entries of the sparse vector .
Consequently, an estimate of =, is needed to estimate 6. Given that the G
unknown coefficients of 7, are estimated from an observation of length N2, the
problem is ill-posed and thus can not be resolved through the least squares min-
imization. The estimation (25) is addressed by leveraging the sparsity prior to
ensure the uniqueness of the solution. The sparsity is thus enforced through
the addition of a fy-regularizer leading to the following ¢y-regularized objective
[18, 20]:

. 1
min {me = LB+ >\||’Y||0} (26)
~yeC& 2

where A > 0 refers to the regularization parameter which balances the solution

sparsity towards data fidelity.

12
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Remark 3. The dictionary vectors by(pg) contained in Bi(p) are normalized

such that ||bi(pg)ll2 =1 to ensure that all directions have equal energy.

4.8. Selection of the reqularization parameter

In [20], authors applied the work of [37, 18] to the transformed model (18).
After exploiting the statistics of the minimum of the ML criterion (20) for K

sufficiently large, they proposed to pick A as:

1

A= §]:x2(NLM)(77) (27)

where F,,(nv2_nr) is the xo(N? — M) distribution with N? — M degrees of
freedom cumulative distribution function and 7 a probability (typically set to
5 x 1072 |20]). Furthermore, it was shown that this choice ensures equivalence
between sparse and ML estimator after the transformation of subsection 2.2 ie.

both criteria have the same global minimizer.

5. Whitening effects for sparse ML-DOA estimation on the trans-

formed observation z

In this section, the consequences of the two-stage transform on the dictionary

matrix are investigated with M = 2 impinging sources.

5.1. Enhancement of the problem conditioning through whitening

The transform affects the sparse criterion (18) by transforming the dictionary
which controls the criterion shape. To measure the transform effects on the
dictionary vectors, let us introduce the spatial correlation function:

e (pi)e(p))]
 lele)ll2llele)ll2 (28)

TE(Pi, ©;5)

which measures the spatial correlation between directions ¢; and ¢; of a given
dictionary E = [e(¢1),...,e(¢e)]- In the following, ra,rp,rs, respectively
denote the spatial correlation coefficients obtained for the classical array, the
VA prior the transform and the VA after the transform. Let’s note that rg,

depends on the source scenario {61,602} through the transform.

13
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Throughout this paper, a circular array with N = 4 antennas among which 3
are uniformly distributed around a circle of radius 0.5\¢ with Ay the wavelength
and one central antenna is considered. Figure 1 depicts the squared spatial
correlation coefficients obtained for a scenario with M = 2 sources of directions
01 = 180° and 6y = 195° (leading to |ra (f1,62)|* = 0.8) with the same SNR =
10log;o (%#) of 10dB and K = 200 array snapshots. Note that K is sufficiently
large so that W ~ W where W is the true whitening matrix defined from (6).

Steering vector direction ¢ [°]

Figure 1: Squared spatial correlation as a function of the steering vector direction ¢. The

sources positions {61 = 180°, 02 = 195°} are represented by dashed lines.

As observed on Figure 1, the use of the VA reduces both the mainlobe width
(25° for the classical array and 17° on the VA) and the sidelobes ie. rank-1
ambiguities since rg = r3 [11]. The two-stage transform further enhances the
array resolving power by introducing a thinner mainlobe of 8° and null spatial
correlation between sources directions {61,602} as illustrated by the magnifica-
tion of Figure 1. Moreover, the spatial correlation between ; and many other
directions is null.

The observed spatial decorrelation on Figure 1 directly modifies the eigen-
values of H; = BH(0)B,(0), the criterion projection onto directions Hessian
matrix [19] after the two-stage transform. To quantify the eigenvalues influence

on the criterion, let us consider the conditioning of the problem projection onto

14
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directions {6,602} defined as follows:

o )\max (Ht)
" N ) .

where Aoz (FHe) and Ay (#e) respectively denote the largest and smallest
eigenvalues of H;.

Prior the transform, the problem is badly conditioned as illustrated by the
elliptical contour lines of Figure 2 obtained using the observation r 5. The
use of the transformed observation z significantly improves the conditioning by
reducing it of a factor 6 (n = 1.1 vs. n = 6.1) thereby leading to the almost

circular contour lines shown on Figure 2.

Observation r Observation z
32—
M
29 T,
S
)
Gy
o
=
2
=
Q
o]
=
o
~
a9
Figure 2: Projections of the sparse criterion J,, onto the sources directions

{61 = 180°,02 = 195°} before (left) and after (right) the transform for a single noise real-
ization. Red circles and dashed lines represent the global minimum 4 = ['Yl,ﬁg}T coordinates.
Both criteria are represented using the Bartlow colormap [38]. Number of array snapshots

and SNR are identical to those defined in subsection 5.1 ie. K = 200 and SNR = 10dB.

In [19], the spatial correlation coefficient expression was derived and shown to
depend on the initial spatial correlation between sources ra (61, 602) and the SNR.
Nevertheless, its formal connection to the problem conditioning was beyond the
scope of [19]. In the following, the connection between 7 and rg,, is established
in the case of M = 2 sources.

For M = 2, the Hessian matrix after the transform is a 2 x 2 matrix with

the following eigenvalues:

A min(He) = 5 (8r(H1) & /0r(3)? = Adet(74y) ) (30)

[N

15
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with the det(-) the determinant. Since the transformed steering matrix B; has

normalized columns, H; can be further simplified using eq. (28):

H — b (61)b:(01) biT(01)be(62) _ 1 rB, (01,02) (31)
bi(02)bs(61) bf (62)by(02) B, (01,02) 1

which immediately yields:
tr(Hy) =2 det(H,) =1—rg,(61,62) (32)

Finally, substituting (32) into (30) and using the conditioning definition (29)

gives:
. 1+ rBt(Ol, 02)
- rB, (01,02) (33)

which explicitly depends on the spatial correlation after the two-stage trans-
form, shown to depend on both the initial spatial correlation between sources
and the SNR [19]. Consequently, the problem conditioning is represented as a
function of the two aforementioned quantities on Figure 3 in dB scale. Thus,

the conditioning is better as 101og,, (1) is close to 0dB.

Observation r Observation z
30

SNR [dB]
Conditionning 7 [dB]

A = |01 — 03] [°] A = |0, — 03] (°)

Figure 3: Problem conditioning prior (left) and after (right) the transform as a function of
the initial correlation between sources and the SNR with K = 200 array snapshots. The red

circles represent scenario parameters used in Figure 4.
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Figure 3 confirms the conditioning enhancement after the transform since
conditioning in significantly reduced in severe scenarios with closely spaced
sources. Furthermore, for sufficient SNR, the transform leads to unitary con-
ditioning for any angular spacing. Hence, there exists a minimal SNR that
orthogonalizes the sources directions (rg, (01,02) = 0) for a given scenario lead-
ing ton = 1.

Using the previously performed analysis on the problem conditioning, the
corresponding criteria are represented for several angular spacings with fixed
SNR of 10dB on Figure 4. The improvement in conditioning leads to almost
circular contour lines even if the sources are closed thus facilitating their sepa-

ration and so the sparse estimator implementation.

Al = 2.5°

25

22

19

Observation r

16

14

11

Projection of Jp, pior and af-
ter the two-stage transform [dB|

Observation z

Figure 4: Influence of the angular spacing Af = |01 — 02| on the sparse £p-criterion projection
onto the sources directions before (top) and after (bottom) the transform. K = 200 array

snapshots are considered together with SNR = 10dB.
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5.2. Two-stage transform effects on the minimizers of Jogro loss surface

The ¢y penalty term in (26) enforces the solution sparsity. However, the £o-
norm is a non-continuous and non-convex function that exhibits numerous local
minima [39] thus grandly complexifying the optimization of the corresponding
objective function. £; convex relaxation of (26) has led to a profusion of litera-
ture since ¢; and fp-formulations are equivalent under the Restricted Isometry
Property (RIP) [40]. Despite its interesting theoretical guarantees, ¢; relaxation
is not suited to the considered application. Indeed, the RIP condition requires
low correlation between pairs of dictionary vectors which is not the case with a
thin grid. Furthermore, the use of ¢;-norm makes the penalty term sensitive to
the absolute values of the sparse vector v components ie. to the sources powers.
Recently, a continuous relaxation of (26) has been proposed through the use of
the CELO penalty [26]. The CELO penalty has been proved to suppress some lo-
cal minima induced by the {p-norm while preserving the same global minimizer.
This relaxation has been successfully applied to DoA estimation [41, 42, 18, 27].

Although Jc g 1o, the relaxed criterion, generally outperforms the ¢y-criterion,
Delmer [27] experimentally demonstrated that the use of CELO leads to massive
flat minimums where the loss surface is approximately identical in the case of
closely spaced sources. These flat minimums drastically degrade the quality of
the DoA estimates and cause a lack of resolution. This section investigates the
effects of the transform on the minimizers of Jogro loss surface.

To this end, the minimum value Jcgro is computed for all pairs of direc-
tions {1, v2} assuming that the sparse vector support only contains directions
{¢1, 92} The corresponding surface is represented prior and after the trans-
form on Figure 5 following the approach of [27]. M = 2 sources of directions
{6, = 180°,05 = 195°} with common SNR of 10dB and K = 200 samples are
considered for this experiment.

As observed on Figure 5, the transform suppresses the flat minimums and
transforms these into sharp peaks thus improving the estimates quality.

In addition to the flat minimums suppression, the transform partially or-

thogonalizes the dictionary. According to Figure 1, pairs of directions {0,,, ¢}
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Figure 5: Loss surfaces of the CELO criterion prior (left) and after (right) the transform
projection onto directions {¢1,p2}. Red circles denote the positions of the estimated global
minimums. The sources directions are {0; = 180°,02 = 195°}. Number of array snapshots

and SNR are identical to those defined in subsection 5.1 ie. K = 200 and SNR = 10dB.

where 6,, is a source direction and ¢ is a candidate direction have low correla-
tion. This leads to the same consequence on the sparse criterion projection onto
directions {0,,, p} as observed on Figure 1. It is noteworthy to mention that
the CELO penalty was initially developed assuming an orthogonal dictionary.
In this particular case, the CELO penalty leads to a convex criterion [26]. Al-
though, the transformed dictionary is not orthogonal, it posses many directions

pairs which are orthogonal thus making it closer to the convex optimal of [26].

6. Numerical experiments

6.1. Experimental setup

To assess the performance of the proposed sparse estimator prior and af-
ter the proposed two-stage transform, both detection probability P(6,,) and
Root Mean Square Error RMSE(6,,) are measured as a function of the angular
separation using 1 x 10* Monte-Carlo runs. The m-th sources is detected if
the corresponding peak exists and ‘ém — Hm‘ < 30° where 30° is the array half
beamwidth. For the standard observation r (5), A is selected using [18] whereas
the results of [20] are employed for the transformed observation z (18). Array
and all scenario parameters are identical to those defined earlier in section 5 ie.

K = 200 array snapshots are considered with SNR = 10dB for both sources.
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The sparse criterion (25) is minimized using the Forward-Backward Splitting
algorithm [43] applied to the CELO penalty. Finally, a regularly spaced grid of
stepsize 1° combined an off-grid post-processing layer is employed. Specifically,
this post-processing relies on the estimation of the grid-error using a first-order

Taylor series expansion of the model. Further details can be found in [44].

6.2. Case M = 2 sources

Figure 6 summarizes the obtained performance for M = 2 impinging sources
with respect to the angular spacing A = |6y — 63]. The proposed transformed
sparse estimator outperforms the classical one. After the transform, an angular
spacing of only 13° is required to resolve both sources with a probability of 1.
Prior the transform, this limit is increased to 20°. For this scenario, SNR =
10dB is sufficient thus the ML on the transformed observation z (18) achieves
the CRLB. After transform, the sparse estimator is equivalent to the ML and
so achieves the CRLB as the ML does. On the contrary, the non-transformed
estimator has higher RMSE than both MUSIC and the transformed estimator.
This difference can be explained by the wide corridors observed on figure 5 which

generate variance for the estimates.

6.3. Case M = 3 sources

For the case of M = 3 impinging sources, the directions {0;, 09,605} are
obtained as follows: #; = 180°, 83 = 6, — A6 and 63 = 6; + Af. All other
parameters are equal to those defined in subsection 6.1. Results are represented
as a function of the angular spacing Af# on figure Figure 7. Note that the
performances of MUSIC is not represented as it suffers from many ambiguities
in the case of M = 3 sources with a 4-element array.

Without the two-stage transform, the estimator based on r (5) requires at
least an angular spacing of 40° to achieve a probability of detection of 1. Further-
more, the estimator is unable to reach the CRLB. Using the proposed two-stage
transform, the estimator obtained from z (18) achieves P(6,,) = 1 for angular

spacing greater than 30° thus yielding a 10° compared to the non-transformed
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Figure 6: Probability of detection (left) and RMSE (right) for directions 61 (top) and 62
(bottom) as a function of the angular spacing. RMSE are represented for angular spacings
leading to P(6m) > 0.8. K = 200 array snapshots are considered together with a common
SNR of 10dB for both sources.

estimator. The corresponding RMSE is equal to the CRLB for Af > 25° as the
SNR is sufficient.

7. Conclusion

This paper introduces a sparse DoA estimator that implements the ML on
the VCMM. Using a novel two-stage transform, equivalence with the ML is
obtained. Specifically, this transform performed on the vectorized covariance
matrix model converts the initially non-white and non-circular complex Gaus-
sian noise into a real standard Gaussian noise. Thus efficient ML implementa-
tion is obtained trough sparse estimators. Additionally, the CRLB is derived to
characterize the estimator asymptotic performance.

Then, the proposed transform effects on the sparse representation of the
observation are analysed. The transform simplifies the sparse optimization by
orthogonalizing the sources directions which drastically improves the problem

conditioning. Furthermore, the transform is shown to suppress some of the
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Figure 7: Probability of detection (left) and RMSE (right) for directions 61 (top), 2 (middle)
and 03 (bottom) as a function of the angular spacing. RMSE are represented for angular
spacings leading to P(6,,) > 0.8. K = 200 array snapshots are considered together with a
common SNR of 10dB for both sources.

issues of the CELO penalty in the case of closely spaced sources. These two
effects lead to consequent improvements of the sparse estimator performance
in the case of closely spaced sources as confirmed by the conducted numerical
simulations in the case of 2 and 3 impinging sources.

Nevertheless, a more in depth studied of the whitening transform conse-
quences on the array’s ambiguities is required as it may allow to slacken some
constraints about the array geometry. Furthermore, extensions of the two-stage
transform to potentially time-correlated emitters received on arrays with space

and polarization diversity shall be analysed.
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