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Abstract

MAPbxSn1�xI3 alloys are highly promising for photovoltaic, optoelectronic and spintronics ap-

plications. Using k.p calculations, we derived the fundamental band parameters of these tetragonal

hybrid halide perovskites as a function of Pb content (x). Our study focuses on the experimentally

con�rmed C4v point group structures: P4mm for Sn-rich alloy and I4cm for Pb-rich alloys.

Our theoretical model successfully reproduces the non-monotonic behavior of the band gap and

provides detailed insights into the electron, hole, and reduced exciton masses (me, mh and �). We

�nd that hole masses are slightly larger than electron masses, with both increasing linearly as x

rises. At the structural transition (x = 0:5) between P4mm and I4cm, we observe a discontinuity

in hole masses and a steeper linear increase in Pb-rich structures. The calculated exciton masses

show excellent agreement with experimental data across a wide range of alloy compositions.

Additionally, we predict the Landé g-factors for charge carriers (ge, gh) and excitons (gX ). For

Pb-rich alloys, ge increases with decreasing band gap energy, while for Sn-rich alloys, ge decreases.

Exciton g-factors gX are predominantly governed by the large positive ge values, as the smaller

negative gh values provide minimal compensation. Consequently, gX is not constant but varies

with the band gap, ranging from 2:4 and 4:8 for Pb-rich alloys and from 4:8 and 3:7 for Sn-rich

alloys. These results highlight the tunable electronic and spin properties of MAPbxSn1�xI3 alloys,

positioning them as versatile candidates for next-generation device applications.

�Electronic address: imen.saidimokded@fsb.ucar.tn
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I. INTRODUCTION

Over the past decade, lead halide perovskite semiconductors have emerged as transfor-

mative materials for high-e¢ ciency photovoltaic cells [1], optoelectronic devices [2�4] and

quantum information technologies [5]. Among these, perovskite solar cells stand out for their

ability to outperform the e¢ ciency of conventional semiconductor technologies, marking a

breakthrough in renewable energy research. At the heart of this innovation lies methylam-

monium lead iodide (MAPI), a key organic-inorganic perovskite that adopts a tetragonal

structure at room temperature with a direct band gap of 1:6 eV [6]. As temperatures exceed

328 K [7], MAPI transitions to a pseudo-cubic phase [8�10] with a band gap ranging from

1:55 [11] to 1:57 eV [12].

To approach the fundamental Shockley-Queisser e¢ ciency limit of 33:7% for single-

junction solar cells, the optimal band gap should be approximately 1:34 eV [13]. Tandem

solar cells o¤er a path to surpass this limit, requiring bottom-cell materials with even lower

band gaps ( 0:9�1:2 eV) to harness energy form the wider band-gap (1:7�1:9 eV) top layers
[14, 15]. Pure tin-based hybrid perovskites, such as pseudo-cubic MASnI3 (MASI), present

a promising solution, with a direct band gap of 1:23 eV�1:3 eV at room temperature [8, 16].
Substituting lead with tin in MAPI addresses environmental concerns but introduces chal-

lenges, including lower power conversion e¢ ciencies [17�19], and reduced chemical stability

due to the oxidation of Sn2+ and Pb2+.

A potential solution is the partial substitution of lead with tin, yielding alloys like

MAPbxSn1�xI3. Previous studies [20] have demonstrated that these mixed compositions,

such as MAPb0:5Sn0:5I3 and MAPb0:75Sn0:25I3, achieve band gaps of 1:17 eV and 1:24 eV,

respectively, while balancing stability and performance.

Beyond photovoltaics, lead halide perovskites also show great promise in spintronics [21�

23]. These materials exhibit spin-selective optical transitions and tunable spin-orbit coupling

(SOC), which can be adjusted by varying the halogen or metal components. Speci�cally,

substituting lead with tin reduces SOC strength, leading to longer spin relaxation times,

a key parameter for spintronic devices. Experimental evidence [24] underscores this e¤ect,

paving the way for advanced spin-based technologies.
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Given the vast potential of MAPI, MASI, and their alloys, a robust theoretical under-

standing of their electronic properties is crucial. While pure MAPI and mixed tin-lead

perovskites (MAPbxSn1�xI3) have been extensively studied using �rst-principle techniques

[6, 8, 25�41], discrepancies remain between theoretical predictions and experimental results.

For instance, experimental data provide values for key parameters such as exciton reduced

mass and binding energy [42], but debates persist about carrier e¤ective masses and the

non-monotonic relationship between alloy band gaps and Pb content [20, 26, 43�45].

This anomalous band-gap behavior is likely related to a structural phase transition near

x = 0.5 [26]. Tin-rich alloys adopt a P4mm tetragonal crystal symmetry (� phase) , while

lead-rich compositions adopt an I4cm tetragonal crystal symmetry (� phase). Both phases

belong to the C4v point group, which determines the material�s Hamiltonian and electronic

properties.

In this article, we consider the C4v point group to calculate the fundamental parame-

ters of MAPbSnI3 perovskites. Speci�cally, we focus on the energy band structure of the

tetragonal phases (P4mm and I4cm) within the e¤ective mass approximation. Extending Z.

G. Yu�s 8-band k.p Hamiltonian [46] to a 14-band model, we provide a detailed framework

for analyzing these materials. Semi-empirical approaches such as k.p [46�51] and tight-

binding [52, 53] methods have previously demonstrated their reliability for modeling pure

bulk perovskites, nanostructures [54�56], and trends in experimental parameters [57, 58].

The in�uence of the organic component�s orientation on the electronic properties of hybrid

perovskites is beyond the scope of this work. Prior studies by Quarti et al. [33] using ab-initio

methods have shown that while the alignment of organic molecules a¤ects band splitting

in MAPI, including in I4cm structures, it does not signi�cantly alter band-gap energies

or e¤ective masses. Based on these �ndings, we assume �xed and simpli�ed positions for

organic cations in the crystal structure.

Using the C4v point group symmetry, we develop a 14-band Hamiltonian to model the

electronic band structure around the direct band gap. This approach builds on established

methodologies validated for other symmetry groups, such as Oh [49] and D4h [50]. Applying

this proven framework to MAPbxSn1�xI3 halide perovskites, we aim to uncover new pathways

for more sustainable photovoltaic cells and electronic devices.

Given the limited experimental data on the electronic properties of SnPb alloys with C4v

crystal structures, our method provides predictive insights into critical parameters, including
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the e¤ective masses and Landé g-factors of electrons, holes, and excitons. These predictions

shed light on the electronic behavior of these materials as a function of Pb content, o¤ering

valuable guidance for future experimental and technological advancements.

The manuscript is organized as follows. In Sec. II, we describe the crystal structures,

introduce the theoretical framework and present the computational details used to calculate

the band diagrams of the tetragonal mixed tin-lead MAPbxSn1�xI3 perovskites. In Sec. III,

we investigate the impact of partial Pb substitution by Sn on the evolution of the basic band

parameters such as the energy band-gap, SOC and band-gap renormalization by the SOC.

In Sec. IV, we calculate the e¤ective masses of electrons and holes for C4v symmetry, from

which we also calculate the reduced mass of excitons. Finally, we compare our results with

existing literature. In Sec. V, we derive the exciton, electron, and hole Landé g-factors for

tetragonal perovskites with C4v as the point group, and compare them with results from

recent experimental studies. We conclude in Sec. VI.

II. ELECTRONIC STRUCTURE AND SYMMETRY ARGUMENTS

A. Crystal Structures

The hybrid metal halide perovskites are typically represented as AMX3 where �A�is a

monovalent organic cation, �M� is a divalent metal cation, and �X� represents halide an-

ions arranged in an octahedral structure around �M�. These [MX6]4�octahedra connect at

the corners to form a cage structure, with the �A� cation positioned at the center. The

MAPbxSn1�xI3 alloy has a structure composed of corner-sharing [Sn1�xPbxI6]4� octahedra,

where the metal site is randomly occupied by either Sn or Pb atoms (see Figure 1 from Ref.

[20]). The substitution of Sn with Pb ions induces a phase transition at room temperature,

with minimal impact on the crystal lattice. Starting from the ideal cubic archetype struc-

ture (Pm3m space group), we de�ne, ' = M�X�M as the tilting angle between adjacent

[MX6]4� octahedra in the AMX3 structure. For clarity and simplicity, we refer to the ideal

structure as the �-phase, representing the undistorted perovskite in a tetragonal symmetry.

For 0 < x < 0:5, the �-phase prevails, while for x > 0.5, the �-phase emerges, marking the

�rst transition. This transition causes the metal octahedra to tilt, reducing the structural

symmetry. Although the overall 3D architecture remains unchanged, the tilting can signi�-
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FIG. 1: Crystal structure of halide perovskites AMX3. The tilting angle ' = M�X�M between
adjacent [MX6]4� octahedra is de�ned: (a) ' = 177:43� in the �-phase for MASnI3 with lattice pa-
rameter a = b = 6.230 Å c = 6.232 Å; (b) ' = 163:55� in the �-phase for MAPbI3 with a = b = 8.849
Å c = 12.642 Å. Brillouin zone with high symmetry points are described as: �(0; 0; 0), X(0:5; 0; 0),
M(0:5; 0:5; 0), R(0:5; 0; 0:5) and �(0; 0; 0), X(0:5; 0; 0), M(0:5; 0:5; 0), Z(0; 0; 0:5), R(0:5; 0; 0:5),
A(0:5; 0:5; 0:5) for cubic (c) and tetragonal (d) phases, respectively.

cantly reduce the angle ' from the ideal ' 180� for MASnI3 to as low as ' = 163:6� in the
�-phase [20, 26] as illustated in Figs. 1 (a) and (b).

The Brillouin zones (BZ) and the high-symmetry points, as described in Figs. 1 (c) and

(d), highlight the transformation between the cubic and tetragonal structures. This transi-

tion includes a 45� rotation and folding of the BZ. For instance, the �-M line in the cubic

phase transforms the ��X line in the tetragonal phase after folding [59]. This transition
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is accompanied by the loss of inversion symmetry, which leads to band splitting away from

critical points. In the ideal cubic phase, the R-point exhibits a slight band splitting, which

becomes more pronounced as it folds onto the A-point in the tetragonal phase. It should

be noted that the A-point in the tetragonal phase folds into the �-point in the cubic phase,

with their respective wave functions undergoing equivalent transformations in the supercell

framework. Consequently, the wave function symmetries are preserved, underscoring that

the k.p model relies exclusively on these symmetries. The speci�c supercell used in DFT

calculations is inherently incorporated within this framework. This e¤ect is particularly

signi�cant in the �-phase, where bands are folded from the R-point to the �-point [60]. Fur-

thermore, the ��� phase transition is associated to a group-subgroup relationship between
P4mm and I4cm, which governs the symmetry changes during the phase transition [61].

B. Theoretical Approach

In order to investigate the electronic properties of bulk perovskites MASn1�xPbxI3, we uti-

lize the 14-band k�pmodel for the C4v group, which we developed speci�cally for tetragonal-
structured perovskite semiconductors. The s and p valence bands as well as the p conduction

bands are part of the 14-band model. A schematic representation near the band-gap of the

quantum states involved in the present model is shown in Fig. 2(a). We consider 8 valence

band and 6 conduction band states and we incorporate the spin degree of freedom. The

band-gap energy, EG, the energy levels of the second and third conduction bands (E2, E3),

and the energy levels of the three considered valence bands (�Ai (Ai > 0), i = 1; 2; 3 ) are
represented in Fig. 2(a). The origin of energies is assumed to be the energy at the top of

the higher valence bands (denoted by jSV " (#)i in Fig. 2(a)).
The Bloch functions for the valence bands are represented as s-symmetry orbitals

with total angular momentum j = 1=2 (` = 0, ` is the orbital angular momentum)

and with p-symmetry orbitals having j = 1=2 (` = 1), j = 3=2 (` = 1) (denoted by

j1=2;�1=2iV ; j3=2;�1=2iV ; j3=2;�3=2iV in Fig. 2(a)). The Bloch functions for the conduc-
tion bands have orbital p-symmetry with j = 1=2 for the lower conduction bands (denoted

by j1=2;�1=2iC in Fig. 2(a)) and j = 3=2 for the upper conduction bands (denoted by

j3=2;�1=2iC ; j3=2;�3=2iC in Fig. 2(a)).
We use group theory to directly obtain the e¤ective Hamiltonian describing the studied
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FIG. 2: Band edges, non-zero momentum matrix elements, and e¤ect of spin-orbit interaction in
14-band k.p model. (a) 14-band schematic illustrations. We designate the �rst four double degen-
erate valence band states as jSV " (#)i ;
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are the �rst three double degenerate conduction band states. Horizontal lines are illus-

trating the band-gap energy, EG, energy levels of the second and third conduction bands (E2, E3),
and energy levels of valence bands (�Ai (Ai > 0) ; i = 1; 2; 3). The energy origin is assumed to be
at the top of the upper valence band. (b) The nonzero matrix elements associated to the operator
Hk:p = }

m0
k:p in C4v point group. While the couplings shown in red are speci�c to the C4v point

group and thus zero in D4h; the couplings illustrated in blue are as well nonzero in the D4h point
group. (c) Impact of spin-orbit coupling in 14-band C4v point group modeling. The couplings
illustrated in red are only found in group C4v, whereas the coupling illustrated in blue are likewise
found in group D4h:
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system. Proceeding otherwise, i.e. from ab initio methods, would lead to very complex

calculations, whereas this method has already been proved to be highly e¤ective and e¢ cient

in previous works [49, 50]. In the single-group representation (without spin), the data

provided in Appendix A show8>>><>>>:
sV � �1

pV (XV ; YV ) � �5 , pC (XC ; YC) � �5
pV (ZV ) � �4 , pC (ZC) � �1

(1)

The symbol "�" here indicates how these orbital wave functions change under C4v oper-
ations, and the subscripts V and C refer to valence and conduction bands, respectively.

The Bloch theorem is used to generate the e¤ective operator H, which provides the ener-
gies of the Bloch envelope functions, following the k.p procedure. We write the Hamiltonian

as

H = H0 +HCF +Hk:p +HSO (2)

where 8>>>>>><>>>>>>:

H0 =
p2

2m0
+ U + }2k2

2m0

HCF = T [L
2
z � 2=3]

Hk:p =
}
m0
k:p

HSO =
}

4m2
0c
2 (rU � p) :�

(3)

Here, m0 denotes the free electron mass and U denotes a potential with lattice periodicity.
T is the tetragonal crystal �eld and Lz is the z component of the ` = 1 orbital angular

momentum. p denotes the momentum operator and � = (�x; �y; �z) denotes the standard

Pauli spin matrices.

The C4v symmetry group transforms the operatorH0 as �1. The coupling only takes place

on the same level. The identity matrix of the representation dimension with the coe¢ cients�
E�m +

}2k2
2m0

�
is proportional to the matrix blocks of H0.

Equation(3)�s second line gives the Hamiltonian HCF in its invariant form [62]. HCF

describes the crystal �eld and re�ects the impact of distortions undergone by the lattice

structure with tetragonal symmetry relative to the cubic structure in the z direction. Alter-
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natively, because the lattice constants of the tetragonal phase are frequently within around

1- 3% of those of the cubic � phase, the in�uence of the tetragonal crystal structure is seen

as a simple deformation of the cubic phase�s unit cell.

The following selection rule [63, 64] is used to generate the nonzero matrix elements of

Hk:p andHSO: if the direct product �r
�s
�t includes the unit representation, which is �1
in the C4v point group, then for j'ri (respectively Os and j�ti) of symmetry �r (respectively
�s and �t), the matrix elements of the Os operator, namely h'rj Os j�ti, are nonzero. The
di¤erent expressions of the nonzero matrix elements for the last two components of the

Hamiltonian H, namely the k:p and spin-orbit terms, are given in Appendix B. Figures
2(b)-2(c) show schematically the nonzero matrix elements of Hk:p and HSO. The couplings

speci�c to only the C4v point group are shown in red, those common to both C4v and D4h

point groups are shown in blue.

C. Computational Method

Based on theoretical and experimental studies [20, 42, 43, 65�68], we consider a P4mm

(I4cm) crystal structure for alloys with 0 � x < 0:5 (0:5 < x � 1) ; and we use the high

symmetry points of the BZ relevant for each considered phase as as described in Fig. 1

(d). We numerically applied the presented k.p model along with the speci�ed parameter

set to calculate the band structures. These parameters can be classi�ed into two categories:

input parameters and �tting parameters. The �rst category contains the energy levels of the

three �rst conduction band states (EG, E1, E2), the energy levels of the p-like valence band

states (Ai, i = 1, 2, 3), the tetragonal crystal �eld T , and the phase angle �. The energy

of the highest valence state is chosen as the origin. In practice, the band-gap energy EG is

�ne-tuned to align closely with experimental results [20, 42, 43, 65�68]. The energies E1,

E2 and Ai are accurately adjusted by comparing the energy band structure obtained from

the current model with those predicted by DFT theory calculations [26]. The relationship

tan(2�) = 2
p
2�SO

�SO�3T de�nes the phase angle � ( with 0 < � < �
2
) [69], linking the band

parameters �SO, T and �. Upon using C4v as the point group to generate the tetragonal

perovskite�s band diagram, � is crucial in determining the basis on which we express the

Hamiltonian H. The phase angle is obtained using the approach outlined in Ref. [50] and
adjusted to be close to experimental values [42, 65�68] while �tting the band dispersion. The
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crystal �eld parameter is adjusted to estimate �SO through the relationship between �SO,

� and T . Our analysis is limited to the SOC interactions within the p conduction bands,

under the assumption that the contributions from other SOC components have negligible

or no e¤ect on the band dispersion. The second category of �tting parameters includes the

remaining parameters listed in Table II of Appendix C, which correspond to the energies

associated with the relevant matrix elements of the Hk:p Hamiltonian. When �tting the

Kane energies (EPS;� = (2m0=}2)P 2S;�, EPS;z = (2m0=}2)P 2S;z) and other energies like EPX;i =

(2m0=}2)P 2X;i (i = 1; 2; 3) and E 0Pi = (2m0=}2)P 02i , the e¤ective masses of the carriers and

exciton, along with the g-factors of the carriers and exciton, are considered. We observe

that, to accurately reproduce the band structure and improve the agreement between theory

and experiment, the band parameters are adjusted iteratively. This adjustment strategy is

concretely demonstrated through numerical simulation. To calculate the electronic structure

and determine various band parameters, we developed a numerical code using MATLAB.

Our theoretical model employs a k.p approach with 14 bands. By diagonalizing the complete

14� 14 matrix, we obtain the eigenvalues, which are then plotted as a function of the wave
vector k in four directions, selecting the relevant BZs based on the crystal symmetry under

study.

The electronic band diagrams of C4v tetragonal MASI (x = 0 composition) and tetragonal

MAPI (x = 1 composition) are shown in Fig. 3. We observe that the two materials have a

direct band gap character that manifests at two distinct locations inside the BZ: for MASI

(see Fig. 3(a)), at A point, and for MAPI (see Fig. 3(b)), at � point which is the center

of the BZ. We have used the data provided in [26] as a reference for our calculations of the

band diagram of MAPbxSn1�xI3 compounds with P4mm or I4cm as a space group and C4v

as a point group. Im et al. [26] employed �rst-principles density functional theory (DFT)

using the projector-augmented wave method [70], to calculate the electronic structures of

MASn1�xPbxI3, implemented in Vienna Ab Initio Simulation Package [71]. The exchange-

correlation functional was treated by the generalized gradient approximation (GGA) within

Perdew-Burke-Ernzerhof (PBE) formalism [72] for structural relaxation and basic electronic

structure calculation, while for more accurate band gap, they used the hybrid functional

within the PBE0 model [73]. SOC has been included. As Fig. 3 illustrates, we obtain

an acceptable agreement for x = 0 and x = 1 with results of Ref. [26]. For alloys, the

only theoretical results in the literature are given in Ref. [26] and only report the band-gap
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FIG. 3: Left panels: band diagrams, for (a) the bulk tetragonal P4mm space group MASnI3 and
(b) the tetragonal I4cm space group MAPbI3 crystal structures. The energy band structures are
obtained from the 14-band k.p model with a C4v symmetry. Right panels: a comparison between
our calculated band structures (red and blue solid lines), those from Ref. [26] calculated by DFT
(dashed lines) and parabolas obtained from the �tted e¤ective masses (pink and green solid lines) .
The regions around the R!A!Z direction for MASI ((a) right panel) and around the M! �!X
direction ((b) right panel) for MAPI have been magni�ed.

energies. We underline in Fig. 3(b) the presence of a Rashba-type splitting at the � point

due, according to Ref. [26], to the presence of o¤-centering Pb atoms in the crystallographic

structure and SOC.

To evaluate the extent to which the e¤ective mass approximation applies around the

A and � points in our approach, we compared our results with parabolas �tted using the

e¤ective masses. This allows us to assess the degree of parabolicity: we found this to hold
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in a range of 10� 20% of the BZ, depending on the speci�c direction and point considered.

Our approach generally yields an acceptable agreement for the energy band structure over

a width of approximately 5 eV: 1 eV across the valence band and over a 4 eV scale along

four directions of the lowest conduction bands ((�Z, ZR, RA, AZ) in �-P4mm phase, (�X,

XM, M�, �Z) in �-I4cm phase).

III. BAND GAP ENERGY AND SPIN-ORBIT COUPLING

In Fig. 4(a), the calculated band-gap energy for both � (P4mm) and � (I4cm) phases

is plotted versus the Pb content and compared to the theoretical expectations predicted by

�rst-principle calculations [26, 28], as well as experimental measurements [20, 26, 42�44].

DFT and k.p theoretical methods give very similar dependences on Pb content and similar

values for the band-gap energy. Strikingly, both show a non-linear behavior with Pb content,

with the band gaps minimum predicted by both calculations is found for compositions

between 0.3 and 0.5 (0:3 < x < 0:5). Such a deviation from a simple linear dependence

on alloy composition is a common phenomena for semiconductor alloys, but has di¤erent

microscopic origins in di¤erent materials. For halide Pb-Sn-based perovskites, relativistic

[26, 74] and steric processes [26, 75], as well as an energy mismatch between the Pb and Sn

orbitals [45], have all been suggested as potential origins of this anomalous evolution of the

band-gap energy.

We also observe a slight discrepancy c.f. the experimental results. The experimentally

obtained band-gap energies exhibit a slight discrepancy that is never larger than 200 meV.

This di¤erence may originate from the growth procedures used by di¤erent authors to obtain

the �nal alloy and/or from the methods used to experimentally determine this physical

quantity. Nevertheless the comparison of k.p predictions versus experimental results clearly

shows a reasonable agreement. For x < 0:5, the band-gap energy is found to decrease linearly

as x increases, as the valence band maximum remains practically unchanged, whereas the

conduction band minimum decreases linearly in energy. For x > 0:5, the increase of Pb

content causes the band-gap energy to rapidly grow according to a super-linear behavior.

The SOC energy in MASI is about �SO = 0:5 eV, three times smaller than in MAPI. It

is clear that there is an increase in the SOC when the Pb atoms substitute the Sn ones. Fig.

4(b) highlights this trend and illustrates the increase of �SO as x increases. �SO increases
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FIG. 4: MAPbxSn1�xI3 band-gap energy, spin-orbit coupling and band-gap renormalization as a
function of lead content. Vertical dashed line corresponds to x=0.5. (a) Evolution of the band-gap
energy as a function of x composition; our results are compared with both available experimental
and theoretical results. (b) The calculated spin-orbit coupling evolution as a function of x. (c)
The band-gap renormalization by spin-orbit coupling as a function of x composition.
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linearly and moderately in the � phase, but in the � phase it increases faster according to

a quadratic law. The SOC of heavy metals like tin and lead has a signi�cant impact on

the electronic structures of halide perovskites at low energies [76]. That is why designing

the SOC strength is crucial to control various SOC-associated properties [76, 77], and, in

particular, the band-gap renormalization as we will discuss below.

Fig. 4(c) displays the evolution of the band-gap reduction (renormalization) by SOC,

�EG, as a function of Pb content, and is compared to previous theoretical predictions

[26, 45]. �EG is de�ned as the di¤erence between the calculated band-gap energies ob-

tained without and with SOC, respectively. The calculated �EG for � and � phases nicely

reproduces the band-gap renormalization behavior previous predicted [26, 45]. However, we

note that our �ndings are closer to the results of Ref. [45] than those of Ref. [26]. The

results show a linear behavior, �EG being the highest for the highest Pb content.

In the following, we present our �ndings regarding the e¤ective masses and the Landé

g-factors of electrons, holes and excitons. It should be noted that these fundamental para-

meters are closely related to a set of band structure parameters, such as band-gaps energy

and the interband momentum matrix elements, that were described in the previous sections.

IV. EFFECTIVE MASSES OF THE CONDUCTION AND VALENCE BANDS

The carrier mobilities in perovskites solar cells have a major impact on their photo-

voltaic power conversion e¢ ciency, and are directly related to the carrier�s e¤ective masses.

The charge transport properties of semiconductors are generally in�uenced by the e¤ective

masses of carriers, and designing optoelectronic devices requires an understanding of how

these quantities vary with di¤erent chemical compositions. Therefore, we provide the e¤ec-

tive mass tensor formulas at the band extremum for bulk perovskites with C4v tetragonal

symmetry.

For the holes at the top of the valence band, we obtain

� m0

mhk
= 1� EPS;z

�
sin2 �

EG
+
cos2 �

E2

�
(4)

8<: � m0

mh?
= 1� EPS;�

2

h
1
E3
+ sin2 �

E2
+ cos2 �

EG

i
+
E0P2
2

h
1
A3
+ sin2 �

A2
+ cos2 �

A1

i (5)
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Here mhk (mh?) represents the hole e¤ective mass parallel to (perpendicular to) the

tetragonal c-axis. EPS;� = (2m0=}2)P 2S;� (� = �; z) and E 0P2 = (2m0=}2)P
02
2 are the related

energies to the nonzero matrix elements of the momentum p, namely PS;� and P
0
2 (see Fig.

2(b)). Fig. 2(a) shows the energy denominators in Eqs. (4)�(5), and Table II in Appendix

C provides their values.

In the lowest conduction band, the electron e¤ective mass tensor components take the

form

m0

mek
= 1 + sin2 �

EPS;z
EG

+ cos2 � EPX;1

�
cos2 �

(EG + A1)
+

sin2 �

(EG + A2)

�
(6)

8>>><>>>:
m0

me?
= 1 + cos2 �

2

h
EPS;�
EG

+ EPX;2

�
sin2 �

(EG+A1)
+ cos2 �

(EG+A2)

�i
+ sin2 �

2
EPX;3

h
1

(EG+A3)
+ sin2 �

(EG+A2)
+ cos2 �

(EG+A1)

i
�E0P3

2

h
sin2 �

(E3�EG) +
cos2 2�
(E2�EG)

i (7)

whereEPX;i (i = 1; 2; 3) andE
0
P3
are the energies associated with the corresponding interband

momentum matrix elements (see Fig. 2(b)). The expressions giving mhk;ek are commun to

D4h symmetry, whereas mh?;e? are speci�c to C4v one. The EPX;i contributions are nonzero

in D4h and therefore in C4v, whereas the E0P3 contributions are zero in D4h and nonzero in

C4v.

Equations (4-5) for holes and (6-7) for electrons are implemented to determine the e¤ective

masses utilizing the band parameters that were extracted using k.pmodelling (see Appendix

C for further details). The dependence of the e¤ective masses versus the Pb content x is

displayed in Fig. 5(a), both along and perpendicular to the tetragonal c-axis. MAPI shows

the largest masses for both electrons and holes among MAPbxSn1�xI3 compounds with

symmetries P4mm (�-phase) and I4cm (�-phase). The electron and hole masses of MAPI

compare well with the average values estimated by DFT (GW+SOC) [35]. In line with

earlier predictions [6, 28, 78], me is smaller than mh; however, for x < 0:5, mhk shows

very similar values to mek. For both carriers, the mass along the c-axis is smaller than the

perpendicular mass. We observe only one exception for these two last statements regarding

mh?: in the range 0:5 < x < 0:65 there is a linear increase of the electron and hole masses

as x increases, with a steeper slope in the Pb-rich zone. We also underline the discontinuity

of the mh? e¤ective mass value across the �- to �-phase transition (x = 0:5).
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FIG. 5: Dependence of e¤ective masses on lead content. (a) Carriers e¤ective masses obtained from
the 14-band k.p model for the MAPbxSn1�xI3 family. (b) We compare our results with available
experimental and theoretical data regarding the evolution of reduced exciton mass as a function of
x composition.
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Knowing that orbital overlap and, consequently, electrical conductivity are optimal when

the M-X-M bond angle is least distorted, MASnI3 exhibits greater conductivity thanMAPbI3

due to its minimal distortion relative to the ideal con�guration [8, 20]. In contrast, MAPbI3,

which shows the greatest deviation from the ideal cubic symmetry with a smaller Pb-I-Pb

tilting angle, exhibits the lowest conductivity. Indeed, this trend can be extended to carrier

mobilities and e¤ective masses. The compound with the highest conductivity possesses

the lowest e¤ective masses [79]. This is further con�rmed by the fact that the e¤ective

mass of MAPbI3 is signi�cantly larger than that of MASnI3: The mixed compositions do

not show continuous variation of e¤ective masses as a function of x, as would be expected

from a genuine solid solution. In the k.p context, the lowest e¤ective masses correspond

to compounds exhibiting the strongest coupling between s- and p-valence states and p-

conduction states. Speci�cally, this coupling is associated with the energies (EPS;� ; EPX;1)

that show a clear increase when transitioning from the P4mm phase to the I4cm at x = 0:5.

Fig. 5(b) shows the exciton reduced masses along and perpendicular to the c-axis, noted

by �k and �?, respectively
�
��1� = m�1

e� +m
�1
h� ; � =k;?

�
. These reduced masses are com-

pared with both experimental [42] and theoretical results [28, 35, 80]. We obtain a reasonable

agreement between the experiment and the k.p model in a wide range of Pb contents, as

shown in Fig. 5(b). Furthermore, the exciton reduced masses obtained from DFT cal-

culations [6, 81], which range from 0.07 m0 to 0.1 m0, match well with our results. The

compound MASI has the smallest exciton reduced mass in the range (x < 0:5), �k;?, and

decreases as the tin content increases. Finally, we also observe a discontinuity in the values

of the exciton reduced masses at x = 0:5, and especially for �?, as a consequence of the

discontinuity previously observed for mh?.

V. EXCITON, ELECTRON AND HOLE LANDÉ FACTORS

Among the crucial parameters of the conduction and valence states that provide insight

into the material�s electronic properties are the carrier�s Landé factors. Their anisotropy and

magnitude governs the coupling of carriers to applied magnetic �elds. The Landé factors of

carriers for bulk crystals with tetragonal symmetry are anisotropic and may be represented

by a second-rank tensors. The g-factor anisotropy provides direct insights into crystal sym-

metry, especially for the tetragonal symmetry. In this case, the g-factor tensor�s element
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magnitudes are directly related to the band-gap energy and the interband momentum ma-

trix elements. The Löwdin renormalization [82] and the appropriate matrix elements of the

coupling matrix can be used to calculate the elements of the carrier�s g-factor tensor.

For the valence band g-factors, a straight forward application of our method has been

detailed in Ref. [58] yields

8<: ghk = g0 +
h
1
E3
� sin2 �

E2
� cos2 �

EG

i
EPS;� �

h
1
A3
� sin2 �

A2
� cos2 �

A1

i
E 0P2

gh? = g0 + sin � cos �
p
2EPS;�EPS;z

h
1
E2
� 1

EG

i (8)

where g0 = 2:0023 is the free electron Landé factor, and ghk (gh?) is the component of the

hole g-factor tensor along (perpendicular) to the c-axis of tetragonal structure. Although

it is clear that the expression of gh? remains to be applicable for D4h and C4v, this is less

obvious for ghk because the terms containing E 0P2 factor have an intrinsic contribution speci�c

to C4v. It should be noted that the procedure employed here to calculate hole g-factors is

the same as the one proposed by L. M. Roth et al. [83] for cubic systems.

The same approach described in Ref . [58] is used to derive the electron�s g-factor com-

ponents. One obtains

8<: gT�14bek = �2(cos2 � � sin2 �) + EPS;� cos
2 �

EG
� EPX;3 sin

2 �

(EG+A3)
+

EPX;3 sin
4 ��EPX;2 cos

4 �

(EG+A2)

+sin2 � cos2 �
EPX;3�EPX;2
(EG+A1)

+ E 0P3

h
cos2 2�
(E2�EG) �

sin2 �
(E3�EG)

i
� 2(1 + 3�1) cos2 �

(9)

8<: gT�14be? = �2 sin2 � + sin � cos �
p
2EPS;�EPS;z

EG
�
p
2EPX;1EPX;3 sin � cos � �h

sin2 �
(EG+A2)

+ cos2 �
(EG+A1)

i
� 2
p
2 sin � cos �(1 + 3�2)

(10)

Through the use of Luttinger parameters, �1;2, the remote band�s contributions to the elec-

tron Landé factors have been taken into account. Here, �1;2 are produced by higher-order

contributions or coupling between valence and conduction bands other than the ones consid-

ered in 14-band model. The parallel component, gT�14bek , has a contribution that is speci�c

to C4v coming from the terms in E 0P3, whilst the perpendicular component g
T�14b
e? , continues

to be valid for the group D4h. All this comes from the fact that a nonzero matrix element in

D4h is always nonzero in C4v. On the other hand, a zero matrix element in D4h can become
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FIG. 6: Carriers Landé factors and exciton Landé factors for MAPbxSn1�xI3 calculated in the
framework of the 14-band k.p model by varying the lead content. (a) Tensor of carriers Landé
factors evolution as a function of x composition. A comparison with the MAPbI3 experimental
results is also shown. (b) Tensor of exciton Landé factors evolution with respect to x. Additionaly
presented is a comparison with the experimental data of MAPbI3.
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nonzero in C4v.

Knowing the carrier�s Landé factors is crucial for guiding future experimental studies

and application. In the context of the 14-band k.p model, the carrier�s Landé factors are

determined using Equations (8) for holes and (9-10) for electrons. We have assumed that the

remote bands contribution, outside of the 14 bands basis, is negligible (�1 = �2 = �1=3).
Fig. 6(a) displays the hole and electron Landé factors as a function of Pb composition

x. The values obtained for the carrier�s g-Landé tensor match the experimental values of

MAPI reported in Refs. [23, 65, 66]. One can observe that the g-anisotropy is moderate,

as measured on a large range of halide perovskite alloys with gek < ge? and
��ghk�� < jgh?j

[65]. Moreover, the
��ghk�� shows values smaller than (ge?), as previously observed for lead

halide perovskites [58, 65]. We underline also in Fig. 6(a), a discontinuity of electron and

hole Landé factors values across the crystal structure transition at x = 0:5. In the I4cm

phase (x > 0:5), one observes a slight increase of the hole g-factor and a clear decrease

for the electron g-factor as Pb content and EG increase. Previous experimental results on

Pb-based perovskite materials have shown that the value of electron (hole) Landé factors

increase (decreases) as the band-gap energy, EG, decreases from 3.2 eV to 1.5 eV (see Ref.

[65]). Here, our results span PbSn alloys, two di¤erent crystal structures, and EG in the 1.1

to 1.6 eV range. We obtain the same EG-dependence for electron and hole Landé factors for

Pb-rich alloys (0:5 < x < 1) and I4cm symmetry. However, for Sn-rich alloys and P4mm

tetragonal structure (i.e., for 0 < x < 0:5), both Landé factors decrease as the band-gap

energy decreases. This di¤erent behavior of the electron Landé factor, compared to Pb-rich

compounds, is a consequence of the di¤erent electronic band structure.

The sum of the electron and hole g-factors yields the exciton g-factor, g
X
, which is a

crucial parameter to describe the exciton Zeeman splitting in a magnetic �eld. Due to the

anisotropies of the carrier g-factors, we de�ne the elements of the exciton g-factor tensor

as g
Xk = gek+ ghk and gX? = ge? + gh?. Fig. 6(b) shows that g

X? > g
Xk with the

values of g
X
very close to the ge values. Consequently, we also observe a discontinuity for

g
X
, exactly as we observed for ge. In Pb-based halide perovskites covering the band-gap

energy range between 1.5 and 3.2 eV, Kopteva et al. [67] have observed a nearly-constant

value of g
X
ranging between 2.3 and 2.7. The g

X
values predicted for MAPI match the

experimental data reported in Refs. [65, 67, 68]. For MAPbxSn1�xI3 alloys with the band-

gap energy between 1.1 eV and 1.6 eV, we predict larger g
X
values and do not achieve a
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nearly-constant value of g
X
. This is essentially due the large ge values in these alloys, which

cannot be compensated for by the much smaller (negative) gh values. For these crucial

magnetic properties, there are very few experimental results concerning Pb-Sn based halide

perovskites; however, in MA0:3FA0:7Pb0:5Sn0:5I3 polycrystal �lms at 10K with EG = 1:18

eV (a band-gap value comparable to MAPb0:5Sn0:5I3 [20]), Zhang et al. [84] have obtained

ge = 4:36 and gh = �0:57 which leads to gX = 3:79, a value much higher than the highest
value obtained in Ref. [67]. For Sn-rich alloys, we predict a slow decrease of g

X
as EG

decreases. Our theoretical predictions highlight the peculiar behavior of Pb-Sn based alloys

specially for g
X
.

VI. CONCLUSION

We have calculated the band structure and fundamental band parameters of

MAPbxSn1�xI3 hybrid perovskites by considering a 14-bands model in the framework of

k.p theory under the assumption of a C4v point group symmetry. Our calculations show ex-

cellent agreement with the experimental non-linear dependence of the band-gap energy with

the alloy composition, and are consistent with previous DFT calculations. The tetragonal

crystal phase transition between P4mm and I4cm, which has been experimentally observed

in MAPbxSn1�xI3 alloys at x = 0:5, leads to a discontinuity of the hole e¤ective mass,

mh?, and the Landé factors ge and gh. Consequently, the discontinuity is also present in

the exciton reduced mass, �, and the exciton g-factor, g
X
. In good agreement with ex-

perimental results, we predict a linear increases of � with increasing Pb-content. We also

predict smaller e¤ective masses along the c-axis for both carriers and excitons. For Pb-rich

alloys, the predicted values of the exciton Landé factor increase as the band-gap energy

decreases and are much larger than those predicted for pure Pb-based halide perovskites.

Very recent experiments in MAFAPbSnI3 �lms �t well with our predictions. All these results

show the originality of Pb-Sn based alloys and their promising applications in photovoltaic,

opto-electronic and spintronic domains.
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APPENDIX

APPENDIX A: D4h-C4v RELATIONSHIPS

Table I provides a summary of the relationships between the C4v and D4h groups in

addition to the bases functions for each irreducible representation for the two tetragonal

point groups, C4v and D4h.

D4h C4v
Bases Representation Representation Bases

x2 + y2; z2

z

�+
1

��
2

�
! �1 z; x2 + y2; z2

Rz

z Rz

�+
2

��
1

�
! �2 Rz

x2 � y2
z (x2 � y2)

�+
3

��
4

�
! �3 x2 � y2

xy

xyz

�+
4

��
3

�
! �4 xy

(xz; yz) ; (Rx;Ry)

(x; y)

�+
5

��
5

�
! �5 (x; y); (Rx;Ry); (xz; yz)

TABLE I: A summary of the correlations between the C4v and D4h point groups. The irreducible
representation of the C4v (D4h) point group is denoted by the symbol �n (��m). In this Table, bases
for each group are also provided. The three Cartesian components of an axial vector are denoted
by (Rx, Ry, Rz), whereas the three Cartesian components of an ordinary vector are denoted by
(x; y; z).

APPENDIX B: NONZERO MATRIX ELEMENTS of Hk:p and HSO

We suggest giving the di¤erent formulations of the nonzero matrix elements for the last

two components of Hamiltonian H by starting with Hk:p.

a. Matrix elements of Hk:p

Based on Table I and knowing that the momentum p is an ordinary vector with three

Cartesian components (px; py; pz) � (x; y; z), we highlight the matrix elements associated
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to the operator Hk:p =
}
m0
k:p. The two transverse components (px; py) transform as �5

under C4v operations, whereas the longitudinal component pz transforms as �1. We get an 8

nonzero k:p matrix elements (see Fig. 2(b)) based on the group theory rules. Five of them

already exist in the D4h point group (illustrated in Fig. 2(b) as blue), while three couplings

(shown as red in Fig. 2(b)) are only speci�c to group C4v.

These are the various nonzero matrix elements�expressions

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

PS;� = (}=m0) hSV j px jiXCi = (}=m0) hSV j py jiYCi
PS;z = (}=m0) hSV j pz jiZCi = (}=m0) hiZC j pz jSV i
PX;1 = (}=m0) hXV j pz jiYCi = �(}=m0) hYV j pz jiXCi
PX;2 = (}=m0) hZV j px jiYCi = (}=m0) hZV j py jiXCi
PX;3 = (}=m0) hZC j px jiYV i = �(}=m0) hZC j py jiXV i
P 01 = (}=m0) hZV j px jiYV i = (}=m0) hZV j py jiXV i
P 02 = (}=m0) hSV j px jiXV i = (}=m0) hSV j py jiYV i
P 03 = (}=m0) hZC j px jiYCi = (}=m0) hZC j py jiXCi

(B1)

While the elements of type P 0j are zero in D4h point group and hence not zero in C4v

point group, the matrix elements of type Pj are not zero in either of these two point groups.

b. Spin-orbit coupling

The current procedure ignores the k-dependent spin-orbit term, or }2=4m2
0c
2 (rU � k) :�,

and analyzes the e¤ect of spin-orbit interaction only via the following Hamiltonian HSO =

�G:�, where � = }=4m2
0c
2 and G = (rU � p) : We can deduce that (Gx;Gy) � �5 and Gz

� �2 under C4v operations from the fact that G transforms as (Gx;Gy;Gz) � (Rx;Ry;Rz)

and knowing that it is an axial vector. There are 9 nonzero spin-orbit interactions terms

(see Fig. 2(c)) de�ned as
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8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:

�C;� = �� hZC j Gx jiYCi = � hZC j Gy jiXCi
�C;z = � hXC j Gz jiYCi = �� hYC j Gz jiXCi
�� = � hZV j Gy jiXV i = � hZV j Gx jiYV i
�Z = � hXV j Gz jiYV i = �� hYV j Gz jiXV i
�sV = � hSV j Gx jiXV i = � hSV j Gy jiYV i
�0
1X = � hZV j Gx jiYCi = � hZV j Gy jiXCi

�0
2X = � hZC j Gx jiYV i = � hZC j Gy jiXV i

�0
3X = � hXV j Gz jiYCi = �� hYV j GZ jiXCi
�0
SV
= � hSV j Gx jiYCi = � hSV j Gy jiXCi

(B2)

Once again, the type �j elements (shown in blue in Fig. 2(c) ) are not zero in D4h or

C4v, whereas the type �0
j elements (shown in red in the Fig. 2(c)) are only zero in D4h.

APPENDIX C: FUNDAMENTAL BAND PARAMETERS VS LEAD CONTENT

Table II provides a summary of the band parameters values that were obtained utilizing

the present approach. In general, we found a quadratic dependence with the lead content

for the �-phase and a linear dependence in the �-phase.
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�-phase �-phase
xPb 0 0:084 0:115 0:228 0:379 0:569 0:65 0:75 0:875 1

E
G
(eV ) 1:242 1:238 1:232 1:202 1:158 1:180 1:223 1:286 1:403 1:606

E2 (eV ) 1:792 1:80 1:81 1:78 1:76 1:78 1:89 2:09 2:42 3:09

E3 (eV ) 2:19 2:17 2:16 2:14 2:11 2:03 2:14 2:35 2:70 3:39

A1 (eV ) 0:41 0:44 0:46 0:47 0:48 0:57 0:59 0:60 0:61 0:65

A2 (eV ) 0:72 0:71 0:70 0:70 0:70 0:88 0:89 0:82 0:75 0:75

A3 (eV ) 1:04 1:00 0:95 0:94 0:93 1:25 1:24 1:02 0:88 0:79

T (eV ) 0 0:041 0:050 0:062 0:075 0:09 0:10 0:18 0:205 0:320

� (�) 35:26 37:23 37:54 38 38:41 37:33 37:85 38:91 39:18 40:01

EPS;� (eV ) 13:98 13:78 13:58 12:98 11:70 14:38 13:78 12:84 12:48 12:02

EPS;z (eV ) 12:65 12:05 11:95 11:40 11:03 11:49 11:50 11:52 11:55 11:92

EPX;1 (eV ) 7:95 7:86 7:71 7:61 7:21 9:08 8:98 8:88 8:65 6:65

EPX;2 (eV ) 5:75 5:60 5:52 5:35 5:25 5:18 4:68 4:45 4:28 3:81

EPX;3 (eV ) 1:68 1:70 1:74 1:88 1:91 1:49 1:43 1:68 1:71 2:04

E
0
P1
(eV ) 0:10 0:11 0:12 0:13 0:12 0:24 0:23 0:22 0:21 0:20

E
0
P2
(eV ) 1:38 1:40 1:44 1:46 1:22 1:50 1:31 1:23 1:18 0:88

E
0
P3
(eV ) 0:02 0:021 0:022 0:024 0:028 1:05 1:11 1:20 1:25 1:85

TABLE II: A list of the band parameters values that were generated using the current numerical
procedure. In general, we found a linear dependence in P4mm symmetry and a quadratic dependence
in I4cm symmetry as a function of the lead content.
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