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Domain wall dynamics in notched ferromagnetic
nanowires

Gilles Carbou!, Mustapha Jazar? and Mouna Kassan!?,

I Universite de Pau et des Pays de I’Adour, E2S UPPA, CNRS, LMAP, Pau, France
2 LaMA, Laboratoire de Mathématiques et Applications, Lebanese University, Tripoli, Lebanon.

Abstract. We study the dynamics of magnetization reversals, known as walls, in a notched
ferromagnetic nanowire. The model used is the Landau-Lifschitz equation in dimension 1, with
a weight representing the notch. Despite the pinning properties of notches, we establish in this
article that when the applied field tends to push the wall far away from the notch, pinning effects
are negligible, and wall dynamics are asymptotically close to those in an unnotched wire.
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1 Introduction

1.1 The physical context

Ferromagnetic nanowires have become the subject of numerous studies in both physics (see
9, 11, 12, 13, 16]) and mathematics (see [4, 5, 7, 10, 17]). In such devices, magnetization
spontaneously divides into uniformly magnetized regions called domains, separated by
thin zones of magnetization reversal called domain walls (DW). This property enables
digital data to be stored, the information being encoded by the positions of the DWs
along the wire. In this context, DW stability is crucial for ensuring storage reliability, as
an undesired displacement of a DW can deteriorate the data. To fix DW positions, notches
are patterned along the wire (see [12] and [18]). DWs pinning by the notches ensures the
reliability of the storage mode without requiring energy consumption. Nevertheless, to
bring the information to a read/write head, it can be necessary to unpin DWs. It is
achieved by injecting an electric current or applying a magnetic field (see [9, 11, 12]).

In this paper, we consider a one-dimensional model of ferromagnetic notched nanowire
obtained in [1] by asymptotic process. This model was used in [7] to highlight DW pinning
effects of notches. Our goal is to describe in this model the behavior of a DW when
subjected to a magnetic field and as it moves away from the notch. We establish that the
DW dynamics become similar to those observed in the absence of a notch.

Afterwards, we denote the canonical basis in R3 by (€7, €, 3). The Euclidean scalar
product, its associated norm and the cross product are denoted by -, |.| and x respectively.



1.2 DW dynamics in unnotched nanowire

We consider the following one-dimensional model of ferromagnetic nanowire of infinite
length and constant cross-section justified by asymptotic methods in [6] and [15].

The wire is assimilated to the axis Re;. The magnetization is described by the mag-
netic moment m : R x R, — R? satisfying the saturation constraint:

im(t,z)| =1 in RS x R, (1.1)

so that m takes its values in S?, the unit sphere of R3.

We assume that the wire is submitted to an applied magnetic field of the form —h(t)e;,
where h is a time-depending continuous function. The variations of m are described by:
om . .

5 =™ X (g(m) — h(t)er) —m x (m x (g(m) — h(t)ér))
(1.2)

qg(m) = Oz + (m - €1)é].

We remark that System (1.2) is invariant by translation in the variable x and rotation
around the axis Reéj, that is: if m satisfies (1.2), then for ¢ € R and 0 € R, (t,z) —
R,m(t,x — o) is also a solution, where

1 0 0
R,= [0 cosp —singp
0 sinp cose

We consider now the profile M given by:

tanh =

Mo(z) = COSlhac

0

This profile is a static solution of (1.2) for vanishing h and describes a DW connecting a
left-hand-side —e;-domain and a right-hand-side +¢éj-domain. Stability and asymptotic
stability modulo translation/rotation of the profile My are established in [5].

For a non-zero h, the solution of (1.2) for initial data of the form x +— R, My(x — 0y)
is given by:

n(t,2) = Rip sy Mol — 00 — H(t)), where H(t) = /0 h(s)ds.  (1.3)

In [10], if A does not depend on time, it was shown that .#}, is stable in the Lya-
punov sense and asymptotically stable modulo translation-rotation if |h| < 1, and that
My, is linearly unstable if |[h| > 1. In [8], the stability and asymptotic stability mod-
ulo rotation/translation of .#, are established for time-depending h, under a smallness
assumption on ||| e )



1.3 Model for notched nanowire

Now we consider a ferromagnetic nanowire of infinite length (assimilated to the real
line) presenting a notch. We introduce the C! function s : R — [p;,1] C R*", where
0 < p1 < 1, such that s(z) is proportional to the cross-section area of the wire at the
abscissa x. We assume that s = 1 outside [—a,a]. Note by s’ the derivative of s with
respect to x.

s(x)

Figure 1: Function s(x)

In the static case, the energy associated to a magnetisation configuration m : R, —
S? is given by:

1 1
E(m) == / s(z)|0um|® + = / s(z)(1 — |m(z) - &*)dx.
2 Jr 2 Jr
In the dynamical case, in the presence of an applied magnetic field of the form
H,(t,z) = —h(t)é,, variations of the magnetic moment m : R x R, — S? are de-
scribed by the following Landau-Lifschitz equation:

om
ot

= —m X Heg(m) — m x (m x Hgg(m)) in RT x R,
(1.4)
SI
Heg(m) = Opem + —0,m + (m - €1)é1 — h(t)é).

s
We note that the model above is invariant under rotation around the Re; axis. Because of
the notch, we no longer have translational invariance. In [7], in the case of a 0-symmetric
notch (s is even) with s increasing on [0,a], the authors establish the existence and
asymptotic stability modulo rotation of static profiles describing a DW centered at the
notch. This illustrates DW pinning effects of notches. For larger magnetic fields, it is
shown in [7] that such stationary solutions no longer exist, which illustrates DW depinning
by a sufficiently large applied field.



1.4 Main result

In this paper, we are interested in DW behavior after depinning, and we show that once
away from the notch, the DW dynamics are close to those described by (1.3) for unnotched
wires. We establish the following theorem:

Theorem 1.1. Let s : R — R be a C'-function such that s(x) = 1 for x ¢ [—a,d
and 0 < pg < s(x) <1 for x € [—a,al. There exists 09 > 0 such that for any continuous
function h : R™ — R satisfying

Vt, |h(t)] < do, (1.5)

and such that - t
/ e~ HW gt < 400, where H(t) = / h(S)dS, (1.6>
0 0

then for any € > 0, there exist o* and n > 0 such that the following holds: for all o > o*
and for all pg € R, we consider A}, given by

My (t, 1) = Rpo—n@)yMo(x — 09 — H(t)).
Then all solution m of (1.4) such that |m(0,-) — A4,(0, )| m(w) < n satisfies:
VteR", ||m(t,) — At )| me <e.
Furthermore, there exists (oo, 0s) € R? such that:

[m(t,-) — Rwoo//lh(t7 Tt UOO)HHl(R) tjoo 0.

The paper is organized as follows. Section 2 is devoted to obtaining successive equiv-
alent forms for Equation (1.4). In particular, we describe the perturbations m of .,
satisfying the saturation constraint in a mobile frame so that the new unknown r takes
its values in the flat space R?, and that m is close to .4}, if and only if r is close to zero.

In Section 3, due to the system’s invariance by rotation around the axis €7, and the
quasi-invariance by translation when the wall is far from the notch, a two-parameter
family R, of quasi-solutions of the equation in r is obtained. Then we decompose r as
r = Ry + W, where W is in the orthogonal of the linearized kernel of the system without
notch used in [10]. The same technique was used in [2] to prove the stability of traveling
waves in thin films and in [14] for radially symmetric traveling waves in reaction-diffusion
equations.

In order to perform variational estimates in Section 5, we establish in Section 4 a uni-
form coercivity result for a one-parameter family of linear operators arising in the equation
satisfied by W. For the convenience of the reader, technical estimates on nonlinear terms
are postponed in Section 6.



2 Equivalent forms of the equation

Let m : Rt x R — 52 be a solution to the model (1.4). We define M : Rt x R — S? as :
M(t, ) = Ri—gormeym(t, © + oo + H(t)),

and a, by:

/

s
a,(z) = §($+UO+H(t)). (2.1)
Then, M satisfies the saturation constraint, and we prove by a simple calculation that

m is a solution for (1.4) if and only if M satisfies the following system:

( OM

i = —M X q(M) = M x (M x q(M)) + h(t) (9:M + M x (M x 7))

—a,(z) (M x 8,M + M x (M x 0,M)), (2.2)

L ¢q(M) = 0pu M + (M - €7)é7.
Furthermore, m is close to .4}, if and only if M is close to M.

We consider the following orthonormal frame (My(z), M1(z), M3) with

tanh z 1 0
1 cosh x
My(z) = COSOh:E . Mi(z) = —taé)nhx and M, = _01

In order to consider only perturbations M of M, that satisfy the saturation constraint,
we describe these perturbations in the mobile frame by writing:

M(t,z) = My(x) + ri(t, 2) My (x) + ro(t, 2) My + pu(r(t, x)) Mo(z), (2.3)

where

r: R" xR — By(0,1) C R?
(t,z) — r(t,z)=(ri(t,x),ra(t, x)),
and where u(r) = /1 —r# —r2 — 1. In order to avoid singularities of u when |r| = 1,
we will have to check in the calculations that for all ¢, [|r(t,-)||L~®) < 3, so that r(t, z)
remains far from the unit circle.
Plugging (2.3) into (2.2), we obtain that M satisfies (2.2) if and only if r = (r,72) is
a solution of the following system:

O = () + (TZ + (D)) + > 7 (24)

where:



e p, is defined by

e J is given by

e the two operators .Z, and ¢ are given by
Z(r) = —0pr — ()01 + g(x)r and  £(r) = O,r + tanh(z)r, (2.5)
with g(x) = 2tanh?(z) — 1.
The nonlinear terms .%;, ¢ € {1,..., 7}, are given by

T = () (Ouar),  Fo = Fo(a,7)(Opr), Ty = F5(r) (0, Our),  Fu = Fy(w,7),

Fs = h(t)Fs(x,r), Fo=a(x)Fs(r)(0,r), Fr=a(x)F;(x,r),

ROy = (OO e () £ g

—pu(r) +rire 2u(r) + p2(r) + 7 i+ ra(1 4 p(r))

Fyer) 2 <r1(1+u(T))+T2 O)_'_L(_(leu(r))Q—i—r% )DM(T),

cosh(z) \—r1 +r2(1+pu(r)) 0 cosh(x) (1+ pu(r))* —rirg

() =(?~1“9;:<’f$28;>€2) Dul)
(ii;ii?i’ o atonte) (0 SEOLG) ~ ota
( COSh )+ p(r)ry tanh(z) — Cosf(x))
Cogz + j(r)rs tanh () ’
(e )+ G ) puo
Fi(e.r) = COSh( ) (u (r) + 3u(r) (1 + pu(r)) fg%r%)(lw(r)) +'r’1rz)’



where Dy(r) and D?u(r) denote the first and second order total derivative of r s u(r).
We remark that

o I} € C™(By(0,1); M3(R)), and Fy(x,r) = O(|r]?), , where M3 (R) is the set of the
2 X 2 matrices.

o [ € C®(R x By(0,1); My(R)), with Fy(z,r) = O(|r]),

o I3 € C™(By(0,1); L2(R?* R?)), where L5(R?; R?) is the set of the bilinear applica-
tions defined on R? x R? with values in R?. We have: F3(r) = O(|r|).

o [}, € C®(R x By(0,1);R?), and Fy(r) = O(|r|*)

e Fy € C*(By(0,1); M2(R)), and Fy(r) = O(|r|).

[7[%).

( %), (r) = O(r[*).
o F5 € C™(R x By(0,1);R?), and Fy(r) = O(|r]?).

( ) (r) = O(

( %), (r) = O(

o [ €C®[R x By(0,1); R*), and Fr(r

3 New coordinate system

We denote by (|) the L?(R) scalar product:

(wlo) = [ u(e) - vla)ds,

where - is the multiplication in R if v and v are real-valued or the scalar product when
they take their values in R2.
The operator %, is a perturbation the operator L given by:

As proved in [3] (see Proposition 3.1.), L is self-adjoint with respect to the L?(R) inner
product. In addition, it can be factorized as L = (* o/, with ¢ = 0, 4+ tanh z, so that L
is positive and Ker L = Ker ¢ = Cosh . Moreover, the essential spectrum of L is [1, +00]
and has only zero as its eigenvalue. Indeed, if Lu = A, with v € H*(R) and A # 0, then
by applying ¢, we have:

Mu=/LoLu=/o/l"olu,

so that fu is an eigenvector of ¢ o ¢*. However, ¢ o {* = —0,, + 1, so this operator has no
eigenvalue. This implies that fu =0, so A = 0.
Therefore, on (Ker L)+, L > 1:

Vo € H*(R), <v| > =0 = (Lv|v) > [|v] 72 (3.1)

coshz

7



Then, by invertibility of the matrix J, the kernel of 7L is the two-dimensional space
generated by a; and ay with

1 0
ar(xz) = | cosh(z) |, ax(x)={( 1
0 cosh(x)

Equation (2.4) is invariant by rotation, and quasi-invariant by translation far from
the notch. For A = (6,0) € R?, we denote by M, the rotation/translation of the quasi-
solution Mj:

My (z) = Ro(Mo(z — 0)),

and we denote by Ry the coordinates of My (z) in the basis (M (z), Ms):

tanh(x — o) tanh(x)
My (x) - My(x) — —cos———
Ra(s) A _ cosh o cosh(z —o) | (3.2)
Male) - My cosh(z — o)

In [5], the authors establish that there exists a neighborhood U C L*(R;R?) of 0 and
a neighborhood V C R? x L*(R;R?) of (0,0) such that for r € U, there exists one and
only one couple (A, W) € V such that r = Ry + W where the components W; and W,
of W are in (Ker L)*. In addition, W as the same regularity as r. Therefore, while r(¢)
remains in U, we decompose r(t,-) as:

r(t,x) = Ry (x) + W(t, x), (3.3)

where (A(t), W (t,-)) € V C R? x L?(R;R?), with W(t,-) € (Ker L)*, that is:
vje{1,2}, Vi, /W(t,x) () dz = 0. (3.4)
R
We introduce vy > 0 such that if [A(t)] < vy and ||W (L, )| m @) < vo, then:

DO | —

Ry (-) + W (t,-) € Vand [[Ray(-) + W(t, )|y <

We subtitute » by Ry + W in (2.4) and we obtain that while |[A(¢)] < vy and
W, ) o ey < vo, we have:



ontis (5 ) + G = pala) 4 (T 4ROV + (T + WOO(R)

+F1(RA + W) (angA + 6MW) + FQ(.CIZ, Ry + W) (GIRA + QTW)
+F3(Ry + W) (0. RA + 0. W, 0, Ry + 0. W) + Fy(z, Ry + W)
+h(t)Fs(z, Ry + W) + ay(2) Fs(Ry + W)(0.Rp + 0, W)

+a,(z)Fr(x, Ry + W).
(3.5)
For a constant A, R, is a static solution for Equation (2.4) without the terms con-
taining a,(x). So we have:

(TL A+ h(t)0)(Ra) + Fi(RA)(OuxRa) + Fo(z, Ra)(0:Ry)
(3.6)
L Fy(Ra) (R, 0uRa) + Fa(z, Ra) + h(t)Fa(z, Ra) = 0.

In order to use Identity (3.6), we perform a Taylor expansion in the variable r for
Fi,..., F; on the following way. For a function F' defined on Bs(0, %) C R? with values
in a vector space #', we write:

F(Ry+ W) = F(Ry) + F(A,W)(W),
with

FA,W)(W) = /0 DE(Ry + yW)(W) dy.

where we denote by D the total derivative in the variable r, so that DF(r) € L(R?*;%#).
Using these notations for Fi, ..., F;, using (3.6), we have:

OARA (%) + 88_2/ = K(t,x,00,A) + (TZL + h(t)0)(W) + i;T (3.7)
where i
K(t,z,00,A) = p,(2) + a.(z) <—j8xRA 4 Fy(Ra)(8:Ra) + Fi(a, RA)) ,
and



Ty = Fi(Ry+W)(0mW),
Ty = Fy(A, W) (W)(0peRa) + Fa(a, Ry + W)@, W) + Fy(a, A, W)(W)(9,Ry),

Ty = F3(A,W)(W)(0,Rn, O Ra) + 2F3(Ra + W) (0, Rn, 0, W)
+F5(Rp + W) (8,W,8,W),

o= Fy(A,W)(W) + h(t) B5(A, W)(W),

Ty= a(z) (ﬁG(A, W)(W)(8,Ra) + Fs(Ra + W)(3,W) + Fy(a, A, W)(W)) .

We take the L?*(R)-inner product of (3.7) with a; and ay. By the orthogonality con-

dition on W, we have:
ow | — 8_W | =0
o ') T \ae ') T
5

— =K(t,o0, )+ N(t, W)+ T, (3.8)

So, we obtain that

where

A(A) = K(t,00,\) =

() ()

(U«f( + (W) |ax >) B ((E | aﬁ)
N, W) = T, = .
(TLW) + h(t)(W) | as) (Ti | as)

01
10
matrix A(A). Even if it means reducing 1y > 0, we assume that (A(A))™" is defined for
all A € By(0,15). Hence, while |A(t)| < vy, while [[W (¢, -)||a @) < o, we have:

dA

T G(t, o0, A, W), (3.9)

(atlen) (Goten) (<K<t,x,ao,A>a1>)

We observe that A(0) = —2 ( ), thus for sufficiently small A, we can invert the

where

G(t, o0, A, W) = (A(A)) ™" (F(t,JO,A) F N W) + ZT,-) .

10



By substituting the expression for % into (3.7), we obtain:

%_Vf — TL(W) + h(DUW) + F(t, 2,00, A, W), (3.10)

where F(t,x,00, A, W), the nonlinear part of (3.10), is given by:
5
P(t,z,00,A,W) = T;— 0\Ry (G(t, 00, A, W)) + K(t, 7,09, ). (3.11)
i=1

Therefore, (2.4) is equivalent to System (3.9)-(3.10), and r is close to zero in H'(R) if
and only if (A, W) is close to (0,0) in R? x H'(R). It is also important to note that the
system (3.9)-(3.10) is valid as long as [A(t)| < vy and ||W|| 51wy < vo.

4 Uniform coercivity of the operator £

The operator %, defined in (2.5), depends on oy and H(t). We prove in this section that,
when restricted to (Ker L)+, it is uniformly coercive with respect to og + H(t) when this
quantity is large enough.

For A € R, we denote by (- |-), the weighted scalar product given by:

(u|v), = /Rs(x + Nu(z)v(x)dz,

and by || - ||z the associated norm. We denote by £} the operator:
/

LU = =0V — Sg(x + N)0,v + g(x)v.

We claim the following proposition:

Proposition 4.1. There exists Ay such that for all X\ > Xo, for all w € H*(R;R) such
that (w|——) =0,

cosh x

1
(Gw|w)y = Zllw];.
Proof. We fix zy > 0 such that

(4.1)

DN | —

Ve eR, || > 29 <= g(z) >

We consider a smooth non decreasing function ¢ : R — [0, 1] such that ¢ (z) = 0 if
< —2and ¢(z) =1if z > —3. We define ¢ : R — [0, 1] the smooth function defined

by ¢(x) = /T — (@(@)), s0 that v(x)? + é(z)? = 1.

11



For A € R, we define ¢y and ¢y by ¥n(z) = (5) and ¢r(x) = ¢(5), so that

Ua(2)? 4+ o (2)? = 1, (4.2)

with supp ¢ C [—%, +oo[ and supp @5 C] — 00, —3].

Using (4.2), we have:
(Lw|w), = <,,2”,\w | 1/),2\w>A + <$)\w | ¢§w>A :

1

Using that g)\’U = —m

Oy (s(x + X)0,v) + g(x)v, we have:

(Lw|Pw), =71 + /Rs(x + N)g(2)|w]?,

with
T = / —0; (s(x + N)O,w) - @/J,\(x)2w.
R
We have:

T = /Rs@ + N)0pw - Oy (Y () *w)

- / 5(2 4+ N)Osw - Yrwdstha(z) + / S(z 4+ N - Dy (rw)n (@),

R

= [ st Mol = [ st + At -0sw)

R

_|_/ s(z + A)Opw - w0 n (),
R

= [ st N0l - [ s+ NPl

R
Thus, we have:

(Bl vw), = [ o+ 2) (000 + g@lorul) = [ s(o+ NP0
R R
With the same calculation for the term in ¢, we obtain that:

(Lw|w)y, = (L(aw) [Paw), + (La(Paw) | paw),

(4.3)
- /R s(x 4+ N)w]? (|0.10a]7 + 10:0:]) -

12



Estimate for \w

We remark that the support of ¥ \w is included in [—%, +oo[, and that the support of
s'(-+ A) is included in [—a — X, a — A]. Thus, for A > 3a, [-%, +oo[N[—a— X, a — A] =0,
so that s(- + A) = 1 on the support of ¢, J¥. Therefore

(B (aw) [ aw)y = (L{haw) [ hrw) .
In order to use the coercivity of L in Ker Lt, for u € H?(R), we define u' by:

1
coshz’

b= — % (u |1/ cosh(z))

and since ut € (Ker L)+, we have:
(Lu|u) = (Lu® |ut) > [Jut] 3.

Since by Pythagore:
2 112 1 2
HUHLQ(R) — Hu ||L2(R) +§| <u|1/COSh5L’> | y

we obtain that: .
(Lu|u) = ullfam — 5| (u]1/ cosh) [ (4.4)
We apply (4.4) for u = w.

1 1
1 hz) = -1 .
(Waw |1/ cosh) /chosh:c + /R(@DA )wcoshx

The first term of the right-hand side vanishes by orthogonality condition w € (Ker L)*.
In addition,

1 1
—1 < 2 -1 2(R)-
L= Doz | < ol - D e

Since:

1 1 B
1 2, = P <
1 )costhLz(R) /R’w)‘ | (coshx)? — /_

[e.9]

>

A
———— <1 —tanh(=
(coshz)? — o (3)’

we obtain that:

1-— tanh(%)

(Lr(aw) [rw)y > [[dawllzy - ——

1wl 7 g)- (4.5)

Estimate for ¢ w

13



We have:

(B (daw) | prw), = / Sz — A) ([0.(630) [ + g(2)[orw?)

R

We remark that supp ¢, C] — oo, —%], so if A > 3xq (where ¢ is defined by (4.1)), then

g(x) > % on the support of ¢ w. Therefore,
1
VA 23z, (LA(ow)|dw), > §H¢Kw||%§(m (4.6)

Estimate for the last term in (4.3)
We remark that 9,1, = 3¢/(%£), so that:

1020 || oo (r) <

> Q

The same estimate occurs for ¢,, and we obtain that there exists a constant C' such that:

C
[ st Aol (0 1026 | < ol (47)

From (4.3), (4.5), (4.6) and (4.7), using also that for all A,

,01||U||%2(R) < ||U||i§(R) = HU’H%Q(R)?

we obtain that for all A,

1 1 —tanh(2) C
(Bwlw)y = [loswliz + S lorwli, - <—3 + 33 | llwllzz-

2,01 )\2
' s o ' 1 — tanh(3)
Since ¥5 + ¢5 = 1, since oy + 2 tends to zero when A tends to +oo, there
P1
exists Ao such that for all A > Ao, for all w € H*(R;R) such that (w | ——) =0,
1
(Bw|w)y > Zllw]s. (4.8)
This concludes the proof of Proposition 4.1. O

Remark 4.1. For w € H*(R), we have:

(Gl = [ sta+2) (el + gla)luf).
R
so we can give a sense to (BAw|w), for w € H'(R), and by density argument, we can

extend Inequality (4.8) to functions w in H'(R) N —L +

coshzx °
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By Cauchy-Schwartz inequality in (4.8), we obtain that for A > Xg, for all w €
H?*(R;R) N (1/coshx)*, we have:

1
leliz < 1 Bwllgllwll,

so that:
Jwl|zz < 4[| Bwl| 2. (4.9)
In addition, by Cauchy-Schwartz inequality and using (4.9), we have:
(B | w), < 4| B2, (4.10)

We obtain also the following corollary:

Corollary 4.1. There exist a; and o, with 0 < a1 < aw, there exists \g such that for
all X > X, for all w € H*(R;R) such that (w|—1-) =0,

o ||w] 1wy < <«5/’iw|w>f < aollw|| g1 w)

(4.11)
anllwllieey < [ Bwllzs < sl
Proof. First, we have:
oy < -l < - ((Buw )+ lall ol )
So, using (4.9) and (4.10), we obtain that:
10:wlZ2 gy < _||'>%\w||L2 (4.12)
/
Writing that d,,w = —ZBw + g(x)w — S—(x + A)0,w, we obtain that:
s
Ousto oy < - l1Ourte
T L2(R) = 01 rT L)?a
1 2 2 S (4.13)
< — [ 1Bwlzz +llglle=@llwllzz + | < llze@10wlir; )
p1 A A s

< K| Gul

where K does not depend on A > \g.
From (4.9), (4.12) and (4.13), we obtain that there exists a constant K independent
of A > A¢ such that for all w in (Ker L)l

|wl] g1y < K<$w|w> and  ||w|| g2(r) < K||°Zj\w||L§ (4.14)

From (4.14), we obtain the existence of ay. The existence for as is straightforward. [
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5 Variational estimates and proof of Theorem 1.1
In the remainder of this paper, we assume that:
||hHL°°(R+) S 1 and Vit Z O, oo + H(t) Z /\0. (51)

We will perform variational estimates on Eq. (3.9) and (3.10). We equip L*(R) with
the weighted scalar product (see [7]) given by: for u,v € L*(R),

(uleh, = [ st o0+ W) s = (0o 52
associated with the norm || - |2y = || - || 2 defined by
* 0+H (1)
iz = ( [ sto+ on+ O ) 53
R

Using (4.11), we define v; > 0 such that v; < vy and such that for all W € H'(R; R?*)N
(Ker L)*,

VI

(LW W)

*

S vV — ”WHHl(R) S .

Therefore, while |A(t)| < vy and (LW | W}é < vy, the system (3.9)-(3.10) is valid.
The right-hand-side terms in (3.9) and (3.10) are estimated in the following proposi-
tion.

Proposition 5.1. Under Assumption (5.1), there exists a constant Cy such that while
1
IA(t)] < 11, while (LW |W)2 <y,

IF (o0, A W)z < CLllZEW sz (A + (AW [W)E) + Cy exp(~a — H(1)),

(5.4)
G(t, 00, A, W)| < Cy (LW |W)2 + Cyexp(—an — H(1)).

For the convenience of the reader, the proof of Proposition 5.1 is postponed in Section

5.1 Variational estimates for W

We observe that s(—0,, — %am) = —0,(s0;), which implies that the operator % is self-
adjoint with respect to the weighted scalar product (-|-),. Moreover, for all u € H*(R),
we have

(Lu|u), = /Rs(x oo+ H()) (100 + g(a)ul?). (5.5)
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where g(z) = 2tanh®z — 1. Now, we take the scalar product in L2(R) of (3.10) with
LW . We obtain:

ow
(G 1AW ) = =10V g+ 1) COV)| W), + (P00 0, W) | V), (6.
We notice that

(G 14w ) = 35 OV 1AW, = () [ oo HOO) (0.0 + () WE).

Since s’ is bounded, there exists a constant Cs such that:
h(t) /R s'(x + o0+ H(t)) (10.W " + g(@)[W[") < Collhl = Wl ).
therefore, using (4.11), there exists a constant Cj such that
() / S(@+ oo+ HE) (10 + g@) W) < Glhll~ [ LW |2y (5.7)
By the Cauchy—Schwarz inequality,
[(EW) LW < 16V 2y 1L W || 22wy,
and since |[((W)|z2w) < C||W || g1(r), using (4.11), there exists a constant Cy such that:

(L) L LW),] < IO 2@ | BV |2y < Cal BV 172wy, (5.8)

In addition, by using Proposition 5.1, we obtain:
1
(Bt 2,00, A, W) [ LW),| < Cy (JA]+ (LW [W)2) LEW 32q
+Cyexp(—(oo + H())|LW || 22(w)-

Therefore, combining (5.6), (5.7), (5.8) and (5.9), we obtain that

a

SLW W), + 2] LW ey < Crexp(— (o0 + HONILW 120z

+ (2ACs + ClIRll~ + Cr (Al + (LW [W))P) ) LW

By Young inequality, we obtain that:
1
Crexp(=(o0 + HON LW 2w < 71-LW 72w + 2(C1)” exp(=2(00 + H(1))).
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Therefore, under Assumption (5.1), we obtain that there exist K; > 0 and Ky > 0
1
such that while |A| < vy and (LW |W)2 < 1;, we have:
d 1 1 9
TALW W), + (2= 7 = Ky (JA]+ (LW W2 + Al ) ) LW |3

di (5.10)

< Kyexp(—2(og + H(1))).

We assume that ||h]| e < 8, := min{1, = }. We denote by 7, = min (yl, ﬁ) Then,

while |A| < and (LW | W>*% < 1, we have:

d
Z (BWW), + | LW 1) < K exp(=2(00 + H(1))).

Therefore, using (4.10), we obtain that while |A| < n; and (LW | W)

[V

< m,

* —

CLLW W)+ L (LW W), < Kyexp(~2(on + (D). (5.11)

We consider the solution of the Cauchy problem:

Vi by — Kyesp(-2(o0+ HD),
(5.12)

Y(0) = (ZLW(0,-) [W(0,-)),

given by:

Y(t) = (&LW(0,-) | W(0,-)), exp(—i) + K, exp(—QJO)/O exp(sT_t —2H(s))ds. (5.13)

By (5.11), (ZW | W), is a sub-solution for (5.12), so that: for all ¢ > 0, while [A| <
and (LW | W)*% <, we have:
(LW W), (1) < Y1) (5.14)

We remark that for all t > 0,

VI < J(IW0,) [ W(0,), exp(—)

/K exp(—ay) exp(—H (L)) ( /0 exp(ST_t+2H(t)—2H(s))ds)2.
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We remark that for 0 < s <,

H(t) — H(s) < / h(r)ldr < (t — )AL~

Therefore,

/0 exp(* L+ 28 (1)~ 2H())ds < /0 exp(2]|h 1 — i)(t ~ 8)ds.

Thus, there exists K such that if ||A[|~ < 1,

VYO < LW (0. W (0, ), exp(—5) + Kaexp(—ou)exp(~H (1) (5.15)

so that:

/0 VY @dt < 8,/ (LW (0,)[W(0, ), —|—K3exp(—ao)/0+ooexp(—H(t)). (5.16)

5.2 Estimate on A
According to (3.9), (5.4) and (5.14), for all ¢ > 0, while [A| < n; and (LW |W);

we have:

N\»—A

‘ = |G(t, 00, A, W)| < C1\/Y (t) + Crexp(—(o¢ + H(t))). (5.17)

We define 57 by:
+oo
%”:/ exp(—H(t))dt.

By integration of (5.17), by Estimate (5. 16) under the assumption ||h||~ < min{Z, 0},
we obtain that while |A] <7, and (LW | W>*2 < 1, we have:

IA(D)] < |A(0)] + Cy b VY (r)dr + C4 exp(—ao)/o Ooexp(—H(T))dT,

0

< |A0)] + ¢4 (8\/(;2”W( D IWA(0,)), + K3 exp(—00)> + Cy exp(—09) .

Therefore, under the assumption [|All~ < min{ss,d1}, there exists a constant K,
such that while |A| <n; and (LW | W)é <, we have:

[A@)] < [A0)] + K4\/<$W( ) [ WA, ), + Ka exp(—00). (5.18)
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5.3 End of the proof

We define & by dy = min{%, d; }. We assume that ||h||r« < dy and that 2 = [ exp(—H(¢t))dt <
+0o. We remark that these asumptions imply that H(t) tends to 400 when ¢ tends to
+00, so that H(t) is bounded by below on R*:

JH e R", Vt>0, —H < H(t).

We fix ¢ such that

T

Mo+ H <o, Kl e?< 3 and Ky e % < % (5.19)

(we recall that \g is given by Proposition 4.1). We fix # > 0 such that

Ui m

v < 1 and Ky < — T (5.20)
We assume that:

00>, |A0)<v and (ZW(0,)|W(0,))? < . (5.21)

We remark that for all ¢, o9 + H(t) > Ao. Let us prove that for all t > 0,
A@) <m and  (ZW(t, ) |W(L, )2 <. (5.22)

If it is not the case, we consider the first time 7" such that:
1

AT =m or (ZLW(T,)|W(T,"))? =m. (5.23)

Since at initial time, |A(0)] < v < n and (ZW(0,-)| W (0,-)
time ¢ € [0, 7], we are in the domain of validity for (5.14) and
(5.19) and (5.20), we have:

) <m, T > 0. For all

v
), so using also (5.15),

/‘\X’M‘,_,

<
5.18

(LWW), (1) < V(ZLW(0,) [W(0,)), exp(—g) + Ks exp(—0o) exp(—H(t))

< {(ZW(0,)|W(0,-)), + K3 exp(—ap) exp(H")

2m
3

IN
|

and

3
< —
A <2

which leads to a contradiction with (5.23). Thus, (5.22) holds for all ¢ > 0.
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Therefore, under Assumption (5.21), the following holds for all ¢t > 0:

(LW [WE (1) < /(AW 0, [W(0,), exp(—) + K exp(—o0) exp(—H (D),

LN < (MO + K/ (LW (0, ) [ W(0, ), + Ka# exp(—au),

dA

dt < C1VY () + Crexp(—oap) exp(—H (t)).

\

The first two estimates imply the stability of (0,0) for the system coupling (3.9) and
(3.10). The third estimate implies that A(t) has a limit when ¢ tends to +o0o. This
concludes the proof of Theorem 1.1. It remains to prove Proposition 5.1.

6 Proof of Proposition 5.1

6.1 Estimates of K and N/

From (3.2), there exists a constant C such that for all A € R? such that |A| < vy, we
have:

Vo € R, |Ry(x)] + [0:RA(z)| + |0 Ra(2)| <

Al (6.1)

sh x
In particular, we obtain that

[ Rallzoe) + 102 Rall Lo ) + [|Ora B ()| oo ) < CA]-
In addition, while |A(t)| < vy and ||W(t,-)| g1 ®) < 1o, we have:
[Rawy + Wt )@ < C (IAB]+ W (E ) @) -

Since the support of s is included in [—a, a], the support of z — a,(x) is included in
[—a— 09— H(t),a — o9 — H(t)], so that for all oy > a and all ¢ such that H(t) > a

1

mX[—a—ao—H(w,a—m—H(t)} .

S/
()] < [l — e
S
Now, there exists a constant C' such that

VzeRVK €R, )M

< Ce K, 6.2
coshzx ‘_ € (6.2)

Therefore, there exists a constant C' such that for all og > a, for all ¢ > 0 such that
H(t) > a and all z € R,
[N FER Ceo0~Hb), (6.3)
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= O(|r|*), we obtain
< vy, we have:

In addition, using (6.1), using that Fg(r) = O(|r|) and Fr(r)
that there exists a constant C' such that for all x € R, while |A(¢)]
C

| =T 0xRa + Fs(Ry)(0:Ra) + Fr(z, Ry)| < coshz’

so that, with the same arguments as above, there exists a constant C' such that for all oy,
for all £ > 0 and all x € R, while |[A(t)] < 1y

||K<t, 500, A)||L2(R) < Cle_UO_H(t). (64)

By Cauchy Schwartz inequality, we obtain that there exists C' such that for all og > a,
for all ¢ > 0 such that H(t) > a, while |A(t)| < vy,

K (t,00,\)| < Ce o0~ HO), (6.5)
We recall that N (¢, W) is defined by N (t, W) = N (t, W) + Na(t, W), with:
(TLW)|a) (h()E(W) | ax)
M (W) = , No(t, W) =
(TL (W) |az) (h(@)E(W) | az)
where .4, = L — a,(2)0,. For j € {1,2}, we have
_ 1 T, \ _ 1 T, \ _
L) [0y = (L0 |07y ) = (WL 5057 ) =0,
S0,
(TLW)|a;) = = (Taz)0:W |a;).
Therefore, with arguments used to prove Inequality (6.3), we have:
1 .
(TLW) | a)| < Cllaw(@) —— 2@ Wl < Ce OIW ).
So,
INVL(E, W) < Ce > HONW | 1.y (6.6)
On the other hand,
(6.7)

Na(t, W) < CIROIW |y sl 2y < KIRONW |1 g)-

22



6.2 Estimate of the nonlinear part

From the expressions of the F;’s, we obtain that there exists a constant C' such that for
all 7 € Bs(0, 3) and for all z € R, we have:

|Fy(r)| + [Fa(a, )| + [ DEy(z, r)| + |DF5(r)| + [Fs(r)| + [DFz (2, r)| < Clrl,

(6.8)

[DEy(r)| + [DEy(z,r)| + |Fs(r)] + [DF5(r)| + [DFs(r)] < C.

Therefore, there exist universal constants C' such that for all A and W such that
Al < v and [|W]| g1 (m) < v, we have:

1T || 2y <

<

|75l 2my <

IN

|T5)| 2my <

IN

| T4l 2my <

IA

|75 | 2my <

<

[ FL(Ra + W)l oo ®) | Ona W | 22 (m)

CA[+ WLz @)W 22wy

[ FL (A, W[ oo @) W | L2 () || O B l| oo (R)

[ Fao(z, Ry + W)l oo ) 10:W | 2y

[ Fo(z, A, W) || oo ) [[W | 2(w) |02 B || oo ()

ClIW| 2@y |Al + CUA] 4 W] a1 )) W || 11y + CIANW || 2Ry -
13 (A W) oo ) W || 22() || O R | 7 o0

+2||F3(Ra + W)l zoo®) |0 Rl Lo ) | 0: W || L2 ()

+H[F3(Ra + W)l oo ) [|0:W || 2®) [|0:W || oo (R)

CIAIW |2y + CIAIIW |z ) + ClIW g @) W | m2 ),

| E A W)l [IW 22y + IR F5(A, W)

Linfty(R) ”WHLQ(R%

CUA+ Wz @) W | 2wy -

et ()] oo () <HF6(A7W)HL%(R)HWHL2(R)H3xRAHL°°(R)
[ Fs(Ra + W)l oo |0 W || 2wy + || F7 (2, A, W)||L°°(R)HW||L2(R)> :

ClIW | 2@yl Al + CA] + W[z @) ) IV [ 2 m) -

Hence, there exists a constant Cy such that while [A| < vy and [|W]|m@w) < vy, we

have:

Vie {1l,....5}0 | Tillew < ColWlm@ (Al + [Wlmm) - (6.9)
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We claim that there exists a constant C's such that while |[A| < vy and ||W || g1(w) < o,

we have:

Vi€ {1,....5}, [T < Gl W ey (1AL + W [l ) - (6.10)

Since T; is the L?(R)-scalar product of T; with ﬁ, the estimates performed for Tj,
i =2,4,5, yield such estimates by Cauchy Schwarz inequality.
Concerning T}, we have:

(T | a;) =

so that

[(Tyla;) | <

<

(Fi(Ba + W) (0eW) | aj) ,

<amW | (F1<RA + W>>*aj> ,

where we denote by A* the transpose of a matrix A,

— (W [0 (FL(Ra + W))a;))

— (0, W | D(F\)* (R + W)(, R + 8,W)a; + (Fi(Ry + W))*dpa;) ,

10:W || L2y ([[D(F1)S(Ra + W) || poo ) (102 Ra + 02 W || 2wy | || oo m)

| F1(Ra + W) 2wy 10205 || Lo ()

ClW ey (A + W) -

Concerning T3, we have:

[(Tslay) | <

IN

IN

HE,(A, W)(W)(axRAaaa:RA)HLQ(R)HajHLQ(R)

+2F3(RA + W) (0 Bas O:W ) || 2wyl || 2wy

| F3(Ra + W) (0. W, 0. W) || 1wy || @] oo (m) »

IF5(A, W)l oo &) IV || 2Ry 110 Rl ooyl | 2 )
+2[|F3(Ra + W)l @1 0: Rall Lo @) [ 0:W | 2y 10 || 2(w)
I E3(Ra 4+ W) Lo ) |0 W | 2wy [|0: W [| 22 ) | || 2o )

ClIW @y (IA] + W | g1) -
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Therefore, as shown previously, and by the Young inequalities, we obtain that there
exist a constant C' such that while [A(Z)| < v and [|[W(t)||m1ry < 0o, then:

1F(t,z, 00, A, W)lL2z) < ClIIW |2y (Al + Wl @)
(6.11)
+C exp(—(og + H(1))).

and,
1G(t, 00, A, W) < CIW sy (1l + [Wls) + Cexp(— (o0 + HB))).  (6.12)

All the previous inequalities in this subsection are true under the condition |A(t)| < 1y
and ||[W{| g1 ®y < 1. We conclude the proof of Proposition 5.1 using the norms’equivalence
results in Corollary 4.1.

7 Conclusion

For a small enough applied field, it is proven in [7] that the DW is pinned at the notch. Tt
is also proven that the DW can be depinned by applying a large enough magnetic field. In
the present paper, when a small magnetic field is applied, we establish that DW dynamics
are less and less affected by the notch as the DW moves away from it.

To demonstrate our result, we need assumptions about the applied field. Concerning
the smallness assumption (1.5), inspired by [10], we can conjecture that any dy in [0, 1]
would allow us to conclude. We remark that the condition dy < 1 is necessary to ensure
that the magnetization almost equal to +e; in the right-hand-side domain will not be
destabilized by a contrary applied field.

With regard to assumption (1.6), although certainly not optimal, it reflects the fact
that the applied field must be strong enough to ”control” the DW dynamics. Indeed, we
can conjecture that in the absence of a magnetic field, even when far from the notch, the
DW remains subject to its attraction, and will therefore move closer to it. Quantifying
this long-range interaction and describing the DW dynamics it generates remain open
problems.
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