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COARSE DISTANCE FROM DYNAMICALLY CONVEX TO
CONVEX

JULIEN DARDENNES, JEAN GUTT, VINICIUS G. B. RAMOS, AND JUN ZHANG

ABSTRACT. Chaidez and Edtmair have recently found the first examples of dy-
namically convex domains in R* that are not symplectomorphic to convex do-
mains (called symplectically convex domains), answering a long-standing open
question. In this paper, we discover new examples of such domains without re-
ferring to Chaidez-Edtmair’s criterion in [3]. We also show that these domains
are arbitrarily far from the set of symplectically convex domains in R* with
respect to the coarse symplectic Banach-Mazur distance by using an explicit

numerical criterion for symplectic non-convexity.

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. Convex domains in R?" have very strong symplectic rigidity
properties, including the existence of closed orbits on its boundary in many cases
[18, 12], the celebrated strong Viterbo conjecture that claims the equality of all
the normalized symplectic capacities, as well as its interesting consequences on the
systolic inequality between symplectic capacity and volume [22] and its implication
to Mahler conjecture in convex geometry [I]. However, geometric convexity is not
preserved by symplectic transformations.

The main motivation for this paper is the desire to understand the symplectic
analogue of convexity. Hofer, Wysocki and Zehnder observed that the charac-
teristic flow on the boundary of a convex set satisfies a certain index condition [12],
that they called dynamical convezity, which is preserved by symplectomorphisms.
For a long time, it was speculated that if a domain is dynamically convex, then
it is symplectomorphic to a convex domain. Chaidez and Edtmair have shown [3]
that there exist dynamically convex domains that are not symplectomorphic to
convex ones in dimension 4. A recent work in [8] discovers more such examples
which have been then easily applied to Chaidez and Edtmair’s generalization of

their criterion in higher dimensions [2].
1
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In this paper we answer the following quantitative question in dimension 4.

Question 1. How far can dynamically convex domains be away from convex do-

mains?

Let C; be the set of domains in R* which are symplectomorphic to convex
domains, called symplectically convex, and let D, denote the set of dynamically
convex domains as first introduced in [12]. It follows from the same paper that
Cy C Dy.

A non-linear symplectic analogue of the Banach-Mazur distance was first
suggested by Ostrover and Polterovich and further developed by [21, 20]. It is
defined as follows. For U,V C R*, let

1
(1) dC(U,V):inf{log)\EO‘)\U<—>V<—>)\U}

where — represents a symplectic embedding via some symplectomorphism ¢ of
R*. According to [2I, Definition 1.3] where d, is named as the coarse symplec-
tic Banach-Mazur distance, we briefly call d. the coarse distance in this paper.
Following what is usually done in any metric space, given A, B two collections of

subsets of R*, we define the distance from A to B as:

2 = inf d )
(2) 74.(A, B) = sup inf d.(U, V)
Note that o4 (—,—) is not symmetric in general. For instance, if A C B, then

04,(A,B) = 0 while o4,(B,.A) could be large. Moreover, o4 (—,—) satisfies a
monotonicity property, namely, o4 (A, B') < 04, (A, B) if B C B'. In what follows,

for simplicity, let us denote o4, by o.

The main result of this paper is to answer Question |1 under the distance d.. It
turns out that the d.-distance from the set of dynamically convex domains to the

set of symplectically convex domains is unbounded.
Theorem 1.1. 0(Dy,Cy) = +o00.

Along with the proof of Theorem [I.1], we discover a family of dynamically convex
domains Xq, (see (3)), parametrized by p € (0,1], that are not symplectomorphic

to convex ones when p is sufficiently small.

Novelty: The novelty of the toric domain Xg, in the proof of Theorem @

consists of the following four points:
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(i) It is the first family of dynamically convex domains whose symplectic non-
convexity can be verified without referring to Chaidez-Edtmair’s criterion.

(ii) The verification is only based on the classical machinery - ECH capacities
(see [13]), where a concrete estimation on how small p can be so that Xq  is not
symplectically convex is obtained (see Remark . Note that an estimation on
p could also be obtained via Chaidez-Edtmair’s criterion (See Remark [1.1]).

(iii) It shows a successful metric-geometrical application, based on a symplectic
version of the classical John’s ellipsoid theorem (see Section [2|) that quantitatively
characterizes the property of being symplectomorphic to convex domains. In fact,
our second main result Theorem [I.4]illustrates that this metric geometry approach
is “independent” of Chaidez-Edtmair’s criterion.

(iv) It indicates a new direction going to infinity in the large-scale geometry
of the pseudo-metric space that consists of all the star-shaped domains in R*

equipped with d, (see Remark |1.3]).

Remark 1.1 (About the point (ii) above). Soon after the first version of this
paper appears to the public, Oliver Edtmair informed us that, by chasing the ar-
guments in [3], one was able to obtain an explicit estimate of C in the criterion
(@, though not presented in [3]. As a consequence, based on a careful calcula-
tion of ccr(Xaq,), this upper bound also helps to estimate, in a relatively precisely

manner, the parameter p in Xq, for symplectic non-convexity.

1.2. d.~-large toric domains. To state our first main result, towards the proof
of Theorem let us recall some notations from the symplectic toric geometry.

Let p : R*™ — [0, 00) be the standard moment map, i.e.,
(21, .. 2) = (w213, ... Tl 2n)?).

A toric domain is a set of the form Xq = p~ (), where 2 is the closure of a non-
empty open set. We say that Xq is star-shaped if the origin is in the interior of
Xgand r- Xq C Xq for 0 < r < 1. Given a star-shaped toric domain Xgq, let 0, )
denote the closure of 92N (0,00)". In dimension 4, 9, is a curve that connects
the x and the y axes. We say that a star-shaped toric domain is monotone if 0, €2
is the graph of a decreasing function. Let 7; and M, denote the sets consisting
of the star-shaped toric domains and of the monotone toric domains, respectively.
It was shown in [9, Theorem 1.7] that for every U € My, all the normalized

symplectic capacities of U coincide. The set M, is quite a large set including all
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convex and concave toric domains, see [9, Definition 2.1, 2.2], for example. In [9]
Proposition 1.8], it was shown that My = 7, N Dy.

The following Figure [I] illustrates the schematic relations between 7y, C4, My,
and Dy, where M, is the shaded region.

D,

C

Chaidez-Edtmair’s example

Ta Dardennes-Gutt-Zhang’s examples

FIGURE 1. Relations between Ty, Cy, My, and Dy.

As mentioned above, the relation C4 C Dy is given by [12]. It is strict due to
examples that were recently found by [3] and [§]. So for the proof of Theorem
it suffices to find a family of monotone toric domains that are arbitrary far from
all elements of C,.

Now consider the following toric domain denoted by Xq, € My, where Figure
shows the moment image €,. Explicitly, for p € (0, 1], let

(3) Xo, = {(21,22) € C*| (w|2a|?)" + (x]2?)" <1}

Define d.(Xq,, &) = infpeg, do(Xq,, E), where & consists of symplectic ellipsoids
in R* defined by (L1). Here is a main result.

Theorem 1.2. For toric domain Xq, defined as above, we have the following

. . 1
estimation for p < ¢,

(4) do(Xaq,,E1) > Log ( 9(p) )

— 8 1+1log4 +logg(p)
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(1,0)

FIGURE 2. Xq, for p € (0, 1].

where g(p) = 2%_2V01R4 (Xa,). In particular, when p satisfies the condition that

9(p)
(5) 1+1logd +logg(p) ~

256,
then Xq, is dynamically convex but not symplectically conver.

The proof of the second conclusion of Theorem [1.2|directly comes from Proposi-
tion [2.1] while the first conclusion needs a sophisticated argument based on ECH
capacities, given in Section [L.1]

Remark 1.3. From the second conclusion of Theorem 1.4, one can estimate p €
(0,1] so that Xq, is symplectically non-convex. Eaplicitly, from the inductive
relation that g(k%rl) = %g(%) for any positive integer k, one can show that
for p < m, the condition (@) is satisfied and such Xq, is not symplectically
convex. Here, we emphasize that little effort was made in the proof of Theorem
to improve the estimation (@, where the estimation from Chaidez-Edtmair’s
criterion (@ mentioned in Remark potentially results in a better estimation

on p.

Remark 1.2. For two domains U,V C R*, we call them symplectically equivalent
if d.(U,V) = 0. Note that if U is symplectomorphic to V', then they are symplec-
tically equivalent by the definition of d.. Potentially, the symplectic equivalence
relation is weaker (that is, more general) than being symplectomorphic. Back to

Xaq,, even though the criterion (ﬂ) applies to verify its symplectic non-convexity,
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our Theorem[1.9 in fact shows that they are not even symplectically equivalent to

any convexr domains when p is sufficiently small.

Proof of Theorem[1.1]. (Assuming Theorem |1.2)
In proof of Theorem [1.2)in Section [2| we show that g(p) increases to +oo when
p goes to 0 so do the lower bound in (4). Then the desired conclusion results from

the following triangular inequality,
de(Xq,, &) < de(Xq,,Cs) + 0(Cy, &)
and Proposition [2.1] O

Remark 1.3. Consider the following pseudo-metric space
(S4,d.) = ({star-shaped domains in R} d,).

From a perspective of the coarse geometry that focuses on large-scale geometrical
phenomena, one could ask how many linearly independent directions in (S, d.)
that go to infinity, usually called the rank of a quasi-flat in (Sy,d.). The higher
the rank is or the more directions there are, the richer star-shaped domains in
R* will be in terms of d.. Immediately from the relation £, C Sy together with
Proposition |2.1], one concludes that there are at least 2 such directions, given by
Cy consisting of all the symplectically convex domains.

Moreover, the classical example, 1-finger shape from Hermann in [11], shows
that there exists a third direction. Here, by Theorem and a quick observation
via the comparison of Lagrangian capacity crag (see, for instance, 3, 17]) of Xq,
and Hermann’s example, the family Xq, for p € (0,1] indicates the existence of a

new direction going to infinity in (Sy,d.).

1.3. Differences in two criteria. As mentioned above, before this paper, the
only technique that was known for proving that dynamically convex domains are
not symplectically convex was Chaidez—Edtmair’s criterion based on the Ruelle
invariant [I4]. It turns out that this criterion and the metrical-geometric approach
used in this paper are quite different in essence as we now explain. To state the
next result, let us introduce a notation: for any star-shaped domain X C R*

(where 0X is a contact manifold with the contact 1-form given by A = Ayalax),
define
Ru(0X) - (min period of a Reeb orbit of 0.X

Vol(0X) ’
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where Ru(0.X) is the Ruelle invariant of 0X with respect to the contact 1-form
A above (for more details, see [I4]) and Vol(0.X) is the contact volume computed
from the volume form A A d\. Then the criterion from [3] says that there exist
constants 0 < ¢ < C such that if X is symplectically convex, then one has the

following numerical constraint,
(7) c<cep(X) <C.

The following result shows that the Ruelle invariant based criterion (7)) and d,

provide two different perspectives to study symplectic non-convexity.

Theorem 1.4. There exist sequences of star-shaped toric domains {XQIf} and
{Xqx} in R such that

_coe(Xar)/cer(Xar)
lim

cer(Xay)/ccr(Xay)
1m
koo (. (XQ';aXQ;)

=0,

Remark 1.5. Since d. reflects the changes of symplectic capacities, Theorem[1.4)
also implies that ccg and symplectic capacities are independent to each other in
general. It would be interesting to explore other numerical characterizations of

toric domains (cf. recent work from Hutchings [19] ).

Remark 1.6 (Informed by Oliver Edtmair). The non-toric ezamples constructed
in [3] with small and large ccg in fact lie in arbitrarily small neighborhoods of the
round ball with respect to the coarse distance d.. This shows another evidence of

the independence between ccg and d..

Acknowledgement. The second author was partially supported by the ANR
LabEx CIMI (grant ANR-11-LABX-0040) within the French State Programme
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2. SYMPLECTIC JOHN’S ELLIPSOID THEOREM

The classical John’s ellipsoid theorem [16] says that convex domains in R™ are
close to ellipsoids. Explicitly, denote by Conv(R™) the convex domains in R™.
A quantitative comparison between any two convex domains inside Conv(R") is

given by the so-called Banach-Mazur distance [19],

(8)  dpu(U.V) = inf {log)\ >0 EIIA € GL(n), u,v € R" such that }
(U +u) CAV +v) C AU +u)

where - + v and - 4+ v denote translations while % and \- stand for dilations. It is

easily verified that dgy defines a pseudo-metric on Conv(R™) and dgy (U, V) =0

if and only if U is an affine transformation of V.

Since dpy is defined up to affine transformations in R", consider Ell(n) :=
{ellipsoids in R™}. Then John’s ellipsoid theorem [16] says that for any U €
Conv(n), we have
9) dpm(U, Ell(n)) = Eei]gllf(n) dpm(U, E) < ;logn
in particular, finite.

Recall that o = 04, defined by , is a symplectic version of the Banach-Mazur
distance with respect to the coarse distance d.. Recall also that £, consists of all

the symplectic ellipsoids in R*.
Proposition 2.1 (Symplectic John’s ellipsoid theorem). o(Cy, &4) < log 2.

Proof. Up to symplectomorphism, let U € C4 be a convex domain of R*, by the
classical John’s ellipsoid theorem @, there exists an ellipsoid £ C R* such that

(10) EcUcCo+4-(E—-o)

where o is the center of E. Note that this F is not necessarily a symplectic
ellipsoid. However, by Williamson’s theorem on standard forms for symplectic
ellipsoids, there exists a (linear) symplectomorphism ¢ € Sp(4) such that ¢(E) €
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E4. Without loss of generality, let us assume that ¢(E) = E(a, b) which is defined
by

(11) E(a,b) := {(zl,zz) € C?

2 2
7T|21| +7T|Z2| < 1}
a b

for some 0 < a < b. Then, since the shifting (by o) is also a symplectomorphism,
the relation implies that E(a,b) — U < 4FE(a,b). By a rescaling, one gets

1
§E (4a,4b) — U — 2FE (4a,4D) .
Therefore, by the definition , we have d (U, &) < log 2. O

Remark 2.2. Let us clarify the notation of rescaling aE(a,b) for a € R+ that
appears in the proof of Proposition (2.1, Here is the definition,

2 2
7T|2‘1| +7T|Z2| < 1}
a b

aFE(a,b) := {(azl,azz) € C?

for a € Ryg. In particular, we have an identification that aF(a,b) = E(a”a, a?b).
This implies that E(a,b) — U if and only if ﬁE (aa,ab) — U.

Remark 2.3. Proposition [2.1] holds in any 2n-dimensional case. More explicitly,
we have d.(Cop, Eap) < %log(Qn).

Remark 2.4. The monotonicity of o(—,—) implies that
0(Cy, My) <log2

since £, C My. However, for any symplectically convex domain U € Cy, it is not
clear how to approrimate U wvia non-ellipsoids domains V€ My. Nevertheless,
since My contains substantially more elements than &, it is naturally to expect
that the upper bound of o(Cy, My) is much lower than log 2.

Interestingly, this suggests a metric-geometrical approach to prove the strong
Viterbo conjecture. Namely if 0(Cy, My) = 0, then the strong Viterbo conjecture
holds, due to [9, Theorem 1.7]. In fact, from the main result of a recent work [,
Theorem 1.2|, the same conclusion holds in higher dimensions if o(Cap, May,) =0
forn > 3.

At last, let us emphasize that this metric-geometrical approach is sensitive to the
distance picked to define o. Due to communications with M. Hutchings [15], if one
replaces d. by a rather similar pseudo-metric called symplectic Banach-Mazur dis-

tance dspm that has been studied in [10, 211, 20], then surprisingly o ey, (Ca, My) >
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0. This does not immediately disprove the conjecture o(Cy, My) = 0 above as
gdSBNI(_7 _) > U(_’ _)'

3. PROOF OF THEOREM [1.2]

Denoted by cE°H the k-th ECH capacity for k¥ € N. For more background on
ECH capacities, see [I3]. Also, as explained in Section , it suffices to prove
the first conclusion of Theorem For simplicity, the 4-dimensional volume
Volgs(—) is denoted by vol(—).

Proof. Suppose that E(a,b) — Xq, < AE(a,b) for some E(a,b) and A > 1. We
assume without loss of generality that a < b. Note that €2, is a concave toric

domain. For each k € N, let z4(p) denote the x-intercept of the line of slope

1
L

computation that

which is tangent to the curve a? + y? = 1. It follows from a straight-forward

2p(p) = (L4 k7 1) v 4 k(14 kT5) 7.
Consider a certain truncation of €2, defined by
Xi(p) = {(x,y) €[0,00)* | 2” + 3y < 1 and max(z,y) < z;(p)}

which in shown in Figure . Let (wy,ws, ...) be the weight decomposition of €2,

FIGURE 3. Xj(p) for p € (0,1].

(see the corresponding definition in [4, Section 1.3]). Let k = |b/a].

(12) ka = ci(E(a,b)) < cx(Xq,) = ci <|_| B(wi)> :
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From [14, Equation (3.9)], we obtain

(13) Cr Q;B(wi)) < 2J k - vol (ﬁ B(wi)>.

i=1

It follows from the definition of the weight decomposition that ||*, B(w;) C
Xk(p) So

k 2 zk(p) 1
VO w;) | < vo k = r + 1 —x")r ax
1 B < vol(Xy(p 2 21, (1 Y d
i=1 2P
1
2 2P xy(p) 1
— 2 1+2/ (2 — uP)p du | .
1

We note that the integrand in the last integral above increases as p — 0 and it

(14)

converges pointwise to % Moreover it is readily verified that Z%xk (p) also increases
as p — 0 and it converges to 2v/k. So

1
2P x5, (p) 1 2Vk 1
(15) 2/ ' (2—up)5du§2/ —duz?log(Q\/E) = log4 + logk.
1 1 u

Combining (12)), (13), and (15), we obtain ka < 2- 2_%\/1@’(1 +log4 + log k).
So

. [1+1log4 +logk
(16) a§2-2_P\/ +ng+ o8t

Since Xq, < AE(a,b), we have

(17) 2.275 = FM(Xq ) < NEN(E(a, b)) = Na.
It follows from and that a < )\QG\/M. So

k
(18) >

~ 1+logd+logk

Note that this estimation is not enough to deduce the requested large d.-distance
conclusion since when p changes, the constant k (so that the corresponding ellip-
soid E(a,b) with k = |b/a] that embeds into Xq ) may change.
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Now, from ([16]), we also obtain the following estimations,

< (1+ log4 + log k)vol(Xq,)
N k- g(p)

(1 +1log4 + log k)vol(AE(a,b))
k- g(p)

(1+log4 + log k)\*ab

2k - g(p)

(14 log4 + log k)A\*(k + 1)

N 2k - g(p)

(14 log4 + log k)\*

9(p)

IA

where the final step comes from the estimation % < 1 for all £ € N. So, we get

9(p)

19 > .
(19) ~ 1+ log4+logk
From and it follows that

(20) )\4 > maX<g<p)7 k)

~ 1+ log4+logk’

From a change of variables we obtain

2 2 1 1
g(p) = 20 *vol(Xq,) = 25*2/ (1—a?)b dz

0
1 g2
:1/ (2—up)%du.
0

One observes that lim, (2 — up)% = % Therefore, g(p) increases as p — 0 and

lim,_,o g(p) = co. Moreover,

1N T(+5)? ., 52 . 64
)= TN g2s2 0T 98 07
g<5> T(1+2-5) 10! 63
So for p < £, it follows that |[g(p)] > 1. In this case,
max(g(p).k) . 9(p) Lg(p)] +1
in = min ;
k 1+log4+logk 1+logd +loglg(p)] 1+ log4 +log(lg(p)| +1)

9(p)
~ 1+logd +logg(p)
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Taking the infimum of over all triples (), a,b), we obtain

, 9(p)
fp)" > 1 +1log4 +logg(p)

where f(p) = inf{\ > 1| E(a,b) — Xq, = AE(a,b) for some a,b > 0}. Then
one can show that f(p) is linked to the coarse distance d. by

1
de(Xq,,&1) = ilog f(p)
thus we obtain , proving the desired conclusion. O

Here, we point out that if we “linearize” the profile curve in €2, of X considered
in the proof of Theorem above, denoted by an and shown in Figure , then

following conclusion holds.

A

linear approximation 23"

1

FIGURE 4. A linear approximation of Xgq  from an.

Proposition 3.1. For any p € (0,1], we have d, <ngn,C4) < %log 3.

Proof. On the one hand, by inclusion, the ellipsoid E(1, %) shown by the

bold edges in Figure 4| embeds inside Xoin. On the other hand, by Lemma 4.5

in [0, Xow — P(1,27Y/7+1) . Since P(1,27YP+1) C (3 — 2_1/p+1)E(1,13;7i/1p/p)

trivially, one gets the following relation,

2% 2%
E|1, - | — Xqin — 3E [ 1, T
1—927% » 1—927%
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This implies that
de (Xop. €4) <
which completes the proof. OJ

log 3

N | —

Remark 3.2. Here is a way to explain the essential difference between Theorem

and Proposition by simply comparing the respective volumes, where
V01R4 (Xan) L 4o
V01R4 (XQP)

as p — 0.

4. PROOF OF THEOREM [L.4]
Proof. The proof is given by two different examples.

Example One: Let us consider the strangulation operation on B*(1) or for
brevity B(1). By definition, it cuts off a part of B4(1), which is, on the level of
the moment image, a thin triangle symmetric to the diagonal y = z. See Figure

, where €(d) is proportional to §, Denote the resulting toric domain by Bs. Then

y A

\ A
\

FIGURE 5. A strangulation on B(1), resulting a toric domain Bs.

obviously we have Bs < B(1) simply by inclusion. Now, cut through the diagonal
and taking closures, we obtain two toric domains B; and Bj (which are in fact

symplectomorphic to each other by symmetry). Apply the affine transformation

[ )
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then the moment image of B; transfers to a region Ep where the corresponding
toric domain (still denoted by) Er is an example of so-called truncated ellipsoid
defined in [2I]. More explicitly, by an elementary calculation, it is a truncated
ellipsoid from F (1, ;fiiggg), with truncated parameters  and %;((2-5 These
parameters are denoted by € and [ respectively in [2I]. For our purpose, let use

denote

(21) R

Since affine transformations on moment images induce symplectomorphisms on

the corresponding toric domains, we know that
(22) (Er)” U (Er)t ~ By UB{ < B;s

where (Et)” and (Etr)" stand for two copies of the truncated ellipsoid above.
One of the more striking properties of truncated ellipsoids is Corollary 5.3 in [21],

which proves that
_ 1+ 2¢(9) 1+ 5(9)
23 d.|Er, E(1l, —/——= ] | <21 —— | :==1log C(9).
) (5.2 (1555 ) < 210 () = s
Hence, with all the notations above, we have

i (55) = i (250 v (50

1 1+%@>u;‘Eol+%@>

(

B (1, ,
@\ 2 ae0)) “ o\ 240
— (ET)i L (ET)Jr — B§

.

where the first embedding is just the inclusion; the second embedding comes from
the Gromov width of an ellipsoid; the third embedding comes from ([23)); the last
embedding is just (22)). To sum up, we obtain the following embedding relations,

1 1+ 2¢(9)
B((J(é)? . 2_46<5)> — Bs — B(1).

Then when 0 — 0, we have

€(d) = 0, so ;—:iig; — ;; B(d) = 400, so C(9) — 1.
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Therefore, d.(B(1), Bs) — logv/2 as 6 — 0. In particular, B(1) and Bs do not
differ much in terms of any symplectic capacity. However, by the argument in [8|
Section 3.1], we know ccg(Bs) — 0 as 6 — 0.

Example Two: Let us consider the strain operation on B*(99) or for brevity
B(99). By definition, we add two small “tail” triangles along each axis on the
moment image of B(99). See Figure @ where small triangles are shaded, they are
symmetric with respect to y = x, and the horizontal one has height 1 and base
99. Denote the resulting domain by X. Note that

y A
198 9

99 ¢,

>

1 99 198 T

FIGURE 6. A strain on B(99), resulting a toric domain X.

992 99 1002
VO]R4(X):7+2'?< 9

— Volga (B(100)).

Then obviously we have B(99) < X. Now, we claim that X < B(100). Since X

is concave toric, B(100) is convex toric, and the weight sequence of X is

(wl,wg,---):(99,1,--- ’1)
——

198-many
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such required embedding can be transferred to a ball-packing problem by [6]

Theorem 2.1] . In fact, we claim that

B(99) U B(1)U---U B(1) < B(100).

199-many

Indeed, the shaded tail triangles in X (for instance, the horizontal one) can be
divided into small triangles where each is equivalent to the triangle with vertices
(98,0),(99,0), (98,1), up to affine transformation. For an illustration, see the left

picture in Figure [/} Then by further affine transformations, we can move the

(0,100) 4
(0,99) 1

(98,0) (99,0) (100,0) (101,0)

(0,0) (99,0)  (100,0)

FIGURE 7. Packing the tail triangles of X into B(100).

“start” triangle into B(100)\B(99), on the level of their moment image denoted
by A(100)\A(99). The right picture in Figure [7| shows how the small triangle,
shaded one with vertices (100, 0), (101,0), (98,1), is placed inside A(100)\A(99),
precisely located at the shaded small triangle with vertices (99, 1), (100, 1), (99, 2).

Since

1002 99% 199
— — = — =199 - Areag:(small A),

Areagz (A(100)\A(99)) = 5 2 2

such procedure can be inductively carried out and pack 199-many small A into
A(100)\A(99). This corresponds to a packing of 199-many B(1) into B(100)\B(99).
Thus we obtain the desired claim.

Note that the same argument works identically if we replace the tail triangle in
X by one with the furthest vertex being (k,0) (but with volume fixed). Denote
the resulting toric domain by X}, then we complete the proof by the argument in
[8, Section 3.2] where ccg(Xy) — oo when k — oo. O
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